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EDITORIAL

BAYRAM SAHIN

Dear Readers,

With this new issue, the International Journal of Maps in Mathematics has pub-
lished its first issue in its bth year. It is important for a scientific journal to complete 5
years. It proves that this journal is recognized by the scientific community and shows that it
is an accepted platform for researchers working on the scope of the journal. We would like
to thank our readers, editors, referees, technical assistants and you, our readers, who have
contributed significantly to our journal’s fifth year. The International Journal of Maps
in Mathematics will continue to be a qualified platform for researchers in the research

areas of the journal.
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THE APPROXIMATION OF BIVARIATE GENERALIZED
BERNSTEIN-DURRMEYER TYPE GBS OPERATORS

ECEM ACAR * AND AYDIN IZGI

ABSTRACT. In the present paper, we introduce the generalized Bernstein-Durrmeyer type
operators and obtain some approximation properties of these operators studied in the space
of continuous functions of two variables on a compact set. The rate of convergence of these
operators are given by using the modulus of continuity. The order of approximation using
Lipschitz function and Peetre’s K- functional are given. Further, we introduce Bernstein-
Durrmeyer type GBS (Generalized Boolean Sum) operator by means of Bogel continuous
functions which is more extensive than the space of continuous functions. We obtain the
degree of approximation for these operators by using the mixed modulus of smoothness and
mixed K-functional. Finally, we show comparisons by some illustrative graphics in Maple
for the convergence of the operators to some functions.

Keywords: Bernstein-Durrmeyer operators, Modulus of continuity, Peetre’s K- functional,
GBS operators, B-continuous function, B-differentiable function, Mixed modulus of smooth-
ness, Mixed K-functional.
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1. INTRODUCTION

Let f(z) be a function defined on the closed interval [0, 1] the expression

uste) = Butria) = 31 (5) (Rt o L
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is called Bernstein polynomial of order n of the function f(z). The polynomials B, f(x)
were introduced by S. Bernstein (see [5]) to give an especially simple proof of Weierstrass
approximation theorem. The generalizations of Bernstein polynomials were investigated
in [I5]- [12]. In 1988, [15] the function of two real variables function f be given over the unit

square

s:[0,1] x [0,1]

then the bivariate Bernstein polynomial of degree (n,m), corresponding to the function f, is

defined by means of the formula

Bun(®) = Bun(fim.) =331 (5. 2) (1) (M)at - oy hp - )

There are many investigations devoted to the problem of approximating continuous func-
tions by classical Bernstein polynomials, as well as by two-dimensional Bernstein polynomials
and their generalizations.

In 1967, Durrmeyer [I1] introduced the following positive linear operators of the classical
Bernstein operators, which modify with each function f integrable on the interval [0,1] the
polynomial

1
0

Maf(@) = (04 D)3 pa@) [ pus (00,
k=0

which p,, (z) = (£) (¥)2*(1 —2)"~*. D. C. Morales and V. Gupta [9] studied two families of
Bernstein-Durrmeyer type operators. The Baskakov Durrmeyer operators were introduced
in 1985 and many properties of such operators were studied comprehensively. Gupta [13]
presented the approximation properties of these operators. In 2007 [1] local approximation
properties of a variant of the Bernstein-Durrmeyer operators were given.

In this paper, firstly we introduce bivariate generalized Bernstein-Durrmeyer operators.
We investigate the properties of approximation of generalized Bernstein-Durrmeyer polyno-
mials and the order of approximation using Lipschitz function and Peetre’s K- functional.
Then, we define the Generalized Boolean Sum (GBS) operators of generalized Bernstein-

Durrmeyer type and study the degree of approximation in terms of the mixed modulus of

smoothness.
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2. CONSTRUCTION OF THE BIVARIATE GENERALIZED BERNSTEIN-DURRMEYER TYPE

OPERATORS

Let D = [-1,1] x [-1,1], (z,y) € D, n,m € N and f defined on the interval C'(D). We

define the linear positive operators Dy, ,,,(f;x,y) in the following way:

Dy (fi2,9) = ”“m“22¢nmy / / o8 (6 f(tu)dtdu  (23)

k=0 j=0

where
ond(z,y) = ok (2)el, (1)

and

() = 2% <Z) (14 2)k(1 — z)" k.

Lemma 2.1. For V(z,y) € D and ¥n,m € N, Bernstein-Durrmeyer operators satisfy

the following equalities:

Dn,m(1;$7y) =1 (2'4)
2x
Dn,m(t;‘ray) =T — n+2
2
Damlui) =y 2L
6n + 6)x? — 4nx 2—2n
D t2 _ 2 (
nm(” U5 Y) =0 = e ) T i DT 3) 05
o (6m + 6)y? — 4my 2—2m .
Y T T mr2)m+3) | (mt2)(m+3)
12n2 4+ 24n + 24 6n2 + 6n
D 34+ udx,y) =25 — 3+ x
nm( v) (n+2)(n+3)(n+4) (n+2)(n+3)(n+4)
N 12n + 48 L 12m? +24m +24
mt2)n+3)n+d) Y mr2)m+3)(m+a)’
n 6m? + 6m n 12m + 48
(m+2)(m+3)m+ 47 " (m+2)(m+3)(m+4)
20n3 + 60n? + 160n + 120 12n% — 16n2 + 4n
D thutiz,y) =2t — x4 z?
nm( v) (n+2)(n+3)(n+ 4)(n +5) (n+2)(n+3)(n+4)(n +5)
—4n3 — 1602 + 32n 4 20m3 +60m? +160m + 120

Tttt 0n+5) " Y T mr)m D m ) m+5)”
12m? — 16m? + 4m 9 —4m3 — 16m? + 32m
Tt mt3mr)m+5)? T mr)mL)mrdmisY
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From Lemma [2.1] we obtained the following lemma.

Lemma 2.2. If the operator Dy, n, is defined by , then for V(z,y) € D and n,m € N
(=2n + 6)z? + 4nz + 2 — 2n
(n+2)(n+3)

(=2m +6)y> +4my + 2 — 2m
(m+2)(m+ 3)

Dn,m((t—x)Q;x,y) = (2.6)

(2.7)

Dn,m((u - y)2; xz, y) =

72n3 + 852n2 + 19161 + 1680 24n
D +— ) _ 4 3
nm((t = 2)%52,y) D+t Dm+5) " mrmt+3)”

N —24n3 — 272n2 — 830n + 840 ,  —4n3 — 64n? — 464n — 960
X
n+2)(n+3)(n+4)(n+5) n+2)(n+3)(n+4)(n+5

)CL‘

Dot — o)tz )_72m3+852m2+1916m+1680 i 24m 3
Y Y ) m+ 3)(m+ ) (m+5)” T (m+2)(m+3)7
+—24m3—272m2—830m+840 2 —4m3 — 64m? — 464m — 960
(m+2)(m+3)(m+D(m+5" " (m+2)(m~+3)(m+4)(m+5)"

Let C(D) is a continuous functions space on the D = [—1,1] x [-1,1]. C(D) is a linear

normed space with the norm

Il = max_  1F@y)].

If f,.m is a sequence on the space C(D), for f € C(D)
lim || fom — fl =0,
n,M—00

then it is called uniformly convergence to the function f.

Lemma 2.3. Let n € N, for every fized xg € [—1,1], there exists a positive constant Mi(xg)

such that Dy, p, ((t —z0)t; :Uo,y> < My (zo)n~t.

Theorem 2.1. If T, ,,, is a sequence of linear positive operators satisfying the conditions

lim HTn,m(lvxvy) - 1||C(X) =0,

n,Mm—00

lim || T ((t — )5 2,y) — ]l o) =0,

7,1M—+00

lim || Tm (v —y);z,y) — y”c(x) =0,

n,Mm—00

lm || Tm (8 + v, y) — (2% + yZ)H(J(x) =0,

n,Mm—00

then for any function f € C(X), which is bounded in R* and X is a compact set,

lim (T (£ 2,9) = (@, 9) ]l o) = O-

7,Mm—00
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In the following theorem we show that the linear positive operator D,, ,, convergences to

f uniformly with the help of Theorem given by Volkov [I§].

Theorem 2.2. Let f € C(D), the operators Dy, , defined by converge uniformly to f

onD C R? as n,m — oc.

Proof. From (22.4)-(2.5)), we obtain

lim ”Dn,m(]-a x??/) - ]‘HC(D) =0,

n,Mm—00

lim || Dy ((t — 2); 2, y) — @[ oy =0,

n,Mm—00

lim || Dn (v = y);2,9) = yllom) =0,

7,M—00

lim || Dy (8 + u*2,y) — (2% + y2>HC(]D)) =0.

n,Mm—00

The proof is obvious from Volkov’s Theorem.
2.1. Degree of Approximation by D, ,,.

Definition 2.1. Let f € C(D) be a continuous function and § a positive number. For

x,y € D, the full continuity modulus of the function f(x,y) is

w(f;6) = max |f(z1,91) — f(2,12)]
V(@1—22)2+(y1—y2)2<0

and its partial continuity moduli with respect to x and y are defined by

W) (f.5) = _
wifi0) = max | max_|f(zny) = flza,y)]

@)(f.8) = _
wifi0) = max | max |f(z,y1) = f(z,92)]-

It is also known that lims_,ow(f;d) = 0 and w(f; A0) < (A + 1)w(f;6) for any X > 0. The

same properties are satisfied by partial continuity moduli.

Theorem 2.3. Let f € C(D), the following inequalities hold:
1D (F32,8) — Pl < 3 (9 (i 9= ) +0@ (£ (28)
n,m ) 7y C(]D)) — ) \/’ﬁ I \/ﬁ N

HDn,m(fQ%y) - f”c(D) < 3w (f: % + 1) . (2.9)

m
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Proof. From ([2.3)-(2.4) and using the properties of the modulus of continuity we

obtain

‘Dn,m(f;l'ay) - f(xvy” S |Dn,m(f(t7u) - f(t7y);$7y)‘ + |Dn,m(f(t7y) - f(l‘ y) x y)|

<Dpm (If(t;u) = f(&;9)]) + Do (1f (8, 9) = f2,9)])

W (f;6,) {1 + %n ; ! is@ﬁ(w) /_11 |t — 2| sOﬁ(t)dt}

k=0
I m+1g~ ! ;
W (f3,) {1 ) SRV U %(u)du}

where d,, 0, are the sequences which tend to zero as n,m — oo. Applying the Cauchy-

Schwartz inequality we obtain

’Dn,m(f;xa y) - f(l‘, y)|

<t (730n) {1 5i 2 Z (/ x)%’é(t)dt) 1/2 (/11 wﬁ(t)dt) 1/2}
k= _
W (f:m) {1 + %mT i </1 y>2¢%(u)dU> v (/11 @%@(u)du) 1/2} .
" =0 — _

Hence we get

n 1/2 1 1/2
Dum(fi2,9) = o, 5)] < o (£360) {1 e (Z @2(@")) ([ ¢~ orehinar) }
" k=0

m 1/2 1 1/2
o (0 4 14 5 T (Z%@)) ([ - wetan)

1

=w<1><f;an>{1+;(0n,m<<t #)’.9) /2}+w<2><f;5m>{1+;n(Dn,m«u—y)?;x,y))l”}-

From and ., we obtain . Using (2.3 and letting

5=/t =P+ (u—yP?

we have
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Hence, we obtain

|Dnm(f52,y) — f(2,9)] <Dnm(|f(tu) = f(z,9)];2,)

W (f;0nm) {1 + %Dn,m (\/(t —z)? + (u— y)Q;w,y)}

nm

1 n—|—1m+1
@ (f36am) 1+ 5— ZZ%mfvy

k=0 j=0

// (T a7 (= ?) olalt, i

applying the Cauchy-Schwartz inequality, we obtain

Do (f329) = f(9)] <0 (f36m) 4 1+ — ”“’”HZZ%W

1)
nm k=0 j=0

b . 1/2
/ / ((t = 2)* + (u—9)*)" dpn(t, U)dtdu> }
“1J-1

o (fitum) {1+ 5

nm

With (2.6)) and (2.7) we get desired result ([2.9)).

Now, we give the order of approximation using Lipschitz function and Peetre’s K- func-

(Do (£ — )2 + (u — )Pz y))l/Q}

tional.

Corollary 2.1. If f additionally satisfies a Lipschitz condition

|f(z1,91) — f(22,90)| < K ((z1 — 22)* + (y1 — y2)2)a/2 O<a<l1

then the inequality
(1 1 a/2
|Dppn(fi2,y) — flz,y)| < K < + > 7

n m

where K' = 3K.

Corollary 2.2. If f additionally satisfies a Lipschitz condition

[f(@1,y) — f(x2,9)| < Ky oy — 2]/
and

f (1) — Fz,0)| < Koy — yo|"?

then the inequality

(1 a/2 (1 a/2
Dnn 3 Ly - ’ SK - K. . ’
Duntiv) ~ fenl <k (1) +3( )

where K| = 3K, K/ = 3K» holds.
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Let C?(D) be the space of all functions f € C(D) such that gw{, gyf € C(D) fori=1,2.

1£llezmy = 1 fllem) Z ( C(D)) :

Definition 2.2. Let f € C(D). The Peetre’s K-functional is defined by

The norm on the space C?(ID) is defined as

o' f
oyt

ozt

c(D) ‘

K(f;0) = inf <q|lf - gHC]D) + 99l Dy, 0>0p. (2.10)
geC2(D) (D) (D)

Theorem 2.4. For the function f € C(D), we get
|Dn,m (f7.7), y) - f(xa y)| S 2IC (f7 5n,m(xa y)) )

_ 2 2
where O m(z,y) = max (m, m)

Proof. Let g € C?*(D) and t,s € [-1,1]. If we use Taylor’s theorem at point (x,y)

for the function g¢(t, s), we get
¢ 0? 0g(z,
olt,5) — gl y) =220y m>+/ (¢ - ) TIG D gy 4 BTV

9g(z,

Ox ou? Oy
(z,v)

/y s—0) 81}2 ———dw.

From Lemma we have Dy, , (t — x;2,y) = n2f2 ve Dy (U — y; 2,y) = m+2 Applying

the operator D,, ., on the above equation, we obtain

2 t
2y )
- D —v)——-—d )
m+29y+ nm(/y S U ’U,x,y)

Hence,

2z 2y ! &g(u,y)
< D t—u| | ———=|dul|;z,
_‘n+29:p+m+2gy + n,m( x| u" OuZ U 3T,y
5 0%g(z,v
+Dn,m</y |s — v %(1;2) dv ,x,y)
2x 2y 1|0% 5
< Z1=Z11D t— .
_’n+29z+m+29y +2‘61’2 | n,m(( CE) 7x7y)‘
1]02%g(x,v)

n,m ((u - y)25 x,y)‘ .

2‘ ov?
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Using norm for Vz,y € (D), we get

2 2
1Pn.m (9 2,9) = 9@ Yl cw) <, -5 19=lcw) + =7 l9vllcw)

m—|—2H

1 1
< max <n+2’ m—i—2> (HQ:EHC(D) + HQyHC(D)

82
oo
Ay c(D)

). Since Dy, is a linear operator and for V f € C(D), g €

n+2 H(‘)azz

H 022 || o
<0n,m ”9”02(]]]))

2 2

where (5n’m = Imax (m, mE2

C?(D), we have
[1Dnm (f32,9) = F(@:9)l oy < N1Pnm (F = 652, 9)llom)
+ [ Dnm (g5 2,9) — 9(2,9) oy + 1 — 9llom)
<|f- gHC(IDJ) |Dn,m (15 2,9)|
+ [1Dnm (g5 2,9) = 9(@,9) o) + IIf = gllem)
Hence

1D (F32,9) = F@ ) lomy < 2 (1F = gllow) + dam 9]z )

Taking the infimum on the right hand side, we get
[ Dy (f12,9) = f(@,y)] < 2K (f;0nm(2,y)) -

3. CONSTRUCTION OF GBS OPERATOR OF GENERALIZED BERNSTEIN-DURRMEYER TYPE

In 1934, Bogel introduced the term B-continuous and B-differentiable function and es-
tablished important result for these functions [6]-[7]. In 1966, Dobrescu and Matei [10]
gave some approximation properties for bivariate Bernstein polynomials using a generalized
boolean sum. The Test function theorem is given by Badea et al. [4] for Bogel continuous
functions. Sidharth et al. introduced GBS operators of Bernstein—Schurer—Kantorovich type
and studied the degree of approximation by means of the mixed modulus of smoothness and
the mixed Peetre’s K -functional in [17].

In this section, we introduce Bernstein-Durrmeyer type GBS (Generalized Boolean Sum)

operator by means of Bogel continuous functions which is more extensive than the space
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of continuous functions. The degree of approximation for Bernstein-Durrmeyer type GBS
operators are obtained by using the mixed modulus of smoothness and mixed K-functional.
Let X and Y be a compact real intervals and let A, ) f (20, Yo; 7, y] be mixed difference

of f defined by

A(ac,y)f [$07y0;$7y] = f(wvy) - f(xay()) - f(any) + f(x()vy())

for (x,y), (zo,y0) € X x Y. A function f : X xY — R is called B-continuous (Bogel

continuous) at (xg,yp) € X x Y, if

lim A, 20, Y0: T, y] = 0
(z,y)—(x0,y0) ( 7y)f[ 05 Y0; T, Y]

for (z,y) € X x Y. Let the function f: X x Y — R if there exist M > 0 such that

‘A(x,y)f[x07y0;xay]‘ <M

for every (z,y),(zo,y0) € X x Y, then the function f is defined by B-bounded (Bogel
bounded) on X x Y.

Throughout this paper By(X xY") denotes all B-bounded functions on X x Y and Cp(X X
Y) denotes B-continuous functions on X x Y. As usual B(X xY) and C(X x Y) predicate
the space of all bounded functions and the space of all continuous functions on X x Y.

The mixed modulus of smoothness of f € Cp(X x Y) is defined by

Wmized (f751a52) = Sup{‘A(x,y)f ['rO’yU;wvyH : |3§' - $0| < 517 |y - y0| < 52} (311)

for (x,y), (z0,y0) € X xY and for any (01, 02) € (0,00)x(0, 00) with wpigeq : [0,00)x[0,00) —
R.

In 1988-90’s, Badea obtained the basic properties of the mixed modulus of smoothness
Wmized and these properties are similar to usual modulus of continuity. Also; the mixed

modulus of smoothness provide the next inequality for 61,52 > 0

Wmized (fv >\1617 )\252) < (1 + )\1)(1 + )‘Q)Wmi:ced (fa 6la 62) . (3'12)

Let give the concept of Bogel differentiable function. A function f: X xY Cc R? = R is
called B-differentiable function at the point (xg,yo) € X x Y if the limit

. A(Jz,y)f [$07y0§$7y]
lim
(@y)~(z0m0) (T — 20)(y — Yo)

exists and is finite. The limit is call to be the B-differential of f at the point (x,yp) and
is denoted by Tyyf(x0,y0) := TB(f;x0,y0). The space of all B-differentiable functions is
denoted by Tr(X x Y).
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Let f € Cy(D), the mixed K-functional definition is given by

Kmized (fit1,t2) = inf {Hf —g1—g2—h|| o+t HTE’OQH + to HT1%292H
g1,92,h L) 00

o] )
o0

where g1 € C’%’O, g2 € 0%2, h € 0123’2 and for 0 < p,q < 2 C%? denotes the space of the
functions f € Cy(ID) with continuous mixed partial derivates Tg’b f,0<a<p 0<b<q.

