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n-RICCI-YAMABE SOLITONS ON HYPERBOLIC KENMOTSU
MANIFOLDS

GAZALA , ABDUL HASEEB ' *) MOBIN AHMAD , AND OGUZHAN BAHADIR

Abstract. In this article, we characterize hyperbolic Kenmotsu manifolds endowed with
n-Ricci-Yamabe solitons. Finally, the existence of n-Ricci-Yamabe solitons in a hyperbolic
Kenmotsu manifold has been proved by constructing a non-trivial example.

Keywords: Ricci-Yamabe solitons, hyperbolic Kenmotsu manifolds, conharmonic curva-
ture tensor, Einstein manifolds.

MSC (2020): 53C25, 53C44, 53D15.

1. Introduction

During 1988-1989, Hamilton proposed the notion of Ricci and Yamabe flows [9, 10]. These
flows on a smooth Riemannian (or semi-Riemannian) manifold are respectively defined by
0 0
St +28(g(0) =0, and  Sg(t)+r(g() =0, gO0) =g, (L)
where S and r(t) are the Ricci tensor and scalar curvature of the metric g(t), respectively.

In two dimensional case, the Yamabe and Ricci flows are equivalent. However, for more
than two dimension, there is not such an equivalence, since the Yamabe flow preserves the
conformal class of the metric but the Ricci flow does not, in general.

On a Riemannian manifold M admitting a vector field V, the Ricci and Yamabe solitons

are respectively defined by [2, 3]
£yg+25+2Xg =0, (1.2)

Lyg+2(r—Ng=0, (1.3)
here £y is the Lie derivative operator along the vector field ¥ and ) is a real number.

A new class of geometric flows named ” Ricci-Yamabe flow” of the type (p, ¢) was introduced

in [8], and is defined by

5.9t = =2pS(9(t)) +ar(t)g(t), 9(0) = go, (1.4)
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where p and ¢ are scalars.
A solution of (1.4) is called a Ricci-Yamabe soliton and satisfies the following equation [6]:

£yg +2pS+ (2\ —gqr)g =0. (1.5)

Ricci-Yamabe soliton of types (p,0) and (0,q) are called p-Ricci and ¢-Yamabe solitons,
respectively. The Ricci-Yamabe solitons has been studied by many others in several ways to
a different extent in [1, 11, 12, 13, 15, 19]. Recently, the authors Traore et al. [21] studied
almost n-Ricci-Bourguignon solitons and obtain certain interesting results.

As a generalization of Ricci-Yamabe soliton, the n-Ricci Yamabe soliton of type (p,q) on
M is defined by [23]

£vg+2pS+ 2\ —qr)g + 2un ®@n =0, (1.6)
here p is a constant. The soliton is called expanding, steady or shrinking according to A > 0,
A =0 or A < 0, respectively. An n-Ricci-Yamabe soliton of type (p,0) and (0, q) is called
p-n-Ricci soliton and ¢-n-Yamabe soliton, respectively.

The outline of this article is as follows: In section 2, we present some basic results and
definitions on hyperbolic Kenmotsu manifolds. In Section 3, we explore hyperbolic Ken-
motsu manifolds admitting n-Ricci-Yamabe solitons. Section 4 deals with the study of Ricci
symmetric hyperbolic Kenmotsu manifolds admitting n-Ricci-Yamabe solitons. In Section 5,
hyperbolic Kenmotsu manifolds with the n-Recurrent Ricci tensor admiting n-Ricci-Yamabe
solitons have been studied. Ricci semi-symmetric and Einstein semi-symmetric hyperbolic
Kenmotsu manifolds admitting n-Ricci-Yamabe solitons have been studied in Section 6 and
Section 7, respectively. In Section 8, we study conharmonic curvature tensor satisfying certain
curvature conditions on hyperbolic Kenmotsu manifolds admitting n-Ricci-Yamabe solitons.
Finally, we construct a 3-dimensional non-trivial example of a hyperbolic Kenmotsu manifold

to prove the existence of an n-Ricci-Yamabe soliton on such manifold.

2. Preliminaries

A (2n+ 1)-dimensional smooth manifold M is named an almost hyperbolic contact metric
manifold, if Ml admits a (1,1) type tensor field ¢, a timelike vector field £, a 1-form 1 and a

semi-Riemannian metric g satisfying [22]

¢’K = K +n(K)¢, (2.7)

P =0, n(§)=-1, (2.8)

n(¢K) =0, rank(¢)=2n, (2.9)
9(oK, ¢L) = —g(K, L) — n(K)n(L), (2.10)
n(K) :g(Ka§)7 g((bKaL) = _g(Ka ¢L)a (2'11)

for all smooth vector fields K, L on M. Then, the structure (¢,&,7n,g) on M is known as
almost hyperbolic contact metric structure.
If an almost hyperbolic contact metric manifold M fulfills the following condition:

(Vro)L = g(¢K, L)§ — n(K)oL, (2.12)
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here V indicates the Levi-Civita connection of g. Then, M is named a hyperbolic Kenmotsu
manifold [4, 5, 17].
From the above equation, it is clear that

Vi€ =—-K —n(K)g, (2.13)
(Ven)L = g(¢K, L) = —g(K, L) — n(K)n(L). (2.14)
Also, the following relations hold on M:
U(R(K L)U) :g(L7 U)H(K> _g(K7 U)n(L)v ( )
R(K,L)§ =n(L)K —n(K)L, (2.16)
R(Ka 5)5 =—-K — U(K)fa ( )
R(§, K)L = g(K,L)§ —n(L)K, (2.18)
S(K,¢§) = 2nn(K), (2.19)
S(§€) = —2n < Qf=12n¢, (2.20)
(£eg)(K, L) = =2[g(K, L) + n(K)n(L)], (2.21)

here S and R are the Ricci tensor and the Riemannian curvature tensor of M, respectively;
and the Ricci operator @ is defined by S(K, L) = g(QK, L).

Definition 2.1. A hyperbolic Kenmotsu manifold M is named an n-FEinstein manifold if its
Ricci tensor S(# 0) is of the form
S(K, L) = arg(K, L) + azn(K)n(L), (2.22)

where a1 and as are smooth functions on M. In particular, if ay = 0, then M is termed as

an Einstein manifold.

Replacing K and U by £ in (2.22) and using the identities (2.8), (2.11) and (2.20), we have
—2n = —a; + as. (2.23)

Now contracting (2.22) over K and L, we have
r=(2n+1)a; — as. (2.24)

From (2.23) and (2.24), we find a1 = (5, — 1) and a2 = (5. —2n —1). Thus, (2.22) leads to

S(K. L) = (5~ = Dg(K, L) + (5~ — 2n = Lin(K)n(L). (2.25)
This gives
QK — (% . 1) K+ (i — 20— 1) (K. (2.26)

Taking the covariant derivative of (2.26) along L and using (2.13), (2.14) and (2.26), we
have

(V@)K = BN K 4n(K)E) ~ (-~ 20— Dlg(L, K)e + 20(K)n(L)E +n(K)L),
1

which by contracting over L and using the formula (divQ)K = 5K(r) gives

&(r) 2n(r —2n(2n + 1))
P e

K(r) = n(K). (2.27)
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Putting K = £ in (2.27) and using (2.8), we infer
E(r) =2(r —2n(2n+1)).
From the last two equations, it follows that
K(r)==2(r —2n(2n+1))n(K).
Now, we have the following proposition:
Proposition 2.1. In a hyperbolic Kenmotsu manifold M, we have
&(r) =2(r —2n(2n + 1)), (2.28)
K(r)=-2(r—2n(2n+ 1))n(K), (2.29)
for any K on M.

Remark: If the scalar curvature r of a (2n + 1)-dimensional hyperbolic Kenmotsu manifold
is constant, then r = 2n(2n + 1).

Definition 2.2. The Ricci tensor S of a hyperbolic Kenmotsu manifold M is called n-
recurrent if

(ViS)(L,U) = n(K)S(L,U), (2.30)
for all smooth vector fields K, L,U on M.

Definition 2.3. A hyperbolic Kenmotsu manifold M is said to be Ricci symmetric if
(ViS)(L,U) =0, (2.31)
for all smooth vector fields K, L,U on M.

Definition 2.4. A hyperbolic Kenmotsu manifold M is called a manifold of quasi-constant

curvature if its curvature tensor R is erpressed as
R(K,L,UW) = al|g(L,U)g(K,W) —g(K,U)g(L, W)] (2.32)
Fblg(K, W)T(L)T(U) — g(K, U)T(L)T(W)
+g(L, UYT(K)T(W) — g(L, W)T(L)T(U)],
here R(K,L,U W) = g(R(K,L)U,W); a,b are the scalar functions and p is a unit vector
field defined by
9(K,p) =T(K), (2.33)
for any K, L,U,W on M.

3. n-Ricci-Yamabe solitons on hyperbolic Kenmotsu manifolds

Let a hyperbolic manifold M admit an n-Ricci-Yamabe soliton (g, &, p, ¢, A, ). Then, we

have

(£eg)(K, L)+ 2pS(K,L) + (2X — qr)g(K, L) + 2un(K)n(L) = 0. (3.34)
Using (2.21) in (3.34), we find

Sk, 1) = —~ 0= L —1yg(, 1) - LDy, po. (3.35)

D 2 D
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Putting L = £ in (3.35), then using (2.8) and (2.11), we have

S(K,§) = An(K), (3.36)
where A = —%()\ — % — p). Now, from (2.19) and (3.36), it follows that

A—p= 5 2np. (3.37)

Thus, we state the following theorem:

Theorem 3.1. An M admitting n-Ricci- Yamabe solitons (g,&,p,q, A\, 1) is an n-FEinstein
manifold of the form (3.35). Moreover, the scalars X and p are connected by A\—p = 4 —2np.

In particular, if g = 0, then (3.37) turns to A = & — 2np.

Corollary 3.1. Let M be a hyperbolic Kenmotsu manifold with the constant scalar curvature

and admit Ricci- Yamabe solitons. Then, the soliton on M is shrinking, steady and expanding

; 2 2 2 .
if ¢ < 509, 4= 5,57 and ¢ > 5,55, respectively.

4. Ricci symmetric hyperbolic Kenmotsu manifolds admitting 7-Ricci-Yamabe
solitons

Let a hyperbolic Kenmotsu manifold M admit n-Ricci-Yamabe solitons. Then, (3.35)
holds, i.e.,

S0 = — (=T =g, 1) - Yoy, w0 (43)

Now, taking the covariant differentiation of (4.38) with respect to U, we have

(Vo)1 1) =~ L=y Vo + )T,

which by using (2.14) takes the form

(VuS)(K, L) = —w{g(U, K)n(L) + g(U, L)n(K) + 2n(K)n(L)n(U)}- (4.39)
In view of (2.31), (4.39) turns to
m;l){g(Ua K)n(L) + g(U, L)n(K) + 2n(K)n(L)n(U)} = 0. (4.40)
Now, putting L = £ in (4.40), then using (2.8), (2.10) and (2.11), we obtain
W=D 60, 6K) = 0. (4.41)

Since, g(¢U, ¢K) # 0 and p # 0, then it follows that g = 1. Thus, (4.38) turns to
1 qr

Putting L = ¢ in (4.42) then using (2.11) and (2.19), we find
A= % — np + 1. (4.43)

Thus, we have the following theorem:
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Theorem 4.1. A Ricci symmetric hyperbolic Kenmotsu manifold M admitting n-Ricci-
Yamabe solitons is an Einstein manifold of the form (4.42). Moreover, the scalar X is given
by A=% —2np+ 1.

Next, putting U = £ in (4.39), then using (2.8) and (2.11), it follows that
(VeS)(K, L) = 0. (4.44)

This relation shows that the Ricci tensor S is parallel to the vector field £. Now, we state

the following corollary:

Corollary 4.1. The Ricci tensor S on M admitting n-Ricci- Yamabe solitons is parallel to
the vector field €.

5. n-Ricci-Yamabe solitons on hyperbolic Kenmotsu manifolds with n-Recurrent

Ricci tensor

Let M be a hyperbolic Kenmotsu manifold with the n-Recurrent Ricci tensor, and admit
n-Ricci-Yamabe solitons. Then, from (2.30) and (4.39), we have

_W;U{Q(U, K)(L) + g(K, Lyn(U) + 20(K)n(L)n(U)} = n(K)S(L,U).  (5.45)

Substituting L = U = & in equation (5.45), then using (2.8), (2.11) and (3.36), we get
An(K) =0 = either A =0, or n(K) = 0. For the first case A = 0, we have A — pu = %
Next, for the second case n(K) = 0, (2.30) turns to (VgS)(L,U) = 0. Thus, we state the

following result:

Theorem 5.1. In a hyperbolic Kenmotsu manifold M with n-Recurrent Ricci tensor ad-
mitting n-Ricci-Yamabe solitons either A — p = 4, or M reduces to the Ricci symmetric

hyperbolic Kenmotsu manifold.

6. Ricci semi-symmetric hyperbolic Kenmotsu manifolds admitting

n-Ricci-Yamabe solitons

The notion of Ricci semi-symmetric Riemannian spaces was introduced by Mirzoyan [16]
in 1992. In this section we consider a hyperbolic Kenmotsu manifold M admitting n-Ricci-

Yamabe solitons which is Ricci semi-symmetric, i.e., R(K, L) -S = 0. This leads to
S(R(K,L)YW,U)+ S(W,R(K,L)U) =0, (6.46)

for K, L,U,W on M.
Putting K = ¢ in (6.46), we have

S(R(E, LYW, U)+ S(W,R(¢, L)U) = 0. (6.47)
By using (2.18) in (6.47), we have
9(L,W)S(§,U) =n(W)S(L,U) + g(L,U)S(W, &) = n(U)S(L, W) = 0.

Again putting W = ¢, then using (2.11) and (3.36), the foregoing equation turns to

S(L,U) = —]1)(/\ ~ O We(L, D) (6.48)
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By replacing U = ¢ in (6.48) then using (2.11) and (2.19), we find

A—p= q—; — 2np. (6.49)

Theorem 6.1. Let M be a Ricci semi-symmetric hyperbolic Kenmotsu manifold and admit
n-Ricci- Yamabe solitons, then M is an Einstein manifold of the form (6.48). Moreover, the

ar _

scalars A and p are connected by A\ — p = %5 — 2np.
7. Einstein semi-symmetric hyperbolic Kenmotsu manifolds admitting
n-Ricci-Yamabe solitons

Definition 7.1. A hyperbolic Kenmotsu manifold M is called Einstein semi-symmetric if

R-FE =0, where E is the Einstein tensor given by
B(K.L) = S(K,L) - ~g(K, L), (7.50)
for any K, L on M.

Let a hyperbolic Kenmotsu manifold M admit n-Ricci-Yamabe solitons, and is Einstein

semi-symmetric, i. e., R- E = 0. Thus, we have
E(R(K,L)U,W) + E(U,R(K,L)W) =0,
which in view of (7.50) takes the form
S(R(K,L)U,W) + S(U, R(K,L)W) = %{g(R(K, LU, W) (7.51)
+9(U, R(K,L)W)}.
By putting K = U = ¢ in (7.51), we have
S(R(E,L)E W) + S(€ R(E DW) = ~{g(R(E, L)E, W) + (&, R(E. L)W},

Making use of (2.17), (2.18) and (3.36), the foregoing equation leads to

1 qr
S(LW) = = (A= L = wg(L.W) (7.52)
Putting W = ¢ in (7.52) and using (2.11), (2.19), we find
A—p= q—; — 2np. (7.53)

Theorem 7.1. Let Ml be an Einstein semi-symmetric hyperbolic Kenmotsu manifold and
admit n-Ricci- Yamabe solitons, then M is an Finstein manifold. Moreover, the scalars X and

v are connected by A — p = 45 — 2np.

8. Conharmonically flat hyperbolic Kenmotsu manifolds admitting

n-Ricci-Yamabe solitons

The conharmonic curvature tensor C' on a (pseudo)-Riemannian manifold M is defined by
[14]

C(K,L)U = R(K,L)U - [S(L,U)K — S(K,U)L (8.54)

(n—2)
+9(L,U)QK — g(K,U)QL),
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for all K,L,U on M.
The conharmonic curvature tensor has also been studied by the authors in [7, 18, 20].

In this section, first we study conharmonically flat hyperbolic Kenmotsu manifolds admit-
ting n-Ricci-Yamabe solitons, i.e., C(K, L)U = 0. Then, (8.54) gives

R(K,L)U = ) [S(L,UK —S(K,U)L+g(L,U)QK — g(K,U)QL]. (8.55)
Taking the inner product of (8.55) with W, we have
g(R(K,L)UW) = n i %) [S(L,U)g(K,W)—S(K,U)g(L,W) (8.56)

+9(L7 U)S(K’ W) - g(Ka U)S(Lv W)L

which by using (3.35) leads to

QR L)UW) = =2 lo(, U)g(K W) — oK, U)oL, W)

+ [g(K, W)n(L)n(U) — g(L, W)n(K)n(U)  (8.57)

(n—2)
+9(L, Un(K)n(W) — g(K, U)n(L)n(W)],
where A = —=

]13()\7 & —p)and B = ,%(H, 1).
By putting W = £ in (8.56), then using (2.11), (2.15) and (3.36), we find

S(L, U)n(K) = S(K,U)n(L) = (n =2 = A)[g(L, U)n(K) — g(K,U)n(L)]. (8.58)
Putting K = ¢ in (8.58), then using (2.8), (2.11) and (3.36), we find

S(L,U)=(n—-2—A)g(L,U)+ (n—2—=2A)nU)n(L). (8.59)
By putting U = £ in (8.59) and using (3.36), we get
A—p= q—; — 2np. (8.60)

Theorem 8.1. A conharmonically flat hyperbolic Kenmotsu manifold admitting n-Ricci-
Yamabe solitons is an n-FEinstein manifold of quasi-constant curvature of the form 8.57.
— ar
=2

Moreover, the scalars A\ and p are connected by A — — 2np.

Next, we study £-conharmonically flat hyperbolic Kenmotsu manifolds admitting n-Ricci-
Yamabe solitons, i.e., C(K, L)§ = 0. Then, from (8.54) it follows that

R(K. L)€ = s [S(LOK = SUSOL+n(L)QK — n(K)QL,
which by using (2.16) and (3.36) takes the form
WK =)L = g [ An(D)K — AL+ n(DQK —n(K)QLL. (8.1

where A = —%()\ - —p).

Equation (8.61) can be written as

[(n—2) = A](n(L)K —n(K)L) = n(L)QK —n(K)QL,
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which by putting L = &, then using (2.8), (2.20) and the value of A, we find

=2+ 0= G =K+ [0 =2+ 20— TR = QK. (362)
Taking the inner product of (8.62) with L and using (2.11), we find
S(K.L) = [(n=2) + (A= 5 = oK. L)+ [0 =2+ 20— 5 = wln(KIn(L). (863)
Putting L = ¢ in (8.63) and using (2.11), we find
SU.€) = = (A= 5 = (), (8.64)
By using (2.19) in (8.64), we get
A= q—; — onp. (8.65)

Theorem 8.2. A &-conharmonically flat hyperbolic Kenmotsu manifold admitting n-Ricci-
Yamabe solitons is an n-Einstein manifold of the form (8.63). Moreover, the scalars A and

o are connected by X — p = 45 — 2np.
Next, we consider a conharmonically ¢-semisymmetric hyperbolic Kenmotsu manifold ad-
mitting n-Ricci-Yamabe solitons, i.e., C(K, L) - ¢ = 0. This implies that
C(K,L)pU — ¢C(K,L)U = 0, (8.66)
which by putting K = ¢ takes the form
C&, L)pU — ¢pC(&, L)U = 0. (8.67)
From (8.54), we find

CE, LU = R(E L)oU — . ) [S(L, oU)§ = S(§,0U) L (8.68)

(n—
+g(L. SU)QE — 9(&, 6U)QL).

By using (2.9), (2.18), (3.35) and (3.36), (8.68) reduces to

A
C(& 1)U = (1 - —2)g(L, 60). (569
Also from (8.54), we find
2A B
O L)U =1 = ——](g(L,U)§ = n(U)L] = ———n(U)n(L)¢,
which gives
2A
606, 1)U = ~[1 ~ 22 Jn(U)oL. (8.70)
From (8.67), (8.69) and (8.70), we arrive at
A
11— 22 )(6(L, 60 — n()oL) = . (3.71)
By putting L = £ in (8.71), it follows that
Aep= (=2 (8.72)

2 2
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Theorem 8.3. In a conharmonically ¢-semisymmetric hyperbolic Kenmotsu manifold ad-

mitting n-Ricci- Yamabe solitons the scalars X and p are connected by X — p = 4 — @.

9. Example

Let us consider the 3-dimensional manifold M? = {(k,l,u) € R? : u # 0}, where (k,[,u)
are the standard coordinates in R3. Let {o1, 02, 03} be a set of vector fields on M? given by

T R
Ql_uaka Q2_ual7 QB_U@’U,_ .

Clearly, {o1, 092,03} are linearly independent at each point of M3. Let g be the semi-

Riemannian metric defined by
1, i=j=1,
9(0i,0;) =9 -1, 2<i=j<3,
0, otherwise.

Let the 1-form 7 is defined by n(K) = g(K, g3) for any K on M?. Let ¢ be the (1,1) tensor
field defined by

P(o1) = 02, #(02) = —01, &(03)=0.

Then, using the linearity of ¢ and g, we have

¢*(K) =K+ p(K)os, n(e3)=-1, g(¢K,¢L)=—g(K,L)—n(K)n(L),

for all smooth vector fields K, L on M3. Thus, for o3 = &, (¢,&,p,g) defines an almost
hyperbolic contact metric structure on M?3.
Let V be the Levi-Civita connection with respect to the metric g. Then, we have

[Qh 92] == 07 [Ql? 93] = —01, [927 Q3] = —02.
By using Koszul’s formula:
QQ(VKLa U) = KQ(L, U) +Lg(U7 K) - Ug(Ka L) _g(Ka [La U]) - g(La [K7 U]) +9(U’ [Kv L])a

we can easily calculate

vm 01 = 03, vm 02 = 07 vgl 03 = 01,
vgz 01 = 07 VQQQZ = 03, VQQQ3 = 02,
Vgggl = 0, Vgggz = 0, Vgggg =0.

Now, we check
(Vo10)02 = Vg 002 = (Vg 02) = Vi (—01) = ¢(0) = —o3.
On the other hand, we have
g(do1, 02)03 — n(o2)po1 = g(02, 02)03 — 0 = p3.

Hence, (Vy,0)02 # g(d01, 02)03 — plo2)do1-
Therefore, the manifold is not a Kenmotsu. But we can show that the manifold is a hyperbolic
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Kenmotsu. In fact, we have

(Vo)L = g(¢K, L)§ — n(L)oK,

for all smooth vector fields K, L on M?. For example, taking K = g1, L = g2, we have

(Vo 0)o2 = —03,  g(¢o1,02)03 — p(o2)po1 = g(02,02)03 — 0 = 03.

Hence, the manifold is not a Kenmotsu but a hyperbolic Kenmotsu.
Now, we compute the curvature tensor. The well-known expression for the curvature tensor
Ris

R(K,L)U =VgVLU -V VKU - Vg ) Z.

By using the above results, we easily obtain the following components of the curvature tensor:
R(o1,02)01 = —02,  R(02,01)01 = 02, R(o1,03)01 = —03, R(es,01)01 = 03,

R(o1,02)02 = —01, R(02,01)02 =01, R(02,03)02 =03, R(03,02)02 = —03,
R(o1,03)03 = —01, R(01,03)03 = —01, R(02,03)03 = —02, R(03,02)03 = 02

From these curvature tensors, we can easily calculate

S(o1,01) =2, S(02,02) = =2, S(03,03) = -2 = r=6. (9.73)

This verifies Remark for the three dimensional case.
Putting K = L = ¢ in (3.35) and using (9.73), for a hyperbolic Kenmotsu 3-manifold, we
infer

Hence A and g satisfies (3.35), and so g defines an n-Ricci-Yamabe soliton on the given
hyperbolic Kenmotsu 3-manifold.
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Abstract. In this paper, we investigate various symmetry vector fields on the 4-dimensional
Riemannian and Lorentzian Lie group Solg. Using Lie derivatives, we characterize affine vec-
tor fields with respect to the Levi-Civita connection. We further obtain Ricci collineations
vector fields, curvature collineations vector fields, and matter collineations vector fields by
computing the Lie derivatives of the Ricci tensor, Riemann curvature tensor, and energy-
momentum tensor, respectively. These results contribute to the understanding of geometric
and physical symmetries on Solg, relevant in both mathematical physics and differential
geometry.

Keywords: Lorentzian Solg group, affine vector fields, Ricci collineations, curvature collineations,
matter collineations.
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1. INTRODUCTION

The primary objective of all research in gravitational physics is to construct gravitational
potentials that comply with Einstein’s field equations, which is frequently accomplished by
applying symmetries to the geometry that align with the dynamics of the selected matter
distribution. The symmetries of space-time, from a geometric perspective, are expressible
through the nullification of the Lie derivative of certain tensors in relation to a vector. The
concept of a symmetry of Tensor 1" involves a one-parameter group of diffeomorphisms that
keeps T unchanged. According to this formulation, a vector field X that satisfies LxT = 0,
where L is the Lie derivative, corresponds to each symmetry.

Thurston geometries constitute a fascinating subset of Riemannian homogeneous spaces,
which have been thoroughly investigated in three dimensions owing to Thurston’s geometriza-
tion of three-manifolds. This profound result enumerates the potential Riemannian struc-
tures of compact orientable three-manifolds, closely resembling the uniformization theorem
applicable to compact orientable surfaces. In simple terms, any three-manifold can be parti-
tioned into segments, each of which possesses a Riemannian metric that is locally isometric
to one of eight three-dimensional model spaces: the Thurston geometries, i.e., R3, S3, H3,
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S? x R, H? x R, SNL(2,]R), Nilg and Sols. As of now, no analogous geometrization has been
established in four dimensions.

Based on four-dimensional Thurston geometries, Solé is one of them. As stated by Fil-
ipkiewicz [13], there exist 19 model spaces in four dimensions i.e., R* H* §* §2 x §2,
S? x R?, §? x H?, §® x R, H® x R, Soli, Sol}, F*, CP?, CH?, R? x H2, H? x H?, Nil3 x R,
SL(2,R) x R, Nil*, Solffmn. Ishihara [15] demonstrated homogeneous Riemannian 4-spaces
are either locally symmetric or Lie groups that possess a left invariant metric. Furthermore,
Wall [19] provided a comprehensive list of all 4-dimensional geometries that allow for a com-
patible complex structure, which are all the abovementioned 19 model spaces, except H*, S%,
H? x R, Nil?4, Solfn’n. In this paper, symmetries of Solé will be investigated.

Some well-known symmetries are the Levi-Civita connection V symmetries that match
the affine vector fields; the Ricci tensor Ric symmetries that match the Ricci collineations;
and the curvature tensor R symmetries that match the curvature collineations. Research on
curvature collineations was initiated by Katzin et al. in 1969 [16].

Matter symmetries offer a distinct and more physically substantiated perspective on the
symmetries of spacetimes. A Riemannian manifold (M, g) with matter collineation is rep-
resented by a vector field X, which corresponds to a symmetry in the energy-momentum
tensor T' = Ric — (%)Tg, where 7 is the scalar curvature [11, 12]. Extensive research has
been conducted on these symmetries, emphasizing several of them in the past decade that
are pertinent to this paper [6, 7, 8, 9, 10, 14, 18]. Batat et al. worked on the symmetries of
the three-dimensional Heisenberg group [2] in 2017 and in 2020, Belarbi investigated sym-
metries on Sols Lie group [4] and symmetries of five-dimensional solvable Lie group [17].
In the same year, he investigated symmetries of three-dimensional generalised symmetric
spaces [5] and also on the symmetries of Lorentzian four-dimensional generalised symmetric
spaces of type C [3]. Recently, in 2023, Atashpeykar et al. discussed the symmetries of the
pseudo-Riemannian manifold H? x R [1].

Main Results:

We investigate the Lie derivatives of the Levi-Civita connection V to characterize affine

vector fields on the Riemannian Lie group Solg.

Theorem 1.1. Let the vector field X = Fiey + Faoes + Fses + Fyeyq be defined on the Rie-
mannian Lie group Solé. Then:
— X is an affine vector field if and only if

Fy=mae™", Fy=mye", F3=-2yze*, Fj=m, (1.1)

where v1 € R.

Next, we compute the Lie derivatives of the Ricci tensor Ric and the Riemann curvature
tensor R to identify Ricci collineations and curvature collineations on the Riemannian Lie

group Solg.
Theorem 1.2. Let the vector field X = Fiey + Foes + Fses + Fyeq be defined on the Rie-

mannian Lie group Solé. Then:
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(a) X is a Ricci collineation if and only if
Fr=gi(z,y,2), Fy=ga(z,y,2), F3=g3(z,y,2), Fi=ay, (1.2)
where g1, g2, g3 are smooth functions on Sol}, and as € R.

(b) X is a curvature collineation vector field if and only if
Fi = (asz + by + ca)e™ ", Fy = (asy — bax + c5)e ",
Fy = (—2a3z + cg)e*, Fy = as,

where as, ba, ¢4, c5,c6 € R.

We now turn to the study of matter collineations, which are derived from the Lie derivative

of the energy-momentum tensor 7.

Theorem 1.3. Let the vector field X = Fiei + Fyeq + Fze3 + Fyeq be defined on the Rie-
mannian Lie group Solé. Then:

— X is a matter collineation vector field if and only if

{F1 = (a4 + b3y + cr)e™", Fo = (asy — b3z + cg)e” ", (1.4)

Fg = (—2@42 + Cg)€2t, F4 = a4,

where ay, bs, c7,c8,co € R.

We now shift our focus to the Lorentzian structure on the Lie group Soli, beginning with

affine vector fields under the Lorentzian metric.

Theorem 1.4. Let the vector field X = Fiei1+ Foeo+ Fses+ Fyey be defined on the Lorentzian
Lie group Solé. Then:

— X s an affine vector field if and only if

Py =yze™, Fy=rye !, F3=—2yze*, Fi=ns, (1.5)

where v € R.

Continuing in the Lorentzian setting, we analyze Ricci and curvature collineations using

the Lie derivatives of the Ricci and Riemann curvature tensors.
Theorem 1.5. Let the vector field X = Fiei1+ Foeo+ Fzes+ Fyeq be defined on the Lorentzian
Lie group Solg. Then:
(a) X is a Ricci collineation if and only if
Fy :g4($,y,2§), F2=g5(x,y,2), F3:.96(x7y72)7 F4:a67 (16)

where gu, g5, go are smooth functions on Sol}, and ag € R.



Int. J. Maps Math. (2026) 9(2):200-218 / SYMMETRY VECTOR FIELDS ON Sol} 203

(b) X is a curvature collineation vector field if and only if
Fy = (ayx + b5y + 013)€_t, Fy = (a7y — b5$ + 014)6_t,
F3 = (—2(172’ + 615)6%, Fy=ar,

where az, bs, c13, €14, €15 € R.

Finally, we consider the Lie derivative of the energy-momentum tensor 7" on the Lorentzian

Lie group S olf)l to determine matter collineations.

Theorem 1.6. Let the vector field X = Fie1+ Fheo+ Fyes+ Fyeq be defined on the Lorentzian
Lie group Solé. Then:

— X is a matter collineation vector field if and only if

Fy = (agz + bey + c15)e™ ", Fo = (agy — bex + c16)e” ",
{F3 = (—2agz + c17)e*, Fy = ag, (18)
where ag, bg, c15, 16, c17 € R.
2. PRELIMINARIES
The group operation associated with the Solg Lie group is given by:
(z,y,2,t) % (', ¢, 2, V) = (x +e'a’, y+ ey, z+e 22, t+1). (2.9)

Let g be the left-invariant Riemannian metric, V the Levi-Civita connection, and R the
curvature tensor on the four-dimensional solvable Lie group Solg. Then the curvature tensor
is defined by:

R(X, Y)Z =VxVyZ -VyVxZ2Z - V[X,y}Z, (2.10)
where X,Y,Z € x(M), and the Ricci tensor is given by:
4
Ric(X,Y) =) glei, e5) g(R(es, X)Y ey), (2.11)

=1

where {e;}}_; is an orthonormal basis.

The Riemannian Sol; Group. The left-invariant Riemannian metric on the Lie group
Solé is:
g = e 2 (dz® + dy?) + e*dz?* + dt?, (2.12)
where (z,y, z,t) are the standard Cartesian coordinates on R*.
The Riemannian Solg Lie group possesses the left-invariant basis vector fields {ej, e, e3,e4}
given by:
o, . 0 _ot O 0

er=¢e'—, eg=¢€e"—, e3=¢e¢ "—, e4=—. (2.13)

Ox oy 0z’ ot
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The Levi-Civita connection V of the Riemannian Lie group Solj satisfies:

Vear=e,  Vaer =0, Veies =0, Vees = e
Vee1 =0, Ve €2 = ey, Ve,e3 =0, Ve, €4 = —€3,
Vese1 =0, Vegse2 =0, Vese3 = —2ey, Ves€4 = 2e3,
Vese1 =0, Vese2 =0, Vese3 =0, Veseqa =0. (2.14)
The Lie brackets of the basis vector fields are:
[e1, e2] = [e1, e3] = [e2,e3] = 0,
[es,e1] = e1, [es,e2] =ea, [eq,e3] = —2e3. (2.15)

Using (2.10), (2.14) and (2.15), the non-zero components of the curvature tensor R are:

R(e1,ez)ea = —ey, R(eq,e3)es = 2eq, R(ey,eq)eq = —e,

R(ez,e3)e3 = 2ea, R(es,eq)eq = —eo, R(es, eq)eq = —des,

R(e1,ez)er = e, R(ey1,e3)e; = —2es, R(e1,es)er = eu,

R(ea,e3)e2 = —2e3, R(ea,eq)e2 = ey, R(es,eq)es = dey (2.16)

Using (2.11), (2.12) and (2.16), the components of the Ricci curvature tensor Ric;; are:
Rici; = Ricjo = Ricjg3 = Ricyy =0,
Ricos = Ricog = Ricog = Ricsg = Ricgy = 0,

Ricgy = —6. (2.17)

Finally, using (2.12), and (2.17), the scalar curvature 7 of the Riemannian Solj Lie group is:

4
7 = trRic = Zg(6i7 ei)RiC(eiu ei) = —6.
=1

(2.18)

The Lorentzian Solj Group. The left-invariant Lorentzian metric of the Lorentzian

Solé Lie group is given by
g = e 2 (dz® + dy?) — e*dz2? + dt?, (2.19)

where (z,y, z,t) represents the standard Cartesian coordinates on R*.

The Lorentzian S ola1 Lie group possesses a left-invariant basis of vector fields {ej, ea, €3, e4}

given by:
0 0 0 0
t ¢ -2t
el=€e—, ex=€_—, e3=€ —, e4=—. 2.20
e TP Ty 7 o ' ot (2.20)
The Levi-Civita connection V on the Lorentzian Sol§ Lie group satisfies:

Velel = €4, veleQ = 07 V6163 = 07 v6164 = —€1

ve2€1 = 07 v6262 = €4, v€2€3 = 07 v6264 = —€2

V€3€1 = O, Ve362 = 0, V63€3 = 264, v63€4 = 263
V64€1 = 0, Ve4€2 = 0, V64€3 = 0, Ve4€4 =0. (2.21)
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The Lie brackets of the basis vector fields are:

le1, ea] = [e1,e3] = [e2,e3] =0,

leq,e1] = e1, lea,ea] =ea, [eq,e3] = —2es. (2.22)
Using (2.10), (2.21) and (2.22), the non-zero components of the curvature tensor R are:
R(e1,e2)er = —ey, R(e1,e3)es = —2e, R(e1,es)es = —€1
R(eg, e3)es = —2ea, R(ea,eq)eq = —eo, R(es,eq)eq = —4des
R(e1,e2)e; = eq, R(e1,e3)e; = —2es, R(e1,eq)er = ey
R(ea,e3)ea = —2es, R(ea, eq4)ea = ey, R(es,eq)es = —4dey (2.23)
Using (2.11), (2.19) and (2.23), the components of the Ricci curvature tensor Ric;; are:

RiCn = RiClg = RiClg = RiC14 = Ri022 = 0,
RiCQg = RiCQ4 = RiC33 = Rng4 = 0, RiC44 = —6. (2.24)
Using (2.19), (2.24), the scalar curvature 7 associated with the Lorentzian Solj Lie group

is:
4

= tr(Ric) = Zg(ei, ei) Ric(e;, €;) = —6. (2.25)
i=1
3. PROOF OF THEOREMS
Throughout the paper, we denote the Cartesian basis {%, 8ay ' B at} by {0z, 0y, 0, 0 }.

Proof of Theorem 1.1. Let X = Fiej+ Fyes+ F3esz+ Fyeq be a smooth vector field on
the Riemannian Lie group Sol}, where Fi, Fy, F3, F; are infinitely differentiable real-valued
functions on Solé .

We compute the Lie derivative of the Levi-Civita connection V in order to determine the

affine vector fields. Using (2.14) and (2.15), we obtain the following equations:

(LxV)(e1,e1) = ( —(BF) + Fy) — 2eL9,Fy + e2ta§F1)el
+< — (Fy + O Fy) + 62t8§F2>62
+< — (875F3 — 2F3) -+ eZtagFg) €3

(= (@OFs+ 2Fy) + 260, Fy + P02 Fy e, (3.26)

(va)(el, 62) = ( — etayF4 + €2tazayF1)€1 + ( — etﬁxF4 + €2taxayF2>€2

+(X0,0,Fy )es + ("OyF1 + 0o Fo) + ¥ 0,0,Fy Jes,  (3.27)

(va)(el, 64 <€t 6 O Fy + axF2)>€2 + (et(ﬁxath + axF3)>€3
+( B Fy + (0.0, Fy + O, Fl))

+<F1 O + € (9,0,Fy + O F4))e4, (3.28)
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(va)(eg, 62) = ( — (F1 + 6tF1) + 62t85F1>61 + ( — (8tF3 — 2F3) + €2t8§F3)€3
+( — (FQ + 8tF2) — 2€tayF4 + 62t8§FQ>62

+( — (OyFy + 2Fy) + 26" 0, Fy + e2t8§F4> ea, (3.29)

(va)(eg, 64) = <€t(8yF1 + 8yatF1)>€1 + <€t(ayF3 + 8yatF3)>€3
+ (1O Fi + 0,0 F1) + B> + 0, ) es

+ (et(ﬁng + 0,0, F) — 6tF4) e, (3.30)

(LxV)(e3,e3) = (2(F1 O + e’4t8§F1>61 + (2(F2 OF) + e*4ta§F2)eQ
+ (zatm — A(e 2. F5 + 2Fy) + e—4ta§F4) es

—l—(?(@th —2F) + e MOy + 4e—2taZF4)eg, (3.31)

(LxV)(ez,eq) = (e 2(0.0,F — 282F1)>61 v (e—%(azatFQ - 2aZF2))62
+<e‘2t(626tF3 — 2(92F3) + 28tF4) es

+<e*2t(azatF4 _20.Fy) — 2(0,Fs — 2F3)>e4, (3.32)

(LxV)(eq,e4) = (8t2F1 — Fl)el + (OEFQ — F2)€2
+(a§F4> et (ang - 4F3> e3. (3.33)

To find affine vector fields F, we solve above system of partial differential equations by
setting all the coefficients of the Lie derivative to zero. Therefore, comparing the components
of e4 on both sides in (3.26), (3.29), (3.31) and (3.33) we get

—(01Fy + 2Fy) 4 2! 0, Fy + e*0?Fy = 0, (3.34)
— (O Fy + 2Fy) + 2e' 0, Fy + e*' 00 Fy = 0, (3.35)
20, Fy — A(e 20, F3 4 2F)) + e H9%F, = 0, (3.36)
and
OPF, =0, (3.37)
respectively.

Similarly, comparing the components of e; on both sides in (3.27), (3.28) and (3.29), we
get

—e' 0y Fy + €*9,0,F1 = 0, (3.38)
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—OFy + €t<8m8tF1 + 8xF1) =0,
and
—(FL+ 0F) + 0, Fy = 0,

respectively.
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(3.39)

(3.40)

Similarly, comparing the components of e3 on both sides in (3.27), (3.30), (3.31) and (3.32)

we get
!0, Fy + €*10,0,Fy = 0,
et(ang + 8y6tF2) —0:Fy =0
2(Fy + 0 F) + e 92k, =0
and
e 20,00 Fy — 20, F) = 0,
respectively.

(3.41)
(3.42)

(3.43)

(3.44)

Similarly, comparing the components of e3 on both sides in (3.26), (3.28), (3.30) and (3.32)

we get
—(0,F3 — 2F3) + €292 F3 = 0,
et(azath + (9:CF3) =0,
€t(8yF3 + Gyath) =0,
and
e 20,0, F3 — 20,F3) 4 20,Fy = 0,
respectively.

On solving (3.37), we get

F4 = hl(l‘aya Z)t + hQ('Ia Y, Z)‘

where, hy = hi(z,y,2) and ha(z,y, z) are real-valued smooth functions on Solj.

Using (3.49) in (3.34), we get

hi + 2hq.t + 2hy — €2t(6§h1.t + 8§h2))

et
83;F1 - 2 i

and

et <h1 — 2h1.t — 2hy — e2t(8§h1.t + 83}12 + 8§h1)>
5 .
Using (3.49), (3.50) and (3.51) in (3.39), we obtain

0,0 F1 =

92hy = 0 = 92hs.

(3.45)
(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)
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Similarly, using (3.49) in (3.35), we get

et (hl + 2h1.t + 2hoy — €2t(a§h1.t + 8§h2)>

8yF2: 2 )

and

h1 —2h1.t — 2hy — €2t(8§h1.t + 8Zh2 + 8§h1)>
5 .
Using (3.49), (3.53) and (3.54) in (3.42), we obtain

0,0, Fy = eit(

O2hy =0 = 03 ho.
Similarly, using (3.49) in (3.36), we get

2hy — 8hy.t — 8ha + e~ (82hy.t + aghg))

th(
azFS = 4 )

and

2t< — 4hy — 16~y .t — 16~y — 6_4t(262h1.t + 28§h2 — afhl))
0,0 F3 =

4
Using (3.49), (3.56) and (3.57) in (3.48), we obtain

9%hy = 0 = 0?hs.
On solving (3.52), (3.55) and (3.58), we get
hi(x,y,2) = a1z + agy + azz + agxy + asyz + agrz + arxyz + ag,
ha(z,y,2z) = bix + bay + bz + bazy + bsyz + bexz + brryz + 71,
where a;,b;,71 € R, i=1,....,8 and j=1,...,7.
Using (3.49), (3.50), (3.59) and (3.60) in (3.38), we get
as =a4 = a5 = a7y = 0.
Using (3.49), (3.53), (3.59) and (3.60) in (3.41), we get
a; =ag = 0.

Using (3.52), (3.59), (3.60), (3.61) and (3.62) in (3.50), we get
ot
Fi=a1 + 5 ((1 + 2t)(agzx + agx) + (b1x2 + bya?y
+bea’z + bra®yz) + 2(bowy + bszy + bsayz + 'yl:r)),

where a7 € R.
Using (3.55), (3.59), (3.60), (3.61) and (3.62) in (3.53), we get

eft
Fry=as+ T3 ((1 + 2t)(azzy + agy) + (boy® + bazy?

+bsy?z + brxy®z) + 2(biay + bazy + beryz + '71y))7

where as € R.

(3.53)

(3.54)

(3.55)

(3.56)

(3.61)

(3.62)

(3.63)

(3.64)
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Using (3.58), (3.59), (3.60), (3.61) and (3.62) in (3.56), we get
o2t
Fy =a3+ - ((1 — 4t)(a3z2 + 2agz) — 4(b32? + bsy2?

+hgx2? + b7a:y22) — 8(b1xz + boyz + byzyz + ’ylz)>,

where ag € R.
Using (3.63) in (3.40), we get

Using (3.65) in (3.47), we get

Using (3.65) in (3.45), we get
az = 0.
Using (3.65) in (3.46), we get
by = bg = 0.
Using (3.64) in (3.43) and (3.44), we get
bs = ay = 0.
Using (3.61) ~ (3.62) and (3.66) ~ (3.70) in (3.59) ~ (3.60), we find
hi(z,y,z) =0,
ha(z,y,2) = .
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(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)
(3.72)

Now, using (3.71) ~ (3.72) in (3.49) and (3.66) ~ (3.70) in (3.63) ~ (3.65), we obtain

(1.1). Thus the proof of Theorem 1.1 is complete.

g

Proof of Theorem 1.2. Let X = Fiej+ Fyes+ F3es3+ Fyeq be a smooth vector field on
the Riemannian Lie group Sol}, where Fi, Fy, F3, F; are infinitely differentiable real-valued

functions on Solé .

Using (2.15) and (2.17), we compute the Lie derivative of the Ricci tensor Ric with respect

to X for each pair of basis vectors {e;}, obtaining:

((Lx Ric)(e1,e1) =0, (LxRic)(e1,e2) =
(LxRic)(e1,e3) =0, (LxRic)(e1,eq) = 766@ o Fa,
(Lx Ric)(ez,e2) =0, (LxRic)(eg,e3) =
(Lx Ric)(ez,eq4) = —6€'0, Fy, (LXRic)(eg, e3) =0,
\ (LxRic)(es,eq) = —6e 29, Fy, (Lx Ric)(eq,eq) = —120,Fy.

(3.73)

These relations (3.73) give the necessary and sufficient conditions for X to be a Ricci

collineation on S olé. Solving them under the assumptions of Theorem 1.2 yields the stated

form of X given in (1.2).
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Now, to prove Theorem 1.2(b), we compute the Lie derivative of the curvature tensor R

in order to determine the curvature collineations. Using (2.15) and (2.16), we obtain the

following equations:
(LxR)(el, €2, 61) = ( — et(8yF1 + 8zF2)>61 — S(Btang) €3

—2 <F4 - etawFl)eg,

(LXR)(el, €2, 62) = (2(F4 - 6tayF2)>61 + 3(€t(9IF3) €3
+(6t(ayF1 + 3xF2)>62,
(LxR)(e1,e2,e3) = (26t6yF3 — 6_2t82F2>61 + (e_2tazF1 — Qet&UFg)eg,
(LxR)(e1,e3,e1) = (2(6—%8251 n etang))el n 3(6—%32&)62
+4 (F4 - etaxﬂ)eg + 3(6_2t62F4) e4,

(LxR)(e1,e3,e3) = (26t6yF3 - e_2t8ZF2) e — 2¢' <8yF1 + 3xF2>63,

(LxR)(e1,e3,e3) = 4(6721582.}73 + 2F4>€1 - 6(et8xF4) eq

—2 <6tamF3 — 6_2t8ZF1) €3,

(LxR)(e2,e3,e3) = 4(6727:82F3 + 2F4) ey — 6<et8yF4) e4q

—2 (6_2tazF2 - etﬁyF3> €3,

(LxR)<62, ey, 62) = —((9th + 5 + etayF4) €g — 3<8tF3 — 2F3>63

) <F4 — etayFQ) e,

(LxR)(e2,eq4,e4) = —2(8tF4) es — 3et <8yF3)eg

+(8th + s + etayF4) ey,
(LxR)(eg, ey, 61) = 2(8tF1 + P — Zet81F4) es + <4€t8xF3 + e_QtGZF1>e4,

(LxR)(eg, éq, 63) = —6(875F1 + Fl))el - 4(8,5F3 —2F3 + 6_2t8ZF4) €3

—6 <F2 + 8tF2> € + (S(e_QtOng + 2F4))€4,

(LxR)(es,eq,e4) = 3(67%82}71)61 + 3(672'583}72) ey — 8(875F4> es

14 (ath —2F + e_2t32F4) es.

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)
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To find curvature collineation vector fields F, we solve above system of partial differential
equations by setting all the coefficients of the Lie derivative to zero. Therefore, comparing
the components of e4 on both sides in (3.77), (3.79), (3.80), (3.82) and (3.84), we get

3e 29, Fy =0, (3.86)
—6€'0,Fy = 0, (3.87)
—6e'0,Fy = 0, (3.88)
O Fs + Fy + €0, Fy = 0, (3.89)
and
8(e 29, F3 + 2Fy) = 0, (3.90)
respectively.

Similarly, comparing the components of e; on both sides in (3.74) , (3.75) and (3.78), we

get
—e' (0, F1 + 0, F2) = 0, (3.91)
2(Fy — €'0,F) =0, (3.92)
and
2'0, F3 — e 210, Fy = 0, (3.93)
respectively.

Similarly, comparing the components of es on both sides in (3.74) and (3.76), we get
—2(Fy —€'0,F1) =0, (3.94)
and
e 29, Fy — 2e'0,F5 =0, (3.95)

respectively.
8

Similarly, comparing the components of e3 on both sides in (3.81), (3.83) and (3.85), we

get,
—3(0cF3 — 2F3) = 0, (3.96)
2(0uFy + Fy — 2€'0,Fy) = 0, (3.97)
and
—80:Fy = 0, (3.98)
respectively.

On solving (3.86), (3.87), (3.88) and (3.98), we get
Fy=as, a3 € R. (3.99)



212 S. K. BHATIA AND R. S. GUPTA
Using (3.99) in (3.94), we get
Fi = azze™" + h3(y, 2, 1), (3.100)
where h3(y, z,t) is real valued smooth function.
Using (3.99) in (3.92), we get
Fy = azye™" + hy(z, 2, 1), (3.101)
where hy4(z, z,t) is real valued smooth function.
Using (3.99) in (3.90), we get
F3 = —2a3ze® + hy(z,y,1t), (3.102)
where hs(x,y,t) is real valued smooth function.
Using (3.100) in (3.97), we get
hs(y, 2,t) = he(y, z)e™ ", (3.103)
where hg(y, z) is real valued smooth function.
Using (3.101) in (3.89), we get
ha(z,2,t) = hy(z, 2)e™". (3.104)
where h7(z, z) is real valued smooth function.
Using (3.102) in (3.96), we get
hs(x, z,t) = hg(x,y)e*, (3.105)
where hg(x,y) is real valued smooth function.
Using (3.100), (3.101), (3.103) and (3.104) in (3.91) we get
he(y, 2) = bay + ho(2), (3.106)

where hg(z) is real valued smooth functions.
and

h7(x,z) = —box + hio(2), (3.107)
where hio(z) is real valued smooth functions.

Using (3.100), (3.102), (3.103), (3.105) and (3.106) in (3.95), we get
hg(Z) =y, c4 €R, (3.108)

Ozhs(z,y) = 0. (3.109)

Using (3.101), (3.102), (3.104), (3.105) and (3.107) in (3.93), we get
hlo(z) =c5, c5 € R, (3.110)
Oyhg(x,y) = 0. (3.111)

On solving (3.109) and (3.111), we get



Int. J. Maps Math. (2026) 9(2):200-218 / SYMMETRY VECTOR FIELDS ON Sol

hs(z,y) = c3, c3 € R.

Using (3.106) and (3.108) in (3.103), we get

ha(y, z,t) = (bay + ca)e™", where ¢4 € R.
Using (3.107) and (3.110) in (3.104), we get

ha(x,2,t) = (—baz + c5)e” ", where c5 € R.
From (3.105) and (3.112), we get

hs(z,y,t) = c3e?t, where ¢4 € R.
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(3.112)

(3.113)

(3.114)

(3.115)

Using (3.99) and (3.113) ~ (3.115) in (3.100) ~ (3.102), we obtain (1.3). Thus the proof

of Theorem 1.2 is complete.

O

Proof of Theorem 1.3. Let X = Fiey+ Fyes+ Fez+ Fyey be a smooth vector field on
the Riemannian Lie group Sol 0, Where Fy, Iy, F3, Fy are infinitely differentiable real-valued

functions on Solj. The Energy momemtum tensor T = Ric — (3)g is:

300 O
03 0 O
00 3 O
0 00 -3

Using (2.15), we compute the Lie derivative of the energy-momemtum tensor 7" with

respect to X for each pair of basis vectors {e;}, obtaining:

((LxT
LxT

(LxT)(er, e1) = —6[Fy — €', F1],
(LxT)(e1,e2) = 3¢'[0: Fz + 9y F1],
(LxT)( ) =3[e 20, + €' 0, Fy),
(LxT)(e1,eq) = 3[0pF1 + F1 — €' 0, Fy),
(LxT)(e2,e2) = —6[Fy — €' 0, F)],
(LxT)(ez; e3)
(LxT)(e2, e4)
(LxT)(es; e3)
(LxT)(es, e4)
( )

€1, €1
€1,€2

€1,€3

LxT 'Oy Fs + e 20, ),
O Fs + Fy — "9, Fy),
e 29, F3 + 2Fy),
O1F3 — 2F3 — e 20, F)y),

€2,€3

~
>
~

€2,€4
Lx
LxT
LxT)(eq,e4

N

€3,€3

€3, 64

I
|
=]
S
,31

(3.116)

These relations (3.116) give the necessary and sufficient conditions for X to be a matter

collineation on Solg. Solving them under the assumptions of Theorem 1.3 yields the stated

form of X given in (1.4).

O
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Proof of Theorem 1.4. Let X = Fiey + Faea + Fzesz + Fyeq be a smooth vector field
on the Lorentzian Lie group Soli, where Fy, Fy, F3, F; are infinitely differentiable real-valued

functions on Solé.

We compute the Lie derivative of the Levi-Civita connection V in order to determine the

affine vector fields. Using (2.15) and (2.21), we obtain the following equations:

(LxV)(e1,e1) = ( — (0,Fy + Fy) — 2€'0, Fy + €292 F1)61
+( — (F2 + atF2> + €2t8§ Fg)@g + ( — <8tF3 — 2F3) + €2t8§ Fg)eg

+( (04 Fy + 2Fy) + 26L0, Fy + €207 F4) e,

(LxV)(e1,e2) = ( — etOyF4 + €2tamayF1>61
+( —eloxFy + thaxang) es + (thamang)eg

+(et(8yF1 O, F) + e%axaym)%

(va)(el, 64) = < — O Fy + et(ax(’?tFl + 8$F1)>61
+<et(8x8tF3 + ang))eg n (ef(axatFQ n 8xF2)>eg

+<F1 + O Fy + et(azathl + 8$F4)>€4,

(LxV)(e2, e2) = ( — (P + 8, Fy) + eZtagFl)el + ( —(OF; — 2Fy)
—I—(:’QtaZFg)eg + ( — (F2 + 8th) — 26t6yF4 + €2ta§F2) €2

— ((8tF4 + 2F4) — 2€t6yF2 — 62t6§F4) €4,

(LxV)(es, eq) = (et(ayF1 4 ByatF1)>61 i (et(ayFQ + 8,0, Fy) — atF4) e

+(€t(ayF3 + 8yatF3)>€3 + (et(ayF4 + (9y8tF4) + 5 + atF2>€4,

(LxV)(es, e3) = ( _F + OF) + e’4t8§F1)61 + ( —Fy + B F)
+e—4ta§F2) es + ( —20,Fy + 4(e~28,F3 + 2F))

+674ta§F4> ey + ( — 2(8tF3 —2F3) + 674t5'3F3 + 4672t82F4> es,

(LxV)(es, e4) = <e—2t(azatpl - 26ZF1)>61 n (e—%(azatpg - zaZFQ))eQ
+(€_2t(8z8tF3 — 28ZF3) + 2(9tF4> es

+(e*2t(azatF4 20, Fy) + 2(0Fs — 2F3))e4,

(3.117)

(3.118)

(3.119)

(3.120)

(3.121)

(3.122)

(3.123)
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(LxV)(eq, e1) = (Q?Fl - F1>el + (a,?F2 - FQ)e2
+ (97 Fy ) e+ (0PFy — 4Ry )es, (3.124)

Solving the above system of partial differential equations by setting all coefficients of the
Lie derivative to zero, we find that the affine vector fields are given by (1.5). Thus the proof
of Theorem 1.4 is complete. O

Proof of Theorem 1.5. Let X = Fiej + Faes + Fzes + Fieq be a smooth vector field
on the Lorentzian Lie group Solg, where F1, Iy, F3, Fy are infinitely differentiable real-valued
functions on Solg.

Using (2.12) and (2.15), we compute the Lie derivative of the Ricci tensor Ric with respect

to X for each pair of basis vectors {e;}, obtaining:

(LxRic)(e1,e1) =0, (LxRic)(e1,e2) =

(LxRic)(e1,e3) =0, (LxRic)(e1,eq) = —Geté? . Fy,

(LxRic)(es2,e2) =0, (LxRic)(es,e3) = (3.125)
(Lx Ric)(eg, e4) = —6€'0, Fy, (LxRZC)(eg, e3) =0,

(Lx Ric)(es, eq) = —6e 240, Fy, (Lx Ric)(eq, e4) = —120,F).

These relations (3.125) give the necessary and sufficient conditions for X to be a Ricci
collineation on Sol3. Solving them under the assumptions of Theorem 1.5 yields the stated
form of X given in (1.6).

Now, to prove Theorem 1.5(b), we compute the Lie derivative of the curvature tensor R
in order to determine the curvature collineations. Using (2.15) and (2.23), we obtain the

following equations:
(LxR)(el, €2, 61) = ( — et(ayFl + 8;5F2)>61 — 3<6tayF3) €3

—2<F4 — D, F)es, (3.126)
(LxR)(e1,e2,e2) = (2(F4 — etayF2)>61 + 3<et6IF3> es3
+(6t(8yF1 + axF2)>ez, (3.127)
(LxR)(e1,ea,e3) = — (2et8yF3 + e—%ang) el + (e_QtazFl + Qetang),) e, (3.128)
(LxR)(e1,e3,e1) = (2(6_2t5ZF1 — etaxF3)>el + 3(6_2t82F2) €9

4 <F4 - etaxF})eg n 3(6_2t82F4) e, (3.129)

(LXR)(el, es, 62) = — (2€t8yF3 + 6_2taZF2>61 —2¢! (8yF1 + (9ng> €3, (3.130)

(LxR)(e1,e3,e3) = —4(e*2t8zF3 + 2F4) e1 + 6<et8xF4> e4

+2 (atang - e_2t8ZF1) es, (3.131)
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(LxR)(e2,e3,e3) = —4 (C_Qtang + 2F4> e + 6<€t<9yF4) €4
—2(67%8;;172 - etayF;;)eg,

(LxR)(eg, €4, 62) = —<8tF2 + I + etﬁyF4) €2 — 3(8151'73 - 2F3)€3
—2<F4 — etang) €4,
(LxR)(ez,eq,e4) = —2(3,5F4) eg — 3et ((%Fg)@g
+ (0P + Py 4 €0, Fy e,
(LxR)(€3, €4, 61) = 2(8,5F1 + Fi — 2€taxF4> €3 + ( — 4€taxF3 + 6_2tazF1)64,
(LxR)(eg, ey, 63) = 6<8tF1 + F1>€1 + 4(875F3 — 2F3 — 672tazF4>63

+6 (F2 + Oth)eg - (8(6_2t0zF3 + 2F4))€4,

(LxR)(es,eq4,e4) = 3(672’&82}71)61 + 3(67%82172) ey — 8<8tF4> es

—|—4( - (ath — 2F3) + e_2t82F4) €4.

(3.132)

(3.133)

(3.134)

(3.135)

(3.136)

(3.137)

Solving the above system of partial differential equations by setting all coefficients of the Lie

derivative to zero, we find that the curvature collineation are given by (1.7). Thus the proof

of Theorem 1.5 is complete.

g

Proof of Theorem 1.6. Let X = Fiey + Faes + Fzesz + Fyeq be a smooth vector field
on the Lorentzian Lie group Solg, where Fy, F, F3, Fy are infinitely differentiable real-valued

functions on Solé‘. The Energy momemtum tensor T' = Ric — (3)g is:

30 0 0
03 0 0
00 -3 0
00 0 =3

Using (2.15), we compute the Lie derivative of the energy-momemtum tensor 7" with

respect to X for each pair of basis vectors {e;}, obtaining:
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((LxT)(e1,e1) = —6[Fy — 'O, F1],
(LxT)(e1,e2) = 3e' [0, F> + 0, F1],
(LxT)(e1,e3) = 3[6_2t82F1 —e'0, 1),
(LxT)(e1,e4) = 3[0Fy + Fy — €'0, Fy],
(LxT)(e2,e2) = —6[Fy — "0, Fy),

(3.138)
(LxT)(e2,e3) = 3[—e'0yF3 + e~ 20, Fy),
(LxT)(ea,eq4) =3[0 Fo + Fy — etayF4],
(LxT)(es, e3) = —6[e 210, Fy + 2Fy],
(LxT)(e3,eq) = —3[0:F3 — 2F3 + e 20, Fy],
(LxT)(eq,e4) = —60,Fy.

These relations (3.138) give the necessary and sufficient conditions for X to be a matter

collineation on S olé. Solving them under the assumptions of Theorem 1.6 yields the stated

form of X given in (1.8). O
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Abstract. In this paper, we have characterized the bi-complex matrix transformations
on ¢,(Cz) space. We provide the necessary and sufficient requirements for an infinite bi-
complex matrix to belong to B(¢2(Cz),¢2(C2)). Additionally, we study when an infinite
bi-complex matrix transforms ¢1(Cz) into £oc(C2) and provide a counterexample for the
converse statement. We also provide some non trivial examples to support our claims.
Keywords: Bi-complex numbers, Cq-linear operators, Characterization of matrix classes,
p-Absolutely summable sequences, Sequence spaces.
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1. INTRODUCTION

The concept of bi-complex numbers are four-dimensional vectors that can be recognized
similarly to complex numbers, which are two-dimensional vectors. Bi-complex numbers were
initially developed using pairs of complex numbers. Why were bi-complex numbers used?
What are their advantages and disadvantages? In order to answer those questions, the
notion of bi-complex numbers was introduced by Segre [14]. The work of Price [12] contains
a detailed review of the bi-complex space. In recent years, many authors [1, 2, 3, 5, 6, 7, 8,
9, 10, 11, 12, 13, 15] have studied bi-complex numbers. Their theory finds applications in
various fields of mathematics and physics, such as electromagnetic theory, fluid dynamics, and
special relativity. Now, it has become a subject of research in both physics and mathematics,
attracting significant interest from researchers because of its numerous applications in various
domains of mathematical sciences and related disciplines.

Throughout the article, we denote the set of all bi-complex sequences by w(Cs).
Segre [14] defined the bi-complex number as follows:

2z =wi + jwy = (a+ib) + j(c+id) = a+ib+ jc+ijd,

where wy,ws € C(i);a,b,c,d € R and i? = j2 = —1,ij = ji.
Here we consider C(i) as the set of all complex numbers with imaginary units .
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The set of bi-complex numbers C, is defined by
Cy ={z =w1 + jwy : w1, wy € C(3)}.

The four idempotent elements in Cy are 0,1, e; and ey, where e; = 1';” and ey = 1_2”.

Every bi-complex number z = w; + jws can be uniquely expressed as complex combination
of e; and ey as follows;
Z = a1€1 + ages,
where op = w1 — w9 and ag = wy + ws.
If we consider the two bi-complex numbers z = o/lel + O/Qeg and w = all/el + ageg, then we

have the following:
ztw = <oz/1 :I:o/{) e1+ (aé:l:ag) e,
2w = (o/lo/l/) e; + (a;ag) €s.
A function || - [|c, : C2 — RT U {0} such that
Izlle, = VIwil? + fwal?
| [? + [z

is a real valued norm on Cy, where z = wy + jws = aje; + ages.

This norm satisfies the following properties:
lzwlle, < V2[|zlic; wlic, and ||z £ wle, < |I2lle; + lwlic,-

With the above norm, Cs forms a modified Banach space.

Let (X(Ca), || - [[x(c,)) be any bi-complex sequence space, then X (Cy) can be written as
X(Cy) = X1(C)er + X(C)ez, where X1(C) = {(&k1) : € = (&) = (Ekp€1 + &k 2e2) € X(C2)}
and X3(C) = {(&k2) : & = (&) = (k101 + &k 2e2) € X(C2)} and the norm || - || x(c,) is given
by

1
fexcen = 5y (1l o)+ Pokelie)

where || - ||x,(c) and || - [ x,(c) are the norms over the spaces Xi(C) and X3(C), respectively.
Again, if (Y/(C), | - ly(c)) is any given complex sequence space, we can always define a bi-
complex sequence space (Y (Ca), || - [ly(c,)), where

Y(Cy) = {f = (&r1e1 + &r2e2) : k1), (Ckp2) € Y(C)} and the norm is given by

1
levien = 5y (I e+ ol o)

Let A= [@nk] be an infinite matrix of bi-complex numbers @, where
App, = CLILk(fl + aikez, aLk, aik € C(3), for all n,k € N.

Then the matrix A can be uniquely written as A = Afe; + Afey, where Al = [ailk] and
At = [aik] are infinite matrix of complex numbers.

Now, for any sequence & = (&) = (§,1€1 + &k2€2) € w(Cy), we obtain the sequence A\f, the
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A-transform of &, in the following way;

k=1

(al o1 + alpe)(Errer + Exzea)

I
e

k=1

g

= (aj@kﬁk,lel + aikfhgeg)

£
Il
—

o0 o0
= € Z a:[bk,fk,l + eo Z aik£k12' (1.1)
k=1 k=1

Therefore,

(A&)n = (AT 1)ner + (AT 2)ne2
provided both the series on the right hand side of (1.1) converge for each n € N. In this way,
we transform the Cy-sequence £ into the Cs-sequence ﬁﬁ .

Let w1 (C2) and wo(Cy) be any two bi-complex sequence spaces. For any sequence £ € wq(Cs),

if A¢ exist and is in wo (Cq), then we say that A defines a Co-matrix mapping from w; (Coq)
into w2(Cy). The class of all Cy-matrices A which transform every sequence £ € wi(Ca)
into wa(Cy) is denoted by (w1(Ca),w2(Cz)). In additionally, it can easily be verified that this

transformation is linear. For more details one may refer to [5].

Definition 1.1. [4]

£xlC2) = {€ = (6) € w(Ca) sup el < o0
keN
6(Co) = {5 = (&) € w(C2) : Y &kl < OO} , 0<p<oo.
k=1
Lemma 1.1. [4] £(Cy) is a Banach space with the norm || - ||s (c,) defined by

[€lles(e2) = sup ligklcs, for all &= (&) € loo(Ca).
€

Lemma 1.2. [4] For 1 < p < o0, £,(Cs) is a Banach space with the norm | - ||, (c,) defined
by

1€lle, o) = <Z !&H&) , Jor all € = (&) € £,(Ca).
k=1

Lemma 1.3. [4] (Bi-complex Holder’s Inequality) Let p and q be two real numbers with
1 < p < oo such that % + % =1 and &,n, € Cy, for k € {1,2,3,...,n}. Then

> NIk mllc, < V2 (Z H§k|1%2> <Z H%H%Q) -
k=1 k=1 k=1

Lemma 1.4. [4] (Bi-complex Minkowski’s Inequality) Let p be a real numbers with 1 < p < 0o
such that &g, my, € Co, for k € {1,2,3,...,n}. Then
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D=

S(Z\&Hé’;z) +<ZH%II€:2> -
k=1

k=1

(Z 1€k + ﬁk’\&)
k=1

Theorem 1.1. [10] Let A = [ani] be an infinite matriz satisfying the condition

o0
supz |ank]? < oo.
k

n=1

o0
Then A € B(ls,€3) and ||A| = sup 3 |ank|?.
k n=1
Theorem 1.2. Let A = [ani] be an infinite matriz such that A € B(l2,l2). Then, the
o
bounded linear transformation A assigns a matrix A = [ank] such that (Ax), = Y. ankTk,

k=1
for every x = (xy) € lo. In addition, the following condition is satisfied:

o0
Z lank|? < o0, for all n e N.
k=1

Theorem 1.3. [10] Let A = [ank] be an infinite matriz. If Y |ank| < oo, for alln € N and

k=0
[e.e] o0
lim > |ank| =0. Then Y |ank| is uniformly convergent in n € N.
n—00 7 —

Theorem 1.4. Let A = [an] be an infinite matriz. The necessary and sufficient condition

(o]
for the matriz A € B({1,0,),1 <p < o0 issup » |apk|P < o0o.

n=1

Theorem 1.5. Let A = [an] be an infinite matriz satisfying the condition sup |ank| < oo,
n,k

then A € B({1,0).

