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ON SUPRA ¢*-OPEN SETS AND SUPRA ¢*-CONTINUOUS FUNCTIONS

BURCU SUNBUL AYHAN | & ¥

ABSTRACT. In the present study, we introduced a novel type of generalized supra open sets
called supra e*-open sets via supra d-closure operator which we define. Through this new
concept, we defined and studied supra e*-continuous functions, supra e*-open functions and
supra e*-closed functions. Also, we investigated relationships between supra e*-continuous
functions and different generalized types of supra continuity.

Keywords: Supra regular open set, Supra d-closure operator, Supra e*-open set, Supra
e”-continuous function, Supra e*-open function.

2020 Mathematics Subject Classification: 54A10, 54A20, 54C10, 54C08.

1. INTRODUCTION

In the last decades, numerous investigators have worked on generalized types of open sets
such as preopen [17], semi-open [16], a-open [16], b-open [9], S-open [1], e-open [12], e*-open
[13]. Some studies conducted with the help of generalized open sets are as follows: The
class of somewhere dense sets [3] are contained all a-open, preopen, semi-open, S-open and
b-open sets except for the empty set. Also, the concept of STi-space is defined in the same
paper and its various features are investigated. Al-Shami and Noiri continued to study more
properties of somewhere dense sets in [4].

On the other hand, Mashhour et al. defined the notion of supra open sets [I§] in supra
topological spaces in 1983. Later, many researchers introduced and studied generalizations

of supra open sets. In 2008, Devi et al. [I1] explored a kind of sets and functions called
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supra a-open sets and supra a-continuous functions, subsequently. In 2010, Noiri and Sayed
investigated supra pre-open sets [19] and supra b-open sets [20]. In 2013, Vidyarani [22]
introduced supra regular open sets. In 2013, Jafari and Tahiliani [I5] worked on supra S-open
sets and supra (-continuous functions. In 2017, Al-Shami [2] studied supra semi-continuous
functions and supra semi-open functions through supra semi-open sets.

The other studies referring to recent contributions in supra topology and their applica-
tions can be listed as follows: M. E. El-Shafei et al. [I4] introduced strong supra regularly
ordered spaces, strong supra normally ordered spaces and strong supra T;-ordered spaces
(i =0,1,2,3,4) on supra topological ordered spaces and investigate the main properties of
them. B. A. Asaad et al. [I0] studied the notion of an operator v on a supra topological
space and then this notion is utilized to analyze supra y-open sets. T. M. Al-Shami and 1.
Alshammari [5] found new rough-approximation operators inspired by an abstract structure
called supra topology. T. M. Al-Shami et al. [6] introduced new forms of limit points of a set
and separation axioms on supra topological spaces via supra a-open sets (resp. supra -open
sets [7]) T. M. Al-Shami et al. [8] defined three types of supra compactness and three types
of supra Lindel6fness using supra topological spaces via supra pre-open sets.

In this paper, first of all, we introduced the concept of supra d-closure operator via supra
regular open sets. Then, we defined supra e*-openness with the help of this operator. Later,
we developed the ideas of supra e*-continuous functions and supra e*-open functions via
supra e*-open sets. We also obtained several characterizations of supra e*-continuity and

revealed some of its basic features.

2. PRELIMINARIES

In the whole of this study, unless explicitly stated topological spaces (¥, T) and (P, 1)
(or simply ¥ and ®) always mean on which no separation axioms are supposed. Then the
closure and interior of E are expressed by cl(E) and int(E), subsequently. The collection of
all open (resp. closed) sets of U are expressed by O(¥)(resp. C(¥)). Also, (¥, 1) and (®,7n)
represent supra topological spaces.

A point 2 € ¥ is referred to as d-cluster point [21] of E if int(cl(O))NE # ) for every open
neighborhood O of x. The set of all d-cluster points of O is called the J-closure [21] of £ and
is expressed by cls(F). If E = cls(FE), then E is called d-closed [21] and the complementary of
a o-closed set is called d-open [21]. The set ints(F) := {z|(30 € O(¥, z))(int(cl(0O)) C E)}

is called the d-interior of E.
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A subclass 1 C 2Y is referred to as a supra topology on ¥ [I8] if ¥ is an element of x4 and
u is closed under arbitrary union. (W, u) is referred to as a supra topological space (briefly,
supra space) [I§]. The members of p are called supra open sets (briefly, s.o.) [18]. The
complementary of supra open set is referred to as a supra closed set [18]. The intersection
(resp. union) of all supra closed (resp. supra open) sets of ¥ containing (resp. contained in)
E is called the supra closure [18] (resp. supra interior [18]) of E and is expressed by cl*(E)
(resp. inth(E)).

Definition 2.1. Let (¥, u) be a supra topological space. A subset E of W is referred to as:
(t1) supra regular open [22] (briefly, s.r.o.) if E = int#(cl*(E)).

(12) supra a-open [I1] (briefly, s.a.o.) if E CintH(cl*(int*(E))).

(t3) supra semi-open [3] (briefly, s.s.o.) if E C cl*(int"(E)).

(

(t5) supra b-open [20] (briefly, s.b.o.) if E C int*(cl*(E)) U cl(intt(E)).

(

)
)
ty) supra preopen [19] (briefly, s.p.o.) if E C int(cl*(FE)).
)
)

tg) supra [-open [15] (briefly, s.B.0.) if E C cl*(int*(cl*(E))).

The complementary of a supra regular open (resp. supra a-open, supra semi-open, supra
preopen, supra b-open, supra [-open) set is called supra regular closed [22] (resp. supra
a-closed [I1], supra semi-closed [3], supra preclosed [19], supra b-closed [20], supra [-closed
[15)).

The collection of all supra open (resp. supra regular open, supra a-open, supra semi-
open, supra preopen, supra b-open, supra [3-open, supra closed, supra regular closed, supra
a-closed, supra semi-closed, supra preclosed, supra b-closed, supra [-closed) sets in (¥, )
is expressed by pu(¥) (resp. Ru(¥), ap(¥), Su(¥V), Pu(¥), bu(¥), Bu(¥), p(¥), Ruc(¥),
QpE(W), SpE(W), PUe(W), e (W), Buc(v)).

Definition 2.2. [I8] Let ¥ be a topological space. If T C u, then p is called a supra topology

associated with T.

Definition 2.3. Let U and ® be two topological spaces and i be a supra topology associ-
ated with T. A function A : U — ® is called supra continuous (resp. supra a-continuous
[11], supra precontinuous [19], supra semi-continuous [3], supra b-continuous [20], supra (-
continuous [15]) if for all open set L of ®, A~Y[L] is s.0. (resp. s.a.o., s.p.o., s.5.0., 8.b.0.,

s.f.0.) in V.
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Definition 2.4. A function A : ¥ — ® is referred to as e*-continuous [13] if for every open

set E of ®, A™Y[E)] is e*-open in V.

3. SUPRA §-CLOSURE OPERATOR AND SUPRA e*-OPEN SETS

In this part of the study, we define supra e*-open sets via supra J-closure operator and

investigate some of its basic features.