The partial derivates are

Az f ([zo, ] 5 y0)

T, f (20, y0) := Ty (f; 20, %0) = lim

5 (o - a0)
and
T, f (0, 90) == T (f; 20, y0) = i ijz;xi;iz(;,y])
where
Auf ([zo. 2] 590) = f(z,50) — f(x0,%0)
and

Ay f (205 [yo, y]) = f(z0,y) — f(20,Y0)-

Definition 3.1. For f € C(D) and m,n € N, we define the Generalized Boolean Sum (GBS)
operator of generalized Bernstein-Durrmeyer type operator Dy, ., as follows:

n m

1 1 ' 1o
Sun (F(t i) =" IS S okt ) [ [ ot

k=0 j=0

X (f(ty) + f(z,8) = [(t,s)) dtdu,

(3.13)

for (z,y) € D where the operator Sy, m, is well defined on the space Cp(D) and f € Cy(D).
3.1. Degree of Approximation by S, ,,.

Theorem 3.1. For every f € Cy(D), the operator satisfy the following inequality at

each point (z,y) € D
|Sn,m (f’ Z, y) B f('r7 y)‘ < YWmized <f7 n71/27 m71/2) .
Proof. Using the definition of wyized (f; 91, d2) and for 1, d2 > 0 taking the inequality

Wmized (fv 101, )\252) < (1 + )\1)(1 + )‘2)wmi:ced (fa 01, 62)
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we can write

(3.14)

S <1—|— ’tgx‘> <1+ ’8_y|)wmixed(f;51752)
1

for every (z,y), (t,s) € D and for any (d1,d2) > 0. From the definition of A, ) f [t, s;z, ],

we have
f(l', S) + f(t7y) - f(tv 8) = f(xvy) - A(ac,y)f [t7 S5, y} : (315)
If we apply this equality the operator D, ,, and take the definition S, ,,, we can write
Sn,m (f7 x, y) = f(:C, y)Dn,m (1§ x, y) - Dn,m (A(:p,y)f [t’ ST, y] T, y) .

From (2.4)), we have D, ,, (1;2,y) = 1. Taking (3.14) into account and applying Cauchy-

Schwarz inequality, we obtain

|Sn,m (fa m,y) - f($7y)’ SDn,m (A(x,y)f [t, S; l’,y] 3y y)

< <Dn,m (L;2,y) + 61_1\/Dn,m ((t —2)%2,y)

+551\/Dn,m ((s —y)%2,y)

67161\ Do (= 2)2%2,9) D (5 — )% 3, y))

XWmized (f7 517 52) .

From Lemma [2.2| and for every (z,y) € D, we have

4
Dom((t = 2)%2,y) < —
and
Dyl —yPi,0) <
n,m y Ly = m
Therefore, choosing 8; = n™1/2 ve 65 = m~1/2 we get

|Sn,m (fa z, y) - f(l’, y)’ < Ywmiged <f7 n—1/2’ m_1/2) .

Theorem 3.2. Let take Tpf € B(D) with the function f € Ty(D). Then, for every (x,y) € D,

we get
|Snm(f32,y) = [(2,9)] < M| Tf|lo + Winized (TBf;nfl/Q,mfl/zﬂ (nm)~Y2  (3.16)

where M is any positive constant.
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Proof. Let the function f € Tp(ID). From [8], we have the identity

A(az,y)f [t,s;x,y] - (t - $)(8 - y)TBf (§7p>7 r<o<ty<p<s. (317)

From the definition A, ) f [t, s; 7, y] and appliying T f to each side of the equality (3.15)),

we get

Tpf(s,p) = A@yTpf (s,p) +Tof (s;y) +Trf (v,p) = Tpf (z,y).

Taking Tsf € B(D) and above equation into account, we can write

|Dnn (A f [ts;a,y]52,9)|
=[Dnm (t = 2)(s —y)TBS (s, p) 5 2,9)|
<Dy (It = 2lls =yl | Ay TS (s, )] 52, 9)
+ Dy ([t = 2l|s = y[ (ITBf (. y)| + T f (2, 0)| +|TBf (2, 9)]) ;2. y)
<Dy (|t = 2|5 = Ylwmizea (T3 15 — 2| [p = yl) s 2,y)

+ 3 T8l oo Dnm ([t — xl|[s —y|;2,y) .

Also, since the mixed modulus of smoothness wyizeq 18 nondecreasing, we have

Wmized (TBf; ‘{ - x’a ’p - y‘) SWmized (TBfS |t - .%", ‘3 - y’)

< (L+ 07t — =) (14655 — yl) Wiizea (f; 01, 02) -

Substituting in the above equality and applying the linearity of the operator D, ,, and using

the inequality of Cauchy-Schwarz, we get
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1Snm (f32,9) = F(@,9)| = |Dnm (D) f [t sz, 9] 53,9) |
<375 oo /Do (£ — 2)2(5 — y)2: 2.)

+ [Dnm (It = z[|s — yl;2,9)

+ 67 D ((t = 2)%|s — yl; 2, y)

+ 05 Dy (|t — 2|(s — y)*; 2, y)

+07105 Do (= 2)(s = 9)%5 2, y) | Winiea (f5 61, 52)
<35 loc o/ Do (¢ — 2)2(5 — )2 2,)

+ {\/Dn,m ((t—2)2(s —y)%2,y)

67 D (¢ = )15 — )% 2,)
1651/ Do (¢~ 2)2(s — )% 2,9)

+51_152_1Dn,m ((t - x)Q(S - y)Q; xz, y)] Wmized (fa 51; 52) .

From Lemma 2.2, we have

Dn,m((t - x)zﬂfa y) <

SR

and

3|

Dn,m((u - y)2§ z, y) <
For (z,y), (t,s) €D, p,q € 1,2 and taking
Dn,m ((t - $)2p(s - y)2q; x,y) = Dn,m ((t - 55)217; x,y) Dn,m ((S - y)Qq; ﬂ?,y)

into account, choosing 81 = n~1/2 ve dy = m~/2, we get the desired result (3.16).
In the following theorem, we evaluate the order of approximation of the sequence {.S,, ,(f)}

to the function f € Cy(D) in terms of mixed K-functional.

Theorem 3.3. Let the operator Sy, given in . Then, for every f € Cy(D) we get

2 2
n,m y L, - ) §2 mize sy ] - 13
Sum () = F(09)] < Woiaca (£ 2.2 ) (3.15)
Proof. For the function g; € 0?3’0 (D) using Taylor formula, we get

t
gl(tv S) = g1 (;Ua y) + (t - x)TéOgl(xa y) + / (t - u)Tgpgl(u’ y)du
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([6]). Since the operator Sy, », reproduces linear functions

t
Sn,m (g1;2,9) = g1(x,y) + Sn,m </ (t— u)Tf}’Ogl(u, y)du; x, y)

and the definition of S, ,, operator for g1 € CJQB’O(D), we get

t
[Snam (915, 9) = g1 (2 )| = \Dn,m ( / (t =) |73 (w.y) = T30 (u.8)] dusa, y) '

[t 1TB () = T3 (0.5) sz )
< ‘TB ng —a)%2,y)
<[[75%: Hoo "

For g5 € 0%2(]1])),

S
|Sn,m (92;2,y) — g2(2,y)| = | Dnm (/ (s =) [Tg’292(v,y) — Ty ga(v, S)} dv;w,y) ‘
)

SDn,m <

S
/ s — v ‘Tg’zm(v, y) — T g2 (v, 8)) dv; z, yD
i
0,2 2
SHTB 92” Dy ((s —y)%5 3,y)
o0
<[rse]
o0
For h € C’;Q(JD)), we get

h(t,s) =h(z,y) + (t — 2)T5 h(z,y) + (s — y) Ty hz,y) + (t — 2)(s — )T h(z,y)

¢
—|—/(t—u)T huydu+/ S—UT 2z, v)dv
T Y

+ /w (s —y)(t— u)Té’lh(u, y)du + /y (t—x)(s— U)Tllg’zh(x, v)dv

i /zt /ys(t —u)(s = )T h(u, v)dvdu,

Since Sy ((t —x);2,y) =0, Spm ((s — y); 2, y) = 0 and the definition of the operator Sy,

t s
D < | [e=us- v)Té’Zuu,v)dvdu;x,y)‘
z Jy
t
)
t s
<Dpnm (/ / |t —ulls — v ‘Té’Qh(u,v)) dvdu;x,y>
z Jy
1

2,2 Dn’m ((t — ac)2(s — y)2; x, y)

|Sn,m (hyx,y) — h(z,y)| <

<Dn.m ( (t — u)(s — v)T5>h(u, v)dvdu

<4HT2 QhH

oo’I’Lm
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Therefore, we get

[Snm (fr2,y) = fl2, )] <I(f =91 — 92 — ) (z,9)] + [(91 — Snmg1) (2, )]
+ [(92 = Snmg2) (z,9)| + [(h — Spmh) (z,9)]
+ |Sn,m ((f — g1 — g2 — h);x,y)]

1
<2[f —g1— 92— hll +4 HTE’Ong =
oo N
1 11
ey [ ) I S
oo M oo nm
for f € Cy(D). Since the definition of the mixed K-functional and taking the infimum over

all g1 € C?B’O(]D)), g2 € 0%2(]1])), h e C%f(]D)) we get the desired result (3.18)).

3.2. Numerical Examples. The convergence of the operators by illustrative graphics in
Maple to certain functions for two dimensional cases are given and some numerical values
are calculated as follows. For n,m = 1,2,5,10 and the function f(x,y) = 2%y + 2, the
convergence of the operators Dy, , is shown in Fig 1. For n,m = 1,2,5,10 and the function
f(z,y) =1 — 2% + 93, the convergence of the operators Dy, , is shown in Fig 2. It is seen
that if the values of n, m increase, the convergence of D,, ,,, to the function f becomes better.
Finally, one can see that the convergence of the GBS operator S, ,,, has better approach than

the operator D,, ,, for the function f(z,y) = (1 + z + y)sin(z + y) in Fig 3.

— f(r,y)
Dia(f;z,y)

— Do (f;x,y)
Dss(f;x.y)

mm D10.10( f; T, y)

FIGURE 1. The convergence of the D,, ,, operators for f(x,y) = 2%y +y? and

n,m =1,2,5,10.
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TABLE 1. Mean errors of figure

(n,m) mazimize | Dy m(z,y) — f(z,y)|

n,m=>5 1,0204
nm=15 0,5113
nm=25 0,3390
n,m=50 0,1836
n,m=100 0,0957
n,m=150 0,0647

— f(r,y)

Dia(f;z,y)
D) o(f;x.y)

Dss(f;z,y)
m— )10,10(f; T, y)

X 1" Y

FIGURE 2. The convergence of the Dy, ,, operators for f(z,y) =1 — a3 + ¢3

and n,m =1,2,5,10.
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TABLE 2. Mean errors of figure

(n,m) mazimize | Dy m(z,y) — f(2,y)|

n,m=»y 1,0476
nm=10 0,7362
n,m=50 0,2139
n,m=100 0,1131
n,m=>500 0,0066

. f(z,y)
Balf:z, 0
N Sl my)

FIGURE 3. The convergence of the D, ,, operators and the S, ,,, operators

for f(z,y) = (1 4+ 2 +y)sin(z +y) and n,m = 5.
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ABSTRACT. There are many studies about rectifying curves. In this present study, we ex-
amine the ruled surfaces that have rectifying curves as base curves. We say that co-centrode
curves defined by Chen and Dillen are the parameter curves for the special case u = 1 on
the ruled surface with a base rectifying curve. Also, we answer the question when does the
parameter curves of the surface are geodesic.
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1. INTRODUCTION

The curves are the fundamental structure of differential geometry. In this study, we
examine rectifying curves which are one of the subfamilies of the curves in Euclidean 3-
space. A regular curve « (s) is called a rectifying curve, if its position vector always lies its

rectifying plane. So, the position vector of a rectifying curve satisfies the equation

o (s) = A () T (s) + 1 (s) B(s)
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for differentiable functions A and p according to arc length parameter s. The notion of
rectifying curves is introduced by B.Y. Chen in [I]. Also B.Y. Chen and Dillen show that
there exists a relationship between the rectifying curves and the centrodes [2].

In the differential geometry of a regular curve, the curvature functions k and 7 of a regular
curve play an important role to determine what is the type of the curve. One of the most
interesting characteristics of rectifying curves is that the ratio of their torsion and curvature
is a non-constant linear function of the arc length parameter s.

There are many studies about rectifying curves. K. Ilarslan et.al in [4], [5] introduce the
rectifying curves in the Minkowski 3—space. Also E. Ozbey et.al study rectifying curves in
dual Lorentzian space and they show that rectifying dual Lorentzian curves can be stated
by the aid of dual unit spherical curves in [7]. In recent years, the rectifying curves from
various viewpoints have been studied in Pseudo-Galilean space and three-dimensional sphere
in [6l, §].

In this paper, we define the ruled surface whose the base curve is a rectifying curve by
using modified Darboux vector field in Fuclidean 3—space. So, we examine the relationship
between rectifying curves and ruled surfaces. In [2], Chen and Dillen introduce co-centrode
curves. Accordingly, we say that co-centrode curves are the parameter curve for the special
case u = 1 on this ruled surface. Also, we give the hypothesis that the curve whose the
base curve for the given surface is a rectifying curve. Finally, we investigate the connection
between the rectifying curve and the parameter curves of the surface which are the geodesic.

We study the whole theory for the any orthonormal frame and also examine for special cases.

2. PRELIMINARIES

Let o : I € R — [E3 be an arbitrary curve in three dimensional Euclidean space. A moving
orthonormal frame is defined as {N7, N2, N3} in the E3 along to curve a. Derivative of the

frame is given by

Ny (s) 0 k1(s) k2 (s) N (s)
Ny(s) | = | —ru(s) 0 K3 (s) Ns (s) (2.1)
N; (s) —ka(s) —ks(s) O N3 (s)

where k1 (s), k2 (s) and k3 (s) are the curvatures of the curve «. This any orthonormal
frame encompasses some other frames. So, this frame is substantially important in terms
of generality. For example, if we take Ny = T, Ny = N,N3 = B,k1 = K,k = 0 and

k3 = T, above orthonormal frame coincides with the Serret Frenet frame. Also, if we take
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N1 =T,Ny = Ny, N3 = No, k1 = k1, ko = 0 and k3 = k3, we have Bishop frame. Similarly, if
we take Ny =T,No =Y, N3 = Z, k1 = kg, ko = ky,, and k3 = 7,, orthonormal frame coincides
with the Darboux frame on a curve. Using the equations Ny = N, Ny = C, N3 = W,k =
fyke =0 and k3 = g, we get the alternative moving frame defined by Uzunoglu et.al in [9].
In the Euclidean space, the Darboux vector may be interpreted kinematically as the
direction of the instantaneous axis of rotation in the moving trihedron. The direction of
the Darboux vector is the instantaneous axis of rotation. In terms of the moving frame

apparatus, the general Darboux vector field D can be expressed as
D = k3 (s) N1 (s) — k2 (s) Na (s) 4+ k1 (s) N3 (s) (2.2)
and it provides the following symmetrical properties

D x Ni(s) = Nj(s) (2.3)
D x Ny (s) = Ny(s)

D x N3 (s) = Ns(s)

where x is the wedge product in Euclidean space E3.

Izumiya and Takeuchi define the modified Darboux vector field as follows

D= (1) ()T (s) + B (s)

K

with % (s) # 0 and another modified Darboux vector field is defined as D = T (s) +
K

(—) (s) B (s) with 7 (s) # 0 [3].
7—
In [1], Chen proves that the curve «/(s) is congruent to a rectifying curve if and only if

T . . . .
the ratio — with x > 0 is a non-constant linear according to arc length parameter s in E3.
K

3. RULED SURFACES WITH THE BASE RECTIFYING CURVES IN EUCLIDEAN 3-SPACE

In this section, we examine the relationship between rectifying curves and ruled surfaces
according to any orthonormal frame { N7, N2, N3} . We consider this any orthonormal frame
with k3 = 0 but note that the frame different from Frenet frame. Also, we give the hypothesis
the parameter curves of the ruled surfaces with the base rectifying curve are geodesic. We
can define the rectifying curve with this orthonormal frame. So, if the rate of the curvatures
K

3. . . . .
— is a non-constant linear function according to arc length function s, then we can say the
R1

curve is a rectifying curve.
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Theorem 3.1. Let a(s) = [ Ni(s)ds be a unit speed curve with any orthonormal frame

{N1, N2, N3, k1,k3}. The curve « is a rectifying curve if and only s—parameter curves of the

surface ¢ (s,u) = a (s)+uD (s) are rectifying curve where D (s) = </€3> Ny + N3 is modified
R1

1
Darboux vector field and u # ——.
a

Proof. Let a( f Nj (s)ds be a unit speed and rectifying curve with the frame
apparatus { N1, No, N3, k1, /<;3} . If the parameter u is a constant, we obtain the s—parameter
curves of the surface as 8 (s) = [ Ny (s)ds + u <<: > (s) N1(s)+ N3 (s)> . If we take the
derivative of 8 according to its arc length pa]rauneter,1 then we have

a8 _ dgds

ds ds ds’

N, = <1+U(H3>>N1ds
K1 ds

where {Nl, Ny, N3, R, Eg} is the any orthonormal frame apparatus of 3. If we take the norm

of both sides of above equation, we have

o (1))

If we integrate the last equation, we obtain

s5=s5+u (Rg) + ¢, ¢ constant, (3.4)
K1
and we can easily see that
Nl = Nl.

Similarly, if a derivative of this equation is taken with respect to s, we obtain

dN; ds
ds ds

K1Ng2 = K No————

/

1
where (I@’) # ——. If we take the norm of last equation, we get
K1 u

aat

Rl = —7. (3.5)

1+u <H3>
K1

Ng = Ns.