2. MAIN RESULTS

In this section, we establish the main results of this article.

Theorem 2.1. Let A = [ank] be an infinite bi-complex matriz where Gy, = aLkel + aikez,
for alln,k € N. If A = Ale; + Ate, € (X(Cq),Y(Cyq)), where X(Cq) = X1(C)ey + X2(C)ea
and Y (C3) = Y1(C)ey + Y2(C)ez. Then AT € (X1(C),Y1(C)) and At € (X5(C), Yo(C)).

Proof. Given that A = Ate; + Atey € (X(Cy), Y (Cs)). We have, for any sequence £ = (&) €
X(Cy), where & = & 1€1 + &k 2e2, for all k € N; (1) € X1(C) and (§2) € X2(C), which
implies that A¢ € Y (Cy) = Y1(C)ey 4 Y2(C)es.
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Then,

(A\f)n = Z ankfk

k=1

(al o1 + alpea)(Erier + Exoea)

[ T[]e

(aikﬁmm + aik&f’?e?)

k=1
= Z(aikfk,l)el + Z(aikﬁk,z)ez. (2.2)
k=1 k=1

Since, both the series of the right hand side of (2.2) are convergent, So we have
(Ef)n = (ATf)nel + (Aig)n€2=

where Alé = (i’f <aLk5k,1>) € Y3(C) and Al¢ = (f <a?,ik5k,2>) € Y5(C).

k=1 k=1
So, AT transforms the sequence (&1) € X1(C) to the space Yi(C) and A} transforms

the sequence (£;2) € X2(C) to the space Y5(C). Hence, AT € (X1(C),Y1(C)) and A* €
(X2(C), Y2(C)). O

Theorem 2.2. Let A = [ank] be an infinite bi-complex matriz satisfying the condition

M|, = Sup - lankll?, < 0o. Then A € B((2(Ca), £2(C2)) and | Al = [ M]c,.
n=1

Proof. We know that

(o9}
1M |lc, = s%pz [Grl|Z, < o0

n=1

(o]
= supz HaLkel + aikeg||(2c2 < 00

n=1
o) 1 2
T2 I
—supz<\/ank| +|ank|> < 00
n=1 ﬂ

This implies,
o0 o0
M, = SUPZ |a;rlk|2 < oo and My = supz ]aik|2 < oo.
k k

n=1 n—1
Then by Theorem 1.1, we have AT, A' € B(fy,43) and ||At|| = My, | A*| = Ms. Hence,
A= Afe; + Aley € (£2(Cy),l2(Cq)) and it is clear that A s Csy-linear.
Now, we have to prove that A is a bounded linear operator on ly(Cy).
As AT, A* € B(f3, (), we can write

IATE g, < K1llé1lle, and [|A*Eolle, < ka2l
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where &1 = (1) and &g = (€k2) € Lo
We have,

~ 1
18ellesica) = /141G, + 4t6l,

1 9 9 2 2
< ﬂ\/kl 161117, + k2"[1&2117,

k / 2 2
< ﬁ |’§1||g2 + ||€2H£2, where k = max{kl,k:g}.

Thus, [|A&|ley(co) < EllElles(co)-
On the other hand, if we take
M = Myeq + Maes,

we get
~ 1
Al = — /|| A2 + || A2
1A]l 7 [AT][2 + [|A%]
1
=7 M7+ M5 = [|M]c,.

g

Note: The necessity of the stated condition cannot be relaxed. To illustrate this, we
consider the following counterexample. The counterexample below shows that if the condition
is relaxed, the conclusion no longer holds. In particular, the matrix A= (Gnk) does not belong
to B(l2(Cy), ¢2(C2)) because it fails to satisfy the required condition.

Example 2.1. Consider the matriz A = (@), where

i el +eg 0 ... 0...]
%61+%62 0
%614-%62 0

o)
|

@)
)

Jre1+ e

Here, for the first column of the matrix A\, we have

i le—l— le i

—=€1 T —=€2

n=1 n \/ﬁ Co
=2 n N

e

a 2\n n
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So, this matriz does not satisfy the given condition.
Now, ey = (1,0,0,...) € lo(Cy). Then

e1 + e 0 ... O... M e1 + e
%614‘%62 0O ... O... 0 %614—%62
R %614-%62 0O ... 0...]1]0 %614—%62
Aey = ) ) = .

ﬁel + ﬁeg ﬁel + ﬁ@Q

But (61 + ea, %61 + %62, %61 + %62, ﬁel + ﬁez, ) ¢ EQ(CQ).

Theorem 2.3. Let A = [@nk] be an infinite bi-complex matriz such that Ac B(5(Cyq), l2(Cy)).
Then the bounded linear transformation A assigns a matriz A = [@ny] such that

(e e}
(A)n =Y @nkbs, for every & = (&) € £o(Ca).
k=1
In addition, the following condition is satisfied

oo
Z ||Clnl<:||(2c2 < oo, foralln e N.
k=1

Proof. Consider the bi-complex sequence (e;g) defined as e}C = (0,0,...,e1 + €2,0,0,...) =

6261 + eieg, is a basis for ¢5(Cy), where eL = ei = (0,0,...,,1,0,0,...), (6;2), (e,ic) is a basis of

ly. Therefore, for any sequence £ = (&) € ¢2(Cs) such that

§= Z Epey = < Z §k71€;2) er + <Z sz,2€i> €.
k=1 k=1 k=1

Since, A is a Ca-bounded linear transformation, we have

Ag =g Ay
k=1

On the other hand, since, ¢, € £5(Cy), for every k € N. By hypothesis
Aey, = (G1g, Aoy - Gk, --) € La(Ca).
This implies,

lankllcs = J5\/lahyl? + lak, /2.

[anli2, =3 (labil® +1ak,l?)

For the next part, since

So

<lal, |2+ |at, |2,
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Taking summation on both sides, we get

o0 (o] (o @]
S llankl2, < D labyl? + > lah, >
k=1 k=1 k=1

Then by Theorem 1.2, we can write
o0 oo
Z |ajlk|2 < oo and Z |aik|2 < 0.
k=1 k=1

o
Hence, > HankH%Q < 00, for all n € N. This completes the proof. O
k=1

-~ o0
Theorem 2.4. Let A = [a,] be an infinite bi-complex matriz. If > ||ank|c, < oo, for alln €
k=0

o0 o0
N and lim Y ||[@nkllc, =0. Then Y |[ankllc, is uniformly convergent in n € N.
0 =1 k=1

Proof. Given that

> Nankllc, < oo, for each n € N,

k=0
1 o0
= 72 |CLLI§!2 + ]aik|2 < 00, for each n € N
k=1

(o.9) oo
= Z |ailk| < oo and Z |aik\ < o0, for each n € N
k=1 k=1

where
~ % 1
Qnk = Q€1 +a,€2.

Since le > |l@nkllc, = 0, then for all € > 0 there exist N(¢) € N such that

o0
> lankllc, < &, for all n.> N(e).
k=1

As, |ank| < == \/|ank\2+|ank|2<5and |ank| < == \/\ank|2+|a |2 <e.
Then, hm Z |ank\ =0 and hm Z |ank] =0.
Then using the Theorem 1.3, there ex1st M;(e) and Ma(e) such that

al | <= and at | < E, for all n € N.
kZMl kZMZ
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Take M = max{M;, Ma}. Then for all n € N,
- 1
D Namle, = = 3= Vlalel + la, P
k>M k>M
1 1
< = D lall+ o= D lal
V2 k>M V2 k> M
< D lalil+ X lay
k>M k>M
< ELE_,
-2 2 7
Hence, the theorem is proved. O
Theorem 2.5. Let A = [ank] be an infinite bi-complex matriz. Then the necessary and

sufficient condition for the matriz A € B(f, (C2),£p(Cs)),1 < p < o0, is that

oo
sup 32 [, < oo.
k n=1

Proof. Necessity: Let us assume that A € B(£1(Cs), 0,(Cy)). i.e., A is a Co- bounded linear

transformation from ¢;(Cs) into £,(Cs).

o0 o0
We have to prove that sup Y [|@nll¢, < oo or 3 [[auk¢, < oo, for all k € N.

n=1 n=1

Consider the bi-complex sequence (e},) defined as e, = (0,0,...,e1 + €2,0,0,...), for each

k e N.
Then, Ae) = (Qix, G2k, @3k, .., Gnk, --..), which is the k-th column of A.
Now gez € (,(Cy), then ng;{ng(Q) < o0o. This implies that
1
o] ) o]
(Z Hankﬂ&) < oo, forall ke N= supz [@nkllE, < oo

n=1 k n=1

Hence, the necessary condition is proved.

Sufficiency: Let A = [@nk] be an infinite bi-complex matrix such that

oo
M = Supz [@nk|lE, < 00,1 <p < oo

n=1

Let & = (&) be any sequence in ¢1(Cs), then

I€llesca) = D Néklic, < oo.
k=1
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Now,

¢

£5(Ca2) (nzl

n=1
1
0o 00 P
<> (Z )P [[@nk I H&k\l&)
k=1 \n=1

o9 o) %
=> V2 &%llc, (Z Hankyy{é2>
k=1 n=1

oo
1
<V2MP Y |éklic, < oo

This implies that Eﬁ = ( > ankgk) € 1,(Cy), ie., A transforms any sequence in ¢1(Cy)
k=1 n

into the space £,(Cs), for 1 < p < oco. Also, it is clear that A is a Cy-linear transformation.
However, HEngp(CQ) < \/iM% €14, (c,)- This implies that A is a Cy-bounded linear trans-
formation from ¢;(Cs) into £,(Cs).

Hence, A € B(41(Cy), ,(Cy)). O

Note: The above condition can not be relaxed. For this we consider the following example.

Example 2.2. Consider the matriz A = (ap;), where

€1+ eo e1 + e e1+eg...
1 1 1 1 1 1
5€1+ 562 5e1+35€e2 ... e+ 5ex...
1 1 1 1 1 1
- §€1+§€2 §€1+§€2 §€1+§€2...
A= . . .
1 1 1 1 1 1
5614—;62 E€1+E€2 561—1—562...

For any column of the matriz }1\; we have

oo

D

n=1

1 1|

—e1 + *62
n

g2 <2> <n>
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o0
If p=1, then ) ni = oo. Thus the matrix does not satisfy the given condition. If we take

P

n=1
&= (e1+e2,0,0,..) € £1(Cy), then we have

~ 1 1 1 1
A€ = (61 + eo, 561 + 562, vy —€1 + 562, ) , does not belong to £,(Cs).
n

This implies that A ¢ B({1(Cy), £,(Cy)).
However, if we take 1 < p < oo, then Y # convergent.

n=1

Therefore, the matriz A satisfies the given condition, i.c., A € B(t1(Cy), £,(Cy)).

Theorem 2.6. Let A = [ank| be an infinite bi-complex matriz satisfying the condition

sup ||@nk|lc, < oo, then A € B(t1(Cy), £so(Cs)). The converse, however, is not true.

n,k

Proof. Let A = [d,;;] be an infinite bi-complex matrix such that

M = sup |[ank|lc, < oo.

n,k

(o)

Let £ = (&) be any sequence in £1(Cz), then [|£]ls, (cy) = 22 I€kllc, < oo
k=1

For all n € N,

o0 oo
> G < Y ll@wélic,
k=1 Co k=1
oo
< \/§Z||ank”@2”€k”@2
k=1
<

V2)  M|&llc,
k=1

< VM)l
k=1
= V2M|l¢]le, ey < oo

Therefore, sup
n

< \/§M||§H41(<C2) < 0o and hence, A¢ € (o(Cy). Also, it is
Ca
clear that A is a Cs-linear transformation.

On the other hand, Hﬁ{HZOO(Q) < \/§M\|f||gl(c2), for all £ € ¢1(Cy), this implies that A is a
Cy-bounded linear transformation from ¢1(Cs) into £ (C2). Hence, Ac B(t1(Cq), £so(Ca)).
This completes the proof. O

& ~
E ankfk

k=1

For the converse part, consider the following example.



230 S. MUHURI, B. C. TRIPATHY, AND K. DAS

Example 2.3. Let A = [d,;] be a infinite matriz bi-complex matriz such that

-61 + e2 0 0 0...
0 2e1 + 2e9 0 0...
. 0 0 3e1+3ey ... 0...
A= . . .
0 0 0 ... ney+nes...
Here,
lannllc. = [lner + nezlc,
1
= —\/n?2+n?
V2
1
= —V2n?
V2
= n.
Then,

sup [|ank(|c, = oo.
n,k

But we can show that, A € B(£1(Cs), lso(C2)).
For any sequence £ = (&,) = (§n,1€1 + &n2e2) € £1(Ca), we have

oo
1€llexic) = D naer + &nealle, < oo
n=1

Therefore,
lim [[€n1e1 + &n2€2(lc, = 0.
n—oo

This tmplies that, for some real number ¢ > 0 and for n € N, we have

¢
l€n1€1 + Enzezllc, < ol

Thus, A¢ = ( > Zinkfk) = (a,,&). To show AE = (a,,,&n) € Loo(Cs), we have to show that
k=1

Sup [[apnénllc, < oo.
n

Now,
lannénlle, = [l(ne1 +nea) - (€nier + Enzea)llc,
< V2|ner + neslc, [|énae1 + Enzealic,
1 c
S \/5‘5\/”24’”2'?
V2¢
=

Therefore, Eg € l(Cy). It is also easy to show that A is Co-linear and bounded transfor-
mation from £1(Csy) into so(Ca). This implies that Ae B(l1(Cy), lx(C2)).
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Theorem 2.6 gives only the sufficient condition for an infinite bi-complex matrix A € B(£1(Cs), loo(C2)).

In the following theorem, we establish the necessary and sufficient conditions for an infinite
bi-complex matrix A such that A € B(l1(Cs),450(Cy)).

Theorem 2.7. Let A = [ank] be an infinite bi-complex matriz. Then the necessary and

~ o0
sufficient condition for the matriz A € B(£1(Ca),lx(Cs)), is sup > ||ankllc, < oc.
n k=1

Proof. Necessity: Let A = [ank] be an infinite bi-complex matrix such that A € B(t1(Cy), (o (C2)).
oo

Let & = (&) be any sequence in ¢1(Cs), then M1 = Y [|&k]lc, < oo.
k=1

~ o0 ~ 00
Thus, Af = Z 6nk§k c E(X)(CQ) i.e., HA&H@OO(CQ) = sup‘ Z ankfk < 0.
k=1 n

k=1

(62
Now, for any n € N,

oo oo
> A < Y l@nnéellc,
k=1 Co k=1
o0
< V2 l@nklic,lléklic,
k=1
o
< V2Y My fanklle,
k=1
o
< V2-M,; Z |@nkllc, < oo, for all n € N.

k=1
o0
This implies that, sup > ||@nk|lc, < oo.
n k=1

Sufficiency: Let A= [ank] be an infinite bi-complex matrix satisfying the condition
oo

My = sup ) |[@nkllc, < oo.
n k=1

Let & = (&) be any sequence in ¢1(Cs) such that Y [|&kllc, < oo.
k=1

To show ﬁg = > @il € Loo(Cy), we have to show that

k=1
o0

> ks
k=1

HESHZOO((CQ) = sup < o0.

(62

Now, for any n € N

oo o0
> e < V2) lanklle, llgklic,
k=1 Cy k=1

oo

< Va LY e, < oo

k=1

oo o~ ~
This implies that, sup || Y @ik < V2 Myll&klley(cy) < 00. ie., AE € £(Cy). So, A
n k=1 Co

transform every sequence of £1(Cz) into £+ (C2). Also, it is easy to show that Aisa Co-linear
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transformation.

On the other hand, since || A¢||,(c,) < V2 - Mal|€]ls(cy), for all € € 61(Cy).

Therefore, A is a Co-bounded linear transformation from ¢;(Cs) into £, (C3). Hence, A €
B(¢1(Cq), £ (Cy)). This completes the proof. O
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A NOTE ON CONNECTED POWER DOMINATION OF CERTAIN
CLASSES OF GRAPHS

SHIRLEY GRACE S AND SATHISH KUMAR K *

Abstract. The efficiency of monitoring the electrical power systems can be optimised with
the use of Phasor Measurement Unit (PMU). A complete monitoring of the network can
be effectively implemented through the power domination problem, downsizing the count
of PMUs. In this paper, we present a detailed study on the Connected Power Domination
(CPD) of a graph, a variant of power domination with an additional constraint of being
connected. Tight upper bounds on the Connected Power Domination Number of a graph
G, denoted 7, (G) are established and also the nature of the CPD set of unicyclic graphs is
explored. Further, this study gives the exact -, c-set for certain classes of graphs including,
Grid graph, Join of graphs, Kragujevac tree and Honeycomb network.

Keywords: Connected Power Domination, Connected component, Unicyclic graph, Pen-
dant path, Grid graph, Join of graphs, Kragujevac tree, Honeycomb network

MSC (2020): 05C69, 05C40.

1. INTRODUCTION

The need for real-time monitoring and having control over their vast network led the
electrical power companies to opt for the use of PMU placements in their networks. These
units give a greater understanding of the network performance, which includes the voltage
measure and phase angle measure. Taking into account the excessive maintenance cost of
the PMUs, the aim is to downsize the quantity of PMUs used. The optimal PMU placement
(OPP) problem first appeared in the literature in the early 90’s and was widely explored
in [1, 5, 6, 15, 16]. This problem was then parametrized into a graph theoretical problem
by Haynes in 2002 [13], by associating the vertices of the graph with electrical nodes and
the transmission cables with edges. Here, the aim is to find the minimum number of PMU
locations to monitor the entire network.

The above discussed problem was formally defined as follows: Let G be the graph model of
the given electrical network and let S denote the PMU locations. In line with Ohm’s law
and Kirchhoff’s current law, the system operates with simple monitoring rules as outlined
below.
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(1) The set S is monitored along with its neighbors and incident edges (Ohm’s law)
(2) If a vertex has exactly one unmonitored neighbor, then that neighbor is also monitored
(Kirchhoff’s current law)

The OPP problem is closely associated with two widely recognised problems, the domination
problem and the vertex colouring problem.

Furthermore, in order to improve the smooth operation, response time and efficiency of the
system, the electrical power companies might consider including the constraint of positioning
the PMU units in a confined and interconnected environment. This added constraint allows
the benefit of reduction in the number of processing hubs and data collection infrastructures
required. This inspired the problem of Connected Power Domination (CPD), a variation of
power domination, where the minimal Power Domination Set (PDS) is required to induce a
connected subgraph. Moreover, the CPD of a graph cannot be computed in polynomial time
as it is NP-complete to find the PDS of a general graph [4]. Nevertheless, it is polynomial-time
solvable for restricted classes such as chain graphs and threshold graphs [10]. Furthermore,
the CPD problem has been studied for certain product graphs [§].

2. PRELIMINARIES

The study includes only connected, finite, undirected and simple graphs. For a simple
connected graph G = (V, E) with |V (G)| = n, the set V' comprises of all the vertices and the
set E includes the edges of the graph. The adjacency of the vertices (neighbors) is justified
by the existence of the edge between them and is denoted by v ~ w. Given any arbitrary
vertex u, the open neighborhood of u, N(u) consists all the adjacent vertices of u, whereas
u along with N(u) makes up its closed neighborhood N[u]. The open neighborhood of the
set S is the collection {N(w)|w € S} and {N[w|lw € S} is its closed neighborhood. The
degree of u, denoted by d(u), refers to the cardinality of N(u), with degree one vertex being
referred to as pendant (leaf) and the vertex with |N(u)| = n — 1 as universal vertez. The
mazimum degree A(G) of a graph is obtained by maz{d(u)|u € V(G)} and the minimum
degree 6(G) by min{d(u)|lu € V(G)}. The distance between two vertices u,v € V(G),
denoted d(u,v), is the length of the shortest u — v path in G. The diameter of G is given
by diam(G) = max{d(u,v)lu,v € V(G)}. The isomorphism between two graphs G; and
G is symbolised by G; = G;. w(G) denotes the number of connected components of G.
Considering any subset S C V(G), G[S] represents the S-induced subgraph of G, constructed
with the vertex set S and the edges that have endpoints in S. A graph having precisely one
cycle is termed as an unicyclic graph. A spider is a tree in which only one vertex, called
the branch vertex is of degree greater than 2. Let K,, K, n, Win,S1,, and By, , denote
the complete graph, complete bipartite graph, wheel graph, star graph and bistar graph,
respectively. Helm graph H,,, is obtained by adjoining a pendant vertex to all the vertices
in W1, except the central vertex. Kayak paddle K P(k,m,l) is obtained by adjoining two
cycles C and C), by a path of length [ [7].

Given any subset D C V(G), D is the dominating set of G provided that N[D] is equivalent
to V(G). The domination number of G, denoted by (G), is the cardinality of the smallest
dominating set of G [12]. In addition, if G[D] is connected, then D is called the connected
dominating set (CDS), where 7.(G) denotes the cardinality of the minimal CDS of G [17].
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In 2002, Haynes et al. [13] formulated a new variation of domination, called the power
domination. The set S is called the power dominating set of G if all the vertices are monitored
by S, adhering to the rules provided below.
(1) Domination: Initially N[S] is monitored
(2) Propagation: For any monitored vertex u, if N|u] — w is monitored, with w € N (u)
then w is also monitored

The power domination number symbolised by 7,(G) is the minimal cardinality of all such
PDS. In this article, we discuss in detail a variant of power domination called the Connected
Power Domination (CPD).

Definition 2.1. [4] For a connected graph G = (V,E), a set S. C V(QG) is a connected
power dominating set (CPDS) of G if S. is a PDS and G[S.] is connected. 7, .(G) denotes
the connected power domination number of G, which is the order of the smallest CPDS by

cardinality.
Vi V2
V3 V4
Ve
Vs \4
\L Vo Vio
Vi1 Vi2 Vi3 Vig
Vis Vie Vi7
Vig V20
Vig
Va1 V22
V23 V24

FIGURE 1. A graph G with connected power dominating set

Figure 1 gives a clear demonstration of the CPDS of the graph G. Here, the entire
graph can be power dominated by the set S = {wvs,vi9}. However, to incorporate the
constraint of connectedness, it is necessary to extend the set S by including the vertex
v1g, resulting in the minimum CPDS being S. = {vs,vis,v19}. We further observe that,
the minimum dominating set is D = {wva,vs,v9, v18, V20, v23} and the minimum CDS is
D. = {v2,v4, v5,v6, V8, V9, V18, V19, V20, V21, V23 }. Thus, 7,(G) = 2, 1.c(G) = 3, v(G) = 6
and 7.(G) = 11.

For any connected graph G % P,, consider a vertex u € V(G) of degree greater than 2. A
pendant path incident to a vertex u, is a maximal set P of V(G) such that G[P] is a connected
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component of G — u, which is a path. One of the end vertices of P is adjacent to u. The
vertex in P N N (u) is the base of P. Let p(u) denote the number of pendant paths incident
to u [3]. Further, we define

Z1(G) ={u e V(G) |p(u) =1 and w(G —u) =2}
P5(G) ={ueV(G)|p(u) =0and w(G — u) = 2}
P3(G) ={u e V(G) |w(G—u) > 2}
Z4(G) ={u e V(G) | d(u) = 1}

(@)

3. BOUNDS ON THE CONNECTED POWER DOMINATION NUMBER OF A GRAPH

In this section, we establish bounds on the connected power domination number for general

graphs. Furthermore, we study its behaviour for certain unicyclic graphs.
Proposition 3.1. [17] For any connected graph G, v(G) < 7.(G).
Proposition 3.2. [13] For any graph G, 1 < v,(G) < ~(G).

Lemma 3.1. [4] Let G = (V,E) be a connected graph different from a path and R be an
arbitrary connected power dominating set of G. Then M(G) C R.

Lemma 3.2. [4] Let G be a graph different from a path. Then, no minimum connected power

dominating set of G contains a leaf of G.
Theorem 3.1. [4] Let T be a tree. Then, v, (1) = max{1, |[M(T)|}.

Theorem 3.2. For any graph G, vp(G) < 7p.(G) < 7:(G).

Proof. Let G be a graph with n > 2 vertices. Let D, D., S and S. denote the minimal
of dominating set, connected dominating set, power dominating set and connected power
dominating set of GG respectively. By the definition of connected power domination, we have
S. = SUX, where X C V(G) such that G[S U X] is connected. If X = (), then S, = S and
if X # (0, then |S;| > [S|. Thus, 7,(G) < ¥p,c(G). Note that, S and X are mutually disjoint
sets, thus |S¢| = |S| + |X|. Similarly, D, = DUY, where Y C V(G) such that G[D UY] is
connected. Thus, |D.| = |D|+ |Y|. From Proposition 3.2, we know that |S| < |D|. That is,

|Se| = [X] < [Def = Y] (3.1)

To claim that, |S.| < |D.|, we consider the following cases.

Case 1: If X =Y =, then eqn. 3.1 implies |S.| < |D,|.

Case 2: Let X =0 and Y # (. From eqn. 3.1, we have |S;| < |D.| — |Y|. Note that |Y| > 0,
thus [S¢| < |D.|.

Case 3: When X # () and Y = (), we have |S,| — |X| < |D,|. Suppose, |Sc| > |D,|. Then, we

have
|Sel = | X[ > |De| — |X]
= |S] > [Dc| - [X]
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a contradiction, since |X| > 0 and |S| < |D| < |D,|. Therefore, |S;| < |D,|.
Case 4: Let X # () and Y # (). Suppose, | X| < |V, then,

|Se| = [X] < [De| = Y]
= |S|+ Y| < |D.|
= S|+ |X|+k < |D.| (since|Y|=|X|+ k, for some k)
Therefore, |S.| < |D,|

Suppose, | X| > |Y], then it is easy to claim that, |S.| < |D,|. Hence, v,.(G) < 7.(G).

g

Theorem 3.3. Let G be a graph of order n > 3 with no universal vertex. Then vy .(G) <
n—A(G)—1.

Proof. Let t be a vertex of maximum degree A(G) in G. Construct a spanning tree T of G
such that every neighbor of ¢ in G is also a neighbor of ¢ in T'. Let N (t) denote the neighbors
of tinT.

Case 1 : Suppose all the vertices in the set V(T') — {t} is of degree one or two. Define
V(T)—{t} = XUY,where X = {v e V(T')—{t} | d(v) =1} and Y = {v € V(T)—{t} | d(v) =
2}, IfY = 0, then A(G) = n — 1, a contradiction. Therefore, Y is a non-empty subset of
V(T') — {t}. In order to construct a connected power domination set, consider the vertex
t € T. Note that this vertex dominates all the vertices of N(¢) and the remaining vertices of
V(T) — N|[t] are power dominated by ¢, as they all belong to a pendant path with base as
one of the vertices of N(t). Thus, 7,.(G) =1 <n— A(G) — 1.

Case 2 : Suppose V(T) — {t} has at least one vertex of degree greater than 2. Define
V(T)—{t} = XUYUZ, where X = {v € V(T)—{t} | d(v) =1}, Y = {v e V(T)—{t} | d(v) =
2} and Z = {v e V(T')—{t} | d(v) > 2} with |Z| > 1. Now, T has at least A(G) +|Z| leaves.
Thus, to monitor all the vertices, we need at most n — (A(G) + |Z]) vertices. Since |Z| > 1,
we have 7, .(G) <n — (A(G) + 1). O

Theorem 3.4. For any tree T 2 P, vpc(T) =1 if and only if T is a spider.

Proof. If T is a spider and let v be the branch vertex of T', then clearly {v} is a connected
power dominating set of T. Conversely, if T is not a spider, then there is a vertex w, such
that v # w with degree greater than 2. Thus, v, (T > 2. O

Theorem 3.5. For any connected graph G of order n <5, v,(G) = vp.(G).

Proof. Let G be a connected graph with n < 5 vertices. Then, A(G) < 4. Suppose the graph
G is of order n < 4, then G is either P, or C,, or contains 51 ,—1. Thus, v, .(G) = 1. When
n =5, G either contains S; 4 or A(G) < 3 =n—2. In either case v, .(G) = 1, with the latter
condition being justified by Theorem 3.3. O

Theorem 3.6. Let T be a tree of order n > 2 with diameter at most 3. Then, v,(T) =
7p7c(T).

Proof. Let T be a tree of diameter at most 3. Clearly, T" has no more than 2 vertices of degree
greater than 2. If there is only one such vertex, then T is a spider, thus by Theorem3.4,
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Yp(G) = Ypc(G). In the case where there are 2 vertices, u and v of degree greater than 2,
S = {u,v} is a power dominating set of T', since every other vertex in 7" is power dominated
by the vertices in S. Suppose u and v are not adjacent, there is a uv— path P, (n > 3) in T,
which implies that the neighbor of © and the neighbor of v not in the uv—path are at a distance
exceeding 3, a contradiction to the fact that diam(T") < 3. Thus, v,(T') = p,c(T). O

Theorem 3.7. Let T be a tree and S, be the minimum connected power dominating set of

T. Then, every vertex v € V — S is either a pendant vertex or a vertex of degree two with
p(v) =1.

Proof. For a path, the result clearly holds. Hence, let us assume that T' 2 P, and S, be the
connected power dominating set of 7. The vertices in T' can be partitioned into four disjoint
sets as P1(T), P2(T), P3(T) and P4(T). From Theorem 3.1, it is clear that S. = M(T).
Thus, the vertices in V' — S, are the pendant vertices and the degree 2 vertices which belong
to a pendant path. O

In the following results we consider unicyclic graphs G with cycle C' such that V(C) = {v €
V(G) | d(v) > 2 and p(v) = 0}.

Theorem 3.8. Let G be an unicyclic graph with cycle C and S = {v € V(C)|d(v) >
3 andp(v) = 0}. If < S > is connected, then v, (G) = |IM(G)|.

Proof. Let G be an unicyclic graph with cycle C and S = {v € V(C)|d(v) > 3 and p(v) = 0}.
Then, the only connected components of G — C' are trees different from a path. We claim
that M(G) is the minimum connected power dominating set of G. The vertices in G can be
partitioned into two distinct subsets as V(G) = X UY, where X = {v € V(G)|w(G —v) > 2}
and Y = {v € V(G)|w(G —v) = 1}. Note that X = 21(G) U P2(G) U P3(G). Clearly,
Y = V(C - 8) U Z4(G). Now, deleting the set Z1(G) U Z4(G) UV (C — S) does not
disconnect the graph G, as S is connected. Thus, M(G) is a connected set. Also, S C M(G)
initially dominates all its neighbors including the vertices in N(S)NC. These vertices, being
in V(C — S) and having degree exactly two, initiate the propagation phase, which in turn
monitors all the vertices in V(C — S). Further, let u € 25(G) C M(G) be a vertex to which
a pendant path is attached. Note that u dominates initially all its neighbors which includes
the base of each pendant paths and power dominates all the vertices in the path through
the propagation step. Also, the vertices in Z24(G) are either adjacent to #3(G) or belong to
a pendant path. In both cases, they are dominated and hence power dominated by M(G).
Thus, M(G) is a connected power dominating set of G. Therefore, v, .(G) < |IM(G)|. By
Lemma 3.1, we have [M(G)| < 7,.(G) and hence v, .(G) = |IM(G)|. O

Theorem 3.9. Let G be an unicyclic graph with cycle C and S = {v € V(C)|d(v) >
3 andp(v) = 0}. If {T;} is the family of connected components of G — C, with < S > being
connected, then vpo(G) = Y . Vp.o(Ti) + |S| + |F(G)|, where F(G) = {v € V(G)|d(v) =
2,p(v) =0in G andp(v) = 1inT;}.

Proof. If G is an unicyclic graph with cycle C' and S = {v € V(C)|d(v) > 3 and p(v) = 0},
then each connected component T; of G — C is a tree different from path. From Theorem3.1,

we have M(T;) to be the minimum connected power dominating set of 7;. Now if there
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FIGURE 2. An unicyclic graph with cycle C

is a vertex in each M(T;) that is adjacent to any vertex in S, then (|JM(T;)) U S is a

1
connected power dominating set of G. Suppose, there is a connected component T} such
that, there is no vertex in M(T}) adjacent to any vertex is S, then (JM(T;)) U S is

(2
not connected. That is, there is a vertex u of degree two in T} such that it belongs to
a pendant path in 7j but not in G. Thus, (JM(T})) U S U F(G) where F(G) = {v €

V(G)|d(v) = 2,p(v) = 0in G and p(v) = 1in T;} is a connected power dominating set of
G. Clearly, JM(T;), S and F(G) are mutually disjoint. Therefore we have, |[M(G)| <

> M) —I—Z|S| + |F(G)|. Futhermore, for every i we have M(T;) C M(G). By definition,
S C M(G) and F(G) C P2(G) C M(G). Thus, >, IM(T;)| + |S| + |F(G)] < IM(G)].
Therefore, v, (G) = Y, Vp,o(Ti) + |S| + | F(G)]. O

Theorem 3.10. Let G be an unicyclic graph of order n with cycle C, P be the set of all
vertices belonging to the pendant paths of G and S = {v € V(C)|d(v) > 3 and p(v) = 0}. If <
S > is not connected, then v, o(G) = n—|P|—maz{d(u;, wi+1)—1|u; € S,i € {1,...,|S|—1}}.

Proof. Let G be an unicyclic graph of order n with cycle C' and P be the set of all vertices
belonging to the pendant paths of G. Since S = {v € V(C)|d(v) > 3 and p(v) = 0}, the only
connected component of G — C' are trees not isomorphic to P,. Therefore, the vertex set of
G can be expressed as

V(G)=V(C-S)UM(G)UP (3.2)
Note that, the sets V(C — S), M(G) and P are mutually disjoint. Given that, S is not
connected, there is a vertex, say w in S, such that the shortest path between u and S — {u}
has at least one vertex of the set V(C — 5). Now, label the vertices in S as u1,ug, ..., ug
in a clockwise manner. Then, d(u;,u;+1) — 1 denotes the number of vertices between u;
and u; 41 in C. Let @) denote the set of all vertices belonging to the largest path in C' — S.
We claim that V(G) — (Q U P) is the minimum connected power dominating set for G.
Note that, removing @ from G does not disconnect G, since @ is contained in C. Also,
the vertices in @ having degree two are power dominated either by wu; or u;41. Similarly,
the vertices in V(C — @) are power dominated by S. Further, removing the vertices in the
pendant path does not disconnect the graph. Moreover, they are monitored through the
propagation step initiated by the vertex in &3(G), which is a neighbor of the base of the
pendant path. Now, it is clear that the M(G) is enough to power dominate the entire graph
G. Since S € M(G) and S is not connected, M(G) is also not connected. In order to
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achieve the connectivity, we must include the vertices in the set V(C — (S UQ)) to M(G).
From eqn. 3.2 and @ C V(C — S), we have M(G)UV(C - (SUQ)) = V(G) — (QUP).
Thus, V(G) — (Q UP) is a minimum connected power dominating set of G. Consequently,
Yp.o(G) =n —|P| — max{d(u;, uiy1) — Lju; € S,i € {1,...,]S| —1}}. O

4. CONNECTED POWER DOMINATION OF SOME CLASSES OF GRAPHS

In this section, we determine the connected power domination number for certain classes
of graphs, including Grid graph, Join of graphs, Kragujevac tree and Honeycomb network.

Definition 4.1. [14] The Grid graph G, is obtained by the cartesian product of the paths
P, and P,.

Theorem 4.1. Let G be a Grid graph Gy, ., then

(%], n<6,n<m
Vp,o(Gmn) = ’
n—4, 6<n<m
Proof. Let us denote the vertices of Gy, as v;; where ¢ € {1,...,m},j € {1,...,n}. It is
clear that the vertex set can be partitioned into layers, say, L; = {vi1,vi2,...,vin}. To

construct the CPDS of G, ,, we consider the following cases.

Case 1: Let n € {2,3} and m > 2. We consider the set {vi2} to be the CPDS of Gy, .
Initially, the vertex vio dominates the entire L; layer and the vertex vpo2. Now, all the
remaining vertices are dominated through the propagation phase initiated by the vertices in
Ly. Thus, vp,e(Gma) = 1= [5].

Case 2: Let n € {4,5}; m > n. We consider the 7, .— set as S, = {v22,v23}. Initially, the
vertices in v, .— set dominates the vertices {v; 2, v1 3,21, v2.4,v32,v33}. Now, vy 1 and v 4
being the only unmonitored neighbors of vq 2 and v; 3 respectively, they are also monitored
when n = 4. Whereas, when n = 5, we see that the vertex vy 4 power dominates vy 5, since
N(vi4) —{v15} € N(Sc). Thus, in both cases, the entire L; layer is monitored, which in
turn power dominates the entire graph. Note that < S, > = P», and hence it is connected.
Thus, ’Yp,c(Gmm) = [%-‘

Case 3: When n > 6 , m > n. Let us consider the set S = {v2;|3 < j < n — 2}
to be the CPDS of Gy, . Clearly, < S. > is connected. The set S. initially dominates
{v22,v2n—1,v15,v3; |3 < j < n—2}. Now, the vertices v12 and v ,—1 being the only
unmonitored neighbors of N[S.] N Ly, are monitored in the first step of the propagation
phase, which then in turn dominates vi; and vy, respectively. As a result, the entire L
layer ends up being monitored. This ultimately leads to the entire graph getting monitored.
Thus, Vp,c(Gmn) =n — 4. O

Definition 4.2. [2] The graph join GV H of two graphs G and H is a graph on the vertex
set V(G)UV (H) with edge connecting every vertex of G to every vertex of H, along with the
edges in G and H.

Theorem 4.2. Let G and H be any two connected graphs, then

L, of min{Vp,c(G)a'yp,c(H)} =1

Vpe(GV H) =
2,  otherwise
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Proof. Let GV H be the join of two graphs G with order n > 2 and graph H with order
m > 2. Let the vertex set of G be V(G) = {z;|1 < i < n} with d(z;) = A(G) and the
vertex set of H be V(H) = {y;|1 < j < m} with d(yx) = A(H). By the definition of GV H,
we have V(G V H) = {z;,y;|]1 <i <mn;1 <j < m}. Clearly, Sc = {,yx} is a connected
power domination set of G V H, since x; is adjacent to every vertex of H and y is adjacent
to every vertex of G. Also, note that the subgraph induced by S, is connected. Therefore,
Yp.o(GV H) < 2. For the case min{v, .(G),vp(H)} = 1, we claim that v,.(GV H) = 1.
Without loss of generality, let v, .(G) = 1, then all the vertices in G V H are dominated by
x; except the vertices V(G) — N[x;]. These remaining vertices are then power dominated by
V(G) N N(x;). Thus, in this case v, .(GV H) =1 O

Definition 4.3. [11] Let P3 be the 3-vertex tree, rooted at one of its terminal vertices. For
k = 2,3,..., construct the rooted tree By by identifying the roots of k copies of Ps. The
vertex obtained by identifying the roots of P3—trees is the root of By.

Definition 4.4. [11] Let t > 2 be an integer. Let [51,52,...,5;: be the rooted trees, i.e.,
B1, B2, ..., Bt € {Ba, Bs,...}. A Kragujevac tree K g, is a tree possessing a central vertex of
degree t, adjacent to the roots of b1, B, ..., Bt.

Theorem 4.3. Let G be a Kragujevac tree K g, then vy (Kgi i) =t + 1.

Proof. Let Kg, ) be a Kragujevac tree with a central vertex v of degree t > 2 and branches
B;.. Since each Bj = spider, from Theorem 3.4 it is clear that the CPDS of B, is the root
vertex of By. Thus, N(v) is enough to power dominate the whole tree. But in order to
satisfy the additional constraint of connectedness, we construct the CPDS of Kg;; to be
Nv]. Hence, vpc(Kge i) = |[N]| =t +1 O

Definition 4.5. [9] A n—dimensional Honeycomb network is represented by HC(n), where

the parameter n denotes the number of hexagons between the middle to the boundary hexagon.

Theorem 4.4. Let G be a Honeycomb network HC(n), then

1, n=1
Tp.e(HC(n)) =
2(n—1), n>1
Proof. Let aq, g, ..., a9, represent the oo — lines (vertical lines) of the Honeycomb network

HC(n), given from left to right. The vertices on each «; are named from top to bottom as
, , 1,2,...,2(n+14) — l;fori =1,2,...n

v;; where 1 <7 < 2n and j =

1,2,...,2(3n—1)+ Lifori=n+1,n+2,...,2n
See Figure 3. To construct the CPDS of HC(n), we consider the following cases:
Case 1: When n =1, HC(n) = Cs. Thus, v, (HC(n)) = 1.
Case 2: For n = 2, it is clear that a single vertex is not enough to power dominate the entire
graph HC'(2), since each vertex is either of degree 3 or a vertex of degree 2. Let the 7, .—set
for the case n = 2, be S. = {v22,v23}. Initially, S. dominates {v1,v21,v24,v33}. Then
the vertices v1,1 and ve 1 being degree 2 vertices initiates the propagation phase, following
the monitoring pattern: vy 1 — vi2 — v13 and v21 — v31 — v32. Now, each of the degree 3
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FIGURE 3. HC(n) with a—lines

vertices in the set {v1 3,v2.4, v3 2, v3 3} having only one unmonitored neighbor further proceeds
with the propagation phase. Proceeding in a similar way, the entire graph is monitored by
the set S.. Thus, v, (HC(n)) =2=2(n—1).

Case 3: When n > 2, the v, .— set is Se = {v;; |2 <i<n; j€{2(i—1),2i—1}}. This set,
initially dominates the vertex set {v1,1, Un41,2n—1,0ij |2 <% <n; j € {2i—3,2:}}. Similarly,
following the propagation phase, the whole graph is monitored. Thus, v, .(HC(n)) = 2(n —
1). O

Since the proofs of the subsequent theorems are evident, it is left for the understanding of

the readers.

Theorem 4.5. If G € {Ky, Kpn, Win,Sin, Bmn} be a connected graph with m,n > 2
vertices, then v(G) = 7p(G) = Yp.c(G).

Theorem 4.6. If G € {P,,Cy,, Hy, P, x P,} be a connected graph with n > 2 vertices, then
’YP7C(G) < ’Y(G)'
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In the following table, we present the power domination number and connected power
domination number for certain graphs, demonstrating that the connected power domination

number is always greater than or equal to the power domination number.

TABLE 4.1. List of Graphs with Power Domination and Connected Power
Domination Number

Family of Graphs Y(G) | Yp.e(G)
Petersen graph 2 3
Complete Binary Tree 2(n=1) | gn _ 7
Kayak paddle (K P(k,m,1)) 2 [+1

5. CONCLUSION

In this paper, we conducted a comprehensive study of connected power domination in
graphs and established bounds on the connected power domination number. Furthermore,
the structure and behavior of connected power dominating sets in unicyclic graphs were
studied. Moreover, exact values of the connected power domination number were obtained
for specific graph classes such as Grid graph, Join of graphs, Kragujevac tree and Honeycomb
network. The results obtained in this study provide a foundation for further exploration in
this area.
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Abstract. Let a,b be real numbers such that b > a > 0, and let ¢ = b — a. Let x be a
real number and n a positive integer (n € N*). The present study focuses on proving the

following asymptotic formula

S]] - oo

with ¢ = b — a, uniformly for z > 1000725/3(1 +b)?? generalization of the following result

2 <{%} B {nj_1}>2 = @ﬁ‘*‘o ($3/7) (z > 0),

n>1

established in previous literature for the specific case a = 0 and b = 1.

Keywords: Arithmetic function, Integer part function, Fractional part function, Quadratic
variation, Asymptotic behavior.

MSC (2020): 11N37, 11K38.

1. INTRODUCTION

The sums involving the integer part function were introduced by Dirichlet in the middle

of the 19" century when he proved that

>N 1= la/n| =xlogz +x(2y - 1)+ O0('?), x>0,

n<z dln n<x
where |t] denotes the integer part of ¢ € R, and + is Euler’s constant (see [1], [7]). For
the reader’s convenience, we note that the notation f = O(g) (Landau notation) should be
understood in the sense that there exists a constant C' > 0 and a real number xg such that for
all x > xo, |f(z)] < Cg(z) (see [9]). Later, this research topic became very popular among
mathematicians, and there is a vast amount of literature focusing on estimating sums of the

form
> f(lw/n)),
n<x
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where f is an arithmetic function; see [4], [5], [6], [8], [11], [12], [13] and the references therein.
These references are considered essential as they provide historical and language-specific
insights into sums involving integer part functions. This diverse array of references forms a
solid foundation for readers seeking a nuanced understanding of these kinds of sums. The
significance of the results obtained in both [6] and especially in [5] sparked our curiosity about

the possibility of other similar cases that might offer a broader extension of the established

S¢(x;a) == Z; f (L% — aJ) , (1.1)

—14a

results

where a is a positive real number and x > 0. This, in particular, shaped our goal of in-
vestigating and resolving all challenges that contribute to formulating an ideal approximate
expression for sums of the form (1.1). In our study, f is an arithmetic function satisfying
some assumptions to be made precise later on. We recall that some techniques used in the

previously cited articles are primarily based on the well-known Ramanujan hypothesis:
(H):|f(n)]<n®, n>1¢e>0.

Here, the notation f < ¢ (Vinogradov notation) means that there exists a constant C' > 0
such that |f(n)] < Cg(n) for all sufficiently large n (see [9]). In this work, we opt for the use
of another improved version of this hypothesis given by

(H') : |f(n)] < n(logen)™®, n>1,aecR.

Observe here that hypothesis (H') is more general than hypothesis (H). Additionally, we
denote by {t} =t — |t] the fractional part of ¢t € R. Before proceeding further in our study,
we need to introduce the parameter m € [1,z/4] chosen according to certain requirements,
and the integer k = |z/n — a]. Immediately, one has

z/n—(a+1)<k<z/n—a and z/(k+a+1)<n<z/(k+a).
This allows us to write the sum (1.1) as follows:

St(x;a) = Z f(k)([:z/(k:—i—a)J —|z/(k+a+ 1)j) = S’fc(:v;a, m) —l—S}(m;a,m), (1.2)

k<x—a

Si(aia,m) =Y f(k) (ﬁ” - {Hz“D

Stsa,m) = > f&)(lz/(k+a)| - [z/(k+a+1)]).

m<k<zr—a

where

and

Keeping in mind the hypothesis (H'), we easily deduce that

St(w;a,m) < Z (x/n)(logm)™ < xz(logm)~*log(z/(m + a)). (1.3)
n<z/(m+a)

We will now discuss the estimation of the sum Sgc(a:;a, m). Let {t} =t — [t] denote the
fractional part of t. We can then rewrite

Sfc(x;a,m) = My (z;a,m) + Ry(x;a,m), (1.4)
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where

zf (k)

My (. a,m) := k; k+a)k+atl)
and  Rjy(z;a,m) = k;f(k) <{k+ﬁ+1} - {kia}) .
As a direct consequence of the hypothesis (H'), we deduce that
M¢(z;a,m) = :L‘Z 0T a){ékj Py + O (z(logm)~**1). (1.5)

k>1

At this level, the use of the Cauchy—Schwarz inequality leads to

1

Ry(aom) < | 3 1B Z<{k+2+1}_{kia})2

k<m k>1

[SIES

Observe that if the function f satisfies hypothesis (H'), then

1/2

Byam <momm (S ({2 ) ) ae

k>1

Our strategy now is to provide an explicit estimate for the quantity R;(x;a,m), referenced
n (1.6). Achieving this is equivalent to deriving an asymptotic formula for the sum Q(z;a, b),
which is defined as follows

Q(x;a,b) ::Z({nib}—{nia}f, b>a>0. (1.7)

n>1

Certainly, understanding the behavior of the function Q(x;a,b) has been pivotal in deriving
an asymptotic formula for the sum referenced in (1.4). This progress would not have been
achievable without recognizing the critical role played by the sum in (1.5), which serves as a
cornerstone for this development. A notable aspect of this work lies in the investigation of
the intermediate sum (1.7). Indeed, in [3, p. 3] and [2], significant results were established
for the specific case Q(x;0, 1), where it was demonstrated that

Q(x;0,1) = C(3/2)\/:E+ o*"), x>0,

™

Building on these findings, our focus shifts to estimating the more general sum Q(z;a,b)
as highlighted in (1.7). This sum plays a central role in our analysis, providing the neces-
sary tools to describe the asymptotic behavior of the quantity in (1.1), particularly when
considering the estimate given in (1.3). This work can be considered a generalization of M.

Balazard’s approach [3]. Our main result is stated as follows

Theorem 1.1. Let a and b be two real numbers such that b > a > 0 and ¢ = b — a. For
x> 100¢=2/3(1 4 b)?, one has

Qz:0,b) = C(S/Q)\/&—i— o <6139/378x61/126> ‘

™
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2. PROOF OF THEOREM 1.1

2.1. About the sum Q(z;a,b). In this transitional step, we provide an alternative and
useful formulation of the sum Q(z;a,b) defined previously by the formula (1.7). This plays
an important role in our study and helps us justify our main results, namely Theorem 1. To
simplify the notation, we will use Q(z) to denote the sum Q(z;a,b). Let us introduce the
real parameter D (with D < x), a sufficiently large integer, such that the sum Q(x) can be
expressed as follows:

Q(x) = Qo(x) + > Qalx)+ > Qalx)

0<d<D d>D

:gé’d(hak) <{nib}_{nia}>2

Here, g4 is the classical indicator function defined by

where

1 if (h,k) € Eq,
04(h, k) =
0 otherwise.

k:{nian h:{nibJ'

Ey={(h,k) € N*:
At this level, observe that

T T x x
— — < 1 — — — —
max( a b> <n_mln<k a, b),

where

and

(2.8)

k+1 "h+1 h
where 0 < h < k < z (with the convention 2/0 = co). Furthermore, the introduction of the

interval of values of n, denoted by I}, 1), defined as

N x x x x
oy =80 | — 0§ =] 0 |5 -0 5 -

allows us to write Qq(x) as follows
2
-y ¥ <b—k+h> B
hk,‘)eEd?’LEI(h k) n+a n+ ) a

2.2. Study of the sum Qy(z). Our main result concerning the quantity Qo(z) reads as
follows.

Proposition 2.1. For x > %, we have

2
Qo(z) = %\/CTUJHSO?LO (@) :

where

D S Fh S L S 29)

1<k<K

In order to give the proof of this results, we need to use the following auxiliary results
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Lemma 2.1. For x > a?/c, one has

R C==e R IR B C)) N

1<k<K

where

1
FO=D o alm v b (2.11)

and

Proof. Taking into account (2.8), we see that En(z) = {(k, k), k € N, 0 < k <

C.TQ
RS SIS ED SIS SR

T T T x
nggm nggm m—a<n§;—b

Note that if k(k +1) > £, the sum

}. There-
fore,

Z (cx)®
. =, (n+a)?(n+0b)?
k+1 —k

is not well defined. Therefore, let K be the largest integer & such that k(k +1) < %, ie.,

K = b/% + i — %J . From which, we observe that K < \/g when = > % Now, for t > 0,

consider the function .

PO =2 o+

n>t
with F'(co) = 0 and F(t) = F(0) if t < 0. Consequently, for x > a, we deduce that

z) = 222 L—a Az? g—a — r_ .
Qo() F<K+1 >+ 1;K<F<k ) F(k b))

O
Lemma 2.2. Let 0 <a <bandt > 0. Then,
1 {t}—2(a+b) -1 v?
F(t)=— — O —= 2.12
®) =+ 2 0( %), (212
Proof. Tt suffices to take into account the implication (2.11) and the fact that
1 1 2(a+b) b?
= — — O|— e N*.
(n+a)?(n+b)?2 nt PR <n6> "
O

Before giving the next technical result, we mention that the quantity x/(K + 1) is well
defined. In fact, since K +1 = \/§—|— 0o, where |6y] < 1 and \/g > 3, then 5 —a =
\/ng@O —a = y/ex + O(a). More precisely, %7 = /cx(1 + 01), with 6, = O (V<) and
0, > —%. This is justified by the fact that

3

X
_c> ,
K+1 - 6

(2.13)



250 M. BOUDERBALA AND B. CHAOUCHI

when z > %. Utilizing the result (2.12) we arrive at
Lemma 2.3. For x > %, we have
x 1 b?
F —a|l=——75+0(—].
(&5 ) = s+ (i)

Proof. Taking into account that F(t) = -5 + O (ﬁ) , it follows that

F (&5 a>:1+0“@9+o<b2>.

K+1

‘We have also

Lemma 2.4. Let x > %. Then,
2 (G () = som
et 3 (G GY)

0<k<K
(14 b)?
+o<c%2 .

Proof. Thanks to the estimate (2.12) and by using the inequality (2.13), we conclude that
Z—a> Vaz and r—b> @. Consequently, we see that

k 6
1 1 ( ckt <b2k5>>
_ — _74_0 -
O§K<3<za>3 3(351»)3) 2o e O
ck* 2 K6
- Z a:4+0< 5 )’

0<k<K

where
a_ L5 5y Loasd oy, Loas 3 1
> k= (M= N+ S(M* = N+ _(M*— N*) — —(M - N).
5 2 3 30
N<k<M
A particular case when N =0 and M = K gives
1 1 1 1
Y K=-K'+ K'+ K- _K
5 2 3 30
0<k<K
Now, using the fact that K = \/Z + O(1), we obtain
5/2 2
4T x
Z M= 5c5/2 +O<62>'

0<k<K

Therefore,
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On the other hand, one has

2 ((1)4 <{2}_G_2(a+b)_;>_(;§_lb)4({2}_b_2(a+b)_;>)

T

0<k<K 2
:$40£Kk4 ({%} —a— {%}—Fb) 40 (ngQ) .
This allows us to say that
OEQKF@—¢%4%§—®)<O+w:§;ﬁZ§u+wffg“£§2
O

2.3. Study of the sum ), Qq(x).
Proposition 2.2. Let D be a sufficiently large real number. Then,

cr
> Qalx) < 51T h (2.14)
d>D
Proof. 1 d = | % | = | 75| > D, it follows that
cx cx T T
—>———=d — = >D-—1
w7 It a)n+ ) +{n+a} Lﬂw} |
which means that n < ,/7%;. From this, we deduce that
dQux) < ) 1< Dcfl-i-l.
d>D 0<n< /5
O

2.4. Study of the sum ) ,_,.p Qa(z). We start this section by the following useful re-

marks

Remark 2.1. A direct computation justifies the fact that

Xz X
P 1 CShyl T RSyl
and
X X
P S gl e I S S

AS a consequence,
Eg=FEq1UEq2UEg3,

with
B ={(h—d k) :d<k<® -d+nk+1) <, (215)
a
L p<n<Z_yg
k—d+1 nEET
T xd
Ed,QZ{(k*dak):dSkS ™ (k*d)k> 7}7 (216)
a &
a e
—— —a<n< ———b,

kE+1 k—d
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d
Ed,gz{(k—d,k):dgkgg,(k—d)k§%<(k—d+1)(k+1)}, (2.17)
x — < <£_
P a n_k a.

As a result, we can rearrange Qg as follows:

Qo= Qa1+ Qa2+ Qa3,
with

2
Qd,i: Z Z <n—i—an—|—b)_k+h> , (1§Z§3)

h k‘ GEd i nel(h k)

At this level, it is suitable to upper bound the quadratic conditions with respect to k. For

this purpose, let us define

d+ v/d? = 4dt
Kq(t) = {JFQJ , deN, t>0. (2.18)

It is easy to see that Ky(t) is viewed as the largest integer k > d such that (k — d)k < dt,
with Ko(t) = 0.

Remark 2.2. As a direct consequence, we can upper bound the integer k appearing in the

definitions of the sets Eq;, i = 1,2,3. More precisely, one has

(1) For Eq,
k< Kgi(z/c)—1, (2.19)

(2) For Egp2,
k> Ki(z/c), (2.20)

(3) For Eg3,
k= Ki(z/c). (2.21)

There is another remark regarding the integer k that appears in the sets E;;,7 = 1,2, 3.

Remark 2.3. The condition k < x/a is redundant for i = 1,3 provided that d < cx/ab.

Indeed, the relation d < % can be rewritten as:
(Kg(z/c) —d)K4(x/c) < dz/c; d<cx/ab< z/a,
and the fact that t — (t — d)t is strictly increasing for t > d, leads to the inequality:
Ka(z/c) < g

2.4.1. Calculation of Qq1(x). In the sequel, for simplicity, we will write K, instead of
Kg(xz/c). In this section, we focus on the quantity Q4 1(z). To this end, we assume that
0 <d < ¢7. Let us introduce the function G, defined as follows

015 (e ts)

Note that according to conditions (2.15) and (2.19), we get

= ¥ Y (i)

d<k<Kgq— 1]C p b<n<%
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Furthermore, the sum

Y ()

T x
FodF1 O<nSg—a

is well defined if
I
k—d+1 k
Immediately, we can conclude that if £ > K41 (recall that Ky = 0), one has

2
Qii= Y. > <d - (nJra)(n+b)> , (2.23)

Ky 1<k<Kgq—1(z/(k—d+1))—b<n<(z/k)—a
which simplifies to

Qui=d> Y (ﬁ‘“J Lc d+1 J

Ky 1<k<K4—1

—2dz )] <G(k: d+1 b) & (5 - >>

Ky 1<k<Kg—1
9 9 x x
Fl———=b)-F(7-a)). 2.24
vt ( <k—d+1 ) k a) (2.24)
Kg 1<k<Kgz—1
For the first sum of (2.24), we obtain

> (E-o- =)

Ky 1<k<Kgz—1

RN (R R F==a)

Kg 1<k<K4z—1
x x
2 (Em =)
Ky 1ohaKy—1 k—d+1 k—d+1
At this level, we use the following well-known “r-telescopic” identity:
Z (uk - uk,,,) = Z Uk — Z Ug - (2.25)
a<k<p B—r<k<p a—r<k<loa
This allows us to write

O R e Sl P S

Kq 1<k<Ky4—1 Ky 1—d+1<k<Kgz—1

- X -4

Kg_1<k<Kgq_1
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Using a similar argument for the second and third sums of (2.24), we obtain

Qs 3 (0G0 )

Kg_1—d+1<k<Kg—d

R )

Ky 1—d+1<k<Kg—d

+2ede Y G(%—)—ch:c 3 G(%—a)

Kg—d<k<K;—1 Kg_1—d+1<k<Kg 1
X xr
— P2 E F <E — a) + Pa? Z F (% — a)
Kg—d<k<K4—1 Kg 1—d+1<k<Kg_1

v 3 ([gme)-[50])
+d Y L% - aJ e 3 E —aJ . (2.26)

Ky—d<k<K,—1 Ky 1—d+1<k<Kq_1

2.4.2. Calculation of Qg2(x). Taking into account (2.16) and (2.20) and the condition
0<d< < we get

ab’
w= % % (e

ZT X
Ka<k<z g —a<n<gig—

It is important to note that the sum

Z ( cx B d)
P P (n+a)(n+b)
is well defined only if the lower bound does not exceed the upper bound, that is, %5 —b >
ki-i-l — a. This condition can be rewritten equivalently as £k < Ky — 1, which provides a
natural upper bound for the summation index. Then, we deduce that

Quz=d > Qkfd‘bJ - hil‘“J)

Kq<k<Kg4i1—1

e 3 (0(5Erma) -6 (75 0))

Kq<k<Kg4i1—1

+? Y (F(kjfrl—a)—F(kfd—b)). (2.27)

Kq<k<Kg4i1—1

The decomposition in (2.27) follows from expanding the square and expressing the resulting

sums in terms of the auxiliary functions F' and G previously defined.
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To proceed further, we focus on the first sum of (2.27). By introducing an intermediate

term, we can split this expression into two more manageable parts

X T
2 Qk-d_l‘bJ - h;‘“-) =
Kat+1<k<Kgi1
T T
2 <{k—d—1_bJ_{k—d—1_a>
Kat1<k<Kgi .
X X
D> Qk_d_l‘J - hf“_)
Kat1<k<Kqp,

This decomposition is strategic: the first term on the right-hand side captures the difference
between the parameters a and b, while the second term exhibits a telescopic structure.
The use of the telescopic identity, introduced in (2.25), gives us
x x T
Kﬁl;gd“ Qk —d—1 “J Lk GD Kd+1_d_ZI<kSKd+l Lk; “J
© .
" Kd—d<zk:<Kd+1 Lk‘
This transformation is crucial as it converts the original sum into boundary terms that will
be easier to estimate in subsequent sections.
A similar manipulation applies to the second and third sums of (2.27), where we apply
the same telescopic technique to the functions G and F. After collecting all terms and
reorganizing the summation indices, we obtain

Qumir S (p(En)-r(Eo0)

Kyg—d<k<Kgy1—d—1

Y (0o )

Kd—d<k,‘§Kd+1—d—1

— 2cdx Z G (% — a) + 2cdx Z G (% — a)

Kgi1—d—1<k<Kg41 Kg—d<k<Kg+1
2.2
2 2 Z 2 2 T (2.28)
+ cx Z F T a) —c’z Z F i a
Kyp1—d—1<k<Kgi i Kg—d<k<Kz+1

s (][

Kq—d<k<Kg4,—d—1
X X
SCANEED DI S EXSED DR
Kd+1—d—1<k‘§Kd+1 Kg—d<k<Kgq+1

The final expression (2.28) separates the main terms (involving differences F'(- —a) — F/(- —b)
and G(- —a) — G(- — b)) from the boundary terms, which will be shown to contribute to the

error estimate.
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2.4.3. Calculation of Qq3(x). For 0 < d < £, and from (2.17) and (2.21), we get
(| =T 4] ) = 2ed SN Y
= (|1 )~ L) e (o () o (i
2,2 roo_ ) L
+cx (F <Kd+1 a) F<Kd a>>. (2.29)

2.4.4. Calculation of Q4(x). Keeping in mind (2.26), (2.28), (2.29) and the fact that for
0 <d< &, we write

aw=a| > -5 ([pee [ -])

Ky 1—d+1<k<Kg—d Kg—d<k<Kg4y1—d—1

+ 2cdx Z — Z

Ky 1—d+1<k<Kg4—d Kg—d<k<Kg4y1—d—1

e w oy e -r ()

Kq_1—d+1<k<Kq—d Kg—d<k<Kq,,—d—1

L D VD DR N ]

Kg1—d—1<k<Kg., Kq 1—d+1<k<K4 ,

+ 2cdx | 2 Z — Z — Z G(%—a)

Kg—d<k<Kg, Kd+1—d—1<k‘SKd+1 Ky 1—d+1<k<Kg4_1

+ 2 3 + 3y 2 ¥ F (% - a> . (2.30)

Kd+1—d—1<k‘§Kd+1 Ky 1—d+1<k<Kg4_1 Kg—d<k<Ky

2.4.5. Estimate of Q4(x) for d > 1.

~__
—
@Q
—~
>R
|
IS
~
|
Q
—~
>R
|
S§
~
~—

Proposition 2.3. For 0 <d < — 1, we have

(b+1)2

1+b)4d®
Qg = 9(d)vcx +5(d) + O <(C)> ,
with
2 2 _ 2 _ _
_ 325d 7 48d +1;)6d QW - 48d 1;6d 2

wo-( 2 m (e ()

Kg—d<k<Kg4y1—d—1 Kg_ 1—d+1<k<Kg4—
(2.31)

9(d)

Remark 2.4. In this section, it is necessary to recall some useful technical results established
in [3, p. 12], [4, p. 421}, and [2, p. 4-6].

(1) For0<d<z/c and x > ¢, one has:

K1 — Kq = (x/ﬁ — \/&) \/EJF O(1). (2.32)
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d+1)Vd+1—dVd rz\3/2
2 g = () 3+ (E)

Kq<k<Kg41

+O((d+1)%).

x\1/2
Koy — Kg < (@) (0<d<z/ce).

/d d /d
$+*—1<Kd £+d.
2 c

(2) For0<d<uz/c and x > ¢, one has:

K, — dx L4 d L0 (dg/z 1/2,, 1/2) +0(1).
Ve T2
S k= d\/dw +0 (d5/2 -1/2 W) +0(d).

Kg—d<k<K,y
Z 13— x <d2 /dm L0 <d7/2 1/261/2) +O(d2)> .
a—d<k<Ky ¢

Z . (d+1)2V/d+1—d*Vd (i)5/2+0((d+1)20_2x2).

)
Kd—d<k:§Kd+1—(d+1)

Lemma 2.5. Fort >0 and b > a > 0, we have

G(t) = W+O<(1+b>2>,

t 2 t3

Proof. For t > 0, n € N* and b > a > 0, we have according to (2.22)
1

Gt)y=y —————,
®) nz;t (n+a)(n+0)
Then
1 {t} 3 3
Zﬁ_t +Ot 3:2t2 ot
n>t
1 -3
> =007,
n>t

which allows us to conclude that

G<t) t2 3

t a+b+1 2
{} +O<1+b>.

Lemma 2.6. For 0 <d < — 1, we have

517
P SRR (St et
—d* (Va+1-Va) Ve

w5 ({F-{Ee)

Kd—d<k§Kd+1—d—1
+ O(cd?).

257

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)
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Proof. By a direct computation, we obtain

S SR (S ) B CE )
Kg—d<k<Kgii1—d—

e 3

Kg—d<k<Kg41—d—-1
Then we use the result noted (2.32), and get

o el

:d2<\/ﬁ—\/8>\/&+d2 > ((x

x
Ky—d<h<Kg1—d—1 ko b) N (% - a)) + O(cd?).

Lemma 2.7. For 0 <d <

cr
W 1, we have

2cdx Z (G (x

Kq—d<k<Kg41—d—-1

3

S (E) (5o (7o) o (S222).

:2d<d\/ﬁ—(d+l)\/d+1>\/§

c

(2.42)

Proof. For practical reasons, we set

=Y (el e)
Kg—d<k<Kgii—d—
as follows:

According to (2.34), the contribution to the sum S of the error term of (2.40) is expressed

3/2 = 3/2 9
S<<(1+b)2(Kd+1—Kd)<cci> < (1+b)? mEESY <d> <(1+b)d

cx -z
According to formulas (2.33), (2.34), and (2.35), the contribution to the sum S of the 1/¢
term of (2.40) is

( 1 1 )
Z m

r—a
Ky—d<k<Kg1—d—1 ‘K

o

:d\/a_(d+1)vd+1x71/2671/2+0

(1) w0(2)
3 T xTc




Int. J. Maps Math. (2026) 9(2):245-264 / ON SOME SEQUENCES OF FRACTIONAL PARTS 259

a+b+1
2

Finally, the contribution to the sum .S of the term {t}_T

O P HCROEE

Kyg—d<k<Kg41—d—1

I (R

Kq—d<k<Kgii—d—1

- Y B m oo (U,

Kd—d<k§Kd+1—d—1

of (2.40) is expressed as follows:

We obtain relation (2.42) by collecting these estimates. O
Lemma 2.8. For 0 <d < 9(bﬁf1)2 — 1, one has

f S (5 (i)

Kg—d<k<Kg41—d—1
_PVd—(d+ 1)2\/m\@
i ikt f(x x 249
P (TS )
Kg—d<k<Kg4—d—1
+ O (cb?*d?) .

Proof. For practical reasons, we set
x x
(F(2) - (z-0)
> ; il
Kg—d<k<Kgy1—d—1

According to (2.34), the contribution of the error term of (2.12) is estimated as follows:

5/2 = 5/2
<<(1+b)2(Kd+1_Kd)<d> < (1+10)? C(d+1)<d> L (1402

CT

cx 32

The contribution of the term 3% of (2.12) is given by

1 1 ck* b2k>
S T ) " (5o ()
Ky—d<k<Kgii—d—1 3 (E - a) 3 (E - b) Kq—d<k<Kg,,—d—1

then from (2.34) and (2.39), it follows that

1 B 1 VA —(d+1)2/d+1 )32 b2d?
2 (3( )‘ ; 10 (G5).

3.2
c°r
Kyg—d<k<Kgi,—d—1
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1+4(a+b
{p-

Finally, according to (2.34) and (2.39), the contribution of the term i of (2.12) is
expressed as follows:
1 x 1+4(a+0)
2 allid-———=
Kg—d<k<Kyi,—d—1 (f—a)
1 x 1+4(a+0)
NZEY ({k ~b} - 2>)
(-9
E* rrx x b2d?
N Z x4<{k_a}_{k:_b})+0<c3m2>
Kd—d<k’§Kd+1—d—1
Summing up, we obtain the desired result, namely the relation (2.43). O

Lemma 2.9. For 0 <d < —1, and Kg—d < k < K4, we have

E - aJ - ﬁ + 0(a). (2.44)

Proof. Since k — d% < d according to (2.35), one has

(b+1)2

|7 —a| =7 +0() = /5 +0(a).