Definition 3.1. Let u be a supra topology on ¥, then the supra 0-closure of E C W is

expressed as follows:
clf () := [ {GI(E € G)(G € Rp“(¥))}.

and the supra d-interior of A C W is expressed as follows:
int§ (E) := | {VI(V € E)(V € Ru(¥))}.

Definition 3.2. Let (U, pu) be a supra topological space and E C V. The set E is called a
supra §-closed (briefly, s.b.c.) set if E = cl{(E). The complementary of a supra 6-closed set

is referred to as supra 6-open (briefly, s.9.0.).

Theorem 3.1.
(t1) Bvery s.r.o. setis a s.9.0. set.

(t2) Every s.d.0. set is a s.o. set.
Proof. The proofs are clear from Definition O

Remark 3.1. In the subsequent example demonstrated that a s.o. set need not be a s.0.0.

set.

Example 3.1. Let ¥ = {01, 02,03}. Define a supra topology pu = {¥,0,{91},{01,03}, {02,0s}}

on V. Then the set {01,03} is a s.o. set, however, it is not s..0.
Question: Is there any s.d.0. set which is not s.r.0.?

Definition 3.3. Let (U, pu) be a supra topological space and E C W. The set E is called a
supra e*-open (briefly, s.e*.0.) set if E C cl*(int"(cl§(E))). The complementary of a supra
e*-open set is referred to as supra e*-closed. The collection of all supra e*-open (resp. supra

e*-closed) set is expressed by e*pu(¥)(e*u(v)).

Theorem 3.2. Fvery s.8.0. set is a s.e*.o. set.
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Proof. Let E € pu(¥). Thus, E C cl*(int"(cl*(E))). On the other hand, we have always
cl"(E) C clf(E), then we get that E € e*u(¥). O

Remark 3.2. A s.e*.o0. set need not be s.5.0. as indicated by the subsequent example.

Example 3.2. Consider the supra topology in Example . Then the set {02} is a s.e*.o.

set, however, it is not s.3.o.

Remark 3.3. From the above discussions and Theorem|[3.3, we obtain the following diagram.
Howewver, the opposites of these implications don’t hold always correct. Also, counterezamples

of the other implications are shown in [3], [I1], [15] and [19].

S.p.0.

/ h

s.r.o. — s8.0.0. — 8.0. — S.0.0. s.b.o. — s.8.0. — s.e*.o.

pN S

S.S.0.

Theorem 3.3. Let (¥, u) be a supra topological space, then the following properties hold:
(1) If A C e*u(¥), then UA € e*u ().
(t2) The intersection of two s.e*.o. sets is not necessarily s.e*.o.

(t3) ¥ € e™p(¥).

Proof. (11) : Let A be a collection of s.e*.o. sets in V.
EeA = Cct(int*(clf(E))) CUA
= FE C ct(inth(clf(UA)))
= UA C c¥(intt(clf (UA))).
(12) : Let ¥ = {01,02,05} and let p = {0, {01}, {01,02}, {02,053}, ¥} be a supra topological
space on W. Although the subsets {01,003} and {02,003} are s.e*.o. in W, which is the

intersection set {03} is not s.e*.0. in .

(t3) : Obvious. O

Theorem 3.4. Let (¥, u) be a supra topological space, then the following properties hold:
(1) If A C e*u(V), then NA € e*uc(W).

(t2) The union of two s.e*.c. sets is not necessarily s.e*.c.

Proof. 1t is obvious from the proof of Theorem [3.3] O
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Definition 3.4. The supra e*-closure (resp. supra e*-interior) of a set E is the intersection
(resp. union) of the supra e*-closed (resp. supra e*-open) sets including (resp. included in)

E, which is expressed by clt. (E) (resp. int!.(F)).

Remark 3.4. It is obvious from the above definition that inth. (E) € e*u(¥) and clb. (E) €

e*uc(W).

Theorem 3.5. The following properties hold for the supra e*-interior and supra e*-closure
of subsets F' and G of a space V.

(t1) intt (F) CF and F C b\ (F).

(12) inths (F) = A iff F is a s.e*.o. set and It (F) = A iff A is a s.e*.c. set.

(t3) inth (U \ F) = U\ b (F) and . (¥ \ F) = ¥ \ inth. (F).

(ta) If F C G, then inth, (F) Cintt. (G) and b (F) C ! (G).

Proof. Straightforward. O

Theorem 3.6. Let A and B be any subsets of a space U, then the following properties hold:
(t1) intl.(A) Uintt. (B) C intt.(AU B).
(12) clt. (AN B) C clbl.(A) Nl (B).

Proof. Straightforward. O

Remark 3.5. The inclusions in (11) and (13) in Theorem[3.6 can not replaced by equalities

by as can be seen from the following examples.

Example 3.3. Let ¥ = {01,092,03} and p = {0,¥,{0:1},{01,02},{02,03}} be a supra
topology on . Where, if A = {02} and B = {03}, then intt.(A) = inth.(B) = 0 and
ints* (AUB) = intg*({62,53}) = {09,03}.

Example 3.4. Let u be the same supra topology on V as given in the above example. If C =
{01,902} and D = {01,03}, then clb.(C) = clt. (D) =V and b, (CN D) = clt. ({01}) = {01}.

4. SUPRA €*-CONTINUOUS FUNCTIONS

In this part of the study, we define a novel form of continuous functions called supra e*-
continuous. Also, we obtain several characterizations and investigate some of its fundamental

properties.
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Definition 4.1. Let ¥ and ® be two topological spaces. Let i be an associated supra topology
with T. A function A : U — & is called supra e*-continuous if for each open set V. of ®,

A7L[V] is supra e*-open in V.
Theorem 4.1. Every continuous function is a supra e*-continuous function.

Proof. Let V € O(®) and p be an associated supra topology with T.

Ve O(®)
= A7V] € O(V)
A is continuous = A7 V] € p(9) C e*u(P).
O(W) C (W)
That means A is supra e*-continuous. O

Remark 4.1. A supra e*-continuous function need not be neither continuous nor supra

B-continuous as shown by the following examples.

Example 4.1. Let ¥ = {01,02,03} and T = {0, ¥, {0s}} be a topology on ¥ and the supra
topology 1 is expressed as p = {0, ¥,{01},{01,02}}. Let A: (¥, T) = (¥, T) be a function
expressed as A = {(01,01), (02,03), (03,02)}. The pre-image of the open set {03} is {O2}.
In that case {02} € e* (V) and {02} ¢ O(V). Thus, A is supra e*-continuous, however, it

18 not continuous.

Example 4.2. Let ¥V = {01,02,03} and T = {0, ¥,{02}} be a topology on . Consider
the supra topology in Example on V. Then the identity function A : (U, T) — (U, T) is

supra e*-continuous. However, it is not supra B-continuous.

Remark 4.2. From Remark[3.3 and Examples[4.1] and[4.5, we have the following diagram.
However, the opposites of the requirements are not always true. Also, counterexamples of the

other requirements are shown in [15], [19] and [20].

supra pre-cont.

S \
supra cont. —  supra a-cont. supra b-cont. —  supra (-cont.
T N\ T \J
cont. supra semi-cont. supra e*-cont.