So, we can easily see that
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Hence, we know that N3 = N3. If we take the derivative of this equation according to s, we

have

Ry = ——. (3.6)

If we look at the ratio of the Eq. (3.5) and Eq. (3.6]), we can say that

BB (3.7)

R1 K1

. . o K3 . .
Since « is a rectifying curve, we know that — = as+ b non-constant linear function for some
K1

1
constants a and b with a # 0 and @ # ——. Let us write this equality in equation 1)
u

s = s+u(as+0b) +e,
5 = (1+au)s—+buc,
5 = es+f,

where e, f are some constants with e # 0. So, we obtain the arc length parameter of the

curve « as follows

s—f
s = .
e
From equation (3.7)), we get
K K s —
BBy < f) +b
K1 K1 e
Hence, we can easily see that
I
2= X5+ jz
R1

where A and p are some constants with A # 0.
Finally, if the curve « is a rectifying curve, then s-parameter curves of the surface ¢ (s,u) =

J Ni(s)ds+u ((K?’) N1+ Ng) are rectifying curve.
R1

Conversely, let s-parameter curves of the surface 8 (s) = [ Ny (s) ds+u <(I€3> Ny + N3> are
K1

rectifying curve. The ratio of the curvatures of the curve § is the non-constant linear function

according to s for some constants A and p with A # 0 as

? = A5+ .
R1

From the equations (3.4)) and , we can easily see that

H?’:/ﬁ)’:)\<s+u</€3>+0>+u.
K1 K1 K1
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If the necessary arrangements are made, we get

K3
— =as+b
K1

where a, b are some constants with a # 0. This means that « is a rectifying curve.

Corollary 3.1. Let 5(s) = [ N3 (s)ds be a unit speed curve with {N1, No, N3, k1, k3}. The
curve B is a rectifying curve if and only if s-parameter curves of the surface ¢ (s,u) =
B(s) +vD (s) are rectifying curve where D (s) = Ny + < > N3 is modified Darbouz vector
field. "

Corollary 3.2. Let v(s) = [T (s)ds be a unit speed curve with {T, N, B, k,7}. Then the
curve 7y is a rectifying curve if and only if s-parameter curves of the surface ¢ (s,u) =

v (s)+uD (s) are rectifying curve where D (s) = (z) T + B is modified Darboux vector field.
K

Remark 3.1. For a regular curve v in E3 with k # 0, the curve given by the Darbouz vector
D = 7T+ kB is called the centrode of v and the curves Cy = y£D are called the co-centrodes
of v. Chen and Dillen show that a curve v with non-zero constant curvature and non-constant
torsion is a rectifying curve if and only if one of its co-centrodes is a rectifying curve [2]. If
we select u = 1 for u constant parameter curves, then we define the u constant parameter

curves correspond to the co-centrodes.

Corollary 3.3. Let o (s) = [N (s) be a unit speed curve with {N,C, W, f,g} defined by
Uzunoglu [9]. The curve o is a rectifying curve if and only if s-parameter curves of the
surface ¢ (s,u) = o (s) +uD (s) are rectifying curve where D (s) = <fc> N + W is modified

Darboux vector field.

Theorem 3.2. Let o le )ds be a unit speed curve with any orthonormal frame
apparatus { N1, No, N3, k1, 53} . If « is a rectifying curve, the parameter curves of the surface

¢ (s,u) = a(s)+uD (s) are geodesic curve where D (s) = (RB> N1+ N3 is modified Darbouz
K1

1
vector field and u # .

Proof. The curve a has been always geodesic on the surface, but the parameter

curves of the surface are geodesic if « is a rectifying curve. The normal vector of the surface



INT. J. MAPS MATH. (2022) 5(1):21-28 / RULED SURFACES WITH THE BASE RECTIFYING... 27

is as follows

by = <1—|—u</€3>)Nland¢u:<1%>N1+N3,
K1 K1

N, = —<1+u<n3>>Nz.
K1

Let a be a unit speed rectifying curve. Let’s examine s-parameter curves of the surface

& (s, 1) /N1 ds+u(<:1>( )N (s )+N3(s)>,
o 3 (2) 34 m).

g _ dBds _ . ds
ds ~ dsds ' ds
23 28 ds?

@ aar

where a and b are some constants.

Similar to the above thought, if we examine u-parameter curves of the surface ¢ (s,u) =

J Ni(s)ds+u <</€3> N1+ Ng), then we have
K1

5@::/M o ((22) ).

B
du?

So, if the curve « is a rectifying curve, then the parameter curves of the surface ¢ (s,u) =

a(s)+u <<R3> Ny + N3> are geodesic curve.
R1

Corollary 3.4. Let v = [T (s)ds be a unit speed curve with {T,N,B,k,7}. If v is a
rectifying curve, the parameter curves of the surface ¢ (s,u) = v (s) +uD (s) are geodesic

curve where D (s) = <Z> T + B is modified Darboux vector field.
K

Corollary 3.5. Let o(s) = [ N (s) be a unit speed curve with {N,C,W, f,g}. If o is a
rectifying curve, the parameter curves of the surface ¢ (s,u) = o (s) +uD (s) are geodesic

curve where D (s) = <ch> N + W is modified Darbouzx vector field.
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ABSTRACT. In this paper, we give some characterizations of Frenet curves in 3-dimensional
Lorentzian concircular structure manifolds((LC'S), manifolds). We define Frenet equations
and the Frenet elements of these curves. We also obtain the curvatures of non-geodesic
Frenet curves on (LCS), manifolds. Finally we give some theorems, corollaries and exam-
ples for these curves.
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1. INTRODUCTION

The differential geometry of curves in manifolds investigated by several authors. Especially
the curves in contact and para-contact manifolds drew attention and studied by the authors.
B. Olszak[I7], derived the conditions for an a.c.m structure on M to be normal and point
out some of their consequences. B. Olszak completely characterized the local nature of
normal a.c.m. structures on M by giving suitable examples. Moreover B. Olszak gave some
restrictions on the scalar curvature in contact metric manifolds which are conformally flat or
of constant ¢-sectional curvature in[16].

J. Welyczko[22], generalized some of the results for Legendre curves in three dimensional

normal a.c.m. manifolds, especially, quasi-Sasakian manifolds. J. Welyczko [23], studied
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the curvatures of slant Frenet curves in three-dimensional normal almost paracontact metric
manifolds.

B. E. Acet and S. Y. Perktas [I] obtained the curvatures of Legendre curves in 3-dimensional
(€,0) trans-Sasakian manifolds. Ji-Eun Lee, defined Lorentzian cross product in a three-
dimensional almost contact Lorentzian manifold and proved that —*; = cons. along a Frenet
slant curve in a Sasakian Lorentzian three-manifold. Furthermore, Ji-Eun Lee proved that
v is a slant curve if and only if M is Sasakian for a contact magnetic curve « in contact
Lorentzian 3-manifold M in[I2]. Ji-Eun Lee, also gave some characterizations for the gener-
alized Tanaka-Webster connection in a contact Lorentzian manifold in[13].

A. Yildinm[25] obtained the Frenet apparatus for Frenet curves on three dimensional
normal almost contact manifolds and characterized some results for these curves.

U.C.De and K.De[10] studied Lorentzian Trans-Sasakian and conformally flat Lorentzian
Trans-Sasakian manifolds.

The LCS manifolds was introduced by [19] with an example. A. A. Shaikh[20] studied
various types of (LCS),-manifolds and proved that in such a manifold the Ricci operator
commutes with the structure tensor .

In this framework, the paper is organized in the following way. Section 2 with two subsec-
tions, we give basic definitions of a (LC'S),,-manifolds manifold. In the second subsection we
give the Frenet-Serret equations of a curve in (LCS)s manifold. We give finally the Frenet
elements of a Frenet curve in (LC'S)s manifold and give theorems, corollaries and examples

for these curves in the third and fourth sections.

2. PRELIMINARIES

2.1. Lorentzian Concircular Structure Manifolds. A Lorentzian manifold of dimension
n is a doublet (N , g), where N is a smooth connected para-compact Hausdorff manifold of
dimension n and § is a Lorentzian metric, that is, N admits a smooth symmetric tensor field
g of type (0,2)such that for each point p € N the tensor g, : T,N x T,N — R is a non
degenerate inner product of signature (—,+, ..., +), where Tp]\7 denotes the tangent space of
N at p and R is the real number space. A non zero vector field V € T, pN is called spacelike

(resp.non-spacelike, null and timelike) if it satisfies g, (V,V) > 0 (resp., < 0,=, < 0).[15]
Definition 2.1. In a Lorentzian manifold (N,g) a vector field w is defined by

g(U,p) = A(U) (2.1)
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for any U € x(N) is said to be a concircular vector field if
(Vo A)(V) =a{g(U,V) +wU)w(V)}, (2.2)

where « is a non-zero scalar and w is a closed 1-form.[24]

If a Lorentzian manifold N admits a unit timelike concircular vector field &, called gener-

ator of the manifold, then we have
9(¢,¢) = -1 (2.3)
Since ¢ is the unit concircular vector field on IV, there exists a non-zero 1-form 1 such that

9(U, &) = n(U), (2.4)

which satisfies the following equation

(Vum)(V) = a{g(U, V) +n(U)n(V)},  (a#0) (2.5)

for all vector fields U and V, where V gives the covariant differentiation with respect to the

Lorentzian metric g and « is a non-zero scalar function satisfies

(Vva) =Ua =da(U) = pn(U), (2.6)
where p is a certain scalar function defined by p = —(&a). If we take
1
oU =V, 2.7

then with the help of (2.3), (2.4) and (2.6|), we can find
U =U +n(U)E, (2.8)

which shows that ¢ is a tensor field of type (1,1), called the structure tensor of the manifold
N. Hence the Lorentzian manifold N of class C* equipped with a unit timelike concircular
vector field ¢, its associated 1-form n and (1,1) tensor field ¢ is said to be a Lorentzian
concircular structure manifold (i.e. (LCS),, manifold)[19]. Moreover, if o = 1, then we have
the LP-Sasakian structure of Matsumoto[14]. So we can say the generalization of LP-Sasakian
manifold gives us the (LCS), manifold. It is noteworthy to mention that LCS-manifold is
invariant under a conformal change whereas LP-Sasakian structure is not so[I§]. In (LCS),

manifolds, the following relations hold[19]

U =U+nU)E, n(§) =1, (2.9)
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and

g(pU, V) = g(U, V) +n(U)n(V). (2.10)

2.2. Frenet Curves. Let ¢ : I — N be a unit speed curve in (LC'S); manifold N such that
¢’ satisfies g(g",(') = ¢1 = F1. The constant €; is called the casual character of (. The
constants €5 and e3 defined by g(n,n) = 2 and g(b,b) = e3 and called the second casual
character and third casual character of (, respectively. Thus we £169 = —e3.

A unit speed curve ( is said to be a spacelike or timelike if its casual character is 1 or -1,
respectively. A unit speed curve ( is said to be a Frenet curve if g({ " C/) # 0. A Frenet curve
¢ admits an orthonormal frame field {¢t = C/,n, b} along (. Then the Frenet-Serret equations

given as follows:

Vg’t = &9KN
Ven = —eikt —e3rh (2.11)
chb = £9TN

where K = ’Vg’ C/| is the geodesic curvature of ¢ and 7 is geodesic torsion [12]. The vector
fields t, n and b are called the tangent vector field, the principal normal vector field and the
binormal vector field of {, respectively.
If the geodesic curvature of the curve ¢ vanishes, then the curve is called a geodesic curve. If
Kk = cons. and T = 0, then the curve is called a pseudo-circle and pseudo-helix if the geodesic
curvature and torsion are constant.

A curve in a three dimensional Lorentzian manifold is a slant curve if the tangent vector
field of the curve has constant angle with the Reeb vector field,i.e. n(¢") = —g({’, &) = cost =

constant. If n(¢") = —g(¢’,€) = 0, then the curve ( is called a Legendre curve[12].

3. MAIN RESULTS

In this section we consider a (LCS); manifold N. Let ¢ : I — N be a Frenet curve
with the geodesic curvature s # 0, given with the arc-parameter s and V be the Levi-Civita

connection on N. From the basis (¢, ¢, &) we obtain an orthonormal basis {e1, e, e3} which
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satisfy the equations

/

er. = (¢,
o - 2 (312
VEL+ p?
b = o8¢
Ver+ p?
where
n(¢) =g(¢',€) = p. (3.13)

Then if we write the covariant differentiation of ¢’ as

ngel = veg + ues (3.14)

such that

v=g(Vyer,ez) (3.15)

is a certain function. Moreover we obtain v by

/
n= g(vg’elaGS) = &2 (\/6':_7,02 — 81am> , (3.16)
1

where p'(s) = w. Then we find
- g1pv
Vees =—ver+ | e3a+ ——— | e3 (3.17)
¢ ( Ver+ PZ)

and

Tees = —er - < y P) (3.18)

Ver+ p?

The fundamental forms of the tangent vector ¢’ on the basis of the equation (3.12) is

0 v 7
13
[wi (] =] —¥ 0 e300+ 7\/;7”/32 (3.19)
and the Darboux vector connected to the vector ¢’ is
€1pV
w((') = | esa+ i pe + ves. (3.20)
Ver+p?

So we can write

@Clei = W(C/) N E;e; (1 <1< 3) (321)
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Thus, for any vector field Z = Z?:l e; € x(IN) strictly dependent on the curve ¢ on N and

we have the following equation
VoZ=w((YANZ+) eiei0]e;. (3.22)
i=1

3.1. Frenet Elements of (. Let a curve ( : I — N be a Frenet curve with the geodesic
curvature x # 0, given with the arc parameter s and the elements {¢,n,b, k,7}. The Frenet

elements of the curve  can be calculated as above:

If we consider the equation (3.14]), then we get
gokn = ?C/el = veg + ues. (3.23)

If we consider (3.16)) and (3.23]) we find

2

/

K= |V2+ L—sla\/elqﬂo? . (3.24)
Ver+ p?

On the other hand

/ /

_ 14 1%

VC/n = <) e + 7VC/62 + <'u) es + LVcleg (3.25)
£2K g9K E2K &2k

= —e1kt —e37B.

By means of the equation (3.17)) and (3.18) we find

/
v W e1pv
—e3TB = o —— | 8300 + —/—— e 3.26
3 [(52/{) on ( 3 2 +p2> 2 ( )
/
I v €1pV
+ (=) +— o+ — ]| es
(52"6> E2k ( Ver+ p2>

By a direct computation we find following

s\ 2 " /72 s\ 1 ” " 2
GG -FER) @) e
Eo9K E9K Eo2R EoR EoK \ E2K
Taking the norm of the last equation by using (3.26)) and if we consider the equations (3.16))
and (3.27) in (3.26)) we obtain

M2

T = |E3 + (3.28)

IS 1A

o _ 2
e | [[2E)
€1 +p2 K

Moreover we can write the Frenet vector fields of ¢ as in the following theorem
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Theorem 3.1. Let N be a (LCS); manifold and ¢ be a Frenet curve on N. The Frenet

vector fields t, n and b are in the form of

t = CI = €1,
n = Leg—l— Leg, (3.29)
9K 9K
b 1 ( v >/ 1 L _Epv
= —|l— ) —— |esa+——=]]¢
€3T €9k E9K 3 Ver+ p? ’
1 ( i )/+ v L
- — || — g3 + ———— | | e3.
€3T 9K 9K s Ver+ p? ’
Note that
2
¢ = apt— VL, (3.30)
K
Ver+ p? <M>,+V S E1pV
€3T 9K €9k s Ver+ p?

Let ¢ be a non-geodesic Frenet curve given with the arc-parameter s in (LC'S),; manifold

N. So one can state the above theorems.

Theorem 3.2. Let N be a (LCS)4 manifold and ¢ be a Frenet curve on N. ( is a slant
curve (p = n(¢") = cosf = cons.) on N if and only if the Frenet elements {t,n,b,x, 7} of ¢

are as follows

t = elzglv

e2¢’
Vel + cos?0’

e1€ — cosf(’
5

n = ey =

b = e3=cr—F—v—or—>, 3.31

3 2 Vel + cos?6 ( )
ko= V2 +a2(e + cos?0),

2

oy Ercosty K v )T+ <a\/51 +cos29>’
- e - e i

s Vel + cos?0 EoR K

Proof. Let the curve ¢ be a slant curve in (LCS); manifold N. If we take account

the condition p = n(¢’") = cosf = constant in the equations (3.12)), (3.24) and (3.28]) we find
(3.31)). If the equations in (3.31]) hold, from the definition of slant curves it is obvious that

the curve ( is a slant curve.
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Corollary 3.1. Let N be a (LCS)5 manifold and ¢ be a slant curve on N. If the ge-

odesic curvature k of the curve  is non-zero constant, then the geodesic torsion of ( is
Ov
< 3 1\/a1+c0320

Corollary 3.2. Let N be a (LCS); manifold and ¢ be a slant curve on N. If the geodesic

T = and ¢ is a pseudo-heliz on N.

curvature k of the curve ¢ is not constant and the geodesic torsion of ¢ is T =0 then ( is a

plane curve on N and function v satisfies the equation

v= /(01 + cov) K2ds, (3.32)

€3 £1cosb

where Cc1 = m and Cy = m.

Theorem 3.3. Let N be a (LCS); manifold and ¢ is a Frenet curve on N. ( is a spacelike
Legendre curve(p = n(¢") = 0) in this manifold if and only if the Frenet elements {t,n,b, k, T}

of ¢ are as follows

t = e = Clv
n = ey =¢egp(,
b = €3 = —835, (3.33)

kK = VV2+a2,
12 172
v K
E9K K
Proof. Let the curve ¢ be a Legendre curve in (LCS); manifold N. If we take

account the condition p = n(¢’) = 0 in the equations (3.12)), (3.24]) and (3.28) we find ([3.33)).
If the equations in (3.33)) hold, from the definition of Legendre curves it is obvious that the

curve ( is a Legendre curve on N.

Corollary 3.3. Let the curve ¢ is a Legendre curve in (LCS),; manifold N. If the geodesic
curvature k of the curve ¢ is non-zero constant, then the geodesic torsion of ( is T =0 and

¢ 1s a plane curve on N.

4. EXAMPLES

Let N be the 3-dimensional manifold given

N ={(z,y,2) € R,z £ 0}, (4.34)
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where (x,y,z) denote the standart co-ordinates in R3. Then
3} 0 0 0
B, =¢7 <CL‘ + y) , FEy=¢€¢"— F3= — (4.35)

are linearly independent of each point of N. Let g be the Lorentzian metric tensor defined

by
(B, Br) = g(Ea, Eo) =1,  g(E3,E3) = —1, (4.36)

for i,7 = 1,2,3[2]. Let n be the 1-form defined by n(Z) = g(Z, E3) for any Z € T'(TN). Let
¢ be the (1,1)-tensor field defined by

pEy = FE1, ¢pEy=Ey ¢k3=0. (4.37)
Then using the condition of the linearity of ¢ and g, we obtain n(FEs) = —1,

$2Z = 7+ (Z)Bs, (4.38)
for all Z,W € T'(T'N). Thus for £ = E3, (p,&,n, g) defines a Lorentzian paracontact structure
on N.