Lemma 2.10. For 0 <d < — 1, one has

(b+1)2

2cdx Z G (% - a) = 2d*Vedx + O (@) +0 (Cg/Q(l + b)2d7/2> . (2.45)

21/2
Ky—d<k<Ky

Proof. According to (2.40), we see that

R R - R R ) )

K —d<k<Kj,4 Kg—d<k<Ky

Using (2.37), we obtain
1/2 75/2
3 E_d Jde o2\ o207
x zV c T x3/2

K —d<k<Kjy4

From (2.35), we can see that

k2 k2 dK2 d?
P e E D D

a—d<k<Ky Kg—d<k<K,
a+b+1 K2 (a+b+1)d? 5 kK2 (1+0b)2d?
_ < — (1 —_—<<
2 Z x2 < cx (145) Z x2 < cr
Kg—d<k<Ky Kq—d<k<Ky
Then, the lemma’s result is deduced. O
Lemma 2.11. For 0 <d < (b+1)2 — 1, we have
d2
a? Z F (% - a) = gvdcx +0 (b2d3) +0 <c3/2d7/2x_1/2> : (2.46)

Ky—d<k<K,
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Proof. According to (2.12), one has

S r(i-a)- % (;;J;j({;_a}_2<a+b>_;)+o(i§4)>_

Ky—d<k<K, Ky—d<k<Ky,

Using (2.38), we get
d
1 [(d [de P\ 2
AT iy iy B I o=
Z 32 32| Ve ™ 1 * <c>
Kg—d<k<Kg4
By using the fact that K; < %x, it follows that

> (i reen—5)+o(5r)) <5

Kg—d<k<K,

The combination of formulas (2.41) through (2.46) and (2.30) leads to the proposition 2.3
2.5. The estimate of the sum Q(z).

2.5.1. About the main term in Q(x). In order to appear the main term and the error

term involving the parameter D, we give another formulation of Q(x).

Proposition 2.4. For two real numbers x and D such that 3 < D < ﬁ — 1, we have
3/2 1+0b)4D4
Qz) = €3/2) /e + R(D) + O <(+)> —|—O< Cx) 7
T c D
with

R(D)=60+ Y 6(d).

1<d<D
Here, the quantities 5o and 6(d) are defined by (2.9) for d =0 (resp. by (2.31) ford > 0).

Proof. According to the propositions 2.1, 2.2 and 2.3, the use of the estimate 9(d) < d—3/2,
and the following equality (see [2, p. 11] and the equations (12)—(13)), we conclude that
Ya<pV(d) = -2+ @ +0 (D‘l/Q) , and we get

Q(x)—w;rm\/&+5o+ > 5(d)+0<(1+i)4D4>+0(ﬁ>.

D
1<d<D

g

2.5.2. The estimate of the sum R(D). To bound the sum R(D), we will exploit the
following result due to van der Corput.

Lemma 2.12. Let a and b be real numbers such that b —a > 1, and let f : [a,b] — R be
a twice continuously differentiable function with a monotonic second derivative of constant

sign. Then we have

n _} b " 1/3 1 1
> (o —g) < [rortas e o e

a<n<b

Proof. See [10, p. 32]. O
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By partial summation, we derive the following estimate from (2.47).

Lemma 2.13. Let a and b be real numbers such that b —a > 0, and let f : [a,b] — R be
a twice continuously differentiable function with a monotonic second derivative of constant

sign. Let (Un)a<n<p be a sequence of real numbers. Then we have

1 b U U
Un, n)} — = U "3 a , 2.48
3y (1 =g) <o [ @ o) (248)

where

U = max|v,| + Z |Un+1 — Un-
a<n<b

And one has
Proposition 2.5. For z > 100(1 +b)?/1/c and 1 < D < (z/c)'/?", one has
R(D) < z'3n(z/c) + ¢ 2/ #1237 D7/4,
The proof of this proposition is based on the following lemmas.

Lemma 2.14. For 0<d <% and Kg—d <k < K41 — (d+ 1), one has

92 21.4 2 43
Jed W 2ed U s
x x x x
Proof. 1t suffices to show that
27.2 27.4 27.2
e ck ck:+17 2cd_ck 2cd < (d+1)? ck Ck—i—16 _@+d2
22 T x x2 22 T

In fact, we choose K; — d as the largest integer verifying k% + dk — % < 0, which allows us
to say that k2 € { dk + 4d5’3 —(d+ 1)k + (d+1) } 0

Lemma 2.15. For z > 100(1 + 5)2Y/10/¢c and 1 < d < (z/¢)Y/2L, one has
5(d) < ¢/ g8/T 4 (mT1/B43/4,,29/84

. . . 21/10
Proof. A simple computation shows that if x > M, then (%)1/21 < ﬁ -1
Let us define vy, = &£ ]§ 2Cd +d?. Since the sequence (vy) is increasing, Lemma 2.14 implies
that 221
max |Ug| + v —vg| K ( ) .
vk | > [Or1 = on] < (7

Kd7d<k§Kd+17(d+1)
Applying (2.48) to the two functions f(t) = ¥ —a and f(t) = 7 — b, and taking into
account (2.34) and (2.35), we obtain

1
Z Vs <{f(n)} _ 2) < 221,37 4 6771/84d3/4x29/847 (2.49)
Kg—d<k<Kgi1—(d+1)
In the case where Ky —d < k < K441 —d — 1, we obtain the same result by following all the

same arguments. Il

Lemma 2.16. For x > 1+ ¢, one has

8o < z'/21n(2z/c) 4+ ¢/ 12/,
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Proof. We have 3y = Sy K ({(F 0}~ (5 -0), i K= | /251 4]
Using the same reasoning as in the proof of Lemma 2.15, we deduce that

5o < /31 (2 ) + 3/, (2.50)
C

According to Proposition 2.4 as well as Lemmas 2.15 and 2.16, we get

D)=do+ Y o(d) <o (2) 42D
1<d<D

g

2.5.3. The estimate of the sum @Q(z). Combining the results obtained in propositions 2.4

and 2.5, we give the following result.

Proposition 2.6. For z > 100(1+ b)2Y//c and 1 < d < (z/c)*/?', we have

aw = 2 o ([ ) o (i) co (LD o (1)),

Proof of theorem 1.1. We are now ready to assemble all the previous estimates to establish

our main result. For
x> 100(1 + b)2H/101) (2.51)

and 1 < d < (x/c)'/?', the combination of the results from propositions 2.5 and 2.6 indicates

that
4794
Qz) — (3/2)f<< jcx +672/21 3/TpT/4 4 (1+0)"D 4231 <§>
C

c
This inequality represents the total error bound as a sum of four distinct terms, each arising

from different stages of our analysis.

To optimize this bound, we must choose the parameter D carefully. We choose D =
P0/1894:2/63 ¢4 balance the first two error terms. This strategic choice ensures that neither
term dominates the other, leading to the sharpest possible estimate. This quantity satisfies
the bounds 1 < D < (z/c)'/?! if

x> max(c?0, ¢=2/3), (2.52)

We now verify that all remaining error terms are dominated by the main error term. On
the other hand, under the assumptions (2.51) and (2.52), it follows that

19/126
2131 (f) < /3 (E) / « (139/378,,61/126
C C

which shows that the logarithmic term is absorbed into the main error bound.
It remains to control the term involving the parameter b. Keeping in mind and that

x> (14 b)He13/15 (2.53)
we conclude that

(1+b)*D* = (14 b)*!1/89,8/63 o (139/378,61/126
C

This demonstrates that the dependence on b is also properly controlled under our assump-

tions.



264 M. BOUDERBALA AND B. CHAOUCHI

Finally, we consolidate all conditions into a single requirement. Further, observe that if

x > 100c2%/3(1 4 b)?, the three conditions (2.51), (2.52), and (2.53) are satisfied, and the

result is demonstrated. This completes the proof of Theorem 1.1. Il
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DOUBLE-DEPRESSED EUCLIDEAN-DESCARTES POLYNOMIALS AND
ASSOCIATED CUBIC CURVES
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Abstract. The aim of this paper is to continue the study [5] of quartic real polynomials
P having the same Euclidean norm as their Descartes resolvent DR(P). The polynomial P
is given in its reduced form P; which means without a cubic term while double-depressed
means the lack of the quadratic term. The class of these polynomials is found to consists in
two 1-parameter families and the discriminant of cubic curve defined naturally by DR(Py)
is computed. We consider also the double-depressed Descartes resolvent as a self-map of
R? and its fixed points are determined. Some special angles appear throughout this papers
since the coefficients of P; are trigonometrical functions of the real parameter .
Keywords: Quartic real polynomial, Descartes resolvent, Euclidean-Descartes polynomial,
Cubic curve, Discriminant.

MSC (2020): 12D05, 51N35, 65H04.

1. INTRODUCTION

The well-known Descartes method associates to a given monic (and reduced) quartic
polynomial Py its Descartes resolvent DR(P;) as a monic cubic polynomial. In the pa-
per [5] we have considered both polynomials P; and DR(P;) as vectors in R? and hence
we introduce and study the class of Fuclidean-Descartes polynomials by asking the equality
|Pall = ||DR(Py)|| where || - || is the usual Euclidean norm of R™, n € N*. The method of

Lagrange is the subject of the paper [3].

The defining condition of isometry of the Descartes map Py — DR(P;) was expressed as
an equation in terms of the coefficients (p, ¢, r) of Py and to solve it we have fixed ¢ in the set
{0,£1}. The present paper continues this line of research with another condition, namely
p = 0; therefore P; and DR(P;) belong now to R2. Since p appears in the coefficients of 22
and 22 of P; respectively DR(P;) we call this case as being double-depressed. It follows a
quadratic equation for the pair (¢2,r) which is naturally interpreted as the equation of an
ellipse for which we provide the eccentricity e.

Since an ellipse is usually parametrised with the trigonometrical functions (cost,sint) we

sin 2t
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follows two 1-parametric families of double-depressed quartic polynomials. A second interest
in the cubic curves y?> = DR(Py(t))(x) for which we compute the discriminant A; on this
way we continue the studies of [2], [4] and [6]. Hence, we discuss also the vanishing of A

which gives a special angle ~ 80.96°.

The last section deals with the fixed points of the double-depressed Descartes map ddDR :
(q,7) € R? = (—4r,—¢?) € R?. In addition to the obvious (0,0) we get the fixed point
(1/4,—1/16) implying a second remarkable angle, namely arccos (3). We point out that the
associated cubic curve is not an elliptic one over the field R, see e.q. [7], since its discriminant
A is strictly positive. Another important conclusion is the non-existence of double-depressed

Fuclidean-Descartes quartic polynomials with multiple roots.

2. DOUBLE DEPRESSED EUCLIDEAN-DESCARTES QUARTIC POLYNOMIALS

Fix a natural number n € N*. The general framework of this paper is provided by the

n-dimensional real linear space of monic polynomials of grade n:
R™oC(g] := {P(z) = 2" 4+ a12™ ' + ... + an; a4, ..., a, € R}.

Since R™ is an Euclidean space with respect the usual scalar product (-, -) the polynomial P

has the Euclidean norm: X
|P| == (a] + ... +a2)2. (2.1)
Fix now the quartic polynomial P € R}*"¢[z]:
P(x) :=y* + Ay> + By* + Cy + D

to which we apply the Tschirnhausen transformation y = x — % have the reduced form (here

the subscript d means depressed):
Py(z) :=a* + px® + qz + 1. (2.2)
The Descartes approach for P; is one of (relative many) methods to deal with Py; see

e.g. [8, p. 174] as well as [9] for an universal method to solve the quartic equation. More

precisely, Descartes performs a product decomposition of P; into two quadratic polynomials:

Py(z) = (2 + az + b) (2% 4 ax + b) (2.3)
and therefore:
a+a=0 b+b+aa=p, ab+ab=gq, bb=r (2.4)
It follows immediately:
- - - 2
dr=4bb=(b+0)2— (b—Db)2 = (p+a?)? - (g) (2.5)

and hence, denoting a? = z, it follows a cubic equation in w:
DR(Py)(2) := 2> +2p2* + (p* —4r)z —¢* = 0 (2.6)

and let us call the polynomial DR(P;) € RJ“™¢[2] as being the Descartes resolvent of Py.
From:

DR(P;)(0) = —¢* <0 < +oo = lim DR(Py)(z)

Z—400
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the Descartes resolvent have at least one positive root 29 = a? which yields the whole data
(a,a = —a,b,b) through the relations (2.4). In addition to the previous decomposition of Py
the Descartes resolvent is also useful in the following irreducibility characterization: suppose
that Py € Q[z]. Then Pj is irreducible over Q if and only if P; does not have a rational root

and DR(P;) does not have a root that is a square of a rational number.
In a previous study [5] of quartic polynomials we introduce:

Definition 2.1. i) P (or equivalently Py) is an Euclidean-Descartes polynomial if it preserves
the Euclidean norm with respect to Descartes transformation DR:

[Pall = IDR(Fa)|- (2.7)

So, the restriction of DR to the class of Euclidean-Descartes polynomials is an FEuclidean
1sometry.
it) The Descartes-cubic curve associated to (arbitrary) Py is:

DC(Py) : y* = DR(Py)(x). (2.8)
A straightforward computation yields:

Proposition 2.1. P; is an FEuclidean-Descartes polynomial if and only if:
4t + 1502 —8pPr+3p — 2 = 0. (2.9)

With the 3D-transformation (X := p%Y := ¢*, Z = r) we have the equation of a two-sheets
hyperboloid:
Hy(Py): X* +Y? +152% - 8XZ +3X Y =0. (2.10)

Proof. The hypothesis means that:
IPall* = IDR(Pa)||*> = p* + ¢* +1° = 4p* + (0> — 4r)* + ¢*

which is exactly (2.9). O

In [5] we point out an easy case of reduction namely ¢ € {0, £1} and hence P; which such
a coefficient was be called reduced. Now, we remark that the coefficient of 22 in P, is half

the coefficient of 22 in DR(P;) and then we introduce a new class:

Definition 2.2. The depressed polynomial Py is called double-depressed if p = 0.

Remark 2.1. i) If we look at the initial quartic polynomial P since p = B — % it follows

that the double-depressed condition means:

3A2
B=—. (2.11)
8
Concerning the Descartes coefficients (a,a = —a, b, (;) the vanishing of p means: b+b=a2=

20-
it) The Descartes-cubic curve is:

DC(Py):y? =a*+Px+Q, P=-4r, Q=—¢ (2.12)
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and we recall its discriminant: A := 4P3 4+ 27Q>.
iit) The intersection of the hyperboloid Ho(Py) with the plane X = 0 is the ellipse:

E:Y? 41522 -Y =0 (2.13)

14
e = /{5 = 0966092, (2.14)

Since it is easy to gives a parametrization of F it follows a complete characterization of

with the eccentricity:

g

double-depressed quartic polynomials:

Theorem 2.1. The class of double-depressed quartic polynomials consists in two 1-parame-
tric families with the coefficients:
sin 2t
t)=cost, ri(t)=t——, teER. 2.15
a(t) N (2.15)

The discriminant of the Descartes-cubic curve DC(Py)(t) is:

DO(P)(t) 1 y? = 2 F (23%%) z — (cost)?,

(2.16)
A4 (t) = (cost)? [27cost F 152\5/61—5(sint)3} .
Proof. The equation (2.9) with p = 0 means:
157% = ¢*(1 — ¢) (2.17)

forcing ¢ to be a cosine of a real parameter ¢t. Hence, the claimed expressions (2.15) follow

immediately. Also, the value of the discriminant being:
A =27¢" — 16%3 (2.18)
the formulae (2.16) is directly. O O

We are interested now in the vanishing of AL:
i) A_ = 0 implies cost € {0,~ 0.1572}; this means t € {90°, ~ 80.96°}
ii) Ay = 0 implies cost € {0,~ —0.1572}.

3. THE FIXED POINTS OF THE DOUBLE-DEPRESSED DESCARTES MAP

A second way to find double-depressed Euclidean-Descartes polynomials is to find the fixed
points of the dd-Descartes map:

ddDR: (q,7) € R? = (—4r, —¢*) € R? (3.1)

or, in a matrix form:

ddDR:(i)eR2—><_018><7qj>+<8_04><z>61&2. (3.2)

By denoting I'y and I's the 2 x 2 matrices above it results that I'y = 4(I';)”. The Descartes
map is a bijective map on its image R := {(A, B) € R%; B < 0} with:

(ddDR)™Y(A, B) = <iF : —‘2) (3.3)
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and the iteration of the map ddDR produces the interesting quadratic map:
(g,7) € R? — (4¢%, —161%) € R%. (3.4)
A direct computation yields:

Proposition 3.1. The dd-Descartes map (3.1) has only two fized points: (0,0) which cor-

responds via (2.15) to t; = § and (5, —1%) which corresponds to r_(t; = arccos(0.25) ~
75.52°).
It results:

a) DO (Py)(t1) : y* = 23, which is the semicubical parabola, A(t1) = 0 for both signs +,

b) DR(Pal(t2))(2) = 2 + 2 — 5, [ Palta) | = 2, DO(Pa)(ta) : 7 = 2+ % — £, A_(ts) =
% > 0. DR(Py(t2)) has an unique real root zg ~ 0.2119. We recall that a real polynomial
P with all real roots is called hyperbolic, see e.g. [1]; so, DR(Py(t2)) is not a hyperbolic

polynomial.

The fixed point (%, —%6) corresponds to the point (Y, Z) = (%, —%) which is the inter-

section of the ellipse E with the second bisectrix By : y = —z.
It is worth to point out Py(¢;)(z) = z* have multiple roots. We finish this section with
the problem of existence of double-depressed Euclidean-Descartes polynomials with multiple

roots. In [5] we have obtained:

Proposition 3.2. Excepting Py(x) = 2* there are only two Euclidean-Descartes polynomials

with multiple roots:

{ PF(z) = o' £4¢/32% + 12 = (2% £ 2V/3)?, (3.5)

DR(Py)(2) = 22(z £8V3), ||Pf|l=8V3.

The value p = £4v/3 # 0 means that there are no double-depressed Euclidean-Descartes
polynomials with multiple roots.
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Abstract. In this paper, we study Riemannian concircular structure manifolds. Some
basic concepts and some basic properties such manifolds are established. Also in the last
section, some flat and some symmetric properties of a Riemannian concircular structure
manifold are studied.
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tensors, symmetric spaces, torse-forming vector field, concircular vector field
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1. INTRODUCTION

In the study of the geometry of Riemannian manifolds, intrinsic vector fields such as
torse-forming, torqued, concircular, recurrent, and parallel vector fields play a fundamental
role. In the year 1939, in a Riemannian manifold M the notion of concircular vector fields
introduced by Fialkow [13]. Indeed, in a Riemannian manifold a concircular vector field
seems the theory of a transformation. For example, a concircular vector field plays an
important role in the study of a concircular mapping [25]. Subsequently, in 1965, Tashiro
provided a classification of Riemannian manifolds admitting concircular vector fields, which
has since become a cornerstone in this field [24]. Following these foundational works, the
study of manifolds equipped with specific vector fields was expanded by various authors.
For instance, Yano developed the theory of torse-forming vector fields [26]. Then Mihai
and Mihai [18] investigated some applications of the existence of torse formings on Sasakian
and Kenmotsu manifolds. Furthermore, Chen and his co-authors extensively studied the
properties of torqued and parallel vector fields, particularly in the context of Ricci solitons
([9], [10], [12]). The Riemannian manifolds with different vector fields have been studied
by several authors ([4], [13], [17], [16], [19], [24], [25], [26]). Recently, Chaubey and Suh
introduced a new class of Riemannian manifolds known as Riemannian concircular structures

manifolds (briefly, (R;CS¢)n)-manifolds [6]. They also studied of semisymmetric and the
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conformally flat (R;CS;),-manifolds. Also Chen et al. studied almost Ricci solitons on
(R;CS¢)s-manifolds [11].

In differential geometry, the Riemann curvature tensor Ry, is the most common way
used to express the curvature of Riemannian manifolds. It assigns a tensor to each point of a
Riemannian manifold (i.e., it is a tensor field). The nature of a manifold mostly depends on
its curvature tensor. Using the tools of conformal transformation geometers have deduced
conformal curvature tensor. In the similar way with the help of projective and conharmonical
transformations, the notion of projective curvature and conharmonical curvature have been
defined [21]. Apart from conformal curvature tensor, the projective curvature tensor and
conharmonical curvature tensor are another important tensors from the differential geometric
point of view.

A central theme in the analysis of Riemannian manifolds is the classification of spaces
based on curvature symmetry conditions. The most basic of these is ”flatness” (Reyr = 0)
and ”local symmetry” (VRey = 0) [23]. Here Ry denotes the curvature tensor of the
manifold M, V is the Levi-Civita connection of the Riemannian metric § and Ry, (Y1, ¥2)
acts as a derivation on R, for all vector fields ¥ and 99 on M. If the manifold M satis-
fies the condition Ry, (Y1, Y2) - Rewr = 0, then M is called a semisymmetric manifold and
M satisfies the condition Ry, (91, %2) - Spic = 0, then M is called a Ricci semisymmetric
manifold. Hence, every Ricci semisymmetric manifold automatically satisfies the Ricci sym-
metric condition VSg;. = 0, although the converse does not hold in general. Also every
semisymmetric manifold is Ricci semisymmetric, but in general the converse part is not true.
The properties of symmetric spaces have been studied by several authors in Riemannian and
semi-Riemannian manifolds ([2], [3], [7], [15], [19], [22]). Apart from, using these definitions,
if a (semi-)Riemannian manifold satisfying Peyr - Rewr = 0 and Peyr - Sric = 0 is called projec-
tive symmetric and projective Ricci symmetric. In an n-dimensional Riemannian manifold

(M, g) the projective tensor P, is defined by
Pcur(ﬁb 192)193 = Rcur(ﬁly 192)193
1
=1 (SRic(V2,93)01 = Spic(U1,03) 92}

We also define the endomorphism 91 A 5 Y2 of x (M) by

(191 AN 192)’(93 = A(ﬁg, 193)191—/1(191, 793)192,

where A is a (0,2)-tensor field and symmetric. For a (0, k)-tensor field T, k < 1 and a
(0, 2)-tensor field A on (M, §), we define the tensor Q(A,T) by

Q(A, T)(?gl, 152, ceey 15]6; 191,792) = —T((ﬁl /\A 192)&1, 152, ey ng) —
_T(’gl’ 1927 EE) 7’l§k‘—17(191 /\A ﬁ2)1§k)

In particular, a (semi-)Riemannian manifold satisfying Reur - Reuwr = LR, @7 Reur), Rewr -
Sric = Lsp. QG Sric), Rewr * Pewr = L., QG Peur)s Peur - Rewr = L1Q(, Reur) and
Pewr - Sric = LQQ(Q,SRiC) is respectively called pseudosymmetric, Ricci pseudosymmetric,
projective pseudosymmetric, projective Ricci pseudosymmetric and Ricci pseudosymmetric
due to the projective curvature tensor, where L., Lsp;., LP... » L1, L2 are the associated

scalars.
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On the other hand, a Riemannian manifold is flat if and only if its curvature tensor
vanishes identically. As is well known that the necessary and sufficient condition for some
curvature tensors defined with the help of the curvature tensor to be flat is that these tensors
vanish identically. In fact, a Riemannian manifold is conformally flat if each point has
a neighborhood that can be mapped to flat space by a conformal transformation. Thus, a
Riemannian manifold is conformally flat if and only if its conformal curvature tensor vanishes
identically. The projective curvature tensor is an invariant under transformations preserving
geodesics on semi-Riemannian manifolds. Moreover, it exhibits geometric features distinct
from other generalized curvature tensors. Also a Riemannian manifold is projectively flat
(respectively conharmonically flat) if and only if its projective curvature tensor (respectively
conharmonical curvature tensor) vanishes identically.

In the year 1987, the notion of quasi-Einstein metric introduced by Koiso [14]. For an
n-dimensional Riemannian manifold M if the Ricci tensor Sg;. satisfies

Skic = g + bi @ 1, (1.1)
where & and b are non-zero smooth functions on M and # is a 1-form ([8], [5]). If the non-
vanishing Ricci tensor Sg;. of M satisfies equation (1.1), then the manifold M is referred
to as a quasi-Einstein manifold [5]. In deed, if b= 0, then the manifold M reduces to the
Finstein manifold, while the Ricci flat manifold is obtained in the particular case a = 0.
In [5], Chaki and Maity studied manifolds under the following assumptions: (i) a and b are
constants and the generator of (QE),-manifold is recurrent, and (i) d+b = 0, 94 = =grada
and Vy, 04 = =01 + A(Y1)04, where A is a dual 1-form of ¥,.

The present paper is organized as follows: After introduction in section 2, we provide
the basic concepts and properties of (R;C'S;),- manifolds. In section 3, we investigate the
flatness and symmetry properties of these manifolds, specifically examining conditions such
as projective flatness, projective symmetry, and various forms of pseudosymmetry within the
framework of Riemannian concircular structures. Also, we give a non-trivial example.

2. Basic concepts of a (R;CS;),-manifold

In this section, we present the fundamental definitions and geometric properties of the
(R;C'St)n-manifold, as established in the foundational works of Chaubey and Suh [6].
Let M be an n-dimensional Riemannian manifold, ¢ is a Riemannian metric and ¢ a

torse-forming vector field on M satisfying
(Vo,0)(02) = ag(d, d2) + m(91)7(d2), ¥ 91,92 € xo (M), (2.2)

where 7(-) = g(+, &) is a 1-form associated with £ and 7 is also a 1-form. If 1-form 7 is closed
on M, then £ is said to be a concircular vector field ([13, 25, 26]). Also, for the torse-forming

vector field £ on M, we can say the followings:

« if m(£) = 0, then £ is a torqued vector field [10],

« if m =0, then ¢ is a concircular vector field (in Fialkow’s sense) [9, 13],

« if the 1-form 7 is closed, then & is a concircular vector field (in Yano’s sense) [25],
« if @ = 0, then ¢ is a recurrent vector field [20],

« if m =0, then ¢ is a concurrent vector field and o = 1 [12],



274 0. OZBEK, A. MURAT, AND A. YILDIZ
« if 7 =0 and o = 0, then ¢ is a parallel vector field [12, 13].
Set 9 = £ in the equation (2.2), we find
an(vy) + () =0, (2.3)
Using the equation (2.3) in the equation (2.2), we obtain
(Vo,0)(02) = a{g(d1, 92) — 0(01)7(02)}, (2.4)
which implies that
v191£ = d{ﬁl - f](ﬁl)g}v (25)
where ¢ is a non-zero scalar and Vg, & = §(01, Dd) = 91(&) = pu(d;) for a certain smooth
function & on M. Here D denotes the gradient operator of §. From the equation (2.4), it
follows directly that the 1-form 7 is closed. Taking the covariant derivative of the equation
(2.3) along ¥ and using the relation 91 (a) = pu(91) together with the equation (2.4), we
infer that 7 is also closed. Hence, the unit torse-forming vector field £ defined in the equation

(2.2) can be regarded as a unit concircular vector field on M in the sense of Yano.
Let the Riemannian manifold M admit a (1, 1) tensor field ¢ such that

agiy = Vg, §, a#0,

which gives

¢U1 = 1 —A(h)E, (2.6)
where the equation (2.5) is used. Thus, we obtain
o' =1-n®¢

In view of the equation (2.6), we have

g(@1,¢2) = g(v1,92) — N(V1)n(V2),
H(2) = g(v2,§).

Also, it follows that if M admits a unit concircular vector field &, a (1,1) tensor field ¢

and a 1-form 7, then we get
& =1 g(¢9:)=3g(,)—nen. (2.7)
On an n-dimensional Riemannian manifold M, if quadruple (¢, £, 7, §) satisfies the equation

(2.7), then the manifold M is called (R;CS;),-manifold. Hence the structure (¢,&,17,3)
defines a (R;CS;) on M. Also we have the followings:

¢ = 0, 7q(¢d1) =0, rank(¢p)=n—1,
(Vo,0)(02) = a20(91)7(92)€ — §(V1,92)€ — N(V2)01],V 91,92 € xo(M).

Also the curvature identies

Reur(91,02)€ = (& + @) {n(01)92 — 7(d2) 01}, (2.8)
and
Reur (& 01)02 = (&7 + @){A1(92)01 — §(h, 92)&}, (2.9)
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hold for any vector fields 91, 92. Using the equations (2.8) and (2.9), we obtain

A(Rewr (91, 02)93) = (& + ) {7(92)§(91, 93) — 7(91)§(V2,V3)}, (2.10)
and
Sric(V1,€) = —(n = 1)(&® + @)7(V1), (2.11)
for all ¥1,02,95 € x, (M) and (&% + 1) # 0 [6].

3. Main results

In this section, we investigate the geometric properties of the (R;C'S;),- manifolds under
various curvature conditions, including projective flatness, projective symmetry and pseu-
dosymmetry. Firstly, we consider a projectively flat (R;CS;),-manifold, which satisfies the

condition
Peur = 0, (3.12)
where Py, is the projective curvature tensor of dimension n and is defined by
Peur (95, 96)04 = Reur (U5, 96)04 — ﬁ{smc(%, V4)95 — Spic(95,94)06}. (3.13)
From (3.12) and (3.13), it follows that
Reur(U5,96)04 = ﬁ{SRic(ﬁﬁﬂh)’ﬁs — SRic(U5,94)U6}- (3.14)
Putting ¥5 = £ in (3.14), we have
Reur(§,96)04 = %{SRic(1967194)§ — Sric(€,94)06}. (3.15)
Taking the inner product of (3.15) with 97, we have
9(Reur (&, 96)0a,07) = ﬁ{SRz'c(ﬁw%)ﬁ(ﬂ?) — Sric(§;V4)9(Vs, U7)}- (3.16)
From (3.13), we find
(@ + )30, 9)00) — 506, 007097)} = —{SmiclPe, 0)0097)  (317)

+(n = 1)(&* + 1)3 (6, 97)7(0) }-
Putting ¥7 = £ in (3.17), we have
Sric(U6,94) = —(n — 1)(&* + 1)§(Vs, Va),
which means that the manifold M is an Einstein manifold. Thus we can state the following;:

Theorem 3.1. Let M be a projectively flat (R;CSy)n-manifold. Then the manifold M is an

Einstein manifold.

As is well known that a Riemannian manifold of dimension n, (n > 3) is projectively flat

if and only if it is of constant curvature ¢. Then we can write
Reur(V5,06)04 = ¢{g(Js, V4)05 — §(I5, V)6 }. (3.18)
Comparing (3.14) and (3.18), we get

c= _(d2 +/]‘)’
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which means that the manifold is of constant curvature — (&2 +/i). Since & is constant scalar

then the smooth function ji must be a constant. Thus we have the following:

Corollary 3.1. A (R;CSy),-manifold is projectively flat if and only if the smooth function

[ 48 a constant.

Now we consider the condition Py Reyr=0 on a (R;C'St),-manifold. Thus we have
(Peur (91, 92) Reur ) (93, 95 )94=0,
which turns to
Peur(91,92) Reur (93, 95)94 — Reur (P oy, (U1, 92)03, U5)04 (3.19)
—Reur (93, Peur (U1, 92)95)04 — Reur (U3, U5) Peur (Y1, 92)04 = 0.
Putting ¥ = £ in (3.19), we obtain

2

(& + ) o2 M)ﬁ(ﬁz, Reur (V3,95)04)€ + §(V2,95)g(93, 94)§

{-
,93)3(05,94)€ + G(V2,93)7(94)05 — G(I2,95)7)(94) 03
)

i)

—g(d2
—g(92,94)0(95)03 + g(I2, ¥4)7)(93) V5 } (3.20)
+(d + - 1

R S N )Sch(7927 Reur (93, U5)04)§ — Sric(V2,93)G(U5, 94)§
+SRric(V2,93)70(04)05 — Sgic(V2, U5)70(04)V3 + Sric(V2,95)§(V3, ¥4)&
—Skric(V2,94)1(05)V3 + Sric(¥2, V1)1 (03)95} = 0.

of

Taking the inner product of (3.20) with &, we have

(a0 Rear (0. 95)04) = (02, 93)i (0. )
,03)1(04)7)(U5) — §(92,95)0(I4)0(93) + §(V2,U5)G(V3, ¥4)

)1(95)1(93) + §(D2, 94)7(93)7(05) } (3.21)
) { Sric(V2, Reur(93,05)04) — Spic(V2,73)g(95,94)

(92)1(95) — Sric(V2, 95)0(94))(V3)

+8ric(V2,75)§(03, U4) — Sric(V2, V4)7)(I5)7(93) + Sric(V2,94)7(I3)7)(V5) = 0.

Putting J3 = £ in (3.21), we have

(a + 1)3(V2, Reur (€, V5)04) +

L S, Rewr (&, 95)01) = 0.
Using the equation (2.9), we get
(0% + 1)*{G(02,95)(04) — §(0,05)71(92)} (3.22)
i : (&% + 2){Sric(V2,95)7(01) — Sric(Va, U5)7)(92)} = 0.
Putting 94 = ¢ in (3.22), we have
Sric(¥2,95) = —(n — 1)(&2 + 1)§(92, 95)

+
n

which means that the manifold is an Einstein manifold. Thus we can state the following:
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Theorem 3.2. Let M be a (R;CS;)n-manifold satisfying the condition P -R =0. Then the

manifold M is an Einstein manifold.

Now we consider the condition Pey,-Spgic=0 on a (R;CSt),-manifold. Thus we have
(Pcur (1917 192) 'SR'L'C) (193’ 795):07
which turns to

SRic(P oy (V1,92)03,95) + Sgic(V3, Peur (91, 92)05)=0. (3.23)

cur

Putting 91 = £ in (3.23), we have

SRiC(Pcur (57 192)1937 195) + SR’ic(ﬁ?n Peur (57 192)795):0 (324)
Using (3.13) in (3.24), we obtain
(& + 1){Sric(V2,93)0(95) + Sric(V2,95)7(V3)} (3.25)

+(n = 1)(a” + 1)*{G(02,93)7(95) + §(2,95)7(93)} = 0.
Putting J5 = £ in (3.25), we get
SRic(ﬁ% 193) = _(n - 1)(042 + ﬂ)g(ﬁ% 193)7

which means that the manifold is an Einstein manifold. Thus we can state the following:

Theorem 3.3. Let M be a (R;CS;)n-manifold satisfying the condition Peyr-Sgic=0. Then

the manifold M is an Einstein manifold.

Now we consider pseudo-symmetric (R;C'S;),-manifold, which satisfies the condition

Rcur ‘Rcur = ERcur Q (g’ Rcur)

which turns to

(RCUT(ﬁla 192) . Rcur)(ﬁ?n 195)'ﬁ4 = ERcur((ﬁl /\g 192) : ,Rfcur)(ﬂiia 795)§4a

and
Reur (01, 92) Reur (U3, 95) 04 — Reur (R oy, (91, 92)03,95)04
_Rcur (7937 Rcm‘ (1917 192)’195)794 - Rcur (7937 195)7201”‘ (7317 192)794
= LR, 101 Ng92)Rewr (93, 95)04 — Rewr (91 Ng ¥2)03,95)04
—Reur (U3, (V1 Ng 92)05)04 — Reur (U3, 95) (01 Ng P2)04},
or,

Reur (91, 92) Reur (U3, U5)04 — Reur (R, (91, Y2)03, U5)04
~Reur (93, Reur (91, 92)05)01 — Reur (93, U5) Rewr (91, ¥2) V4
= LR 1902, Rewr(93,95)04)01 — §(91, Reur (93, U5)04)02) (3.26)
=9 (U2, 93)Rewr (Y1, 95)04 + §(01,93) Rewr (92, V5 )04
—g(¥2,95)Rewr (93, 91)04 + §(V1,V5)Rewr (U3, 92)04
—g(V2,94)Reur (U3, 95)01 + §(V1, Va) Reur (93, U5) 02}
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Putting 91 = ¥4 = £ in (3.26), we get
(& + 1) (1 + Lo, ){3(92,93)05 — §(92,95)0s} = 0,

which means that
ERcu'r = _1

Thus we can state the following:
Theorem 3.4. Every (R;CS;),-manifold M is a pseudo-symmetric manifold satisfying
Reuwr Reur=—Q(g, Reur)-
Now we consider pseudo-symmetric (R;CS;),-manifold, which satisfies the condition
Reuwr Reur= LqQ(SRics Reur),
which turns to

(Rcur(ﬁly 192) : Rcur)(7~937 195)194 = ‘Cq((ﬂl /\SRic 192) : Rcur)(ﬁi’n 195)1947

and
Rcur (7917 792)7?'01”’ (7937 795)794 - Rcur (Rcur (7917 792)7937 195)194
_Rcur (1937 Rcur (7917 02>795)194 - Rcur(ﬁ?n ﬁS)Rcur(ﬁla 192)194
= L{(V1 Aspie V2)Reur (V93,95)04 — Rewr (V1 Asp,, V2)03,75)04
_Rcur('ﬂ& (191 /\SRic 792)195)194 - Rcur(ﬁi’n 195)(191 /\SRZ-C 192)194}3
or,

Reur (91, 92) Reur (93, 95)04 — Reur(R oy (91, 92) 03, U5) 04
~Reur (U3, Rewr (91, 92)95)04 — Rewr (U3, 95) Reur (91, 92) 04
= Ly{Sric(V2, Reur (93, 95)04)91 — SRic(V1, Reur (U3, U5)04) 02
—SRic(V2,93)Reur (91, U5)04 + Sric(V1, U3) Rewr (U2, 95) 04 (3.27)
—SRic(V2,95)Reur (U3, 91)04 + Sric(V1, 95) Reur (93, U2) 04
—SRic(V2, 94)Reur (93, 95)01 + Spric(V1, 94) Reur (93, 95) 02}
Putting ¥ = 94 = £ in (3.27), we get
(&% + 1)*{§(02, 03)05 — §(D2, V5) 03 — Reur (I3, U5) 02} (3.28)
= Lq(&” + 1){Sric(92,95)03 — Spic(92,93)05 — (n — 1)(&° + 1) Reur (93, 95)02}
Again putting ¥3 = £ and taking the inner product with £ in (3.28), we obtain

—n=1D®+ @)Ly — (1 —a%—f) .
Sric(V2,75) = ( ) M)ﬁ ( M)g(ﬁ%ﬁsﬁ)
a

1(02)7(05),
which means that the manifold M is an #-Einstein manifold. Thus we can state the following;:

Theorem 3.5. Let M be a (R;CS;)n-manifold satisfying the condition Reur-Rewr= LqQ(SRics Reur)-
Then the manifold M is an f-Einstein manifold.
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Now we consider pseudo-Riccisymmetric (R;CS;),-manifold, which satisfies the condition
Rcur'SRic: ‘C’SRz'cQ(gﬂ SRiC))
which turns to
(Reur(91,92) - Sric)(V3,05) = Lsg,. (91 Ag V¥2) - Sric) (93, 75),
and
SRic(R oy (V1,72)03,95) + Sric(V3, Rewr (U1, 92)05) (3.29)
= Ls{Sric((th N U2)U3,05) + Sric(V3, (V1 Ag ¥2)U5)}.
Putting ¥ = € in (3.29), we get
(02 + ) {71(93)SRic(92,95) — §(92,93)Spic(€, I5)
+1)(05)Sric(V2,U3) — §(V2,U5)SRic(§,93)} (3.30)
= L5 19(02,93)S g (€, 95) — 1(03)SRic(V2,5)
+3(02,95)Sric(§,93) — 1(V5)SRic(V2,93)}.
Again putting Y3 = £ in (3.30), we have
(6% + i + L) {Sric(V2,95) + (n = 1)(&* + 3)§(02,05)} = 0
Since a2 + ji + Ls;,,.9 # 0, we have
Sric(92,95) = —(n — 1)(&” + 1)§(V2, U5),

which means that the manifold M is an Einstein manifold. Thus we have the following:

Theorem 3.6. Let M be a (R;CS;),-manifold satisfying the condition ReurS ric=L5p,;, @G, Sric)-
Then the manifold M is an Einstein manifold.

Let M be a ¢-symmetric (R;CS;),-manifold which is satisfying the condition

¢2((v194RCuT)(19131927193)) =0. (3'31)

Then we have
—(Vo,Reur) (1,92, 93) + 1((V9, Reur) (U1, 92, 93)) = 0. (3.32)
Putting ¥3 = £ in (3.32), we have
(Vs Reuwr)(91,02,8) = Vo, Reuwr(V1,92,8) — Reur( Vo, V1, 72,8)
—Reur (U1, V9,92,€) — Reur (V1, 92, V0,6),

which turns to
&% + i){7(91)02 — A(92)01}
+ ){vlh( (191))192 + ﬁ(ﬂl) \YON 192 (333)

o4 (N(92))01 = 1)(79,01)02}
d(d -+ ){77(291)192 — 77(192)191} — Oqucur(’ﬁl,ﬁg,ﬂﬂ =0.

9a(
2

4
(d
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Taking the inner product with ¥5 in (3.33), we get
Vo6 + 1) {7(91)3(92, 95) — 71(92)(01,05)}
(@2 4+ ) {79, (7(91))§(02, V5) + 1(01)3(V 9,02, 95) (3.34)
= Vo, (1(02))§(V1,95) — (V9,91)G(92,795)}
— (& + @) {7 (91)§(92,95) — 1(02)(91,95)} = 3G(Reur (91, V2, Va),95) = 0
Putting 93 = 95 = ¢; in (3.34), we obtain
Sric(V1,04) = —(n — 1)(&* + [1)§(91,V4)

which means that the manifold M is an Einstein manifold. So we have the following:

Theorem 3.7. Let M be a ¢-symmetric (R;CSy)y-manifold. Then the manifold M is an
Einstein manifold.

Now let M be a locally ¢-symmetric (R;CS;)s-manifold which is satisfying the condition
(V9 JReur)(01,02,93)) = 0, which means that all vector fields are orthogonal to £. Firstly
as is well known that if the manifold M is of dimension 3, we always have

Reuwr(V1,92)93 = Spic(V2,93)01 — Sgic(V1,73)02 (3.35)
+9(2,03)QV1—3(V1,93) Q02 — g{é(ﬁ%193)191—9(1917193)792}-
Using (3.35) in (3.32), we get
G((V9,Q)V2,93)01—g((V9,Q)V1, U3)02
+G(V2,93)( Vo, Q)01—3(V1,93)( Vo, @)V

¥ . -
- 42(r) {9(V2,93)01—g(V1,93)02} =0.
From the last equation, we obtain
Ya(r) -
42( ){9(1927193)191—9(1917193)192} (3.36)
,r‘ v ~ ~ ~ ~ ~ ~
—(5+ 2(6% + 1)) a{g(92,93)G(01,94)E— (91, 93)G (02, 94)€},
and
. r y v~ ~ . .
(V94 Reur) (01,02,93)) = = (5 + 2(6° + 1)) a{g(a, 93)g (01, 94)—g(01,93)§ (P2, 94) },
(3.37)
respectively. Thus from (3.36) and (3.37), we have
Ya(r) . -
42( ){9(192,193)191—9(191,193)192} =0,

which means that ¥4(r) = 0. Thus, the scalar curvature r is a constant. So, we have the
following;:

Theorem 3.8. A (R;CS;)s-manifold is locally ¢-symmetric if and only if the scalar curvature

r 1s constant.

Now, we give a non-trivial example of a (R;C'S;)s-manifold.
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Example 3.1. We consider the three dimensional manifold M = {(x,y,z) € R® : z # 0}
where (x,y, z) are standard coordinates in R3. The vector fields
192 40

Ay
are linearly independent at each point of M. Here, f(z) is a non-vanishing smooth function
of z and f1(z) # 0. Suppose that the associated metric § of M3 is defined by

01 = ef(z)aax, Oy =€

g =X de @ do + dy @ dy} + dz ® dz

and

S}

(01,61) = §(62,02) = G(63,03) =1,
g(01,02) = g(01,03) = g(02,03) = 0.

Since the metric g is a Riemannian metric, thus M equipped with g is a three dimensional
Riemannian manifold. Let u be a 1-form associated with the unit vector field & = 03 such
that G(0;,03) = u(0;). Then we have

v9i93 = f/(z){ez - g(ezy g)é}a (338)

fori=1,23, where V is the Levi-Civita connection of the metric g. This infers that (M, g)
admits a concircular vector field . Let ¢ is a (1,1)-tensor field on M such that ¢p(01) = 01,
d(02) = 02, ¢(03) =0 and f1(2)p0; = Vg, 03, then by straight forward calculations we notice
that the relations ¢* = [ —u®03, §(03,03) = 1 and §(¢-,¢-) = §(-,-) —u®a for all H;,i = 1,2,3
hold on M. Here I is the identity transformation [6]. Now, by direct calculations, we have

[91,92] = 0, [91, 93] = f/(z)@l, [92, 93] = f/(z)92
Also, non-zero components of V on M are
v9101 - _f/(z)03) v9103 - f/(Z)Hla
V@292 = —f/(Z)Gg, V@203 = f/(Z)Qz.

From (3.38), we conclude that M endowed with the structure (¢, 03,1, g) is a three-dimensional

Riemannian concircular structure manifold.
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Abstract. The concept of relative uniform convergence of sequence of Sargent type func-
tions spaces m(¢, ru) and n(¢, ru) are defined in this article. Here we established a bounded,
p-absolutely summable, convergent, null sequence of functions using the concept of relative
uniform convergent for the scale function and these are denoted by £oo (rw), £y (ru), c(ru), co(ru)
respectively. We established a relationship between the new notion m(¢, ru), n(¢,ru), and
other known concepts. Also, we established some algebraic and geometrical characteristics.
Many geometric concepts and difficulties may be solved through an understanding of the
characteristics of these special spaces.

Keywords: Relative uniform convergent, BK-space, Convergence free, Solidness, modular,
convexity

MSC (2020): 40A30, 46B45.

1. INTRODUCTION

Sequence spaces have undergone several types of research over the years. The symbols
w,loo, ¢, co, and £, are used to indicate the classes of all, bounded, convergent, null, and
p-absolutely summable sequences of real or complex terms, respectively. Throughout the ar-
ticle wy, Z; represent the space of all sequences of functions and the subspace of sequences of
functions space respectively. Several researchers have contributed significantly to the study
of sequence spaces and summability theory, including Cai et al. [2], Ibrahim et al. [10],
Ibrahim et al. [11], Ibrahim et al. [12], and Bayram et al. [1], among others.

The study of different modes of convergence plays a central role in functional analysis and
sequence space theory. Beyond classical notions such as pointwise, uniform, and norm con-
vergence, relative uniform convergence has proved to be an important intermediate concept,
particularly in spaces of functions and sequences. Introduced to capture uniform behavior
with respect to a controlling function, relative uniform convergence provides a flexible frame-
work that is weaker than uniform convergence but stronger than pointwise convergence. This
notion has found applications in summability theory, approximation theory, and the study
of locally convex and modular spaces.
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Inspired by this idea, several sequence spaces related to relative uniform convergence have
been studied. These spaces enable the analysis of convergence qualities that are not suffi-
ciently characterized by classical norms alone, as well as the behavior of sequences under
scaling by a positive control function. In this context, sequence spaces defined via relative
uniform convergence offer a natural setting for extending results from classical spaces such
as £, and fo.

The idea of relative uniform convergence in relation to a scale function was first proposed
by Moore [14]. The concept of relative uniform convergence of a sequence of functions was
further developed by Chittenden [3] in his formulation. Several other researchers conducted
additional research on the concept, such as Demirci et al. [5], Demirci and Orhan [6], Sahin
and Dirik [16], Devi and Tripathy ([7], [8]), Debbarma et al. [4], Gurdal et al. [9] and so on.
The space m(¢) generalizes several well-known sequence spaces and provides a unified frame-
work for studying boundedness, summability, and geometric properties. By appropriate
choices of the sequence ¢, the space m(¢) reduces to familiar spaces, while in the general
case it exhibits richer structural and topological behaviour.

The space m(¢), which is related to ¢, space, was made in 1960 by Sargent[17], he also inves-
tigated a few m(¢) space properties. Later, it was examined from the perspective of sequence
space, and Rath and Tripathy [15], Tripathy [18], and Tripathy and Sen [19] characterized a
number of matrix classes with one member as m(¢).

The purpose of the present work is to study the structural and topological properties of the
space m(¢, ru). We specifically investigate its normed structure, convergence behavior under
relative uniform convergence, and embedding connections with classical sequence spaces. Our
findings deepen our knowledge of relative uniform convergence in contemporary functional

analysis and build upon previous research on generalized sequence spaces.

2. PRELIMINARIES

Definition 2.1. Given a compact domain D, a sequence of functions ((,) converges relatively
uniformly to a function (, if for every positive number C, there exists an integer ngo such
that, for every n > ngo, the following inequality holds:

() = Cul2)| < Clu(x)]-
The function u(x) of the definition above is called scale function which is on the same

compact domain D.

According to Moore [14], Chittenden developed the concept of relative uniform convergence

sequence of functions that was shown above.

Example 2.1. Let [0,1] be a compact domain in R and consider the sequence of functions
Cn i [0,1] = R, for n € N defined by

1
e Jorz 0
Cn(z) = i
0, for x =0.

Consequently, it is evident that () does not converge uniformly, but rather converges some-

what uniformly to the zero function in relation to a scale function p(zx) defined by
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L Jora 0,

wle) = 0, forxz=0.

Kizmaz [13] proposed the idea of difference sequence space, he also explored several prop-
erties of the sequence spaces oo (A), c(A), and ¢o(A). The difference sequence, Ax = (Axy,),
is defined as Az, = x,, — py1,n € N
Throughout, the space & will represent the class of all subsets of N, those contain a maximum
of s elements and the space ® consists of all non-decreasing sequences ¢ = (¢,,) of real num-
bers, such that for every positive integer n, 0 < ¢1 < ¢y, < dpy1 < 0o and (n+1)dy > NPpi1.

i.e.,

O ¢"+11, for all n € N. (2.1)

n - n+
Example 2.2. (1) Let ¢, =1, for alln € N, then (¢,) €
(2) Let ¢p, =n, for alln € N, then (¢,) € ®.

According to Sargent [17], the spaces m(¢) and n(¢) are defined as follows,

Definition 2.2. The class of sequence m(¢) is defined by

m(¢): {(xn) cw: sup Z’xn’ <OO}

s>1,0€€s,x€D ¢S neo

The class of sequence n(¢) is defined by,
n(¢) = {(mn) €w: sup Z lun| Ay, < oo}
uEA(In)n 1

where A¢n, = ¢y — Gn_1, for all n € N.

Definition 2.3. Let ¢ = (¢y,) be a sequence of real numbers satisfying equation (2.1). Then
the following inequality holds if a sequence of functions ((,) constructed on a compact domain

D converge relative uniformly to a limit function ¢ for each tiny positive value C' > 0.

sup ¢SZ’<n( z) = ((2)] < Clu(z)],

s>1,0€€s,x€D/u=1( neo
where p(x) represents the scale function defined in D/u=1(0).

The classes of all relative uniform convergence sequences of Sargent-type function are
denoted by m(¢, ru) and n(¢p, ru), respectively are defined as,

m(¢, ru) = {(Cn) SR sup Z [Gn ()] < Clp(x )!}

s>1,0€€s,0€D/u=1(0) b5 =

we also introduce another class of sequence of functions:

n(¢,ru) = {(Cn) €wp: sup Z 7 ()| Adn < Clpu(x )\}

() €5(C) =1

where, S(() represent the rearrangement of (¢,).
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Example 2.3. let ¢, = n, for all n € N. Consider a sequence of function ((,) defined on
the range [0,1] by,

2
1517;@27 for x # 0;

Cn() =
0, for z = 0.
Now,
m(¢,ru) = sup ’C o
s>1,0¢,0€D/u—1 ¢s ;@; " s(1+ x2)

which is not convergent uniformly. However, it is convergent relative uniformly if we consider
a scale function defined by,

T —
0, forx=0.
Then, (¢n) € m(p,ru) w.r.t. the scale function pu(x).

p(w) =

Example 2.4. Consider, ¢, = n, for all n € N. The function ((,) defined on the interval
[0, 1] is considered by,

=, forz #0;
gn(x) _ ) nx
0, for x =0.
Now,
1
sup Z [ (2)[Adn 2 —
(mn)€S(C

Where, (n,) is the rearrangement of (Cn), which does not exist, as x — 0. So, it is not

uniformly convergent. Howewver, it is relatively uniformly convergent for a scaling function
that is specified by

1 .
z° fO?".Z'#O,
0, forx=0.

p(r) =

Then, () € n(o,ru).

Definition 2.4. The norm of the space m(¢,ru) is deﬁned as follows,

[Gn ()]
HCHm ru) — sup .
(@) s>1,0€&,x€D/p—1(0) ¢S neo |M(ZU)|
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The following well-known relative uniform convergence sequence of function spaces will be
used in this article:

lp(ru) = {(Cn) cwr: Y [a(@)P < C\u(w)\}
n=1

b (ru) = {(Cn) €wp: Y llalx)| < Clu(fﬁ)} , forp=1
n=1

balra) = { (60) € 0y 316, )] < Cla(o) |

()| — L
 u(@)]

co(ru) = {(Cn) € wy: |$((§))||

Note: If ¢, = 1, n € N, then m(¢,ru) = ¢1(ru); if ¢, = n, n € N, then m(¢,ru) =
loo(T10).

(i) = { (6) <

— 0, asn—>oo}

— 0, asn—)oo}.

Definition 2.5. A subset Z; C wy is considered solid or normal if for every n € N, |[n,(z)| <
|G ()], implies (nn) € Zy.

Definition 2.6. Convergence-free subsets are defined as Zy C wy if (¢n) € Zy, then (p(x) =
0 = Mu(x) =0, onx €D and (n,) € Zy if (u(x) #0 = nu(x) may be anything.

Definition 2.7. Suppose Zy C wy is a linear domain. Then M : Zy — [0,00) is a modular

in a real sequence of functions space if for ((n), (nn) € Zy, the following conditions are hold.

(1) Mz, (Cn(2)) = 0 iff Cu(z) = 0, where 0 represents null sequence of function, for all
reZCR.
(2) MZf(_Cn(‘T)) = MZf(Cn(x))’ forallz € Z CR.
(3) Mz, (AGu()) = Mz, (Cu(x)), for all the scalar A = 1.
(4) Mz (Mln(x) + Aonn(x)) < Mz, (Cn(2)) + Mz, (1n(2)),
for all (Cn), (mn) € Zy and A, Ao > 0,|A1] + |Xo| = 1.
Farther the modular M s convez if
(5) Mz, (Mién(z) + Aamn(2)) < MMz, (Cn(2)) + MMz, (1n (),
for all ((n), (M) € Zy and i, A2 > 0, | M| + |A2| = 1. The modular M is called

5—convex if

(6) Mz, (A1Ga() + Aamn(z)) < /\fMZf(Cn(x)) + )\gj\/lzf(nn(m)), for all A1, A2 >0, \j +
AN =1,0<35<1.

Definition 2.8. A sequence of functions () € Mg, is modular convergent to ¢ € Mz,
occurs if there is a A > 0 such that M(A\(,(z)) — ((x)) = 0 as n — oo, for all x € D.

Definition 2.9. In the normed space m(¢,ru), the unit ball and the unit sphere are defined
by
Bm(d),’ru) = {(Cn) € m(gb,ru) : ||Cn||m(¢,7‘u) = 1}

Sm(gru) = {(Cn) € m(¢,ru) : |[Gnllm(gru) = 1}'
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Definition 2.10. A Banach space is considered uniformly convex if, for any ¢ > 0, such
that for (Cn), (Mn) € Sz,, where Sz, represents the unit sphere. There exists a B(e) > 0 such
that,

Sl 5.

Callz, = Wallzy = 1,0Gn —nllz, > & = ]

The purpose of this research is to investigate this form of convergence of a sequence of
the Sargent type-related function and investigate some of its topological and geometrical
characteristics.

3. MAIN RESULTS

This section establishes the article’s results.

Theorem 3.1. The relative uniform convergent sequence space of functions m(¢,ru) is a

liner space.

Proof. Let (¢,) and (n,) € m(¢, ru) then for Cy,Cy > 0, we have

sup =5 [Gul@)] < Culu(@)], for all € D/ (0),
s>l,0€fs,x€D/p~1 ¢S n€o

swp S ()] < Colu(e)], for all # € D/ (0),
s>l,0€és,w€D/pt ¢S nec

For both the sequences of functlons (¢n) and (n,,), we can take into consideration the same
scale function p without losing generality. Consider two scalars A\; and \g, We have

sup Z A1 Gn(x) + Aann ()]

s>1,0€&,2€D/p—1(0) st neo

SO RS <C TS S oy %

s>1,0€€s,2€D/u=1(0) ¥s o s>lo€ls,x€D/p=1(0) ¥s ;e
<M Cilp(z)| + >\202!M($)|
(MGt + A2C) ()|
=Clpu(z)|, where C' = A\ Ci + X2Ch.

Hence, (A1, + Aamn) € m(¢, ru). Therefore, m(¢p, ru) is a linear space. O

Theorem 3.2. With the norm ||.|/,(p,ru), the space m(¢,ru) is a BK-space, as
defined by

[Gn ()]
Cn m ru) — Sup o :
|| H (¢7 ) 52170655,1‘€D/M_1(0) d)s neo |M($)|

Proof. Assuming throughout that D is compact domain and that u : D — (0,00) is con-
tinuous. We first show that m(|.||p/,-1(0), #7u) is a normed space and then establish its
completeness. The proof of completeness proceeds by showing pointwise convergence of each
coordinate of a Cauchy sequence, defining the corresponding candidate limit sequence, and

finally using uniform boundedness to justify passing the limit under the supremum involved
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in the norm. Under the same assumptions, the continuity of the coordinate projections fol-
lows immediately by choosing s = 1 and ¢ = {n} in the defining inequality of the norm.

Firstly we show that m(]|.||p/,,~1(0), #,7u) is a normed space.

(1) Clearly ||(<”)Hm(\|~||p/fl(o) o) =0 if and only if ¢, = 0, for all n € N,
where ((,) =0 = (0,0,0, ....), the null sequence of functions.
(2) Let A be a scalar, then we have

[AGn ()]
AGn) (. _ ru) — sSup
1A ID/p=1(0):®smw) > 1octs weD/u-1(0) ¢s Z ()]

MG 11,1 gy 670
(3) Let (Ca), (1) € m(¢, ru), then

||(Cn + 77n)||m(|| HD/;ﬁl(O)’(ZS )
n —|' n
) . 1 Z | (e ‘ 77 z)|

s>1,06€5,2€D/u=1(0 neo ,LL
< sup — E | sup — E ’
s>1,0€€s,2€D/u=1(0) ¥s o s>1 0€Es,x€D/u=1(0) ¥s [ e

=||(Cn)Hm(u.||D/#,1(O),¢,m) + ||(Tln)Hm(u.||D/#,1(O),¢,m)-

Therefore,

1Gn 4 1)l 1 0y i) < NG (i1l 10y ) F 1) il -1 ) )
Hence, m(|[.|| p/u-1(0), #, ru) is a normed space.
We now demonstrate the completeness of m(]|.|[p/,~1(0), > 7).
Let { } be a Cauchy sequence in m(||.||p/u-1(0), ¢, 7u). Such that sup; pi(x) exists over
r € D/p~1(0).

Let sup; p*(z) = p(x), for all x € D/pu~1(0). Where, - {CM }n 1, for each fixed i € N.

Then for a given C > 0, there exist a positive 1nteger no(C) O such that,

‘Cn Gh

7

|G () = Galx)] Cn )| o

- sup E < C, for all 4,5 > ny(C).
s>1,0€€s,2€D/pu=1(0 ¢s |z

m(H-”D/#—l(O) qbru)

neo

Taking s = 1 varying o € &g,

|Gi () — Ga(w)]

)] < C¢1, for each fixed n € N and all i,j > no(C).
w(z

Therefore, '
G (@) [Gh(2)]
()| ()]

}' is a Cauchy sequence in R for every fixed n € N.
(S

< Cé¢y, for all 4,5 > no(C).

e, {| 55

Since, R is complete it converges for each n € N and can find a function &, such that
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lim |G ()| _ |Gn(@)
i — oo | p(x) p()
Then, we have
lim ‘ GG =0.
el B (1 oy @)

Using uniform boundedness and passing to the limit under the supremum, it follows that

¢ = () € m(¢, ru).
Hence m(¢, ru) is complete.
Now we prove that, m(||.||p/u-1(0), ¢, 7u) has continuous coordinate projections p,, where

pr: ws — K and pr(Gu(2)) = Gulx), = € D/ 0).

Indeed by taking, s = 1 and ¢ = {n} in the defining inequality of the norm, we obtain

Cal(x)| < sup os|¢ N w(z)|, for each n € N,
|G ()] R S SISl 1,1 0y irw) [1(2)]

which proves the continuity of the coordinate projections. O
In light of Theorem 3.2, we propose the following theorem without providing evidence.

Theorem 3.3. The sequence space of functions n(¢,ru) is a BK-space.

Theorem 3.4. The sequence space of functions m(¢,ru) is solid.

Proof. Let () € m(¢,ru). Therefore,

w o L ST @) < Clu()] (3.2)

s>l,0€ts,xz€D/p~t neo

Consider another sequence of functions (nn) € wy such that,

7 ()| < [Cn(2)]- (3-3)

Now from (3.2) and (3.3) we can get,

Z ()] < sup ¢s Z Gn(2)] < Clp(z)|

s>1 UGfS,IGD/u_I(O) Qbs neo s>l,o’€§5,x€D/u—1 neo
= (M) € m(o,1u).
Hence, m(¢, ru) is solid. O

Theorem 3.5. The sequence space of functions m(¢,ru) is a continuous embedding between

the sequence space of functions £,(ru), where 1 < p < oo.

Proof. We consider a transformation defined by T : m(¢, ru) — £,(ru), such that

T(Cal@) = sup %Z Z' ) )

8217UE£S7$6D/H’ neo <n 1 :L‘

(1) Let (Cn), (11n) € m(¢, ru)
The linearity of T is obvious here. Now, it’s clear that, (¢,(x)) = 6, whenever T ((,(x)) = 6,
where z € D/p1(0), (a compact domain), 6 = (0,0,0,....) and hence T is injective.
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Let us take any (n,) € ﬁp(ru) such that

z)) = nn(x
(z ]p %
Z wor ) T = ¢nn(x)
=1 neo

s>1,0€€5,2€D/p71(0) neo \ =1

=G = swp 3 (Z (¢snn<w>)pru<x>|) <@

Where p/(x) is the new scale function w.r.t. the sequence of function (7).
Hence, the sequence space of functions m(¢, ru) is a continuous embedding with the sequence
space of function £,(ru), where 1 < p < oo. O

Given the explanation above, we assert the following corollary.

Corollary 3.1. The sequence space of function m(¢,ru) is continuous embedded with the

sequence space of function lso(ru), if ¢n, = n.

Theorem 3.6. The space m(¢,ru) is isomorphic to the space ¢1(ru),
i.e., m(¢,ru) = Ly(ru), if g, = 1.

Proof. The proof follows directly from the definition of isomorphism by verifying linearity,
bijectivity, and norm equivalence. O

Result 3.1. Convergence is not free in the sequence space of functions m(o,ru).
The following example leads to the stated conclusion.

Proof. Let us take a sequence of functions on a compact domain [0, 1] defined by,

L for x #0;
Gnlz) =9 ™
0, for x = 0.

With this established, it becomes clear that ((,) does not converge uniformly,
but rather converges relative uniformly to the zero function with regard to a
scale function p defined by,

%, for x # 0;
0, forz=0.
Consider the sequence (¢,,) defined by ¢, = 1, for all n € N.

Then,
|
sup >
s>1,0€ts,2€D/p=1(0) (bs nec ‘ |

p(x) =

Hence, (¢,) € m(¢,ru).

Now we consider another sequence of functions on the same compact domain
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[0, 1], defined by
nx, for x #0;

0, for x = 0,

() =

using u(x) as the scaling function. But in that case,
1 |nx|

sup — ) —— — 00, as N — 0.

s>1,06&s,2€D/u=1(0) Gs nco |$|

Therefore, (1,) ¢ m(¢,ru).

Hence, m(¢, ru) is not convergence-free in general. O

Theorem 3.7. (1) m(¢,ru) is a symmetric space. If ((,) € m(¢,ru) and
() € m(e, ru), then

1) (0,01 0yt = NG il 1 gy )

(2) Assuming (Cn) € m(¢,ru) and |(n,)| < |((n); for each positive number
n, then (1n) € m(d, ru) and |[(mn) (|1, 1 ) 0rw) < NG lmLl -1 0 pr)-

Proof. (1) The proof of this lemma can be established by using Lemma 5(a)
of Sargent[17].
(2) Let, (¢,) € m(¢,ru) and also, consider a sequence of function (7,)
such that |n,(z)| < |¢n(z)].

Now,
1
sup — ) lm(=)|
s>1,0€€s,2€D/p=1(0) S;
1 .
< sup D [Gu(@)] < Clu()], ( since (Gn) € m(p, ru))

T s>1,0es,2eD/u"1(0) Ps Lo
- H77nHm(H.HD/H_l(O),qb,ru) < HC”Hm(H-”Dm—l(o)@:TU)'

Hence,(n,) € m(¢,ru).

Theorem 3.8. m(p,ru) C m(¢,ru) iff Ssgli% < .

Proof. Let,

Then,
¢s < Hipg, for all s € N. (3.4)
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Let, (¢n) € m(¢, ru). Then,

w LyelG@l
z€D/p=1(0),s>1,0€s ds neo ’H(‘r”
= sup ! ()] < C, [from 3.4]
z€D/pu=1(0),s>1,0€s Hips neo ’lu(’:v)|
1
e sup — [Cn )] < HC
zeD/p=1(0),5>1,0€s s neo ()|
1 [Gn(2)]

== sup <H/, where H = HC

z€D/u=1(0),s>1,0€€5 Vs g ()]

= (Cn) € (9, u).

Therefore, The expression m(¢p, ru) C m(y, ru).
Assume, on the other hand, that m(¢,ru) C m(y, ru).

Next consider ;;‘i % = 00.
Let,
sup s _ sup ds, and (¢,) € m(¢p, ru).
s>1 ¥s s>1
Therefore,
1
o LylG@l
x€D/p=1(0),s>1,0€s bs neo |M(1")|
Now,
1
w Lyl
z€D/u=1(0),s>1,0€E5 Vs neo ()|
1
= sup Og.— [Cn(@)] = o0.
z€D/u=1(0),s>1,0€¢5 bs neo ()]

i.e, (¢n) € m(¢,ru). Here we arrive at a contradiction.
Hence,

Ps

sup — < oQ.

s>1 ¢s

Theorem 3.9. {,(ru) C m(¢,ru) C loo(ru).

Proof. Assuming ¢, =1, for all n € N, we have £,(ru) = m(¢, ru).
Next we suppose that ((,) € m(¢,ru).
Then,

1 n
v Ly la@l
z€D/u—1(0),s>1,0€ bs neo |M($)‘

. wp G ()]
zeD/u=1(0),s>1,0€Es ()]

< C¢s, for all n € N.

Thus, () € loo(ru).
Hence, £,(ru) € m(¢,ru) C log(ru)

Theorem 3.10. m(¢,ru) = (¢, ru) if and only if m g < 0.

n—oo

Proof. The theorem follow from lemma 5(c) of Sargent[17].

293
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4. GEOMETRIC PROPERTIES

The geometric characteristics of the sequence space m(¢,ru) and n(¢,ru) of functions are

the subject of certain theorems in this section.