Theorem 4.2. Let A : ¥V — ® be a function and p be an associated supra topology with T.
Then the following properties are equivalent:

(t1) A is s.e*.c.;
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Proof. (11) = (12) : Let F be a closed set in ®.
FeC(®)=d\FeO(®)
= AT\ F] = U\ AYF] € e* (V) = A7L[F] € e*uc (D).
Hypothesis
(t2) = (13) : Let L be any subset of ®.
LC®=cl(L) e C(d)

e

} = A7Yd(D)] € e*pc(¥) = clbi (ATYL]) C cbs (A7Mel(L)]) =
Hypothesis

ALel(L)].
(t3) = (14) : Let E be any subset of .
ECW#NEC@}:dQHCdzmlmmmCAlwmwm
Hypothesis

— ALl ()] € AIA(AE]]) € d(A[E)).
(t4) = (15) : Let L be any subset of ®.
LCOo=V\ALICW } = Al (U\AYL))] € (A U\ A L])
Hypothesis

= AW \intg. (ATHL])] € cl(@\ L) = @\ int(L)

= W\ inth. (A7YL]) C A7\ int(L)]

= A~ int(L)] C intl. (ATHL]).
(t5) = (11) : Let O be an open set in ®.

0 € 0(P) = A~Y[0] C A~Yint(0)] C int".(A1[0])

Hypothesis
= A7YOJ € e*u(¥)

Thus, A is supra e*-continuous. O

Theorem 4.3. If A : ¥ — ® is supra e*-continuous and I' : ® — ( is continuous, then the

composition I'o A : U — ( is supra e*-continuous.

Proof. Let V € O(().

Ve )
r-v] e O(®) o -
I' is cont. = A7 V] = (T o A)7HV] € e* (W)
A is supra e*-cont.

Thus, I o A is supra e*-continuous. 0
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Theorem 4.4. Let A : V¥ — & be a function and p and n be the associated supra topologies
with T and L, subsequently. Afterwards A is supra e*-continuous if one of the following

holds:

(1) A [mt (L) C int (A[L)) for cach LC .
(t2) ( ) C A7t [elh (L)) for each L C ®.
(13) Alel(E)] C b (A[E]) for each E C V.

Proof. (11) : Let L € O(®).
LeO(®)=LCo
®) - = A~ inth. (L)] C int (A7Y[L]) = A7 [L] Cint (AT[L])
Hypothesis
= A"L[L] € O(P)
O(W) € e* (W)
Thus, A is supra e*-continuous.
(12) : Let L € O(®).
LeO(®)=Pd\LCD

= AL[L] € e*u(P)

b= d (AT L)) C AT [l (@) 1)
Hypothesis

= W\ int (A7'L]) C ¥\ A~ [int. (L))

= A~[int!.(L)] Cint (A7Y[L])
This condition is the same as (¢1). Thus, A is supra e*-continuous.
(t3) : Let E € O(®).

EcO(®) = AE| CU B P

Hypothesis = Alcl(AT[E])] € cle- (A[ATTE])

= A[c(ATYE))] C ! (E)

= ATHA[(ATHE])]] € A7l (B)]

= cl(AYE]) C A7l (E))

This condition is the same as (t2). Thus, A is supra e*-continuous. O

5. SUPRA e*-OPEN FUNCTIONS AND SUPRA e*-CLOSED FUNCTIONS

Definition 5.1. A function A : ¥ — & is called supra e*-open (resp. supra e*-closed) if for

each open (resp. closed) set F' of ¥, A[F] is s.e*.0. (resp. s.e*.c.) in ®.

Theorem 5.1. A function A : U — @ is supra e*-open iff Alint(A)] C inth. (A[A]) for each
set A in .
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Proof. Necessity. Let A C ¥ and suppose that A is supra e*-open.

ACU = ADint(A) € O(D)
N = AL 2 Alint(A)] € (@) |
is supra e*-open
inte. (A[A]) = U{B|(B C A[A])(B € e*u(¥))}
= Alint(A)] Cintt. (A[4]).
Sufficiency. Suppose that Alint(A)] C intl. (A[A]) for each set A € .

A0 ALA) C Afint(A)] C int? (ALA]) = ALA] € e (@)

Hypothesis
Hence, A is supra e*-open. ]

Theorem 5.2. A function A : U — ® is supra e*-closed iff clt.. (A[A]) C Acl(A)] for all set
Ain V.

Proof. 1t is obvious from the Theorem [5.1] O

Theorem 5.3. Let A : VU — & and ' : & — ( be two functions. Then the following properties
hold:

(t1) Whenever T' o A is supra e*-open and A is continuous surjective, afterwards I is supra
e*-open.

(t2) Whenever T'o A is open and T' is e*-continuous injective, afterwards A is supra e*-open.

Proof. (11) : Let U € O(®).

UeO(®)
= ATHU] € O(¥)
A is continuous
I' o A is supra e*-open
A is surj.
= (o A)[AT! V]| = TA[ATHV]] T =" TV] € ep(Q)
Hence, T is supra e*-open.

(t2) : Let U € O(V).

UeO()
= ([oA)U] € O()
I'o A is open =
I' is e*-continuous

= T (T oA) V] =T HrAV]] T EY A[V] € e (@)

Hence, A is supra e*-open. O

Theorem 5.4. Let A : W — ® be a bijection. Then the following functions are equivalent:

(t1) A is a s.e*.o.;
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(12) A is a s.e*.c.;

(13) A7t is a s.e*.c.

Proof. (t1) = (12) : Obvious.
(12) = (13) : Let F' € C(W).

FeC(v) A is bij.

= A[F) 22 (AT UE] € et ps(@)

A is supra e*-closed
By Theorem (1,2) A~ is supra e*-continuous.
(t3) = (11) : Let F € O(¥).
FeOoWw is bii
WL (a1 22 Ap) € o)
A~ is supra e*-continuous
Hence, A is supra e*-open. Il
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ABSTRACT. In this paper, we introduce the notion of rough Z-statistical convergence of
complex uncertain sequences in four aspects of uncertainty, viz., almost surely, measure,
mean, distribution as an extension of rough convergence, rough statistical convergence, and
rough Z-convergence of complex uncertain sequences. Also, we explore the concept of rough
Z-statistical convergence in p-distance, and rough Z-statistical convergence in metric of com-
plex uncertain sequences. Overall, this study mainly presents a diagrammatic scenario of
interrelationships among all rough Z-statistical convergence concepts of complex uncertain
sequences and include some observations about the above convergence concepts.
Keywords: Uncertainty space, Complex uncertain variable, Complex uncertain sequence,
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1. INTRODUCTION

The idea of the convergence of a sequence of real numbers has been extended to statistical
convergence independently by Fast [12] and Steinhaus [30]. Later, it was studied by Fridy [13]
and many other researchers. A sequence (z,,) is said to be statistically convergent to ¢
provided that for each € > 0 such that

lim L[{k<m:|og—£ >} =0 meN.

m—00

The concept of Z-convergence was introduced by Kostyrko et al. [20] as a generalization
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of statistical convergence. The idea of Z-convergence was further extended to Z-statistical
convergence by Savas and Das [27]. Later on, more investigation in this direction can be
found in the works of [11}/15,28].