Now, let V be the Levi-Civita connection with respect to the Lorentzian metric g. Then

we obtain
[E1, Es] = —e*Es, [E1, B3] = —FE1, [E, E3]=—FE». (4.39)

If we use the Koszul formulae for the Lorentzian metric tensor g, we can easily calculate the

covariant derivations as follows:

Vg B =—FE3, VgE =¢’Ey,, Vg E3= -,
VE2E3 = —EQ, szEg = —eZEl - Eg, (440)
Vg, By =VgE =VgE=Vg 3 =0.

From the about represantations, one can easily see that (¢,&,7,g) is a (LCS)4 structure on

N, that is, N is an (LCS);-manifold with a = —1 and p = 0.
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Example 4.1. Let 3 be a spacelike Legendre curve in the (LCS),; manifold N and defined

as

s = B(s) = (82,52,ln2) ,

where the curve B parametrized by the arc length parameter t. If we differentiate B(t) and

consider we find

er = '), (4.41)

1 1
ey = ﬁEl + EEQ (4.42)
€3 = EQES. (4.43)

If we consider the equations (3.15), (3.14}), (3-10), (3.24}) and (3.28) we can write

1
=0, = -8, V=-——1 (4.44)

e

From the above equations we see that the curve B is a Legendre heliz curve in N.

Example 4.2. Let v be a spacelike Legendre curve in the (LCS); manifold N and defined
as

v: I — N

s —v(s) = (coss, sins, 1),

where the curve v parametrized by the arc length parameter t. If we differentiate v(t) and

consider we find

er = v'(t), (4.45)
€9 = €9 (—sm( )E1 + cos(— )E2> (4.46)
€3 = 8283. (447)

If we consider the equations (3.15), (3.14), (3.16), (3.24) and (3.28) we can write

p=0, p=—ea, v=0, (4.48)

k=T1=]lal.

So, the curve v(s) is a Legendre heliz curve in N.
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ABSTRACT. The purpose of this article is to give some novel identities and inequalities asso-
ciated with combinatorial sums involving special numbers and polynomials. In particular, by
using the method of generating functions and their functional equations, we derive not only
some inequalities, but also many formulas, identities, and relations for the parametrically
generalized polynomials, special numbers and special polynomials. Our identities, relations,
inequalities and combinatorial sums are related to the Bernoulli numbers and polynomials of
negative order, the Euler numbers and polynomials of negative order, the Stirling numbers,
the Daehee numbers, the Changhee numbers, the Bernoulli polynomials, the Euler polyno-
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1. INTRODUCTION AND PRELIMINARIES

Combinatorial sums and combinatorial numbers and polynomials have many applications
in mathematics and other applied sciences. These numbers are related to the special functions
and also some classes of special numbers and polynomials. The motivation of this paper is
to use not only generating functions, but also their functional equations, we give many
new formulas and combinatorial sums involving the Bernoulli numbers and polynomials, the
Euler numbers and polynomials, the Stirling numbers, and also combinatorial numbers and
polynomials such as the Daehee numbers, the Changhee numbers, and the parametrically
generalized polynomials. By using these formulas and combinatorial sums, we provide some
inequalities applications. In order to illustrate graph and plots of special polynomials, here
we use Mathematica with the help of the Wolfram programming language.

Throughout of this paper, we use the following notations and definitions. Let
N={1,2,3,...} and No = NU{0}.

As usual, Z, R and C denote the set of integer numbers, the set of real numbers, the set

of complex numbers, respectively. We assume that:

1, n=0
0" =
0, neN.
Furthermore,
A A A)n
=1 and :(> (neN; AeC),
0 n n!

where (\),, is the falling factorial defined by
An=AA=-1A=2)..(A=n+1),

with (A\)o =1 (¢f. [1134]; and references therein).
The Stirling numbers of the second kind are defined by means of the following generating

function: .
et —1 s tm
n=0

(cf. [1H34]; and references therein).

The Stirling numbers of the second kind are also given by the falling factorial polynomials:
"= 82 (n,j) (x);, (1.2)
§=0

(cf. [1-34]; and references therein).
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By using (1.1, an explicit formula for the numbers Ss (n, k) is given as follows:

1 k
;?Z ( ) " (1.3)
where n, k € Ny and for k > n,
52 (n, k‘) =0

(cf. [1H34]; and references therein).
Let v € Z. The Bernoulli numbers and polynomials of higher order are defined by means

of the following generating functions:

t )\’ = "
_ — (v) 2
FB(tuv)_ (6t—1> _T;)Bn n!’ (14)
and
Gp(t,z,v) = Fp (t,v) ZB (1.5)

such that v = 0,
BO (@) = o,
(cf. [131[231|29,30,34]; and references therein).
Substituting v = 1 and x = 0 into and , the Bernoulli numbers and polynomials

are derived, respectively,
and

(cf. [1-34]; and references therein).

By using 1} an explicit formula for the polynomials B (z) is given as follows:

k

B ()= Ly (o (’j) (o + )", (1.6)

n+k
("R
where n € Ny and k € N (¢f. [5, Equation (3.20)]).
Putting n = x = k in (1.6]), we have the following presumably known result:

B ) = gy 22 (-1 ()

j=0

Substituting = 0 into the above equation, and using ([1.3), we have the following well-

known identity:

1
k

(cf. 133, Equation (7.17)]).
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Let v € Z. The Euler numbers and polynomials of higher order are defined by means of

the following generating functions:

2 \" & tn
= — E (v)2_
Fg (t,’U) <€t + 1> ~ En n! (18)
and
Gg (t,z,v) = Fg (t,v) E EW (1.9)

such that v = 0,
EO (z) = 2™

(cf. 113,231[28,29.[34]; and references therein).
Substituting v = 1 and z = 0 into ((1.8) and (1.9)), the Euler numbers and polynomials
are derived, respectively,

E, = EM (0)

and

(cf. [1H34]; and references therein).

By using (|1.9)), we have

=
=z

&
!

J=0< >xn ji%( )d'(z V%S, (). (1.10)

d=
where n € Ny and k € N (¢f. [23,/28,29,34]).

Putting n = x = k in (1.10)), we have the following presumably known result:

- - di(-1)?

ECM(n) = n—j )
=3 (%) Z( N s
7=0

By using 1' and || a relation between the numbers Ey(l_k) and the numbers sz_k)

is given as follows:

1 &< (n
B{M = — (,)B( MEh), 1.11
anz:% j e (1.11)

where n € Ny and k € N (¢f. [13, Equation (3.1)]).
By using lb and 1) a relation between the numbers ES ) and the numbers S (n, k)

is given as follows:

Sk = 2SS s (1) (), (112

(cf. [13, Theorem 2.14]).
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The Euler numbers of the second kind, E}, are defined by means of the following generating

function:
oo

L—ZE*K (1.13)
et + et _n=0 " nl '

(cf. [19,264[28],30]; and references therein).
By using ([1.9) and ([1.13]), a relation between the Euler numbers E and the Euler poly-

) 1
E:=2"E, (2>

Kilar and Simsek [13, Corollary 3.5] gave the following identity for the numbers Sa (n, k):

nomials is given as follows:
(cf. 119,21,28,30]).

Z“: ()

7=0 k
where n, k € Ny and
B = 3 (M) s 0
i=o N
k .
- 2 (5)
J=0 J

(cf. |32, Identity 12.]; see also [7.29]).
Substituting n = k into (1.14]), we have

m\ — (n) .
Sg(2n,n):<n>z4n( )52( j+n,n)B(n—jn).

The Daehee numbers, D,,, are defined by means of the following generating function:

log ZD (1.15)

(cf. |17,2530]).
By using (1.15), an explicit formula for the Daehee numbers is given by

(1.16)

(cf. [17,2530]).

The Changhee numbers, Ch,,, are defined by means of the following generating function:
2 > tn
T E%Chnn! (1.17)
n=

(cf. [18[30]).
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By using (|1.17)), an explicit formula for the Changhee numbers is given by

n !

Cha = (-1)"; (1.18)

(cf. [18,30)).
Kucukoglu and Simsek [22] defined the numbers 3, (k) by means of the following gener-

ating function:

(1—;)k:iﬁn (k)%, (1.19)
n=0

where k € Ng, z € C with |z| < 2.

By using , we have
5 (k) = C (’“) - (’“) Ch, (1.20)

n n

where n, k € Ny (¢f. [22, Equations (4.9) and (4.10))]).

The polynomials Cy,(z,y) and S, (x,y) are defined by means of the following generating

functions:
o0 tn
— Tt —
Go(t,z,y) = e cos (yt) = Z%Cn(x,y)n! (1.21)
and
oo tn
— Tt g —
Gs(t,z,y) = e sin (yt) = ;)Sn(x, y)ﬁ, (1.22)

(cf. [0-121[14-161[20,24)).
By using ([1.21]) and ([1.22)), the polynomials C,(x,y) and S, (x,y) are computed by the

following formulas:

j=0 2
and
(%3] .
- _ _1y n—2j—1, 2j+1
Sp(z,y) ;:0 (1) (2j+1>x Yy,

respectively (cf. [9-12k/14H16L20L124]).
By using ((1.21)) and ([1.22]), the polynomials Cy,(z,y) and S, (x,y) are also computed by

the following formulas:

3ln—2 o
Cp(z,y) = 22 (—1) <2j) Sy (n—24,d)y™ (x), (1.23)
and
(%] n—2j-1 . .
Sp(z,y) = ‘ (-1 <2j N 1) Sy (n—2j—1,d)y¥ ! (2), (1.24)
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(cf. [2D).
Simsek [31] defined new classes of special numbers and polynomials by means of the

following generating functions:

at t"
Fy(t,k,a) = =N " Vu(k,a)— (1.25)
4 sinh (@) cosh (%) ,;) n!
and
Gy(t..k,a) = e Fy(t,k,a) = Y Qula, k,a) =, (1.26)
0 n:

where k € Z and a € R (or C).
Substituting = = 0 into ((1.26]), we have

yn(k'a a) = Qn(ov ka a)'

Simsek also gave the representation of equation (1.25) as follows:

tae(k+1)t

Fy(t,k,a) = (6(k+2)t _ 1) (e 1 1)

(cf. BT).
By using (|1.25)) and ([1.26]), a relation between the polynomials @, (x, k, a) and the numbers

Yn(k,a) is given as follows:

Qn(z,kya) = (n) m"_jyj(k, a)

(cf. B1)).
By using (1.5), (1.8]) and (|1.25), we have the following identity:
a " /n k+1
L (ka) = —2 5k + 2)°Ey_oBa [ 22 ) | 1.27
Yu(k, ) 2(k+2);(5) (k+2) (k+2) (1.27)

where n € Ny (c¢f. [31, Equation (15)]).
Recently, Bayad and Simsek [2] defined new classes of the parametrically generalized
polynomials, the polynomials %C)(a:, Y, k,a) and QSLS) (z,y,k,a), by means of the following

generating functions, respectively:

et cos (yt) at > "
HC’(ta:L‘aya a, k) = = Q%C) (m,y,k:,a) - (128)
4 sinh (@) cosh (%) 7;) n!
and
e sin (yt) at > tn
HS(t7$7yaa” k) = = QgLS) (.’E,y,k,a) R (129)
4 sinh (@) cosh (%) nz:;) n!

where k € Z and a € R (or C).



48 N. KILAR AND Y. SIMSEK

By using 1D and 1) the polynomials Qﬁf) (z,y,k,a) and Q%S) (z,y,k,a) are com-
puted by the following formulas:

n

QO (,y,k,a) = "V Yk, a)Ch_j (z,7) (1.30)
ko =3 (7) y
and
Q;S) (z,y,k,a) = n Yi(k,a)Sn—; (z,y) (1.31)
k=3 (7) y
(cf 12])-

The rest of this article is briefly summarized as follows:

In Section 2, by using generating functions and functional equations techniques, we derive
some formulas, combinatorial sums and relations including the parametrically generalized
polynomials, the Bernoulli numbers and polynomials of higher order, the Fuler numbers and
polynomials of higher order, the Euler numbers of the second kind, the polynomials C), (z, ),
and the polynomials S, (x,y).

In Section 3, we give many inequalities for combinatorial sums including the Bernoulli
numbers of negative order, the Euler numbers of negative order, the Bernoulli polynomials,
the Changhee numbers, the Dachee numbers, the Stirling numbers, the numbers B (n, k) and
the numbers 3, (k).

In Section 4, using Mathematica with the help of the Wolfram programming language,
we present some plots of the parametrically generalized polynomials under some of their
randomly selected special cases.

Finally, in Section 5, we give remarks and observations on our results.

2. COMBINATORIAL SUMS AND IDENTITIES FOR THE PARAMETRICALLY GENERALIZED

POLYNOMIALS, AND SPECIAL NUMBERS AND POLYNOMIALS

In this section, using generating functions and functional equations, we give some interest-
ing identities and combinatorial sums related to the parametrically generalized polynomials,
the polynomials C,, (z,y), the polynomials S, (z,y), the Bernoulli numbers and polynomials
of higher order, the Euler numbers and polynomials of higher order and the Euler numbers

of the second kind.

Theorem 2.1. Let n € Ny and a # 0. Then we have

n d +1 —q
d\ (n\ 2(k+2T kT o
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Proof. Combining ((1.28]) with (1.4}, (1.8]) and (1.21]), we get the following functional
equation:

a

——Ge (t k+1,y)=Fp((k+2)t,—1) Fg(kt,—1) Ho(t k).
From the above equation, we obtain

n

> t
ZCn(ank:JrLy)m

2(k+2) <=
k+2)" KMECD k,a) —.
- Y z ZQ @y k.0) -
Therefore

a > t"
— n kE+1,y)—
2(k+2)§0 (w+k+1y) 5
o n d d n ) ) 1 1 c n
SN ( ) (d) (k+2) kB VETVQND, (2, k. a) o
n=0 d=0 j=0 J ’

Comparing coefficient of L 1 on both sides of the above equation, and combining with following

well-known formula

we arrive at the desired result.

Theorem 2.2. Letn € Ny and a 7é 0. Then we have

2 (k+2)" " ke
d=0 7=0 ‘7

Proof. Combining (|1.29) with (| . and , we have

2 (k+2)

From the above functional equation, we obtain

Gs (t7$+k+ 17y) = Fp ((k+2)t7_1) Fg (kta_l) HS(t7x7y7a7k)‘

(0.9} tn
- " 1,y) —
2(k+2)§;5 (@+k+1y)—

i k+2)" ng”E G ZQS) z,y, k, a)
n=0 ’

n=0

’fL

Therefore

o0 n

t
Y Su(z+k+1y)
n=0 "

S

2(k+2)

n

o0 n d
d\ (n o B ;
Z ( > <d> (k +2) k4 JBJ( I)Ec(l_;)QT(f_)d (2,9, k, ) —
0 5=0 ]

n=0d= J
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Comparing coefficient of % on both sides of the above equation, after some elementary

calculations, we arrive at the desired result.

Theorem 2.3. Let n € Ny and a # 0. Then we have

+
2 n+1 2d
B, — Z <n +1- 2d) (n + 1> P2 201 (9 39)
a(n+ 1) (k+2)" i J 2d
- —k—-1 1 S
xEJ(, ) </~c> Bsy <2> QT(H)l 2d—j (x,y,k,a).
Proof. By using (|1.4)), (1.8) and (1.29)), we get the following functional equation:
a 2 —r—k—1
k+2)t,1 kt,——, —1 | Hg(t k).
g Pt = G (0 T ) st

Combining above equation with the following well-known identity:

i )" 22" B, 1y e (2.33)
sin ( "\2/ (2n)! '

n=0

(cf. [19, Equation (2.24)]), we have

ay St 75n+1 00 2n , t2n
T 2 K+ By Z "0 B (3) oy
n=0 —
(o (2= k ) BT o v
an:;]En < A ) nl nz:;JQn (:E’%k’a)n!'
Therefore

ay S n—2 "
5 2 n(k+2)" By

n=0
o [3] n—2d
- S () S (e (Y
n=0 d—0 <2d =0 J / k
1\ t"
XQ?@M*J' (2. y,k,a) (=1)" (29)*" Baa <2> n!’

Comparing coefficient of %n, on both sides of the above equation, after some elementary

calculations, we arrive at the desired result.

Theorem 2.4. Let n € Ny and a # 0. Then we have

[ _
1 Z <” + 1.— 2d> ( 1) g2d+1y20-1 (1 4 9)i+1
= j 2d

ak™(n+1) ‘
-1
XBJ( )< )B2d< ) n+)1 2a—j (@Y, k. a).

M\+

E, =

a
I



INT. J. MAPS MATH. (2022) 5(1):41-60 / REMARKS ON COMBINATORIAL SUMS... 51

Proof. By using (1.5)), (1.8]) and (1.29), we get the following functional equation:
a k+2 —rx—k—1
Crptt, )= T G ((k+2)t, 2T 1) Hs(t,z,y,a, k).
e (k1) = 2 B<< voy 2R ) s(t.zy.a,k)

Combining above equation with (2.33)), we have

WY REL = Y 1 e B (3) o
2 "l Y g ) @2n)l

n=0 ’ n=0

n

e ol r—k—1 t
x 2 (k+2) B’(ll)(m)nuz@ (2,9, ) oy
n=0 ’

Therefore
Gy nk™™ 1 = 2d k
n=0 d= 0 7=0
(-1 (v —k—1 (S) 1\ t"
XB] <IH2) Qn 2d—j (l‘ y,k a) (2y) BQd <2 E

Comparing coefficient of % on both sides of the above equation, after some elementary

calculations, we arrive at the desired result.

Theorem 2.5. Let n € Ny and a # 0. Then we have

Z( ) k+2 Bj<ki2>Enj <k:1> :][j

Proof. By using (1.5)), (1.9)) and (1.28)), we get the following functional equation:

(_1)J (2]> y2]E2jQ£LCL)2j ('Ia Y, k;’ CL) .

x E+1
— 2)t, ——,1 1) = H .
(k—l—Q)GB ((k+ )t7 k+2 )GE (kt k > > sec (yt) C(tal‘ayvaa k)

Combining above equation with the following well-known identity:

e 2n
sec (t) = Z (-)" FE3, (;n)‘ (2.34)
n=0 ’

(¢f. [19, Equation (2.40)]), we have

a = x " = k4 1\ t"
— E+2)"B, | —— )| = k"E,|—— | =
2(k+2)nz:;)( +2) <k:+2> nlg ( k )m
= i(—l)”E* = iQ(C)(ﬂﬂyka) i

2 (2p)! ’ n!

n=0 n=0

Therefore
a = /n , . x E+1\ "
k 2Jkn—JB. En—‘ _
s 2 ()2 () P (M)

n=0 j=0

n P A (C t"
( ) (_1)J E2]Q7(1—)2J (xv Y, kv CL) E
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tn

-1 on both sides of the above equation, after some elementary

Comparing coefficient of
calculations, we arrive at the desired result.
Combining ((1.24) with ((1.12)), after some elementary calculations, we obtain the following

theorem:

Theorem 2.6. Let n € N. Then we have

(23]

n—2j—1 d—n+2j+1,,25+1
[ no\2 Ty (2)
Sew) = XS 0,0 ) v (@,
j=0 d=0 J )
n—2j—1 d .
o (n—27 =1\ [d\ ,, (-d
S5 S IC Tl (i (4 T A
m=0 ov=0

3. INEQUALITIES APPLICATIONS FOR COMBINATORIAL SUMS INVOLVING SPECIAL NUMBERS

In this section, we give the upper bound and the lower bound for the special numbers and
polynomials, and combinatorial sums involving the Bernoulli numbers of negative order, the
Euler numbers of negative order, the Changhee numbers, the Daehee numbers, the Stirling
numbers of the second kind, the numbers B (n, k) and the numbers j,, (k).