Theorem 4.1. The function My, 4 ) denotes the modular function of the space m(¢,ru),

Muora(le) = s Mn(iﬁ((;)ﬂ)

s>1,0€€s,z€D/u=1(0) Ps neo

with modular,

Proof. Consider a function M, (4 ) defined by,
Min(gru) 2 (), 71) — [0,00). Let (Cn), (1) € m(, ru).
(1) Clearly, M, (4u)(Cn(x)) =0 = (u(x) = 0, where z € D/pu~'(0) and
0=(0,0,0,...).
(2) Mon(,r) (—Gn(®)) = M) (Gn(2)), for all (¢n) € m(, ru),x € D/p~(0).
(3) For A a scalar with |[A| = 1, we have

Mm(qﬁ,ru) ()‘CTL (:E))

N ey vae)
= P
s>1,0€&,2€D/p—1(0) bs neo ’H(x”

:Mm(¢,ru) (Cn(x))v for z € D/M_l(o) (45)
(4) Now for any two scalar A1, A2 > 0 with A; + Ao = 1 we get

Mm(d),ru) (Alcn(x) + >\277n(15))
|)‘1Cn(1:) + Azﬁn(l‘ﬂ

= sup
s>1,06€s,2€D/u~1(0) ¢S neo |,u(x)|
1
§|)\1| sup - Z ‘Cn(x)‘ + |)\2‘ sup Z ’nn(x)’
s>1,0€€s,x€D/u=1(0) bs neo |,LL(ZC)‘ s>1,0€és,2€D/u~1(0) ¢S neo |:u( )‘

ng((ﬁ,ru)(Cﬂ(:U)) + Mm(d),ru) (ﬁn(fﬁ))
(Since, A\; + A2 = 1, thus either both the scalars are less than 1).

O
The preceding theorem’s consequence is the proof of the ensuing findings.
Theorem 4.2. The function My, (4 ) denotes the modular function of the
space n(¢,ru), with modular,
= n A n
Mo(gru) = sup ZM” [ (@)| Adn , for all x € D/~ 1(0).
() EA(Cn),xED/11(0) 1,1 ()|
Proof. The theorem follows from the Theorem 4.2. O

In light of the previous debate, we assert the following corollary.

Corollary 4.1. The modular My, (¢, ru) and My (¢, ru) are 1-convex or a
convex modular.

Theorem 4.3. The Modular function M,(4 ) on the space m(¢,ru) is §—convez.
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Proof. Consider (Cn), (n) € Min(pru) and A1, Ay > 0,A] + A3 = 1, where 5 € (0,1].
Now,

Mm(qb,ru) ()\1@1(1‘) + A2t (l‘))

L Ly (PG e
s>1,0€€s,2€D/u=1(0 ¢S neo |u(x)|
1 n 1 n
s>1,0€€s,2€D/p=1(0) ng neo |/,L(ZZT)| s>1,0€€,2€D/n=1(0) ¥s oy |;L(ZL‘)|

< |)\1]§ sup ¢ Z‘ ] sup qb Z‘

s>l,0€€s,x€D/pt 5 neo s>l,0€€s,x€D/pt S neo

IN

(Since, A\, Ag > 0,A] + )\5 =1, where 5 € (0, 1], so A1, Ay must belongs to [0, 1)).
Hence the space M, (¢ ,v) is S—modular. O

We present the following theorem in light of the explanation above.
Theorem 4.4. The Modular function My g4 ) on the space n(¢,ru) is §-convex.
Proof. The theorem 4.4 is a consequence of the theorem’s proof. O

Theorem 4.5. The modular spaces My, (g ru) and My ru) are continuous modular on the

space m(p,ru) and n(p,ru) respectively.

Proof. Since the function M, 4 ) is modular on the space m(¢, ru), thus we can take limit
as A — 17 in (4.5) we observe that,

,\IH?Jr Mm(d),ru) ()‘C'ﬂ(x)) = Mm(¢,ru) (Cn(x))7 for all (Cn) < Mm(qﬁ,ru)a

and for all x € D/u~'(0). Hence, Miy(p,ru) 18 Tight continuous. Similarly taking limit as
A — 17 in (4.5), we observe that

lim M (p,ru) (ACH( ))

A—=1—
=M (g,ru) (Cu()), for all ((n) € Mgy and for all z € D/p™ 1(0).

These two consequences give us the desired fact that the function M, (g ) 18
continuous modular.

Similarly, we can establish for the modular M,,4 ) on the space n(¢,ru). O

The following corollary is obvious for the rest of the proof and is the consequence
of the previous theorem.

Corollary 4.2. The modular My, ru) s modular convergent to ¢ € Moy ru)-

5. APPLICATION & FUTURE WORK

The framework developed in this paper for the sequence space m(¢,ru) provides a useful
tool for studying convergence and boundedness under scale function. Such spaces naturally
arise in summability theory, where relative uniform convergence offers a finer mode of conver-

gence than pointwise convergence. The results obtained here may be applied to the study of
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generalised summability methods, approximation of function sequences, dual sequence space
and the analysis of operators acting between weighted sequence spaces.

6. CONCLUSION

In this article we define relative uniform convergence of Sargent type sequence of functions
concerning the scale function j(z) defined on a compact domain D/u~1(0) C R, we have
introduced the classes of sequences of functions m(¢, ru) and n(¢p, ru). We investigated their
fundamental topological and geometric properties, including completeness, embedding rela-
tions, norm-related characteristics and also studied some geometric properties of convexity.
Several illustrative examples were provided to clarify the theoretical developments. The re-
sults obtained not only extend and unify a number of known sequence spaces but also open
avenues for further research. We believe that the framework developed here can serve as a

foundation for further investigations in the theory of generalised sequence spaces.

7. OUTLINE OF THE ARTICLE

The sequence space m(¢, ru) associated with relative uniform convergence is studied in this
paper, and its fundamental structural properties are established. The main results include
the characterization of the normed structure of m(¢,ru), embedding relations with classical
sequence spaces, and convergence properties under relative uniform control. The paper is
structured as follows: Section 2 provides the necessary definitions and preliminaries; Section
3 presents the main theorems and their proofs; Section 4 discusses related consequences and
further observations; and the final section concludes the paper and suggests future research
directions.

Acknowledgments. The authors would like to thank the referee for some useful com-

ments and their helpful suggestions that have improved the quality of this paper.
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RICCI SOLITONS ON INDEFINITE PARA-KENMOTSU MANIFOLDS
SATISFYING SEMI-SYMMETRY CURVATURE CONDITIONS
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Abstract. The main objective of this paper is to study Ricci solitons on a class of indef-
inite almost paracontact metric manifolds, namely indefinite para-Kenmotsu (also termed,
(e)-para Kenmotsu) manifolds satisfying semi-symmetry curvature conditions. In the con-
clusion, we develop an example of an indefinite para-Kenmotsu manifold with dimension of
3, which confirms the results described in this paper. A comparison table with the results
obtained for (¢)-para Sasakian manifolds is included in the final version of the results.
Keywords: Indefinite para-Kenmotsu manifolds, Curvature tensor, Ricci solitons, Shrink-
ing, Space-like vector field.
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1. INTRODUCTION

A Ricci soliton, defined on a Riemannian manifold, is a natural generalization of an Ein-
stein metric, as well as a self-similar solution to Hamilton’s Ricci flow presented by Hamilton
[4] in 1988. For a manifold M, a Ricci soliton is a triplet (g, V, A) if there is a smooth
vector field V', a Riemannian metric g, and a real scalar A such that

(Lyg)(X, Y) + 25X, Y) + 2Xg(X, Y)=0, (1.1)

where Ly is the Lie-derivative of the metric g along the vector field V' and S is the Ricci
tensor of M,,. The Ricci soliton is stated to be shrinking, steady, and expanding, depending on
whether A is negative, zero, or positive. If the potential vector field V' disappears uniformly,
the Ricci soliton becomes trivial, and the manifold is an Einstein one.

Motivated by Hamilton’s findings, many geometers have conducted extensive research on
the generalizations of Ricci soliton. Various classes of Ricci solitons have been investigated
and studied due to their numerous applications in both physics and Riemannian geometry
[1, 2, 19, 18, 20].
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The index of the indefinite metric, on the other hand, creates diverse vector fields, including
space-like, time-like, and light-like fields, rendering the examination of indefinite structures on
manifolds exceedingly significant and stimulating. With an emphasis on Sasakian manifolds,
in 1969, Takahashi [15] presented pseudo-Riemannian metrics on almost contact manifolds.
In 2009, De and Sarkar [3] presented a (¢)-Kenmotsu manifold, which is the Kenmotsu
manifold [5] that admits an indefinite metric. Several geometers have extensively studied
these manifolds and have produced a number of intriguing findings [9, 12, 17].

In 1976, Sato [11] defined an almost paracontact structure, which is analogous to the
almost contact structure. Tripathi et al., [16] presented the notion of an indefinite almost
paracontact metric structure, also referred as (e)-almost paracontact structure, by linking
an almost paracontact structure with a semi-Riemannian metric, which need not be the
Lorentzian. In this instance, (e = 1) or (e = -1) indicates that the vector field ¢ can be
either space-like or time-like. In addition, they introduced and examined the characteristics
of (e)-para Sasakian [16] and (e¢)-para Sasakian 3-manifolds [8].

Analogous to these, in 2025, Sunitha and Sai Prasad [14] introduced a novel category
of indefinite almost paracontact metric manifolds known as (€)-para Kenmotsu manifolds,
focusing specifically on the curvature characteristics of (¢)-para Kenmotsu 3-manifolds. These
manifold structures are derived from a category of almost paracontact metric manifolds,
specifically para-Kenmotsu manifolds, which were delineated in 1995 by Sinha and Sai Prasad
[13]. Further, Sai Prasad along with Sunitha and Satyanarayana have recently explored the
Z-symmetries of three-dimensional indefinite para-Kenmotsu manifolds [10].

Inspired by the prior study, this current paper continues the study of indefinite para-
Kenmotsu manifolds. Apart from a few requirements about indefinite para-Kenmotsu man-
ifolds in section 2, subsequently in sections 3, 4 and 5, we examine Ricci solitons within
the indefinite para-Kenmotsu manifolds admitting the following semi-symmetry curvature

conditions:
R, X).R = 0, (1.2)
P, X). R = 0, (1.3)
S, X). P = 0, (1.4)

where R(X,Y) and P(X,Y) denote the Riemann and projective curvature tensors, respec-
tively. In order to validate the findings presented in this study, we also develop an example
of a 3-dimensional (e)-para Kenmotsu manifold. At the end, the results are provided in a
more comprehensive form, including a comparison table with the results obtained for (¢)-para

Sasakian manifolds [7].

2. PRELIMINARIES

Assuming that an n-dimensional differentiable manifold M,, is capable of accepting a
vector field &, a (1, 1) tensor field ¢, and a 1-form 7 that satisfy the requirements, then it is

considered to have a structure that is an almost paracontact:
P*X =X — n(X) ¢, (2.5)
n€) =1, (2.6)
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n(¢X) =0, ¢ =0. (2.7)
By taking into account the semi-Riemannian metric g(X, Y'), which has an index of g(X, Y') =

v, it is possible to assert that

9(¢X, ¢Y) = g(X, Y) —en(X)n(Y), (2.8)

for any X, Y belongs to x(M,), which is a group of vector fields on M, and (¢) is either
1 or —1. Then M, is considered as a (¢)-almost paracontact metric manifold endowed with
(e)-almost paracontact metric structure (¢, &, n, g, €).

According to the information provided in reference [6], the manifold M,, is regarded to be
a Lorentzian manifold that is almost paracontact if the index of the function g(X, Y) is one.
Due to the fact that the metric g(X, Y') is positive definite, the manifold M, is regarded
as almost paracontact metric manifold [11]. A clear and convincing demonstration of the

assertion is provided by equation (2.8) that

9(¢X, Y) = g(X, ¢Y) and (2.9)
9(X, §) = e n(X). (2.10)

In addition, the equations (2.5), (2.6), (2.7) and (2.9), give us the following:
9(§, § =« (2.11)

The structure of the (€)-paracontact metric is also known as the (¢)-para Kenmotsu metric
if

(Vx9)Y = g(X, oY) — en(Y) ¢X. (2.12)
Moreover, the manifold M, that contains the structure (¢, &, 7, g, €) is understood to
be the (€¢)-para Kenmotsu manifold [14]. The symbol V is used to denote the Levi-Civita
connection for the indefinite metric g(X, Y). In a particular instance, for the Riemannian
metric g(X,Y) and € = 1, the manifold is para Kenmotsu [13]. We may change the manifold
M, into a Lorentzian para-Kenmotsu manifold by substituting —¢ for £ and € = -1. This
manifold is characterised by the Lorentzian metric g(X, Y) [6].
Among the features that the curvature tensor R(X, Y') possesses in an (€)-para Kenmotsu

manifold are as follows [14]:
Vx§ =elX — n(X)E], (2.13)
R(X, Y)E = 5(X)Y —5(Y)X, (2.14)
R, X)Y =en(Y)X — g(X, Y), (2.15)
R(E, X)E= eX —en(X)e, (2.16)
n(R(X, Y)Z) = e[g(X, Z) n(Y) - g(Y, Z) n(X)], (2.17)
S(@X, ¢Y) = S(X, Y) + (n—1) n(X) n(Y), (2.18)
forall X, Y, and Z € x(M,).
We can get the following from the equation (2.18):
S(X, ¢Y) = S(¢X,Y) and (2.19)

S(X, &)= —(n—1) n(X). (2.20)
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Consider a Ricci soliton (&, g, A) in a (¢)-para Kenmotsu manifold. Using (2.13), we get
(Leg)(X, V) =2 e[g(X, ) — en(X)n(Y)]. (2:21)

With reference to equations (1.1) and (2.21), we have

SX, V)=—(e+N) g(X, Y) + n(X)n(). (2.22)
This gives
S, Y)=—Xen(Yy), (2.23)
QX =—(e+ NX +en(X)E, and (2.24)
r = —n(e+ \)+e (2.25)
The definition of the projective curvature tensor P(X, Y) is
P(X, Y)Z = R(X, Y)Z + nil [S(X, 2)Y — S(Y, Z)X] (2.26)

Equations (2.17), (2.23), and (2.25) allow P(X, Y) to reduce to

P& V)7 =)t = 2] fen@) Y - g7, 2) ¢
(2.27)

2] ot 2) = 0wz €

Additionally, by using the equations (2.6), (2.17), (2.23), and (2.24) and adding X = ¢ to
(2.26), we get

PR, 7 =[-1+ 2] len@) Y - ov, 2) ¢

_ [ﬁ] e g(Y, 2) — n(Y) n(2)]E.

Using the equations (2.6), (2.17), (2.21), and (2.24), for Z = &, we can obtain from (2.26)

A€
n—1

(2.28)

P(X, V)€ =1 - | ) ¥ = nev) x1. (2.29)

3. RICCI SOLITONS ON INDEFINITE PARA-KENMOTSU MANIFOLDS ADMITTING
R, X).R=0
Assume that R(¢, X).R = 0. This yields
R(&, X) R(Y, 2) U—R(Y, Z) R(§, X)U
—R(Y, R X)Z) U~ R(R(, X)Y, Z) U=0. (330
Using equation (2.17), the given equation can be reduced to
en(R(Y, 2)U) X —g(X, R(Y, Z)U) £ —en(U) R(Y, 2)X
+9(X, Y) R Z)U —en(Z) R(Y. X)U +g(X, Z) R(Y, OU (3.31)
—enY) R(X, Z2)U +g9(X, U) R(Y, Z){=0.
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By applying (2.6) and (2.7) to the inner product of the previous equation with &, we arrive
at
n(X) n(R(Y, 2) U) —e g(X, R(Y,Z) U) +9(X, Y) n(R(, 2) U)
—en(Y) n(R(X, 2) U) +9(X, Z) n(R(Y, §) U) — e n(Z) n(R(Y, X) U) (3.32)
+eg(X, U)n(R(Y, Z) §) —en(U) n(R(Y, Z) X) =0.
Using (2.22), the equation above takes the form:
¢ g(X,R(Y, Z2) U) = (1 = ¢)[g(Z, U) n(X) n(Y) — g(Y, U) n(X) n(Z)] (3.33)
+ elg(X, 2) g(Y, U) = g(X, Y) g(Z, U)].

After entering U = X = e; in the equation above and calculating the sum overi (1 < i < n),
we obtain

S, Z) =n(Y) n(Z) —n e g(Y, 2). (3.34)
Using Z = £ in (3.34), we get
SY, &= —(n—1)nY). (3.35)

Then by using (2.23), the above equation gives A > 0, showing that the A\ is expanding.
Based on this, we can conclude that:

Theorem 3.1. A Ricci soliton (g,&,\) on the indefinite para-Kenmotsu manifold under
the semi-symmetry condition R(§,X) . R = 0 are expanding, and & is a vector field that is
space-like.
4. RICCI SOLITONS ON INDEFINITE PARA-KENMOTSU MANIFOLDS ADMITTING
P, X).R=0
Assume that P(¢, X).R = 0. This yields
P, X)R(Y, Z) W — R(Y, Z) P(§, X)W
4.36

Equation (2.28) allows the equation above to be reduced to

€A

n—1

en(R(Y, 2) W) X — en(Z) R(Y, X) W + n(Y) R(X, 2)W

A
L R, )W) € -

n— n —

1
—en(Y) R(X, Z)W +g(X, Y) R(E, Z)W —c —

n(X) n(R(Y, Z)W)E
A
—1

290X, ¥) RIE D)W+ 0(X) oY) R(E, )W

29X, 2) BY, © W+ L n(X) (Z) R(Y, & W

A n(Z) R(Y, X)W+ g(X, 2) R(Y.€) W~ (X, R(Y, Z)W)¢
A

—R(Y, Z) R(§, X)W — [1— -

n(R(Y, Z)W)X

(4.37)

+

Jenmrey, 2)x

CEDgx, W) RV, 206 + L a(X)n(W)R(Y, Z2)€= 0.

+[1-
n_
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Taking the inner product of (4.37) with & and applying (2.6) and (2.7) yield
n(R(Y, 2) W) n(X) —e g(X, R(Y, Z2) W) —n(Y) n(R(X, Z) W)
e+ A 1

n—1 9(X, R(Y, Z) W)e — — n(X) n(R(Y, Z) W)e

+

+ e g(X, Y) n(R(E 2) W)~ 2 a(R(Y, 2) W) n(X)

Ay e, zyw) - 2

n—1 n—1
1
n—1

+eg(X, Z2) n(R(Y, §) W) +

9(X, Y) en(R(&, Z2) W)

_.I_

n(X) n(Y) e n(R(E, Z) W) — n(Z) n(R(Y, X) W) (4.38)
1
n—1

—en(R(Y, Z) R(&, X) W) — [1 .

e n(X) n(Z) n(R(Y, & W)

A
n—1

| nw) m(r(y, 2) x)

IR g0x, W) en(RY, 2) 0

+[1-

W) n(R(Y, 2)€) = 0.

n—1

Equations (2.10) and (2.17) allow us to derive from the equation above that

[nil - 1] (Y, X)n(Z) — g(Z, X)n(Y)le n(W) = 0, (4.39)

which gives A as n — 1 as the term [g(Y, X)n(Z) — g(Z, X)n(Y)] e n(W) # 0. This indicates
that as A is expanding as A > 0. We can therefore assert the following.

Theorem 4.1. A Ricci soliton (g,&, \) on indefinite para-Kenmotsu manifolds admitting the
condition P(§, X) . R =0 are expanding, and £ is a vector field that is space-like.

5. RICCI SOLITONS ON INDEFINITE PARA-KENMOTSU MANIFOLDS ADMITTING
S, X).P=0

Let S(X, €).P(Y, Z) W =0. Then
S(X, &) P(Y, Z) W — P(Y, Z) S(&, X)W

(5.40)
— P(Y, S(X, §) Z) W — P(S(X, €)Y, Z) W =0.
Equation (2.17) allows the equation above to be reduced to
1 1
1 1 (5.41)
+ 2 S(X, O S(Y, W) Z — —= S(Y, W) S(X, §) Z
1 1
1 1
i Sy, S(¢& X)W) Z + 1 S(Z, S, X\)IW)Y =0.
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Taking the above equation’s inner product with £ and applying equations (2.7) and (2.10),

we obtain

S(X, € (R, )W) + — S(X, § 8(Z, W) e n(Y)
— L S(X, 9 S(LW) en(Z) — n(R(Y, S(X, §2)W) .
~(R(S(X, Y, ZW — n(R(Y, 2) 56 X)W)

- S XIS, W) en(2) + — S(Z, W) S(&, X) en(Y) =0,

which further reduces to

n2_61 S(X, OIS(Z, W) n(Y) = S(Y, W) n(Z2)] = 25(X, &) n(R(Y, Z)W)=0. (5.43)
Using (2.20) and (2.22), (5.43) gives
- nA_el [2=Xe + n] [g(Y, W) n(Z) — g(Z, W) n(Y)] n(X) = 0. (5.44)

Applying the equations (2.6), (2.10), and (2.11) to the preceding equation and substituting
Z =W =&, we obtain

Ae =0(r) —2— Xe + n =0, (5.45)
which gives

A=0(r) N = (n—2) e (5.46)

Now, let us suppose that & be a space-like vector field in indefinite para-Kenmotsu manifolds.
From the equation above, we can find that either A = 0, (or) A > 0 for n > 2. This indicates
that A is either steady or expanding. As a result, we can say this.

Theorem 5.1. A Ricci soliton (g,&,\) on indefinite para-Kenmotsu manifolds admitting
the condition S(&, X).P = 0 are either steady or expanding, and & is a vector field that is
space-like.

Furthermore, the vector field ¢ is assumed to be a time-like on the (e)-para Kenmotsu
manifold. We therefore have A = 0 (or) A < 0 in light of (5.46). This suggests that X is
either steady or shrinking the same. Therefore, we can say that:

Theorem 5.2. A Ricci soliton (g,&,\) on indefinite para-Kenmotsu manifolds that satisfy
S(&, X).P =0 and possess £ as a time-like vector field are characterised as either steady or

shrinking.

6. AN EXAMPLE OF A THREE-DIMENSIONAL INDEFINITE PARA-KENMOTSU MANIFOLD

We look at a three-dimensional manifold M3z = {(:L‘, y, z) € R3}, where (z, y, z) are
the standard coordinates in R3. For each point in M3, let e, es, and ez be a set of linearly
independent vectors provided by

0 0 0

€1 =2 —, e=2 —, €3 =—2 —. (6.47)
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The definition of the Riemannian metric g is
1, ifi = j
ates ej):{ 0, ifi#jiij=1 23
The 1-form, denoted by n, is defined as:
9(X, e3) =en(X), for each X € x(M3).
Let ¢ be a (1, 1)-tensor field on M3 with the following definition:
#*(e1) = e1, #*(e2) = ea, ¢(e3) = 0; and
¢le1) = — e e1, g(ez) = — € ez, P(es) = 0.
We can get this by using the linearity of ¢ and g¢:
n(es) =1, g(§, §) = e where e = +1,
¢*(X) =X —n(X) e3 ,
and g(¢X, ¢Y) = g(X, Y) — e n(X) n(Y),
for all X, Y € x(Ms3). Therefore, for e3 = &, the structure (¢, &, 7, g, €) defines an indefinite

almost paracontact structure on Ms.
Now, from (6.47) we have

[61, 63] =e1, [e2, e3] = ez, and [e1, ea] = 0.
Koszul’s formula gives us the Levi-Civita connection V of the metric tensor g as follows:
29(VxY, Z2) =X g(Y, 2)+Y g(Z, X) - Z g(X, Y)
(X, [V, Z) - (¥, X, Z]) +9(2, [X, ¥]). (0:45)

Next, we obtain the following using the Koszul formula mentioned above:

Ve, e1 = —e3, Ve ea =0, Ve e3 =€ eq;

Ve,e1 =0, Ve,e9 = —e3, Ve,e3 =€ eg;

Vese1 =0, Vesea =0, Vezez = 0.

Based on the parameters listed above, the manifold under evaluation satisfies the conditions
(2.12) and (2.13). This demonstrates that M3 is an indefinite para-Kenmotsu manifold with
the structure (¢, &, n, g, €).

Additionally, using (1.1) and the values mentioned before, we obtain

(Leg)(er, e1) =2, (Leg)(e2, e2) =2 and (Leg)(es, e3) = 0.
For a three-dimensional manifold, using (2.20), we get
S(X, &) = —2 n(X). (6.49)
Using (2.22), we obtain

S(X, Y)=—(e+A) e n(X) + n(X). (6.50)
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/61

FIGURE 1. Classification of 3-Manifold with Covariant Derivatives.

From the preceding two equations, we obtain
A=2e. (6.51)

For € = 1, we have A = 2. From (2.22), we have

S(X, V) =-3g(X, Y)+ n(X) n(Y). (6.52)
Similarly, for e = —1, we get A = —2, and from (2.22), we get

S(X, Y)=3g(X, Y)+ n(X) n). (6.53)
Hence from (2.22), we have

5(61,61) = —(€+)\) €, S(€2,62) = —(6—|—)\) €, 5(63,63) = —(€+>\) e+ 1,

3
where r = ) S(e;, ;) g(e;, e;). This gives
i=1

r=-3(+A+e (6.54)

From the above equation, we get r = —8, for e = 1 and A = 2; and for e = —1 and A = —2,
we get 7 = 8.

Clearly for e = 1, the manifold has negative scalar curvature shows that the Ricci soliton is
expanding, and the manifold has positive scalar curvature for ¢ = —1. This proves that the
Ricci soliton is steady.
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Shrinking Steady Expanding
A<0 A=0 A>0
e €3 €3
/\ e,
e e, €1 € & i

FiGURE 2. Classification of Ricci solitons based on the sign of A
7. COMPARISON

TABLE 7.1. Comparison of Ricci solitons on indefinite para-Sasakian and
para-Kenmotsu manifolds

Property indefinite para-Sasakian indefinite para-Kenmotsu

Structure equations VxoY = —g(X, Y)E+enY) X VxoY = —g(X, ¢Y)¢ —en(Y) ¢X

Nature of £ Vx& =epX Vxé=¢X —n(X)) ¢

Ricci Soliton form Lyg+25+2X\g=0 Lyg+25+2X\g=0

Ricci Soliton equation || S(X, &) = —(n — 1)n(X) S(X,Y)=-Xen(X)

Type of Soliton A= (1—n)e A= (n—2)

Geometric behaviour || Shrinking or steady depending on e | Space-like steady or expanding depending on €

8. APPLICATION

Geometric Flow Modeling: The potential vector field V = B¢ indicates that the metric
evolves along the vector field &.
1. For € = 1, the soliton expands. So the manifold stretches along &, whereas orthogonal
directions evolve differently or remain constant.
2. This simulates geometric flows that are anisotropic, meaning that one preferred direction
changes noticeably.
Practical use: Anisotropic cosmologies and manifolds with directed deformation are exam-

ples of spaces or spacetimes with directional expansion.
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THE PROBABILITY DISTRIBUTION OF THE NUMBER OF DISTINCT
OUTCOMES IN REPEATED WEIGHTED EXPERIMENTS

CALEB BRINKMAN , LIANYONG XUE , AND TURKAY YOLCU *

Abstract. The number of distinct outcomes arising in repeated weighted experiments is a
fundamental quantity in probability theory, with natural applications in statistics and game
theory. In this paper, we pursue two complementary objectives. First, we establish explicit
and recursive formulas for the probability distribution governing this quantity, then derive
its expected value and variance via two independent methods: a classical combinatorial
approach and a probabilistic method based on indicator random variables, joint probabili-
ties, and covariance matrices. We demonstrate the practical relevance of this distribution
through applications in weighted bootstrap sampling with minority classes and in an anal-
ysis of the NBA Draft Lottery. Second, as a central theoretical contribution, we resolve
a conjecture proposed in [5] asserting that the expected value of this distribution is maxi-
mized when all outcomes are equiprobable, a result consistent with the maximum-entropy
principle from information theory. We first support the conjecture through Monte Carlo
simulations, which motivate and guide a complete formal proof confirming its validity.
Keywords: Probability Distribution; Weighted Experiments; Distinct Outcomes; Expected
Value; Entropy.

MSC (2020): 60C05, 62E17, 91A80, 65C05.

1. INTRODUCTION

Historically, weighted probabilistic models have contributed heavily to engineering and
the sciences, arising because their unweighted counterparts often lack the functionality to
accurately simulate many real-world scenarios. These weighted models necessitate a con-
cept in information theory [11] called the entropy of a random variable, which quantifies

7 “surprise,” or “uncertainty” associated with a random

the average amount of “information,
outcome. Entropy has emerged as a burgeoning concept in probability and statistics, with
work by [6, 11] highlighting its capabilities. Weighted experiments also arise naturally in
machine learning, where the probability of distinct outcomes is influenced by reward struc-
tures, class imbalance, or feature relevance. Applications include outcome-weighted learning
for optimal decision rules [9], probability estimation for multicategory outcomes [12], and
probability-weighted feature selection in high-dimensional models [1].
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In this manuscript, we explore weighted probabilistic models and entropy through the
problem of determining a probability distribution for the number of distinct outcomes that
occur in repeated weighted experiments. This distribution allows us to analyze how ran-
domness behaves in weighted settings and illustrates that the highest level of entropy occurs
when all outcomes are equiprobable.

To motivate our study, consider a scenario from incentive design, a construct from the
Nobel Prize-winning field of contract theory. Suppose a firm manager oversees twelve em-
ployees and has twelve equal-value incentive checks to distribute at the year-end banquet.
To determine the recipient of each check, the manager conducts a weighted random selection
with replacement, aiming both to reward superior employees and to avoid accusations of bias.
Over the year, employees who meet a universal standard earn personalized achievement cards
that are placed into a jar, and during the banquet the CEO makes twelve selections with
replacement from this jar to determine the recipients. Because different employees contribute
different numbers of achievement cards, the selection process is conducted in a weighted and
randomized manner. It is therefore pertinent to determine the probability of k distinct em-
ployees receiving at least one incentive check, for 1 < k < 12, as well as the expected number
of distinct employees that receive a check. Our model answers this question directly.

Interestingly, our results can also be employed to analyze the annual NBA Draft Lottery.
The lottery determines the selection order for that year’s NBA Draft through a weighted
random draw among each of the league’s non-postseason teams, where the odds of winning
correlate negatively with league standing [17]. Here, we restrict our focus to the winner of
the Draft Lottery, as the value of the top pick has led some teams to be accused of “tanking”,
purposely losing games to increase their probability of securing the first pick [4]. In 2019,
the NBA significantly overhauled their lottery odds to mitigate this issue [4], as expressed in
Table 1.1. These new odds theoretically increase the diversity of teams that can obtain the
top pick.

Standing ‘ 1 2 3 4 5 6 7 8 9 10 11 12 13 14

2018 0.25 0.199 0.138 0.137 0.088 0.053 0.053 0.028 0.017 0.011 0.008 0.007 0.006 0.005
2019 0.14 0.14 0.14 0.125 0.105 0.09 0.06 0.06 0.06 0.03 0.02 001 0.01 0.01

TABLE 1.1. Probabilities of getting the top pick in 2018 versus 2019 based
on league record [18]. (1 denotes the team with the worst league standing.)

As an application of our distribution, we examine the impact of the NBA’s revised lottery
odds on the randomness of the Draft by modeling the expected number of distinct pre-
lottery positions that secure the top pick over a 14-year horizon (corresponding to the 14
teams in the lottery). To quantify this effect, we compute the percent increase in the expected
number of distinct outcomes between the 2018 and 2019 lottery systems, which we find to
be approximately 19%.

Mathematically, the NBA Draft Lottery problem represents the expected number of dis-
tinct outcomes that occur in repeated weighted experiments. We can model this event by
obtaining a concise, explicit formula for a probability distribution representing this scenario,
which can then be used to compute its expected value and answer our Draft Lottery question.

It is fascinating how mathematics weaves its structure into everyday scenarios.
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Before we embark on this journey of discovery, it is important to note that the historical
foundations of our work trace back to early analyses of games of chance, beginning with
Cardano’s Liber de Ludo Aleae [2], composed around 1560 and published posthumously in
1663. Although Cardano’s treatment lacked the formal structure of later developments, it
introduced many of the fundamental ideas of probability in the context of gambling. These
ideas were later refined by Pascal and Fermat [14] in their correspondence on equiprobable
events. Huygens, in his 1657 manuscript De Ratiociniis in Ludo Aleae [7], synthesized and
extended this earlier work, providing the first systematic exposition of expectations and
unequal-probability outcomes.

In [5], the authors obtained explicit formulas for the probability distribution, expected
value, and variance of the number of distinct outcomes in the setting of repeated equiprobable
events (see Corollary 3.1 and Corollary 3.2). Based on these results, they further proposed a
conjecture asserting that, among all possible probability assignments, the expected number
of distinct outcomes is maximized in the equiprobable case.

Our work advances this line of inquiry by deriving an explicit distribution for the number
of distinct outcomes produced by repeated weighted experiments, thereby generalizing the
results of [5] and extending Huygens’ perspective into contemporary probabilistic modeling.
This explicit distribution also enables us to prove the conjecture proposed in [5].

We develop the technical setup with the following definition:

Definition 1.1. Assume that n independent trials are performed in which a random integer
from 1 to n is chosen. Let the probabilities of selecting each number be p1,pa,...,pn where
Yo pi = 1. We define the random variable X to be the number of distinct integers that will

be seen during this procedure.

As convention, we assume (8) = 1. For k1 + ks +--- + k,,, = n, we set

" S
ki, ko, .. km/)  kilkal-- k!
By the Multinomial Theorem, we have

(pr+p2to )=

k1 kg, km >0

n kl k2... km
<k17k2>"'7km>p1 p2 P

2. HEURISTIC DERIVATIONS FOR THE PROBABILITY DISTRIBUTION OF X

In this section, we develop two separate derivations. Both will serve as foundational tools

for establishing further theorems in the subsequent sections.

2.1. Derivations via the Complementary Principle. To derive a probability distribu-
tion for X, we leverage the complementary principle. In this context, we take X to be the
number of distinct pre-lottery positions that receive the top draft pick, in order to provide a
more tangible example for the reader’s motivation.

As an example, we model a hypothetical draft lottery containing five teams performed
annually over five years. We specify probabilities p1, p2, ps, pa, p5, where Z?Zl p; = 1, and
each p; denotes the probability that the i-th pre-lottery position wins the lottery and receives
the top draft pick.
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Case: P[X = 1]. The probability that exactly one distinct pre-lottery position receives the
top pick across all five years is

PX=11= > 1. (2.1)

1<i<5

Case P[X = 2]. To derive P[X = 2|, we again use the complementary principle. Fix a pair
of distinct teams (i1,i2). By the Binomial Theorem, the probability that the top pick falls to
two pre-lottery positions i1 and is is (p;, +ps,)°. Within this event, we must exclude the cases
where only one team appears among the five picks. Using our earlier expression for P[X = 1],
the total probability that all five picks come from a single team in {i1,i2} can be written as
piy PIX = 1]+ pi, P[X = 1] or (ps, + pi,) P[X = 1]. Thus, for this fixed pair, the probability
that ezactly two distinct teams (namely 41 and 42) appear is (p;, +piy)° — (pi, +piy) P[X = 1].
Summing over all possible pairs of teams yields

PIX =2 = 3 [(pa +pu)’ = (i +pi) PIX = 1]].
1<d1 <i2<5
The correction term scales P[X = 1] by the proportion of the total probability mass concen-
trated in {i1,42}, since P[X = 1] was computed over all five positions.

Case P[X = 3|. To derive an expression for P[X = 3|, we fix a subset of three teams and
isolate the probability that exactly these three teams appear among the five outcomes. Let
S = {i1,12,i3} be a fixed triple of distinct pre-lottery positions to which the top pick may
fall.
Step 1: At most three distinct teams from S. The probability that all five outcomes are drawn
from this triple is
P(all draws in S) = (ps, + pi, + Di)°. (2.2)
This event includes all configurations with exactly one, exactly two, or exactly three distinct
teams from S.
Step 2: Decomposition by the number of distinct teams. Focus first on the index i1 in S.
Among the three teams in S, the number of k-element subsets that contain i; is (ij), since
we choose the remaining k — 1 teams from S\ {i1}. Among all five teams, the number of
k-element subsets that contain ¢ is (Zj), corresponding to choosing the remaining k — 1
teams from {1,...,5}\ {é1}. Thus, the fraction of k-subsets that contain i; and lie entirely
within S is (2:1)/ (Zj) Consequently, the portion of the event “exactly k distinct teams
occur and 4 is among them” that is compatible with all k teams lying in .S is weighted by
(1)
(:21)

The same reasoning applies to io and i3.

pi, PIX = k.

Step 3: Isolating exactly three distinct teams from S.
2 (3—1)
Plexactly 3 distinct teams from S| = (pi;, + piy + Pis)° — Z (lg_})
k=1 \k—1

Finally, summing over all triples S = {i1, 42,13} with 1 <1y < iy < i3 <5 yields
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w

— (1)

)

(pil +pi2 +pi3)5 -

(pi, + piy +pis) PIX = k]] .

=

Il

[S
I

1<11<12<13<5

General pattern: P[X = r|. The structure above extends naturally.

PX=r]= >

1< << <5

r—1

(P, +"'+pir)5 - Z

(Zﬁ)( 4 p) PIX = K]
R R

where the inner sum subtracts, via complementary counting, the contributions corresponding

to exactly k distinct teams. The factor (,’;j

{1,...,5} (containing a fixed index) that lie entirely within the chosen r-subset {i1,...,i,}.

) / (Zj) is the proportion of k-element subsets of

This weighting ensures that only the portion of P[X = k] attributable to subsets contained
in {i1,...,4,} is removed, thereby isolating the probability that exactly r distinct positions

are observed.

2.2. Derivations via the Inclusion-Exclusion Principle. To derive the probability dis-
tribution for X, the number of distinct pre-lottery positions that receive the top draft pick,
we leverage the Inclusion-Ezclusion Principle. As a concrete example, we model a hypo-
thetical draft lottery containing n = 5 teams performed annually over 5 years. We specify
probabilities p1, p2, p3, P4, 5, Where Z?Zl p; = 1, and each p; denotes the probability that
the i-th pre-lottery position wins the top draft pick in any given year.

To find the probability P[X = r] that exactly r distinct teams win the top pick, we first
choose a specific subset of r teams, denoted by S := {i1,...,4,} C {1,2,3,4,5} where |S| =r.
We calculate the probability that the winners over all 5 years come only from this subset .S,

and use inclusion-exclusion to ensure all r teams are chosen at least once.

Case P[X = 1]. The probability that exactly one distinct pre-lottery position receives the
top pick across all five years is simply the sum of the probabilities of each single team winning
all 5 years:

PX=1= > 1.

1<i<5

Case P[X = 2|. For a fixed pair of teams {i1,i2}, the probability that all 5 picks come from
this pair is (p;; + pi,)°. However, this includes the cases where only i; wins all 5 years, or
only 72 wins all 5 years. By the Inclusion-Exclusion Principle, we subtract these single-team
outcomes:

PIX=2= > [ +pw) 05 — 5]
1<) <ia <5

Case P[X = 3|. For a fixed triplet of teams {i1, i2, i3}, the baseline probability that all picks
fall within this triplet is (ps, + pi, +pis)°. To isolate the event where all three appear at least
once, we subtract the cases where at most two appear, and add back the cases where only
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one appears:

PX=3= > |n+pmtr)— D> (i, +pi)+ Y. ),

1<iy <ig<ig<5 1<j<k<3 1<5<3

General Pattern. The structure generalizes cleanly. For any 1 < r < 5, the probability
that exactly r distinct positions are observed is found by summing over all possible subsets
S of size r, and applying the complementary principle internally to each subset:

r—1 5
PIX=1= > > Y (Zm) -
1<i1<+<ip<5 j=0 TC{i1,ir} €T
|T|=r—j
Alternatively, setting kK = r — j, we get

T 5
Px=i= Y St ¥ (Ta) (2.3

1<i < <ir <5 k=1 TC{i1,.sir} Ni€T
|T|=k

3. ESTABLISHING THE PROBABILITY DISTRIBUTION OF X
Guided by the previous observations in Section 2.1, we examine the emerging patterns and
use them to formulate a recursive characterization of the probability distribution of X.
Theorem 3.1. Let N be a random variable with probability distribution
P[N = k] = px, 1<k<n,

and X be the number of distinct integers observed in n independent observations of N. The

probability of obtaining r distinct integers in n trials is given by

PIX=rl= ) ((pi1+~-+pu)”—

1<i < <ipr<n

(s + -+ pi, ) PIX = k]). (3.4)

Proof. As shown in Section 2.1, the complementary principle yields the structure required to
isolate exact cardinalities, and Theorem 3.1 follows as a direct application of this framework.
To this end, let 1 < r < n and fix an r-subset S := {i1,...,i,} C {1,...,n}, and consider the
event that all observed integers lie in S and that exactly r distinct integers from S appear
among the n draws.

Step 1: At most r distinct integers from S. By the Binomial Theorem, the probability that

all n draws come from S (i.e., no integer outside S appears) is
Plall draws in S] = (p;, + - +p;, )" (3.5)

This event includes all configurations with exactly k distinct integers from S for 1 <k < r.
Step 2: Decomposing by the number of distinct integers. Let 1 < k < r and let Xy(S) denote
the event that exactly k distinct integers appear among the outcomes, and that all of them

belong to the subset S. Then the event in (3.5) can be decomposed as

{all draws in S} = U Xi(9),
k=1
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and these events are disjoint. Hence
T
Y PIXe(9)] = (pi + - +pi)" (3.6)
k=1

Our goal in the decomposition above is to single out the probability P [XT(S )} , which captures
the event that precisely r distinct integers from .S are observed.

Step 3: Relating P[X,(S)] to P[X = k]. Fix k with 1 < k <r—1. We now express P |[X(S)]
as a fraction of the global probability P[X = k|. Focus first on a single index i; € S. Among
the r integers in S, the number of k-element subsets that contain 4y is (Zj), since we choose
the remaining k£ — 1 integers from S\ {i1}. Among all n integers, the number of k-element
subsets that contain ¢; is (Zj), corresponding to choosing the remaining k — 1 integers from
{1,...,n} \ {i1}. Thus, the fraction of k-subsets (containing i;) that lie entirely in S is
(;j) / (Zj) Consequently, the portion of the event “exactly k distinct integers occur and i
is among them” that is compatible with all k integers lying in S is weighted by

-1

(k1)

-1
(=)
The same reasoning applies to each i; € S, j = 1,...,r. Summing over all indices in S yields
-1
(k1)
-1
(:"1)

Step 4: Isolating exactly r distinct integers from S. Substituting (3.7) into (3.6) gives

| e o)
(i +-+0i,)" =D 2
k=1 (k*l)

Diy P[X = k‘]

P[Xy(5)] =

(piy + -+ +pi,) PIX = k], 1<k<r—1. (3.7)

(i + - +pi,) PIX = k] + P[X.(5)].

Rearranging, we obtain

r—1 (r—1
P[X:(8)] = (pi, ++pi,)" — (jjj) (piy + -+ +pi,) PIX = K]
= (o)
That is,
1 (r—1
p R . o ) \n 4 (17;71) ) . _
[exactly r distinct integers from S] = (pi, +- - +pi,) —Z = (pi, +- - +pi,) PIX = k).
k=1 (k—l)
Summing over all r-subsets S = {i1,...,i} with 1 <43 < -+ < i, < n yields the desired
result for P[X = r]|. O

Consider the summation of all possible p;; + - -- + p;,, where 1 <47 < --- <4, < n. The
total number of terms here is r (:f) Since each p; appears equally, we can rearrange them to
form % [r (f)] = (fj) blocks of p1 + - - - + p,. Mathematically, we can express this formula
as follows:

Lemma 3.1. For any 1 <r <n, we have

> (pi1+...+pz‘,ﬂ)—(::i)(ler...ern)_(?::D_

1<i1 << <n
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Proof. We establish the proof by mathematical induction on n > 1. The base case where

n =1 is simple as n = 1 implies that » = 1. Hence,

1
> (pi1+~--+pir)—rzlpr—1— G:D

1<y << <1
We carry on with our inductive assumption that for some n and any 1 < r <n,

Z (pz‘1+~'+pi7»)=<z:i>-

1<i1 << <n

Pi
17pn+1

For our inductive step with p; +pa+ -+ +pn +pn+1 =1, let us set ¢; = and apply

the inductive hypothesis with ¢; + ¢2 + - - - + ¢, = 1 to ascertain

> (Qil—i--..‘f‘Qi,ﬁ):(Z:rll)v > (qi1+---+qirl)=(7::21).

1<i1<<ip<n 1<t <-<ir_1<n
Now, we consider r-combinations of n+1 integers. There are two cases regarding the inclusion
or exclusion of pyy1.
Case 1. Let p,+1 be included in the sum’s r-combination. We have

Y= Z (piy + -+ Pip_y + Pnt1)

1<i|<--<ip_1<n
including py+1

= Y uteotp)t > e

1<iy<-<ip_1<n 1<iy < <ip_1<n

= (1= ppt1) Z (@i + -+ qi,_,) + Z Pn+1

1<ii < <ip—1<n 1<i1 <+ <ip—1<n

= (1= pn+1) (:L_;) + (T ﬁ 1>Pn+1-

Case 2. Let py+1 be excluded in the sum’s r-combination. We have

22 s = E : (p'll +“'+pir_l +p7/r)
1<i) <--<ip<n
excluding pp 41

= (1= ppt1) Z (@i, + + i,y +4i,)
1<i1<+<ir<n

] )}

¥i= Z (piy + - +pi,) = X1 + 2o

1<ig < <ir<n+1

Employing Pascal’s identity,
n—1 n n—1\ n
r—2 r—1) \r—1)’

and algebraic manipulations produces the desired result:

Let
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Y= —Pn+1)<::;> + (T i 1>Pn+1 +(1 _pn+1)<::i>
B N
~(1 —pnﬂ)(?ﬁl) + (T:)pnﬂ _ (T:) _ ((n:i)l— 1>.

This completes the proof. ]

In our manuscript, Lemma 3.1 serves two purposes: simplifying our recursive formula and
connecting our recursive formula to an explicit formula shown in a later theorem. Indeed,
applying Lemma 3.1 after distributing the outer summation in Theorem 3.1 produces the
following expression:

PX=rl= >  (oy+-+p n_ 3 liz) (n - PIX =k 3.8
=T = Diy plr) Z (n—l) r—1 [ - ] ( ’ )
1<iy<-<ir<n k=1 \k—1

The clarity of this equation is increased by applying the popular subcommittee identity,
™MG) =) (’Zillj) along with the identity (7)) = %(?:11), which yields

(1) <n - 1) N e | ey R oy G I (n - k)

() \r =1 () =y r—k

which can be substituted into (3.8) to obtain:

Lk
P[X =7] = Z (pi1+...+pir)”_z<r_k> P[X = k. (3.9)

1<ip < <ip<n k=1
To demonstrate the second use of Lemma 3.1, we first prove the following fact, which
results in an explicit formula for the probability distribution of X. While this should signal
the end of our search, we continue on, believing this explicit formula’s complexity makes
calculating the expected value and variance unnecessarily difficult. Though this explicit
formula lacks the brevity we desire, its value stems from its connection to (3.9), which will

prove invaluable to confirming our recursive formula’s truth.

Theorem 3.2. Let N be a random variable with probability distribution
P[N = k] = pg, 1<k<n,

and X be the number of distinct integers observed in n independent observations of N. Then
the probability distribution of X is given by

|
n. Yi yi’r
P[X:T]: Z Z ﬁplllplr 5 T:1727...,n. (310)
1<iy<—<ir<n Lyi; ++yi,=n Yir:Yir:
all yijzl

Proof. Let Y), = B(n,pi) be a binomial random variable expressing the number of times
that k occurs in the n observations. Then Y = (Y1,...,Y,) has a multinomial distribution
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with probabilities p1, ..., p,, number of observations n, and joint probability function

_ _ n Y1 Yn _ n! Y1 Yn
pPly)=pPWYt,---yYn) = b1 - Pp = b1y D
( ) ( ) 9 n) <y17---7yn> 1 n yl'yn' 1 n

where y; + - - - + y, = n. We now define the vectors
e1 =(1,0,...,0) e =1(0,1,...,0) ... e,=(0,0,...,1), (3.11)

These vectors enable us to alternatively represent our joint probability function as

n!

Pyt Yn) = p(yrer + - + ynen) = ————pi' -
YisYn!

Hence, for r =1,...,n, we have

PX=r]= > > plynen + -+ i)
1< < <ipr<n Ly ++yi.=n ]
all yijZl

= o
1<ip<<ir<n Lyig ++Yir=n - e J

all Yi, >1

which is exactly what we desired to prove. O
The connection between (3.9) and Theorem 3.2 can be observed in Remark 3.1 below.

Remark 3.1. We observe the following probabilities for P[X = r]:

(a) r=1: PX=1]= Zp(nek) = sz
k=1 k=1

(b)) r=2: PX=2= ) [ > p(yieﬂryj@j)]

1<i<j<n L yity;=n
yi>1,y;>1

= > ( > p(yi€i+yj€j)) —p(n6i>—P(n€j)]
1<i<ij<n L yity;=n

= > ( > ! p?ip?)—p?—p?]

Nyl
1<i<y<n L yityy=n Y005

= D>, i)' Y G+

1<i<j<n 1<i<j<n
= 3 i+p)" - (n-1)PX =1].
1<i<j<n

(c)r=n: PX=nl=pl,...;1)=nl(p1- ppn).

We highlight the connection between our recursive and explicit formulas through the calcu-
lation of P[X = 2]. Note how the vectorial representation in (3.11) clarifies the terms taken
out of the inner summation. From this, we apply Lemma 3.1 to acquire our final result,
connecting the findings from Theorem 3.2 to our recursive formula in (3.9). We leverage this

connection to verify our recursive formula with the ensuing theorem.



Int. J. Maps Math. (2026) 9(2):309-335 / DISTINCT OUTCOMES IN WEIGHTED EXPERIMENTS 319

Theorem 3.3. Let N be a random variable with probability distribution
P[N = k] = px, 1 <k<n,

and X be the number of distinct integers observed in n independent observations of N. We

have the following recursive formula for the probabilities:

r—1 n—k
P[X:T]: Z (p11++p1r)n_z<r_k> P[X:k:] (312)

1<ip < <ip<n k=1

Proof. We establish this result in two parts: the explicit formula provided by Theorem 3.2
and the complementary counting method used to derive Theorem 3.1. To find P[X = r], we
leverage the multinomial theorem to calculate P[X = s] for any s in {1,2,...,r}. We then
use the explicit formula from Theorem 3.2 to subtract the probability P[X = t] for any ¢ in
{1,2,...,r — 1}. Calculating this for every r-combination in the set {1,2,...,n} gives the

expression
z : nl Yiy Y
1<i1 < <ir<n Yig ++Yi.=n 21 ir
all y;; >1
where

Py = Z Z #Piﬁl P = Z (piy + - +pi,)",

1<i1 < <ip<n Yoy ++Yip=n Yir: i 1<i1<<ip<n

and

r—1 nl
R DS Do g
1<y <o<ir<n k=1 1<j1<<fp_k<r iy +eotyip=n S Yir’
vij =-=vi; =0
While one may be fairly familiar with P; from our recursive formula, P, may seem daunting
at first glance due to its four summations. To simplify P,, we first swap the outermost two

sums to obtain

r—1 nl
. Yi Yi
D DD DR D e
2 yzlyzlpll plr
k=1 1<i1<--<ir<n 1<f1<-<frop<r - yig+otyip=n 7" "
yij, ==vi;,_, =0
We now use (3.10) to turn two sums into one, yielding
r—1
|
=Y ()G E R el
r)\r—k)|(}) gyl Ik
k=1 k) 1<l < <lpg<n yiy +ty =n k
all yljzl

To obtain P[X = k] in the above without over-counting, it is necessary to divide by (}).

Next, we apply (3.10) and the subcommittee identity to P, which produces the expression

P :21 (7)(%)ik)P[X s :gcﬂl)(%:@p[x — k| = g (Z:]]DP[X — K.

k=1
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Putting P, and P» together, we get our desired result:

r—1
n—=k
PX=r= Y a3 (D)) P -
1<i1 < <ir<n k=1
This completes the proof of Theorem 3.3. Il

Remark 3.2. Lemma 3.1 furnishes the link between Theorem 3.1 and Theorem 3.3, thereby
yielding an alternative proof of Theorem 3.3 via Theorem 3.1.

Because the laborious nature of the recursive formula makes it unsuitable for actual cal-
culations, we instead utilize it to derive a clear, explicit formula that enables us to calculate
P[X = r] directly for 1 <r < n. For brevity, we let

Qnk) == > (it +p)" (3.13)

1<i1 < <ip<n

We now embark on our journey of discovery by employing (3.9) to calculate P[X = r] for
n=>5and 1 <r <5, leading to the pattern:

PIX = 1] = (3)@(5, ),
s
- (})es @Q(w,
D+ (3)es-(7)esn+ (j)ea.

e -a- (oo
) <§>Q(5, 3) — <1>Q(5,4) + (8)@(57 5).

)+ (R0
P[X =4] = ( ) )+
A careful observation of the above findings culminates our search with a simple explicit

—_

- (o

formula for the probability distribution of X.
Theorem 3.4. Let N be a random variable with probability distribution
P[N = k] = pg, 1<k <n,

and X be the number of distinct integers observed in n independent observations of N. The

probability of obtaining r distinct integers in n trials is explicitly given by

PX =r]=) (-1)" <Z::> ( > it +pik)”>- (3.14)

k=1 1<i1 << <n
Proof of Theorem 3./ by Induction. To prove this result, we shall use induction on r and
Theorem 3.3. As in (3.13), we use

Q(TL, k) = Z (pil + +pik)n'

1<ip<-<ig<n

Note that (”61) = 1. When r =1, (3.12) becomes

1
PIX =1] = Q(n,1) = 3 (~1)'* (’f - ,’j)Q(n, ),

k=1
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which is consistent with (3.14). Now assume that

PIX=m]=) (-)"* (n_k>Q(n,k) (3.15)

m—k
k=1
holds true for any m with 1 < m < r < n. Let’s prove this for m = r + 1 < n. Recall

— Z [ia(k,t)] = Z [ga(k,ﬂr k)

k=1 Lt=k k=1 Lt=0

(3.16)

Another well-known fact from Pascal’s Triangle is the symmetry property:

<Z> N k'(nn'ky - (n . k:> (3.17)

Furthermore, using the subcommittee identity, we have

[ B s [ ) o

for integers n > r 4+ 1 >1¢ > k > 0. Finally, using the Binomial Theorem we get

r+1—k
+Z (-1)' <r+ b k) = (-1 =0,

7
1=0

k <r +1- k) _ (gt (: j: 1 - ’;) (3.19)

1:0

and hence we arrive at

\3

Also, we can write

Q(n,’r + 1) = (_1)r+1—(r+1) ( n — (7’ + 1)

1). 3.20
RN [-OXER (3.20)
Using Theorem 3.3 and taking into account the inductive hypothesis in (3.15) together with

the identities in (3.16), (3.17), (3.18), (3.19) and (3.20), we observe that

(r+1)-1 .
PX =r+1]= (Piy + -+ Pipyy)" — ( e ,)P[X:i]
1<i1<-~~z<:ir+1<n ZZ; (T + 1) -1
(410 Q(n,r +1) —Z (nfril> Z(—l)z_k (Z—z) Q(n, k)
=1 k=1

(3.16)&(3.18) 4 n—=k [ yik r+1—k
=5 QM r 4+ 1) Zan < _T_1> ;( 1) (r—i—l—z’)]
r r—k
16)&(3.17 n—k i(r+1—k
SR <n,r+1>—§j@<n,k><n_r_1) (1) ( z. )]
k=1 Li=0

(3.19)&(3.20) X (71)”1% n—=k
r+1—k

Q(n, k

B Z (_1)(T+1)_k ((T:L—;)k_k> ( Z (pil +“'+pik)n>7

1<i1 <<, <n
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which completes the proof by induction. Il

We now present an alternative proof of the explicit formula in (3.14). This argument relies
on the inclusion-exclusion principle introduced in Section 2.2. Since the steps closely parallel

those already given, we leave the details to the reader.

Theorem 3.5. Let N be a random variable with probability distribution
P[N = k] = p, 1<k<n,

and X be the number of distinct integers observed in n independent observations of N. The

probability of obtaining r distinct integers in n trials is given by

PX=r]= > Sty <Zp>n (3.21)

1<ip<-<ip<n k=1 TC{i1,ip} Ni€T
|T|=k

Proof of Theorem 3./ by the Inclusion-FExclusion Principle. Fix k with 0 < k <7 <n. Let
J=A{1,...,n} and S={i,....i} CJ.

Note that we can write

> > <;pi>n= > (Zm)n (3.22)

1<i1 < <ir<n TC{i1,nir} ScJ TcCS \ieT
|T|=k IS|=r |T|=k

The double sum > g ZTcs ranges over all pairs (S,7) with T'C S C J, |T| = k, and
IS|=r — |T|=k
|S| = r. Interchanging the order of summation, and grouping these pairs by T first gives

>y (ZpZ-)n: 3 (ZpZ)n ‘{S:TcScJ, \S\:r}‘. (3.23)

ScJ TcS \ieT TcJ \ieT
|S|=r |T|=k IT[=k

Each pair (S,7T) is counted exactly once on either side. For a fixed T with |T| = k, an

admissible S is obtained by adjoining r — k further elements chosen from J \ T, a set of size
n — k. Hence

{s:Tcscy, |S|:r}‘:<:_]]:), (3.24)

independently of T'. Therefore, combining (3.22), (3.23), and (3.24), we have

Yoo () - () e
1<y < <ir<n Tc{ill,..l.{;ir} €T |%C.Jk €T
I7|= =

Using (3.21) together with (3.25), we obtain

T

PLx =i =31 (1 );J(Zp) |

k=1 €T
|T|=k

Writing the inner sum ) pc; explicitly over all k-tuples 1 < i3 < -+ < 4 < n yields
IT|=k
(3.14). O
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Remark 3.3. Yet another way of seeing (3.25) is to regroup the terms. Let J ={1,...,n}
and S = {i1,...,ip} C J, and fix k with 0 < k < r. We shall count the terms of the form
(ZieTpi)n. Summing over every admissible pair (first choosing an r-subset S C J, then a
k-subset T C S) produces (:) (2) terms of the form (ZiGT pi)n, counted with repetition, since
the same T can arise from several different S. Rather than collecting these terms by S, that
18, into the inner sums
n
> (xn)
TC{i1yeeryir} \I€T
IT|=k
each containing (,7;) terms, we collect them into copies of the full sum
n
> (xn).
TcJ \ieT
IT[=k

each containing (Z) terms. By symmetry every k-subset T C J occurs equally often, so the
terms assemble into whole copies of this full sum. The number of copies is therefore
() (&)
n )
(;)

and consequently

= Z(z) - (2]
|S]=r |TI=k =k

Using the identity () (3) = (}) (:f:,’j) together with (3.22), we arrive at (3.25).

Remark 3.4. Observe that if in particular p; = 1/n for alli=1,...,n, then

s 5 GO0

1<) << <n 1< << <n

Using Remark 3.4, we can match our results with the findings in [5] as follows.

Corollary 3.1. If n events are independent and equally likely to occur (i.e., p; = 1/n for all

i=1,...,n), then
=S () [0 0]

Theorem 3.4 simplifies calculating the expected value and variance of X, which will be
utilized to answer the Draft Lottery question posed at the start of this paper.

Theorem 3.6. Let N be a random variable with probability distribution
P[N = k] = px, 1<k <n,

and X be the number of distinct integers observed in n observations of N with repetition.
Then
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(a) The expected value of X is given by

n n

E(X)=> (1-(1-py)")=n—> (1-p)"

k=1 k=1
(b) The variance of X is given by

n

Var(X) =Y (1 =pe)" = (L—pe)™+2 > (1—pj—pe)" — (L—p)"(1 - pp)™

k=1 1<j<k<n

Proof of (a). We will provide two proofs: one using the probability distribution from The-
orem 3.4 along with combinatorial identities, and one using the indicator random variable,

which proves more efficient in deriving the distribution’s expected value.
Proof 1. Here we use Theorem 3.4 to derive the expected value formula:
T
. (n—k
k=1 1<i1 << <n
Employing Theorem 3.4, we can rewrite E(X) =" r P[X =r] as:
n T n— k
B(X) =Y (1 (=) ( (M2, k)) .

r=1 k=1

Upon applying the distributive property and the fact that n =>""_; n P[X = r] yields

ST <i<—1>r-k (25 )awn k)) .

k=1

Since (Z ];f) = Zif (Zj:’:), re-indexing the inner summation enables us to obtain
n—1 n—1 n—1-Fk
EX)=n- — —1)rF .
(X)=n -3 (n— &) Qnk) (Z( D _))
k=1 r=k
The following identity then allows for the removal of the inner summation:
n—1 .
11—k 0 if k<n-—1
D G = 5l — 1)
= n—1l-r 1 if k=n—1

which allows us to reduce the expected value formula to

n—1

E(X) :n—Z(n—k)Q(n,k)ék(n—l) =n—(n—-—(m-1)Q(n,n—1).

k=1
Finally, utilizing the equality

n

Q(n,n —1) = Yoo ) =) )"

1<i1 < <ip—1<n k=1
provides our desired result for the expected value of X:

il— (1 —p)"]-

k=1
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Proof 2. Let I, be the indicator random variable in n observations of N. Then
n
X =) I
k=1

Let Yi = B(n,pg), the number of times that k occurs in n observations. Thus, we obtain
P(I, =0) =P, =0) = (1 —pg)* and P(I = 1) =1 — (1 — pi)". Hence, we acquire
E(I;) =1— (1 —pg)", allowing us to arrive at the desired result

n
= E (Z[k> ZE Iy) = Z (1= =pr)"]
k=1 k=1

Proof of (b). Similar to (a), we will provide two proofs: one utilizing combinatorial argu-
ments and the other utilizing the indicator random variable.
Proof 1. Using the identity in [5],

- m

Z(—l)”“p< > =0 if 0<p<m-—-1, m>1,

r
r=0

we uncover the following three results that we will employ to derive E(X?).

0 if m=0
“ . (m 1 if m=0 - . (m ‘
> (=1 =9 oYy () =421 ifm=1, (3.26)
—0 r 0 if m>1 —0 r
0 if m>2
0 if m=0
“ ~1 if m=1
> (=1 <m> = _ . (3.27)
—0 r 2 ifm=2
0 if m>3

We begin by observing that

XQ):iTQP[X Zr (
r=1

r=1

(-1 ’“(T_’,j>@<n,k>).

k=1

Applying the idea from (3.16) to rearrange the double summation then yields:

ZQ n, k) (S (—=1)"(r + k)? <”;k))

r=0

Whence expansion of terms allows us to get

Zn: Qn (g (=1 <” N k)) - zn: 2k Q(n, k) (g(—wr (” - ""))

SR QM) (ni(—l)r <";k>> .

k=1
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Use of (3.26) and (3.27) allows us to conclude that

) an (i—w @) + Q1) (imw (3))

r=0 r=0

+2n—1)Qn,n — 1) (;(_1)% (i)) + 2 Qn, n) <§O:0(_1)T (S)) .

Invoking (3.26) and (3.27) again produces
E(X%) =n%Q(n,n) — (2n —1)Q(n,n — 1) + 2Q(n,n — 2).
Knowing that Q(n,n) =1, Q(n,n—1) =>"}_,(1 —pg)", and
Q(n,n —2) = > (pis + -+ pi2)" = > (L—pj—pp)",

1<ig <+ <ip_a<n 1<j<k<n

we arrive at

n

E(X*) =n"+(1-2n)> (1—p)"+2 >  (1—pj—p)"
k=1 1<j<k<n

Additionally, we can use the expected value formula derived in (a) to say that

n 2 n n 2
E(X)? = (n -y (- pk)") =n?- 2nZ(1 — )"+ (Zu - pk)n>

k=1 k=1
n
=n’ =2 (1—p)" + Z(l—pk Pr+2 Y (L—py)™(1—p)™
k=1 1<j<k<n

With the formulas for F(X?) and E(X)? calculated, we are able to derive the variance of X
as follows:

Var(X) = E(X?) — B(X)?

[(1=pe)" = (1 =p)™ +2 Y [(L=pj—pe)" — (1 =p)" (1 —pp)"].
=1 1<j<k<n

Proof 2. Using the indicator random variable, we observe P (I = 0) = (1 — pg)" and
P(Ij=0and I, =0) = (1 —p; —pg)" forany 1 <j<k<n.

Since P(I = 0) = P(I; =0 and I, = 0) + P(I; = 1 and I}, = 0), we acquire

P(Ij=1and I; =0) = P(I, =0) — P(I; =0 and I, = 0)
=1 =p)" =1 =pj —pp)"

Similarly, we can calculate the probabilities
P(lj=11;=0)=(1-pp)" — (1 —p; — )",
Plj=11=1)=1=(1—=pj)" = (1 =pr)" + (L= pj —pr)",
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and utilize them to construct the joint probability table of (I, I;;) below.

I, =0 I, =1 P(I;)

I; =0 (I—pj —pp)" (I=p)"—QQ—=pj—p)" | (A—pj)"
Li=1(Q-p)"—Q=pj—pe)" | 1=(1—pj)" = (1 —pp)" | 1= (1—p)"
+(1 —pj —pi)"
P(I) (1 —pe)" L—(1—pp)" 1

Employing E(I;) =1 — (1 — px)", we procure E(I;1}), Cov(I;,Iy), and Cov(I, Ij):

1 1
E(LiL) =Y Y (LI)P(I;I;) =1— (1—p)" = (1 —pp)" + (1 = p; — p)",
1,0 [,=0

Cov(lj, Iy) = E(I;1y) — E(I;)E(Ix) = (1 —pj — p)" — (1 — p;)" (1 — px)",
Cov(Ik, Ix) = Var(Iy) = E(I}) — E(It)* = (1 — pi)™ — (1 — pi)*".

Using the findings above, we acquire the variance Var(X) = Var (>_;_, I;) of X:

COV(Il,Il) COV([l,[Q) COV(Il,In) 1

Cov(Isy, I Cov (1o, I -+ Cov(ly, I, 1
Var(X) = [1 , 1} ('2 1) (.2 2) | ('2 )

Cov(In,I1) Cov(l,,Iz) --- Cov(l,,I,)]| |1

= Y Cov(li, ) +2 > Cov(lj, Ii)

k=1 1<j<k<n
= Y0 =-p)" =1 =p)™+2 > [(1—pj—p)" = (1 —p)"(1—p)"),
k=1 1<j<k<n
as desired. This completes the proof. O

Theorem 3.6 leads to the subsequent corollary previously obtained in [5].

Corollary 3.2. Let N be a random variable with probability distribution
P[N =1i] = —, 1<i<n,

and X be the number of distinct integers that occur in n observations of N with repetition.
Then

(a) BE(X)=n [1 - (1 - ;)n] .
(b) Var(X) = n(n —1) <”;2)n+n (”;1>n—n2 (”;1>2n.

Proof of (a). Setting pr, = 1/n for 1 < k <n in part (a) of Theorem 3.6 yields

E(X):f:[u—u—pk)n]:f: [1— <1—;>n] :n[l— (1—71)”}.

k=1 k=1




328 C. BRINKMAN, L. XUE, AND T. YOLCU

Proof of (b). Setting pp = 1/n for 1 < k < n in part (b) of Theorem 3.6 gives
n

Var(X) =Y 11 =p)" = (L =p)*+2 D [(1—p;—pp)" = (1= p))"(1 = p)"]

k=1 1<j<k<n

(GO REONEOl(CHREHICH)
=i (M) e () e (1)

as desired. 0

4. APPLICATIONS

4.1. Weighted Minority Representation in Bootstrap Sampling. The distribution of
distinct outcomes plays a meaningful role in analyzing the behavior of bootstrap sampling
procedures commonly used in ensemble methods such as Bagging. In bootstrap resampling,
observations are drawn with replacement, which naturally leads to variability in the number
of unique data points represented in each resampled dataset. Characterizing this distribution
provides insight into the expected diversity of the bootstrap samples and, consequently, the
degree of heterogeneity among the models in the ensemble. Moreover, in settings with class
imbalance, the number of distinct observations from each class that appear in a bootstrap
sample can deviate substantially from their proportions in the original dataset. Understand-
ing the distribution of distinct outcomes therefore helps quantify how bootstrap sampling may
amplify or mitigate imbalance across resamples. This perspective clarifies both the statistical
properties of Bagging and the mechanisms through which bootstrap diversity contributes to
model robustness.

Example 4.1 (Expected Representation of Weighted Minority Classes). Consider a categor-

ical random variable N taking values in {1,2,3} with the imbalanced probability distribution
P(N =1) =p; =0.80, P(N =2) =py=0.15, P(N = 3) = p3 = 0.05.