The idea of rough convergence was first introduced by Phu [23] in finite-dimensional
normed spaces. A sequence (z,,) is said to be rough convergent to ¢ provided that for
each € > 0 d m, € N such that

|z, — €| <1+ ¢ for all m > mg,
where 7 is a non-negative real number and called roughness degree. After that, Diindar and
Cakan [10] introduced the notion of rough Z-convergence of sequence. The concept of rough
Z-statistical convergence of sequences was introduced by Savag et al. [29] in the year 2018.

On the other hand, in 2007, Liu [21] introduced a theory named uncertainty theory, in-
cluding different types of convergence of uncertain sequences and identifying the relationships
among various forms of convergence, such as convergence in measure, distribution, mean, and
convergence a.s. Then the concept has been extended to the c.u.v.s by Peng [22]. After that,
Chen et al. [2] subsequently studied the idea of convergence of c.u.s.s using c.u.v.s. In 2017,
Tripathy and Nath [31] proposed the idea of statistical convergence of c.u.s.s in the context of
uncertainty theory. After that, Debnath and Das [6,/7] introduced the notion of rough conver-
gence and rough statistical convergence of c.u.s.s, and this field has also seen a lot of exciting
changes; for details, see [1}/3-5,(9}/14,(164/17,/19,|24-26]. The concept of rough Z-convergence
of complex uncertain sequences was recently introduced by Debnath and Halder [§].

Inspired by the above works, in this paper we introduce the notion of rough Z-statistical
convergence of c.u.s.s in four aspects of uncertainty, viz., a.s., measure, mean, and distribu-
tion. We also explore the concepts of rough Z-statistical convergence in p-distance, and rough
ZI-statistical convergence in metric of c.u.s.s. Finally, we try to establish the relationship
among all rough Z-statistical convergence concepts of c.u.s.s with an attached diagramatic

section.

2. DEFINITIONS AND PRELIMINARIES

In this section, we provide some basic ideas and results on generalized convergence concepts

and the theory of uncertainty that will be used throughout the article.

Definition 2.1. [20] Consider a non-empty set S. An ideal on S is defined as a family of
subsets T that satisfies the following conditions:

(i) The empty set, ¢, belongs to T.
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(ii) For any U,V € I, the union of U and V', denoted as U UV, is also in T.
(iii) For any U € T and any subset V- C U, V is a member of T.
An ideal T is called non-trivial if T # {®} and S ¢ 7.
A non-trivial ideal T is called an admissible ideal in S if and only if {{s}:se€ S} CZ.

Example 2.1. (i) Zy := The set of all finite subsets of N forms a non-trivial admissible
ideal.
(it) Zg := The set of all subsets of N whose natural density is zero forms a non-trivial

admissible ideal.

Definition 2.2. [20] A sequence (x,,) is said to be Z-convergent to ¢, if for every e > 0,
the set {m € N : |x,,, —¢| > ¢} € T.

The usual convergence of sequences is a special case of I-convergence (L=Ly-the ideal of
all finite subsets of N). The statistical convergence of sequences is also a special case of
Z-convergence. In this case, T=1; = {A CN: lim w = O}, where |A| is the

m—ro0

cardinality of the set A.

Definition 2.3. [29] A sequence (x,,) is said to be rough I-statistically convergent to £ € R,

if for every 6,v > 0,
1
{meN:m\{kSm:\xk—ﬁ27“—}—(5}]21}}61’,

where r s called roughness degree. For r = 0, rough I-statistical convergence coincides with

I-statistical convergence.

Definition 2.4. [21] Let & be a o-algebra on a non-empty set Y. If the set function X on
T satisfies the following axioms, it is referred to be an uncertain measure:

o The first axiom, which deals with normality, is X{Y} = 1;

e The second, which deals with duality, is X{Z} + X{2°} =1 for any = € P;

e The third, which deals with subadditivity is for every countable sequence of {Z,,} € 2,

oo _ o0 _
X{U Em} < 20 X{Em}
m=1 m=1

An w.s. is denoted by the triplet (Y, P, X), and an event is denoted by each member = in
2.

Definition 2.5. [21] A c.u.v. is represented by a wvariable ¢ in the uncertainty space

(Y, 22, 2) if and only if both its real part & and imaginary part n are uncertain variables.
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Here, & and n correspond to the real and imaginary components of the complexr variable

¢ = & +1in, respectively.

Definition 2.6. [22] Let ( = {+in be a c.u.v., where £ is the real part and n is the imaginary
part of C. Then the complex uncertainty distribution of ¢ is denoted by ¥ : C — [0,1] and is
defined by V(z) = X {& < s,n < t} for any complex number z = s + it.

Definition 2.7. [22] Let ( = &+ in be a c.u.v. If the expected value of & and n i.e., E[¢]
and E[n] exists, then the expected value of ¢ is defined by
E[¢] = E[g] +iEn).

Definition 2.8. [25] Let ¢ and ¢* be two c.u.v.s. Then the p-distance between them is
defined as
1
dp (¢, ¢7) = (EIC = ¢*[IPD >+ ,p > 0.
Definition 2.9. 20/ A c.u.s. sequence ((p) is considered statistically convergent in p-

distance to C if

lim ) {k <m: (E|¢k —CHp])ﬁ > EH =0 for every ¢ > 0.

m—o00 m

Definition 2.10. [/ Let ¢ and ¢* be two c.u.v.s, then the metric between them is defined

as follows

D (¢, ¢7) = nf{t: X{[|C - ¢*|| <t} =1}

Definition 2.11. /4] If the condition h_I)Il D (¢m, ¢) = 0 is hold for a c.u.s. (), then ((m)

s called convergent in metric to C.

Definition 2.12. [§/ A c.u.s. ((n) is considered to be rough Z-convergent a.s. to ¢ if for
every small positive value 6, and for any event = where X{Z} = 1 we have the following

condition satisfied for every element o € =:

{m e N:[|Gnlo) — ¢o)| =7+ 6} €T,

where v s called roughness degree.

Definition 2.13. [§] A c.u.s. ((n) is considered to be rough Z-convergent in measure to ¢

if, for every given small positive values € and 9, there exists a set satisfying the condition
{meN: X([[Gn—Cll2e) 2r+6} €T,

where T s called roughness degree.
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Definition 2.14. /8] Let ¥, Uy, WUy, - denote the complexr uncertainty distributions of
c.u.v.s ¢, (1,Ca, -+, respectively. The c.u.s. ((n) is called rough Z-convergent in distribution

to ¢ if, for every small positive values 8, there exists a set satisfying the condition:
{m e N: ||V, (2) —¥(2)|| >r+d} €T,
where r is called roughness degree and for all z at which V(z) is continuous.

Definition 2.15. [§] A c.u.s. ((n) is considered to be rough Z-convergent in mean to ¢ if,

for every given small positive values &, there exists a set satisfying the condition
{meN: ElGn — (] 27 +d} €L,

where T is called roughness degree.