In order to give our results, we need the following inequalities for the special numbers.

Gun and Simsek [§] gave the lower bound and the upper bound for the Bernoulli numbers

of negative order Bffk) as follows:

_ k™
BR) > G (3.35)
k
and
n+k—1 L
B(h < ( lz;ik; , (3.36)
k

where n € Ny and k € N.
Comtet [6] gave the lower bound and the upper bound for the Stirling numbers of the

second kind Sa(n, k) as follows:

So(n, k) > k" * (3.37)
and
n—1 K
< neR .
Sy(n, k) < <k1>k (3.38)

Abramowitz and Stegun [1, p. 805] gave the following inequality for the Bernoulli numbers:

2 (2n)!
(27r)2n

2 (2n)!
(2m)" (1 — 21=2n)’

< (=1)"" By, < (3.39)

where n € N.
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Combining (1.11)) with (3.35)), we get the following theorem for the Euler numbers of

negative order and the Bernoulli numbers of negative order:

Theorem 3.1. Let n € Ny and k € N. Then we have

(1 gk k) o 2K
Z(,)Bj E, > . (3.40)

=0 N

By using (1.6), (1.10)), (1.18)) and (3.40)), we derive the following corollary:

Corollary 3.1. Let n € Ny and k € N. Then we have

n k n—j _
E\ (m—Fk—1\ 2k
ZZ IR C RSy (n — j,m) >
e LT
7=0 d=0 m=0 ] k' d m ( k )
By using (|1.18)), (1.20) and (3.40)), we get the following corollary:
Corollary 3.2. Let n € Ny and k € N. Then we have
)3 <n> BER k) 5 (2K)" Oy
| B n—j =
= \J Br(n+k)
Combining (|1.11]) with (3.36]), we obtain the following theorem:
Theorem 3.2. Letn € Ny and k € N. Then we have
n 2n (n+k—1) kn
N\ (—k) 1(—k) k1
> (j)Bj B, < — (3.41)
j=0 k
Substituting n = k into (3.41)), we arrive at the following result:
Corollary 3.3. Let n € N. Then we have
n n(2n—1\, n
3 (M pmpen < 2 o)
j 7 n—j — (2n) .
=0 n
By using (|1.18)), (1.20) and (3.41]), we obtain the following corollary:
Corollary 3.4. Let n € Ny and k € N. Then we have
- - _ -1
3 <n>B]( B < (o Pr—1(n+k—1) Chy
=\ Br (n+ k) Chy—y
Combining ([1.14)) with (3.37)), we get the following theorem:
Theorem 3.3. Let n € Ng and k € N. Then we have
OO . .
]:
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By using (1.14)), (1.16)), (1.20) and (3.37]), we have the following corollary:

Corollary 3.5. Let n € Ny and k € N. Then we have

" (M)Br (n+ k)

j=0 k

Combining (|1.12) with (3.37), we arrive at the following theorem:

S2(j+k,k)B(n—j,k) = (k+1)k".

Theorem 3.4. Let n € Ny and k € N. Then we have

2k—n n k hei n k (k) -

m=0 j=0

Combining ((1.12) with (1.20) and (3.38)), we get the following theorem for the Euler

numbers of negative order:

Theorem 3.5. Let n € Ng and k € N. Then we have
i i (—1)f (" R o (k) k" By (n = 1)
k! : m)\j)) Frem= Chi

4. SOME PLOTS OF THE PARAMETRICALLY GENERALIZED POLYNOMIALS

In this section, with the help of Wolfram programming language in Mathematica [35, we
illustrated the plots of the parametrically generalized polynomials by applying the formulas
given by and .

Figure is obtained by y = 2, k = —10, a = 2, and n € {0,1,2,3,4,5} using for
x € [—50,50].

anl® [x, y, & a

-

=

=1
T

— @' (x, 2, -10, 2)
| Q% (x, 2, -10, 2)

— = ”% / L : x Q' (x, 2, -10, 2)
|
/ IU’—1IZI EIEIEI-v

-h-/‘\ ZI I -l.IEI
R — @9 (x, 2,-10,2)
\ , — Q,'%(x, 2,-10,2)
| \H — Q5% (x, 2, -10, 2)
|

| -20000

FIGURE 1. Plots of the polynomials 7(10) (x,2,—10,2) for randomly selected
special cases when n € {0,1,2,3,4,5} and = € [-50, 50].
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Figure [2| is obtained by n = 4, y = 2, a = 2, and k € {0,1,2,3,4,5} using (|1.30) for
x € [-5,5].

— 4% x,2,0,2)
— 0% x,2,1,2)
— " (x,2,2,2)
— %%, 2,3,2)
— Q4% x,2,4,2)
— (%, 2,5,2)

FIGURE 2. Plots of the polynomials Q%C) (z,2,k,2) for randomly selected
special cases when k € {0,1,2,3,4,5} with n =4 and = € [-5,5].

Figure [3| is obtained by n = 4, k = —8, a = 2, and y € {0,1,2,3,4,5} using (1.30]) for
x € [—6,6].

— Q'™ (x, 0,-8, 2)
— Q"™ (x,1,-8,2)
x — Q4% (x,2,-8,2)
— @' (x,3,-8,2)
— @' (x, 4,-8,2)
— Q4% (x, 5,-8,2)

F1GURE 3. Plots of the polynomials Q%C) (z,y,—8,2) for randomly selected
special cases when y € {0,1,2,3,4,5} with n =4 and x € [—6,6].

Figure [4] is obtained by n = 15, k = =8, a = 2, and y € {0,1,2,3,4,5} using (1.30]) for
x € [—6,6].



56 N. KILAR AND Y. SIMSEK

an'® i, v, k a)

151018 |
— @15 (x, 0, -8, 2)
10x=10" | 0 (x, 1, -8, 2)
B 13 X, 1, -0,
50x1017 [ f“'t_::::.': (=]}
/____r — 015 {x! 2! _8! 2:'
g 4 2 2 " X — 59 (x,3,-8,2)
e — T LS — Q5% (x,4,-8,2)
otk — 15 (%, 5,-8,2)
—15x1018

FIGURE 4. Plots of the polynomials Q%C) (x,y,—8,2) for randomly selected
special cases when y € {0,1,2,3,4,5} with n = 15 and x € [—6, 6].

Figure [5| is obtained by y = 2, k = —10, a = 2, and n € {0,1,2,3,4,5} using (1.31] for
x €[50, 50].

@ % e, v, K, @)

— " (x, 2, -10, 2)
— "% (x, 2, -10, 2)

T ¢ — @7x2-10.2
— @'% (x, 2, -10, 2)
-500

00 -

— Q' (x,2,-10,2)

— Q' (x, 2, -10, 2)
-10000 [

FI1GURE 5. Plots of the polynomials Q,(IS) (x,2,—10,2) for randomly selected
special cases when n € {0,1,2,3,4,5} and x € [-50, 50].

Figure |§| is obtained by n = 4, y = 2, a = 2, and k € {0,1,2,3,4,5} using (1.31) for
x € [-5,5].
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an'® (x, v, k,a)

— Q' (x,2,0,2)
— Q¥ x,2,1,2)
— Q% (x, 2,22
= — ¥ (x23,2
— Q% (x,2,4,2)
— ' (x,2,52)

FIGURE 6. Plots of the polynomials Q%S) (,2,k,2) for randomly selected
special cases when k € {0,1,2,3,4,5} with n =4 and = € [-5,5].

Figure [7| is obtained by n = 4, k = —8, a = 2, and y € {0,1,2,3,4,5} using (1.31)) for
x € [-5,5].

Qn % e, v, K, a)
1000 |

— Q4% (x,0,-8,2)
— Q4% (x,1,-8,2)
— Q% (x,2,-8,2)
*x — Q% (x,3,-8,2)
— Q"% (x, 4, -8,2)
— Q"% (%, 5,-8,2)

FI1GURE 7. Plots of the polynomials Q%S) (z,y,—8,2) for randomly selected
special cases when y € {0,1,2,3,4,5} with n =4 and x € [-5,5].

Figure [8] is obtained by n = 15, k = =8, a = 2, and y € {0,1,2,3,4,5} using (1.31]) for
x € [—6,6].
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@ % (x, v, k, a)

— Q15" (x, 0, -8, 2)
Q1'% (x, 1, -8, 2)

Q5% (x, 2, -8, 2)

— Q5% (x, 3,-8,2)

N — Q1'% (x, 4, -8, 2)
— 5% (x, 5,-8,2)

FiGURE 8. Plots of the polynomials Q%S) (z,y,—8,2) for randomly selected
special cases when y € {0,1,2,3,4,5} with n = 15 and = € [—6, 6].

5. CONCLUSION

Special numbers, special polynomials and trigonometric functions are among remarkably
wide used in applied mathematics, combinatorial analysis, mathematical analysis, analytic
number theory, mathematical physics, and engineering. Recently using different techniques
and methods, many properties of parametrically polynomials involving trigonometric func-
tions have been studied by many researchers. Using both the generating functions and their
functional equations techniques and some known results, we obtained many interesting iden-
tities, combinatorial sums and inequalities including the Euler numbers and polynomials of
higher order, the Bernoulli numbers of higher order, the Changhee numbers, the Dachee num-
bers, the parametrically generalized polynomials, the Stirling numbers and also well-known
special polynomials. By using Mathematica with the help of the Wolfram programming
language, we gave some plots of the parametrically generalized polynomials under the spe-
cial cases. Consequently, the results of this article have the potential to be used both pure
and applied mathematics, physics, engineering and other related areas, and to attract the

attention of researchers working in this areas.

Acknowledgments. The second-named author was supported by the Scientific Research

Project Administration of the University of Akdeniz.
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HARMONICITY OF MUS-GRADIENT METRIC
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ABSTRACT. Let (M™,g) be an m-dimensional Riemannian manifold. In this paper, we in-
troduce an other class of metric on (M™, g) called Mus-gradient metric. First we investigate
the Levi-Civita connection of this metric. Secondly we study some properties of harmonicity
with respect to the Mus-gradient metric. In the last section, we investigate the harmonicity
of Mus-gradient metric on product manifolds. Also, we construct some examples of har-
monic maps.
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1. INTRODUCTION

The theory of harmonic maps studies the mapping between different metric manifolds
from the energy-minimization point of view (solutions to a natural geometrical variational
problem). This concept has several applications such as geodesics, minimal surfaces and
harmonic functions. Harmonic maps are also closely related to holomorphic maps in several
complex variables, to the theory of stochastic processes, to nonlinear field theory in theoretical
physics, and to the theory of liquid crystals in materials science. The last years this subject
has been developed extensively by several authors (for example see [1], [3], [4], [B], [7], [8],
[12], [10], [11], [12] etc...).

The main idea in this note consists in the modification of the metric of the Riemannian
Received: 2021.06.12 Revised: 2021.09.26 Accepted: 2021.10.01
* Corresponding author
Nour El Houda Djaa; Djaanor@hotmail.fr; https://orcid.org,/0000-0002-0568-0629
Abderrahim Zagane; Zaganeabr2018@gmail.com; https://orcid.org/0000-0001-9339-3787

61


HTTPS://ORCID.ORG/0000-0002-0568-0629
HTTPS://ORCID.ORG/0000-0001-9339-3787
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manifold (M™,g). Firstly we introduce the Mus-gradient metric on M noted by ¢ and
we investigate the Levi-Civita connection of this metric (Theorem . Secondly we study
the harmonicity with respect to the Mus-gradient metric, then we establish necessary and
sufficient conditions under which the Identity Map is harmonic with respect to this metric
(Theorem and Theorem [3.4). Next we study the harmonicity of the map o : (M, g§) —
(N, h) (Theorem and the map o : (M, g) — (N, h) (Theorem [3.8)). In the last section,
we investigate the harmonicity of Mus-gradient metric on product manifolds (Theorem

to Theorem [4.7)). We also construct some examples of harmonic maps.

2. MUS-GRADIENT METRIC

Definition 2.1. Let (M™,g) be a Riemannian manifold and f : M —]0,+oo[ be a strictly

positive smooth function. We define the Mus-gradient metric on M noted § by
9X,Y)e = [f(@)9(X,Y)e + Xa(f)Ya(), (2.1)

where x € M and X,Y € S{(M), f is called twisting function.

In the following, we consider ||grad f|| = 1, where ||.|| denote the norm with respect to

(M™, g).

Lemma 2.1. Let grad f (resp. gfr\aJd f) denote the gradient of f with respect to g ( resp. g),

then we have

gfr\a/df = grad f. (2.2)

1
f+1
Proof. We have

X(f) = (Xgmdf)

= ( (X, grad ) — X (f)(grad f)(f))

7
£ (G, grad )= X(1)
on the other hand, we have X (f) = §(X,Mf), then

§(X,gradf) = }( (X, grad f) — §(X, grad f))

= U gredf)

so, thus ;"\c_l?lf = grad f.

Frl
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We shall calculate the Levi-Civita connection V of (M™, §), as follows.

Theorem 2.1. Let (M™, g) be a Riemannian manifold, the Levi-Civita connection v of

(M™,q), is given by

VyY = VXY+);(;)Y+Y2(J{)X
Hess;(X,Y)  X(f)Y(f) g(X,Y)
S e ey Ty TR (23)

for all vector fields X,Y € I§(M), where V denote the Levi-Civita connection of (M™,g)
and Hess§(X,Y) = g(Vxgrad f,Y) is the Hessian of f with respect to g.

Proof. From Kozul formula and Lemma we have

2§(VxY,Z) = Xg(¥,2)+Y§(Z,X) - Z§(X,Y) +§(Z,[X,Y))

+3(Y,[2,X]) - §(X, [Y, Z])

= X(f9(V.Z)+Y (N Z() +Y (f9(Z, X)+ Z())X(f))
—Z(f9(X,Y)+ X(NY () + f9(Z,[X,Y]) + Z(£)[X, Y](f)
+f9(Y,[2, X)) + Y (N2, X](f) - fo(X,[Y. Z])
~X(NIY, Z)(f)

= X(N9Y,2)+ fXg(Y.Z) + X(Y () Z(f) + Y ())X(Z(f))
+Y (£)9(Z,X) + [Y9(Z. X) + Y (Z(/))X(f) + Z())Y (X(]))
~Z(Ng(X,Y) = fZ9(X,Y) = Z(X ()Y (f) = X(N)Z(Y (f))
+f9(Z, (X, Y)) + Z())(X(Y () = Y(X() + f9(Y,[Z, X])
+Y () (Z(X(f) = X(Z(f))) - f9(X, [V, Z])
~X(N(Y(Z(F) = 2(Y(£)))

= 2fg(VxY.2) + X(N)g(Y, 2) + Y (})9(Z, X) = Z(£)g(X,Y)
+2X (Y ()Z(f)

= 2§(VxY,Z) = 2(VxY)(H)Z(f) + 2X (Y () Z(f)

X(f) Y(f)

+T(§(Y, Z) =Y (NHZ(f)) + T(Q(ZX) - Z(NHX(f))

—Z(f)g(X,Y).
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From the definition of Hessian, we obtain

25(VxY.Z) = 2§(VxY,Z)+ X;f)g(x Z) + Y;f)fxz, X)
| (2Hess(X,Y) — 22 (f;”f ) g v))2(p)
— 25(VxY + X;J{)Y + Y;J{C)X, Z)
+2(Hessf(X,Y) — W - %g(x,y))g(ﬁif, ).
From the formula (2.2), we get
VxY = VxY+ );(;)YJF Y2(J{)X
+(H655f(X7Y) _ XYW 9 Y)y

f+1 fF+1 200+
Lemma 2.2. Let (M™,g) be a Riemannian manifold, then for all vector field X € S§{(M),

we have

6Xgmdf = Vxgrad f + 21fX — Zfi(f(i)l)gmdf' (2.4)

Proof. Using the theorem |2.1] we have

Vxgradf = Vxgradf+ Xz(fﬂgmdf + WX
Hessp(X,grad f)  X(f)(grad f)(f) g(X,gradf)
+ f+1 P 2+ Jgrad J.

Since ||grad f|| = 1, we obtain (grad f)(f) =1 and Hess¢(X, grad f) = 0. then we get

6Xgradf = Vxgradf + 21fX — m

3. HARMONICITY OF MUS-GRADIENT METRIC

grad f.

Consider a smooth map ¢ : (M™,g) — (N", h) between two Riemannian manifolds, then

the second fundamental form of ¢ is defined by
(Vdg)(X.Y) = Vidd(Y) — dp(VxY). (3:5)

Here V is the Riemannian connection on M and V? is the pull-back connection on the

pull-back bundle ¢~'T'N. The tension field of ¢ is defined by

T(¢) = trace,Vdg = (V. do(E;) — do(V g, Ey)), (3.6)
=1

where {E;} is an orthonormal frame on (M™, g). A map ¢ is called harmonic if and

i=1,m

only if 7(¢) = 0.
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Remark 3.1. Let (M™, g) be a Riemannian manifold and g the Mus-gradient metric on M.
If{Ei},_17; be an orthonormal frame on (M™, g), such that Ey = grad f, the set {E;}

i=1,m’

which is defined as below, is an orthonomal frame on (M™,g), then

~ 1 ~ 1
E1 = Elin = 7E7;, 1= 2,m, (37)
Vitl v

where f: M —]0,+00] be a strictly positive smooth function.

Theorem 3.1. The tension field of the Identity Map I : (M™,g) — (M™,g) is given by

1 (m—-2)f+m-—1
I = - A df, 3.8
"0 = g (f))grad f (3.8)
where A(f) = trace,Hessy =" | g(VEg,grad f, E;).
Proof. Let {Ez}z:m be a locale orthonormal frame on (M™, ) defined by 1’
then

() = i(v%idf(ﬁi)—df(%ﬁi))

=1
= > (Vg Ei - Vg E)
=1
- _Ei(f) = Hessf(Ei,Ei)_ Ei(f)* _Q(EiaEi)
= (- R T ey g )

(—1 _A(f)+ L +m—1)
MY Y fUHD? 2(f+ 1) 2f(f+ 1)

= 1 (m=2)f+m-1 .
- f(f+1)( 2(f + 1) A(f))grad f.