Here, class 1 is the majority class, while classes 2 and 3 represent minority groups with
different weights. Suppose we draw n = 3 observations of N with replacement, and let X
denote the number of distinct classes observed in these three draws. By Theorem 3.0, the
expected number of distinct outcomes is

3

EX)=> (1-1-p)*)=1-(1=p)’+1—(1—pa)*+1—(1—ps)°
k=1

We compute each term:
1—(1—p)®=1-(0.2)3=0.992,
1—(1—p2)®=1-(0.85)% ~ 0.386,
1—(1—p3)®=1-(0.95)3 ~ 0.143.
Thus,
E(X) = 0.992 + 0.385875 + 0.142625 = 1.5205.
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This calculation shows that, in expectation, a bootstrap sample of size 3 contains only about
1.52 distinct classes. The majority class appears with probability 0.992, meaning it is almost
always represented. The heavier minority class (pa = 0.15) appears with probability 0.386,
while the rarest minority class (p3 = 0.05) appears with probability only 0.143. The theo-
rem therefore quantifies how weighted minority classes contribute to the expected diversity of
bootstrap samples and highlights how rare classes may be systematically underrepresented in

small resamples.

4.2. Impact of Lottery Weighting on Pre-Lottery Position Diversity. Before turning
to the NBA data, it is useful to note that the number of distinct outcomes in a weighted
lottery provides a natural measure of how widely the lottery spreads opportunity among
participants. In a system where each participant (or team) is assigned a probability weight,
the distribution of distinct outcomes captures the likelihood that multiple participants appear
among the winning positions, rather than a small subset repeatedly occupying them. This
perspective is especially relevant in settings where the weighting scheme is intentionally
designed to balance fairness, unpredictability, and competitive incentives.

The following example examines the NBA Draft Lottery in the 2018 and 2019 seasons,
illustrating how teams occupy distinct pre-lottery positions under the league’s weighted lot-
tery structure and how the distribution of these positions changes across the two years due

to modifications in the lottery rules.

Example 4.2 (Distinct pre-lottery positions in the NBA). Using Remark 3.1, Theorem 3.4,
and Theorem 3.0, we compute the probabilities and expected values for the number of distinct
pre-lottery positions observed in the NBA Draft Lottery for the 2018 and 2019 seasons:

2018 2019

P[X=1] | 3.880 x 1077 | 3.583 x 10~ 12
PIX = 6] 0.3214 0.1171
PIX =7] 0.3096 0.2826
PIX =] 0.1461 0.3280

P[X =14] | 1.783 x 10710 | 3.662 x 1078
E(X) 6.5059 7.7297

TABLE 4.2. Probabilities and expected values for the number of distinct pre-
lottery positions that receive the top draft pick over 14 years using both 2018
and 2019 odds.

We conclude that the NBA’s changes to the draft lottery increased the expected number
of pre-lottery positions receiving the top pick over a 14-year period from 6.5059 to 7.7297,
representing an increase of approximately 19%. This finding is supported by the following
data in Figure 1 garnered by sampling a 14-year period of the NBA Draft Lottery 10° times
using both 2018 and 2019 lottery probabilities.
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04 ing Data of NBA Lottery using 2018 Probabilities ing Data of NBA Lottery using 2019 Probabilities
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FicURE 1. Simulations of the NBA Draft Lottery using 2018 and 2019 probabilities.

5. MONTE CARLO SIMULATIONS

We strive to gain a better understanding of both weighted and unweighted experiments
by utilizing Monte Carlo simulations (MCS), a powerful computational tool. Here, our MCS
utilize a beta random variable B with the density function
Bla,f) = 1ot D)

(@)I'(B)
Note that the beta random variable can represent both a weighted and uniform continuous

distribution over (0, 1).

21— 2)P L

Beta Distribution for Various (a, 8) Values

10 - — a=1, B=1
— =1, f=3
— a=1, f=10
= a=10, 8=10
g
61
z
hu)
=
@
o
41
2
0 _A
0.0 0.2 0.4 0.6 0.8 1.0

FIGURE 2. Beta distribution for various («, ) values.

To generate a discrete weighted distribution across n categories indexed from 1 to n,
we map a continuous Beta distribution into discrete intervals using the floor function. Let
Y ~ Beta(a, 3) be a continuous random variable bounded on the interval (0,1). We define

the discrete random variable T'(«, /3) as:

T(a,B) = |n-Y]| +1. (5.28)
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This transformation scales the continuous support by n, partitions it into n equal-width
intervals via the floor operator |- |, and shifts the resulting support from [0,n—1] to [1,n]. By
varying the shape parameters « and (, we alter the underlying probability density function
of Y, which directly dictates the probability weights assigned to each discrete outcome.
For instance, (& = 1,3 = 1) yields a uniform discrete distribution; (a« = 1,8 = 3) and
(a = 1,8 = 10) introduce progressively stronger right-skewed profiles where lower-indexed
categories receive higher weights; and (o = 10,8 = 10) produces a symmetric, bell-shaped
discrete distribution centered around the middle categories, as seen in Figure 2. Sampling
from T'(«, B) to generate a sequence of random numbers allows for a direct tally of distinct
outcomes to analyze the empirical distribution under these varied weighting schemes. To
produce sufficient data on this experiment, we executed this process m times and took the
data’s mean and variance at the end of the m-th experiment. Letting n = 100 and m = 10°,
we ran experiments (MCS) that varied the parameters « and (3, which yielded the following

data used to calculate the sample mean and sample variance for the trials.

03 Using T(1, 1) Using T(1, 3)

0.2

Density

0.05

50 55 60 65 70 75 40 45 50 55 60 65
Value of X Value of X

Using T(1, 10) Using T(10, 10)

20 25 30 35 30 35 40 45 50
Value of X Value of X

FIGURE 3. Histograms illustrating m = 105 MCS of X for n = 100 outcomes.

The mean and variance from the MCS are expressed in Table 5.3 below.

X 63.4092 | 49.7069 | 26.7178 | 39.6961

() | (1L,1) | (1,3) | (1,10) | (10,10)
Var(X) | 9.7719 | 9.1289 | 4.7803 | 6.1499

TABLE 5.3. Mean and variance of m = 10° MCS for o and § with n = 10°.



332 C. BRINKMAN, L. XUE, AND T. YOLCU

From the results of our MCS, we observe that the mean of our experiment is maximized

when o = 8 = 1, which represents the uniform distribution on (0, 1) where each p; = 1/n.

6. RESPONSE TO THE CONJECTURE IN [5]

The authors of [5] employed similar MCS results to conjecture that the expected value
of the random variable X, representing the number of distinct outcomes in repeated experi-
ments, attains its maximum when the events are equiprobable. We address this question by

establishing the following theorem.

Theorem 6.1. Let n > 2. The expected value of the number of distinct outcomes observed
in a repeated weighted experiment with event probabilities p1,pa,...,pn 1S mazrimized when
the events are equiprobable, i.e.,
1

plz"':pnzﬁ-
Proof. First, note that the expected value E(X) = > p_;[1 — (1 — pp)"] := EP1,-..,pn)
is concave down as its Hessian matrix H(py,...,pn) = V2E(p1,...,ppn) is strictly negative
definite with entries

hii=-n(n—1)(1—-p;)" 2 <0 and h; =0 when i# j.

Therefore, £(p1,...,pn) has a maximizer. Now, we employ the Lagrange multiplier method
to maximize E(p1,...,pn) subject to the probability constraint y ,_, pr = 1. To this end,

consider the function

n

F(p1,.ospns ) = Y [1= (1= py)"] +)\<1 —Zm)-
k=1

k=1
Observe that for each 1 < i <n, we have
OF
=n(l—p)" =\
ap; ( pz)
Setting each g—; = 0 we obtain
A=n(l—p)" = =n(l-p)"",
implying that p; = --- = p,,. Using Y ;. pp = 1, we get p; = --- = p,, = 1/n, as desired. 0O

For a simple example, we use Figure 4 to illustrate that the expected value of two events is
maximized at the point (1/2,1/2). This is done by considering F(X) as a three-dimensional
surface where * = p;, y = p2, and z = E(X). Applying our expected value formula in
Theorem 3.6 yields the surface z = 2 — (1 — )% — (1 — y)?, which we maximize subject to the
constraint that = 4+ y = 1 to produce Figure 4. Note that the probabilities in Figure 4 are
represented by the parabolic intersection of the expected value surface and its constraining

plane.
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Z-axis

0.5
0.5

Y-axis 0 0 X-axis

FIGURE 4. The expected value z = 2 — (1 — )% — (1 — y)? is maximized at
(1/2,1/2) subject to z +y = 1, where x = p; and y = po.

Remark 6.1. The connection between our results and information theory is best understood
through the framework developed by Kendall [11], who traces the entropy concept from Boltz-
mann’s statistical mechanics through Shannon’s foundational communication theory. Shan-

non’s measure of entropy,

S
H=-KY pilogp;

i=1
is maximized when all outcomes are equiprobable. Shannon characterized H axiomatically
through three requirements: continuity in the p;, monotone increase in S under equiprobability
(i.e., when p; = 1/S), and an additivity postulate ensuring that H decomposes consistently
across successive selections. Our Theorem 6.1 establishes an analogous mazximization result
in the discrete probabilistic setting of repeated weighted experiments: the expected number of

distinct outcomes
n

BX) = Y- (1 - py)")
k=1
is mazimized when py = - -+ = p, = 1/n. This result is consistent with the mazimum-entropy
principle, since the uniform distribution is precisely the distribution that mazximizes Shannon
entropy over a finite alphabet. Kendall emphasizes that entropy arises naturally as an additive
quantity in thermodynamic and communication-theoretic contexts, and our expected value
formula reflects a parallel additivity: E(X) decomposes as a sum of contributions 1 — (1 —
pr)" from each outcome, each representing the probability that outcome k appears at least
once in n trials. Just as concentrating probability mass on fewer outcomes reduces Shannon
entropy below its uniform maximum, concentrating probability weights reduces the expected
diversity of observed outcomes below the equiprobable benchmark, a phenomenon our Monte
Carlo simulations in Section 5 illustrate concretely across several Beta-distributed weighting

schemes.
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7. FURTHER APPLICATIONS

These games fit our model as each outcome in poker and craps has a well-defined proba-
bility, which increases our model’s accuracy. To conclude, our findings can also apply to a
different set of situations where probabilities are approximated using a sample set of data
or a statistical model. This can be used to estimate the number of distinct seeds that win
a knockout tournament [13], the number of distinct days that contain the winning ticket of
a sweepstakes giveaway [3], and the number of distinct selection positions that win “The
Singled Out Game” [19]. Furthermore, we believe our models can be used to analyze new
variations of classic problems such as “The Birthday Problem” [10, 15], the problem of play-
ing a fair game of craps [16] with a loaded pair of dice, and the De Moivre probability problem
on the sum of numerical results in equally likely trials [8]. The endless possibilities to which
our findings can be applied make them a versatile result that will provide great mathematical

insights for future generations.
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A COMPARATIVE STUDY OF SOFT 2-NORMS: LIMITATIONS,
REFINED CONCEPTS, AND STRUCTURAL INTEGRATION

ESRA SELEN ONDER AND HACER BOZKURT *

Abstract. The present work aims to further contribute to the study of soft linear struc-
tures by analyzing key definitions and providing illustrative examples that highlight both
the strengths and limitations of existing approaches. In particular, similarly to classical lin-
ear functional analysis, we establish a connection between the refined soft 2-norm and the
soft norm by means of a suitable soft basis. This relationship clarifies the structural coher-
ence between these two notions and supports the development of a consistent mathematical
framework within soft set theory. Refined soft 2-norm studies contribute to a globally
consistent way to measure linear dependence across all parameters, establish connections
with soft 2-inner products, and provide concrete constructions that extend classical 2-norm
theory to soft vector spaces with parametric structure. In this work, a careful comparison
between the soft 2-norm and the refined soft 2-norm is presented to highlight their concep-
tual and structural differences. Furthermore, while both norms were attempted to be related
to Gram-type 2-inner products, the refined soft 2-norm was found to naturally provide a
consistent derivation from the soft 2-inner product thanks to its parameter-coordinated
structure. Therefore, the refined version not only strengthens the link between geometry
and algebra in soft vector spaces, but also fills a gap in the literature by providing an exam-
ple where global parametric dependence is clearly characterized. Another aim of this paper
is to investigate an extension theorem for soft linear functionals in refined soft 2-normed
spaces. By introducing an induced soft norm obtained from a fixed soft vector, we establish
a Hahn—Banach type extension theorem in the framework of refined soft 2-normed spaces.
Furthermore, we discuss consequences related to soft bounded linear functionals and the
dual structure of these spaces. Our results reinforce the importance of refined concepts in
soft set theory and contribute to the ongoing effort to establish a solid and coherent math-
ematical framework for handling uncertainty.
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1. INTRODUCTION

The theory of soft sets, introduced by Molodtsov in 1999 [16], has emerged as an effective
mathematical framework for dealing with uncertainty, vagueness, and incomplete informa-
tion. Unlike classical approaches such as fuzzy sets, rough sets, and intuitionistic fuzzy sets,
soft set theory avoids the need for additional structures such as membership functions or
probability measures. Instead, it is based on a parameterized family of subsets, which pro-
vides greater flexibility in modeling real-world problems involving uncertain or approximate
data.

Since its introduction, soft set theory has attracted considerable attention, and numerous
extensions and applications have been developed. Researchers have investigated algebraic
structures of soft sets, including soft groups, soft rings, and soft vector spaces, as well as
topological and analytical aspects such as soft topology, soft metric spaces, and soft normed
spaces. These developments have significantly enriched the theoretical foundation of the field
and expanded its applicability to areas such as decision-making, optimization, data analysis,
and engineering sciences [5], [4], [7], [6], [2], [19], [18], [3], [20].

In particular, the study of soft linear structures has played a central role in the advance-
ment of soft set theory. Concepts such as soft linear dependence, soft bases, and soft inner
products have been proposed to extend classical linear algebra into the soft setting. However,
transferring classical notions directly into the soft framework often leads to subtle difficulties.
Several examples in the literature demonstrate that naive generalizations may fail to pre-
serve fundamental properties, thereby necessitating refined definitions and careful theoretical
analysis.

The development of soft set theory continued with Kadhim’s introduction of the concept
of a soft 2-normed space [11]. However, after some time, Sanabria addressed the deficiency
in Kadhim’s definition by redefining the soft 2-normed space within the refined framework
[11], [17]. Recent works have focused on addressing these challenges by introducing more
robust notions, such as refined soft linear dependence and improved formulations of soft
inner product and soft 2-inner product spaces. These refinements have proven essential in
preventing inconsistencies and ensuring that the soft analogues faithfully reflect the behavior
of their classical counterparts. In particular, examples provided by Sanabria and other
authors have clarified critical issues and guided the development of a consistent soft theory
[17].

The concept of 2-normed spaces was first investigated by Gahler in 1965 [10]. Later,
Lewandowska studied the properties of 2-normed sets and constructed two 2-normed sets
of linear operators in 2003 [14]. He also proved several important theorems on generalized
2-normed spaces [13], [12]. Furthermore, in 2007, he introduced a new structure called
generalized 2-normed spaces [1].

Motivated by these developments, the present work aims to further contribute to the study
of soft linear structures by analyzing key definitions and providing illustrative examples that
highlight both the strengths and limitations of existing approaches. Specifically, it estab-
lishes a link between the soft 2-norm and the soft norm through a suitable soft basis, similar
to classical linear functional analysis. This relationship clarifies the structural consistency

between these two notions and supports the development of a coherent soft framework within
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soft set theory. Furthermore, both norms were attempted to be related to Gram-type 2-inner
products, and it was observed that the refined soft 2-norm naturally provides a consistent
derivation from the soft 2-inner product thanks to its parameter-coordinate structure. There-
fore, it was seen that the refined version not only strengthens the link between geometry and
algebra in soft vector spaces but also clearly characterizes global parametric dependence by
means of an example. Our results reinforce the importance of refined concepts in soft set
theory and support the ongoing effort to establish a solid and coherent mathematical frame-
work for handling uncertainty.

In summary, this study presents a careful comparison between the soft 2-norm and the re-
fined soft 2-norm is presented to highlight their conceptual and structural differences. The
soft 2-norm is defined parameterwise, allowing each parameter to be treated independently;
as a result, linear dependence in a single parameter does not necessarily yield a zero norm,
and its construction is often simpler and softer for computational or illustrative purposes. In
contrast, the refined soft 2-norm imposes a stronger, global condition: the norm vanishes only
if the soft vectors are linearly dependent across all parameters. This global perspective cap-
tures the notion of refined linear dependence more rigorously, providing a more theoretically
consistent framework. Further, while both norms can be connected to Gram-type 2-inner
products, the refined soft 2-norm naturally ensures a coherent derivation from a soft 2-inner
product due to its parameter-coordinated structure. Therefore, the refined version not only
strengthens the link between geometry and algebra in soft vector spaces but also fills a gap
in the literature by offering an example where global parametric dependence is explicitly
captured and visualized. Furthermore, we know that one of the most fundamental results in
functional analysis is the Hahn—Banach Theorem, which guarantees the extension of bounded
linear functionals from a subspace to the whole space without increasing the norm. This the-
orem has numerous applications in analysis, optimization, and operator theory. Motivated
by these developments, in this work we study the extension of soft bounded linear function-
als in refined soft 2-normed spaces and establish a refined soft 2-normed Hahn—Banach type
theorem for such spaces.

2. PRELIMINARIES

This section is devoted to recalling various concepts from soft set theory together with
essential notions such as refined soft 2-normed spaces and refined soft 2-inner product spaces.

Let @ be a universe and P be a set of parameters, P ((Q)) denotes the power set of @ and
B be a non-empty subset of P.

Definition 2.1. [16] We define a soft set over Q as a pair (G, P) where G maps each element
of P to a subset of Q, i.e. G: P — P(Q).

Definition 2.2. [15] Consider a soft set (G, P) defined over the universe Q. If for every
parameter p € P, G (p) = Q, then (G, P) is called an absolute soft set, often denoted by @

Definition 2.3. [15] For a soft set (G, P) over Q if each parameter p € P satisfies G (p) = 0,
then G (p) is referred to as a null soft set, usually written as ®.

Definition 2.4. [15] Let Q be a non-empty set and P be a nonempty parameter set. A
function q : P — @ is called a soft element of Q. We say that a soft element q belongs to a
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soft set G over Q, denoted q € Q, if for every parameter py € P, the valued g, 1is an element
of G (p1). In other words, a soft set G can be viewed as assigning to each parameter of py € P
a subset of Q, namely G(p1), and a soft element belongs to G if its values are contained in
these subsets for all parameters. Furthermore, if (G, P) is a soft set in which every G(p1)
contains exactly one element (i.e., is a singleton) for each py € P, then the entire soft set
can be uniquely represented by a single soft element. In this case, knowing the soft element

is enough to reconstruct the soft set.

Definition 2.5. [5] Let Q be a linear space over a field R, and the parameter set P be the
real number set R. The soft set (G, P) is defined as a soft vector and is denoted by q (p1)
if there exists one py € P such that G(p1) = {q} for some q¢ € Q and G(pll) = 0 for all
py € P\{p1}. The set of all soft vectors over Q will be defined by SV (Q).

Definition 2.6. [4] Let CNQ be a soft linear space, P be a monempty set of parameters and
(G, P) be a soft linear space on Q. A finite set of soft vectors {q1, @2, ...,qn} of (G, P) is said
to be linearly dependent in G if there exist soft scalars aq, s, ..., ap, not all equal to 5, such
that a1y + 02 + ... + Qndn = 0.

Definition 2.7. [8] Let F : SV (@) — SV (@) be an operator. Then F is said to be soft
linear if

i) F(G+ @) = F(q) + F (@) for every soft vectors 4,0 € Q,

ii) for every soft scalar &, F (aq) = aF (q) for every soft vector q € Q.

Definition 2.8. [9] A soft linear functional F is a soft linear operator such that F :
SV (@) — K where @ is a soft linear space and K = R(P) if @ is a real soft linear

space and K = C(P) if@ is a complex soft linear space.

Definition 2.9. [11] Let @ be an absolute soft linear space. A soft 2-norm on @ s a mapping
|- Il - SV (@) x SV (@) — R (P) which satisfies the following conditions:

i) |lg, w|| >0 for all g, WEQ and g, @|| = 0 if and only if § and @ are linearly dependent
in Q,

i) ||q. @l = ||@,ql| for all , WEQ,

iii) ||q, aw|| = |al||g, w|| for all , WEQ and for all soft scalar &,

o) 16+ 2 2 3 + 13,31 for il 7,7, 726, )

The absolute soft linear space Q with a refined soft 2-norm ||-,-|| on Q is said to be a soft
2-normed space and is denoted by (Q, ||-,-||, P) or (Q,]|,-])-

However, it is not possible to show that this definition yields the soft 2-inner product.
Inspired by Sanabria’s example, we present a new example that explains and illustrates this

situation:

Example 2.1. Let Q = R? be a vector space over R and let the set of parameters be P =
{1,2}. Define the soft vectors q,w : P — @
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Observe that p = 1 we have w(1) = 2G(1); hence, the soft vectors {§(p),w (p)} are lin-
early dependent in the soft vector space @ over the parameter set P. Consider now the
standard 2-inner product induced by the usual inner product on R2, (¢ (p),q(p)|w (p)) =
1T 1T G ~ [T @), @ @), Forp=2, 3(2) = (1,2) and &(2) = (2,3), and straight-
forward computations yield || (2)[* = 5, ||@ (p)[|* = 13, [(4(2) ,@(2))| = 8. Thus,

@2),72)|w(2)) =513 —64=1>0.

Therefore, although the value of the induced soft 2-inner product is strictly positive for
p = 2, the set of soft vectors {q(p),w (p)} is soft linearly dependent, which contradicts
the first condition in the definition of a soft 2-inner product given in [11]. This ezample
demonstrates that the standard 2-inner product does not necessarily generate a soft 2-inner
product that satisfies the linear independence requirement stated in Definition 5.1 of [11],

thereby supporting the observation presented in Example 5.2.

This issue was identified by Sanabria in [17], where he introduced the notion of refined
linear dependence, thereby preventing the emergence of a significant problem in the devel-
opment of soft theory.

Definition 2.10. [17] Suppose Q is a linear space, P is a nonemptly parameter set, and
(G, P) is a soft linear space on Q. A finite set of soft vectors {qi,q2,...,¢n} in (G,P) is
called refined linearly dependent in G if there exist soft scalars Ay, Qa, ..., Gy with &; # 0 for

at least one i € {1,2,...,n}, such that a1q1 + @2G2 + ... + W, = gfor every p € P.

Definition 2.11. [17] Suppose @ 18 an absolute soft linear space. We define a refined soft
2-norm on @ to be a mapping ||-,-|| : SV (@) x SV (@) — R (P), provided that it satisfies
the conditions listed below:

i) ||q, w|| >0 for all g, fﬁéé and ||q,w| = 0 if and only if § and @ are refined linearly
dependent in @,

ii) G, @ = .4 for all g 00,

i) ||q, aw|| = |a|||g, w|| for all §, WEQ and for all soft scalar &,

i) |3, @ + 2| <||g, @[ + (|3, Z|| for all G, @, ZEQ. )

A refined soft 2-normed space is an absolute soft linear space ) together with a refined soft
2-norm ||-,-|| and it is represented by (Q, ||-,-||, P) or (Q,]-,-]])-

Definition 2.12. [17] For an absolute soft linear space Cj, a refined soft 2-inner product is
a function (-,-|-) : SV (@) x SV (@) x SV (@) — R (P) that fulfills the conditions listed
below:

i) (¢, q|w) >0 for all §, WEQ and (@,q|w) = 0 if and only if § and @ are refined linearly
dependent in @,

ii) (4,q)@) = (@,@q) for all §,5EQ,

iii) {q,w|z) = (w,q|Z) for all q,w,ZEQ,

w) (aq,w|z) = |al (g, w|z) for all q, WEQ and for all soft scalar &,

0) (@1 + @, §12) (@912 + (@, 712) for all G, G2, @, ZEQ.

Let @ be an absolute soft linear space. If Q) is endowed with a refined soft 2-inner product

(,-|-), then @ is said to be a refined soft 2-inner product space and it is represented by

(QV’ <'7 |> 7P) or (Qa <'7 |>)
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3. MAIN RESULTS

Before introducing new definitions and theorems related to the concept of refined soft
2-norm, we present two new examples to better understand the relationship between the
concepts of soft 2-norm and refined soft 2-norm. Then, based on the definition of refined
soft 2-normed spaces given by Sanabria, we present new definitions and results concerning
refined soft sequences [17]. We begin by extending certain classical convergence results from

functional analysis to the framework of refined soft sequences.

Example 3.1. Let Q = R? be a real vector space, and let the parameter set be P =

{optimism, pessimism, stability}. A soft vector is a mapping
q: P — R%

Let the base vector be x = (2,3). Define a soft scalar function & : P — R by & (optimism) =
1.5, a (pessimism) = 0.5, a (stability) = 1.0. Define the refined soft vector

for all p € P. Explicitly, q(optimism) = 1.5(2,3) = (3,4.5), q(pessimism) = 0.5(2,3) =
(1,1.5), q (stability) = 1.0(2,3) = (2, 3).

Now define another refined soft vector by w (p) = 2q(p) for all p € P. Clearly, the soft
vectors ¢ and w are refined linearly dependent because they are linearly dependent for every
parameter. Now, define the refined soft 2-norm by

o[ T 51
4 t(a?z(p) 72 (p) )‘
Equivalently, ||g, w|| (p) = |71 (p) Y2 (p) — Z2 (p) ¥1 (p)|. Eaxplicitly:

Parameter | q(p) | w(p

g, @[l (p) =

optimism | (3,4.5)

pessimism | (1,1.5)
stability (2,3) | (4,6)
In all cases optimism, pessimism or stability, we find ||q, w|| (p) = 0. For every parameter

p € P, ||qg,w| (p) = 0. Therefore, ||q,w|| = 0. Since the vectors are linearly dependent for
all parameters, ¢ and w are refined linearly dependent. Thus, in this example: ||q,w|| = 0
if and only if ¢ and w are refined linearly dependent. Furthermore, this determinant-based
definition also satisfies all other axioms of the refined soft 2-norm.

Now define another soft vector: z (optimism) = (6,9), z (pessimism) = (1,0), z (stability) =
(4,6). Then we obtain: the soft vectors w and z are dependent at optimism, dependent at
stability, and independent at pessimism. Therefore, w and z are not refined linearly depen-

dent, but according to Kadhim’s approach, they are linearly dependent. Recall, ||w,Zz|| (p) =
|w1 (p) 22 (p) — w2 (p) 21 ()], we get
0, optimism
|lw,z|| = ¢ 3, pessimism
0, stability
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This also contradicts Kadhim’s definition of soft 2-normed space. This example shows clearly:
Some parameters may produce linear dependence, but unless dependence holds for every pa-
rameter, the vectors are not refined linearly dependent, and therefore the refined soft 2-norm

does not vanish.
Example 3.2. Let Q = Ingé, P ={1,2}. We define a refined soft 2-norm parameterwise as:

1, @l (p) = llg(p)[l l[w(p)|| sin 6 (g(p)w(p)) ,

where cos O (¢(p)w(p)) = %. Define soft vectors q,w : P — @ as

~. . ] (1,2),p=1
q(p)—{ (1,0) 5

y D=
and
~.. ) (2,4),p=1
w(p)—{ 0.1), p=2

They are not refined linearly dependent, because refined linear dependence requires linear
dependence for all parameters. But they are linearly dependent. On the other hand, we
obtain ||g,w|| (1) = 0 for p = 1 and ||q,w|| (2) = 1 for p = 2. This would also contradict
Kadhim’s approach.

Therefore, these two examples show us that Sanabria’s definition of refined linear depen-

dence is a crucial requirement for soft 2-norm spaces.

Definition 3.1. A soft sequence ¢, (p) in the refined soft 2-normed space (@, Il -] ,P) is
said to be soft Cauchy if for every w (p) € SV (@) and p € P

1Gn (P) = @m () ,w (P)|| = 0 as n,m — oo.

Definition 3.2. A refined soft 2-normed space (@, Il -l ,P) is bounded if one can find a
sequence of soft elements {q, (p)} in @ for which, for every w (p) € SV (@) and p € P, there
exists a mon-negative constant L such that

gn (p) , @ (p)|| <L
for all natural numbers n.

Theorem 3.1. In a refined soft 2-normed space, any sequence that is soft convergent must

be a soft Cauchy sequence.

Proof. Let {q, (p)} be a soft convergent sequence in the refined soft 2-normed space (@ s -l ,P)
that is

G (P) =G (p) @ (p)]| = 0 for every @€ SV (Q) and p € P,
which implies ¢, (p) — ¢ (p) . Since the sequence {g, (p)} is soft convergent, it follows that
1gn (P) = am (p) ,w (P)|| = llgn (p) + ¢ (P) — @ (P) — 4m (), w ()|l
<l (0) = (p), @ ()| + llGm () — T (), @ (D)

— 0.
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for every w(p) € SV (@) and p € P. g

Theorem 3.2. If {q, (p )} and {wy, (p)} are soft Cauchy sequences in the refined soft 2-

normed space Q, and Bn( )¢ is a soft real Cauchy sequence in ]@, then both sequences

{(gn +wp) (p)} and {(ﬁanJ) (p)} are soft Cauchy sequences in Q.

Proof. Let {g, (p)} and {@, (p)} be soft Cauchy sequences in Q. By Definition 3.1, for every
zZ(p) e SV (@) and p € P

lgn (P) — gm (), Z (p)|| = 0 and |y, (p) — wm (p), 2 (p)|| = 0 as n,m — oo.

Consider the sequence {(gn + wy) (p)}. For every z(p) € SV <Q> and p € P, we have
1(@n (P) + wn (p) = (gm (P) — wm (), Z (Pl
< ) = am (0.2 ()| + @ ) = wm (0.2 ()|

— 0 as n,m — oo.
Hence, {(gn + wy) (p)} is a soft Cauchy sequence. Let {qn (p)} be soft Cauchy sequences

in Q and { B (p )} is a soft real Cauchy sequence in R. From Theorem 3.3, there exists a
constant L > 0 such that ||g, (p), @ (p)|| <L for all n € N and @ (p) € SV (@) Moreover,
since {B\; (p)} is soft real Cauchy in R, it converges, and hence {B; (p)} is bounded. We
now consider the sequence {(B;é{l) (p)} For any w (p) € SV (@),

E;Qn( ) — 5m(1m y W H ‘

<

Bt (p) + Bt (8) = B (9) = B () @ (0

B = B G (0) @ ()| + | B

Gn (P) = Gm () , W (p)]|

— 0

This shows that { (B;@L) (p)} is a soft Cauchy sequences in @ Hence, the set of soft Cauchy
sequences in a soft normed space is closed under addition and scalar multiplication. O

Theorem 3.3. Let {q, (p)} be a soft Cauchy sequence in the refined soft 2-normed space
(@, Il -l ,P). Then, for each w (p) € SV (QV), the sequence {q, (p)} is bounded.

Proof. Since {q, (p)} is a soft Cauchy sequence in Q, for every w (p) € SV (@) and p € P,

we have

lim_lgn (p) = gm (p), @ (p)]| = 0.

which means: V>0 3ng € N such that |G, (p) — @ (p), @ (p)|| <& for all n,m > ng.Take
£ =1. Then there exists ng € N such that

dn (p) — @m (p), @ (p)|| <1

for all n,m > ng. Now, consider the finitely many terms before ng. Define

L:max{ 1@ ) — s () @D 1B () — G ). T D] }

Ino—1 (P) = @no (p), @ (D)
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Note that L is finite because it is the maximum of finitely many real numbers. For any n € N,
we estimate ||gn (p) — qng (P), @ (p)]|- If n < ng, then ||Gn (p) — qng (p) , @ (p)|| <L from defini-
tion of L. If n > ng, then ||g, (p) — ¢ny (p), @ (p)|| <1. Thus, for all n, ||gn (p) — Gny (p) , @ (p)]| <
L + 1. Therefore, we obtain

lgn (P) — @m (p) ;@ (P)|| = [lgn (P) + Gno (P) = Gno (P) — qm (P) , w (D)

< lgn (p) = Gno (p) , w (P)[| + [[gm (P) — any (P) ;W (D)
<2(L+1)

for any n,m € N. Thus, the sequence {¢, (p)} is bounded by the constant 2(L + 1). O

Theorem 3.4. Let Q be a refined soft 2-normed space and let {qn (p)} be a soft Cauchy
sequence in Q. If a soft subsequence {qn, (p)} of {Gn (p)} converges to {G(p)} then the
sequence {G, (p)} also converges to {§ (p)} in Q.

Proof. For any w (p) € SV (@) and p € P, we can write

¢ (p) — ¢ (), w (P)I| = g (P) + Gy (P) — @ny () — G (p) ;w0 (P)] -

Now let n be large and choose k such that ny > n. Because {g, (p)} is Cauchy,
llan () — qn,, () ,w (p)|| = 0 as n,ng — oco. And since the subsequence {¢,, (p)} converges

to {q}, |lan, (p) —q(p),w (p)|| — 0 for every w (p) € SV (@) Hence, we have

lgn (p) —q (@), w )l = llgn (p) + gny. (P) = dny, (P) — ¢ (p), w ()
<lgn () = @y, (@), @ )| + Nl () — T (0) , @ ()]
— 0.
Hence, the sequence {g, (p)} converges to {7 (p)} in Q. O

Lemma 3.1. Let Q be a refined soft 2-normed space and let {§(p)}.{w (p)},{Z(p)} €
SV (@) Then, the following inequality holds for every p € P:

117 (p) @ )| =117 (») . @ DI < N7 (p) = Z (0) @ (D) -

Proof. Let {q(p)}.{w (p)},{Z(p)} € SV (@) and p € P. By the properties of a refined soft
2-norm, we have

g (), w @I = lgp)+Z(p)—2({p),w ()l
<llgp) —Z(p), @ @) + Iz (), @ )]

This implies |7 (p), @ (p)|| — |12 (p) , @ (p)| < 17 () — Z (p) , @ (p)]- Similarly, we obtain

1Z(p),w | = Z(®) +da@) —qk),w D)l
<IZ() —q@) @)+ 13, a @l
Hence, |1Z(p), @ (p)l| - lg(p), @ (p) <12 (p) — 4 (p), @ (P)||-
equalities, we obtain

113 (p) @ ()| =117 (0) . @ DI < N7 (p) = Z (p) . @ ()]

for every p € P. O

Combining the above two in-
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Theorem 3.5. Let Q be a refined soft 2-normed space and let {q, (p)} be soft sequence with
{G ()} = {G(p)} in Q for n — co. Then, the following statements hold:

a) The soft sequence {q, (p)} is bounded,

b) Every subsequence of {qn (p)} converges to {q(p)},

c) If the soft scalar sequence {a, (p)} converges to a (p), then the sequence {an, (p) qn (p)}
converges to a (p) q (p),

d) If the sequence {wy, (p)} converges to {w (p)}, then the sequence {q, (p) + wy (p)} con-
verges 1o §(p) + (p)

&) G2 ()@ )| = 3 (0) @ (B)]| for every {@ (p)} € SV (Q) andp e P,

Proof. The proof can be easily obtained by a method similar to the above proofs. 0

Example 3.3. Let Q —R2 be equipped with the 2-norm:

g (p),w (p)ll =

2
> G (p),wi(p)
=1

where §(p) = (@i (), (0)) € SV (R2), @ (p) = (@1 (), W2 (p)) € SV (R?) and p € P is
refined soft 2-norm.

Theorem 3.6. Let Q be a refined soft 2-normed space. Assume that {q, (p)} and {w, (p)}
are soft sequences such that {G, (p)} — {G(p)} and {@, (p)} — {@ (p)} in Q as n — .
Further, assume that the soft scalar sequences {a, (p)} — {a(p)} and {B; (p)} — {g(p)}

asn — oo. Then, it follows that &y (p) Gn (p) + Bn (p) Wn (p) — & (p) T (p) + B (p) @ (p) in Q
as n — O0.

Proof. For every € > 0, we can state ||¢, (pn) — ¢ (p),z (p)|| — 0 for every z € SV (@) and
p € P and ||w, (p) —w (p),z (p)|| — O for every z € SV (@) and p € P. Further, for every
Bn (p) — E(p)‘ < €. Then, it follows that

e > 0, we can write |a, (p) — a(p)| < € and

| (6 0) @ ) + Ba () 50 (1)) = (G ()T () + B (0) @ (1)) .2 ()

1@ 0) G () =& ()7 (1), 20| + || (0) T () = B (0) T (0) 2 ()|

from Theorem 3.5. Thus, the proof is complete. O

Theorem 3.7. Let Q be a refined soft 2-normed space. If {qn (p)} is a soft Cauchy sequence
in Q, then for every @ (p) € SV (@) and p € P, the soft real sequence (||gn (p), @ (p)|/721)
is a real soft Cauchy sequence.

Proof. Let @ be a refined soft 2-normed space and let {g, (p)} be a soft Cauchy sequence in
@. By definition, for every soft real number ¢>0, there exists a natural number k € N such
that

1Gn () — @m (p) , @ (p)|| <€
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for all n,m > k and for every w(p) € SV (@) and p € P. Fix an arbitrary element
w(p) e SV (@) Then, for all n,m > k, we have

gn () @ ()| = llgm (p) , @ (P)II] < |G () — @ (0) , @ (D) -

Using the soft Cauchy property of {g, (p)}, it follows that |||, (p) , @ (p)|| — ||@m (p) , w (p)||| <€
for all n,m > k. Hence, the real soft sequence ||gn (p) ,w (p)|| satisfies the Cauchy condition.

Therefore, it is a real soft Cauchy sequence. O

Definition 3.3. Let @ be a refined soft 2-normed space. If every soft Cauchy sequence in @
converges to a soft element of é, then QV 1s called a complete refined soft 2-normed space, or

a refined soft 2-Banach space.

Definition 3.4. Let @ be a refined soft 2-normed space. Recall that we assume that @ has
finite dimension d, with 2 < d < oo, unless stated otherwise. Let {a1,az,...,aq} be a soft
basis of é Then every soft vector q(p) € SV (@) can be expressed uniquely in the form
d
q(p) = > ai(p).a; (p) where &; (p) are soft real scalars for i =1,2,...,d.
i=1
Further, since {ai,as,...,ag} is a soft basis of Q, it is soft refined linearly independent

and spanQ. Consequently, the above representation of (p) is unique. Let ¢ (p),w (p) €
d

~ d
SV (Q) be given by G(p) = 3 G (p) i (p) and @ (p) = 3. Bi () i (p) for p € P- Then the
soft 2-norm ||q (p) ,w (p)|| can be expressed in terms of the soft basis {a1,az, ...,aq} and the

corresponding soft coordinates &, 3;.

Furthermore, it follows from the results of [4] that if {aj,a2,...,aq} is a soft basis of @,
then the set {a1 (p),a2 (p),...,aq (p)} constitutes a basis of Q (p) =Q for all p € P.

Lemma 3.2. A soft sequence {q, (p)} in @ is said to soft converge to q(p) if and only if
llgn (p) — ¢ (p),a; (P)|| = 0 as n — oo for every i =1,2,...,d.

Proof. If {G, (p)} is soft convergent to ¢ (p) in Q, then it is clear that ||¢, (p) — ¢ (p) , @; (p)|| —
0 as n — oo for every i = 1,2,...,d. Conversely, suppose that ||g, (p) — ¢ (p),a; (p)|| = 0
as n — oo for every ¢ = 1,2,...,d. We now show that ||¢, (p) — g (p),w (p)|| — 0 for every
w(p) € SV (Q) and p € P. Since {ai, a2, ...,ag} is a soft basis of Q, there exist soft scalars
{o1, a2, ..., aq} such that w (p) = o1 (p) .a1 (p) + a2 (p) .a2 (p) + ...+ @q (p) .aa (p). Using the
properties of the refined soft 2-norm, we obtain

lgn (®) —q(p),w ()| = llgn(p) —q(p),a1(p).a1(p)+az(p).az(p)+ ... +aqa(p).aa(p)|
< a1 ()l lgn (p) — 3 (p) a1 ()| + |22 ()] IGn (p) — G (p) a2 (P)]| + ... +
laa (D) |gn (p) — ¢ (p) , aa (p)||

— 0 asn — oo.
This completes the proof. O
From the above lemma, we can also derive the following result.

Lemma 3.3. A soft sequence {q, (p)} in Q is said to soft converge to q(p) if and only if
max {||¢gn (p) —q(p),a; (p)|| :i=1,2,....,d} -0 asn — .
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Proof. The proof is immediate. 0

Lemma 3.4. For aq(p) = 223 a; (p) -€i (p) andw (p) = >_ Bi (p) -€i (p), we obtain ||g (p) ,w (p)|| =

i=1 :izl
@ @) A () - B a )| 6 @) GOl @) = (T0),06) = (1,0) and &) =
(0. 1m) = ©.1).

Proof. For every ¢ (p),w (p) € SV (@) , we find

2 2

> G- ),y i) e

i=1 =1
— ||t @) ) + 62 (1)@ (1) B (0) 3 () + B2 () 3 )

— |@ @5 ) - B (0) a2 ()] (0), 2 )]

g (p),w @) =

g

Theorem 3.8. A two-dimensional refined soft linear 2-normed space is said to be a refined
soft 2-Banach space if it is complete over the underlying field.

Proof. Let Q be a refined soft 2-normed space with standard soft basis {é1, €3} . Let {g, (p)}
be a soft Cauchy sequence in @ Thus there exists a natural number k& € N such that

Idn (p) = @ (9) @ ()| <€ and. || G5 () = G (0) 0’ (0)| €

for all n,m > k and for every w (p),w’ (p) € SV (é) and p € P. Here, w and W are
assumed to be refined linearly independent. If they were refined linearly dependent, this
representation would not be necessary. Let gn (p) = ¢n1 (p) -€1 (P) + dn2 (p) -€2 (p), w(p) =
wy (p) €1 (p) + w2 (p) .63 (p) and w' (p) = wy (p) €1 (p) + wy (p) €2 (p). From Lemma 3.4, we
obtain

1¢n (P) — gm (p) ;0 (p)|| = |w2 (p) (an1 (P) — am1 (p)) — w1 (p) (am2 (P) — ama2 (P))| lle1 (p) 2 ()|

and similarly

G (1) = G ()0 ()| = [ () (@ (6) = ot (p)) — w0, (0) (@2 () — a2 ()] 63 (2) 2 (D).

{e1,e2} is refined linearly independent; therefore

|02 (p) (a1 (p) — @m1 (p)) — w1 (P) (Qn2 (P) — Q2 ()] = 0

and

wly () (@i (p) = @t (p)) = ' (p) (@2 (p) — ez ()] = 0

as n,m — oo. From here, we obtain

[ () @3 (6) (@1 (9) — i (1) — @1 (9) ) (p) (@2 (p) — ez (1) = 0

and

|2 (p) w) (p) (@ (p) = Gt (1) + 03 (9) (1) (@2 () — a2 (p))| = 0
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as n,m — o0o. By adding the two equations, we get

[ (2 (), () = @1 () (9) ) (@2 (p) — oz (9)] = 0

as n,m — oo. Since w and w’ are linearly independent, this condition holds only when
|an2 (p) — amz (p)| — 0 as n,m — oo. This implies that {an2} is a Cauchy sequence of soft
real numbers. By a similar argument, {a,,1} can also be shown to be real soft Cauchy. Since
{ani} and {@na} are real soft Cauchy sequences, there are real soft numbers b; and by such
that an1 (p) — b1 (p) and anz (p) — by (p) as n — oo. If we take §(p) = a1 (p) €1 (p) +
az (p).ea(p) € SV (@) Then we get

@@—W»J@H=HQM@‘a@M@ﬁf§@z?@%@“Z@a@
Wy (P) €2
= Jwh () @1 (0) — @1 () — ] () (@ (p) — @2 (1)

— 0

as n— oo. Thus, we obtain ¢, (p) — ¢(p) as n — oo. Therefore, @ is a soft 2-Banach
space. Il

Similarly to classical 2-normed spaces, one can relate a refined soft 2-normed space to a
soft normed linear space through a basis, using the norm. If {a1,az, ..., ag} is a soft basis of

the refined soft 2-normed space @, we can define the following norm on @ :

12 ()llo = max{[lg(p),ai (Pl : i = 1,2,....d}. (3.1)

One can observe that the norm ||.||, defined above is a soft norm on Q.

Example 3.4. Let Q be a refined soft 2-normed space with refined 2-norm ||-,-||. We can
define another soft norm |.||; on Q by ||d(p Ny = Z ll@ (p),ai(p)l|. This norm is well-

defined and satisfies all the properties of a soft norm.

Theorem 3.9. Let @ be a refined soft 2-normed space with refined 2-norm ||-,-||. The soft
sequence {qn} is soft convergent to q in Q if and only if lgn (p) —q(@)|lg = 0 as n — oco.

Proof. If {g,,} is soft convergent to § in Q, then it is clear that ||¢, (p) — § (p) ,d; (p)|| — 0 as
n — oo for every i = 1,2, ...,d. From 3.1, we can write

gn (p) — G (p)lly = max {{|gn (p) —q(p), @ (p)||:i=1,2,...,d} =0

as n — oo. Conversely, suppose that ||, (p) —q(p)||, = 0 as n — oo. From 3.1, we get
llgn (p) — @ (p),ai (p)|| — 0 as n — oc. 0

Let Q be a refined soft 2-normed space with a soft basis {a1, a2, ...,aq}. Using the |-||,
norm generated by the two-norm, the open ball centered at ¢ in () with soft radius 730 is
defined as

Staras,...azy (AP ={w(p) : |7 (p) — @ (p)lly <T(p)} -

This is called the soft open ball generated by the soft basis {ai,a2,...,az}. We can also
express the definition of convergence in a refined soft 2-normed space as follows:
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Classical: {g,} — § < V&> 0,3n € Nsuch that ¥n > N = ¢, (p) €S{ar as,..az (@p),7(p)) .

Using the 0—norm: {g,} — § < V&> 0,3n € N such that ¥n > N = ¢, (p) — 3 (p)||, <¢.

Component-wise via the basis vectors: {¢,} - ¢<Vi=1,2,...,d, |lqn (p) — ¢(p),a; (p)|| —
0 as n — oo.

Thus, convergence in a refined soft 2-normed space can be described either in terms of
the 0—norm generated by the basis or equivalently via the convergence of the 2-norms with

respect to each basis vector.

Example 3.5. Let @ = R2 with the refined soft 2-norm defined by

g (p),w () =@ (p) w2 (p) — @2 (p) , w1 (P)],
for () = (@i (1), @& () € SV (R2), @ = (@1 (p), w3 (p) € SV (R2). Leti=(1,0),] =

(6, T) be the soft standard basis of R2. Then for q (p) = (q1 (p) , @2 (p)) we have Hc?(p) ,Z(p)H =

|—q2 (p)| and HZ]V(p) ,;(p)H =1|q1 (p)|. This generates a soft norm. Using these, we can define
2
l7@)h = X 116 ()& @) = |ax )] + 122 (P)] -

Lemma 3.5. (@, P, -, H) is a refined soft 2-Banach space if and only if (QV,P, H||) is a
soft Banach space, where ||-|| is the soft norm generated by the refined soft 2-norm ||q (p)||, =
max {||g(p),ai(p)|| :i=1,2,....,d} for a basis {a1,az,...,aq}.

Proof. Assume that (@,P, Il ||> is a refined soft 2-Banach space and that {g,} is a soft

Cauchy sequence in the soft normed space (@,P, H||) Then, for every ¢>0, there ex-

ists a natural number k € N such that g, (p) — gm (p)|| <€ for all n,m > k, and for ev-

ery p € P.  From the equality [|g(p)|l, = max{|qg(p),a; (p)| :i=1,2,...,d}, we obtain

G () — @m (p) , @; (p)|| <€ for a basis {ay,as,...,ay}, for every p € P, and i = 1,2,...,d.
Hence, since (@,P, Il ||) is a refined soft 2-Banach space, it follows that ¢, (p) — q(p) €

SV (@) asn — oo. If {¢} is soft convergent to ¢ in Q, then it is clear that ||g, (p) — ¢ (p) , @ (p)|| —
0 as n — oo for every i = 1,2,...,d. Consequently, ||, (p) —q(p)|ly = 0 as n — oco. There-

fore, (62, P, ||H) is a soft Banach space.

Conversely, assume that (@, P, H||> is a soft Banach space and that {g,} is a soft Cauchy

sequence in the refined soft 2-normed space (CNQ, P, -, H) Then, for every €50, there exists a
natural number k € N such that g, (p) — qm (p) , @; (p)|| <€ for all n,m > k, and for a basis
{a1,az, ...,aq} , and for every p € P. From the equality ||g (p)|, = max {||q (p) ,a (p)| : ¢ = 1,2, ...,d},
we obtain [|gy, (p) — gm ()|l <€ for every p € P. Hence, since (@,P, HH) is a soft Banach
space, it follows that ¢, (p) — ¢ (p) € SV (@) as n — oo. If {g,} is soft convergent to ¢ in
Q, then it is clear that lgn (p) — @ (p)|ly = 0. Consequently, ||, (p) —q(p),a; (p)]| = 0 as

n — oo for a basis {a1, az, ..., aq} for every i = 1,2, ...,d. as n — oo. Therefore, (@,P, - -l
is a refined soft 2-Banach space.

Any refined soft 2-normed space <@, P, |-, ||) whose soft 2-norm satisfies the condition

13 () +@ (), Z®)I” + 17 () — @ (0) , 2 (D)|I* = 2 (IIEI(p) Z I+ ll@ (p) ,5(p)||2)
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will be regarded as a refined soft 2-inner product space, with the refined soft 2-inner product
defined by

@)@ ) E0) =1 (I70) +3 @) 2@~ 136) - @ (), 2 ()]*)
[17].

Let (@, P, H) be a refined soft 2-normed space. For any nonzero soft vector z (p) €
SV (@), let M(Z(p)) denote the soft subspace of @ generated by z(p). Let @g(p) =
Q/M (% (p)) be the corresponding soft quotient space. For each §(p) € SV (@), we de-
) The space Qz()

becomes a soft linear space under the operations defined by soft scalar multiplication

note the equivalence class of ¢ (p) with respect to M(z (p)) by (¢ (p))z

a(p) (d(p)zp) = (@(P)T(P))z()
and addition
(G (P)zp) + (@ () 3y = (T (P) + W (P))z(p) -
Ha@»w@esvcasmmwﬂ>mp=wmm(ymmnamz@m=wumﬁ@m
since [[|g(p),Z (p)|| — [lw (p) .z (DI <llg(p) —w (p),Z (p)| = 0. Thus, the function |||y
on @g(p) defined by H(qN(p))g(p)Hg(p) =g (p),z (p)|l is well defined.

Theorem 3.10. ||-||5(p) is a soft norm on @g(p) .

0)|1z) = 0 if and only if ||g (p),z (p)|| = 0 if and only if g (p) € M (z(p)) i.e.,
Z(p

if and only if (7 (p))z(,) = (0 (P))z(p)-
|y =l

Proof. (@)

|&w) @w)s DTz, = 18 @) TR)Z@) =13 0) | 170). % @) =
& (p |Ha z(p)H L AW ER

H m+—<>mﬂgm:Wam+w@mmk@:wam+a@»z@usw@mz
19 0), 2 @) = | @Dz )+ || @ 2Dz, - O

Theorem 3.11. Let <@,P, H,H) be a refined soft 2-normed space. This refined soft 2-
normed space is a refined soft 2-inner product space if and only if for every non-zero soft
vector z (p) € SV (@) , (@g(p), ”'Hz@)) 18 a soft inner product space.

Proof. Assume that (@, P, |-, H) be a refined soft 2-normed space where the refined soft 2-

norm obeys the parallelogram identity. Let Z (p) be an arbitrary non-zero vector in SV (@)
For any elements (q (p))z(p),(@ (p))z(p) in the quotient space @g(p), we utilize the functional

definition of the induced norm H (q(p H =[|g(p),Zz (p)||. By applying the refined soft
2-norm propertles the followmg identlty holds

|@oDp + @@z, + [ @) M—@@M@&ﬂ

=mam><w@» (MI+M()%%®@»J@M2
=2(Ia(@) .2 () +wu>,<>n)
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2

2
=2 @@z, + @ @)z

)
This result demonstrates that the induced soft norm ||'||z(p) on the space Qz, satisfies

the standard parallelogram law, effectively reducing the refined soft 2-normed structure to a

classical soft normed structure. Conversely, assume that for every non-zero z (p) € SV (@),
the induced soft norm |||z, on @z, satisfies the parallelogram law. For any ¢ (p),w (p) €
SV (QV) we can write:

1] )) (73 (p)) ( )H +1@P) - (13 (1), Z (0)II”

= H 2 T ( H + H )zp) — (@ (P))z(p)

:2<H(a(p) Wz i(m)
2(I3 () 2P + 1@ (), 2 <>\|2). 0

2

Z(p)

+H )=

Now we will give the Hahn-Banach extension theorem for refined soft 2-norm spaces. This
theorem is related to the generalization of the Hahn—Banach extension theorem-one of the
fundamental results of linear functional analysis-to the refined 2-norm, as well as to the
properties of the dual space. This theorems is presented through the connection established
between the refined soft 2-norm and the soft norm in a way that remains consistent with the

context of the study.

Theorem 3.12. (Refined Soft 2-Normed Hahn-Banach Extension) Let (@,P, ||,||> be a
refined soft 2-normed space and let w (p) € SV (@) Let M C @ be a soft linear subspace
and let f: M =R bea soft linear functional satisfying ’f((?(p))‘ <K lg (p),w (p)|| for all

q(p) € SV (]Tj) and some soft constant K>0. Then there exists a soft linear functional
F:Q — R such that f(§) = F(§) and ‘ﬁ@ (p)‘ K G, @ )| for all§(p) € SV (M’) .

Proof. Define || (p) lg(p),w (p)||. From Theorem 3.11, (@, H.||w(p)) is a soft normed

o) =
linear space. From the assumption, we have ‘f(a(p))‘ SK(3(p). @ ) = K (05 for
all g(p) € SV (M ) . Thus, f is a bounded soft linear functional on the soft normed space
(M -l @(;;))- By the Hahn-Banach Theorem, the soft functional f can be extended to a
soft linear functional F : Q — R such that ‘ﬁ q )) <K g ()| 5y for all g (p) € SV (@) .
Since ¢ (p)|lz¢») = 14 (p) , w (p)||, we obtain ‘F )| <K |1G(p), @ (p)||. Therefore, the soft

linear functional f admits an extension F on Q preserving the bound. 0

Theorem 3.13. Let (@, P ., H) be a refined soft 2-normed space and let w (p) € SV (@)

be a fixed nonzero soft vector. Define

@fﬂ(p) = {ﬁ :Q > R: F is a soft linear and ‘ﬁ(&“) (p)’ <K |G (p), @ (p)|| for some soft constant f{iﬁ} :

Then sz%(p) forms the soft dual space of the soft normed space (@, H.||w(p)> , where ||q (p)
G (p), @ )] for all (p). @ (p) € SV (@)

&) =
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Proof. From the definition, ||¢ (p)|5,) = [l¢(p),w (p)|| defines a soft norm on (@, ||.H@(p)>,
which is a soft normed linear space. By the Hahn—Banach Theorem, every bounded soft linear
functional defined on a subspace of @ can be extended to the whole space while preserving
the bound. Therefore, the soft set @;%(p) coincides with the dual space of the soft normed

space (Q,H-Hw(p))- O
4. CONCLUSION

In conclusion, this work contributes to the development of a consistent soft linear frame-
work by clarifying the relationship between soft norms and soft 2-norms through an appropri-
ate soft basis. The analysis demonstrates that refined definitions are essential for preserving
fundamental structural properties in soft linear spaces. These findings provide a solid foun-
dation for future research, particularly in the study of completeness, convergence, continuity,
and linear operators in soft normed and soft 2-normed spaces. Further investigations may
also explore applications of these refined structures in optimization, decision-making, and
other uncertainty-based mathematical models.
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Abstract. This study presents a comprehensive investigation into the integration of linear
Diophantine fuzzy sets within the framework of d-algebraic structures, offering a refined
perspective on the interaction between fuzzy logic and abstract algebra. The concepts
of (weak) linear Diophantine fuzzy d-subalgebras and (weak) linear Diophantine fuzzy d-
ideals are rigorously defined and formalized, supported by illustrative examples to enhance
conceptual clarity. A thorough examination is conducted to identify and characterize the
algebraic properties of these structures, with a particular focus on establishing the necessary
and sufficient conditions under which a structural transformation between the two notions is
feasible. Furthermore, the study delves into two distinguished classes of ideals in d-algebras
through the lens of linear Diophantine fuzzy theory, emphasizing their structural alignment
and interaction with classical d-ideals.

Keywords: d-algebra, Linear Diophantine fuzzy set, Weak linear Diophantine fuzzy set,
Linear Diophantine fuzzy subalgebra, Linear Diophantine fuzzy ideal
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1. INTRODUCTION

In real world problems, the limitations of classical mathematical tools become apparent
due to the inherent vagueness and uncertainty present in many complex systems. The intro-
duction of fuzzy set theory by Zadeh [23] marked a significant shift in mathematical modeling,
enabling more flexible and nuanced representations of imprecise information. Fuzzy logic, de-
rived from fuzzy sets, provides a framework where truth values range in the interval [0, 1], of-
fering an alternative to classical binary logic and probability theory for managing uncertainty
and ambiguity. Atanassov [5] extended the concept of fuzzy sets by introducing intuitionistic
fuzzy sets, in which the sum of an element’s membership degree and non-membership degree
does not exceed 1.

Two significant classes of logic algebras, namely BCK-algebras and BCl-algebras, were
introduced in the 1960s by Imai and Iseki [11], [12], and have since been the subject of

extensive study by numerous researchers. It is well established that BCK-algebras constitute
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a proper subclass of BCl-algebras. Among the generalizations of BCK-algebras, the concept
of d-algebras was introduced by Neggers and Kim [16]. Furthermore, the notions of d-
subalgebras, d-ideals, and several related concepts, along with the relationships among them,
were defined and examined by Neggers et al. [17]. Several studies integrating different types
of ideals and fuzzy structures in the context of BCK-algebras and d-algebras can be found
in [2], [3], [14], [21], [22].

Riaz and Hashmi [19] proposed the concept of a linear Diophantine fuzzy set by incorpo-
rating reference parameters inspired by the classical linear Diophantine equation az + by = ¢
from number theory. This approach eliminates the constraints typically imposed on member-
ship and non-membership degrees, thereby enabling decision-makers to assign values freely
without predefined restrictions. Diophantine equations, particularly linear Diophantine equa-
tions, play a fundamental role in number theory and algebra due to their simplicity and wide
range of applications in cryptography, coding theory, and optimization. Recently, there has
been increasing interest in combining the flexibility of fuzzy logic with the structural rigor of
Diophantine equations, leading to the notion of linear Diophantine fuzzy sets. These sets aim
to represent collections of fuzzy elements subject to linear Diophantine constraints, enriching
fuzzy modeling with arithmetic consistency.

The interplay between algebraic structures and linear Diophantine fuzzy sets was first
introduced by Kamaci [13] in 2021. In his pioneering work, he examined finite linear Dio-
phantine fuzzy substructures within classical algebraic systems such as groups, rings, and
fields. Subsequently, Al-Tahan et al. [4] extended this line of research by investigating linear
Diophantine fuzzy subpolygroups of a polygroup. Inspired by recent developments on lin-
ear Diophantine fuzzy substructures and the basic literature on fuzzy algebraic structures,
Muhiuddin et al. focused on the study of linear Diophantine fuzzy sets in the context of
BCK/BCI algebras [15]. Other researchers applied linear Diophantine fuzzy sets to different
algebraic structures [1], [6], [20]. Building upon the application of linear Diophantine fuzzy
sets to BE-algebras, Oztiirk et al. [18] introduced weak linear Diophantine fuzzy BE-algebras
and investigated their fundamental properties. However, extending the theory to d-algebras
is not merely a direct translation. The order relation in d-algebras, defined by v * w = 0,
together with the additional d-condition, yields structural properties that do not arise in
the BE-algebra setting. These features enable us to establish new relationships between
linear Diophantine fuzzy d-subalgebras and d-ideals, particularly in d-algebras and edge d-
algebras, and to investigate the behavior of weak linear Diophantine level sets within this
distinct algebraic framework.

Recently, linear Diophantine fuzzy theory has attracted considerable attention due to its
applicability in decision-making and uncertainty modeling. Several aggregation operators and
decision-making approaches have been developed in this framework [7, 9, 10]. In particular,
roughness and approximation-based extensions of linear Diophantine fuzzy sets have also been
investigated, providing new tools for handling uncertainty in more complex environments [8].
These studies demonstrate the growing importance of linear Diophantine fuzzy structures in
both theoretical and applied research, further motivating their study in different algebraic

systems.



356 D. YILMAZ, M. A. OZTURK, AND Y. B. JUN

The primary motivation of the present study is to investigate the intersection between
linear Diophantine fuzzy sets and d-algebraic structures. This integration not only enhances
the theoretical framework of fuzzy algebra but also introduces novel directions for applying
fuzzy arithmetic logic in contexts characterized by uncertainty within a structurally defined
setting. This work aims to contribute to the ongoing synthesis of fuzzy set theory and
algebraic systems, paving the way for further advancements in the theoretical foundations
and applications of fuzzy algebra.

Linear Diophantine fuzzy sets generalize several existing fuzzy models, including intuition-
istic and Pythagorean fuzzy sets, by introducing the reference parameters 7 and ¢. These
parameters provide additional flexibility in handling membership and non-membership in-
formation. Motivated by this feature, we investigate linear Diophantine fuzzy ideals in d-
algebras and establish their basic properties.

The structure of this paper is organized as follows. In Section 2, we provide the necessary
preliminaries and recall fundamental definitions related to d-algebras and linear Diophantine
fuzzy sets. Section 3 is devoted to the introduction of linear Diophantine fuzzy d-subalgebras
and linear Diophantine fuzzy d-ideals in d-algebras. In this section, illustrative examples
are provided and several basic properties are examined. In Section 4, we define the no-
tions of linear Diophantine fuzzy d#-ideal and linear Diophantine fuzzy commutative d-ideal
in d-algebras. In Section 5, we present the definitions of weak linear Diophantine fuzzy
d-subalgebras and weak linear Diophantine fuzzy d-ideals with illustrative examples, and
further provide the necessary condition for nonempty weak linear Diophantine level sets to

constitute d-subalgebras.

2. PRELIMINARIES

In this section, we provide a foundational background by presenting several fundamental
results concerning fuzzy sets and intuitionistic fuzzy sets, linear Diophantine fuzzy sets, d-
algebras and some types of d-ideals. These prelimanary concepts will serve as a basis for the

subsequent theoretical developments in the paper.

Definition 2.1. ([16]) A non-empty set (T;*,0) of type (2,0) is called a d-algebra if Vv, w €
T, the following conditions hold:

(1) vxv =0,
(2)0*xv =0,

(3) v*w =0 and wx v =0 implies v = w.

A BCK-algebra is a d-algebra (T %, 0) satisfiying the following additional axioms: Yv,w,n €
T,

(4) (vxw)* (vxn))* (n*w) =0,

(5) (v* (v*w))*xw=0.

Definition 2.2. ([17]) Let (Y;*,0) be a d-algebra, and ) # ® C Y. If for any v,w € D, the
element v * w also belong to ®, then ® is called a d-subalgebra of Y. Moreover, ® is called a
d-ideal of Y if it satisfies the following conditions:
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(dI-1) v*xw € ® and w €  imply v € P,
(dI-2) ve P and w € T imply v*w € ®, ie,, PxT C P,

Lemma 2.1. ([17]) If ® is a d-ideal of a d-algebra Y, then 0 € ®.

Definition 2.3. ([17]) Let Y be a d-algebra. A d-ideal ® of Y is called a d¥-ideal of Y, if
viwe® andwxne ® implyrvxne® for allv,w,ne Y.

Definition 2.4. ([16]) Let (T;%,0) be a d-algebra, and v,w € Y. Define the operation
vAw=wx* (wxv). Furthermore, a d-algebra Y is said to be commutative if v Nw = w A v
holds for all v,w € T.

Definition 2.5. ([22]) A non-empty subset ® of a d-algebra Y is called a commutative d-ideal
of YT if it satisfies 0 € ® and (v+xw)xn € P, neEP = v (wAV)ED for all v,w,n € P.

Definition 2.6. ([16]) Let Y be a d-algebra and v € Y. Define v+« Y = {vxw|w e T}. If
foranyv €Y, vx YT = {v,0}, then Y is called an edge d-algebra.

Remark 2.1. ([16]) If (Y, <) is an ordered set, then the operaiton * on Y given by v*w = 0
iff v <w.

Lemma 2.2. ([16]) If T is an edge d-algebra, then v+ 0 = v for any v € Y.

Lemma 2.3. ([16],[17]) Let Y be a d-algebra. Then, for all v,w € Y, the inequality (v*w) *
(n*w) <v=n holds.

Moreover, if Y is an edge d-algebra, then the following conditions hold: For all v,w,m € Y
i. (Vx(V*w))*w =0,

it. (Vxw)xn=(r=*n)*w.

Definition 2.7. ([17]) A d-algebra Y is called d*-algebra if it satisfies the identity (vxw)*v =
0 for allv,w e Y.

Definition 2.8. ([23]) Let S be a universal set, I = [0,1], and p : S — I be a function.
Thus X = {(s,u(s))|s € S} is called a fuzzy set.

Definition 2.9. ([5]) Let S be a universal set, I =[0,1], and p,0 : S — I be the membership
and non-membership functions, respectively. Thus X = {(s,u(s),0(s))| s € S} is called an
intuitionistic fuzzy set. Here, u(s) +6(s) € I for all s € S.

Definition 2.10. ([19]) Let S be a non-empty reference set. A linear Diophantine fuzzy set
on S is defined to be an object of the form:

L= {(5(5(s),n(s)), (T,9))| s € 5},

where & and h are fuzzy sets in S, and 1,9 € [0,1] such that 0 < 7+ ¢ < 1 and 0 <
TE(S) + h(s) <1 for all s € S.

We say that £(s) and h(s) are the degrees of membership and non-membership at a point
s € S, respectively, and T, are reference parameters. The linear Diophantine fuzzy set L
simply denoted by L := (§,h; 7, p).
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Remark 2.2. In the definition of a linear Diophantine fuzzy set L := (&, h; T, @) introduced
in [19], since £(s), h(s), T, and ¢ take values in [0, 1], it follows that whenever 0 < 74 ¢ <1,
the condition

0 <7E(s) +¢h(s) <1
is automatically satisfied for all s € S.

Although this observation may suggest that the reference parameters do not impose ad-
ditional restrictions, their significance lies in weighting the relative influence of membership
and non-membership degrees. Different choices of (T,¢) may yield different evaluations of the
same fuzzy information and consequently affect the defining inequalities of LDF-subalgebras
and LDF-ideals. Therefore, linear Diophantine fuzzy sets provide a parameter-dependent

extension of intuitionistic and Pythagorean fuzzy frameworks.

Let S be a non-empty reference set, T, € [0,1] be reference parameters, and & and h be
functions from S to [0, 1].

Consider an object of the form:

L= {(5(£(s),h(s)), (T,9)) s € 5}

and it is simply denoted by L := (&, h; 7, ¢), and we say it is a Diophantine structure in S. In
the definition of a linear Diophantine fuzzy set in [19], the reference parameters T, € [0, 1]
are chosen independently of the membership and non-membership degrees £(s) and h(s). For
convenience, the parameters assigned to each s € S will be denoted by 7(s) and ¢(s).

Definition 2.11. ([18]) Let S be a non-empty reference set. A weak linear Diophantine fuzzy
set on S is defined to be an object of the form:

L= {(s;(£(s),h(s)), (7(s), o(s)))| s € S},

where & and h are fuzzy sets in S, and 7(s), ¢(s) € [0,1] are reference parameters such that
7(s) - &€(s) + ¢(s) - h(s) € [0,1] for all s € S.

For simplicity, the weak linear Diophantine fuzzy set is denoted by £ := (§, k; 7, ), in the
above definition.
In a weak linear Diophantine fuzzy set £ := (&, h;7,¢) on S, we consider the following
mappings:
& S —=[0,1], s — 7(s) - &(s),
oh S —10,1], s — @(s) - h(s).
Note that 7& and @h are fuzzy sets in S. So we can establish two level sets
U(t& a) :={s € S|7€(s) > a} and L(ph; 8) := {s € S| ph(s) < B},

of 7& and ph respectively, where o, 5 € [0,1]. We call U(7§; ) and L(ph; ) weak linear
Diophantine level sets of 7¢ and @h, respectively (see [18]).