In this article, we assume that Z to be a non-trivial admissible ideal of N and r as a
non-negative real number .
3. MAIN RESULTS

Definition 3.1. A c.u.s. ((y) is considered to be rough Z-statistically convergent a.s. to ¢
if, for every small positive value 6 and v, and for any event = where X{Z} = 1 we have the

following condition satisfied for every element o € Z:

{meN:;HkSm:mum—<@m2r+5sz}eL

where v is called roughness degree. If we take r = 0 we obtain the notion of L-statistical

convergence a.s. of c.u.s. which was introduced by Halder and Debnath [14)].

Definition 3.2. A c.u.s. () is considered to be rough I-statistically convergent in measure
to ¢ if, for every given small positive values €, & and v, there exists a set satisfying the

condition

{mEN:;HkSm:X(H@—C!2€)2T+5}|2U}€I,

where r s called roughness degree.

Definition 3.3. A c.u.s. ((y,) is considered to be rough Z-statistically convergent in mean to

¢ if, for every given small positive values §, and v, there exists a set satisfying the condition
1
{men: LigksmiBlla—cllzr+al>v} et

where v is called roughness degree.
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Definition 3.4. Let W, W, Uy, --- denote the complexr uncertainty distributions of c.u.v.s
¢,C1,Ca, -+, respectively. The c.u.s. ((n) is called rough Z-statistically convergent in dis-
tribution to C if, for every small positive values § and v, there exists a set satisfying the

condition:
1
{mEN:m|{k§m: 1Pk (2) — ¥ (2)|| > 7+ d} 21}} €T,

where 1 is called roughness degree and for all z at which ¥(z) is continuous.

Theorem 3.1. The c.u.s. (Gn) where G = Em + Ny, is Tough I-statistically convergent
in measure to ( = £+ in if and only if the uncertain sequence (&) and (nm,) are rough

I-statistically convergent in measure to & and n, respectively.

Proof. Omitted, since it can be established using standard technique. ]

Theorem 3.2. If a c.u.s. ((n) is rough I-statistically convergent in mean to ¢, then it is

rough I-statistically convergent in measure to C.
Proof. The proof follows from the following Markov inequality. O

Remark 3.1. However, the reverse of the above theorem does not hold in general.

Example 3.1. Consider the u.s. (T, 22, X) to be {o1, 02, -} with power set and X{L} =1,
X{®} =0 and

. 1
Sup. (2nT+1)’ if sap (277T+1) <3
omE= omEE
X{E} =4 1- sup (%Tiﬂ)’ if  sup @Tn:q)<% form=1,2,3,---
omEE® omEE®
%, otherwise

Also, (m(0) (the c.u.v.s) are defined by

im, if 0= om
Cm(g): form:1,2,3,~--
0, otherwise

and ( = 0. Take T=1,.

For every e,0,v >0 and r > 0 we have,

{meN:L{k<m:X(|G—Cll>e)>r+d} >0}
—{meN: Lk <ms X (o: IG(e) - C(o)l 2 &) = 7+ 6} = v}
={meN: S [{k<m:X{o} = +3}| = v}

:{meN:%Hkgm:Z,fﬁzrjtéHZU}GI-
1

Thus the sequence (Gn) is rough Z-statistically convergent in measure to ¢ for r = 3.

However, for each m, we have the compler uncertainty distributions of uncertain variable
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[Cm — || is
0, ift <0
\I}m(t): 1—%, Zf0§t<m form:172737""
1, ift>m
o0 m m m2
Now E[||Gn — ¢l = J5 (1= Up(t) dt = [)" sydt = 57

Consequently, for any given § and v both greater than zero, and r = %,
{meN:L{k<m:E[|¢G— (] >r+6}>v}
:{mEN:%HkSm:%ZT—F(ﬁ‘ ZU}%I.

Hence the sequence ((,) is not rough Z-statistically convergent in mean to ¢ for r = %

Theorem 3.3. Let (&) and (nm) be the real and imaginary part of a c.u.s. ((m) are
considered to be rough I-statistical convergence in measure to & and n respectively. then ((p,)

is rough T-statistically convergent in distribution to ¢ = & 4 in.

Proof. Let z = s + it be a continuous point of the complex uncertainty distribution . For
any a > s and 8 > t, we can express
{&n < somm <t} ={&n < s.mm <€ < a,n < BYU{En < 5,0 <€ > a,n > B}
U{&m < s,mm < 6,E<a,n > BEU{Gn < 5,1m <1, > o, < B}
C{¢<an<prU{lém =&l 2 a—stU{lnm —nl =B —t}.

By the subadditivity axiom, we can conclude that:

(2) = Uyl + it) < (o +iB) + X{gm — €] = — s} + X{nm — 0] = B~ 1),
Since (&) and (9,,) are rough Z-statistically convergent in measure to ¢ and 7 respectively,
then it follows that for any given 6,v and r > 0, we can conclude that:

U(2) = Uyl + it) < Do +i8) + X{gm — €] = — s} + X{nm — 0] = B 1),
Since (&) and () are rough Z-statistically convergent in measure to ¢ and 7 respectively,
then it follows that for any given 6,v and r > 0, we can conclude that:

{meN: L{k<m: X (& —¢&>a—s)>r+68}>v} el

and {meN: L {k<m: X (g —n|=B—t)>r+6} >0} el
Then for any o > s, 8 > t and letting o + i3 — s + it, we have

Wi (2) =¥ (2)|| < X{[¢m =&l =2 a = s} + X{|nm —n| = B — 1}
Then for every 6 > 0 and r > 0,
{k<m: |Wh(z) = ()| =+ 8}

Clh<m: X{&—€>a—s}t>r+d)

U{k <m:X{|n—nl=B—t}>r+d}.
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= o [k <m [ W(2) = U(2)|| > 7 + 6}

<LHk<m:X{|& —&>a—s}>r+d}

+{k<m:X{|p—n| > B—t} >r+5}.

For every v > 0,
{meN: & [{k<m:||W(2) = U(2)]| > 7+ 3} > v}

C{meN: L{k<m: X{|&—¢ >a—s}>r+8} >0}

U{meN:{k<m:X{lpp—n=2B-t}>r+d} >v}el

Hence the c.u.s. () is rough Z-statistically convergent in distribution to (. O
Remark 3.2. However, the reverse of the above theorem does not hold in general.

Example 3.2. Consider the u.s. (Y, 2,X) to be {01, 00} with X(01) = X(02) = 5. We

define a c.u.v. as

ia lf 0 = 01,
(o) =
—i, if 0= 02.
We also define ( = —C for m =1,2,--- and take T=1;.

Then the sequence ((,) and ¢ have the same distribution as:

0, if s<0,—00 <t < +00,

0, if s>0,t<—1,
U (z) = U (s+it) =
$ifs>0,-1<t<1,

1, if s>0,¢t> 1.

\
So the sequence ((,) is rough I-statistically convergent in distribution to (.

Howewver, for a given €,5,v > 0 and r > 0, we have
1
{mEN:mHkSm:XﬂKk—CH >e)>r+ 0} ZU} ¢ 7.
Thus the sequence ((p,) is not rough Z-statistically convergent in measure to ¢ for r = 0.1.