From the Theorem [B.1] we obtain

grad f

Theorem 3.2. The Identity Map I : (M™,g) — (M™,g) is harmonic if and only if f =
const or

(m=2)f+m-—1

Af) = 20 +1)

(3.9)

Example 3.1. Let M =0, +-o00[x pR™! be the Riemannian twisted product manifold equipped

with the Riemannian metric g defined by
g = daf + F(z1)ggm-1
were ggm—1 1S the standard metric and

1

F(r) = e%xl(m +1)m-T1.
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Let f(x1, - ,xm) = x1, it’s clear that ||gradf| =1

as we have
(m=2)f+m—1
A=

So, thus the Identity Map I : (M™,g) — (M™,g) is harmonic.

Example 3.2. Let m = 2 and f(z,y) = Fi(y — Iz) + Fo(y + Iz) + 2% + y?, where
Fi,F: C— R and I?> = —1. Then the Identity Map I : (M™,§) — (M™,g) is harmonic.

Theorem 3.3. The tension field of the Identity Map I : (M™, g) — (M™,g) is given by

1 2—m
I) = ——(A —_ df. 3.10
") = A0+ 2 gradg (3.10)
Proof. Let {E;},_15, be a locale orthonormal frame on M, then

(VE,dI(E;) — dI(Vg,E;))

2
=
Il
.MS

s
Il
—

Varend(E;) — Vi, E;

I

@
I
—

<
3
&

I
)=
<
.
t

s
Il
—

i1 TV byt

_ N~ (E) ., Hessp(EinE)  Ei(f)? g(Ei By

a 2( f Bit f+1 ) 2(f+1))~"mdf>
1 A(f) 1 m

= ored S (E 5 Ty odd

= !}0_1'_1(2_2m+A(f))gradf.

From the Theorem [B.3] we obtain

Theorem 3.4. The Identity Map I : (M™,g) — (M™, g) is harmonic if and only if

(
A(f) = mT” (3.11)

Example 3.3. The Identity Map I : (IR?, g = dx?) — (IR?,§) is harmonic if and only if

O f 0% f
A = —=5+ -5 =0 3.12
D=y oy 12
-7 37 . ) . . .
Example 3.4. Let M :]0’+OO[X]T’ Z[ be endowed with the Riemannian metric g in

polar coordinate defined by

g = dr® + r?d6?.
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The non-null Christoffel symbols of the Riemannian connection are:
1
1112 = 1121 = *7 Loy = —r.

Relatively to the orthonormal frame

. 19
Do T v o0
we have
0 -10
V61€1 = Velez =0 s Vezel = 7%, V62€2 75
Let f(r,0) = rsin(6 + ) for all (r,0) € M.
By direct computations we obtain
. T, 0 1 T, 0
grad f = sin(0+ Z)E + ;COS(G + Z)%,
lgrad f|| = 1,
A(f) = o.

By virtue of the Theorem the identity map I : (M™,g) — (M™, g) is harmonic, where
g = (rsin(6 + %) + sin?(0 + ))dr +7r (7‘ sin(f + %) + cos?(0 + — ))d92 + 7 cos(20)drdo.

Theorem 3.5. The tension field of the map o : (M™,q) — (N", h) is given by

~ B 170 1 (m—2)f+m—1
o) = 7O g
1

,mvgg(gmdﬁda(gradf), (3.13)

— A(f))do(grad f)

where f: M —]0,400] be a strictly positive smooth function and 7(o) is the tension field of

o:(M,g9) — (N, h).

Proof. Let {E;}, be a locale orthonormal frame on (M™, ) defined by (3 ,

i=1,m
then

m

r(I) = Z(v%ida@i)_da(%gﬁi))

=1

= ZV” do(E;) Zda VME).
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By direct computations we obtain

Z;V‘?Eido(ﬁi) = v;EﬁquEiE

1 1 1 1
= E E — V% —E;
Vit P Fd 1+i§:;\/f B /¥
= mda(grad f)— mvgf,(gmdf)da(grad f)

1 m
+?ZV”Eida(E
=1

and

m

S dr(TYE) = o> TYE)

=1 i=1
= do(%%{fh + Z %AE/[EZ)

1 oy 1 LR |

1=

O A AU mo Ly g (grad £),
=1

fF+1) 2ff+1)

hence we get

(o) =

— A(f))do(grad f)

1 1 ((m—2)f—|—m—1
f )

O T 2(f+1)

1
T Vetarad sy do(grad ).

From the Theorem [3.5] we obtain

Theorem 3.6. Let o : (M™,g) — (N™, h) be harmonic. Then the map o : (M™,g) —
(N™ h) is harmonic if and only if

1

o) = (e - Rl

2(f+1)

+f + 1vda(gradf)dg(grad f) (314)

)do(grad f)

Example 3.5. If we set 0 = Idy; and f = const then o : (M™,g) — (N™, h) is harmonic.

Lemma 3.1. [I] Given a smooth map o : (M™,g) — (N™,h) between two Riemannian

manifolds and f € C*°(N), then we have

A(foo) = tracegHessg(do,do) + df (1(0)). (3.15)
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Proof. Let X,Y € (M), we have f oo € C°°(M) then

Vd(foo)(X,Y) = VE7d(foo)(Y)—d(foo)(VXY)
= Vi df(do(Y)) = df (do (VYY)
= Vdf(do(X),do(Y)) + df (Vi xydo(Y)) = df (do(VXY))

= Vdf(do(X),do(Y)) + df (Vdo(X,Y)).
By passing to the trace in the last equation and using
trace,Vdf = tracegHessy
we get

A(foo) = tracegHessg(do,do) + df (1(0)).

Theorem 3.7. The tension field of the map o : (M™,g) — (N”,ﬁ) is given by

T(o) = 7(0)+ }do’(grad(f 00))

1
+ﬁ(A(f o) —df(r(0))

_lgrad(foo)|*  |dol|?
[ 2

)(grad f)oo,(3.16)

where f: N —]0,+o0] be a strictly positive smooth function and 7(o) is the tension field of

o:(M,g) — (N,h).
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Proof. Let {E;},_17 be a locale orthonormal frame on (M™, g), then

(V. do(E;) — do(VY EY))

NE

(o) =

1

~.
Il

[
NE

(Vi do(Ei) — do (Vi E))
1

<.
I

do(Ei)(f)
f

Hessy(do(E;),do(E;))  (do(E;)(f))?

f+1 f(F+1)

h(do(E;),do(E;))
e ) oo —do(VEE))

I
NE

(Vi(s)do(Ei) + do(E;)

1

~.
I

X

Ei(fOO')

(V% do(E;) — do(Vi E;) + 7

Il

I
—

do(E;)

+(H638f(da(Ei),dU(Ei)) (&
f+1 I
h(do(E;), do(E))

— 27+ 1) )(gradf)oa)

= 7(0)+ Jltda(grad(f 00))
+(traceHeSSf(da, do) | grad (foo)|? B |do||?
f+1 f(F+1) 2(f+1)

p—— }da(gmd(f 00))

A(foo)=df(r(0)) llgrad(foo)l*  [do|?
f+1 f(f+1) 2(f+1)

= 7(0)+ jlcda(grad(f 00))

)(grad floo

—|—( )(gradf)oa

1
+ﬁ(A(f°U) —df(7(0))

_grad(foo)|?  |do]?
f 2

)(grad ) o o.
From the Theorem [B.7] we obtain

Theorem 3.8. The map o : (M™,g) — (N”,E) is harmonic if and only if

L lgrad (o) _ ol
70) = (AT ea) — o) - T =

—;da(grad(foa)). (3.17)

J(grad f) oo
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4. HARMONICITY ON PRODUCT MANIFOLD

Let (M, g) and (N, h) be a Riemannian manifolds.

Definition 4.1.  Let (M,g) and (N, h) be two Riemannian manifolds of dimension m and

n respectively. We define the product metric on M x N by
G=7"g+n"h

where 1 : M X N — M andn: M x N — N denote the first and the second canonical

projection.

Proposition 4.1.  For all vector fields X1, Xo € H(M)andY1,Y2 € H(N) we have

G((X1, Y1), (X2, Y2)) = g(X1, Xo) + h(Y3, Y2)
G((X1,0),(X2,0)) = g(X1,Xy)
G((0,Y1),(0,Y2)) = h(¥1,Y3)
G((X1,0),(0,Y2)) = o0.

Subsequently, if X € H(M) and Y € H(N), then we denote (X,Y) by X +Y.

Remark 4.1. o Any vector field of H(M) is orthogonal to all vector fields of H(N).

o Let (B, ...,En) (resp (Epmii, oy Emin)) is an orthonormal basis of H(M) (resp H(N))
then (E1, ..., Epyn) is an orthonormal basis of H(M x N).

o Let f € C®(M), then A(f) =", Hess¢(E;, E;).

Proposition 4.2.  Let (M, g) and (N, h) be two Riemannian manifolds. If ¥V (resp NV )
denote the connection of Levi-Civita on M (resp N ), then the levi-civita connection V on the
manifold M x N associated with the product metric G = w*g + n*h is verifies the following
properties:

;

Vx, Xo =M Vx, Xy
Vy, Yo =V Vy, V3

Vi, Y1 = Vy, X2 =0

V(X1+Y1) (X2 + YQ) =M Vx, X2 +N Vv, Ys
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for any X1,Y1 € H(M) and Xo,Y> € H(N).

Lemma 4.1. Let (M™,g) and (N™, h) be two Riemannian manifolds and f € C*(M). If
P:(z,y) e MxN —yeN (resp P:(x,y) € M x N — (0,y) € M x N) is the second

projection, then we have

grad(f) = gradg(f) = grady(f),

dP(grad(f)) = 0,

~ X
dP(VxX) = dP(VXX)—i-;f)dP(X) (4.18)
where X € H(M x N).
Proof. The proof of the formula (4.18)) is a direct consequence of Theorem

Theorem 4.1. Let (M™, g) be a Riemannian manifolds and (N™,h) be an Euclidian mani-

fold. If f € C*°(M) is a smooth positif function, then the second projection
P:(MxN,G) — (N,h)
(z,y) = vy

is harmonic map. where G = g+ h.

Proof. Let (E1, ..., Ey,) be an orthonormal basis on (M™, g) such as £} = grad(f) and
(Em+1y -, Bman) be an orthonormal basis on (N™, h) such as NVEiEj =0, (i,j>m+1),
then (E1, ..., Eyyn) is an orthonormal basis on (M x N, g + h).

From Lemma [£.1] we obtain:

N iy d P(E) —~ dP(VzE) = —dP(VyE)

for 1 <i <m, and
N - < N . .
VdP(E)dP(E,;) — dP(VEEi) = VEE,- — dP(VEEi)

for m +1 < i <m+n. We therefore deduce 7(P) = 0.

We find the same result for the following theorem
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Theorem 4.2. Let (M™, g) be a Riemannian manifolds and (N™,h) be an Euclidian mani-

fold. If f € C>°(M) is a smooth positif function, then

P:(MxN,G) - (MxN,G)

(z,y) = (0,y)
is harmonic map. where G = g+ h.

Theorem 4.3. Let (M™, g) be a Riemannian manifolds and (N",h) be an Euclidian mani-
fold. If f € C*°(M) is a smooth positif function, then the tension field of

P:(MxN,G) — (MxN,G)
(z,y) — (0,y)
s given by

= mgmd(f)-

Proof. Similarly to the proof of Theorem [4.1] we obtain

VapE)d P(E) —dP(VgE) = 0, (i<m).
~ 1 |
Vap@ydP(E) = dP(ViB) = —gryoradlf), (G zm+1).

Theorem 4.4. Let (M™,g) be a Riemannian manifolds and (N",h) be an Euclidian mani-

fold. If f € C>°(M) is a smooth positif function, then the tension field of

P:(MxN,G) — (MxN,G)

(z,y) — (0,y)

s given by

where G = g+ h.
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Proof. Let i € {m+1,..,n+ m}, from Theorem and Lemma we obtain

Vap@)dP(E) —dP(VgE) = Vg

 G(ELE)
= —mgrad(f)

1
= ———————grad(f).
DL (f)
Example 4.1. Let (M, g) = (IR™,d2z?, (m > 3) and f(x1,T2, T30, Tpn)

= f(x1,z2) such that (3‘%)2 + (ﬁf = 1. If we put

0o

P:(M,g) — (M,yg)

then we obtain

So

Then P is harmonic.

On the other hand, the tension field of the projection

P:(M,g) — (M,g)

Therefore, P is non-harmonic.
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Theorem 4.5. Let (M™, g) be a Riemannian manifolds and (N™,h) be an Euclidian mani-

fold. If f € C>°(M) is a smooth positif function, then the tension field of

Q: (M xN,G) — (M,g)

(z,y) = =«

s given by
1 m+m-2)(f+1)+1
Q) =~ lan+ D Jeradlh)
Proof. Let (Ey, ..., Ey,) be an orthonormal basis on (M™, g) such as E; = grad(f) and
(Em+1, -, Bm4n) be an orthonormal basis on (N™, h) such as NVEZ.E]- =0, (i,j>m+1),
then (F1, ..., Emin) is an orthonormal basis on (M x N, g+ h).
From Remark [3.1] and Theorem we have:
m+n _ o m+n .
3 {MVdQ(E)dQ(Ei) _ dQ(VEEZ-)] = — 3 dQ(VEE)
i=m-+1 i=m-+1
_ N GELE)
i:;l a1 o)
= e rorad(f)
2f(f+1)
V0@ dQE) — dQ(VgE) = MVRE -VgE
_ B (BW) G(E, E)
= 7 E1+f(f+1)grad(f)+ 2 +1) grad(f)
1 1

= —mgmd(f) + ngd(f) + 2(f grad(f)

B -1 Hess¢(Ey, Er)

= g s o)

3 [V dQUE) - dQ(VEE)] =

=2

[MVEE - %EE}

MMS 1M

|grad(s)

- G EZ,E HCSSf(Ei,EZ‘)
B [2f+1 O f(F+D
B m—1 A(f) ra
- Lfr+y f(f+1)}g A
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Theorem 4.6. Let (M™, g) be a Riemannian manifolds and (N™,h) be an Euclidian mani-

fold. If f € C*°(M) is a smooth positif function, then the tension field of

Q:(MxN,G) - (MxN,G)

(z,y) — (2,0)

s given by

The proof of Theorem follows immediately from the Remark Remark and
Theorem 2.1

Theorem 4.7. Let (M™, g) be a Riemannian manifolds and (N",h) be an Euclidian mani-

fold. If f € C°(M) is a smooth positif function, then the tension field of

Q:(MxN,G) = (MxN,G)

(,y) = (2,0)

s given by
(@) = g [ - B LT g
fF+1) 2(f+1) '
Proof. Let (E1, ..., E,) be an orthonormal basis on (M™, g) such as £} = grad(f) and

(Emt1, -y Em+n) be an orthonormal basis on (N™,h) such as NV, E; =0, (i,j > m+1),
then (F1, ..., Em4n) is an orthonormal basis on (M x N, g+ h).
From Remark Remark [4.1] and Theorem we obtain:

ﬁdQ(Ei)dQ(EZ’) - dQ(VEiEi) = 0, (m+1<i<m+n).

%dQ(El)dQ(El) —dQ(Vep,E\) = Vg Ei—VgE
[HGSSf(El,El) 1
f(f+1) 2(f +

%dQ(Ei)dQ(Ei) ~dQ(VgE) = VgEi —VgkE; (2<i<m)

_ [Hessp(Ei, Ei) 1 -
= [THren - mmrmleredd)
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ABSTRACT. Conformal slant Riemannian maps from almost Hermitian manifolds to Rie-
mannian manifolds are introduced. We give a non-trivial example of proper conformal
slant Riemannian maps, obtain conditions for certain distributions to be integrable and find
totally geodesicity conditions for leaves of distributions. We adjust the notion of plurihar-
monicity by considering distributions on the total manifold of a conformal slant Riemannian
map, and get conditions for such maps to be horizontally homothetic maps.
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1. INTRODUCTION

The concept of Riemannian submersion was introduced by Gray [I3] and O’Neill [19].
Then, this notion was widely studied [10] and new kinds of Riemannian submersions such as
invariant, anti-invariant and slant submersion were introduced [26]. Let F' be a Riemannian
submersion (respectively, horizontally conformal submersion, m > n) from (M™,g,,,J) an
almost Hermitian manifold to (N, g, ) a Riemannian manifold. If the angle 6(U) between
the space (kerFl,) and JU is a constant for any non-zero vector field U € I'(kerFy,); p € M,
i.e., it is independent from the choice of the tangent vector field U in (kerFj,) and choice
of the point p € M, then we say that F' is a slant submersion (respectively, conformal slant
submersion) [5l, 14], 22].
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The notions of isometric immersions and Riemannian submersions are generalized by Rie-
mannian maps between Riemannian manifolds [10} 11| 13| 19]. Let F' : (M1, g1) — (M2, g2)
be a smooth map between Riemannian manifolds such that 0 < rankF < min{dim (M), dim

(Ms)}. So, the tangent bundle T'M; of M; has the sequent decomposition:

TM, = kerF, @ (k:erF*)J‘.

Because of rankF < min{dim(M,),dim (M)}, we always have (rangeF,)*. Consequently,

the tangent bundle T'Ms of M has the sequent decomposition:
TM; = (rangeF,) ® (rangeF,)*.

Hence, a smooth map F : (M{", g1) — (M3, g2) is called Riemannian map at p; € M; if
the horizontal restriction F, : (kerF,,, )* — (rangeF,) is a linear isometry. Therefore a

Riemannian map provides the equation
91(E,G) = ga2(FL(E), F.(G)) (1.1)

for E,G € I'((kerF,)"'). Isometric immersions and Riemannian submersions are particular
Riemannian maps with ker F, = {0} and (rangeF,)* = {0}, respectively, [I1]. As an another
generalization of Riemannian submersions defined and studied independently horizontally
conformal submersions [12| 15]. By following these studies and B. Sahin’s papers including
anti-invariant Riemannian, semi-invariant, slant submersions (see also [20]) and conformal
anti-invariant [3], conformal slant [7], conformal semi-invariant [4] and conformal semi-slant
submersions [2] have appeared in the literature. At the same time, the notion of slant
submanifolds was introduced by Chen [9]. Inspiring from this notion, as a general map of
Hermitian, anti-invariant and slant submersions, slant Riemannian maps were given in [24], 25]
as follows; let F' be a Riemannian map from an almost Hermitian manifold (M, g,,,J) to a
Riemannian manifold (V, g, ). If the angle #(U) is a constant between JU and the space
kerF for any non-zero vector field U € T'(kerF}); i.e., it is independent from the choice of the
tangent U in kerF, and choice of the point p € M, then we say that F'is a slant Riemannian
map [24, 25]. On the other hand, we say that F' : (M™, gn) — (N™, gn) is a conformal
Riemannian map at p € M if 0 < rankF,, < min{m,n} and F, maps the horizontal space

(kerF.p)*t) conformally onto range(FLyp), i.e., there exist a number A%(p) # 0 such that

N (Fep(E), Fip(G)) = N (p)gu (B, G)
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for E,G € T((kerF,y)*). Also F is said to be conformal Riemannian if F is conformal
Riemannian at each p € M [21]. Conformal Riemannian maps have many application areas,
some of them are computer vision [16], geometric modelling [29] and medical imaging [30].
In a previous paper, the second author and Akyol have studied conformal slant Riemannian
maps from a Riemannian manifold to a Kaehler manifold and they have studied the geometry
determined by the existence of these maps [5].