Definition 2.12. ([19]) Let S be a universal set and Ly, Lo be linear Diophantine fuzzy sets
on S. Thus
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(1) The intersection L1 N Lo of L1 and Ly is defined as

{(S; (gﬁl (8) A gﬁz (5)) h[:l (S) \ hLQ (S))’ (Tﬁl (8) A 7—52(5)7 YLy (S) Vr, (S)))’ s € S} .
(2) The union L4 U Ly of L1 and Ly is defined as

{(S; (gﬁl (S) \% ‘562 (5)7 hﬁl (S) N hﬁ2 (5))7 (7_51 (8) V7L, (S)a PLy (S) Nor, (3)»’ s € S} :

(3) Ly is subset of Lo, denoted by L1 Cp Lo, if Li(s) < Lao(s) for all s € S, i.e.,
€c, (S) < 552 (5)7 hﬁ1 (5) = h52(5)77—131 (5) < TEQ(S) and PL, (S) 2 @52(5) for all s € 5.

(4) El = ,CQ if ,Cl QD £2 and ,Cg QD £1.

(5) The complement LS of Li is defined as

‘C(I: = {(S; hﬁ1 (8)7£E1(5))7 (‘;051 (8)77-61(5))” s € S} :

Here, “V7 and “N7” represent the maximum and minimum, respectively.

3. LINEAR DIOPHANTINE FUZZY d-SUBALGEBRAS AND d-IDEALS

In this section, we present the definitions and illustrative examples of linear Diophantine
fuzzy d-subalgebras and linear Diophantine fuzzy d-ideals. We investigate several properties
satisfied by these structures and provide proofs regarding the conditions under which a
transition between them is possible.

Definition 3.1. Let T be a d-algebra and L = (&, h; 7, ) be a linear Diophantine fuzzy set
of Y. Thus L is called a linear Diophantine fuzzy d-subalgebra (briefly, LDFd-sub) if
(LDFd-subl) (Vr,w € T)(E(r*xw) > &(v) A(w), A x w) < h(v) V A(w))
(LDFd-sub2) Vv,w e T)(t(v+xw) > 7(v) AT(w), p(vxw) < p(v) Ve(w)).

Example 3.1. Consider a set Y = {0, v,w,n} with a binary operation x given in the following
table:

R o o ol€
o o & o3

I € " o %
I &€ © o|lo
I £ © oW

Thus (T,%,0) is a d-algebra. Define a linear Diophantine fuzzy set L = (§,h;7,) on T

as follows:

L= (&, 0)
0.86,0.53; 0.7, 0.4
0.66,0.72: 0.6, 0.5
0.74,0.62;0.3,0.5
0.52,0.84: 0.1, 0.7

I € °® ol
~
S— N N N

It is routine to verify that L = (&, h;1,¢) is an LDFd-sub of Y.
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Remark 3.1. In FExample 3.1, the functions 7 and @ play an essential role in satisfying
condition (LDFd-sub2). Indeed, if the membership and non-membership functions & and h

are kept unchanged while the reference function T is modified by setting

T(w) = 0.8
instead of T(w) = 0.3, then

T(w*w) =7(0) =0.7< 0.8 =7(w) A 7(w),
and consequently condition (LDFd-sub2) fails. Therefore, the resulting structure is no longer
a linear Diophantine fuzzy d-subalgebra. This shows that the reference functions may affect
the algebraic behaviour of the structure, even when the membership and non-membership

functions remain unchanged.
Proposition 3.1. Let T be a d-algebra. Thus every LDFd-sub of T L = (&, h; T, ) satisfies:
(Vv € T)(L(v) < £(0)),

where the relation “<” is understood in the sense of the component-wise partial order defined
in Definition 2.12(3).

Proof. Let v € T. Thus, we have

£00) = Erxv) > &) NEv) =E(v),
h0) = h(v*xv) <h(v)V )= h(v),
7(0) = 7(vxv)>7W)AT(V) =T(V),
and
p(0) = (v xv) < (V) Vo(v) =p(v).
Therefore, we get L(v) < L£(0) for all v € T. O

Definition 3.2. Let T be a d-algebra. A linear Diophantine fuzzy set L = (&, h;1,¢) on T
is called a linear Diophantine fuzzy d-ideal (briefly, LDFd-id) if it satisfies:

T(¥),9(0) < o(v)),
< (v *w) Vi),
> TV * W) AT(W), p(¥) < p(r*w) V p(w)).

(LDFd-id1) (Vv € T)(£(0) = &£(v), h(0) < A(v),7(0) =
(LDFd-id2) (Vv,w € T)(E(v) > (v xw) A &(w), M)
(LDFd-id3) (Vv,w € Y)(1(v) >

Example 3.2. Consider a d-algebra T = {0,v,w,n}, which is not a BCK-algebra, defined
as follows.

S € " OoOf %
I & ® o|o
I & © o|x
S o o ofl&
o o R o3

Define a linear Diophantine fuzzy set L = (&, h;1,¢) on T as follows:
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L= (&hT,0)
(0.62,0.36;0.8,0.1)
(0.53,0.45; 0.5, 0.4)
(0.51,0.45; 0.4, 0.5)

(
@

0.35,0.51;0.1,0.7)
It is easy to show that L = (&, h;7,p) is an LDFd-id of Y.

T
0
v
w
Ui
i\ T

Proposition 3.2. Let T be a d-algebra and L = (&, h; T,¢) be an LDFd-id of T, and v,w € T
such that v < w. Then L(w) < L(v).

Proof. Let v,w € T such that v < w. Hence, we get

§) = Erxw)AEw) =£(0) AE(w) = E(w),
M) < (v xw)Vh(w) ="(0)Vi(w) = iw),
T(v) > 7(v*xw)AT(w) =7(0) AT(w) = 7(w),
p() < prxw) VW) =¢0)Ve(w) = pw),
and so L(w) < L(v). O

Proposition 3.3. Let T be a d-algebra and L = (&, h; 7, ) be an LDFd-id of T, and v,w,n €
T such that v+ w <. Thus, we have L(n) N L(w) < L(v).

Proof. Let v,w,n € T such that v *x w < 7. Hence, we get

§) = Erxw)AE(w) = ([E((vxw)xn) AE(n) AE(w)

il
A AN
—~
= (=]
= —
> >
~m o

S
>
pANy
£

i
=
= =)
~—
< <
St S
—~
E =2
v <

=

S

S~—

Il
3
—~
N
>
A
3
>
A
£

Il
\‘
—~

=
~—
>
\‘
—~
&
~

= ¥
Therefore, we have L(n) A L(w) < L(v). O

Remark 3.2. There is no implication between as LDFd-subalgebra and LDFd-ideal in d-
algebras. In Ezample 3.1, the LDFd-subalgebra L is not an LDFd-ideal, because &(n) #
Em*w) NE(w). Furthermore, Example 3.3 shows that LDFd-ideals may not necessarily be
LDFd-subalgebras. This situation holds in the case of d*-algebras (see Theorem 3.1).
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Example 3.3. Let T = {0,v,w,n} be a d-algebra which is not a BCK-algebra with the
following Cayley table:

I € " o
I & © o|o
S I © o
I © o o|&
o o £ o3

We define a linear Diophantine fuzzy set L = (§,h;T,p) on Y as:

T| L= M)

0.85,0.12;0.7,0.14
0.73,0.32;0.5, 0.41
0.52,0.16; 0.5, 0.36
0.36,0.44;0.2, 0.44

( )
( )
( )
( )

I & ” ©

It is easy to verify that L = (&, h;7,¢) is an LDFd-id of T but not an LDFd-sub of Y,
because E(w x v) = £(n) F E(w) NEW) or T(wxv) =T7(n) # T(w) AT(V).
Theorem 3.1. Let Y be a d*-algebra. Then every LDFd-id of Y is an LDFd-sub of Y.
Proof. Assume that £ = (£, h; 7, ) is an LDFd-id of T and v,w € Y. Since Y is a d*-algebra,
we have (v *w) *xv = 0 and so v *w < v. Using Proposition 3.2, we get L(v) < L(v * w).

Hence,
(LDFd-subl) :

fxw) = &) ZEvrw) AE(w) = E(r) AE(w),
hMr+w) < hv) <hlvxw)V

(LDFd-sub2) :
T(v*w) TW) 2T w) AT(W) = T(V) AT(W),

p(r) < p(vxw) Vo) <o)V e(w).

Therefore, £ = (&, h;7,¢) is an LDFd-sub of T. O

>
pvxw) <

Theorem 3.2. Let Y be an edge d-algebra and L = (&, h;T,¢) be an LDFd-sub of Y. Then
L is an LDFd-id of T < For all v,w,n € T, vxw < n implies £(v) > E(w) A &(n), h(v) <
hw) v i(n), 7(v) = T(w) AT(n), and o(v) < p(w) V @(n).

Proof. (=) : Follows from Proposition 3.3.

(<) : Since T is an edge d-algebra, we have v * (v * w) < w. Using our hypothesis,
E(v) > E(vxw)NE(w), h(v) < A(r*w)VR(w), T(r) > T(r*w)AT(w) and p(v) < p(r*w)Ve(w).
Moreover, it follows from Proposition 3.1 L£(v) < L£(0) for all v € Y. Therefore, £L =
(&, h;7,0) is an LDFd-id of Y. O



Int. J. Maps Math. (2026) 9(2):354—370 / LINEAR DIOPHANTINE FUZZY IDEAL THEORY IN... 363

4. TYPES AND PROPERTIES OF LINEAR DIOPHANTINE FuzzY d-IDEALS

In this section, we examined two specific types of ideals in d-algebras in relation to linear

Diophantine fuzzy sets, and investigated their connection with the structure of d-ideals.

Definition 4.1. Let T be a d-algebra. An LDFd-id L = (&, h;7,¢) is called a linear Dio-
phantine fuzzy d7-ideal (briefly, LDFd* -id) of Y if it satisfies:

(LDFd#-idl) (Vv,w,n € T)(&(v*n) > E(vxw) Aé(wxn), h(vxn) < h(v*w) V h(w*n)),
(LDFd#-id2) (Vv,w,n € V)(t(v*n) > 17(v*w) AT(w*n),o(v*n) < ov*w)V o(wxn)).

Example 4.1. Let T = {0,v,w,n} be a set with the following Cayley table:

I &€ R” Of*
S I R oo
€ & o o|x
E ©o o ol&
o3 ¥ o3

Then (Y,*,0) is a d-algebra, but not a BCK-algebra. We define a linear Diophantine
fuzzy set L= (§,h;7,¢) on T as:

L= (&, 0)
(0.55,0.14; 0.37,0.28)
(0.42,0.36;0.21, 0.63)
(0.25,0.52;0.14, 0.85)
(0.25,0.52; 0.14, 0.85)

T
0
v
w
n

Some computations show that £ is an LDFd"-id of Y.

Remark 4.1. Clearly, while every LDFd*#-ideal is an LDFd-ideal, the reverse implication
does not always apply.

Example 4.2. Let Y be a d-algebra and L = (&, h; T, ) be a LDFd-id of Y as in Example 3.2
We see that L is not an LDFd*-id of T, since h(v*n) = h(v) = 0.45 £ h(v*w) V h(w xn) =
h(0) = 0.36.

Definition 4.2. Let T be a d-algebra and L = (&, h; 7, ) be a linear Diophantine fuzzy set

on Y. Then L is called a linear Diophantine fuzzy commutative d-ideal (briefly, LDFCd-id)
if it satisfies (LDFd-idl) and the following conditions:

(LDFCd-idl) (Vv,w,n € T)(E(rx (wx* (w*v))) > E((vxw)xn) AEM), (v x (wx (w*r))) <

A((v x w) )V h(n)),
(LDFCd-id2) (Yv,w,n € T)(T(v* (w* (w*v))) > 7((v*w)*xn) AT(N), p(v* (wk (wxv))) <
(

p((vxw)xn)Ve(n)).

Example 4.3. Consider a d-algebra Y of Fxample 4.1. Now define a linear Diophantine
fuzzy set L= (&, h;1,9) on T as:
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L= (&R, 9)
(0.7,0.3;0.51,0.41
(0.6,0.5;0.33,0.63
(0.2,0.8;0.17,0.74
(0.2,0.8;0.17,0.74

T
0
v
w
n

~— — ~— —

It is easy to verify that L is an LDFCd-id of Y.
Remark 4.2. In general, LDFd-ideals are not necessarily LDFCd-ideals.

Example 4.4. The LDFd-id structure given in FExample 5.5 is not an LDFCd-id of T since
§(wx (n* (nxw))) = &(w) Z E((w*n) xv) AE(V) =E(v).

Theorem 4.1. In edge d-algebras, the structures of LDFd-ideal and LDFCd-ideal coincide.

Proof. Let T be an edge d-algebra and £ = (&, h;7,¢) be an LDFd-id of Y. Then, for all
v,w,n €Y, we have ((v* (w* (w*v))) * ((v*w)*n)) <n. Since L is an LDFd-id of T,

§(vx (wx (wxv))) = &((vrw)xn) A&n), iy * (w* (wxv))) < I((vxw) *n) V h(n),

TV (W (wxv))) = 7((vxw)xn) AT(n), @ * (W (W) < @((v*w)xn) Ve(n)
by Proposition 3.3. Therefore, £ is an LDFCd-id of T.
Now, we assume that £ = (&, h; 7, ¢) be an LDFCd-id of Y. Then, we have v = v (0%(0xv))

and so

§) = Ewx(0x(0xv)) =&(r*0)*w) Ag(w) = (v *w) A E(w),
h(v) = hrx(0x(0xv))) <hA((v*0)*w)V hw) = hv*w)V hw),
T(v) = T(wx(0x0xv)))>7((r*0)*w) AT(w) =7V *w) A T(w),
() = @0 (0xv))) <p((r*0)*w) Vew) =pr*w)Vew).
Thus we have £ is an LDFd-id of T. g

5. WEAK LINEAR DIOPHANTINE FUZZY d-SUBALGEBRAS AND d-IDEALS

In this section, we present the definitions and illustrative examples of weak linear Dio-

phantine fuzzy d-subalgebras and weak linear Diophantine fuzzy d-ideals.

Definition 5.1. Let Y be a d-algebra and L = (&, h; T, ¢) be a weak linear Diophantine fuzzy
set of Y. Thus L is called a weak linear Diophantine fuzzy d-subalgebra (briefly, WLDFd-sub)

if

(WLDFd-subl) (Vrv,w € T)(1€(v *w) > min{7(v),7(w)} - min {{(v), {(w)}),
(WLDFd-sub2) (Vv,w € T)(ph(v * w) < max {p(v), p(w)} - max {A(v), h(w)}).

Example 5.1. Let T = {0,v,w,n} be a set with the following Cayley table:
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I € " of %
I &€ © oo
I € © ofv
S o o ofl€
o o & o3

Then (YT,%,0) is a d-algebra which is not a BCK-algebra. We define a weak linear Dio-
phantine fuzzy set L = (&, h;1,¢) on T as:

s €T | L(s) = (§(s),h(s); 7(s), (s))
0 (0.85,0.22: 0.7, 0.5)
(0.64,0.56: 0.5, 0.8)
w (0.81,0.35;0.6,0.7)
0 (0.78,0.41; 0.2, 0.6)

It is routine to verify that £ = (¢, h; 7, ¢) is a WLDFd-sub of Y.

14

Theorem 5.1. Let Y be a d-algebra. Every LDFd-sub of Y is a WLDFd-sub of Y.
Proof. The result is straightforward from the definitions. O

The following example shows that the converse of Theorem 5.1 may not be true. That
is, if £ = (&, h;7,¢) is a WLDFd-sub of T, then there are v,w € T that satisfy (v * w) #

EW)NE(w), h(v *xw) £ h(v) V hw), 7(v *xw) # T(v) AT(w), p(r*w) £ V) V o(w).

Example 5.2. Consider the d-algebra given in Example 3.1. We define the following weak
linear Diophantine fuzzy set L = (§,h;7,¢) on Y as:

s €Y | £(5) = (€(5), h3); 7(5), 9(5))

(0.62,0.51;0.7,0.1)

(0.41,0.63; 0.2,0.9)

(0.38,0.84; 0.6, 0.8)

(0.44,0.84;0.2,0.4)

It is routine to verify that £ = (&, h; 7, ) is a WLDFd-sub of T and (v *n) = §(w) = 0.38 #

0.41 = £(v) A &(n). Moreover, p(n xw) = p(r) =0.9 £ 0.8 = ¢(n) V p(w).

3 € % oM

Proposition 5.1. Let T be a d-algebra. Thus every WLDFd-sub £ = (&, h;7,¢) of T
satisfies:

(Vi € T)(1£(0) = 7(v) - £(¥), h(0) < p(v) - A(v)).
Proof. Let v € T. Thus we have

76(0) = 7E(wxv) = min{r(v),7(v)} - min{{(¥),£(v)} = 7(¥) - £(v),
@h(0) = @h(v+v) < max{p(¥), p(v)} - max{h(v), h(v)} = ¢(v)
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Theorem 5.2. Let Y be a d-algebra, and let L = (§,h;7,¢) be a WLDFd-sub of Y. If the
reference parameters T and @ satisfy:
min{7(v),7(w)} - min {£(v),{(w)} > min{r(v) -&{(v),7(w) (W)},
max {o(v), p(w)} - max {i(v), i(w)} < max{e(v)-hv),e(w) A(w)},

for all v,w € T, then the non-empty weak linear Diophantine level sets of T and ph are
d-subalgebras of Y.

A

Proof. Let v,w € T and «, 8 € [0, 1] be such that v,w € U(7&; ) N L(ph; 8). Thus 7€(v) >
a, 7é(w) > o, ph(r) < B and ph(w) < . Consequently,
Té(vxw) > min{r(v),7(w)} - min{{(v),{(w)}
min {7(v) - {(v), 7(w) - {(w)}
min {7¢{(v), 7{(w)} > o

Y

and

ph(vxw) < max{p(v),p(w)} max {A(v), h(w)}
max {¢(v) - h(v), p(w) - A(w)}
max {ph(v), ph(w)} < B.

Hence v xw € U(7&; a) N L(ph; B). Therefore U(7€; ) and L(ph; 8) are d-subalgebras of
T. g

IN

Remark 5.1. These conditions are introduced as sufficient conditions and are not claimed
to be necessary. They ensure the closure properties required for weak linear Diophantine fuzzy

level sets to form d-subalgebras in a constructive manner.
The following example illustrates Theorem 5.2.

Example 5.3. Consider the d-algebra (T, x,0) in Example 3.2. Let L = (&, h; 7, ¢) be a weak
linear Diophantine fuzzy set on Y, 7€ and @h are calculated by the following table.

s €Y | L(s) = (&(s5), M(s);T(s),0(5)) TE(s) h(s)
0 (0.83,0.31;0.8,0.1) 0.664 0.031
v (0.64,0.48;0.7,0.4) 0.448 0.192
w (0.52,0.47;0.4, 0.3) 0.208 0.141
n (0.39,0.58: 0.2, 0.6) 0.078 0.348

It is routine to check that L = (&, h; 7, ) is a WLDFd-sub of Y and the reference parameters
satisfy the conditions of Theorem 5.2. The weak linear Diophantine level sets of T¢ and ph
are calculated as follows:

T if o € [0,0.078]
{0,v,w} if o € (0.078,0.208]
U(r¢;a) = {0,v} if a € (0.208,0.448]

{0} if a € (0.448,0.664]
0 if a € (0.664, 1]
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and
T if B € [0.348,1]
{0,v,w} if B €[0.192,0.348)
L(gh; ) = ¢ {0,w} if B €[0.141,0.192)
{0}  if B €[0.031,0.141)
0 if B €10,0.031)

which are d-subalgebras of Y.

The following example shows that the converse of Theorem 5.2 may not be true, that is,
there exists a weak linear Diophantine fuzzy set £ = (&, h; 7, ¢) on T such that the weak linear
Diophantine level sets of 7€ and ¢h are d-subalgebras of T, but the reference parameters 7

and ¢ don’t satisfy the conditions of Theorem 5.2.

Example 5.4. Consider the d-algebra (T, *,0) in Example 3.2. Let L = (&, h; T, ¢) be a weak
linear Diophantine fuzzy set on Y, 7§ and @h are calculated by the following table.

s €T | L(s) = (£(s),h(s);7(s),¢(s)) 7E&(s) eh(s)
(0.7,0.4;0.8,0.3) 0.56 0.12

v (0.8,0.3;0.2,0.7) 0.16 0.21
w (0.6,0.5;0.4,0.5) 024 0.25

n (0.3,0.6;0.5,0.7) 0.15 0.42

Then the non-empty the weak linear Diophantine level sets of 7¢ and ph are d-subalgebras

of T, and they are given as follows:

T if a € [0,0.15]
{0,v,w} if a € (0.15,0.16]
U(t&a) =< {0,w} if a € (0.16,0.24]
{0} if € (0.24,0.56]

0 if a € (0.56, 1]

and

T if 5 € [0.42,1]
{0,v,w} if B €]0.25,0.42)
L(ph; 8) =4 {0,v} if B €[0.21,0.25)
{0} if B €]0.12,0.21)

0 if 8 €1[0,0.12)

It is routine to check that £ = (&, h; 7, ) is a WLDFd-sub of T, but the reference parameters

7 and ¢ do not satisfy the conditions of Theorem 5.2, since

min {7(v), 7(w)} - min {£(v), E(w)}

min {0.2,0.4} - min {0.8,0.6}
= 0.12%0.16
= min{0.2-0.8,0.4-0.6} = min {7(v) - £(v), T(w) - {(w)}
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and/or
max {p(w), p(v)} - max {h(w), A(r)} = max{0.5,0.7} - max{0.5,0.3}
= 0.35£0.25
= max{0.5-0.5,0.7- 0.3} = max {p(w) - K(w), p(v) - h(v)}.

Definition 5.2. Let T be a d-algebra. A weak linear Diophantine fuzzy set L = (§,h;T,p)
on Y is called a weak linear Diophantine fuzzy d-ideal (briefly, WLDFd-id) if it satisfies:

(WLDFd-idl) (Vv € T)(1£(0) > 1&(v), oh(0) < @h(v)),
(WLDFd-id2) (Vv,w € T)(7&(v) > min{7(v *w),7(w)} - min {&(v x w), £(w)}),
(WLDFd-id3) (Vv,w € T)(ph(r) < max{p(v*w), p(w)} - max {A(v *xw), h(w)}).

Example 5.5. Consider the d-algebra (T, *,0) in Example 3.2. Let L = (&, h; T, ¢) be a weak
linear Diophantine fuzzy set on Y, 7§ and ph are calculated by the following table.

s €Y | L(s) = (£(5),h(s);7(s), p(5)) TE(s) @h(s)
(0.8,0.2;0.6,0.4) 0.48 0.08

v (0.7,0.6;0.5,0.7) 0.35 0.42
w (0.3,0.5;0.8,0.9) 0.24  0.45
n (0.4,0.3;0.3,0.5) 0.12 0.15

It is easy to show that L = (&, h;7,p) is a WLDFd-id of Y.

Note that every LDFd-id of T is a WLDFd-id, but the converse need not be true. In
Example 5.5, £ = (&, h; 7, ¢) is not an LDFd-id of Y, since

05=7v) ?T(v*w) AT(w) =7(0) AT(w) = 0.6
and/or

0.5 = h(w) £ A(w xn) V h(n) = h(0) V h(n) = 0.3.
Remark 5.2. It has been observed in the examples that there is no transition between the
definitions of WLDFd-sub and WLDFd-id. In fact, the WLDFd-sub L = (&, h; T, p) given in
Example 5.1 is not a WLDFd-id, because

0.32 = 7¢(v) 2 min{r(v*w),7(w)} min{{(r * w), &(w)}

= min{7(0),7(w)} - min {£(0), &{(w)}

= min{0.7,0.6} - min {0.85,0.81}

= 0.6-0.81 = 0.486.

Moreover, Example 5.5 shows that a WLDFd-id may not be a WLDFd-sub, because

0.35 = 7&(v) 2 min{r(v*n),7(n)} - min{{(v+n),{(n)}
= min{7(v),7(n)} - min{{(7),&{(n)}
= min{0.5,0.3} - min {0.7,0.4}
= 0.3-04=0.12.

Remark 5.3. To clarify the relationships among the introduced linear Diophantine fuzzy

structures, we summarize the main implications established in this paper for d-algebras.
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Structure Type Relation
LDFd-sub = WLDFd-sub (Theorem 5.1)
WLDFd-sub # LDFd-sub (Example 5.2)
WLDFd-sub <+ WLDFd-id

6. Conclusion

In this study, we investigated the structural relationship between linear Diophantine fuzzy
sets and d-algebraic structures. We introduced the notions of linear Diophantine fuzzy d-
subalgebras and linear Diophantine fuzzy d-ideals, and analyzed their fundamental properties
and interrelations. In particular, we established conditions under which these structures are
compatible and examined their behavior under different algebraic settings.

Furthermore, we studied weak linear Diophantine fuzzy d-subalgebras and weak linear
Diophantine fuzzy d-ideals, and provided examples illustrating the difference between the
classical and weak formulations. We also derived conditions ensuring that weak linear Dio-
phantine fuzzy level sets generate d-subalgebras, thereby clarifying the structural role of
level-based constructions in this framework.

The results presented in this paper contribute to the development of fuzzy ideal theory
in d-algebras by incorporating the flexibility of linear Diophantine fuzzy sets. The proposed
framework may be extended in future work to other algebraic structures such as BCI/BCK-
type algebras and related logical systems, particularly in the study of uncertainty within
algebraic reasoning models.
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ON THE GEOMETRY OF LP-SASAKIAN MANIFOLDS ASSOCIATED
WITH THE EXTENDED QUASI-CONFORMAL CURVATURE TENSOR
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Abstract. The geometry of LP-Sasakian manifolds and their interaction with various
curvature tensors—particularly conformal, quasi-conformal, and concircular tensors—has
been extensively studied in the literature. However, most existing works focus on classical
curvature tensors or standard quasi-conformal curvature structures under general or well-
known curvature restrictions. The present study introduces and investigates an extended
quasi-conformal curvature tensor, which generalizes the traditional quasi-conformal cur-
vature tensor by incorporating additional structural components adapted to LP-Sasakian
manifolds.

In particular, we focus on LP-Sasakian manifolds with in the frame work of the extended
quasi-conformal curvature tensor satisfying the vanishing conditions K.(U1,Y1)Z1 = 0 and
(R(&,Y1) - Ke)(Ur, Vi)W = 0. Furthermore, the existence and properties of Ricci soliton
structures are also examined.

Keywords: LP-Sasakian manifolds, extended quasi conformal curvature tensor, n-Einstein
manifold, scalar curvature.

MSC (2020): 53C15, 53C25, 53C50.

1. INTRODUCTION

The extended quasi-conformal curvature tensor is a generalization of several well-known
curvature tensors in differential geometry, designed to unify and extend notions like con-
formal, concircular, and quasi-conformal curvature. Its importance becomes clearer when
you look at both its structural role and its applications in special manifolds, including LP-
Sasakian manifolds. Its relevance becomes evident once we understand the limitations of the
usual curvature measures.

In 1989, Matsumoto [8] first introduced the concept of LP-Sasakian manifolds. Subsequently,
Mihai and Rosca [10] independently presented the same notion and established several signifi-

cant results. Since then, LP-Sasakian manifolds have been extensively investigated by various
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researchers, including Bagewadi et al.,[3], De et al.,[4], Mihai et al.,[9], Shaikh et al.,[12, 14]
and many others. Recently generalized Ricci-type solitons and almost Ricci-Bourguignon
solitons on Lorentzian para-Kenmotsu geometry has been studied by [11, 15].

On the other hand, in [17] Yano and Sawaki introduced and investigated a tensor field
K on an (2n + 1)-dimensional Riemannian manifold that generalizes both the conformal
curvature tensor and the concircular curvature tensor as particular instances. This tensor

field K is called the quasi-conformal curvature tensor and is defined as follows:
K(Ul,Yl)Zl = aR(Ul,Yl)Zl (11)
+b[S (Y1, Z1)U1 — S(Uy, Z1)Y1 + g(Y1, Z1)QU: — g(Ui, Z1)QY1]

r a
- — +2b Yi. Z1) U1 — g(Uqy, Z1)Y;
o+ 1 {2n+ }{9( 1, Z1)Uy — g(Ur, Z1)Y1},

where each of Uy, Y1, Z1 belongs to the tangent space 1), M, while a and b are constants and

r denotes the scalar curvature. In particular, when a = 1 and b = —ﬁ, then the quasi
conformal curvature tensor coincides with the conformal curvature tensor.

Subsequently, De et al. [5] introduced and formulated an extended version of the quasi-
conformal curvature tensor, referred to as the extended quasi-conformal curvature tensor,

which is defined by:
K. ()2, = KU, Y1)Z1 —n(U1)K(£,Y1) 2, (1.2)
—n(Y1) K (U1,§) 21 — n(Z1) K (U, Y1)¢.

Recently, authors Al Hussein and Habeeb [1, 2] investigated and studied the geometric prop-
erties and applications of Quasi Sasakian manifolds endowed with generalized Sasakian space
form structures in the framework of the pseudo-quasi conformal curvature tensor.
Motivated by the above, the present work investigates certain aspects of LP-Sasakian man-
ifold admitting specific geometric properties associated with the extended quasi-conformal
curvature tensor. The organization of the paper is as follows. After presenting the neces-
sary preliminaries, Section 3 examines LP-Sasakian manifolds for which the extended quasi-
conformal curvature tensor vanishes, that is, K.(U1,Y1)Z; = 0. In Section 4, we analyze
LP-Sasakian manifolds satisfying the condition (R(&,Y1) - K¢)(Up, V1)W1 = 0. The final

section summarizes and concludes the findings established throughout the paper.

2. PRELIMINARIES

An (2n + 1)-dimensional differentiable manifold M is said to be an LP-Sasakian manifold
[8] if it possesses a (1,1)-tensor field ¢, a unit time like vector field £, a 1-form 7 and a

Lorentzian metric g that fulfill the following conditions:

n(€) = —1,0°U1 = U1 +n(Uh)E, (2.3)
9(oUr,0Y1) = g(U1, Y1) +n(U1)n(Y1), (2.4)
9(U1,§) = n(lh), Vy,&=eU; (2.5)
(Vuo)(Y1) = g(Ur, Y1)§ +n(Y1)Ur + 2n(Ur)n(V1)E, (2.6)

for all vectors Uy, Y7 € T, M, where V represents the covariant derivative associated with the

Lorentzian metric g.
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It is readily observed that the following relations are satisfied in an LP-Sasakian manifold

[8]:

¢ = 0, n(elh) =0, (2.7)
rank¢ = 2n. (2.8)

As before, if we assume
QUy, Y1) = g(Ur, ¢Y1) and Vy,§ = ¢Un, (2.9)

for arbitrary vector fields Uy, Y;, then the tensor Q(Uy, Y1) defines a symmetric (0,2)-type
tensor field [8].

Moreover, since the vector field 7 is closed in an (2n + 1)-dimensional LP-Sasakian manifold,
it follows that [8, 10]:

(Von) (Y1) Q(U1, 1), (2.10)
QU,€) = 0, (2.11)
for any Uy,Yr € T, M.

Consider an (2n + 1)-dimensional LP-Sasakian manifold M equipped with the structure
(¢,€,m,9). The following relations are satisfied [8]:

RULYV)Z1 = g, Z20)Ui — g(Ur, Z1)Y1, (2.12)

R(EY1)Z1 = g, Z21)§ — n(Z1)Yh, (2.13)

R(U,Y1)§ = n(Y1)Ur —n(Un)Y1, (2.14)

S(U,€) = 2nn(lh), (2.15)

S(@Ur, Y1) = S(Ur, Y1) + 2nn(Un)n(Y1), (2.16)

for any Uy, Y1, 21 € T,M, where R is the Riemannian curvature tensor and S is the Ricci
tensor of the manifold.

Additionally, for an (2n + 1)-dimensional LP-Sasakian manifold with extended quasi-

conformal curvature, the following holds:

2n
+9(Ur, Z1)n(Y1)§ — g(Y1, Z1)n(U1)§ + 2n(Ur)n(Z1)Y1
—2n(Y1)n(Z1)Ur } + b{S(Y1, Z1)U1 — S(Ur, Z1)Y1
+n(Y1)S(Ur, Z1)§ — n(U1)S(Y1, Z1)€ + 9(Y1, Z1)QU1
—9(U1, Z1)QY1 + 2n(Ur)n(Z1)QY1 — 2n(Y1)n(Z1)QUn
+2nn(Y1)g(Ur, Z1)§ — 2nn(Un)g(Y1, Z1)€
+4nn(U1)n(Z1)Y1 — 4nn(Y1)n(Z1)U1},

K (U, Y1)Z = [a - 2n7:|— : (i n Qb)] (g1, 2001 — g(Uy, Z))Y;  (2.17)
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K65 = Ja- 5 (5 20)| ot z0e - nzy 219

—n(Y1)n(Z1)§} + b[2S (Y1, Z1)€ — 6nn(Z1)Y1
+4ng (Y1, Z1)€ — dnn(Y1)n(Z1)€ — 3n(Z1)QY1]

= —K.(Y1,¢)7,
K (U, Y1)E = [a— %Z : (% +2b)} 37(Y1) U1 — 35(U1)Yi] (2.19)
+b[6nn(Y1)U1 — 6nn(Ur)Y1 + 3n(Y1)QU:1 — 3n(U1)QY1],
K.(§,8)7Z1 = 0. (2.20)

Definition 2.1. An (2n + 1)-dimensional LP-Sasakian manifold is called n-Einstein, if its
Ricci tensor S of type (0,2) satisfies
S(U1, Y1) = ag(U, Y1) + Bn(Ur)n(Y1), (2:21)

for all Uy, Y1 € T,M, where o and B are smooth functions. Moreover, if 8 = 0, the manifold

is referred to as an Einstein manifold.

Definition 2.2. In an (2n + 1)-dimensional LP-Sasakian manifold, if the Ricci tensor S
satisfies

(Vw,S)(oUn, ¢Y1) =0, (2.22)
for all Uy, Y1, Wy € T,M, then S is called n-parallel.

A Ricci soliton extends the concept of an Einstein metric and is formulated on a Rie-
mannian manifold (M, g) [6]. Specifically, a Ricci soliton is represented by a triple (g,&, \)
consisting of a Riemannian metric g, a unit timelike vector field &, and a real scalar A,

satisfying
Lyg+25+2X\g =0. (2.23)

Here S denotes the Ricci tensor and Ly represents the Lie derivative taken along the
solenoidal vector field V.
A Ricci soliton on a Riemannian manifold is classified as shrinking, steady, or expanding

depending on whether the scalar A is negative, zero, or positive, respectively.

3. LP-SASAKIAN MANIFOLDS ADMITTING VANISHING EXTENDED QUASI-CONFORMAL
CURVATURE TENSOR

Consider an (2n + 1)-dimensional LP-Sasakian manifold in which the extended quasi-

conformal curvature tensor is identically zero i.e.,
K.(Uy,Y1)Z1 =0, (3.24)

for any choice of Uy, Y1, Z; in the tangent space T, M.
It follows directly from (3.24) that

KUy, Y1)Z1 —n(U1)K (&, Y1) Z1 — n(Y1)K (U1, §) Z1 — n(Z1) K (U1, Y1)§ = 0. (3.25)
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Using (3.25) and then taking the inner product with Wi, we obtain

[a T ot (% * 21’)] lg(Y1, Z1)g(Ur, Wh) — g(Ur, Z1)g(Y1, W) (3.26)

—n(U)n(Wh)g(Y1, Z1) + n(Y1)n(W1)g(Ur, Z1) + 2n(Un)n(Z1)g(Y1, W1)
—2n(Y1)n(Z1)g(Ur, Wh)] + b[S(Y1, Z1)g(Ur, W1) — S(U1, Z1)g(Y1, W1)
+9(Y1, 21)S(Ur, Wh) — g(U, Z1)S(Y1, Wh) — n(Ur)n(Wh)S (Y1, Z1)
+n(Y1)n(W1)S(Ur, Z1) + 4nn(Ur)n(Z1)g(Yr, Wh) — 4nn(Y1)n(Z1)g(Ur, Wh)
—2nn(U1)n(W1)g(Y1, Z1) + 2nn(Y1)n(Wh)g(Us, Z1)

+2n(Ur)n(Z1)S(Y1, Wr) — 2n(Y1)n(Z1)S(Ur, Wh)] = 0.

By substituting U; = W1 = e;, where e; forms an orthonormal basis for the tangent space at

each point on the manifold, and summing over ¢, ¢« = 1,2, .....,2n + 1, we get
r a
_ —2())2 Yi,71) — g1, Z Vi, Z 9
[a 2n—|—1(2n+ ][”9( 1.21) = (Y1, Z1) + 9(V1, Z1) (3.27)

+n(Y1)n(Z1) + 2n(Y1)n(Z1) — 4nn(Y1)n(Z1)] + b[2nS(Y1, Z1)
—S(Y1,Z1) +rg(Y1, Z1) — S(Y1, Z1) + S(Y1, Z1) + 2nn(Y1)n(Z1)
+ann(Y1)n(Z1) — 8n®n(Y1)n(Z1) + 2ng(Y1, Z1) + 2nn(Y1)n(Z1)
+dnn(Y1)n(Z1) — 2rn(Y1)n(Z1)] = 0.

The equation above can be transformed into

S, Z1) = lig(Y1, Z1) + man(Y1)n(Z), (3.28)
where
I a2n(r —2n — 1) + b2n[r(2n — 1) — 2n(2n + 1)]
b b2n(2n + 1)(2n — 1) ’
S a(4n — 3)[2n(2n + 1) — r] + bdn[r(—2n +4) — (2n + 1)(4n? — 6n)]

b2n(2n+1)(2n —1)

Thus we can state the following:

Theorem 3.1. If an LP-Sasakian manifold has a vanishing extended quasi-conformal cur-

vature tensor, then it is an n-Finstein manifold.

Applying Y1 = Z; = e; once again in (3.28) results in
2n — 1) — b(2n —
. a(2n —1) — b(2n — 3) . (3.29)
a(2n+1)(2n — 1) +b2n(2n +1)(2n — 2)

This leads to the following:

Corollary 3.1. In an LP-Sasakian manifold where the extended quasi-conformal curvature

tensor vanishes, the scalar curvature remains constant.

Similarly, by replacing Y7 by ¢Y; and Z; by ¢Z; in (3.28) and then using (2.5), we obtain

a(r—2n—1)+blr(2n —1) — 2n(2n + 1)]

b(2n + 1)(2n — 1) 9(oY1, ¢Z1). (3.30)

S(¢Yla (;SZl) =
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Applying covariant differentiation to (3.30) with respect to X1, we arrive at
a+b(2n—1)
b(2n+1)(2n —1)

Given that an LP-Sasakian manifold with a vanishing extended quasi-conformal curvature

(Vx,8)(¢Y1,021) = dr(Xy)

9(pY1,021). (3.31)

tensor has constant scalar curvature, it follows from the above equation that
(Vx,9)(oY1,021) = 0. (3.32)

This results in:

Corollary 3.2. An LP-Sasakian manifold with vanishing extended quasi-conformal curvature

tensor and constant scalar curvature possesses an n-parallel Ricci tensor.

Taking an account of (3.28) in (2.23), we get
a2n(r —2n — 1) + b2n[r(2n — 1) — 2n(2n + 1)]
b2n(2n+1)(2n — 1)
a(4n — 3)[2n(2n + 1) — r] + bdn[r(—2n + 4) — n(8n% — 8n — 6)]
* b2n(2n +1)(2n — 1) 2n(Yi)n(Z)

Lyg(Y1, Z1) +

29(Y1, Z1) (3.33)

+2Xg(Y1,Z1) = 0.
By setting Y7 = Z; = e;, the above equation becomes
div(V) + Ab8n*(2n 4 1)(2n — 1) (3.34)
+2a(2n — 1)[r(2n + 3) — 6n(2n + 1)]
+4bn[r(4n® + 2n — 8) — 3(2n + 1)(4n* — 4n)] = 0.
Because V is a solenoidal vector field, it follows that

a(2n —1)[r(2n+3) — 6n(2n + 1)]

+b2n[r(4n? 4+ 2n — 8) — 3(2n + 1)(4n? — 4n)]
A= bAn2(2n + 1)(2n — 1) (3:35)

Consequently, the following occurs:

Remark 3.1. In an LP-Sasakian manifold with a vanishing extended quasi-conformal cur-

vature tensor, the Ricci soliton is of shrinking type.

4. LP-SASAKIAN MANIFOLDS ADMITTING EXTENDED QUASI-CONFORMAL CURVATURE
TENSOR SATISFYING (R(&,Y7) - Ke)(Up, V1)W1 =0

Let M be an (2n+1)-dimensional LP-Sasakian manifold for which the curvature condition
(R(&,Y1) - K¢)(Up, V1)W1 = 0 holds. The preceding condition implies that
g(Y1, Ke (U1, Vi)W1)€ — n(Ke(Ur, Vi)W1)Y1 — g(Y1, U Ke (€, Vi)W1 - (4.36)
+n(U1) Ke(Y1, Vi)W — g(Y1, Vi) Ke (U, Wi + n(Vi) Ke(Ur, Y1) W1
—g9(Y1, W) Ke (U1, V)€ + (W) Ke(Ur, V1) Y1 = 0.
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In view of (4.36), we have
—g9(Y1, Ke(Ur, V1)W1) — n(Ke(Ur, Vi)Wi)n(Y1) — g(Y1, Ur)n(Ke(§, Vi)Wh) (4.37)
+n(U)n(Ke(Yr, Vi)W1) + n(Wi)n(Ke(Ur, Vi)Y1) +n(Vi)n(Ke (U, Y1)Wh)
—g(Y1, Wi)n(Ke(U1, V1)§) — g(Y1, Vi)n(Ke (U1, §)W1) = 0.

Making use of (2.17)-(2.20) in (4.37), we derive

a5 (s +20) | LoV, W)a(i, U0) — (0 W) (1. V) (139

+g(Vi, Win(Ui)n(Y1) — g(Ur, Wi)n(Vi)n(Y1) + 29(Y1, Ur)n(Vi)n(Wh)
—2g9(Vi, Y1)n(Ur)n(W1)] 4 b[S(V1, W1)g(Y1, Ur) — S(Ur, W1)g(Va, Y1)
+5(V1,Y1)g(Ur, W1) — S(Y1,Ur)g(Va, W) + S(Vi, Wi)n(Ur)n(Y1)

=S(Ur, Wi)n(Vi)n(Yr) + 2ng(Vi, Wi)n(Ur)n(Y1) — 2ng(Ur, Wi)n(Vi)n(Y1)
+8ng(Y1, Un)n(Vi)n(Wi) — 8ng(Y1, Vi)n(Un)n(Wh) + 4ng(Vi, W1)g(Y1, Ur)
—4ng(Uy, W1)g(V1,11)] = 0.

Putting U; = Wp = e;, where e; is an orthonormal basis of the tangent space at each point

of the manifold, and taking summation over i, i = 1,2, .....,2n 4+ 1, we obtain
r a
- L +2b) | (901, VA) — 2ng(Y; Y L
[a m+ 1 (2n+ b ][9( 1, V1) = 2ng(Y1, Vi) + n(Y1)n(V1) (4.39)

=2nn(Y1)n(V1) + 2n(Y1)n(V1) + 29(Y1, V1)] + B[S (Y1, VA1)
—rg(Y1, V1) 4+ 2nS(V1, Y1) — S(Y1, V1) + 2nn(Y1)n(V1)
—rn(Y)n(Va) + 2nn(Yi)n(Vi) — 4n*n(Y1)n(Va) + 8ng(Y1, V1)
+8nn(Y1)n(Vi) + dng(Y1, Vi) — 8n2g(Y1, Vi)] = 0.

The preceding equation can be simplified as

S(Y1,V1) = lig(Yr, Vi) + man(Y1)n(Vh), (4.40)
where
= a(2n —3)[2n(2n + 1) — r] + b2n[4n(2n + 1)(2n — 3) — r(2n — 7)]
S bAn2(2n + 1) ’
my = a(2n —3)[2n(2n + 1) — r] + b2n[2n(2n — 6) — r(2n — 7)] '

bdn2(2n + 1)

Therefore, we can conclude that:

Theorem 4.1. An (2n + 1)-dimensional LP-Sasakian manifold that admits an extended
quasi-conformal curvature tensor and satisfies (R(&, Y1) K¢)(Uy, Vi)W = 0 is an n-Einstein

manifold.

Plugging Y7 = V; = ¢; again into (4.40) gives

_a2n(2n+1)(2n — 1) + b8n*2n(2n + 1)(2n — 3) — (2n—)]
a2n—1)(2n—3)+2n2n2n+1) + 2n — 1)(2n —T7)]

As a result, we can assert that:

(4.41)
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Corollary 4.1. If an LP-Sasakian manifold has an extended quasi-conformal curvature ten-
sor satisfies (R(&,Y1) - Ke)(Ur, V1)W1 = 0, then its scalar curvature is constant.

Now replacing Y7 by ¢Y; and V; by ¢V; in (4.40), gives

where,

a(2n — 3)[2n(2n + 1) — 7] + b2n[4n%(2n — 5) — r(2n — 7)] '

A= bdn2(2n + 1)

Computing the covariant derivative of (4.42) along X, we find
[—a(2n — 3) — b2n(2n — 7)]dr(X;)
bAn2(2n + 1)

Since an LP-Sasakian manifold endowed with an extended quasi-conformal curvature tensor
and satisfying (R(§, Y1) - K¢)(Uy, Vi)W = 0 has constant scalar curvature, it follows that

(Vx,9)(8Y1, V1) = 9(oY1, 9V1). (4.43)

(Vx,8) (oY1, V1) = 0. (4.44)

From this, it follows that:

Corollary 4.2. An LP-Sasakian manifold whose extended quasi-conformal curvature tensor
satisfies (R(&,Y1) - Ke)(Ur, Vi)Wi = 0 necessarily has a Ricci tensor that is n-parallel.

Upon substituting (4.40) into (2.23), we arrive at

Lyg(V1, Y1) (4.45)
+a(2n —3)2n(2n+ 1) —r] + b2n[dn(2n + 1)(2n — 3) — r(2n — 7)]

2 Y]
bdn2(2n + 1) 9(V1,11)
a(2n —3)[2n(2n + 1) — r] + b2n[2n(2n — 6) — r(2n — 7)]
2 Y
If we substitute V3 = Y7 = ¢; into (4.45), we obtain
div(V) + Ab16n3(2n + 1) + a2(2n + 1)(2n — 3)[2n(2n + 1) — 7] (4.46)

+b4n[2n(8n% — 16n% — 5n — 3) —r(2n +1)(2n — 7)] = 0.
Owing to the fact that V is solenoidal, we get

a(2n+1)(2n —3)[2n(2n 4+ 1) — r]

A= _ +b2n[2n(8n® — 1602 — 5n — 3) — r(2n + 1)(2n — 7)] (4.47)
b8n3(2n + 1)

This leads us to conclude that:

Remark 4.1. On an LP-Sasakian manifold whose extended quasi-conformal curvature tensor
satisfies (R(&,Y1) - Ke)(Ur, Vi)Wi = 0, the Ricci soliton is shrinking.
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5. Conclusion:

In general, the extended form of the quasi-conformal curvature tensor aligns with the

extended quasi-conformal curvature tensor defined by De and Sarkar [5]. In this work,

we investigate an n-dimensional LP-Sasakian manifold equipped with the extended quasi-
conformal curvature tensor. Imposing the curvature conditions K.(U1,Y1)Z; = 0 and
(R(&, Y1) - K¢)(Up, Vi)W = 0, we derive the following geometric results:

e The LP-Sasakian manifold to take on a highly ordered, Einstein-type configuration.
e The manifold has uniform curvature distribution at every point.

e The Ricci tensor is stable along the contact distribution.

e The geometry of a manifold does not remain fixed or increase—it diminishes over

time under Ricci flow.
Future research directions:

e Consider non-vanishing or bounded cases, this would help determine whether the
Einstein-type configuration obtained is stable or if small perturbations lead to entirely
different geometric behavior.

e Examining analogous results in Sasakian, Kenmotsu, or trans-Sasakian manifolds
would show whether the conclusions depend heavily on the LP-structure or reflect a

broader phenomenon in contact geometry.
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Abstract. The concept of Ricci-Yamabe (RY) soliton is such an approach that unifies
the geometric properties of Ricci solitons and Yamabe solitons. Because of the wealth of
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1. INTRODUCTION

Physically occurring waves which maintain their shape after interaction with other waves
are known as solitons. Solitons are viewed as self-similar solutions of some wave equations
in mathematics. From the idea of solitons, Richard S. Hamilton [4] defined Ricci solitons as
self-similar solutions of nonlinear partial differential equations in the context of geometric
flows. Recently, solitons have gained much significance and attention in differential geometry
due to its important link with curvature flow and geometrical analysis on manifolds. More
specifically, Ricci solitons naturally occur while studying Ricci flows, invented by Richard
Hamilton, in terms of their singularity formation and asymptotic behavior. After the advent
of the Ricci flow by Hamilton, several geometers started investigating geometric solitons.
Moreover, the spectacular application of Ricci flow by Grigori Perelman [12] to prove the
famous Poincaré Conjecture made the study of solitons a very important field in modern
geometry. Thus, soliton structures become important in the study of manifolds admitting
different geometric structures.

The topic of geometric flows became one of the most important in contemporary differential
geometry after the introduction of Ricci flow and Yamabe flow by Hamilton in the 1980s. The
self-similar solutions to such flows generate Ricci solitons and Yamabe solitons, respectively.
Thus, it is reasonable to consider RY solitons, which are the fixed points of the RY flow.
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A Riemannian manifold (M, g) equipped with a vector field ¢ is said to admit a RY soliton
(RY soliton) if
1
iﬁgg—i-ozRic—i— ()\— §/€> g=0, (1.1)
where Ric is the Ricci tensor, & is the scalar curvature, A, o, 8 are constants, and £, denotes
the Lie derivative along (. The soliton is called expanding, steady, or shrinking according to
whether ) is positive, zero, or negative.

Note that

(1) if ¢ is gradient of some smooth function f on M, then the above notion is called
gradient RY soliton.
(2) if we replace A in equation (1.1) by a smooth function, then we say that (M, g) is an

almost RY soliton.

On the other hand, conformal Riemannian submersions (CRSs) provide a rich geometric
framework that generalizes Riemannian submersions, in which the differential restricted to
the horizontal distribution is conformal with a positive dilation function rather than an
isometry (see [2]).

A surjective smooth map between two Riemannian manifolds

F:(M,g)— (N,h)

is said to be Riemannian submersion if it has maximal rank at every point p € M and the
differential F,,, maps the horizontal space (Ker F,)1) isometrically onto Tr)N. The fibers
of F over ¢ € N is defined by F~!(g). Moreover, the submersion F is called a conformal
(horizontally conformal) submersion (CS) if the restriction of F; to the horizontal distribution
(Ker F,)* is conformal, that is, there exists a positive smooth function o (the dilation) such
that [1]

h(F,X,F.Y) = 0%g(X,Y), (1.2)

for all X,Y € T'((Ker F,)™).
Note that F' is called horizontally weakly conformal map at p € M if either

(1) Fi, =0, or
(2) Fi, maps the horizontal space conformally onto T, N.

A horizontally weakly conformal map F': M — N is said to be horizontally homothetic if
the gradient of its dilation ¢ is vertical at regular points. Equivalently, ¢ is constant along
horizontal directions.

In recent times, an increased amount of research is being conducted on the relationship
between the theory of solitons and submersions. The work of Merig and Kilig [9] involved
studying Riemannian submersions with total manifolds possessing Ricci solitons, and Meena
and Yadav [6] further expanded the study to include conformal Riemannian submersions.
In [8], Merig discussed Riemannian submersions whose total manifolds are almost Yamabe
solitons to Riemannian manifolds. But still, there is no study about the CSs whose total
manifolds admit RY solitons.

This paper aims to fill this gap. We organize our work as follows. Section 2 recalls essential

preliminaries on the study. The main results have been discussed in Section 3, where we have
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considered CSs from a RY soliton and established a condition for the fibers/base manifold
to be (almost) RY solitons/Einstein manifolds. Section 4 deals with the examples of these

mappings, and conclusions are drawn in Section 5.

2. PRELIMINARIES

In this section, we give a brief review of basic facts; cf. [15].
Let
F:(M" g)— (N",h)
be a Riemannian submersion. The vertical distribution V = Ker F, and the horizontal
distribution H = (Ker F})* are orthogonal complements. For any vector field E on M, we
write £ = VE + HE. The O’Neill tensors A and T are defined by [11]
ApF = HVygVFE +VVypHF, (2.3)
TgF = HVygVFEF + VVypHF. (2.4)

These tensors satisty Ap = Ayg, T = Tyg, and are skew-symmetric. Their properties
include

VoV =TyV +VVyV, VxU =AxU +VVxU, VxY =AxY +HVxY, (2.5)

for U,V € I'(V) and X,Y € I'(H).
The submersion F is known to be of totally umbilical fibers if; cf. [19], [20]

TyV =g(U,V)H or Ty X = —g(H, X)U, (2.6)

where H denotes the mean curvature vector field of the fibers.

For the map F', the second fundamental form is expressed as [3]
(VF)(X,Y)=DpxF.Y — F.(VxY), (2.7)

where D is the Levi-Civita connection on N.
Let
F:(M" g)— (N°h)

be a CS with dilation o. The following fundamental relation holds for basic vector fields [3]:

2
F.(HVxY) = VN FY + %{X (c7%) .Y
1Y (07%) FL.X — g(X,Y)F, (grady o~ 2)}. (2.8)

The tension field T(F) of F is defined as the trace of the second fundamental form. For a

CS, we have [7]
2

UF) = (s — 2)%F* (grady, o~2) — (r — s)Fu(H), (2.9)
where H is the mean curvature vector of the fibers. The map F' is harmonic if and only if
(F) =0.

Now, we recall the components of the Ricci tensor on the total manifold of a CS. These
formulas are essential for studying RY solitons.

Let {U;}s+1<i<r be an orthonormal basis of V and {X,}i<j<s an orthonormal basis of
#H. Denote by Ric” the Ricci tensor of the fibers and by RicV the Ricci tensor of the base
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manifold N. If horizontal distribution (ker F)* is integrable, then the horizontal space is
totally umbilical, that is,
AxY = g(X,Y)H"",

where mean curvature vector H"*" is given by [3]

hor 02 -2
H :—?(vva )- (2.10)

Proposition 2.1. [6] For a CS
F:(M,g) = (N,h)

with dilation o, the Ricci tensor components on M are as follows:

Ricyy = Richy —(r — 8)g(TyV, H) + Zg((VUA)Xij, V)
j=1

+ D 9(Ax, U Ax, V) = D g(Vx, T)uX;, V)
j=1 j=1
50‘4
— =59 (U, Vvo ) g (V. Vyo ), (2.11)

Ricyx = (r— s)g(VoH, X) = > g((Vy,T)uU;, X)
1=s+1
+) g(VxA)x, X;,U0) = > 9((Vx,A)xX;,U)
P =1

_ZQ(TUXjJV[Xan])7 (212)
j=1
Ricxy = Z g((VUiA)XY, U,) + Z g(AxUZ',AyUZ')
1=s+1 1=s+1

r

= > g(VxT)uY, Ui) = > 9(Tu, X, Tu,Y)

i=s+1 i=s+1
+ 029 (Axy, VVO'72) + 0'72 Ric%%y?—t
- —2
+ z ZQ(V[X7 Xj]7 V[Xj7 Y]) - (82)029 (VX grad 0'727 Y)
j=1
02 - or _— SOA —92112
- 79(X, Y) {AVJ Z_s (Hh o 2)} + TQ(X’ Y) ||grad o 2“
4
+ 7 (s—2) (Xo72) (Yoo?). (2.13)

Immediate consequences of Proposition 2.1 are as follows:

Corollary 2.1. [6] Let
F:(M",g)— (N°h)
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be a homothetic CS with dilation o such that the fibers of F are totally geodesic and (ker F,)*

1s integrable. Then
Ricxy = g(X,Y) 0(H"™") + 0 2 RicYsyn
- ia4g(X,Y) (Vyvo 2" + ‘8‘2729(X,Y) (#r072),
here § is used for divergence.
Corollary 2.2. [6] Suppose that
F:(M" g)— (N°h)

defines a horizontally CS which is totally geodesic and admits dilation o. Then

Ricyy = Ricty, (2.14)
Ricyy = o2 RicéV(HYH, (2.15)
RiCUX = 0, (2.16)

where X and Y are the horizontal lifts of X™ and Y, respectively.

Theorem 2.1. [6] Consider a CS
F:(M,g) = (N,h)

which is totally geodesic and admits dilation o. Then the scalar curvature Kk of M is given

by
k=r" 4+ 026", (2.17)

where kY and kN denote the scalar curvatures of the fibers and the base manifold, respectively.

Theorem 2.2. [6] Let
F:(M,g) = (N,h)
be a horizontally CS. Then F is totally geodesic if and only if

(1) fibers of F are totally geodesic,
(2) (ker F},)* is totally geodesic,
(3) F is homothetic.

3. CONFORMAL SUBMERSIONS FROM RY SOLITONS

Throughout this section, we assume that (M, ¢g) admits a RY soliton with potential vector
field ¢, constants A, «, 8, and that F' is a CS.

3.1. Potential Field Vertical. We first consider the case where the potential field ¢ is
vertical, i.e., ¢ € I'(Ker F}).

Theorem 3.1. Let (M, g,(,\,a, 3) be a RY soliton with ¢ vertical, and let
F:(M,g) = (N,h)

be a totally geodesic CS. If N is Ricci-flat, then each fiber admits a RY soliton. Moreover, if

¢ is unitary then the corresponding soliton is classified as follows:

(1) shrinking, if BkY >0,
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(2) steady, if frY =0,
(3) expanding, if BkY < 0.

In particular, if B > 0, then the nature of the soliton depends on the sign of the vertical scalar

curvature k¥, whereas for 8 < 0 the classification is reversed.
Proof. Since ( is vertical, for any U,V € I'(Ker Fy), the RY soliton equation gives

FATUC V) + o(TvG O} + aRicwn + (A= §x) g(0,1) =0,

Using the expression for Ricyy from Proposition 2.1 and the total geodesicity assumption,
many terms vanish. Then by Theorem 2.1, we obtain

1
0=7Leg+ aRicY + <)\ — gmv) g— ga_QﬁNg. (3.18)

As N is Ricci-flat, we have k¥ = 0, and thus we get the RY soliton equation on the fiber. In
addition, when ( is assumed to be a unit vector field, we have %ﬁgg(U, V) = 0 for vertical

vector fields. From (3.18) and the assumption of Ricci-flatness of N, we obtain

B v
A—=r" =0,
5
that is,
A= éfiv.
2
This completes the classification. O

Theorem 3.2. Let (M,g,(,\,«, 3) be a RY soliton with ¢ vertical, and let
F:(M,g) = (N, h)

be a CS such that fibers of F are totally umbilical and (Ker F,)* is totally geodesic. If N is
Ricci-flat, then each fiber admits an almost RY soliton.

Proof. Under the hypotheses that fibers of F' are totally umbilical TyV = ¢(U,V)H and
(Ker F,)* is totally geodesic, we obtain

Ricpy = Ricty —(r — )| H||?g(U, V) + 6(H)g(U, V). (3.19)

From (1.1) and (3.19), we get

0= S{9(VLE.V) + (<01} + a Ricky (= | HIPg(U.V) + 8(EDa(V.V)
+ </\ - gfi) 9(U,V)

= %{Q(VUQ V)4 9(Vv¢, U)} + aRichy + <A - gﬂv) g(U,V)

+ < —a(r—s)|H|*+ ad(H) - QZHN>9(U, V).

Since N is Ricci-flat, 5 = 0. Then the above equation reduces to

0= S10(V0C, V) +9(VvC, D)) +aRichy + (u - §V> 9(U.V),
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where = a — (r — s)||H||* + §(H)) + X is a smooth function on M. Thus, each fiber of F
is an almost RY soliton. ]
Theorem 3.3. Let (M,g,(,\,«, 3) be a RY soliton with ¢ vertical, and let

F:(M,g) = (N,h)

be a totally geodesic CS. If M has constant scalar curvature k, then N is Finstein.
Proof. Since ( is vertical, for any X,Y € I'(Ker F}, )", equation (1.1) gives

0= 3{a(Tx6.Y) +(Tv6. X)) + aRiexy + (A~ Gx) o(x. 1)

= —%{Q(VXY7 ¢)+9(VyX, ()} + aRicxy + <)‘ - §“> 9(X.Y)

1
— _ig(AXY + Ay X, () + aRicxy + <)‘ - §H> 9(X.Y).

Using the assumption that the submersion is totally geodesic and Corollary 2.2, we obtain

ao 2 Rickryn + ()\ - *gm) o 2h(XM, YM) =0,

which can be re-written as

1
RicYyyn = - <)\ — §H> (XYM,

showing that N is Einstein. O

Theorem 3.4. Let (M,g,(,\,«, 3) be a RY soliton with ¢ vertical, and let

F:(M,g) — (N,h)
be a homothetic CS such that fibers of F are totally geodesic and (Ker Fy) is integrable.
Then N 1is Einstein.

Proof. From Corollary 2.1 and (3.1), we derive

1
0= _§Q(AXY + Ay X, () + a{g(X, Y)§(H"") + 072 Ric oy u

2
- 3049()(, V) [Vvo 2| + Z-g(x,v) (B 02) }

+ ()\ - g,%) g(X,Y).
In the case of homothetic submersions, the tensor A is equal to zero (see Theorem 2.2), so
the first term is eliminated. This gives us

Ricwyn = ph(XH,YH),

where

2

or ot o2 807 or __— g B
pw=—ac>5(H" )+ZHVVJ &l —7<Hh o 2)—@()\—2/{>

is a smooth function on M. Hence N is Einstein. O
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3.2. Potential Field Horizontal. Now we move on to the situation when the potential
field ¢ is horizontal, that is, ¢ € I'((Ker F,)™1).

Theorem 3.5. Let (M, g,(, A\, a, 8) be a RY soliton with  horizontal, and let
F:(M,g) = (N, h)
be a totally geodesic CS. Then each fiber of F' is Finstein.

Proof. Since ( is horizontal, for any U,V € I'(Ker F}), the RY soliton equation yields

%{g(VUC, V)4 9(Vv(,U)} + aRicyy + <)\ - §Ii> g(U, V) =0.

Since ( is horizontal vector field and the submersion is totally geodesic, we have Vi ( = — AU

(vertical). Now the Lie derivative term becomes
_g(ACUa V) - g(Ava U) =0

due to the skew-symmetry of A. Using Corollary 2.2, Ricyy = RicEV. Thus

aRicy + ()\ - §/€> g(U, V) =0,

which gives
Ricyy = ug(U, V),
so each fiber is Einstein with p = —é ()\ — gli> 0
Theorem 3.6. Let (M, g,(,\,a, 8) be a RY soliton with  horizontal, and let
(M, g) = (N,h)

be a CS such that fibers of F' are totally umbilical and (Ker F,)* is totally geodesic. Then
each fiber of F' is Einstein.

Proof. From (1.1) and Proposition 2.1, we find
of Ricky ~(r = ) 29(U.V) + 89UV | + (A= 5) a(01)

_ _%{ngg, V) +g(Vv(,U)} = g(TuV, Q).

Given that the fibers of F' are totally umbilical, we have TyV = ¢g(U,V)H. Thus, the
RHS simplifies to g(H,)g(U, V). Moreover, since (Ker F,)* is totally geodesic, the mixed
curvature terms vanish and the scalar curvature splits. Hence

aRicgy = [9(H, Q)+ a(r —s)|H|* — ad(H)
p
- <)\ — o lg(U, V).
Thus RicYy = fig(U, V), where fi is a smooth function, proving each fiber is Einstein. O
Theorem 3.7. Let (M, g,(, \,«, 8) be a RY soliton with ¢ horizontal, and let
F:(M,g) = (N,h)

be a totally geodesic CS. Then N admits a RY soliton with potential field (™ = F,(.
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Proof. In the case of X,Y,( being horizontal, from the property of F' as a totally geodesic
CS, we obtain Fy(VxY) = Dp,xF.Y and F.(Vx() = Dp,x Fi(. Then from (1.1),

0 = %{Q(VXQY) +9(X, Vy ()} + aRicxy + <)\ - §H> 9(X,Y)

1
- 50—2{h(DXHgH, YH) + h(Dyn M, X))} + ao? Rickayn

+072 <)\ - §ﬁ> (XM, Y.
The multiplication by ¢ will give us the RY soliton on N:
1
5{h(DXHCH,y%) + h(Dyn ¢, XY} + aRicYsyw + </\ - §/€> R(XT, Y™ =0.

Thus (N, h, ¢, A, «, B) is a RY soliton (with the same constants A, i, 8 but note the scalar

curvature term uses & from M, not V). U

Theorem 3.8. Let (M,g,(, \,«, 3) be a RY soliton with ¢ horizontal, and let
F:(M,g) = (N,h)

be a homothetic CS such that fibers of F are totally geodesic and (Ker Fy) is integrable.
Then N is an almost RY soliton.

Proof. Using (1.1) and the homothetic condition together with Corollary 2.1, and (2.8), we

obtain after simplification

1
0 = g{h(DXHCHaYH)+h(DyHCH,XH)}+aRic§HYH

1
—i—{é(HhOT) — 104 HVVJ_QHQ + gaz(Hhora_Q) + - gﬁ}h(XH,YH).

This shows that N satisfies

1
where p = §(H"") — Lot HVVU_ZHZ + 20%(H""5=2) + X is a smooth function on M. Hence

N is an almost RY soliton. O

Remark 3.1. We obtain the scalar curvature of the Ricci—Yamabe soliton manifold M as

—2Ar
K= .
2a0 — fBr

(3.20)

4. EXAMPLES
We next provide explicit examples to demonstrate our findings.
Example 4.1. Let M = {(x1,22,73) € R? : 23 > 0} with metric
g = dz} + dri + %dm%,
3

and Let N = R? with the Euclidean metric

h = dyi + dy3.
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The map
F:M—N
defined as
F(x1,x9,x3) = (21, x2)
yields
Ker F, = span{0,,}
and

‘H = span{0y,, Oz, }.

The dilation is o = 1, implying that F' is a Riemannian submersion. The fibers are totally
geodesic, and N is flat (and therefore Ricci-flat). We take the potential vector field for the
vertical direction ¢ = Oy,. It can be easily shown that (M, g) admits Ricci Yamabe soliton
structure with ¢ being vertical, o = 1, f = 2, A = % (the scalar curvature of the fiber
kY =1/2). The fiber is one-dimensional, therefore, Ricci-flat and there exists an induced RY
soliton. This supports Theorem 3.1.

Example 4.2. Let M = R3 with metric

g = *"3da? + 2™ dal + dx3,

and let N = R? with metric
h = dy} + dy3.
Consider the function
F(z1,29,23) = (1, x2).

Here (z1,%2) gives a CS with dilation o = e*3. The fibers are vertical lines
{x1 = constant, o = constant}
and their metrics are d:L‘§ and are totally geodesic. The horizontal potential field
C =0y
By using corollary 2.2, the Ricci tensor of M can be expressed as
Ricxy = 0 2 RicYwuyn =0
since N is flat. So the scalar curvature k = 0. The RY soliton equation becomes
éﬁgg +Ag =0.
Since a straightforward calculation yields
Lo, 9=0,

then we get that the equation is satisfied with X = 0. This means that (M, g,(,0,a,3) is
a steady RY soliton regardless of the values o, 3. Since N is a flat manifold, hence a RY
soliton (Theorem 3.7). Moreover, the fibers are also Einstein (Theorem 5.5).

Example 4.3. Let M = R3 with metric

g = da? + e**'dx3 + dal,
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and let N = R? with metric
h = dyi + dyj.
Let us define
F:M—N
such that
F(z1, 29, 23) = (21, 23)
with dilation factor o = e". Here the fibers are the lines {x1 = constant,z3 = constant}

having the metric e**'dz3. They are non-totally geodesic since their mean curvature vector

does not vanish. We choose the horizontal potential field
¢ = Og,.