Definition 3.5. A c.u.s. ((y,) is said to be rough I-statistically convergent in p-distance to

¢ if for every d,v > 0 such that

1 1
{meN:Hkgm:wWQ—QmVLZr+5HZU}eL
m
where T is called roughness degree.

Theorem 3.4. Let ¢, (1,2, -+ be c.u.v.s defined on u.s. (¥, P2, X). Then ((n,) is considered
to be rough T-statistically convergent in measure to  if it is rough I-statistically convergent

in p-distance to (.
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Proof. Let the c.u.s. () be rough Z-statistically convergent in p-distance to ¢, then for

every choice of § and v greater than zero, we obtain
&neN;%Hkgnu(Em@—gwpﬁfzr+5Hzu}ez

Then for any given ¢, p > 0, we have

X (|G — ¢l =€) < E”K’ZP_CHP] (Using Markov Inequality).

So for every 6 > 0 and r > 0,

{k<m:X(|G—Cll =€} =r+0}
C {k<m: (BIIG — CIPDPT > 7'+ 87}, where o + 8 = [(r +6) - =]+

For every v > 0,

{meN: L{k<m:X (|G~ =e)>r+0} >0}
c{men:} Hkgm; (E[lICe — CIPP) 7 > o} >0} et
Hence the sequence ((,,) is rough Z-statistically convergent in measure to . |

Remark 3.3. However, the reverse of the above theorem does not hold in general.

Example 3.3. Let N = Ej Dj, where Dj = {2715 . 2 does not divide j*,j* € N} be the
decomposition of N such ;;;t each Dj is infinite and Dj N Dj« = ®, for j # j*. Let T be the
class of all subsets of N that can intersect only finite number of D;'s. Then T is a non-trivial
admissible ideal of N (see for details in [20]).

Now we consider the u.s. (Y, 2,X) to be {01,002, -} with power set and X{Y} = 1,

X{®} =0 and

sup Sm, if sup B <3
OmEE OmEE
X{E} =] 1— sup B, if sup Bum <3
omEES omEEC
%, otherwise

where B, = if meDj form=1,2,3,---.

1
D
Also, the c.u.v.s are defined by

(m+1). if 0= om
Cm(0) = im hife=e form=1,2,3,---

0, otherwise
and ( = 0.

It can be shown that, the sequence ((p,) is rough Z-statistically convergent in measure to ¢ =0

but it is not rough I-statistically convergent in p-distance to ¢ = 0.
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Theorem 3.5. Let (, (1,2, -+ be c.u.v.s defined on u.s. (L, 2,X). Then () is consid-
ered to be rough L-statistically convergent in distribution to C if it is rough L-statistically

convergent in p-distance to (.

Proof. If the sequence (() exhibits rough Z-statistically convergent in p-distance to ¢, then,
according to theorems [3.4] and [3.3] it also demonstrates rough Z-statistically convergent in

distribution to the same limit . O
Remark 3.4. However, the reverse of the above theorem does not hold in general.

Example 3.4. In e:wmple the complex uncertainty distributions of () are

0, if s <0,t <00

0, ifs>0,t<0
U (z) =¥, (s+it) = form=1,2,3,---

1=Pm, fs>0,0<t<(m+1)

1, if s >0,t > (m+1)

\
and the complex uncertainty distributions of C is

0, ifs<0,t <00
U(z)=V(s+it) =140, ifs>0,t<0

1, ifs>0,t>0.

It can be shown that the c.u.s. (Cp) is rough I-statistically convergent in distribution to ¢ = 0

but it is not rough I-statistically convergent in p-distance to ( = 0.

Definition 3.6. A c.u.s. ((n) is said to be rough I-statistically convergent in metric to ¢ if

for every 6,v > 0 such that
1
{mGN:m|{k:§m:D(Ck,C)2r+5}]2v} €z,

where r s called roughness degree.

Theorem 3.6. Let (,(1,Ca, -+ be c.u.v.s defined on u.s. (¥, P2, X). Then ((n,) is considered
to be rough I-statistically convergent in mean to C if it is rough I-statistically convergent in

metric to (.

Proof. Let the c.u.s. ((;,) be rough Z-statistically convergent in metric to ¢, then for every

6, v >0 and r > 0 we have,

{meN:;L]{k<m:D(Ck,C)>r+5}]>U}EI,
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where D (G, ) = inf {¢ : X {6 — Il < £} = 1}.

Let D ((m, ¢) = q and ¥, (t) represent the complex uncertainty distributions of the uncertain

variable ||y — (||. Then, we have D ((, () = inf {¢t : U, (t) = 1}.

Now for any positive number £,

EllGm — ¢l = J37 (1 = () dt = 3 (1= W (8)) dt + [75 (1 = Wy (1))
= [ =) dt <1-(g+6) =g+

= ElllGn = ¢l < g = El[¢mn =<l < D (G, ) -

So for every 6 > 0 and r > 0,

fk<m:ElG—Cll=r+6} C{k<m:D(G) >r+0)

= ke <m: B¢ — ¢l =7+ 0} < o [{k <m: D (G ) =7+ Y.

Then for every v > 0,

{meN: L{k<m:E[|¢— ] >r+d} >0}

C{meN:L{k<m:D(G,()>r+6}>v} el

Hence the sequence ((,,) is rough Z-statistically convergent in mean to (. O
Remark 3.5. However, the reverse of the above theorem does not hold in general.

Example 3.5. Consider the u.s. (T, 2,X) to be {01, 02, -} with power set and X{L} =1,
X{P} =0 and

SUp 5,11 if SUP 2,07 < 3
omES om€EE
X{=} = _ mBm mBm  _ 1
{=} 1 — sup 5o, if sup ooy < g
om€E=C omEE®
%, otherwise

\

L, if m=k*keN
where By, = form=1,23,---.

0, otherwise

Also, the c.u.v.s are defined by

. 1’. = om
Cm(@): Z(m+ ) ng ¢ form:1,2,3,'~

0, otherwise

and ( = 0. Take T=1,.
The complex uncertainty distributions associated with the uncertain variable ||(m — C|| is

0, ift <0

1, ift>(m+1)
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0o m+1) mBm m(m m
Now E (G = Il = J57™ (1= Wan(t)) dt = [0 Jilmde = mipigfe,
Then for every d,v > 0 and r > 0, we have
{meN: L {k<m: B¢ — ¢l 2r+8} > v}
:{mGNZ%HkSW%%ZT-FdHZU}GI-

Again the metric between complex uncertain veriables (,, and C is given by
D (G €) = inf {t 5 X {llG — ¢ <6} = 1} = inf {t: Wpu(t) = 1} = m + 1.
Thus for every d,v >0 and r > 0,
{meN: L |{k<m:D () >r+6} > v}
={meN: L|{k<m:(k+1)>r+d}>v} ¢T
Hence the c.u.s. (() is rough Z-statistically convergent in mean to ¢ = 0 but it is not rough

I-statistically convergent in metric to ¢ = 0.