In this paper, we present conformal slant Riemannian maps from almost Hermitian man-
ifolds to Riemannian manifolds, investigate geometric properties of the base manifold and
the total manifold by the existence of such maps and give examples. We also obtain certain
geodesicity conditions for conformal slant Riemannian maps. Moreover, we obtain several
conditions for conformal slant Riemannian maps to be horizontally homothetic maps by using

the adapted version of the notion of pluri-harmonic maps.

2. PRELIMINARIES

In this section, some definitions and useful results which will be used at this paper for con-
formal slant Riemannian maps are given. Let (M, g,,) and (N, g, ) be Riemannian manifolds
and suppose that F' : M — N is a smooth map between them. The second fundamental

form of F' is given by

N M
(VE)(X,Y) = VEE(Y) - F.(VxY) (2.2)

N
for X,Y € I'(TM). We know that (VF,) is symmetric [I7]. Here, VI is pull-back connection

N
of Von N along F.

Let F' be a Riemannian map from a Riemannian manifold (M™,g,,) to a Riemannian

manifold (N", g, ). We characterize 7 and A as

M M
AxY = hVpxvY +oVxhY, (23)

M M
TxY = hVyxvY +oV,xhY, (2.4)

for X, Y € I'(TM), where g is the Levi-Civita connection of g,,. Actually, we could see
that these are O’Neill’s tensor fields for Riemannian submersions [19]. 7x and Ax are skew-
symmetric operators and reversing the vertical and the horizontal distributions on (I'(T'M), g)
for any X € T'(T'M). Also, it can be seen easily that 7 is vertical, Tx = T,x, and A is

horizontal, Ax = Apx. We should know that 7 is symmetric on the vertical distribution
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[10, 19]. Following these, from ({2.3) and (2.4) we have

M ~

VoV = TgV + ViV, (2.5)
M M

VvE = hVyE+TyE, (2.6)
M M

VeV = AgV +uvVEgV, (2.7)
M M

VG = hVEG+ AgG (2.8)

for E,G € I'((ker F,)*) and U,V € T'(kerF,), where ViV = ngV [10].

A vector field on M is called a projectable vector field if it is related to a vector field on
N . Thus, we say a vector field is basic on M if it is both a horizontal and a projectable
vector field. From now on, when we mention a horizontal vector field, we always consider a
basic vector field [§].

On the other hand, let F' be a conformal Riemannian map between Riemannian manifolds

(M™,g,,) and (N", g,). Then, we have
(VE)(E,G) lranger, = E(nA)Fi(G) + G(In\)Fy(F)

— gu(E,G)F.(grad(In\)), (2.9)

N
where E,G € T'((kerF,)*) [6, 21]. Therefore from 1} we obtain VEF,(G) as

ngF*(G) = F*(thG)+E(ln)\)F*(G)—|—G(ln)\)F*(E)

— gu(E,G)F,(grad(In X)) + (VE)(E,G) (2.10)

where (VE,)*(E, G) is the component of (VF,)(E, G) on (rangeF,)* for E,G € T'((kerF,)*)
27, 23).
Finally, we recall the following notion. A map F' from a complex manifold (M, gas, J) to

a Riemannian manifold (N, gx) is a pluriharmonic map if F' provides the following equation
for X, Y € I(TM) [18].

3. CONFORMAL SLANT RIEMANNIAN MAPS

In this section we are going to introduce conformal slant Riemannian maps as a gen-
eralization of slant Riemannian maps and conformal slant submersions, present examples
and examine the geometry of source manifolds, target manifolds and maps themselves. We

present the sequent definition.
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Definition 3.1. Let F : (M, g, Ju) — (N, gn) be a conformal Riemannian map from
an almost Hermitian manifold (M, gar, Jar) to a Riemannian manifold (N, gn) . If for any
non-zero vector X € I'(kerF.) at a point p € M ; the angle 0(X) between the space kerFy and
Ju X is a constant, i.e. it is independent of the choice of the tangent vector X € I'(kerF)
and choice of the point p € M, then we say that F' is a conformal slant Riemannian map. In

this situation, the angle 0 is called the slant angle of the conformal slant Riemannian map.

We say that a conformal slant Riemannian map is proper if F' is not a conformal invari-
ant and a conformal anti-invariant Riemannian map. The sequent example is for a proper

conformal slant Riemannian map.

Example 3.1. Let F : (R* gs,J) — (R* g4) be a map from a Kaehlerian manifold
(R*, g4, J) to a Riemannian manifold (R*, g4) defined by

(e™ sinxy, €2 cos xy, —e*? sinxy, —e™ cos x4).

Then, F is a conformal Riemannian map with A = €*2v/2 and rankF = 2. One can easily
see that F is a proper conformal slant Riemannian map with the slant angle 0 = « via

Jo = cosa(—c,—d,a,b) +sina(-b,a,d,—c), 0 < a < 7.

Let F' be a conformal slant Riemannian map from a Kaehler manifold (M, gps, J) to a

Riemannian manifold (N, gn). Then for V € I'(kerF.), we write

JV =V +wV, (3.12)
where ¢V € I'(kerF,) and wV € T'((kerF,)*). Also for X € T'((kerF,)*), we write

JX =BX 4+ CX, (3.13)

where BX € I'(kerF,) and CX € TI'((kerF,)*). We have covariant derivatives of ¢ and w:

M M R

(Vyw)V = hVywV —wVyV, (3.14)
M A A

(Vud)V = VyoV —¢VyV (3.15)

for any U,V € T'(kerF).
We give the following result by using equations ([2.5)), (2.6]), (3.12), (3.13) and covariant

derivatives of ¢ and w.
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Lemma 3.1. Let F : (M,gn,J) — (N,gn) be a conformal slant Riemannian map from
a Kaehler manifold (M, gy, J) to a Riemannian manifold (N,gn). Then F is a conformal

slant Riemannian map, we get
M N
thwV - wVUV = CTUV — TUqbV,

VyoV — ¢V V = BTyV — TywV

for any U,V € T'(kerF}).
Now, we present the following characterization for conformal slant Riemannian maps.

Theorem 3.1. Let F: (M, g, J) — (N, gn) be a conformal slant Riemannian map from
a Kaehler manifold (M, gnr, J) to a Riemannian manifold (N,gn). Then F is a conformal

slant Riemannian map if and only if there exists a constant A € [—1,0] such that
¢°U = \U
for U € T'(kerF,). If F is a conformal slant Riemannian map, then A\ = — cos? 4.

Proof. For U € T'(kerF) we have cosf = % Since M is a Kaehler manifold, we

get,
gm(¢°U,U) = —gni(¢U, ¢U) = — cos® 0gp (U, V).

Hence, we have ¢?U = AU. Conversely, suppose that ¢?U = AU for YU € I'(kerF,) with

A € [—1,0]. Hence, we obtain

oi(JU6U) U]
0 = = -\ . 3.16
oTer — 1601 (3.16)

Using cosf = H?EU]H in

From (3.12)) and Theorem 3.1. we have the next result.

w

.16)) we get A = — cos? 6.

Theorem 3.2. Let F: (M, gy, J) — (N, gn) be a conformal slant Riemannian map from
a Kaehler manifold (M, gy, J) to a Riemannian manifold (N, gn) with the slant angle 6.

Then, we have

gu(dU, V) = cos®0gnr (U, V) (3.17)

g (WU, wV) = sin?0gy (U, V) (3.18)

for any U,V € I'(kerFy).
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Let F' be a conformal slant Riemannian map from an almost Hermitian manifold (M, gas, J)
onto a Riemannian manifold (IV, gy) with the slant angle 0; then we say that w is parallel

M M
with respect to V on kerF) if its covariant derivative according to V vanishes, i.e.
M
(Vyw)V =0 (3.19)

for U,V € I'(kerFy).

Theorem 3.3. Let F': (M, gy, J) — (N, gn) be a conformal slant Riemannian map from
a Kaehler manifold (M, gur, J) to a Riemannian manifold (N, gn). If w is parallel according

M
to V on kerF,, then we have

Tyr¢U = —cos*0TyU (3.20)
for U € T'(kerFy).
M
Proof. If w is parallel according to V on kerF, we obtain using (3.14)) and Lemma
for U,V € T'(kerFy)
CTyV =TyoV. (3.21)

Now, changing roles of U and V in (3.21]) we get

CTyU = Ty ¢U. (3.22)

Because vertical vector field 7" is symmetric, from (3.21]) and (3.22)) we get

TyoV =Ty oU. (3.23)
Since ¢?V = AV and for V = ¢U in we obtain
—cos? 0TyU = Ty oU,
which gives the assertion.

Theorem 3.4. Let F': (M, g, J) — (N, gn) be a conformal slant Riemannian map from
a Kaehler manifold (M, gpr, J) to a Riemannian manifold (N, gn). Then, two of the below
assertions imply the third assertion,
i- The horizontal distribution (kerF*)l is integrable,
ii- X (In A)gar (Y woU) = Y (In Ngas (X, weU),
iii- gN(F*(Chg xwU + wAxwU), F.(Y)) + gN(VNQF* (wplU), F,(Y))
= QN(F*(CthwU +wAywU), Fi (X)) + QN(VN;F/F*(wébU), F (X))
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for X, Y € T'((kerF.)*) and U € T'(kerF,).

Proof. Now, for X,Y € I'((kerF,)*) and U € T'(kerF,), using (2.8) and (3.12)), we

obtain

M M
gM([X,Y],U) = gM(VXquU,Y)—i—gM(JAXwU—i—JhVXwU,Y)

M M
— g (VyJoU, X) — gar(JAywU + JhVywU, X).

Since F' is a conformal map, from Theorem , (2.8) and (3.13]) we get

gu((X,Y],U) = COSZHgM([X,Y],U)+%{QN(F*(thwgbU),F*(Y))
T gn(FuwAxwl), Fu(Y)) + gx(Bu(CEV xwU), Fa(Y)
(R (W ywdl), Fu(X)) — gn (Fa(wAywl), Fu(X))

- gN(F*(Chgwa),F*(X))}.

Now, from ([2.2)) and ([2.9) we have

sin0g, (X, Y], U) = %{gN(F*(Ch%XwU+wAXwU),F*(Y))
— N (F(ChVywl + wAywl), F.(X))
+ gN(F*(VNﬁF*(wﬁbU)aF*(Y))
N (EATER @oU), B (X))
— X(InA)gn (Fi(woU), Fi(Y))
— woU(InA)gn (Fi(X), Fi(Y))
+ gu(X,woU)gn (Fi(grad(In X)), Fu(Y'))
— gn((VE) (X, wgU), Fu(Y))
+ Y(In Mgy (Fi(wel), Fi(X))
+ weU(In A)gn (Fu(Y), Fu (X))
— gu(Y,woU)gn (Fu(grad(In X)), Fu(X))

+ gn(VE) (Y, weU), Fu(X))}.
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Using conformality of F' we obtain
9 1 M
sin“Ogym ([ X, Y], U) = F{gN(F*(ChVXwU+wAXwU),F*(Y))

— gN(F*(ChJ\V/Iwa +wAywU), Fu (X))

b gn(R(VEE(w), F.(V)

= gN(F*(VNgF*(WU),F*(X))}

+ 2Y(In Mgy (X, woU) —2X (In N)gp (Y, woU).
The proof is completed from the above equation.

Now we will examine the geometry of leaves of the vertical distribution.

Theorem 3.5. Let F': (M, gy, J) — (N, gn) be a conformal slant Riemannian map from
a Kaehler manifold (M, gpr, J) to a Riemannian manifold (N, gn). Then, the vertical distri-

bution kerF, defines a totally geodesic foliation on M if and only if
gn(VE)(U, JX), Fu(wV)) = gy (VE) (U, X), Fu(weV))
for X € T'((kerF)*) and U,V € I'(kerF.).

Proof. Because of M is a Kaehler manifold and from Theorem 3.1., (3.12]) and (3.13)),

we have
M ) M M
gu(VuV, X) = —cos”0gu(VuX,V) — gu(Vu X, weV)
M M
— gM(VUBX,wV) —gM(VUCX,wV).
Hence we have
M M
sin*0gu(VoV, X) = —gu(hVuX,wV) — gur(Ty BX,wV)

M
— gu(hVyCX,wV).

Now, from we get
M 1 M
sin’0gy (Vo V, X) = ﬁ{—gN(F*(hVUX),F*(quV))
— gN(F*(TUBX),F*(wV))
— N (B(AVUCX), Fu(wV))}
= FV (VR IX), ()

- gN((VF*)(U7 X)v F*(W¢V))}
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This completes the proof.

Now, we examine the geometry of the horizontal distribution.

Theorem 3.6. Let F': (M, gy, J) — (N, gn) be a conformal slant Riemannian map from
a Kaehler manifold (M, gy, J) to a Riemannian manifold (N, gyn). Then, two of the below

assertions imply the third assertion,

i- the horizontal distribution (kerF,)* defines a totally geodesic foliation on M,

ii- F' is a horizontally homothetic map,
N
iii- g (AxY,U) = 3298 (VEF(Y), Fu(woU + CwU))

for X, Y € T'((kerF,)*) and U € T'(kerF,).

Proof. Now, from ([2.8)), (3.17)) and (3.18) we have

g (VxY,U) = gu(JAXY + AV Y, 6U)
+ gu(JAxY + JthY, wU)
= cos’0gy (AxY,U) — gM(thY, JoU)
+  sin®0gp(AxY,U) — gM(h%XY, JwU)

M M
= gu(AxY,U) — gu(hVxY,wpU) — g (hVxY,CoU)

for X, Y € I'((kerF,)*) and U € T'(kerF,). From (2.2) and (2.9), we obtain

M 1 N
gu(VxY,U) = gu(AxY,U) - pgNwiF*(Y), Fu(wpU + Cwl))

+ X(InA)gu(Y,woU) + Y (In A)gn (X, weU)
— woU(In Mgy (X,Y) + X(In X gu (Y, CwU)

+ Y(InNgu(X, CwlU) — CwU(In N gu (X, Y). (3.24)

If the horizontal distribution (kerF,)* defines a totally geodesic foliation on M for X,Y €
N
[((kerF)*Y), U € T(kerF,) and gy (AxY,U) = /\1—29N(V§F*(Y), Fy(woU + CwU)), we show

that the map F' is a horizontally homothetic map. If (i) and (iii) are satisfied, then we have
0 = X(InNgm(Y,woU) + Y (InX)gnr (X, wel)

— woU(In N gy (X,Y) + X(In AN)gu (Y, CwU)

+ Y(InMN)gu(X,CwU) — CwU(InN)gnm(X,Y) (3.25)
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for X,Y € I'((kerF,)*) and U € T'(kerF.,). Suppose that X = weU, Y = CwU in equation
(3-25]), we have

CwU (In AN)grr(wolU, woU) + welU (In N) g (CwU, CwU) = 0. (3.26)

If CwU(InA\) = 0 from we get woU (In \)gps (CwU, CwU) = 0 for CwU € T(C(kerF,)7t).
Therefore A is a constant on I'(w(kerFy)). At the same time, if wpU(In\) = 0 we derive
CwU (In N)gpr(wpU, wpU) = 0 from for wgU € I'(w(kerFy)). Thus A is a constant on
I'(C(kerF,)"). So, F is a horizontally homothetic map. The rest of the proof is clear.

Now we are going to slightly modify the notion of pluriharmonic map and use this new
notion to obtain certain conditions for conformal slant Riemannian maps to be horizontally
homothetic map. We say that a conformal slant Riemannian map F' from a complex manifold
(M, gar,J) to a Riemannian manifold (N, gy) is kerF.— (respectively, (kerF.)*, w(kerF.),

w) pluriharmonic map if F' satisfies the following equation
(VEH)(U,V)+ (VE)(JU,JV) =0

for U,V € I'(kerF,) (respectively, (kerF.)*, w(kerF,), u) [27, 28§].

Theorem 3.7. Let F' : (M, g, J) — (N, gn) be a conformal slant Riemannian map from a
Kaehler manifold (M, gar, J) to a Riemannian manifold (N, gn). If F is a ker Fy—plurihar-

monic map, then one of the below assertions imply the second assertion,

i- F' is a horizontally homothetic map,
M M
ii- Fi(AuuodV 4+ ApvoU) = Fu(hVywoV + wTywV + ChVywV)
and (VF,)*(wU,wV) =0

for U,V € I'(kerFy).

Proof. From the definition of ker Fy,—pluriharmonic map, (2.2) and (2.10]), we have

M M M M
0 = Fu(VyJoV + IVywV) — Fu(VordV) — Fu(VeyoU)
— F*(ngqu) + (VE)HwU,wV) + wU(In ) Fy (wV)

+ wV(In ) Fi(wU) — gy (wU, wV)Fi(grad(ln X)).
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Now, using (2.6)), (3.20) and Theorem 3.1., we get

M M
0 = F*<thw¢V + wlywV + ChVywV — AyuodV — va(bU)
+ (VE)HwU,wV) 4+ wU(n A Fy(wV) + wV (In\) E, (wU)

— gu(WU,wV)Fy(grad(ln\)). (3.27)

If (i) is provided we have from (3.27)
wU(In X)) Fy(wV) + wV (In A) Fy(wU) — gy (wU, wV) Fy(grad(In X)) = 0

for U,V € I'(kerF). So one can see second assertion clearly. Now if (ii) is satisfied in (3.27))
M M

we have Fi(A,y ¢V +AuyoU) = Fu(hVyweV +wTywV +ChVywV) and (VE)H (wU,wV) =

0 for U,V € I'(kerF,), respectively. Thus, by (3.27)) we get

0 = wU(InA)F(wV)+ wV(In ) F(wU)
— gu(wWU,wV)Fy(grad(ln \)). (3.28)
For wU € I'(w(kerF,)) from (3.28) we get 0 = A\2wV (In \)gas(wU, wU), which implies that

w(kerFy)(grad(In))) = 0. At the same time, from (3.28)) if we take wU = wV and for
X € T'(C(kerF,)*) we get

0 = 222U (In ) gpr (X, wU) — A2 X (In \)gar(wU, wU). (3.29)

Because of A is a constant on w(kerF,) we have 2A%wU (In \)gps (X, wU) = 0. Thus, by (3.29)
we get A\2X (In \) gy (wU, wU) = 0, which implies that (C(kerF,)*) (grad(In\)) = 0. Thus,

H(grad(ln X)) = 0. It can be seen from here that F' is a horizontally homothetic map.