Because ( is horizontal and Killing, we have L¢cg = 0. The scalar curvature k is a constant
(indeed, k = 0, since the metric is a warped product with both base and fiber having zero
scalar curvatures). We verify that the RY soliton equation is satisfied for X\ = 0. The base
manifold N is a flat manifold, but by Theorem 5.8 the base manifold N admits an almost
RY soliton since the dilation and mean curvature produce a non-constant function u. Thus,
if the submersion is not totally geodesic, the induced structure is broader than an RY soliton

structure.

To support the theoretical results established in the preceding sections, we now revisit the

examples from [6] and extend them to the framework of RY solitons.

Example 4.4. Let M = {(x1,22) € R?: 25 > 0} be a Riemannian manifold with metric
g =e 22 dx? 4 dal. (4.21)

Let N = R with metric h = dy?. Define F : M — N by

F($1, .%2) =x1. (4.22)
Define the orthonormal basis
0 0
_om2 Y - 4.2
a=e Ory’ 2 Oy (4.23)
Then,
Ker F,, = span{es}, (Ker F,)* = span{e;}. (4.24)

The non-zero Christoffel symbols for the metric g = e~2*2dx? + dx3 are
Iy =e 22, TIl,=TI% =-1 (4.25)

Using the Christoffel symbols, we compute

Ve €1 = ea, (4.26)
Ve €2 = —e1, (4.27)
Ve,e1 =0, (4.28)
Ve,e2 = 0. (4.29)
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For the diagonal metric g = e~ 2*2dz? + dx3, the Gaussian curvature is

1 ax 911>
K=- Oy 2 .
2v/19l 2(\/! |

Since \/|g] = e7*2 and Op,g11 = —2€72%2, we get

1 —2e 272
K= 00 (2)

1
- g n(26)
1
B  2e w2 (=2€%) = —1.
Therefore,
k=2K = -2,
and

Ric(e1,e1) = Ric(eg, e2) = —1, Ric(ep,e2) = 0.
Thus for arbitrary X;,Y1 € I'(TM),
Ric(X1,Y1) = —(a1a3 + az2a4),

where X1 = a1e1 + ages and Y1 = azeq + ages.
Let Zy = ase + agez. Using (4.26)-(4.29), we have
vX1 Z]. — va161+a2€2 (CL5€]_ + a6€2)
= a105Ve, €1 + a1a6Ve, €2 + a2a5Ve,e1 4 a2a6Ve, €2

= aijas5€e2 — ai1a¢eq.

Thus,
9(Vx,Z1,Y1) = arasa4 — araas,
and
9(Vy, Z1, X1) = azasaz — azasas.
Therefore,
1 1
Q(Lzlg)(XhYl) = 5{9(VX1217Y1) +9(Vv, Z1, X1)}
1
= §(a1a4a5 + agasas — 2ajasag).
Also,

9(X1,Y1) = ar1a3 + azay.
The RY soliton equation is
1 .
5 (Lz19)(X1, Y1) + aRic(Xy, 1) + Brg(X1, Y1) = 0.

Substituting the computed values

1
2

—(a1aqas + agaszas — 2a1asa6) — a(ajas + agaq) — 26(a1as + agay) = 0.

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)
(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)
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For the special choice a1 = 1,a3 = 1,a4 = 0,a5 = 1, this simplifies to
—ag —a—28 =0. (4.46)
Hence,

o+ 28 = —ag. (4.47)

Remark 4.1. The metric g = e~ ?*2dz? + dx3 represents the hyperbolic plane with constant
curvature K = —1.
Example 4.5. Let M = R? with metric

g = ¥ dx? + dal. (4.48)

Let N = R with metric h = dy?. Define F: M — N by

F(l’l, .T}Q) = I9. (4.49)
Define the orthonormal basis
0 0
e ——— 4.
e1=e¢e Y e . (4.50)
Then
Ker F, = span{es}, (Ker F,)* = span{e; }. (4.51)

For the metric g = e**1dx? + dz2, the non-zero Christoffel symbol is
I, =1. (4.52)

For the orthonormal basis, we compute:

4.53

4.54
4.55

Velel = vg*“l aml (e_mlaxl)
= e e Vo, Oy + Oy (€77)On,]

=e "l e 10y, —e 10y =0,

—~ o~ o~ o~
—  — ~—  ~—

v€162 = v3261 = v62€2 =0. 4.56

Thus all connections vanish
Ve,e; =0 foralli,je{l,2}. (4.57)

For a diagonal metric g = diag(e?*1,1), the Gaussian curvature K = 0.
Therefore,

k=0, Ric = 0. (4.58)
Using (4.57) and (4.58), the RY soliton equation becomes

1

i(Lzlg)(le Y1) =0. (4.59)

Remark 4.2. The metric g = e**1dx? + dz3 is flat. Under the coordinate transformation

u = e, the metric becomes g = du® + dﬂ?%, which is the standard Fuclidean metric.

Any vector field Zy gives a RY soliton with arbitrary constants o, 3. In particular, any

constant vector field is a Killing vector field for this flat metric.
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Example 4.6. Let M = {(x1,22,73) € R? : 23 > 1} with metric
g = x5 2(da? + da3 + dad). (4.60)

Let N = {(y1,vy2) € R? : yo > 1} with metric h = dy? + dy5. Define F : M — N by

F(z1, 29, 23) = (22, 73). (4.61)

Define

0 0 0

— e — Pa—— = rg—0o. 4.62
eL=ar3h €2 = T35 €3 = T35 (4.62)

Then,
Ker F, = span{e; }, (Ker F,)* = span{es, e3}. (4.63)

The non-zero Christoffel symbols are

i3 =Ty = _x§17 I, =T3 = _x§1, (4.64)
T3y =—x3, I3 =a3', Th=a (4.65)

Using the Christoffel symbols

Ve, e1 = e3, (4.66)
Ve,e2 = €3, (4.67)
Ve, €3 e1, (4.68)
Vese1 = —eq, (4.69)
Ve,€3 = —€3, (4.70)
Vesea = —e2, (4.71)
Ves€3 = —e3 (4.72)
For U = e; € T'(Ker Fy), we have
TyU = Ve,e1 = e3. (4.73)
For totally umbilical fibers, TyU = g(U,U)H = H. Thus,
H = es. (4.74)
So the fibers are totally umbilical with mean curvature H = es.
[e2, €3] = [2304,, 3044 (4.75)
= 23(0py, Opy) + 300, (€3)0py — 305, (x3) 0z, (4.76)
= —x30, = —ea. (4.77)

Since [ea, e3] = —ea € (Ker F,)*, the horizontal distribution is integrable.
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For X = aey + bes € T'(Ker F)*, we have

VxX = Ve, +bes (a2 + bes) (4.78)
= a’Ve,ea + abVeye3 + abVeseg + b2V, e3 (4.79)
= a’e3 — abey — abey — bPe3 (4.80)
= (a® — b*)e3 — 2abes. (4.81)
The horizontal part is
HVx X = (a® — b?)es. (4.82)

For (Ker F,)* to be totally geodesic, we need HV x X = 0 for all a,b. This requires a® = b?
for all a,b, which is false.

Conclusion: The horizontal distribution is NOT totally geodesic.

The metric g = x5 % (dx? +da3+dx3) is the standard hyperbolic metric on H> with constant

curvature K = —1. Thus:
Kk = —6, Ric = —2g. (4.83)
For (=W eT'(Ker Fy) and U,V € I'(Ker F}), we have
SIwg) (U, V) + a(-2)g(U, V) + B(-6)g(U, V) = 0. (181
Thus,
S (wg)(U,V) ~ (20 + 68)g(U, V) = 0. (4.85)

For the 1-dimensional fiber, this equation can be solved for appropriate W and parameters

a, B.

Example 4.7. Let M = R? with metric
g = 4(dx} + dxj + da3). (4.86)
Let N = R? with metric h = dy? + dy5. Define F: M — N by

F(x1,22,73) = (71, 73). (4.87)
Define
10 10 1 0
€] = 587 €y — 587 €3 = 587 (488)
Then
Ker F, = span{es}, (Ker F,)* = span{ey, e3}. (4.89)

Since the metric is flat, all Christoffel symbols vanish
Ve,e; =0 foralli,je{l,2,3}. (4.90)

Thus both Ker Fy and (Ker F*)L are totally geodesic.
For X1 =e1 and X9 = e3:

Fi(e1) = Fu(304,) = 20y, (4.91)
Fi(es) = Fu(3025) = 504, (4.92)

Fi(es) = 0. (4.93)
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Then
h(F.e1, Feer) = h(30y,,30,,) = 1 = Mgler,er) = A2 1. (4.94)

So A = %

Thus F s a horizontally conformal submersion with constant dilation A = %

o Fibers are totally geodesic: Ve,ea =0
e Horizontal distribution is totally geodesic: HV xX = 0 for all X € I'(Ker F, )+

e F'is homothetic (constant dilation)

Therefore, F is totally geodesic.
The metric is flat, so
k=0, Ric = 0. (4.95)

Using (4.90) and (4.95), the RY soliton equation becomes
1
5(Leg) =0. (4.96)

So ¢ must be a Killing vector field.
For the flat metric g = 4(dx? + dx3 + dx3), the Killing vector fields are

o Translations: Oy, , Oy, Ory
e Rotations: xi(?mj — 20y,

Any constant vector field
(= Claxl + 628552 + C?)ax:;7 c1,c,c3 €R (497)

gives a RY soliton (M, g,(, «, B) for arbitrary o, 3.

5. CONCLUSION

In this paper, we considered conformal Riemannian submersions whose total manifolds
possess RY solitons. The curvatures of such submersions have been analyzed and some
curvature relations have been derived, using which we obtained sufficient conditions for the
fibers as well as the base manifold of a given submersion to inherit Einstein, almost Einstein,
and Ricci Yamabe solitons. Thus, this paper is a continuation of the research performed on
Riemannian submersions admitting Ricci solitons ([17], [18]) or RY solitons ([10]). In fact,
our results include those in [6] if « = 1 and 5 = 0.

One of the significant aspects of this paper is the comparison between Ricci soliton and
Ricci—Yamabe soliton cases. As the equation of RY soliton includes a scalar curvature term,
it may be considered an extension of the equation of Ricci soliton. This implies that when a
Riemannian submersion is taken into account, in addition to the soliton constant, the scalar
curvature of the manifold is included in the induced Einstein structure on the base manifold.
Unlike Ricci soliton, the constancy of the scalar curvature turns out to be one of the essential
conditions for the base manifold to be Einstein. Particularly, whenever the scalar curvature
is a constant, the RY case becomes similar to the Ricci soliton case, while variable scalar
curvature gives almost Einstein manifolds.

The findings in this study have shown that the use of CS geometry offers a natural environ-
ment for the discussion of interaction between RY solitons and the geometric flow structure.

There are still several possible research areas that one could explore in the future. One might
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analyze the situation when the potential vector field has horizontal and vertical components,
or explore gradient RY solitons using the technique of CSs. One could also explore the im-
pact of the dilation factor on the resulting geometric structure and explore the connection
between conformal harmonic morphisms and RY solitons or n-Ricci-Yamabe solitons [16].
Another approach would be to conduct analogous analysis for statistical manifolds, semi-
Riemannian manifolds, contact manifolds, or even warped products. These results open up
new directions for studying conformal submersions in the context of generalized solitons and
geometric flows.

The conformal Riemannian map was introduced in [14], generalizing conformal submer-
sions. Recently, Clairaut conformal submersions and Clairaut conformal Riemannian maps
whose total manifolds possess Ricci solitons were explored in [13] and [5]. As in the present
study, these mappings may be explored in the near future for total manifolds possessing RY

solitons.
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Abstract. The present paper focuses on the study of a new class of sequential warped
product submanifolds considered by harmonizing one invariant submanifold and two proper
slant submanifolds of Kahler manifolds with the concept of sequential warped products.
In particular, we examine the existence (or non-existence) of proper quasi bi-slant warped
product submanifolds of Kahler manifolds, conceptualized as sequential warped products.
Our claim demonstrates that a Kéhler manifold does not admit any proper quasi bi-slant
warped product submanifolds (in the sequential warped product sense). The study advances
the understanding of submanifold geometry in complex manifolds, offering significant in-
sights into the non-existence of such warped product submanifolds and their geometric
implications in Kéhler geometry.

Keywords: Warped product submanifolds, Kahler manifolds, slant submanifold, quasi bi-
slant submanifolds.
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1. INTRODUCTION

The geometry of submanifolds, studying subsets of higher-dimensional spaces with geomet-
ric structures, emerged in the 19th century through the work of Gauss and Riemann. Their
foundational contributions in differential geometry enabled the analysis of submanifolds’ in-
trinsic and extrinsic properties. The study of invariant, anti-invariant, and C R- submanifolds
of almost Hermitian manifolds began in the mid-20th century, building on Hermitian geom-
etry foundations from Riemann’s theory. Invariant and anti-invariant submanifolds, defined
by their behavior under the almost complex structure, along with C R-submanifolds combin-
ing both properties, were formalized and advanced by Bejancu in the 1970s through studies
on submanifolds in Kéhler and complex manifolds [2, 3].

The study of slant submanifolds in almost Hermitian manifolds originated with B.Y.
Chen’s [8] introduction of the concept, defining them as submanifolds where the angle be-

tween the tangent space and its image under the almost complex structure is constant. This
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notion was further extended by N. Papaghiuc [14] to semi-slant submanifolds, which de-
compose the tangent space into invariant and slant distributions. In 2000, A. Carriazo [6]
introduced bi-slant submanifolds, featuring two orthogonal slant distributions with poten-
tially different angles, encompassing semi-slant and hemi-slant types as special cases, where
hemi-slant involves one totally real and one slant distribution. These generalizations have
since been explored in various geometric settings [23], providing a unified framework for
intermediate submanifold classes between invariant and anti-invariant ones.

On the other hand, warped product manifolds were first introduced by R. L. Bishop and
B. O’Neill [5], generalizing Riemannian products to create manifolds with negative sectional
curvature, facilitating the study of geometric properties such as completeness and embed-
dings. In Kéhler manifolds, Chen [9] work on C'R-warped product submanifolds established
key inequalities and classifications. B. Sahin [17] furthered investigating slant warped prod-
uct submanifolds in Kéhler manifolds, proving non-existence for non-trivial cases through
inequalities tied to the warping function and slant angle. Further, Sahin [17, 18] studied
semi-slant and pointwise semi-slant submanifolds of Kdhler manifolds immersed as warped
products. Later, several authors have investigated such warped products from a geometric
perspective and obtained a variety of interesting results [13, 12, 21, 1].

Moreover, sequential warped product manifolds, initially introduced by Shenawy [22],
represent a generalization of traditional warped product manifolds. These structures were
thoroughly investigated by De, Shenawy, and Unal [10, 24], focusing on their properties as
submanifolds in various geometric settings. Additionally, sequential warped products have
been recognized as effective frameworks for modeling generalized Robertson—Walker space-
time and standard static space-time, as demonstrated in further studies. Building on this,
Sahin [19], advanced their application in almost Hermitian manifolds, particularly Kéhler
manifolds.

Inspired by this concept, this paper proposes a sequential warped product characterized by
two proper slant distributions and one invariant distribution, which we designate as a quasi
bi-slant sequential warped product. Additionally, we explore the existence of such proper
sequential warped product manifolds of Kéhler manifolds that feature two proper slant dis-
tributions and one invariant distribution. The structure of this paper is organized as follows:
Section 2 presents the foundational concepts and preliminaries concerning almost Hermitian
manifolds, with a particular emphasis on K&hler manifolds. In Section 3, we provide an
overview of essential properties and characteristics of sequential warped product submani-
folds of almost Hermitian manifolds. Additionally, this section investigates the existence of

such sequential warped product submanifolds specifically in the context of Kéhler manifolds.

2. PRELIMINARIES

An almost complex manifold is defined as a pair (M, J), where M is a real differentiable
manifold and J is a smooth field of endomorphisms on the tangent bundle (i.e., J, : T,M —
T,M, for each p € M) satisfying J? = —I. When M is paracompact, there always exists
a Riemannian metric g that respects this structure. Such a metric, characterized by the
invariance condition g(JUy, JUs) = ¢(U1,Us), is referred to as a Hermitian metric on the

almost complex manifold. A differentiable manifold is called almost Hermitian if it is almost
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complex and possesses a Hermitian metric. In the integrable case, such a manifold is simply
called a Hermitian manifold. By definition, a Hermitian manifold (M, J, g) therefore carries a
canonical geometric structure, which includes the complex structure J, the Hermitian metric
g and its unique torsion-free metric connection, the Levi-Civita connection V.

The fundamental 2-form €2 associated with an almost complex structure J and Hermitian

metric ¢ of an almost Hermitian manifold M is defined by
Q(Ul,Ug) :g(Ul,JUg), (2.1)
for all vector fields Uy, Us on M. Since g is invariant under J so is €, i.e.

QIUL, JU) = QUL Us). (2.2)

Definition 2.1. [25] An almost complex manifold endowed with a Hermitian metric is called
a Kahler manifold if its fundamental 2-form € is closed. Equivalently, a Hermitian manifold
M is Kdhler if and only if its almost complex structure J is parallel with respect to the

Hermitian connection V, i.e.,
(?UIJ)U2 =0 fOT all Ul,UQ € TM. (2.3)
When this condition holds, the connection V is referred to as the Kdhler connection.

Let M and M be differentiable manifolds of dimensions n and m respectively. Hence, for

every point p € M, the tangent space TpM of M admits the following decomposition
T,M = T,M & T, M.

The Riemannian connection V of M induces canonically the connection V and V* on
TM and on the normal bundle T M respectively governed by the Gauss and Weingarten
formulae, viz.

le Uy =Vy,Us + h(U1, Us), (2.4)
Vi, N = —AxUp + Vi N, (2.5)

where U, U, are tangent vector fields on M and N € T+M. h and A are the second
fundamental form and the shape operator respectively and are related as

g(h(Ul,UQ),N) :g(ANUl,UQ). (2.6)

A submanifold M isometrically immersed in a K#hler manifold M with an almost complex
structure J is said to be C'R-submanifold, if there exists invariant H! and anti-invariant
distribution H*t such that JHT = HT and JHL C H' [4]. A submanifold M of a Kihler
manifold M is called a slant submanifold [7] if, for every point p € M and every nonzero
tangent vector X € T,M, the angle #(X) (known as the Wirtinger angle or slant angle)
between JX and T, M is constant, independent of the choice of p and X € T,M. This
constant angle § € [0,7/2] characterizes the submanifold globally. Special cases include,
6 = 0: M is invariant (holomorphic), § = w/2: M is anti-invariant (totally real) and 0 < 6 <
7/2: Proper slant. A submanifold M of a Kihler manifold M with almost complex structure
J is called a semi-slant submanifold [14] if the tangent bundle 7'M admits an orthogonal
decomposition TM = HT @& H?, where H” is an invariant distribution, i.e., J (HT) =H"T and
H? is a slant distribution. A submanifold M of a Kihler manifold M said to be hemi-slant
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submanifold if H' is an anti-invariant distribution, i.e., J(H') € T+M and H’ is slant
distribution [20]. A submanifold M of a Kéhler manifold M is called a bi-slant submanifold
if there exists two distributions #%', %% on M such that the distribution H% (resp. 7-[92) is
slant, i.e., for every point p € M (resp. ¢ € M) and every nonzero vector X € (H%)p, (resp.
Y € (H%)q) the Wirtinger angle 61(X) (resp. 62(Y)) between JX and T,M (resp. T,M) is
constant, independent of p (resp. ¢) in M and X € T,M (resp. Ty M) [6].

In this context, we revisit the definition of quasi bi-slant submanifolds of almost Hermitian
manifolds as established by R. Prasad et al., [15].

Definition 2.2. A submanifold M of an almost Hermitian manifold M is said to be a quasi
bi-slant submanifold if there exists distribution HT, HO and H®? such that

(i) TM = HT @ HO @ HO,
(ii) JHT =HT,
(iii) JHO L HO%2, JHO L HO,

(iv) for every point p € M and every nonzero vector field Y, € (H" )p, the angle 01 between
JY1 and (7—[‘91)1) is constant, independent of the choice of p € M and Y; € (H% )ps

(v) for every point g € M and every nonzero vector field Ys € (7—[92)(], the angle 02 between
JYy and (H%), is constant, independent of the choice of ¢ € M and Y € (H%),.

The angles 01 and 05 are called the slant angles.

As the generalization of warped product and doubly warped product, here is the definition
of sequential warped product manifolds.

Definition 2.3. [11] For pseudo-Riemannian manifolds (M;, g;) (i = 1,2,3), let f: My —
(0,00) and h : My x My — (0,00) be smooth positive functions. The sequential warped prod-
uct, denoted (My Xy Ma) Xy, M3, is the product manifold My x My x M3 endowed with the
metric § = g1 ® f2g2®h?g3. Here, f and h are the warping functions. Notably, if all (M;, g;)

are Riemannian, then this construction yields a Riemannian manifold.

Proposition 2.1. [11] Consider a sequential warped product manifold (My x ¢ M) xp M3
equipped with the metric § = (g1 ® f2g2) ® hg3. Let X;,Y;, Z; € X(M;) denote vector fields
on the respective factor manifolds for i =1,2,3. Then

(i) ?W1W2 = ?W2W1 = Wl(ln f)WQ,

(ii) ?W;;Wl = ?Wl W3 = Wl(ln h)Wg,

(iii) vW2W3 = vW:,’WQ = WQ(IH h)Wg,
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(IV) R(WZ‘, Wg)Wj = T'Hh(Wi, Wj)Wg, fOT' 1,] = 1, 2.

Remark 2.1. Consider smooth positive functions f : My — (0,00) and h : My x My — (0,00)
defined on the Riemannian manifolds My and My x Ms, respectively. Then the sequential
warped product M = (My Xy Ma) xp, M3 is said to be proper if the following three conditions
hold for all non-zero vector fields X, € T'(T'M;) and X9 € I'(T'My):

Xi(Inf)#0, Xi(Inh)#0, Xs(Inh)=#0.

3. QUASI BI-SLANT WARPED PRODUCT SUBAMNIFOLDS AS SEQUENTIAL WARPED
PRODUCT SUBAMANIFOLDS

B. Sahin [19] introduced the concept of sequential warped products in Kéahler manifolds,
considering factors that are holomorphic, totally real, and pointwise slant. He further estab-

lished fundamental inequalities and a characterization for the associated warping functions.
As a natural consequence, it is obvious to seek an answer to the following question.

Question: Does a Kéhler manifold admit any proper sequential warped product submani-

fold with one holomorphic factor and two proper slant factors?

To answer this affirmative, we investigate the geometry of a quasi bi-slant submanifold of a

Kéhler manifold immersed as a sequential warped product.

By definition of a quasi bi-slant submanifold M of a Kihler manifold M, considering the
decomposition of the tangent bundle of M, we have TM = HT & H? & #%, which indicates
that TM is decomposed into three distributions of which one is holomorphic (invariant)
while the other two are proper slant distributions. This yields that a quasi bi-slant subman-
ifold of a Kahler manifold can be immersed either as a doubly warped product submanifold
or as a sequential warped product submanifold. From the stated two type of warped prod-
ucts, the most simple possible warped products for quasi bi-slant submanifolds are sequential
warped products and in this context, the possible sequential warped products for this class

of submanifolds are as follows:

(i) (Mr X f1 Mei) X fa Mejv
(ii) (Mﬂi X f1 MT) X fa MG,;‘?

(iil) (Mo, x s, Mo;) <, Mr,
where My is invariant submanifold and My,, My, are proper slant submanifolds of M for
i, =1,2.
For any vector fields Uy € T'(T'M) and U, € T(TM*), we have

JU; = tUy + nUy (37)

and
JUy = bUs + cUs, (3.8)
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where tU; and bUs are the tangential components of JU;, whereas nU; and cUs are the
normal components of JUs.
For any vector fields Uy € TMp and X € T'My,, by using Proposition 2.1, we have

9(Vix, U1, X1) = (U In f1)g(t X1, X1) = 0.
From Egs. (2.3), (2.4) and (3.7), we have
0=9(Vix, U1, X1)
=g(Vix,Ur — h(tX1,U1), X1)
= —g(JUL, Vix, tX1) — g(JU1, Vix,nX1).
In the light of Egs. (2.5), (2.6) and Proposition 2.1, we get
(JUiIn f1) cos® 0;9(X1, X1) = —g(h(JU, tX1),nX1). (3.9)
On replacing U; by JU; in Eq. (3.9), we have
(Urln f1) cos? 0;9( X1, X1) = —g(h(U1,tX1),nX1). (3.10)
By replacing X3 by tX; in Eq. (3.10), we acquire
g(h(Uy, X1),ntX1) = cos® 0;(Ur In f1)g(X1, X1). (3.11)
On the other hand, for any U; € TMr and X1, Xo € TMy,, by using Eqgs. (2.3), (2.4) and
(3.7), we have
g(h(tX1,U1),nXs) = g(Vy, X1 — Vi, t X1, nXs)
= —g(Vu,n X2, tX1)
= —g(Vu, JXo,tX1) + g(Vy, tXo, tX1)
= g(t* X1 + ntX1, Vi, Xo) + g(tX1, Vi, t Xo)
= g(t*X1, Vu, X2) 4+ g(nt X1, Vi, X2) + g(tX1, Vi, tX5).
In the light of Eq. (2.4) with Proposition 2.1, we get
g(h(tX1,U1),nXs) = —cos? 0;9(X1, Vi, X2) + g(nt X1, Vir, Xo) + g(tX1, Vi, t X2)
= —cos” 0ig(X1, Vi, Xa) + g(nt X1, h(Ur, Xa)) + g(t X1, Vi tX2)
= —c0s%0;(UyIn f1)g(X1, X2) + g(nt X1, h(U, X2)) + (UrIn f1)g(tX1,tX5)
= g(ntX1, (U, X2)) — cos® 0;(Uy In f1)g(X1, X2) + (U1 In f1)g(tX1,tX5).
From the above equation, it is easy to obtain that
g(h(tX1,U1), nX2) = g(ntXy, h(Ur, X2)). (3.12)
Taking X; = X9 in Eq. (3.12), we get
g(h(tX1,U1),nXy) = g(ntXy, h(Ur, X1)). (3.13)
By using Eqgs. (3.10), (3.11) and (3.13), we have
(Uyln f1) cos® 0;9(X1,X1) = 0.
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As My, is proper slant submanifold and X7 is non-null vector, therefore we get U;In f1 =0,
which implies that f; is constant on M.

Based on the above, we can assert the following result:

Theorem 3.1. There do not exist any proper sequential warped product submanifold of a
Kdhler manifold M of the form (Mr X Mp,) Xy, My, where My is invariant submanifold
and My,, My, are the slant submanifolds of a Kdhler manifold M fori,j=1,2.

Moreover, from the computation in the prior section, with Uy € TM7 and X, X9 € T'My,,
we infer that

Theorem 3.2. There do not exist any proper sequential warped product submanifold of a
Kihler manifold M of the form (My, x s, M7) X g, My, , where Mr is invariant submanifold
and My,, My, are the slant submanifolds of a Kdhler manifold M fori,j=1,2.

The subsequent theorem demonstrates that a Kihler manifold M does not admit a quasi
bi-slant sequential warped product submanifold of the form (Mg, x s, Mp,) Xy, Mr.

Theorem 3.3. There do not exist any proper sequential warped product submanifold of a
Kdhler manifold M of the form (Mp, Xy, My;) Xy, My where My is invariant submanifold
and Mp,, My, are the slant submanifolds of a Kahler manifold M fori,j =1,2.
Proof. Let us suppose for any Uy € T'Mr and X; € T'My,, by using Proposition 2.1, we get
9(Vyu, X1,U1) = (X11n f2)g(JU,Uy) = 0.
From Gauss formula and considering the above fact, we have
9(Vu, X1, Uh) = g(Vu, X1, U1).
By using Eqgs. (2.3) and (3.7), we may write
9(Vyun X1,Ur) = —g(tX1 4+ nX1,Vyu, JUL).
Considering Eq. (2.4) and Proposition 2.1, we get
(tX11n fo)g(Uy,Uy) = g(h(JUy, JUL), nX1). (3.14)
By using the polarization identity for any Uy, V1 € TMr and X; € T'My,, we have
(tX11n f2)g(Ur, V1) = g(h(JU, JV1), nX1). (3.15)
On the other hand, considering
9(Anx, JU1, JV1) = g(—=V ju,n X1 + Viy,nX1, JW),
by using Eq. (2.5). Further, in the light of fact from Egs. (2.3) and (3.7), we can write
9(Anx, JUL, IV1) = g(J X1, IV ju, V1) — g(t X1,V ju, JV1)
= 9(X1, Vo, Vi + h(JU1, V1)) + g(V ju, t X1, TV1)
= 9(X1, Vyu,V1) + 9(Vu t X1, JW).
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In the light of Proposition 2.1 and Eq. (2.4), we get
9(Anx, JUL, JV1) = g(X1, Vi, Vi) + (X1 1n f2)g(JU, JV1)
= —9(Vju, X1, V1) + (X1 In f2)g(Ur, V1)
= —9(Vyu, X1, V1) + (tX1In f2)g(Ur, V1)
= —(X1In f2)g(JU, V1) + (X1 1n f2)g(Us, V1),
which implies that

g(h(JU1, JV1),nX1) = —(X11n f2)g(JU1, V1) + (X1 1n f2)g(Ur, V). (3.16)
From Egs. (3.15) and (3.16), we have
(X11n f2)g(JUy, V1) = 0.
Then taking U; = JU;p in the last equation, we get (Xjln f2)g(U1,V1) = 0. As My is

non-degenerate, thus we have In fo = 0, which implies that f> is constant on Mp,. O

4. CONCLUSION

Inspired by B. Sahin’s [19] investigation into the existence of sequential warped product
submanifolds in almost Hermitian manifolds, where such warped products were found to
exist, we explored the existence of proper sequential warped product submanifolds in Kéhler
manifolds, which we name this type of warped products as proper quasi bi-slant warped
product submanifolds. Our findings reveal that no such proper warped product submanifolds
exist in Kahler manifolds. This opens a scope for future research to investigate whether
warped product submanifolds of this type exist in nearly Kdhler manifolds or almost contact
metric manifolds. On a similar note, one may look to characterize the notion of sequential
warped products for submanifolds involving one or two pointwise slant factors in different
ambient space settings.
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Abstract. In this study, we explore the connection between unperturbed differential sys-
tems that exhibit variations in both their initial conditions and the starting time. Through
the application of variation-of-parameters methods, we construct integral representations
that reveal this relationship. To formulate Lipschitz-type stability criteria in the presence
of an initial time shift in nonlinear differential systems, it is essential to employ the varia-
tional framework derived from the unperturbed model.
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1. INTRODUCTION

The variation-of-parameters formula (VPF) is a classical and powerful tool in the qual-
itative analysis of nonlinear differential equations, particularly in describing the structure
and behavior of solutions. In recent years, VPF-based approaches have been extended to
investigate nonlinear systems in the absence of an initial time difference (ITD), as well as to
develop associated differential inequality frameworks (see |2, 4, 5]). Motivated by these devel-
opments, the present paper establishes VPF-based representations that relate unperturbed
systems with different initial data and incorporates the effects of initial time shifts.

The qualitative theory of dynamical systems has a long history, especially in the study of
stability properties of differential equations. Classical results mainly consider perturbations
in the initial state while keeping the initial time fixed, as discussed in [2, 4, 5, 17, 19].
More recently, attention has shifted toward models where both the initial state and the
initial time are perturbed. This leads to the notion of initial time difference (ITD) stability.
In [10, 14], variation-of-parameters techniques were used to analyze relationships between
solutions corresponding to different initial times and initial conditions, leading to the concept
of I'TD-based stability structures.
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A key feature distinguishing ITD stability from classical Lipschitz stability is the refer-
ence framework. Classical Lipschitz stability is formulated with respect to the zero solution,
whereas I'TD-based stability is defined relative to a nontrivial unperturbed trajectory that
incorporates both initial state perturbations and initial time shifts. As shown in Section 4,
standard transformations used in classical stability theory do not directly carry over to the
ITD setting, which highlights a structural difference between the two frameworks.

To develop stability criteria in this generalized setting, we employ the variational system
associated with the underlying unperturbed dynamics. Within this framework, we intro-
duce several notions of ITD-Lipschitz stability, including variation-based and time-shifted
formulations. Our results demonstrate that classical stability theory is insufficient to fully
characterize dynamics under ITD perturbations, and that ITD stability requires a distinct
analytical treatment.

Furthermore, we show that I'TD-Lipschitz stability implies ITD stability, while the con-
verse implication does not hold in general. Additional results are obtained for exponential
asymptotic I'TD-Lipschitz stability and uniform I'TD stability, providing a unified framework
for analyzing stability under simultaneous perturbations in state and initial time.

The study of Lipschitz and exponential stability for nonlinear differential systems has been
extensively developed in the literature. Classical works such as |3, 7, 11] focus on stability with
respect to the zero solution under fixed initial time assumptions. These approaches typically
rely on variation-of-parameters formulas, Lyapunov techniques, and differential inequalities.

More recent contributions, including [1, 13, 16], extend these ideas to systems with time-
dependent perturbations and employ Gronwall-type inequalities to derive stability results.
However, these studies still evaluate stability relative to a fixed reference solution or the zero
equilibrium.

In contrast, the present paper introduces Lipschitz stability under Initial Time Difference
(ITD), where stability is measured with respect to an unperturbed trajectory defined at a
shifted initial time. This framework generalizes classical stability notions by simultaneously
incorporating spatial perturbations and initial time shifts. Unlike previous approaches, we
provide a unified treatment of variation-based, uniform, and exponential asymptotic ITD-
stability. In particular, we establish that I'TD-Lipschitz stability implies ITD stability, while
the reverse implication does not generally hold.

2. PRELIMINARIES

We consider the following nonlinear differential models characterized by different initial
conditions:
o' = f(t,x), x(to) =z0 fort>ty, to € Ry (2.1)

a' = f(t,x), x(po) =yo fort>po, po € Ry (2.2)

Assume that the function f is continuous and possesses continuous partial derivatives with

respect to x, 1.e., % is defined on Ry x R™. Let X = x(t, %o, zo) denote the solution of system
oOX

(2.1) for t > to. Under these assumptions, the derivative v = Deo exists and satisfies

,_ 0f(t, %)

= # z(tg) = I. (2.3)
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where I, is n X n the identity matrix. Moreover, g—f\i not only exists but also fulfills the
identity:

X
SCC + ’Y(tat()v $0) f(t(), -TO) = 0; for t > to (24)
0

For a fixed initial point (po,yo), in the rest of the paper, we shall denote by X = z(t —
¢, to, zo) the solution of (2.1) for { = pg —to > 0 and t > po.

The following stability concepts are introduced by extending classical notions of stabil-
ity, Lipschitz stability, asymptotic stability, and exponential stability available in the liter-
ature, particularly those developed through variation-of-parameters methods and nonlinear
differential systems; see, for example, [19]. Motivated by this reference, we formulate their
corresponding counterparts under the Initial Time Difference (ITD) framework.

Definition 2.1. We say that X = x(t, po,yo) exhibits ITD stability relative to the solution
X, provided that ¥ € > 0, 3 positive constants 1 = 61(po,€) and d2 = d2(po,€) such that

X —X| <e (2.5)
when ||yo — xo|| < 01 and |po — to] < b2, ¥V t > po.
Furthermore, if the constants 61 and o can be chosen independently of pg, then the solution
X is uniformly ITD stable with respect to X for t > po.

Definition 2.2. We say that X is ITD Lipschitz stable relative to the solution X if and only
if there exists a constant L* = L*(po) > 0 such thal:

1€ = X < £*(po) (llyo — zoll + |po = tol),  for all t > po (2.6)

Moreover, when the Lipschitz constant L* does not depend on the initial time pg, the solu-
tion X is uniformly Lipschitz stable with regard to ITD, As compared with the corresponding
solution X of system (2.1).

Definition 2.3. We say that X exhibits ITD asymptotically LS with respect to the solution
X, if there exists L* = L*(pg) > 0 such that

1 = X < £7(po) (g0 — zoll + lpo — to)) v(t = po), ¢ > po, (2.7)

where v(t — po) — 0 as t — 0.
If the constant L£* is independent of po, then the solution X is said to be uniformly asymp-
totically LS with respect to ITD.

Definition 2.4. We say that X ezhibits ITD asymptotically LS in variation compared to X
if the following two conditions are fulfilled:
(i) 3 a constant L* = L*(pg) > 0 such that:

1X — X[ < L*(po) (lyo — 2ol + |po — tol) v(t — po), > po (2.8)

where v(t — po) — 0 as t — oo.
(it) For every 5 > 0, 3 a constant N* > 0 such that the fundamental matriz solution
~v(t, po,yo) of the associated variational system (as defined in Theorem 3.1) satisfies:

(¢, o o) | SN, it > po, whenever lyo]l < B (2.9)



Int. J. Maps Math. (2026) 9(2):408-427 / LIPSCHITZ STABILITY IN UNPERTURBED SYSTEMS 411

If the constant L* does not depend on pg, then the system is said to exhibit uniform ITD
asymptotic LS in variation.
Additionally, when N* remains independent of po, the system satisfies the condition of

uniform ITD asymptotic Lipschitz stability in variation.

Definition 2.5. We say that X exhibits generalized exponential asymptotic LS under ITD,
with respect to the solution X if 3 a constant L* = L*(pg) > 0 such that:

1% — &1 < £*(0) (lyo — woll + [po — to]) exp [S*(p0) = S* )], t=py  (2.10)

where the function S* belongs to the class
K* ={S8" € C[R4,Ry] : 8" is strictly increasing and S*(0) = 0}

and §*(t) — oo as t — oo.

If the constant L* is independent of po, then the solution is called uniformly generalized
exponentially asymptotically LS.

In the special case where p(t) = Bt for some § > 0, the system exhibits ITD exponential
asymptotic Lipschitz stability.

In the subsequent section, we present several established lemmas from the literature [17]

that are essential for the formulation of the main results.

3. VARIATION-OF-PARAMETERS IN NONLINEAR DIFFERENTIAL SYSTEMS UNDER
INITIAL TIME DIFFERENCE

In this section, we examine the stability behavior of the solutions associated with systems
(2.1) and (2.2) as detailed in the subsequent results.
Throughout the remainder of this paper, we shall use the following notations:

X = x(t, po,yo) denotes the solution of (2.2) passing through (po, yo),
X_‘ pu—

x(t,to,z9) denotes the solution of (2.1) passing through (o, zo),
X* = x(t, po,x9) denotes the solution of (2.2) passing through (po, xo).

Theorem 3.1. Assume that f and its partial derivative with respect to x, denoted by Of /0,
are continuous on the domain Ry x R™ ", Let X be the unique solution of (2.2). Define the

matriz-valued function

0
H(t7 L0, yO) = % (tu l‘(t, L0, yﬂ))

Under these conditions, the following result holds:
(i) The derivative v(t, po,yo) := g—;ﬁ exists and satisfies the matriz differential equation
2 =H(t, po, o)z (3.11)

for v(po, Po, Y0) = Znxn, Inxn means the identity matriz.

(ii) The partial derivative g—;‘; also exists and solves the same differential equation (3.11),

with the initial condition

ax(pOJ L0, yO)

8[)0 = _f(P07y0)7
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and satisfies the identity

oX
Jon +(t, po,yo) f(po,yo) =0, Vt > po.
Po

(iii) Any solution X of the perturbed system (3.12) satisfies the integral identity known as
Alekseev’s formula:

t
X =x" +/ V(ta57y(57:007yO))R*(Svy(’S)panO)) ds (312)
Po

where (t, po, Yo) = 37’2, and t > po.

Proof. A detailed justification of this theorem is available in the literature; see, for instance,

[19, 18] for a comprehensive exposition. O

This section focuses on establishing a formal link between the unperturbed differential
models.

Theorem 3.2. Suppose that the nonlinear differential systems described by (2.1) and (2.2)
possess unique solutions denoted by X and QE', respectively. Under these assumptions, the

following integral identity holds:

~ 1 ~
Foxs /O 7(t, po, §(s)) ds - (o — 7o)

t Ox ~ - ~ ~
— /po {87,00 (t, s,x(s — C)) +7(t,8,ﬂ§(5 - C))f(S —Cz(s — ())]ds, (3.13)

for all t > pg > 0, where the interpolating function is defined by Q(s) = syo + (1 — s)zo,
s € [0,1].
Proof. Assume that both systems (2.1) and (2.2) admit unique solutions: X, associated with

the initial pair (to,zo), and X, corresponding to (po,yo), where t > pg > 0 and py € R.
For consistency of notation, define the auxiliary solution

X = 1‘(t,p0,.7,‘0),

that is, the solution evaluated at time ¢, starting from the shifted initial time py with the
original initial state xg.
Next, define the auxiliary function

E(s) = x(t,s,2(s — (), s € [po, t],
where C~ = po — to, and
z(po — . to, x0) = o.
Applying the chain rule, we obtain

d _89: -

- Ox s\
%5(3) = 8—p0(t,s,x(3 -Q) + a—yo(t, s,z(s — () 2'(s — ¢). (3.14)

Integrating (3.14) from po to ¢, we obtain

X:X*—i—/ %(t,s,x(s—é))+’y(t,s,x(s—§~))f(s—§:,x(s—g:)) ds. (3.15)
PO

dpo
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Let us now consider
S*(r) := z(t, po, Qr)), r e [0,1],
where
Q(r) == ryo + (1 — r)xo.

Differentiating with respect to r, we get

d ox ~
—8* = —(f Q — . 3.16
S () 8y0( 00, 2(r)) (yo — o) (3.16)
Integrating (3.16) over r € [0, 1], we obtain
1
X:X*—l—/ v(t, po, U(r)) dr (yo — ). (3.17)
0
Finally, substituting (3.17) into (3.15), we obtain the desired identity (3.13). This com-
pletes the proof. O

Remark 3.1. Suppose that the nonlinear differential system (2.2) admits unique solutions
X* and 2\?, respectively. In the special case when CN = 0, these solutions are related by the

following integral expression:

1
X=2 4 [l Qs ds (o = 20), 2 m, (3.18)
0
where the function Q(s) is given by the convex combination Q(s) = syo + (1 — s)xg, with
s € [0,1].
Equation (3.18) thus characterizes the dependence between solutions of the same unper-

turbed system (2.2) that differ only in their initial values.

Theorem 3.3. Let the system (2.1) satisfy the assumptions stated in Lemma 2.1, and let X
denote its solution. Then, for any solution X of (2.2) and the corresponding solution X, the
following relation holds:

5 t oy 5
X—X—/poapo<t,u,x(y—o> dv

. / t o (tnaly = 0) £ (v = Loty = O)) v (3.19)

L oy ~
9 0 (yo —
+/0' ay(] (t7p07 (5)> ds (yO xO)a
where Q(s) == syo + (1 — s)xg for s € [0,1].

Proof. Let X be the unique solution of the unperturbed system (2.2), defined for ¢ > po,

and let X be the solution of system (2.1) corresponding to the initial value (to,xo), where

to € Ry. Assume further that all systems admit unique solutions in their respective domains.
Define the auxiliary function

EWw) =z(t,v,x(v =), forv e [po, 1],

with the condition x(pg — 5 ,to, o) = xo. By applying the chain rule, the total derivative of
£ with respect to v yields:
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dgs . Ox > Oz zy dz(v = ()
ES(V) = E(t’ v,a(v—()) + %(ta’/aﬂf(’/ Q) —a
Oz ~ ox - ~ -
= 87/(75’ V,x(l/ - C)) + %(t,l/,x(y - C))f(y - C,QJ(V - C))
= f(r,z(v = (), 0). (3:20)
By integrating (3.20),
X = z(t, po, o) + / fw,z(v —0),0)dv. (3.21)
PO

Now define another auxiliary function

S*(s) := z(t, po, QUs)), where Q(s) := syo + (1 — s)zo, s € [0,1].

Then, the derivative with respect to s is

d s Ox ~
. Gx - -7 QO . — . .22
L85) = oo, 2) - 30— ) (3.22)
Integrating (3.22) over the interval s € [0, 1] yields:
N L oz -
X = x(t, po, xo) + a—(t, po,Q(s)) ds - (yo — xo)- (3.23)
0 9%o

Combining the expressions in (3.21) and (3.23), we deduce the following identity:

- L oz -
xX=x +/ af(typon(S)) ds - (yo — xo)
0o 0%o
t ~

— | fl,alv=20),0)dv. (3.24)

po
The proof is completed. O

Remark 3.2. Let X denote the solution of the unperturbed system (2.1). Then, for any
solution X of system (2.2), the corresponding solution X satisfies the following integral rep-
resentation:

1 r B
Bt [ b Q) ds (o - )
— /t f(l/,x(u—f),f) dv, (3.25)

where Q(s) := syo + (1 — s)zq for s € [0,1].

Remark 3.3. Suppose that the solution X of the non-linear unperturbed system (2.2) pos-

sesses continuous partial derivatives with respect to both py and yo, that is, g—p“; and g—;’; erist

and are continuous in Ry x Ry X R™. Assume further that the systems (2.2) admits a unique
solution X for all t > po, initialized at the same time.

For 5 =0, the solutions X and X* satisfy the integral relation:
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v * tﬁ v.x(v O v, x(V (v, z(v 14
P /[ (t,v,20)) + 22 (4,0, 0(0) F (v, 0(0)) | d

8P0 Oxg
L ox ~
T o (, po,S2(s)) ds - (yo — z0), (3.26)
0o 0%o

where Q(s) == syo + (1 — s)zg for s € [0,1], and t > po.
This identity characterizes the deviation between (2.1) and (2.2), when the two trajectories

begin at the same initial time but from different spatial positions.

Theorem 3.4. Assume that the system (2.1) satisfies the assumptions stated in Theorem 3.2,
and let X denote its unique solution. Then, for any solution X of system (2.2), the difference

between X and the shifted unperturbed solution X can be expressed as:

t
X — X =x(t, po,yo — xo) + / H (s, cZ(s), 5) ds, (3.27)

PO

where H(s,d(s),C) represents the integrand that depends on the perturbed dynamics, and

J(s) s a trajectory determined by the system’s state evolution.

Proof. Assume that all involved systems admit unique solutions in their respective domains.
Define

S*<S> = fB(t, S, d(8)>7 where CZ(S) = .’IJ(S, Po, yO) - .f(S - 57 lo, xO)v s € (pOa t)
Differentiating S*(s) with respect to s, we compute:

d . B ox ~ oz 5 dd(s)
%5 (5) = g(t, s,d(s)) + == (t,s,d(s)) -

0z
= 005, d(5)) + O (1,5, (5)) - (s, d(5),0)
= H(s,d(s), ), (3.28)

where the function H(s,d(s), () is defined by

H(s,d(s), Q) = F(s,d(s) + (s = ) = f(s = Ca(s = 0))-

Integrating both sides of (3.28) over the interval [p, ], and noting that d(t) = X — X, we
obtain the following representation:

~ ti ~ ~
=2 = alt,poso — o) + [ Fls.d(s). ) ds. (3.29)
P

0

This completes the proof. O

In recent studies, the qualitative dynamics of nonlinear differential systems involving dis-
crepancies in both initial time and position have garnered increasing attention [14, 20]. No-
tably, the concept of Lipschitz stability employed in this context is defined not relative to
the trivial solution, but in reference to the corresponding unperturbed system, which itself
incorporates deviations in both the initial state and starting time. These generalized stability

notions concerning I'TDs are employed in Section 4 to derive further analytical results.
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4. ON LS ANALYSIS OF NONLINEAR DIFFERENTIAL MODELS WITH INITIAL
TIME DIFFERENCE

In what follows, we demonstrate that, in the nonlinear setting, LS under ITD provides a
stronger notion of stability than ITD stability alone, regardless of whether it is uniform or

non-uniform.

Theorem 4.1 (Lipschitz stability). For nonlinear differential systems ezhibiting an ITD,
Lipschitz stability with respect to the reference solution implies I'TD stability—whether uniform

or non-uniform—for the corresponding nonlinear differential system.

Proof. We consider the notion of Lipschitz stability under ITD as given in Definition 2.1.
Suppose that the solution X of system (2.2), initiated at (po,yo), satisfies the Lipschitz
stability criterion with respect to the reference solution X’ of system (2.1), where ¢ =po—to>
0 and t > po.

Then, by definition, 3 a constant L* = L*(pg) > 0 such that:

1 — X < £(po) (lyo — 2ol + |0 — tol), ¥t > po. (4.30)

Let € > 0 be arbitrary. If we select
o — woll < 57 = 1(e.po). amd [po — to] < 57 = 8ale, po),
then it follows that
1 =X <e V> po,
which confirms that X is stable w.r.t ITD to the unperturbed solution X.
Moreover, if the constant £* is independent of pg, then the associated thresholds §; and

are also independent of pg, yielding uniform stability in the sense of ITD. U

Theorem 4.2. ITD stability in nonlinear differential systems does not necessarily imply
Lipschitz stability with respect to initial time shifts.

For a rigorous discussion and proof, see |19, 20|. A specific counterezample illustrating the
failure of this implication in the special case yo = xo and py = to is presented in [2], Example

1.4.

Theorem 4.3. Consider the nonlinear differential systems (2.1) and (2.2), which admit
unique solutions X and X, respectively, defined for t > py, where f = po — to > 0. Assume
that the following conditions hold:

(i) There exist finite, nonnegative constants K*(po) and M*(py) such that

TN (s)ds < K*(po), and  exp (/pm fi(s) ds) < M*(po),

Po
where N*(s), i(s) € C([0,00),R4).
(ii) The function f is Lipschitz continuous and
| £ (8.5 p0.B0) + ) = £ (1= C.¥) |
€]
K*(po)
where l;(t,po, 50) =X — X, and bo := l;(po) = yo — xo.

< p@®b()| + N(t), (4.31)
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Then X is LS under ITD with respect to the reference solution X.

Proof. Let X and X be the unique solutions to (2.2) and (2.1), respectively. Define

b(t) := X — X, bo:=b(po) = yo — o.

Applying the assumptions in (i) and (ii) of Theorem 4.3, we obtain the inequality:

T T ! ~ T |§| *
B < ol + [ (FEIFEN+ g, (s)] ds. (4.32)
We define
d(t) == [[b(@)ll,  z(po) := [Ibol.

Then inequality (4.32) becomes:

d(t) gz(p0)+/ fi(s)d(s) d5+l€*|€’00>/ N*(s)ds.
Po Po

By applying Gronwall’s inequality, we deduce:

i) < (Z(Po) ; ,lelo) / A (s) ds> e / i) ).

1€ = &|| < M*(po) (llyo — @oll + |po — tol) »
which confirms LS under ITD.
Furthermore, if M*(pp) is uniformly bounded with respect to pg, then the same inequality

So, we have

holds with a constant independent of pg, implying uniform Lipschitz stability. O

Theorem 4.4. Consider the nonlinear differential systems (2.1) and (2.2), which admit

unique solutions given by:

o X, defined for t > tg, corresponding to the unperturbed system (2.1);
o X, defined for t > po, corresponding to the shifted system (2.2);

where E = po —to > 0 and X are well-defined in t > pg. Assume further that the following
hold:

(i) The solution X is uniformly LS under ITD with respect to X ;
(ii) IM*; >0 and \; € C([0,00),Ry), such that for the fundamental matriz y(t, s, z(s))
as in Theorem 3.2, the following bounds hold for ||z(s)|| < 5

vt s,2(s)] < M1, [[Rx(s, ()] < Ar(s)lx(s)]l-

Then X is uniformly LS in variation with respect to the solution X, under ITD.

Proof. We start from the representation given in Theorem 3.1 together with (3.12). For
t > po, the difference between the solutions can be written as

X(t) = X(t) = X(po) — X(po) +/ Y(t,s, X(s)) R*(s, X(s)) ds. (4.33)

PO
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Taking norms and applying the triangle inequality, we obtain

1X(t) — X@)| < [IX(po) — X (po)|
+ [ vt s, X ()| IR (s, X(s)) | ds.

Po
From Theorem 4.3, the initial perturbation satisfies

1X (po) — X (po)|| < L*(po) (llyo — ol + |po — tol)-

Using assumption (ii), we have
(s, o)l < My, IR (s, )| < Aals)|l,

and assume boundedness of the solutions:

IX(s)I <8, [X(s)] <8
Hence,
~ t ~
12(6) = X)) < O+ M [ Ma(s) |2 (s) ] s,
PO
where
C == L(po)(|lyo — zoll + |po — tol)-
Using
[X () < |X(s) = X(s)[| + [|X ()] < A™(s) + B,
we obtain
t t
A*(t) < C+ M’{/ A1(s)A*(s)ds + ﬁ./\/l*{/ A1(s) ds,
o po
where
AX(t) == (|2 () — X ().
Setting

t
C(t):=C+ ﬁMT/ A1(s) ds,
PO
we arrive at

t
A (t) < C(t) + M / M (5)A*(s) ds.
PO
Applying Gronwall’s inequality yields

¢
Ay < €0 e (M; [ M) ds), 12 g0
po
Since A1 € L'([po, ]), it follows that there exists a constant M* > 0 such that

12 () = X @) < M*(lyo — 2ol + |po — tol),

which shows that X is uniformly LS-stable with respect to X under ITD.

(4.34)

(4.35)

(4.36)

g

Theorem 4.5. Let the nonlinear differential systems (2.1) and (2.2), which admit unique
solutions X and X, respectively, defined for t > po, with ¢ := py — to > 0. Moreover, define

b(t, po, bo) := X — X. Assume that the following conditions hold:
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(i) If S* € K, where
K :={8" € C([0,00),R.) | S* strictly increasing, S*(0) = 0}
limy_,o0 §(t) = 00, and § is an antiderivative of S*, then

IR = B B0 + (e O) + b)) — f(tx(— A~ B
h—0+ h T h—0-— h
< —5(t)[Ib(t)])- (4.37)

(ii) The nonlinear f is Lipschitz continuous, and satisfies

. . . ’5‘ *
18t =) = St = Calt = DI < 7 S £51(0).

where L1 € C([0,00),Ry) and L*2 € C(Ry,R) are such that

/ " exp(S*(w) — §*(p0)) L1 (w) du = L*3(p0).

po

Then, X is generalized exponentially asymptotically LS with regard to the solution X.

Proof. Define
b(t) :== X — X, A*(t) := [|b(D)].

Under assumption (i),

A0 < B4 + Ze =L, A) = Lo =0l

This is a linear inhomogeneous differential inequality. Applying the variation-of-parameters

t
exp< S*(s) ds) ,
PO

<exp< pzs* >[|yo—xo\|+£*< /pexp(/p:s*(s)ds) ’{(u)du].

Using assumption (ii), it follows that

/ " exp(S*(u) — 8 (p0) L5 () du = L£3(p0),

PO

method with the integrating factor

we obtain

and hence
A1) < exp(S*(p0) = S*(®) (llyo — woll + 1] ) -
Therefore,
|X — X|| < exp(S*(po) — S* (1)) (lyo — woll + oo —tol), = po.

Hence, X is exponentially asymptotically LS under I'TD with respect to the reference
solution X, in the sense of Definition 2.5. U
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Remark 4.1. Let the systems (2.2) and (2.1) admit unique solutions X and X, respectively,
for t > po, where C := py — to > 0. Define

b(t) == X — X.

(i) 3 a constant 0 > 0 such that b(t) satisfies the following

[b(t + Rl — 1Ib(0) |

hli%l+ sup Y (4.38)
< hh%E Hi)(t) + [f(t,l’(t — 5) + B(t))h_ f(t,(b(t — 5))]}"” — Hi)(t)H < _HHE(t)H (439)

(ii) The nonlinear f is LS in time, and satisfies
: : : [
t,x(t — —flt—C x(t — < L1(1),
1t z(t = Q) = f(t = Ca(t = Q)| Za(po) 1(t)
for some functions £*1 € C([0,00),R4) and L*2 € C(Ry,Ry) satisfying

/ " exp (8(s — po)) L£71(s) ds = L75(po).

£0

Under these conditions, the solution X is exponentially asymptotically LS w.r.t X.

Proof. Define the difference function & (t) := X — X, and set

A (#) = [|b(D)]]-
Under the assumptions, A*(t) satisfies the inequality
DY A(t) < —0A% (1) + 27, 1), T(p0) = llyo — ol
L*3(po)

This leads to a linear differential inequality, whose solution yields

* —Q(t—po) ’CN‘ /OO 9(s—p0) *
A*(t) <e [T(po) + Ealoo) o, e L*(s)ds]| .

By applying assumption (ii), namely

/ =Pl £ (s) ds = L*5(po),

o
we obtain
A (t) < e |yo — ol +1C] |
which implies
1 — || < e~ [|lyg — o + [po — tol]
So, we get
12 — x| < e [|lyg — o]| + [po — o]

Therefore, 3 a constant £* such that
1€ = X < £ ([lyo — @oll + [po — to) ,

and the exponential decay is governed by the constant M* := £* > 0. By applying Defini-
tion 2.5 with p(t) = At for some constant § > 0, X is exponentially asymptotically LS under
ITD, with respect to the reference trajectory X. O
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Theorem 4.6. Let the nonlinear differential systems (2.1) and (2.2) admit unique solutions
X and X, corresponding to the initial values (to, o) and (po,yo), respectively. Let X be well-
defined for t > po, where ¢ := py — to > 0. Suppose that the assumptions of Theorem 4./
hold:

(i) The solution X to the unperturbed system (2.2) is exponentially asymptotically LS
under ITD, with respect to the trajectory X.
(i) 3 a constant N* > 0 and A € C([0,00),R) such that

IV (t, 5, 2(s))| < N7 exp[=B(t = 5)] and |R*(s,2(s))[| < A(s)[[z(s)]],
where ||z(s)|| < B for some 3 > 0.

Then, the solution X of the unperturbed system (2.2) is exponentially asymptotically LS in

variation under ITD, with respect to the solution X.

Proof. Under the assumptions of Theorem 4.4 and hypotheses (i)—(ii), we consider the fol-

lowing decomposition:

1% = 1 < [1b(¢2, po, bo) +/ [yt s, 2(s)) - (IR (s, 2(s)) | ds

PO

t
< M (llyo = wol| + |po — tol) =) 4 [ N*A(s)e™ =9 |la(s) | ds,

PO
where b(t) = X — X, and ||y(t, s, z(s))|| < Ne Pt=%) by assumption.
Now, define
A*(t) := e7Pl=ro) | ¥ — x||.
Then,

t
A() € M* (Ilyo — w0l + loo — tol) + | A*A(s)A*(s) ds.
PO
By Gronwall’s inequality, this yields

A*(t) < [M* (lyo = zoll + |po — to])] - exp (N/ A(s) dS) :

[40]
Then we have

1€ — Xl < £7(8, po) (Ilyo — wol| + [po — to]) e,

where the constant £*(3, pg) is given by
L*(B, po) := M* - exp <N*/ A(s) ds) :
PO

Thus, X is exponentially asymptotically LS in variation with respect to the reference
trajectory X, under ITD. O

Theorem 4.7. If a nonlinear differential system exhibits exponentially asymptotic (uniform)
LS under ITD, then the corresponding nonlinear differential system is also asymptotically
(uniform) LS under ITD.
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Proof. The result follows directly from Definition 2.3, which characterizes asymptotic LS in
the presence of an initial time shift. Since exponential decay implies asymptotic behavior,

the claim is immediate. For brevity, the detailed steps are omitted. Il

Theorem 4.8. If a nonlinear differential system satisfies exponentially asymptotic (uniform)

LS in variation under ITD, then it also satisfies asymptotic (uniform) LS in variation under

ITD.

Proof. This result is a direct consequence of Definition 2.4, which characterizes LS in variation
with respect to initial time shifts. Since exponential decay implies asymptotic decay, the

conclusion follows immediately. Detailed verification is omitted for brevity. g

5. NUMERICAL VALIDATION OF THE MAIN THEORETICAL RESULTS

In this section, we numerically illustrate the theoretical results obtained for Lipschitz sta-
bility under Initial Time Difference (ITD). The purpose of these examples is to compare two
solutions of the same unperturbed differential system corresponding to different initial states
and shifted initial times.

More precisely, let

X (t) = X (t;to, zo)

and

X (t) = X(t; po, yo),
where
po = to +C.
Then the theoretical results imply that there exists a constant C' > 0 such that
1(t) = X (D) < C(llyo — zoll +[¢[), ¢ > po.

The following examples confirm this estimate numerically.

EXAMPLE 1: PREDATOR—PREY SYSTEM

Consider the nonlinear unperturbed system
‘é—f =z(l —x) — azy,

d
Y= —By +yxy,

where z(t) and y(t) denote prey and predator populations.
Choose parameters
a=05  B=03  ~v=02
Let the reference solution be generated by
to =0, z(0) = 0.60, y(0) = 0.40.
Let the second solution of the same system be generated by

po =005 #(0.05)=0.61,  §(0.05) =0.41.

Hence,

lyo — 2ol + |¢| = 1/(0.01)2 + (0.01)2 + 0.05.
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Therefore,
() ~ (1)) < € (V2-0.01+0.05).
10-2 Predator—Prey System: Lipschitz Stability under I'TD
[ [ [ [ [ [ [ [ [
21 —||x(@) - X@)]
o L5}
=
=
=
A
1 [
0.5
| | | | | | | | |
0 1 2 3 4 5 6 7 8
t

FiGurE 1. Deviation between two solutions of the same unperturbed
predator—prey system under different initial data and shifted initial times.

ExaMPLE 2: SIR EPIDEMIC MODEL

Consider the unperturbed SIR system

' = Sl
I' = BST — AT,
R =~I.

Choose
8 = 0.40, ~v = 0.20.

Let the reference solution satisfy

$(0)=0.90,  I(0)=0.10,  R(0)=0.

Let the second solution of the same system satisfy

po = 0.03,

Then
1&(t) — X)) < C(llyo — 2ol 4 0.03).

5(0.03) =0.89,  I(0.03)=0.11,  R(0.03) =0.
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1072

SIR Model: Lipschitz Stability under ITD

1.6}

1.2 |

0.8 -

0.4

= || X () - X()l|

FiGURE 2. Deviation between two solutions of the same unperturbed SIR

system with shifted initial times.

ExaMPLE 3: EFFECT OF PERTURBATION MAGNITUDE

We now compare two cases:

The theoretical estimate predicts linear dependence of the deviation with respect to per

Case A: ||lyo — xo|| + |¢] = 0.08, Case B: |lyo — ol + || = 0.03.

turbation size.

Deviation

—e— Larger perturbation
—— Smaller perturbation

10~2 Effect of Initial Perturbation Size

[ [ [ [
3 [
2.5
2 [
1.5
1 [
0.5

| | | | |

0 1 2 3 4

t

F1GURE 3. The deviation scales proportionally with the size of the initial

perturbation, confirming Lipschitz dependence.
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DIsScussION

The numerical experiments demonstrate that:

e the deviation between two solutions of the same unperturbed system remains bounded;

e smaller changes in initial states and initial times produce proportionally smaller de-
viations;

e the observed behavior is fully consistent with the theoretical Lipschitz stability esti-

mates under ITD.

Hence, the numerical results validate the main theoretical conclusions of this paper.

6. CONCLUSION

In this paper, we investigated Lipschitz stability properties of nonlinear unperturbed dif-
ferential systems under Initial Time Difference (ITD). By using the variation-of-parameters
formula together with suitable differential and integral inequality techniques, several new cri-
teria were obtained for comparing solutions generated by different initial states and shifted
initial times.

The main results demonstrate that the classical notion of Lipschitz stability, which is gen-
erally formulated with respect to the zero solution under a fixed initial time, is fundamentally
different from the I'TD framework considered here. In the present setting, stability is measured
relative to a nontrivial reference trajectory while simultaneously incorporating perturbations
in both the initial state and the initial time. This provides a broader perspective for the
qualitative analysis of nonlinear systems.

Compared with the classical works of Lakshmikantham and coauthors |9, 10, 11|, where
variation-of-parameters methods and differential inequalities were developed mainly for sys-
tems with fixed initial time, the present paper extends these ideas to a more general framework
involving time-shifted initial configurations. In particular, the current results show how the
interaction between state perturbations and initial time discrepancies can be handled within
a unified Lipschitz stability structure.

Furthermore, in comparison with the studies of Yakar and collaborators [14, 15, 18, 19, 20],
where ITD-based variation formulas and several stability concepts were introduced, the
present work advances the literature by establishing new Lipschitz stability criteria for nonlin-
ear unperturbed systems, together with uniform, variation-based, and exponential asymptotic
formulations. In addition, the implication from I'TD-Lipschitz stability to I'TD stability was
rigorously proved, while the converse implication was shown not to hold in general.

These contributions indicate that the proposed framework not only extends earlier ITD
studies, but also provides a clearer structural distinction between classical stability theory
and time-shifted stability analysis. Hence, the present approach offers a more flexible math-
ematical tool for studying nonlinear dynamical systems arising in applications where delays,
synchronization errors, or uncertain starting times naturally occur.

To support the theoretical developments, numerical illustrations involving predator—prey
and SIR-type models were presented. The numerical results confirmed that deviations be-
tween trajectories remain bounded proportionally to the magnitude of the initial perturba-

tions, in full agreement with the derived Lipschitz estimates.
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The methods developed in this work may be extended to broader classes of systems such as

delay differential equations, impulsive systems, integro-differential equations, fractional-order

models, and stochastic dynamical systems. It is expected that the present study will motivate

further investigations on generalized stability theories involving shifted initial configurations

and time-dependent uncertainties.
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FOURIER TRANSFORM OF BICOMPLEX-VALUED HYPERBOLIC
NORM INTEGRABLE FUNCTIONS
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Abstract. For the purpose of this investigation, the Fourier transforms of hyperbolic
norm integrable functions with bicomplex values that are constructed on locally compact
abelian groups are utilized. Performing an analysis of these transformations is the purpose
of this study. The bicomplex-valued Fourier transform is referred to as the BC-Fourier
transform as a result of the nomenclature it utilizes. It is well defined and unique. There
is a relationship between this transform and the convolution operator. The translation and
character operators are sometimes included in this transform, which results in outcomes
that are comparable to those of the well-known Fourier transform. Many fields employ the
Fourier transform to convert a time-dependent function to a frequency-dependent function
for time-frequency analysis, including signal processing. Using complex-valued signals is
more convenient here. Thus, the BC-Fourier transform for time-frequency analysis of sig-
nals with bicomplex values would be more efficient since bicomplex numbers constitute an
extended form of ordinary complex numbers.

Keywords: BC-Fourier transform, convolution, bicomplex Lebesgue space
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1. INTRODUCTION

Bicomplex numbers, a novel number system, have recently been introduced as an extension
of the established complex number system. Price’s book [18] is the primary recommended
introductory text for bicomplex numbers. We recommend the references [1] and [17], which
provide comprehensive explanations of the fundamental principles of bicomplex numbers,
with an emphasis on functional analysis. These publications encompass a broad spectrum of
applications and offer a thorough introduction to the subject.

The following sources are used to obtain the fundamental information regarding bicomplex
numbers: [18], [1], and [17].

In this research, the symbols R and C represent real numbers and complex numbers,
respectively. Let us now examine two independent imaginary numbers, i and j, where 2 =

42 = —1. This results in two sets, C (i) and C (j), which are identical to the set C. Now, let
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us examine an imaginary number k, defined as the product of these two imaginary numbers,

possessing the following characteristics:
K =1,ij=ji=k, jk=kj=—iand ik = ki = —j.

The collection of bicomplex numbers, designated as BC, is characterized as
BC = {w1 + jwa| wi,ws € C(i)}.
It is possible to interpret the set BC as
BC = {a1 + a2i + asj + ask| ai,az,a3,a4 € R}

in accordance with the considerations mentioned previously. In the following ways, the
operations of addition and multiplication are, respectively, defined:

(w1 + jws) + (w3 + jws) = (w1 + w3) + 7 (wa + wy)

and
(w1 + jwa) (w3 + jws) = (wiws — waws) + j (wrwy + waw3) .
Through the execution of these operations, the set BC is transformed into a commutative
ring and, consequently, a module over itself. The collection of hyperbolic numbers, denoted
D, a notable subset of BC, is characterized as

D ={aj + kaz| a1,a2 € R}

through the substitution of w; and we with a; and ias, respectively, within the definition of
BC, such that a1,as € R. The conditions stated below are satisfied by the crucial elements;

1-ij

these are zero divisors in BC : e; = H% and ey = 5. Here,

e1 +ex=1,e1ea =0, egeg = €9, €161 = €7.