Theorem 3.7. Let (,(1,(2,-- be c.u.v.s defined on u.s. (¥, P2, X). If () is rough Z-
statistically convergent in metric to , then it is rough L-statistically convergent in measure

to C.
Proof. Let ((n) be rough Z-statistically convergent in metric to ¢, then it is rough Z-
statistically convergent in measure to ¢ by theorem [3.6] and [3.2] O

Remark 3.6. However, the reverse of the above theorem does not hold in general.

Example 3.6. From example it can be shown that the c.u.s. ((y,) is rough Z-statistically

convergent in measure to ¢ = 0 but it is not rough L-statistically convergent in metric to { = 0.

4. DIAGRAMATIC REPRESENTATION AMONG ALL CONVERGENCE CONCEPTS

1. rough Z-statistically convergence in measure
rough Z-statistically convergence in metric
rough Z-statistically convergence in mean

rough Z-statistically convergence in distribution

v N

rough Z-statistically convergence in p-distance

5. CONCLUSION

This paper has mainly discussed some rough Z-statistical convergence concepts of c.u.s.s,

such as rough Z-statistical convergence in measure, mean, distribution, a.s., and established
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the relationships among them. Also, we initiate the notion of rough Z-statistical conver-
gence in p-distance, and rough Z-statistical convergence in metric of c.u.s.s and include some
interesting examples related to the notion. Furthermore, this paper is a more generalized
form of rough Z-convergence of c.u.s.s, which was introduced by Debnath and Halder [§],
which is a very recent and a new approach in complex uncertainty theory. In this paper, we
try to establish relationships among all rough Z-statistical convergence concepts of c.u.s.s.
However, we observe that certain concepts are unrelated to each other. It may attract future
researchers in this direction.
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ABSTRACT. The aim of this study is to explore the characteristics of n-dimensional Lorentzian
para-Kenmotsu {briefly, (LPK),} manifolds with Ws-curvature tensor. Firstly, we explore
(LPK), manifold with the condition ‘Ws(A,B,C,¢) = 0 and find that it is an Einstein
manifold. Next, we consider the conditions of ®-Ws-symmetric, Ws-semisymmetric, and
P-We-flat on the (LPK), manifold. Moreover, an example has been constrcuted to verify
the results. Lastly, we explain the condition Ws(E,F).R = 0 on (LPK), manifold that
establishes w-Einstein manifold.
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1. INTRODUCTION

In 1989 [14], B.B. Sinha and K.L. Sai Prasad have defined para-Kenmotsu manifolds. They
investigated the significant properties of para-Kenmotsu manifolds. Later on, para-Kenmotsu
manifolds drew attention of several authors to study the characteristics of such manifolds.
Lorentzian para-Kenmotsu manifolds were initiated in 2018 by A. Haseeb and R. Prasad [3].
R. Sari et al. have explained slant manifolds of a Lorentzian Kenmotsu manifold [I1]. Mobin

Ahmad studied semi-invariant ¢*-submanifolds of Lorentzian para-Sasakian manifolds in
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2019 [I]. Moreover, Abhishek Singh et al., in 2024, explored some results on S-Kenmotsu
manifolds with a non-symmetric non-metric connection [12| 13]. In 2022, Shashikant Pandey
et al. have described certain results of Ricci-soliton on 3-dimensional Lorentzian para a-
Sasakian manifolds [5]. For invariant submanifolds of Lorentzian para-Kenmotsu manifold
to be totally geodesic, Atceken [2] gave the necessary and sufficient conditions.

G.P. Pokhariyal gave the concept of Wg-curvature tensor with the support of Weyl curvature

tensor in 1982 [6l [7], and is described as
1
Ws(A,B)C = R(4,B)C + H[Q(A, B)QC — S(B,C)A], (1.1)

and

We(h,B,C,T) = K(A,B,C,T) + — 90, BS(C.T) — g8, T)S(B,0), (1.2)

n —
vV A,B,C, T € x(M"), where, K(A,B,C,T) = g(R(A,B)C,T), R and @ denote Riemann curva-
ture tensor and Ricci operator, respectively.

This article has been organized in the following manner: Section-1 contains introduction,
where corresponding concepts and their brief histories are given. Section-2 covers prelim-
inaries, containing some basic results, which have been used extensively throughout this
manuscript. Section-3 describes the Lorentzian para-Kenmotsu manifold with the condition
‘Wes(4,B,C,¢) = 0. Section-4 studies the nature of ®*((VgWs)(A,B)C) = 0 on Lorentzian
para-Kenmotsu manifold with the construction of an example. Section-5 and section-6 ex-
amine the behavior of Wg-semisymmetric, and #-Wg-flat on (LPK),, manifold, respectively.
In section-7, we see that an (LPK), manifold with the condition Ws(E,F).R = 0 gives an

w-Einstein manifold.

2. PRELIMINARIES

We assume that M™ is a Lorentzian metric manifold, meaning there by, it is equipped
with an structure (2, (,w, g), where @ is a (1, 1)-type tensor field, ¢ is a vector field, w is a
one-form on M™, and g is a Lorentzian metric tensor holding the subsequent results [8 9] [10]:

*(A) = A+ w(A)(,  g(A Q) =w(h), w(¢)=-1,
(2.3)
&¢ =0, w(PA)=0, g(PA,PB)=g(AB)+ w(A)w(B),
V vector fields A, B on M"™. Thus, M"(®,(,w,g) is called a Lorentzian almost paracontact

manifold.
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Definition 2.1. A Lorentzian almost paracontact manifold M™ (P, (,w, g) is called a Lorentzian

para-Kenmotsu manifold if
(Va®)B = —g(PA,B)( — w(B)PA,

Y vector fields A, B € x(M™). Here, V and x(M") represent Levi-Civita connection, and a

collection of differentiable vector fields on M™, respectively.

We assume that M"™(®,(,w,g) is an (LPK), manifold. The succeeding results hold for
M™(®,(,w,g):

Val = —A — w(h)(, g(¥A,B) = g(A, TB), (2.4)
(Vaw)B = —g(A,B) — w(A)w(B), (2.5)
w(R(A,B)C) = K(A,B,C,¢) = g(B,C)w(A) — g(A, C)w(B), (2.6)

R(A,()B = w(B)A —g(A,B)(,
R(C,A)¢ = A+ w(A)C, (2.7)

R(A,B)¢ = w(B)A — w(A)B,

K(¢,A,B,C) = g(A,B) w(C) — g(A,C)w(B), (2.8)
S(A,¢Q) = (n—1Nw(d), S ¢)=—(n—-1),
(2.9)
(VeS)(C,¢) = S(E,C) — (n — 1)g(E, C),
divR(A,B)C = (V,S)(B,C) — (VsS)(A,C), . (2.10)

here, S denotes Ricci tensor of M"™(P,(,w, g).
Particularly, setting A = ¢, B = (, and C = (, respectively, in on an (LPK), manifold,

it yields
Wa(C,B)C = 9(8,C)C — (OB + —— [w(BJQC - S(8,0)C], (2.11)
Wa(a,)C = —(A,0)¢ + ——w(R)QC, (212
We(A,B)C = g(A, B)C — w(A)B. (2.13)

Definition 2.2. An (LPK), manifold is called an w-FEinstein manifold if its Ricci tensor

satisfies the following relation
S(A,B) = ag(A,B) + Sw(A)w(B),

here, o, and B are scalar functions on M™. In case of § = 0, manifold becomes Finstein

manifold [4].
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3. ‘Ws(A,B,C,{) =0 ON A LORENTZIAN PARA-KENMOTSU MANIFOLDS

In this part, we discuss the condition ‘Wg(4,B,C,() = 0 on (LPK), manifolds M". We

begin with the subsequent theorem:

Theorem 3.1. An n-dimensional Lorentzian para-Kenmotsu manifold is an Finstein man-

ifold if, We(A,B,C, () = 0.
Proof. ‘“We-curvature tensor is defined by

‘We(A,B,C,T) = K(4,B,C,T) +

” i 1 [9(A,B)S(C,T) — g(A, T)S(B,C)].