Theorem 3.8. Let F': (M, gy, J) — (N, gn) be a conformal slant Riemannian map from
a Kaehler manifold (M, gy, J) to a Riemannian manifold (N,gy). If F is a (kerF,)*—
pluritharmonic map, then F is a horizontally homothetic map if and only if the following

conditions
(VE)H(X,Y) + (VE)HCX,CY) =0

and

F*(TBXBY + AcyBX + AchY) =0,

are satisfied for X,Y € T'((kerF,)*).
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Proof. From the definition of a (kerF,)*-pluriharmonic map, (2.2) and (2.9), we

have
0 = (VE)HX,Y)+ X(InNF.(Y) 4+ Y(In A F.(X)
— gu(X,Y)Fy(grad(In \)) + (VE)S(CX,CY) + CX (In A\)F,(CY)
+ CY(InA)F.(CX) — gu(CX,CY)Fy(grad(In \))
_ F.(VpxBY) - F.(Voy BX) — F.(Vex BY)

0 = (VE)HX,Y)+ (VF)H(CX,CY) + X(In \)E,(Y)
+ Y(In N F(X) —gu(X,Y)Fi(grad(In X)) + CX(In \)F,.(CY)
+ CY(InN)F.(CX)—gu(CX,CY)F.(grad(In X))
— F.(TpxBY + Acy BX + Acx BY) (3.30)
for X, Y € T'((kerF,)*%). If F is a horizontally homothetic map we have from equation (3.30))
0 = X(InMNFE.(Y)+Y(In\)F.(X)
— gu(X,Y)Fi(grad(In\)) + CX(In \)Fy(CY')
+ CY(InMNF.(CX)—gu(CX,CY)F(grad(In X))
for X,Y € T'((kerF,)*). Since F is a horizontally homothetic map from we obtain
(VE)HX,Y)+(VFE)HCX,CY) =0and Fy(TgxBY + Acy BX+AcxBY) = 0 for X,Y €

I'((kerF,)*). Now suppose that (VF,)*(X,Y) + (VF)*(CX,CY) = 0 and F.(TgxBY +
AcyBX 4+ AcxBY) =0 in (3.30) for X,Y € I'((kerF,)"), respectively. Thus, by (3.30) we

get
0 = X(InAF(Y)+Y(InA\)F,(X)
— gu(X,Y)F.(grad(In \)) + CX (In \)F,(CY)
+ CY(InM)F.(CX) — gu(CX,CY)F.(grad(In \)). (3.31)

For X = CX,Y = CY and CY € T(C(kerF.)*) in (3.31), we get 0 = 2X2CX(In))
gu(CY,CY), which implies that (C(kerF,)*)(grad(In))) = 0. At the same time, from
(3.31)) if we take X =Y = CX and wU € I'(w(kerFy)), we get

0 =4)\2CX(In A\ g (CX,wU) — 2X2wU (In \) g (CX, CX). (3.32)
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Since A is a constant on C(kerF,)* we have 4\2CX (In \)gps(CX,wU) = 0. Thus, by
we get —2X\2wU(In\)gp (CX,CX) = 0, which implies that (w(kerF.))(grad(In))) = 0.
Thus, H(grad(ln X)) = 0. It can be seen from here that F' is a horizontally homothetic map.

We say that a conformal slant Riemannian map F from a complex manifold (M, gas, J) to
a Riemannian manifold (N, gn) is {(kerF,)* — (kerF,)}— pluriharmonic map if F satisfies

the following equation
(VFE)(X,V)+ (VF)(JX,JV)=0
for X € T'((kerF,)*) and V € T'(kerF,) [27, 28].
Theorem 3.9. Let F': (M, gy, J) — (N, gn) be a conformal slant Riemannian map from

a Kaehler manifold (M, gy, J) to a Riemannian manifold (N, gn). If F is a {(kerF,)* —

(kerFy)}—pluriharmonic map, then two of the below assertions imply the third assertion,

i- F' is a horizontally homothetic map,
ii- Fu(TpxwU + A,uBX + Acx U + hgxwd)U) = F.(wAxwU + Ch%wa)
and (VE,)*(CX,wU) = 0,
iii- The vertical distribution kerF, is parallel along the horizontal distribution (kerF,)*

on M,

for X € T((kerF,)*) and U € T'(kerFy).

Proof. From the definition of {(kerF,)* — (kerF)}—pluriharmonic map we get
0= (VE)(X,U) + (VE)(JX, JU)

for X € T'((kerF,)*) and U € I'(kerF,). Using symmetry property of second fundamental
form of a map by (2.2)), (3.12)) and (3.13) we get
M
0 = —F.(VxU)+(VE)(BX,oU) + (VE.)(wU, BX)

+ (VE)(CX,¢U) + (VE)(CX,wU).

From (27), @8) and (£10) we get
M M
0 = Fu(VxJoU)+ Fu(JAxwU + JhV xwU) — F(TpxoU)
— F.(AuwBX) - Fu(AcxoU) + (VE)(CX,wU)
+ CX(In\)Fy(wU) 4+ wU(InA\)F (CX)

— gu(CX,wU)Fy(grad(lnX)).
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Now, from Theorem , we have

cosQHF*(gXU) = F*(hAV/[Xw¢U + wAxwU + CthwU)
— F.(TpxoU + A,uBX + AcxoU)
+ (VE)HCX,wU)
+ CX(In\)F.(wU) +wU(In \)F,(CX)

— gu(CX,wU)Fy(grad(In X)) (3.33)
for X € I'((kerF,)*) and U € T'(kerF,). If (i) and (ii) are satisfied in (3.33) we have
0=CX(In\)F(wU) +wU(InN)F.(CX) — g (CX,wU)Fy(grad(ln X)),

(VE)H(CX,wU) =0
and
M M
F*(TBXwU + ApuBX 4+ AcxoU + hV}ﬂ.«)(lﬁU) = F*(wAXwU + ChVXwU),
M
respectively. Then we get F,.(VxU) = 0. Therefore the vertical distribution kerF} is parallel
along the horizontal distribution (kerF,)* on M for X € I'((kerF.)*) and U € I'(kerF.).

Suppose that (i) and (iii) are satisfied in (3.33)), one can see clearly that (ii) is satisfies.
Assume that (ii) and (iii) are satisfied in (3.33)) we get

0 = CX(InMN)F.(wU)+wU(InM\)F.(CX)

— gu(CX,wU)Fy(grad(lnX)). (3.34)

For CX € T'(C(kerF,)") in (3.34) we get 0 = N2wU(In M) gar(CX, CX), which implies that
(w(kerFy))(grad(ln X)) = 0. At the same time, from (3.34) for wU € T'(w(kerFy)) we
get 0 = A2C X (In \)gas(wU,wU), which implies that (C(kerF.)*) (grad(In)\)) = 0. Thus,

H(grad(In X)) = 0. It can be seen from here that F' is a horizontally homothetic map.

Theorem 3.10. Let F': (M, gy, J) — (N, gn) be a conformal slant Riemannian map from
a Kaehler manifold (M, gp,J) to a Riemannian manifold (N,gn). If F is a w(kerFy)—
pluriharmonic map, then F is a horizontally homothetic map if and only if the following

conditions
(VE)HZ,Y)+ (VF)HCZ,CY) =0
and

F*(ngBY + AczBY + AcyBZ) =0
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are satisfied for Z,Y € I'(w(kerFy)).
Proof. From the definition of w(kerF,)— pluriharmonic map we have
0= (VENZY) + (VE)JZ,JY)

for Z,Y € I'(w(kerFy)). From (2.2), and we get
0 = (VE)HZ,Y)+ Z(InNFE.(Y) +Y(In \)E.(2)
— gu(Z,Y)Fi(grad(In X)) — F*(gBZBY) — F*(gCZBY)
- F*(gcyBZ) + (VFE)H(CY,CZ) + CZ(In \)F.(CY)

+ CY(InN)F.(CZ) — gu(CZ,CY)Fi(grad(In X)).

Using and we get
0 = (VE)HZ,Y)+ (VE)HCY,CZ) + Z(In N E,(Y)
+ Y(InA)F.(Z) — g (Z,Y)Fu(grad(In A)) + CZ(In \)F,(CY)
+ CY(WA)F.(CZ) — gu(CZ,CY)F.(grad(In \))

— Fu.(TpzBY)— F.(AczBY) — F.(AcyBZ). (3.35)
If F' is a horizontally homothetic map we have from (3.35))
0 = ZWmANFQY)+Y(InNF(Z2) — gu(Z,Y)Fi(grad(ln X))
+ CZ(nMNF.(CY)+ CY(InNF.(CZ) — gu(CZ,CY)Fy(grad(ln X))

for Z,Y € T'(w(kerFy)). Since F is a horizontally homothetic map from (3.35) we obtain
(VE)HZ,Y)+ (VFE)Y(CZ,CY) =0 and F,(TpzBY + AczBY + AcyBZ) =0 for Z,Y €
I'(w(kerFy)). Suppose that

(VE)X(Z,Y)+ (VE) (CZz,CcY)=0

and Fy(TpzBY + AczBY + AcyBZ) = 0 in (3.35)) for Z,Y € I'(w(kerFy)). Thus, by (3.35))
we get
0 = ZWmNF(Y)+Y(InNF(Z) — gu(Z,Y)Fi(grad(ln X))
+ CZ(InNF.(CY)+ CY(In\)F.(CZ)

— gu(CZ,CY)F.(grad(ln\)). (3.36)
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We know gp(Y,CY) = gu(Y,JY — BY) = gy(Y,JY) = 0. For Z =Y and CY €
[(C(kerF,)t) in we get 0 = —X2CY (In M\ {gn(Y,Y) — g (CY,CY)} which im-
plies that (C(kerF,)%)(grad(In)\)) = 0. At the same time, from if we take Z =Y
and Y € ['(w(kerFy)) we get 0 = A2Y (In A\){gm(Y,Y) — gp(CY,CY)} which implies that
(w(kerFy))(grad(ln X)) = 0. Thus H(grad(ln X)) = 0. It can be seen from here that F' is a
horizontally homothetic map.

We say that a conformal slant Riemannian map F' from a complex manifold (M, gas,J)
to a Riemannian manifold (N, gn) is (# — w(kerFy))—pluriharmonic map if F satisfies the
following equation

(VFE)(X,Y)+ (VF)(JX,JY) =0
for X € I'(n) and Y € I'(w(kerFy)).
Theorem 3.11. Let F : (M, gy, J) — (N,gn) be a conformal slant Riemannian map
from a Kaehler manifold (M, gy, J) to a Riemannian manifold (N,gn). If F is a (u —
w(kerFy))—pluriharmonic map, then F is a horizontally homothetic map if and only if the

following conditions

(VE)HX,Y) + (VE)(JX,CY) =0

and

F.(A;xBY) =0
are satisfied for X € I'(u) and Y € I'(w(kerFy)).

Proof. From the definition of (1 — w(kerF))— pluriharmonic map, (2.2)), (2.10)) and
(13.13]) we have

0 = (VE)(X,Y)+ (VE)(JX,JY)
0 = (VE)HX,Y)+ X(InAN)Fu(Y) + Y (In ) Fu(X)
— gu(X,Y)Fi(grad(In X)) + (VEL)(JX,BY) + (VF,)(JX,CY).

Since the distributions p and w(kerF}) are orthogonal to each other, we have g/ (X,Y) = 0.

So, we obtain
0 = (VE)HX,Y)+ X(InAN)F(Y) + Y (In\)Fy(X)
— F.(AjxBY) + (VE)Y(JX,CY) + JX(In M) E,(CY)

+ CY(InN)Fi(JX)—gu(JX,CY)F(grad(In X)) (3.37)
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for X € T'(u) and Y € I'(w(kerFy)). Suppose that F' is a horizontally homothetic map. From
(3.37) we have
0 = X(InA\)F(Y)+Y(In\)E(X)
+ JX(InA)F(CY) + CY(In \)F.(JX)
— gu(JX,CY)F.(grad(ln)\)). (3.38)
Since F' is a horizontally homothetic map from (3.37) we obtain F,(A;xBY) = 0 and
(VE)HX,Y) + (VE)(JX,CY) = 0 for X € T'(u) and Y € T'(w(kerF.)). Suppose
that F,(A;xBY) = 0 and (VF)*(X,Y) + (VE)X(JX,CY) = 0 for X € T'(u) and
Y € I'(w(kerFy)) in (3.37). Using conformality of F for X € I'(u) in (3.38) we get
0 = N{X(InA\)gn (Y, X) + Y (InN)ga (X, X)
+ JX(InMN)gnu(CY, X))+ CY(InMN)gp(JX, X)
— X(InNgu(JX,CY)}. (3.39)
We know gy (CY, X) = gu(JY, X) = —gu (Y, JX) =0, g (JX,CY) =0 for X € I'(n) and
Y € I(w(kerF,)) from (3.13). Then we obtain from (3.39) A\2Y (In A\)gas(X, X) = 0, which
implies that w(kerFy)(grad(ln X)) = 0. For X € I'(x) and JX = X in (3.38) we get
0 = M{XInMNgyu (Y, X)+Y(In Mgy (X, X)
+ X(InAN)gm(CY,X)+ CY(InN)gn (X, X)
— X(InA)gum(X,CY)}. (3.40)
Since \ is a constant on w(kerF,) we have Y (In\) = 0. We get from (3.40) 0 = A2CY (In \)
gu (X, X) that implies (C(kerFi)*)(grad(In X)) = 0. It means X is a constant on C(kerFy)*.
Lastly for Y € I'(w(kerF)) and JX = X in (3.38) we get
0 = XN{X(InA)gu(Y,Y)+Y(InN)ga(X,Y)
+ X(InNgu(CY,Y)+CY(InAN)gm(X,Y)
— Y(lnA)gu(X,CY)}. (3.41)
We know gy (CY,Y) = gy(JY,Y) = 0 from (3.13) for Y € I'(w(kerFy)). Then we ob-

tain from (3.41) 0 = A2X(InA)gun(Y,Y), which implies that u(grad(In))) = 0. Thus,

H(grad(ln X)) = 0. It can be seen from here that F' is a horizontally homothetic map.
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Theorem 3.12. Let F': (M, g, J) — (N, gn) be a conformal slant Riemannian map from
a Kaehler manifold (M, gy, J) to a Riemannian manifold (N, gn). F is a u—pluriharmonic

map if and only if \ is a constant on w(kerFy).

Proof. From the definition of y— pluriharmonic map and , we have
0 = (VE)HX,Y)+ X(In AN F.(Y)+Y(In\)F,.(X)
— gu(X,Y)FE(grad(In \) + (VE)(JX, JY) + JX (In A\ F.(JY)
+ JY(InMN)F(JX) —gu(JX, JY)Fi(grad(ln)))
for X,Y € I'(p). Since gm(X,Y) = gu(J X, JY) we obtain
0 = (VE)HX,Y)+ (VE)L(JX,JY) + X(In\)F.(Y)
+ Y(InN)F(X)+ JX(InAN)F(JY) 4+ JY (In \)F(JX)

— 29m(X,Y)Fi(grad(In X)). (3.42)

Now taking X =Y in (3.42) we get

0 = (VE)HX,X)+ (VE)Y(JX,JX)
+ 2X(InM\)F(X) +2JX(In \) F, (JX)

— 2g9m(X, X)Fy(grad(In))). (3.43)

For Z € I'(w(kerFy)) in (3.43)) we get

0 = gn(VF)NX,X),Fu(2)) + gn(VE)(JX, JX), F.(2))
+ 2X(In Ngn (Fu(X), Fu(2)) + 27X (In Ngn (F(JX), Fu(Z))

- ZQM(X’ X)gN(F*(grad(ln )‘))7 F*(Z))
Because of F' is a conformal map and p is a invariant distribution we obtain

0 = 2X{X(InNgup(X,Z) + JX(InNgu(JX, Z2)}
— 2X%g0(X, X)gar(grad(In \), Z)
0 = —2X2Z(In\)gu (X, X). (3.44)

From equation ({3.44]) we obtain Z(In A) = 0, which implies that A is a constant on w(kerF})

for Z € I'(w(kerFy)). The converse is clear.
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We now give necessary and sufficient conditions for a conformal slant Riemannian map to

be totally geodesic map.

Theorem 3.13. Let F': (M, gn,J) — (N, gn) be a conformal slant Riemannian map from
a Kaehler manifold (M, gy, J) to a Riemannian manifold (N,gn). Then, F is a totally
geodesic map if and only if the following conditions are satisfied for X,Y,Z € T'((kerF,)")
and U,V € T'(kerF,);

M A
i- gn(Fo(ChVpwV) + Fu(wVyeV + wTpwV), Fu(X)) = 0,
ii- F is a horizontally homothetic map and (VF,)*(X,Y) = 0.

Proof. Now, from ([2.2)), (2.5)), (3.12)) and (3.13) we have

(VE)U,V) = F.(JTyéV + JVyeV)

M
+ F, (wTUwV + CthwV).
Because T' is symmetric, we get

(VE)(U,V) = cos?0F,(TyU) + F.(wVyeV)

M
+ F (wTywV 4+ ChVywV)
which implies that
. M
sin? O(VF,)(U,V) = F.(wVpoV) + Fu(wTywV + ChVywV) (3.45)
for U,V € I'(kerFy). Thus, we obtain from (3.45|)

sin® gy (VE)(U, V), Fu(X)) = gn(Fu(wVudV +wTywV), Fu(X))

+ v (F(ChVpwV), Fu(X)) (3.46)

for X € I'((kerF,)*). (i) is satisfied in (3.46). Now, from (2.9) we get

(VE)(X,Y) = (VE)'(X,)Y)+ (VE) (X,Y)
= (VE)HX,Y)+ X(In N E,(Y) + Y(In M\ F,(X)

— gu(X,Y)Fi(grad(In X)) (3.47)
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for X, Y € I'((kerF,)*). From (3.47) we have

an(VE)(X,Y), F (X)) = gn(VE)H(X,Y), F(X))
+ X(InA)gn (F(Y), Fu (X))
+ Y(InA)gn (Fiu(X), Fu (X))
— gu(X,Y)gn (Fi(grad(InA)), Fi (X))
= Y(InMgn(Fi(X), Fi(X))

= NY(InMgu(X, X)

for X € I'((kerF,)*). We have 0 = A?Y (In\)gy(X, X) which implies Y (InA) = 0. So,
A is a constant on (kerF,)-. F is a horizontally homothetic map and from we get
(VE)Y(X,Y) = 0. Therefore, (ii) is satisfied. We complete the proof.
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