It is also possible to see e; and es as hyperbolic numbers. The above components make up the
idempotent basis for bicomplex numbers. The bicomplex number w; + jws is characterized

in a specific form by the expression
wi + jwz = z1€1 + 22€2,

such that z; = wy —iwy, 29 = w1 +iwy € C (7). This particular statement is referred to as the
”idempotent representation of bicomplex numbers.” In that case, each hyperbolic number is

assigned the idempotent representation
ai + kagy = e1by + ezbo,

where by = a1 4+ as, by = a1 — ag € R. The collection of non-negative hyperbolic numbers is
denoted by

Dt = {aje; + azes| ai,az > 0}.
Let a1 and a9 belong to . In the context of hyperbolic numbers, the partial order relation
= is stated as

a1 3 ap if and only if as — a; € DT
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Additionally,
a1 < ag if and only if a1 =X a9 but a1 # as.
For further information on the characteristics of the partial order relation =, refer to Section
2.6.2 of [17]. As stated in Section 2.6.3 of [17], let us now give a brief summary of the D-
boundedness. Consider V' C D. Given that V has a D-lower bound (or a D-upper bound) b, it
follows that for any v € V, v is comparable to b and b S v (or v 3 b). It is said that a set is D-
bounded iff it is D-bounded from both below and above. We define the concept of D-infimum,
represented by infp V', as the greatest D-lower bound for V if V' is a set D-bounded from
below, and the D-supremum, represented by supp V, as the least D-upper bound for V, if V'
is a set D-bounded from above. Here, the greatest D-lower bound is described as b = infp V'
for any D-lower bound b, despite the fact that not every D-lower bound is comparable. In
this context, the least D-upper bound is determined as supp V' = b for any D-upper bound
b, regardless of whether all D-upper bounds are comparable. Let us take Vi and V5 that are
defined by
Vi ={v1:e1v1 +eqvy € V} and Vo = {vy : ejvy + eqvg € V},

respectively. Assuming that V' is D-bounded from below, it follows that
i%fV = ey inf V7 + eginf V5.
Assuming that V' is D-bounded from above, it follows that

supV = ey sup V] + ea sup Vs.
D

Although different modules are defined for bicomplex numbers, the concept of a hyperbolic
modulus to be addressed in this study is as follows. For a bicomplex number wy + jws, the

hyperbolic modulus |.|, is represented by the equation
w1+ jwsly = (w1 + jws) (@7 — j3).

For the idempotent representation of a bicomplex number wq 4 jws, the hyperbolic modulus

is given in the form
]wl +jw2]k: ‘6121+6222|k:€1 |2’1‘+62|ng. (1.1)

Modules are established over rings, analogous to how vector spaces are constructed over
fields. A module U is called a BC-module if it is defined over a ring BC (see [8, 20]). Assume
that U is a BC-module. If the following requirements are satisfied, a map |ulp : U — D7 is
considered a hyperbolic norm (D-valued) on U.

(a) flully = 0 iff u =0,

(b) [Jwul|lp = |wl [|u||p for all u € U, w € BC,

(©) lu+vlip 3 llully + o]l for all u,v € U

To describe the hyperbolic (ID-valued) norm of w; + jws € BC, we have the hyperbolic
modulus |.|,, with expression (1.1). Assume that w,w € BC and ¢ € D*. The following
properties are provided by the hyperbolic (D-valued) norm:
(i)

|w|, = 0iff w =0,
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(i)
|ww|k = |w|k |W|k )
(iii)

lw+wlp D |wlg + [wlg
|<’k = C?

[Cwl), = C|wlj,

Suppose that U is a BC-module. As a result, we get
U= e Ur + exUs,

where Uy = e1U and U = esU are complex vector spaces and BC-modules. The term given
to this equation is the idempotent decomposition of U. Consequently, any u in U can be
uniquely expressed as u = ejuq + eguo such that uq is a member of Uy and wuo is a member
of Uy (see [7]). It is assumed that U; and Us are normed spaces with norms of ||.||; and |.||,,
respectively. Therefore,
lullp = ex [lually + ez [luz]l;

is a way to endow the BC-module U with the hyperbolic (D-valued) norm. In the context
of the hyperbolic (D-valued) norm ||.||p, a sequence (uy) in U converges to uy € X iff for
every 0 < e, there exists ng € N, where ||u,, — ug||p < € for all n > ng. This convergence
is denoted by the term D-convergence (or D-converges). Additionally, sequences that are
D-non-convergent will be referred to as D-divergent. According to the hyperbolic (D-valued)
norm ||.||p, a sequence (uy,) in U is a Cauchy sequence iff for every 0 < e there exists ng
€ N, where ||u, — tupl||p < € for all n,m > ng. In this context, completeness is defined in a
manner that is analogous to the conventional definition, that every Cauchy sequence in U
D-converges to an element in U with regard to the hyperbolic (D-valued) norm. A bicomplex
Banach module is described as a complete real-valued or hyperbolic normed BC-module,
([13, 7, 8, 16]).

Assume B to be any measurable space with a positive measure p. Hence, for all values
of p from 0 to infinity, the usual Lebesgue space is denoted as (Lp (B, ), H.Hp>, [25, 4, 19].

Consider G as the dual group of GG, where G is a locally compact abelian group. Let h be a
member of L! (G,v) such that v is a Haar measure on G. Hence, the Fourier transform Fh
is indicated on G by
Fh) = [ h@) (-2.7) dva)
G
for all v € G, [21].

Consider a g-algebra Y. constituted by a set B. A bicomplex-valued function A = e1 A\ +
eaXo on B is referred to as a BC-measure on X if both A1 and Ay are complex measures
on . Specifically, with respect to positive measures A; and Ay on ¥, X is referred to as a
D-measure on ¥, [10, Definition 3.3]. If both h; and hg are complex measurable functions
on B, then the bicomplex-valued function h on B, defined as h = ejhy + eshs, is said to
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be BC-measurable on B. Notably, h is a D-measurable function on B if h; and ho are real
measurable functions on B, [10].

For any measurable space B, let A = e; A1 +e2\2 be a D-measure. Assume that 0 < p < cc.
Let LP (B, A1) and LP (B, \2) represent the linear spaces that consist of all equivalence classes

of complex-valued measurable functions hq and hg defined on the set B, where

/|h1 ()P d\ < o0
B

and
/|h2 (@) dAg < o0,
B

respectively. Hence, L%C (B, \) represents all equivalence classes of bicomplex-valued BC-
measurable functions on B in which the form is A = ejhy + eaho, with h; belonging to
LP (B, A1) and hg to LP (B, \2), [24].

An essential integral operator, the Fourier transform is implemented in numerous disci-
plines, including signal analysis, time-frequency analysis, quantum mechanics, and the solu-
tion of partial and ordinary differential equations. In addition, the Fourier transform, which
is defined on locally compact abelian groups G, serves as the foundation for both functional
analysis and harmonic analysis, [21, 19]. Recently, the Fourier transform of functions of
bicomplex variables was defined in [2]. Subsequently, the inverse of this transform as well as
some examples of it were studied in [3]. Afterwards, bicomplex revisions of significant integral
transforms, notably the Fourier and Laplace transforms, were examined in [11]. In partic-
ular, an examination of the Fourier transforms employed in the study of harmonic analysis
reveals that they are defined on locally compact abelian groups. A BC-Fourier transform
of bicomplex-valued hyperbolic norm integrable functions that are defined on the locally

compact abelian group will be defined in this paper, and some examples will be provided.

2. BC-FOURIER TRANSFORM

Assume that G is an abelian group that is locally compact. Consequently, a unique D-Haar
measure A can be expressed as A = e; A + ea A\, where A represents a unique Haar measure on
G. The space LE (G, )) is established as a BC-module, for 0 < p < oo, [23]. Given that G
is a locally compact abelian group, its dual group G is also a locally compact abelian group
(see [21]). Therefore, there exists a unique D-Haar measure v = ejv + egv, where v is a

unique Haar measure on G.

Definition 2.1. Let h € L]%C (G, \), where h = e1hy + eahgy. Let G be the dual group of G.
Then BC-Fourier transform of h is defined by

Frch (v) = erFhi (v) + eaFha (7).

for all v € G. Since the Fourier transforms of the functions hy,ha € L' (G,p) are well
defined, then the BC-Fourier transform of any function h = e1hy + eaho € LI%B(C (G, \) is well
defined.
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Remark 2.1. Let h € L%B(C (G,\), where h = ejhy + exhy. Take G as the dual group
corresponding to G. It is established that

[Fha (7)] < [[hally (2.2)
and
[Fha (7)] < [[h2lly (2.3)
for all v € G (see [19, inequality (4.4.2)] ). Combining (2.2),(2.3) and using the definition
of BC-Fourier transform of h, we may write
[Fech (Ml = er[Fha (9)| + e2|Fha (7)]
3 e |hally +e2 [hafly = (Al p

for all v € G.

Definition 2.2. Let X be any locally compact Hausdorff space. Then we define Cy (X, BC)
as the collection of bicomplex valued functions h = e1hy + eahg on X such that hy € Cy (X)
and ho € Cy (X)

Proposition 2.1. The set of functions Cy (X,BC) is taken as a BC-module, utilizing the

standard addition operation for functions along with bicomplex scalar multiplication.

Proof. Let g,h € Cy(X,BC) such that ¢ = ejg1 + €292 and h = ejhy + eahs. Consider
a = ejaq +es2a € BC. Obviously, a1, as € C. By the definition of Cp (X, BC), we may write
gi, hi € Cp (X) for i = 1,2. Since the space Cp (X) is a linear space, then we have

g1+ h1, g2 + ha, a1g1, azg2 € Co (X). (2.4)
Besides, we get
(9+h)=-e1(g1+ h1)+e2(g2+ h2) (2.5)
and
ag = e1a1g1 + e2029s. (2.6)
Combining (2.4), (2.5) and (2.6), we obtain ¢ + h € Cy(X,BC) and ag € Cp(X,BC).
Similarly, it is easy to exhibit various characteristics of the module. O

Remark 2.2. By the definition of the BC-module Cy (X,BC), we may write (see [1, 16, 7])
Co (X,BC) = e1Ch (X) + €2Cp (X) .
Obviously, the space Cy (X) is a normed space with norm
17l o = sup i ()|

for hi € Cy(X) with i = 1,2. Let h € Cy(X,BC), where h = e1h1 + eaha. Hence we can
endow the BC-module Co (X, BC) with hyperbolic (D-valued) norm that given by

1Plloep = €1 1l + €2 llh2l -

Theorem 2.1. The BC-Fourier transform of any function h = e1hy + eshy € Lis (G, N)
belongs to Cy (@,BC) and the inequality || Fech|lop 3 IRy p holds.
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Proof. Let h € LIEC (G, \), where h = e1hy +eahy. Then hy, hy € L' (G, u). By the definition

of the BC-Fourier transform, we write
Fpch = e1Fhy + eaFha. (2.7)
It is known that Fourier transforms of the functions hi, he belong to Cjy (CA}), [21, 1.2.4.

Theorem]|. Therefore the BC-Fourier transform of the function i belongs to Cy (CAJ,IB%(C) by
Definition 2.2. Since h1,hy € L' (G, 1), then the inequalities

[F oo < [1haly (2.8)

and
[Fhallo < llh2lly (2.9)

hold (see [21, Theorem 1.2.4]). Combining (2.7), (2.8) and (2.9), we get
[Fechlop = llerFhi+eaFho|p
= e ||Fhll + e [ Fhall,
< el +exflhzll, = lIAll p-

O
Proposition 2.2. The BC-Fourier transform from Lk (G, ) into Cy (CA;',IB%(C) is linear.

Proof. Let g, h € L%BC (G, A) and v, € BC. Then we have g = e1g1+e2g2 and h = ejhy+egha,
where g;, h; € L' (G, 1) with i = 1,2. Hence, we can write

Fec (g+h) =e1F (g1 + h1) + eaF (92 + ha)
By using the linearity of the Fourier transform F, we obtain
Fec(g+h) = erF(g1+hi)+eaF (g2 + ho)
= 61(?91+fh1)+62(f92+fh2)
= (e1Fg1 +eaFg2)+ (e1Fhi + eaFho)
= JFacg + Fach.
Let us take ¢ = ejc; + esco € BC. Therefore, we have
Fec (ch) = Fpc ((e1c1 + eac2) (e1hy + e2hs))
= Jnc (e1 (c1h) + ez (c2h2))
= eaF (Clhl) + eo F (Cghg) .
By the linearity property of the Fourier transform F, we conclude
FBC (Ch) = eF (Clhl) + ea F (Cghg)
= ei1c1Fhy + eacaFhs

(e1c1 + eac2) (€1 Fhy + eaFha)
= Cf}mjh.
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Definition 2.3. Let g,h € L (G, \), where g = €191 + €292 and h = e1h1 + eaha. Then the

*' convolution of the functions g, h is
g* h=ei(g1xh1)+e2(g2*ha), (2.10)

where * is usual convolution on L' (G, ).

Proposition 2.3. Let g,h € Li- (G, \). Then we have

Fuc (9" h) = (Fecg) (Fech) -

Proof. Let g,h € Li (G, ). Then we can write g = e1g1 + €292 and h = e1hy + eaho, where
gi,h; € L' (G, ) with 4 = 1,2. It is known that the Fourier transform of usual convolution
between two functions in L' (G, 1) equals the product of their Fourier transforms (see [21]).
Therefore, we have

F(g1*h1)=FqnFh (2.11)

and

F (g2 * ha) = FgaFha. (2.12)
By using the definition of BC-Fourier transform, (2.10), (2.11) and (2.12), we get

Fic (95" h) = erF (g1 xh1) +eaF (g2 % ho)

= e1FgiFh1 +eaFgaFho

= (e1Fg1 + e2Fg2) (e1Fhi + eaFhs)

= (FBeg) (Fech) .

O

Theorem 2.2 (Uniqueness Theorem). A function h € Li. (G, \) is uniquely determined

almost everywhere by its BC-Fourier transform.

Proof. Let h € LI%BC (G, A). Then we have idempotent representations h = ejhy + eshg and
Fech = e1Fhy + eaFha, where hy, ho € L' (G, 1) and Fhy, Fhy € Cy (@) It is enough to
show that if Fgch () = 0 for all v € G, then h (x) = 0 almost everywhere on G. Suppose
that Fgch (v) = 0 for all v € G. By the definition of the BC-Fourier transform, we have
Fach (v) = e1Fhy (v) + eaFha (v) =0,

for all v € G. This means that

Fhi(y)=0
and

Fha (v) =0,
for all v € G. By the uniqueness theorem of Fourier transform (see, [21]), we may write

hy (z) =0 (2.13)

and
hs (z) =0, (2.14)
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almost everywhere on G. Using idempotent representation of the function h and combining
(2.13) and (2.14), we obtain

h(x) =e1hy (z) + e2hy (z) =0,

almost everywhere on G. O

Remark 2.3. Let us take D-Haar measure v = e1v + eqv on G such that v is a unique Haar
measure on G. Therefore, normalization of D-Haar measure v means normalization of Haar

measure v due to the idempotent representation of D-Haar measure v.

Theorem 2.3 (Inversion Theorem). Let h € L (G,\) and Fpch € Ly ((A}, V). If a

suitable normalized D-Haar measure v is obtained for a fired D-Haar measure X\, then

h@)zq/ﬂmwmwmwww/ﬂmwmwmw
G G

= 61]:_1h1 (l’) + 62]:_1h2 (:E) ,

holds almost everywhere on G.

Proof. Let h € L%B(C (G, \) and Fpch € L}BC (@, 1/). Thus we have idempotent representations
h = er1h1 + eshy and Fpch = e1Fhy + eaFho, where hy, ho € Lt (G, /,L) and Fhy, Fhy €
LIIB;(C (@,v). Assume that there exists a suitable normalized D-Haar measure v is obtained

for a fixed D-Haar measure A. By the inversion theorem in [19, Remark 4.4.8], the equalities

mmz/ﬂmwmwmm (2.15)
G
and
h2@»=1/f%2m>@xwdvm> (2.16)
G

hold almost everywhere on G. We utilize the proofs of Fourier Inversion Theorem I and
Fourier Inversion Theorem II in [6] to understand the proof of the inversion theorem for
the ordinary Fourier transform on the locally compact abelian groups. Using idempotent

representation of the function A and combining (2.15) and (2.16), we get

h@)zq/ﬂmwmwmwww/ﬂmwmwmw
G G

= 61]:_1h1 (I‘) + 62]:_1h2 (:E) s

almost everywhere on G. O

Definition 2.4. The character operator is defined in the following manner using Duality
theorem (for Duality theorem see, [19, Theorem 4.2.11]):

(1) Let us take an element ~ from G and fix it. Then the function x~ from G into C is
defined as
Xy (#) = (z,7) (2.17)
forallx € G.
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(2) Let us take an element x from G and fix it. Then the function x, from G into C is
defined as

Xo (V) = (z,7) (2.18)
for all v € G.

Let us now provide the following proposition expressing some algebraic properties of the

BC-Fourier transform:

Proposition 2.4. Let g,h € Ly (G, \).
(1) Let x € G. Then
Fec (Teg) = X—aTBCY- (2.19)
(2) Let v € G. Then
Fic (Xv9) = Ty Feeyg- (2.20)

Proof. Let g,h € L (G, )).
(1) Let € G. The equality
F(Teg) (V) = x—Fg ()

holds for all v € CA}', which is well known by [19, Proposition 4.4.10]. By applying the
equality (2.18), we may write

Fec (Tx9) (v) = aF (Tug1) (v) + e2F (Tzg2) (v)
= eix—aFg1(7) +e2x—aF g2 (7)
= (~z,7) (eaFg1 (7) + e2F g2 (7))
= (=,7) Fecg (v) = X—FBcy (7)

for all v € G. Hence, the equation (2.19) is satisfied.
(2) Let v € G. As stated in [19, Proposition 4.4.10], the equality

F(xv9) = Ty Fg
is valid. Then we have
Fec (x~9) = e1F (xy91) + e2F (x192)
= e\ Fg1 + e, Fgo.
Therefore, we can write
Frc (Xv9) (n) = e1 (T4 Fag1) (n) + e2 (T4 Fg2) (n)
= e1 (TyFg1) (n) + e2 (T4 Fg2) ()
= (erFg1+e2Fgo) (n—")
= JFacg (n—7) =TyFecg (1)

for all n € G. Therefore, the equation (2.20) is fulfilled.
U

Consider the additive group of real numbers (R, +) as a locally compact abelian group
G. Let’s use the Lebesgue measure on R instead of the Haar measures in the previously
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mentioned D-Haar measure. Let’s determine the BC-Fourier transforms of certain functions
in Ll (G, \) space. Regarding the kernel of the Fourier transform, the literature is varied.
In particular, we will consider the K (w,t) = exp(—iwt) function as the kernel for t € R and
weR=R.

Example 2.1. Let a,b € R and c1,co € C, ¢1 # co. Consider a function f(t) = cre1 + caeq
for all t € [a,b]. Let us take functions fi(t) = c1 and fa(t) = co for all t € [a,b]. Therefore,
we have f(t) = cie1 + caea for all t € [a,b]. Let dt be a Lebesque measure on R. Since
constant functions are measurable functions in the sense of the Lebesgue measure on R and

b b
/Ifj(t)l dt=/|cj| dt = |ej] (b — a) < oo,

for j = 1,2, then these functions are elements of the space L' (R, dt). Hence, the function f
is a member of the space L]lB(C (R, dx), and its BC-Fourier transform can be described. Then
we obtain

Fecf (w) = erFfi(w)+eaF fa(w)

b b
~a / Fu(t) exp(—iwt) di + e / Folt) exp(—iwt) dt

b b
= elcl/exp(—iwt) dt—|—€202/exp(—iwt) dt

a a

= elcli (exp(—ibt) — exp(—iat)) + elcgi (exp(—ibt) — exp(—iat))

= % (exp(—ibt) — exp(—iat)) (e1c1 + eac2)
for allw e R —{0}.

Example 2.2. Let a and b are positive real numbers such that a # b. Let us take the Gaussian
functions hy (t) = exp(—at?) and hs (t) = exp(—bt?) for all t € R. Gaussian functions are
also measurable functions in the sense of the Lebesgue measure on R, as they are continuous
on the set of all real numbers. The integrals of the Gaussian functions over R are calculated

as
“+00

+o0
/ exp(—at2) dt = \/? and / exp(—th) dt = \/j
a

Therefore, hi,hs € L* (R, dt). By utilizing these functions, let us construct a function h as

h(t) = ei1hy (t) + eaha (t) = €1 exp(—at2) + e9 exp(—bt2)
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for allt € R. We will now compute the ordinary Fourier transform of the function hy.

write
—+o00

Fhi(w) = /exp(—atQ)exp(—iwt) dt

+oo

- / exp (—(at2 + iwt)) dt

—0o0

“+oo

— / exp (— <\/5t2+2“;a>2—7:§> dt

W\ [ iw
= exp (—4@)/ exp <— <\/5t2 + 2\/5> ) dt.

If we make the substitution u = \/at®> + %, then we have

2va’
1 2\
Fhy (w) = % exp <_Za) / exp (—u2) du.

439

We

+o0o
Thus, the integral [ exp (—u2) du provides the area of the region under the bell-curve
—0o0

exp (—u2), and its value is known as \/w. Hence, we obtain the Fourier transforms of the

Gaussian function hi is given as

and so

T _U12
Fha(w) =[] ()

is meaningful. Therefore, we get

Frch (w) = e Fh (w) + eaFho (w)

_ m (;uﬂ) + ™ (;“)2)
= e/ exp(— e2y/ 3 exp(—
for all w € R.

We designate R as the additive group of real numbers and Z as the subgroup that consists

of the integers. The definition of the group T is Z the quotient R/277Z, where 27Z is the group

of integer multiples of 27, as shown in the notation. The functions on T and 27-periodic

functions on R are readily identifiable. For comprehensive details regarding the properties

of the group T, please consult [12]. Additionally, the n-dimensional form of the group T is
denoted as T™ and is described as T™ = R"™/27Z". Besides, the restriction of the Lebesgue
measure of R™ to [0,27)" is the Lebesgue measure dt on T". Now, consider T? as a locally

compact abelian group G. Additionally, the dual group of group G = T? turns into group
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G = Z2. The Fourier transform of a function f in the space L! (TQ, dt) is of the form

21 21

2
fg (k‘) = <217T> //g (tl,tg) exp(—i (tlk'l + tzk'g)) dtldtQ
0 0

for all k = (ky, ko) € Z? (see, [22, Chapter 7]).

Example 2.3. Let [,m € Z and g be a bicomplex trigonometric wave of type
g (t1,t2) = ey exp(itil) + ez exp(itam)

for allti,to € T that is given in [5, Subsection 3.1]. Since the functions g1 (t1,t2) = exp(it1l)
and g1 (t1,t2) = exp(ital) are continuous functions, then these functions are measurable

functions on T?. Also, we have

21 21 21 21
/ / lexp(it1l)| dtidty = 4n* and / / lexp(ital)| dtdty = 4m°.
0 0 0 0

Therefore, the functions g1 and go belong to L (T2,dt). Now, we will calculate the BC-
Fourier transform of the bicomplex trigonometric wave g. Firstly, we compute the ordinary
Fourier transform of the function g1. Let us take k = (ky, ko) € Z2. We write

21 21
1\? . .
Fag1 (k) = <277> //exp(ztll) exp(—i (t1k1 + taksa)) dt1dta.
0 0

By the Fubini’s theorem, we get

21

For (k) = <217T>2 0/ exp (—itaks) fexp(itl (L= k) dtr | dts

Let ky # 0 and ki # 1. Then we have

) 2w
Fo1 (k) = ﬁ <l<:12—l (exp (2 (I — k1)) — 1)) /exp(—itgkg) dts.

Since l — k1 € Z and ky € Z, then we conclude
.7:91 (k‘l, k‘g) =0.
If ko =0 and k1 = 1. Then we have

2 2
1 ) .
.Fgl (k‘l, k?g) = m /exp (*ZtQ]CQ) /exp(ztl (l — k‘l)) dtl dtg =1.
0 0

Hence, we obtain

Fai (ki,ke) =

1, ki =1 andky =
{’ 1 =1 andkz =0 (2.21)

0, otherwise
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Similarly, the ordinary Fourier transform of the function go is calculated as

2 27
12 , .
Fgo (k) = (27r> /exp(—ztlk‘l) /exp(ztg (m — ko)) dtg | di;.
0 0
Let k1 # 0 and ko # m. Then we have
1 ) 2
Fago (k) = ) (k2 i - (exp (2mi (m — k2)) — 1)) /exp (—it1ky) dty.
0
Since m — ko € 7 and ki € Z, then we conclude
,/_"gg (kl, kg) =0.
If k1 =0 and ko = m. Then we have
1 27 27
.7:g1 (kl,kQ) = m /exp (—itlkl) /eXp(itQ (m — kQ)) dtg dtl =1.
0 0

Hence, we obtain
1, k1=0and ke =m

_ (2.22)
0, otherwise

Fgo (ki ko) = {

By combining (2.21) and (2.22), we calculate the BC-Fourier transform of the bicomplex
trigonometric wave g as

Frcg (k1, ko) = e1Fgr (k1, k2) + eaFga (ki k2) .

Remark 2.4. Let us take the complez-valued function g € L' (G,p). We can write this

function as the following idempotent representation:

g(z) = e1g (z) + eag ()

almost everywhere on G. By the definition of the BC-Fourier transform, we write

Fecg (v) = erFg(y) +eaFg(y) = Fg(v) (e +e2) = Fg ()

for ally € G. Hence, the BC-Fourier transform of the complex-valued function g € L' (G, 1)

corresponds to the ordinary Fourier transform of the function g.

3. DISCUSSION

The kernel function of the known Fourier transform is generalized in the bicomplex sense
when looking at [2], which is the fundamental work that defines the bicomplex Fourier trans-
form. Furthermore, the bicomplex Fourier transform is exclusively defined for real-valued
functions in [2, Definition 3.2]. Nevertheless, the literature does not contain a valid Fourier
transform for bicomplex-valued functions. In particular, the Fourier transform of the bi-
complex trigonometric wave that is a bicomplex-valued function, presented in Example 2.3,
which means that it cannot be calculated using the bicomplex Fourier transform defined
in [2]. As a result, this paper’s definition of the BC-Fourier transform is entirely distinct
from that of [2]. Additionally, as the examples show, both functions defined on T and R

are applicable to the BC-Fourier transform defined in this paper. The BC-Fourier transform
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provided here yields the answer for bicomplex-valued functions defined on T™ and R" in
its most general form. Moreover, Remark 2.4 asserts that the BC-Fourier transform of a
complex-valued function defined on a locally compact abelian group G corresponds to the
known Fourier transform, which implies that the BC-Fourier transform is a generalization of

the known Fourier transform.

4. CONCLUSION

Specifically, an analysis of the Fourier transforms used in the study of harmonic analysis
shows that they are defined on locally compact abelian groups. This paper introduces the
definition of a BC-Fourier transform for hyperbolic norm integrable functions that have
bicomplex values and are specified on a locally compact abelian group. Additionally, the
paper includes several examples to illustrate this concept. Furthermore, the paper explores
the properties of the BC-Fourier transform in harmonic analysis. Within the field of harmonic
analysis, this research will serve as a foundation for forecasting that the results achieved
with the well-known Fourier transform can also be achieved with the BC-Fourier transform,
providing insights for future investigations.
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Abstract. The purpose of this research paper is to analyze the statistical manifolds
coupled with Golden structure. On golden-like statistical manifolds, we derive several basic
attributes for the intrinsic and extrinsic invariants of statistical submanifolds in golden-like
statistical manifolds. Also, we derive an Euler inequality for submanifolds in golden-like
statistical manifolds. Moreover, we used particular types of second fundamental forms of
Chen-invariant type inequalities for these classes of submanifolds in golden-like statistical
manifolds to characterize the equality case. We strengthen our idea with an example as
well.
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1. INTRODUCTION

Statistical manifolds are fundamental in the field of information geometry, a branch of
mathematics that studies the geometric forms of probability distribution. These manifolds
provide a framework for analyzing statistical models and estimating parameters in a system
that considers the core geometry of the statistical space. This is the situation of normal linear
regression that is statistically significant. The statistical framework of classical information
geometry can be seen as a means of expanding the geometric basis of regression. Refer to
Vos and Marriott (2010) for wider settings [46].

Statisticians, have mostly concentrated on applications pertaining to contemporary statis-
tical practice, however, as the introduction illustrates, information geometry has expanded
to a wide range of fields and has significantly influenced numerous other fields. Naturally,
there are many applications for the general concepts of geometric dualistic structures and
ideas of divergence that we have explored here [46].

Amari [3, 4] examines how divergences can be effectively utilized to fit neural network

models. It estimates hidden layers in a neural network using a dual geometric version in
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information geometry . It specifically makes use of the normal mixture model, expert mix-
tures, and stochastic multilayer perceptron models.

Statistical manifolds act for the compilation of probability distributions, constantly equipped
with a Riemannian metric that quantifies the directions and distances in this space. The
riemannian metric determines the curvature and structure of the manifold, activating the
development of logical statistical methods adapted to the underlying geometry. One of the
central persons in the evolution of information geometry and statistical manifolds is Shun-ichi
Amari [3, 4]. Amari’s study has been instrumental in establishing the theoretical basics of
this pasture and has paved the method for applications in numerous fields, including machine
learning, signal processing and physics. Golden-like statistical manifolds are a specialized cat-
egory of statistical manifolds that have possession similar to the golden geometry, known for
its exceptional mathematical attributes, and the golden structure itself has its algebraic roots
in the broader theory of polynomial structures on manifolds [18]. The phrase ”golden-like”
mentions to structures with certain geometric possessions or connections to the golden ratio,
a mathematical constant that become visible in numerous natural occurrence and creative
endeavors, with further applications of the golden ratio on Riemannian manifolds discussed
n [21]. Statistical submanifolds in golden-like statistical structure has practical inferences.
Firstly, in model selection, by scouting submanifolds, practitioners can better choose sta-
tistical models that describe data without overfitting, especially in high-dimensional spaces.
Secondly, in Bayesian inference, Bayesian techniques can benefit from the geometric view-
points provided by submanifolds, particularly in specifying prior distributions that regard
the geometric form of the underlying statistical manifold. Thirdly, in machine learning, algo-
rithms operating manifold learning methods can utilize submanifolds to catch complex data
patterns while staying computationally feasible. [3, 4, 8, 34].

Intrinsic invariants are possessions that are inherent to a geometric item and are inde-
pendent of how the item appears from the outside. For instance, the curvature properties
of a surface or the length of a curve. Such invariants are directly related to the geomet-
ric structure of the surface or curve. Extrinsic invariants are related to the position of a
geometric item in space. That is, these possessions are related to the item’s position and
association to other items in its domain. For instance, how a surface is laid out in space or
the position of a curve in a plane. Likethis invariants can be identified by outer observations
and measurements.Presently, in the comparison relationship problems between the intrinsic
and extrinsic invariants, statistical manifolds are being studied very actively. Golden semi-
Riemannian manifolds are an interesting section of study in modern mathematics, combining
classical geometrical structures with the unique possessions of the golden ratio. This structure
generates a major field for further research, promising insights that transcend conventional
frontiers in mathematics and physics. In [9], B.-Y. Chen discovered new intrinsic curvature
invariants, very popularly known as Chen’s invariants and derived optimal relationships be-
tween these intrinsic invariants and the extrinsic invariants, a line of study later extended to
the Lagrangian setting [32] and to pseudo-Riemannian ambient spaces via d-invariants [12].
Currently, this is a very active area of research [9, 42, 43].

In [2], Amari introduced the concept of statistical manifolds via information geometry.

An analogue to conjugate connections in affine geometry (see [29]), statistical manifolds
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are endowed with a pair of dual torsion-free connections. Generally sectional curvature of
a statistical manifold is not very easy to define. Thus, in [31], B. Opozda showed how
to define sectional curvature of a statistical manifold, building on Bochner-type techniques
for statistical structures developed earlier [30]. The relationships between the intrinsic and
extrinsic curvature invariants are very important in submanifold theory. In this connection,
B.-Y Chen obtained the relationship between the Gaussian and the mean curvatures [10],
[11]. In [40], [41], K. Takano studied the statistical submersions with certain structures.
In [44] , A.D. Vilcu and G.E. Vilcu examined the statistical submanifolds of quaternionic
statistical manifolds. In the same paper, they proposed several open problems. For similar
studies on curvature inequalities for submanifolds and Casorati curvatures in various ambient
spaces, we refer [5], [26], [27], [7], [14], [38], [39],[25], [29], [36], [1],[37], [6], [13], [16], [17], [19],
[22], [23], [24], [33], [45], [47]. Now coming towards the actual theme of the current paper.
In one of their earlier submitted papers, the first and second author of this paper defined
the Golden-like statistical manifolds and obtained the optimal inequalities using Casorati
curvatures.

In this paper, we obtain some sharp relationships between extrinsic and intrinsic invariants
for statistical submanifolds of Golden-like statistical manifolds. At the end, we talk about

their equality cases.

2. SOME Basic CONCEPTS

Definition 2.1. [15, 20, 35] Let (F,p) be a semi-Riemannian manifold and let o be (1,1)
tensor field on F . If o satisfies the following equality

o =o0+1. (2.1)

At that point the tensor field o is named a Golden structure on f. On condition that the

metric p is o compatible, the (F ,u, 0) is named a Golden semi-Riemannian manifold.

The following equalities are true for the o compatible metric g

peX1, Y1) = p(X1, oY1), (2.2)
p(oX1,0v1) = p(0’X1,Y1)
= M(QXI;Y1)+M(X1aY1)a Xl,YleTF. (23)

Let F be a semi-Riemannian manifold and V be the torsion-free affine connection. The
triple (F, Vv, 1) is named a statistical manifold if Vu is symmetric. Let’s define a new V*

affine connection as follows:
Xiu(V1, Z1) = iV x, Y1, Z1) + Vi, Z1, 1), (2.4)

for any vector fields X1, Y7 and Z; on F. The affine connection V* is called conjugate to V in
accordance with p. The affine connection V* is torsion-free, V* W is symmetric and provides
VO = @. We indicate by 2 and =* the curvature tensors on f in accordance with the
affine connection V and its conjugate @*, respectively. Moreover, the curvature tensor field

=0 associated with V0 is called semi-Riemannian curvature tensor. In this case the following
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relationship is given
:U’(é(Xlu Yl)Zla Wl) = _H(Zla é*(‘lea Yl)Wl)7

s where é(Xl,Yl)Zl == [@Xl,@yl]zl - @[thl]Zl.
The following definition is given for the statistical structure (V,g) on F:

~

S(X1,Y1)Z1 = Z[E(X1, Y1) Z1 + E(X1, Y1) Z1), (2.5)

N

for any X1,Y1,721 € TF.

Usually, dual connections are not metric. as in the instance of semi-Riemannian geometry,
section curvature cannot be defined in the statistical setting. Therefore, Oposda proposed
two presumptions of section curvature in this type manifolds (see [30, 31]).

Let F be a statistical manifold and 7 a plane section in Tf with orthonormal basis
{X1,Y1}, in that case the sectional K-curvature is defined in [31] as

~ 1 2~ sk =
K(m) = 3 w(E(X1, Y1)V, X)) + p(Z5(X1, Y)Y, X1) — 2u(E%(X, Y1)V, X)) |

Definition 2.2. Suppose that (F, i, 0) is a Golden semi-Riemannian manifold equipped with
a tensor field o* of type (1,1) providing

p(oX1,Y1) = p(Xy, 0"Y1), (2.6)

for vector fields X1 and Yy on F. In view of (2.6), we can easily obtain
(02X, = o*X1+ X1, (2.7)
ploX1,0'Y1) = p(eX1, Y1) + p(X1, Y1). (2.8)

In that case (F, p, 0) is called Golden-like statistical manifold.

In accordance with equations (2.6), (2.7) and (2.8), we easily derive the following propo-

sition:
Proposition 2.1. (F, u, 0) is a Golden-like statistical manifold if and only if so is (F, u, 0*).

A remarkable fact is that, choosing ¢ = ¢* in the Golden-like statistical manifold yields a

Golden semi-Riemannian manifold.

Definition 2.3. Let (F = F o(Ca) X F (), g, 0) be a Golden-like statistical manifold. In that
case the Riemannian curvature tensor = of [ is given as follows([35]):

(1—B)C — B
2v/5
—u(oX1,Z1)oY1} + {u(oYr, Z1) X1 — p(oX1, Z1)Y1

+u(Y1, Z1)oX1 — u(X1, Z1) oY }- (2.9)

=(X1,Y1)Z = <— > {n(Y1, 21) X1 — (X1, Z1)Y1 + p(oYi, Z1)oXy

(_ (1- ﬁ)ia + /BCb>

We can get the curvature tensor Z*

Jying o by o*.

i accordance with dual connection precisely by modi-
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By using the sectional curvature, the scalar curvature of N for orthonormal tangent frame

{s1,%2,...,64} and normal frame {¢44+1,...,,}, respectively, is defined as
T=2 Z (5i N gj)- (2.10)
1<i<j<d

The average or mean curvature vector fields of N are also provided by

d
Z g“gl - Z (ZU”> 5’77 i'_ ((giagj)vgw)
i=1 'y d+1
and
dza SirGi) = Z <Zau>§7’ o = 107 (si561): ),
7 d+1

ford+1<~v<q.

Moreover, we have 270 =1 + T*, and 200 = 5 + o* , wherein the the mean curvature 1o

0

and second fundamental form ¢" are obtained in accordance with Levi-Civita connection V°

on N.

For N, the squared mean curvatures can be expressed as

I = Z (Zamf,

=d+

Let = and E* be the curvature tensors according to @ and @*, respectively. In that case,
we have the following relations on statistical manifolds.

w(E(X1, Y1) Z1, W) = u(E(X1, Y1) 21, Wh) + (o (X1, Z1), 0% (Y1, Wh))
—/A(U*(Xl,Wl),U(Yl,Zl)), (2.11)

w(EH(X1,Y1)Z1, W) = u(E*(X1,Y1)Z1, Wh) + p(o* (X1, Z1),0(Y1, Wh))
—p(o (X1, Wh), 0" (Y1, Z1)), (2.12)
for all vector fields Xy,Y1, Z1, Wy .[44]

3. MAIN INEQUALITIES

With a double of conjugate connections, here we derive some sharp relationships for sta-
tistical submanifolds of Golden-like statistical manifolds.

Lemma 3.1. [27] Let z1,x2,3,...,x4 be d > 4 real numbers. In that case, we have
d 2
d—3
Z Talg — 1T — X3%4 < 2((12)<Zma> .
1<a<p<d a=1

Equality holds if and only if x1 + 22 =23+ 24 =25 = -+ = 24.
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Theorem 3.1. Suppose that (M, p, @) is an q-dimensional Golden-like statistical manifold

and N is an d-dimensional statistical submanifold. In that case, we have the following in-

equality
(r — K(m) — K(ms)) — (° — K%m) — K(m))
> (—“ - i)j%‘ 54‘1) (ld(d —2) — tr(6") + t2(6)] - [1 + W(m) + O(m)]
—[1+ ¥(m) + O(m2)]) + (— (- B)j“ + ﬁgb) 2(d — 1)tr(¢)
2 — ~ ~
T NI + T IP] 4+ 2(R%m) + RO~ 7). 3.13)

Proof. Let {c1,52,...,54} and {G411,...,54} be the orthonormal frames of T, N and T; N,

respectively. The scalar curvature of N corresponding to the sectional K-curvature is

r = % Z [Q(E(gi,cj)gj),%)+9(E*(<i’§j)§j)’§i)

1<i<j<d
—29(Z°%(si,5)s5), §i):| .

Make use of (2.9) and Gauss equation for = and Z*. After discharging basic simple compu-

tations, we obtain

_ ( _/B)Ca_ﬁ(b *
.- <_ Ve >[d(d—1)—tr(¢)+tr2(¢)}

+ (—(1 — ﬁ)i“ +ﬁ<b> 2(d — 1)tr(¢) — 7°

1 q
52 X |y ooy -2

y=d+11<i<j<d

Using (2.7), we get
= (FEEEE ) - ) - ate) + o)
_|_< ( ﬁ)Cp+ﬁCQ> (d—l)tr(¢)—T0

+% Z Z |: i o ’Y+o-uo-]J _20 U ’

y=d+11<i<j<d

which can be put down as follows

_ <_ (1 B)CaBCb> [d(d—2) _tr(¢*)+tr2(¢)]

2v/5
+ <_ (1 - ﬁ)Cp + 6(!1) 2(d o 1)t1“(¢) o 7_0
q
2y T Wl - 6H-E Y S i),
y=d+1 1<i<j<d y=d+1 1<i<j<d

+(07)*} + {07 03] = (077}
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By utilizing Gauss equation for the Levi-Civita connection, we obtain

+ (_(1 — /B)QD + /BCQ> 2(d . 1)tr((;5) o 2720

D) Z Y Hoio}; = (@) +{o37 03] — (07))%]. (3.14)

'y d+11<i<j<d

Let 71 and 72 be mutually orthogonal two-planes spanned by {s1,<2} and {c3,4}, respec-
tively. We denote
pi(ds1, <) (P2, <2) = V()
and

(ps3,63)11(pa, €4) = W(2).

Also, as in [28], for an orthonormal bases {s1, 2} and {¢3,¢4} of two-plane sections, we denote

O(m1) = p(os1, 2)p(d*s1, $2)

and

O(m2) = p(dss, sa) ("3, 64),
where O(m) and ©(ms) are real numbers in [0, 1]. In that case, the sectional curvature K ()
of the plane 7 is given by

1

K(m) = 2[M(E(Q,Q)Q),Gl)+H(E*(§1,§2)§2),§1)

—29(Z°(c1,$2)%2), §1)} . (3.15)

By utilizing(2.9) and Gauss equation for = and =* and set down systems in (3.15), we derive

Km) = (<S5 1 poer enuton ) - o, ex)utoen, )

1
—KO(W1)+§ Z [011‘722 + 011095 — 2‘712‘712]}
y=d+1

By utilizing o + 0* = 20, we obtain

k) = (-5 1 gtoer.eng(on. )

g(ver, ex)gldaren)] — K9m) +2 3 [0?3083 a?%)}
y=d+1

q

_% 3 {|:0'1y10-;2 _ (032)2} + {aﬁa;‘; (UEV)Z] }
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By utilizing Gauss equation for Levi-Civita connection, we obtain
1—B)¢a —
Km) = Kom)+ (-2 1 o, anton )
2v/5
* > 1 d
+udsr, )u(@ s )] = 2K°(m) = 5 Y [6%032 - (OYz)Q]
y=d+1
1 4
5 > |otien - @y, (3.10)
y=d+1
The on the top equation can be noted in the following form:
1-— o — N
K(T('l) = KO(TF1)+ <—( IB)C lBCb) [1+\1/(7T1)+@(7T1)]—2K0(7T1)
2V5
1 4
D) Z [‘7?1022 - (U¥2)2}
y=d+1
1 4
3 > |otien - 7] .17
y=d+1
Similarly, the sectional curvature K (m2) of the plane m can be written as
1-— o — N
K(T('Q) = KO(TFQ)+ <( B)C ﬁgb) [1+‘1’(7T2)+@(7T2)] *QKO(TI'Q)
2V5
1 4
5 2 |kt - 2]
y=d+1
q
D) Z [033044 U;Z)2]- (3.18)
7 d+1

The relations (3.14), (3.17) and (3.18) imply that

(7~ K(m) ~ K(m)) = (= K'(m) - K°(r2)
(0BG g
= (FEEEEE - 2) - () + 2 (0)

+ (_ (1 - B)Cp + BCQ) 2(d _ 1)tr(¢>)

-5 Z Y. oty — ()Y +{o70}] — (07))°}]

]
7 d+11<i<j<d

\V)

_{<‘( _Bz)j%_m)“”(“”@(ﬁﬂ—1 )3 [aﬁazz—wzzﬂ

y=d+1
1 : * * * 1-— a —
D) Z [01¥U2g (‘71;)2] } - { <—( 52)35 5@) [14 W(mg) + O(m2)]
y=d+1
]‘ ! 2 ]- I * * *Y\ 2
5 2 |- 2] -5 X oo - 2]}
y=d+1 ~y=d+1

+2K%(m1) + 2K (1) — 27°.
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> <—< ifﬁ 5@)[<d 2) — tr(6*) + (o)

+( (1- Ca+ﬁCb

2(d

+ W (m2) + O(m2)]

)20
—<—( ﬂ + U (m) + O(m)]
_<_( ;% >

Y v LY
-5 E , E , {[ 04045 _‘711022_‘733‘744}

'y d+1 1<i<j<d
"‘[% 05 — 011022 — 033‘744]}
+2K%(my) 4+ 2K%(mg) — 279,

where we have used the known relation o + o* = 20Y.

Now, we apply Lemma 3.1 for ¢ and ¢* to obtain the following inequality:

(1 — K(r ) K(m2)) = (r° = K°(m1) — K°(m2))

> (-0 a2 - (o) + o)
(-1 @+5@><d—nuw>
< B@>u+mwg+@mm
< 5@)u+wmg+@@m
(djJ[WW+WTW]+%KWm)+KWWW—$>
From this relation, we can easily derive our desired inequality (3.13). 0

The equality occasion of inequality (3.13) is shaped by the following:

Theorem 3.2. Suppose that (M, pu, ¢) is an q-dimensional Golden-like statistical manifold
and N is an d-dimensional statistical submanifold. In that case, the equality holds for (3.13)
identically if and only if we have

(i) ofy + o3y =033+ o)y =0d5 = =0y
(i) o1] + 033 = 035 + 04l =055 =+ = 0gg-
(iif) o], = *7_0 1<i<j<d, i#3j, (i,5) #(1,2),(2,1),(3,4), (4,3),

)

forye{d+1,d+2,...,q}.
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Corollary 3.1. Suppose that (M, u,$) is an g-dimensional Golden-like statistical manifold
and N is an d-dimensional totally real statistical submanifold. In that case, we have
(1 — K(m) — K(m2)) — (77 = K°(m) — K°(72))

_ _ 2(d —
> (d-2) - (-0 ) L LD e 4 e

+2(K%(my) + K%(m) — 79). (3.19)

The equality case of (3.19) can be discussed as Theorem 3.2.
Next, we derive Euler inequality. Before that, we provide the following

Proposition 3.1. Suppose that (M, p, ¢) is an q-dimensional Golden-like statistical manifold

and N is an d-dimensional totally real statistical submanifold.. In that case, we have

1)+ || C*))2 > S{QRiCO(X,X)—Ric(X,X)

d?
" (_ (1— ﬁQ)\C/ag— 5Cb> [d(d —2) — tr(¢") + tl"2(¢)]
d
n <_ (1 — /B)ia + ﬂ(b) 2(d . 1)tr(¢) — 42;K0(X N §j)}a
=
(3.20)
where {X =<1,%2,...,54} is an orthonormal basis of T, N .

Proof. Let {c1,6,...,54} and {c411,...,5,} be the orthonormal frames of T, N and T; N,

respectively. In that instance, equations (2.5), (2.11), and (2.12) are used to determine the

scalar curvature:

T = 2104 <— (- 52)5/%_ 5Cb> [d(d — 2) — tr(¢*) + tr(¢)]

G ECER ORI DI S SV

1<i<j<d

LYY el - @ e - @),

y=d+11<i<j<d
where K0 is the sectional curvature of N in accordance with Levi-Civita connection.

Using ¢ 4+ 0* = 209, we get

ro= oo (O - ) 4 ) - (o)

1<i<j<d

d? . 1 «
=S DI+ ] + 5 [l + o). (3.21)
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To introduce an inequality in (3.21), we compute ||o||? and ||o*||? as follows:
q d
ol = > > (o3)?
y=d+11,j=1
q
= Z {<‘7¥1)2 + (‘7¥2>2 +oF (UYd)Z + (‘7;1)2 + (‘7;2>2
y=d+1

o (03 e (02 () 4+ (009)%

1
) Z {(0f) + 0%y + -+ 03> + (0]y — 035 — - — )%}
y=d+1
2y {Sers § <<azj>2—azo;j>}
y=dt+1 © =2 2<i<j<d
L
Z 3 Z (o) + 05+ +0y)* +2 Z Z —"i"%
y=d+1 y=d+1 2§2<J§d

= *IITIIQﬂL2 Z > (@)= aho])).

y=d+1 2<z<]<d
Similarly,
d? :
o2 = TITR 2 Y Y (@) - e,
y=d+12<i<j<d

Combining the two inequalities yields

ol + o™ > HITH2+HTH +2 E Y. ((0}) = aa);)
= d+12<z<]<d

q
+2 Z Z ((U;? —0*70;7)

y=d+12<i<j<d
= S U+ 11 Z > Ao +ay
y=d+1 2<i<j<d
(7} + o) + 7))

+(o)oi] —olorl)

1" jj 177 1]
+(o; 70]7] - UJ’YO";)}
We put this inequality into (3.21), it follows that
T > 2104 <— (- 62)5/%_ ﬁgb) [d(d — 2) — tr(¢*) + tr’(¢)]
1 B)Ca 5

1<i<j<d

YOS Sl SR T

7 d+12<i<j<d

—(o] + 02?’)(0;.2 + J;;.Y) + (0:20]] — Uzjal]) + (o; 70]7] — 0]0’7])}.

(3.22)
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After rearranging (3.22), we arrive at

4
112 + 712 >&#—r

> -
(1 - /B)Ca - BCb * 2
+<_ i )wu—2%4ﬂ¢)+w(@]
+((1—5)Ca+ﬂ§b> 2(d — 1)tr(¢) — 4 Z Ko(eiAej)
4 1<i<j<d

1 a * 2 * *
+3 2 3 ol o) = @k + o]+ o7))
y=d+12<i<j<d

+(0303] ~ o)) + (01 ~ AT}

Thus, we have

- 8 [op; : (1 = B)Ga =BG
I[P+ ) > dZ{Qcho(X,X)—ch(X,X)Jr(— i >[d(d—2)

—en(g) + e + (- o - o)

d

—4Y KX ch)},

j=2
where {X =¢1,¢,...,5} is an orthonormal basis of T, N. O
Proposition 3.2. Suppose that (F, u, ®) is an q-dimensional Golden-like statistical manifold

and N is an d-dimensional statistical submanifold. In that case, the equality of (3.20) holds
at x € N if and only if 2011 = dY, 207, =dY* and 015 =0, 07; =0 for j=2,...,d.

By using Proposition 3.1, we have

Theorem 3.3. Suppose (F ,p, ¢) is an q-dimensional Golden-like statistical manifold and N
is an d-dimensional statistical submanifold.

: 8 (1= B)a— BG *
02+ g > ﬁ{%ﬂ—f+<— . )ww—2wwﬂw>

+tr(9)] + (— 1= mi“ i BQ’) 2(d — 1)tr(¢)

d
—4Y KX A gj)}. (3.23)
j=2
Theorem 3.4. Suppose (F, i, ¢) is an q-dimensional Golden-like statistical manifold and N
s an d-dimensional statistical submanifold. In that case the equality of 3.23 holds at x € N
if and only if either (i) c =0* =0, ifd>3 or (it) c =p®Y and o* = p@ T*, if d = 2.

Example 3.1. Consider the Golden-like statistical manifold (]RfldJrq,@,g, @) with standard

coordinates and the semi-Riemannian metric g with the signature (—,...,—, +,...,+ ). The
d—times (d4q)—times

tensor field ¢ type (1,1) on R?f”q is the following:
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Xij  VBAij 0
6= 1 VBAij  Aij O
2 0 o B |’

where B is the Golden mean. In that case, ¢ is golden structure on R3d+q. Furthermore, the

conjugate tensor field ¢* is defined as

1 Nij  —VBA; 0
" = 3 —V/BAij Aij 01,
0 0o 8

Neaxt, let N be any d-dimensional statistical submanifold of the Golden-like statistical man-
ifold (R?ldJrq,@,u,(b) In that case, the inequality (3.23) is satisfied. In particular, the sta-
tistical submanifold N = R$ of RS attains equality in (5.23) because N is a totally geodesic
submanifold of RS in accordance with the Levi-Civita connection, that is, o = o* = 0.

To justify this claim explicitly, take N = R} to be embedded in F = R} as the standard
linear (affine) subspace determined by fixing the last two ambient coordinates to be constant.
On F = R with the standard flat statistical structure, the dual connections V and V* both
coincide with the ordinary directional derivative D of R (in flat coordinates the connection
coefficients vanish identically, and V = V* = VO = D). For tangent vector fields X1,Y;
on N, extended to | so that their components along the two fized (normal) directions van-
wsh identically, the directional derivative Dx, Y1 again has vanishing components in those

directions, i.e. Dx, Y1 is tangent to N at every point. By the Gauss formula
VY1 =V Yi+o(X,Y1), VY=V Y +0" (X, 0),

the normal-valued terms o(X1,Y1) and 0*(X1,Y1) are exactly the components of @XlYl =
Dx Y1 and @}11/1 = Dx, Y transverse to N. Since Dx,Y1 has been shown to be tangent
to N, these transverse components vanish for all X1,Y7 tangent to N, and hence 0 =0 and
0* =0 on N. This confirms that N = R} is totally geodesic in [ = R5 with respect to both

dual connections, as claimed.

Corollary 3.2. Suppose (F,u,®) is an g-dimensional Golden-like statistical manifold and
N is a d-dimensional totally real statistical submanifold.. In that case, we have

(1—p5)Ca— BCb)
25

d
—4> K%X A ej)}. (3.24)

j=2

. 8
YR+ > e a2

The equality case of (3.24) can be discussed as Theorem 3.4

4. CONCLUSION

This topic focuses on Euler and Chen type inequalities in submanifold geometry, as well
as intrinsic and extrinsic curvature in statistical manifolds with Golden structures, which

fills a niche that is unique. This study fills a gap in the literature by extending statistical
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manifold results to geometric settings and analyzing the situation of statistical manifolds
with golden structures. This study provides formal characterizations of various Pinching
theorems with trivial normal connections, thereby strengthening the theoretical value of the
optimal bounds. We turn up the results relative to Chen-invariant, expanding the range of
ambient spaces where sharp bounds are obtained. The goal is to understand the relationship
between intrinsic scalar curvature and extrinsic type invariants, as well as identify examples
of equality or rigidity.

Acknowledgments. The authors would like to thank the referee for some useful com-

ments and their helpful suggestions that have improved the quality of this paper.
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RIGIDITY OF YAMABE SOLITONS ON N(k)-CONTACT METRIC
MANIFOLDS
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Abstract. We study Yamabe solitons on N (k)-contact metric manifolds under D-
homothetic and infinitesimal D-conformal deformations. We obtain rigidity results for
Yamabe solitons under non-trivial D-homothetic deformation and show that an infinites-
imal D-conformal deformation reduces to a homothetic deformation with constant factor.
Consequently, the associated deformation vector field is affine, and no genuinely nontrivial
Yamabe solitons arise under these natural geometric constraints.

Keywords: Infinitesimal D-conformal deformation, Yamabe soliton, N (k)-manifold, D-
homothetic deformation.
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1. INTRODUCTION

The study of conformal geometric evolution equations relies heavily on Yamabe solitons,
which are self-similar solutions of the Yamabe flow. Yamabe solitons are more delicate and
flexible in their classification because they rely solely on scalar curvature, in contrast to Ricci
solitons. The notion of Yamabe flow was introduced by Hamilton [8] as a tool for constructing
metrics of constant scalar curvature in a given conformal class of Riemannian metrics on a
Riemannian manifold (M",g), n > 3. The Yamabe flow is an evolution equation for metrics

on a Riemannian manifold, given by

D g=—r
8t.g_ g’

where r is the scalar curvature corresponding to the metric g. In dimension n = 2, the
Yamabe flow is equivalent to the Ricci flow. However, in dimension n > 2, the Yamabe and
Ricci flows do not agree, since the Yamabe flow preserves the conformal class of the metric,
whereas the Ricci flow does not in general. A Yamabe soliton on a Riemannian manifold
(M, g) is a triplet (g,V, p) satisfying

Lyvg=2(r—p)g, (1.1)
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where Ly denotes the Lie derivative of ¢ in the direction of the vector field V and p is a
constant. The Yamabe soliton is said to be shrinking, steady, or expanding according as
p <0, p=0,or p> 0, respectively.

If p is allowed to be a smooth function on M, then the metric satisfying (1.1) is called
an almost Yamabe soliton. The rigidity of Ricci solitons and Ricci nearly solitons on K-
contact and Sasakian manifolds has been studied in detail in the subject of contact metric
geometry, especially in the context of symmetry assumptions like projective vector fields or
D-homothetic invariance. Beyond the Sasakian context, however, very little is known about
Yamabe solitons. A natural setting for extending these rigidity results is the class of N(k)-
contact metric manifolds. The study of curvature conditions involving the Reeb vector field
naturally gives rise to these manifolds, which include Sasakian manifolds as the specific case
(k=1).

In [6], Daskalopoulos and Sesum showed that a compact gradient Yamabe soliton has
constant scalar curvature. In [10], Sharma studied Yamabe solitons in contact Riemannian
geometry, and proved that a 3-dimensional Sasakian manifold whose metric is Sasakian has
constant scalar curvature and the soliton vector field V' is Killing. Nagaraja and Sharma [7]
established that a complete K-contact Ricci almost soliton with projective potential vector
field is compact Sasakian and shrinking and that divergence is invariant under D-homothetic
deformation. The purpose of this paper is to establish a unified rigidity theory for Yamabe
solitons on N (k)-contact metric manifolds under D-homothetic deformation.

2. PRELIMINARIES

A (2n + 1)-dimensional differentiable manifold M is said to admit an almost contact
structure if it admits a tensor field ¢ of type (1, 1), a vector field £, and a 1-form 7 satisfying
[1, 3]

P*X=-X+nX)E,  nE)=1 =0, no¢p=0. (2.2)

An almost contact metric structure is said to be normal if the induced almost complex
structure J on the product manifold M x R defined by J (X, f%) = ((bX — f€, n(X)%) is
integrable, where X is tangent to M, t is the coordinate of R and f is a smooth function on
M x R.

Let g be a compatible Riemannian metric with the almost contact structure (¢, &, n), that
is,

9(¢X,9Y) = g(X,Y) = n(X)n(Y), (2.3)
for all vector fields X,Y on M.
Then M becomes an almost contact metric manifold equipped with the almost contact

metric structure (¢, &, 7, g). In an almost contact metric manifold the following hold.

n(X):g(Xa£)7 g(¢X7Y):_g(X7¢Y)7 (24)

for all vector fields X, Y on M. An almost contact metric structure (¢,&, 7, g) is said to be

a contact metric structure if

dn(Xa Y) :g(Xv ¢Y)a (2'5)
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for all vector fields X,Y on M. A normal contact metric manifold is called a Sasakian

manifold. An almost contact metric manifold is Sasakian if and only if
(Vx9)Y =g(X,Y)§ —n(Y)X, (2.6)

for all X,Y € TM, where V denotes the Levi-Civita connection of the Riemannian metric
g. A contact metric manifold (M, ¢,&,n,g) for which £ is a Killing vector field is said to
be a K-contact manifold. Every Sasakian manifold is K-contact, but the converse is not
true. However, a 3-dimensional K-contact manifold is Sasakian [9]. Blair, Koufogiorgos
and Papantoniou [5] introduced the (k, p)-nullity distribution on a contact metric manifold
and gave several reasons for studying it. The (k, p)-nullity distribution N (k, 1) of a contact
metric manifold M is defined by

Nk, jt) s p s Nylk, ) = {W € T,M = ROX, Y)W = (kI + uh) (Y, W)X — g(X,W)Y)},

for all X,Y € TM, where (k,u) € R2. A contact metric manifold M with & € N(k,u) is
called a (k, p)-contact metric manifold. If p = 0, the (k, p)-nullity distribution reduces to
the k-nullity distribution [11].

The k-nullity distribution N (k) of a Riemannian manifold is defined by [11]

N(k):p— Np(k) = {Z € T,M : R(X,Y)Z = k[g(Y,Z)X — g(X, Z)Y]},

where k is a constant. If the characteristic vector field £ € N(k), then the contact metric
manifold is called an N(k)-contact metric manifold [4]. If & = 1, then the manifold is
Sasakian, and if k = 0, then the manifold is locally isometric to the product E"1(0) x S™(4)
for n > 1 and flat for n =1 [2].

However, for an N (k)-contact metric manifold M of dimension (2n + 1), we have [4]

(Vx¢)Y = g(X + hX,Y)é —n(Y)(X + hX), (2.7)
(Vxn)(Y) = —g(¢X + ¢hX,Y), (2.8)
Vxé =—¢X — ¢hX, (2.9)

where h = $L¢p. Moreover, h? = (k — 1)¢>. In an N(k)—contact metric manifold the
following hold.

R(X,Y)¢ = k[n(Y)X — n(X)Y], (2.10)
Ric(Y, &) = 2nkn(Y), (2.12)
(2.13)

r=2n(2n -2+ k), 2.13

2.11

where 7 denotes the scalar curvature and Ric is the Ricci tensor.

A contact metric manifold (M, ¢,&,n,g) is said to be Einstein if its Ricci tensor Ric satisfies
Ric(X,Y) = A\g(X,Y), where X is a constant. It is said to be n-Einstein if

Ric(X,Y) = ag(X,Y) + 8n(X)n(Y), where a and § are smooth functions on M.



Int. J. Maps Math. (2026) 9(2):460-466 / RIGIDITY OF YAMABE SOLITONS ON N(k)-C. M. MAN. 463

Definition 2.1. A vector field V' on a Riemannian manifold (M, g) is called an affine vector

field if its local flow preserves the Levi-Civita connection V. Equivalently,
LyV =0. (2.14)

Definition 2.2. A D-homothetic deformation of a contact metric structure is given by [12]

n=an, 52257 ¢ =9, g=ag+ala—1)n®mn, (2.15)

where a is a positive constant. If (M, ¢,&,n,g) is an almost contact metric manifold with

contact form 7, then (M, ¢,£,7,g) is also an almost contact metric manifold.

3. RicIDITY UNDER D-HOMOTHETIC DEFORMATION

In this section we study Yamabe solitons on N (k)-contact metric manifolds under D-
homothetic deformation. The quantities with bar denote those with respect to D-homothetically
deformed space.

Theorem 3.1. Let (M, $,&,n,9) be an N(k)-contact metric manifold and let (M, g) be ob-
tained from (M, g) by a non-trivial D-homothetic deformation. If (M, g,V,p) and (M, g,V, p)
are both Yamabe solitons with the same soliton vector field V. Then the following assertions
hold:

(i) V is an infinitesimal contact transformation, and is strict if and only if F —p =r—p.

(i) V transforms n, & and ¢ according to

‘CVU = c, EV& = 0—‘57 £V¢ = U¢7
where

_f-p-(a+De—p) _ 2a(—p) - Ba=1)r—p
’ a—1 ’

a—1
Proof. Let (M, g) be an N (k)-contact metric manifold and let (M, g) be obtained from (M, g)
by a D-homothetic deformation. Suppose that (M, g,V, p) and (M, g,V, p) are Yamabe soli-

tons. Then

Lyg=2(r—p)y, (3.16)
Lvg =20 - p)g. (3.17)
Taking the Lie derivative of the D-homothetically deformed metric (2.15) along V', we
obtain
Lyg=aLlyg+ala— 1)((£V77) nN+n® ([,vn)). (3.18)
Using (3.16) and (3.17), equation (3.18) becomes
2(r = p)g = 2a(r — p)g +ala = 1) [(Lyn) ©@n+n @ (Lyn)]. (3.19)
Evaluating (3.19) on (X, ¢), and using §(X,€) = 7(X), £ = %5, and 77 = an, we obtain
2(7 = pan(X) = 2(r — p)n(X) + (a — 1) [(Lyn)(X) + n(X)(Lyn)(§)]- (3.20)

Lie differentiating n(§) = 1 along V gives

(Lvn)(§) = —n(LvE). (3.21)
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Also, Lie differentiating g(§,&) = 1 gives

(Lvg)(&,€) +2n(LvE) = 0. (3.22)
Using (3.16), this yields
n(Lv) = —=(r—p), (3.23)
and hence
(Lvn)(§) =r—p. (3.24)

Substitution of (3.24) into (3.20) gives

(Lyn)(x) = 20D =@ DU ), ) (3.25)

Thus ou(F _ 5 1
£V77:C77, c= a(r_p) — (a;_ )(T—p) (326)
a/ J—
Hence V is an infinitesimal contact transformation. Moreover, V is strict precisely when
c=0.

Next, using

(Lvg)(X, &) = (Lyn)(X) — g(X, Lv§)
and (3.16), we obtain

Ly§ =o€, (3.27)
where o
yo 20D G0N —p) 528)

Finally, since £y commutes with d, from dn(X,Y) = ¢g(X, ¢Y') we have
d(Lyn)(X,Y) = (Lvg)(X,6Y) + (X, (Lv)Y). (3.29)
Using Lyn = ¢n and (3.16), equation (3.29) becomes
cg(X,9Y) =2(r — p)g(X,0Y) + g(X, (Lvd)Y). (3.30)
Therefore

Lvo = (c—2(r—p))¢=0o. (3.31)
This proves (i) — (ii).

4. RIGIDITY OF YAMABE SOLITONS UNDER INFINITESIMAL D-CONFORMAL
DEFORMATIONS

We begin with the notion of an infinitesimal D-conformal transformation in the contact
metric setting.
Definition 4.1. Let (M, p,&,n,g) be a contact metric manifold. A vector field V' is said to
generate an infinitesimal D-conformal deformation if
Lyvg=2ag+28n®n, (4.32)

for smooth functions a, 8 on M.



Int. J. Maps Math. (2026) 9(2):460—-466 / RIGIDITY OF YAMABE SOLITONS ON N(k)-C. M. MAN. 465

Remark 4.1. When « is constant and = a(a—1), the above definition corresponds to the

infinitesimal generator of a global D-homothetic deformation.

Theorem 4.1. Let (M, p,&,n,9) be an N(k)-contact metric manifold admitting a Yamabe

soliton (g, V., p). If V generates an infinitesimal D-conformal deformation, then

ﬁvg = 2(7’ - p)gv

where 7 = 2n(2n — 2 + k) is constant. Consequently, V is a homothetic and affine vector

field.

Proof. Since (M, g,V,p) is a Yamabe soliton, we have
Lvg=2(r—p)g. (4.33)

On the other hand, since V' generates an infinitesimal D-conformal deformation, we have

Lyvg=2ag+28nmn. (4.34)
Comparing (4.33) and (4.34), we obtain

(r—plg=ag+Bnen. (4.35)

Let X € kern, so that n(X) = 0. Evaluating (4.35) on (X, X) gives
(r = p)g(X, X) = ag(X, X).

Therefore,
a=r—p. (4.36)

Substituting (4.36) into (4.35), we obtain

pnen=0,

and hence
8 =0. (4.37)

Thus the infinitesimal D-conformal deformation reduces to the infinitesimal homothetic

deformation
Lvg=2(r—p)g. (4.38)
For an N (k)-contact metric manifold, the scalar curvature is

r=2n(2n—2+k), (4.39)

and hence r is constant. Since p is also constant, r — p is constant. Therefore V is a

homothetic vector field with constant homothety factor. Consequently,
Lyg = 2cg, c=1r — p = constant. (4.40)

Thus, V is a homothetic vector field. Using the standard formula for the Lie derivative of

the Levi—Civita connection, we have

29((£VV)(X7 Y)v Z) = (VXEVQ)(Y7 Z) + (VYEVQ)(X7 Z)
= (VzLyg)(X,Y). (4.41)
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Since ¢ is constant and Vg = 0, it follows that

Vx(Lvg) = Vx(2cg) = 0.

Similarly,

Vy(ﬁ\/g) = 0, Vz(ﬁvg) =0.

Consequently,

LyV = 0.

Hence, V is an affine vector field.

5. CONCLUDING REMARKS

The results demonstrate that Yamabe solitons on N (k)-contact metric manifolds exhibit

strong rigidity under D-homothetic and infinitesimal D-conformal deformations. In partic-

ular, an infinitesimal D-conformal deformation reduces to a homothetic deformation with

constant factor, and the corresponding vector field is affine.
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