VA B, CTe (M.
Putting T = ( into the above equation, we have

We(A,B,G,) = K(A,B,C,0) + ——[g(A B)S(C, ) — 4(4, O)S(3,0)].

Applying ‘Ws(A,B, C,¢) = 0 in the above relation, we get

C(8,B,6,¢) = ——[g(a, O)S(8,C) — g(A,B)S(C, )] (3.14)
Using [2.3] [2.6] and [2.9] the relation yields
— 1S(B, C)w(A) = ¢g(B,C)w(A) — g(A, C)w(B) + g(A,B)w(C). (3.15)

Applying A = ¢ into [3.15] it yields

——S(B,C)w(C) = g(B,C)w(C) — 9(C, Cw(B) + g(C, B)w(C). (3.16)
Using on simplification, the relation [3.16] provides

S(B,C) = (n—1)g(B,C). (3.17)
This completes the proof. ]

4. NATURE OF ®-Wg-SYMMETRIC ON (LPK), MANIFOLDS

We begin this part with the definition of @-Wg-symmetric Lorentzian para-Kenmotsu

manifold:

Definition 4.1. A Lorentzian para-Kenmotsu manifold is said to be a @-Ws-symmetric

Lorentzian para-Kenmotsu manifold, if it satisfies the relation
@*((VeWs)(4,B)C) = 0,

for every A,B,C,E on M™.



364 R. PRASAD, A. VERMA, AND V. S. YADAV

Theorem 4.1. A &-Wg-symmetric Lorentzian para-Kenmotsu manifold is an Einstein man-

ifold.

Proof. Covariant differentiation of relation along E yields

(VEWe)(A,B)C = (VER)(A,B)C —

[(VeS)(B,C)A — g(A,B)(VeQ)C]. (4.18)

n—1
Operating @2 on both sides of the equation and using |2.3 it gives

P*((VeWe)(A,B)C) = (VER)(A,B)C + w((VER)(A,B)C)¢
1

n—1

— 9(A,B)(VeQ)C — g(4,B)(VeS)(C, ()(]-

[(VeS)(B,C)A + (VES) (B, C)w(A)¢ (4.19)

Using [2.9| with condition &?((VeWs)(4,B)C) = 0 into the relation it yields

0 = (VER)(A,B)C + w((VER)(A, B)C)C
1

n—1

- g(A, B)(VEQ)C - g(A, B)S(E> C)C + (n - 1)9(A'B)9(E7 C)C]

[(VES)(B,C)A + (VES)(B,C)w(A)¢ (4.20)

Differentiating covariantly along E, it gives

(Veg)(R(4,B)C, () + 9(VeR(4,B)C, )
+9(R(VEA,B)C, () + g(R(4, VeB)C, ()
+9(R(A,B)VEC, () + g(R(A, B)C, Vk()
= (Veg)(B,C) (4, ¢) + 9(VeB, C) g(4, )
+9(B, VeC) g(A,¢) + 9(B,C) (Veg)(4,¢) (4.21)
+9(B,C) g(VeA, ¢) + 9(B, C) g(4, V()
— (Veg)(A,C) 9(B,¢) — 9(VEA, C) g(B. ()
— 9(A, VeC) g(B,¢) — 9(A,C) (Veg)(B. ()

—9g(A,C) g(VeB, () — g(A,C) g(B, V().

Applying 2.3 and [2.4] into it gives

w((VER(A,B)C) = g(R(A,B)C,E) + g(A,C)g(B,E) — g(B,C)g(4,E). (4.22)
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Relations [4.20] and [4.22] provide

(VER)(A,B)C + K(A,B, C,E)C + g(A,C) g(B,E) ¢ — g(B,C) g(A,E) ¢

1

n —

1 |(VES)(B, C)A + (VeS)(B,C)w(A) ¢ — g(A,B)(VeQ)C (4.23)

—9g(A,B)S(E,C)(+ (n—1)g(A,B)g(E,C) (| = 0.

Innerproduct of along F is given by

9((VeR)(A, B)C,F) + K(A, B, C, E)w(F) + g(4,C)g(B, E)w(F) — g(B, C)g(A, E)w(F)
1

1 |(VeS)(B,C)g(A,F) + (VeS)(B, C)w(A)w(F)

— 9(A,B)g((VEQ)C,F) — g(A,B)S(E, C)w(F) + (n — 1)g(A, B)g(E, C)w(F)] =0 (424

Contracting along E and F, we have

Z eig((VgiR)(A, B)C’ gl) + Z fi’C(A’ B,C, gz)Q(Cv gz)
i=1 i=1
—I—quAC (B,&)yg ZengC (A, E)g(C, &)
1=1
1 n

S| (VeS)(B.0)g(A &) + (Ve.S)(B,Ow(W)g (¢, &)

=1
~ 9(A,B)g((Ve,Q)C. &) — 9(A,B)S(E:,C)g (¢, &)
+ (n = 1)g(8,B)g(E:,C)g (¢, &) =

n —

where, ¢, = g(&;,&;) and {&1, &s....E—1, } are orthonormal base field on (LPK),, manifold.
Using relations and into the above relation, it gives

(divR)(A,B)C + K(A,B,C, () + g(A, C)w(B) — g(B,C)w(A)
1

n —

[(Va8)8,0) + (VeS) (8,00 8)

— 9(A,B)S(C. ) + (n — 1)g(4, B)g(C, )| = 0. (4:25)
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where, din(C):C(;).

Putting the value from and into we have

+ 9(8, CJw(B) — g(B,0)w(A) — ——[(VaS)(8,0)
+(VeS) (B, C)w(A) — C(Zr)g(A,B)} —0. (4.26)
Putting C = ¢ into [£:26] we get
(" =2) (G, 8)(B,¢) = (VoS)(A ) — —— (VeS)(B, CJeo(h) + — AB) =0
1) (VaS)(B.0) — (VaS)(A Q) — —(VeS)(B,Cwld) + (oA B) = 0.
(4.27)
Using the relation [2.9] into [£.27] it gives
D [S(0B) — (1~ 1g(8,B)] - [SAB) ~ (n g(a.D)]
_ ﬁ [S(B,¢) — (n — Dew(B)|w() + Q(nl_ (o8 =0, (4.28)
After simplification, yields
SAB)=[(n—1)+ C(276)]g(A,B)]. (4.29)
Further, contracting [4.24] along A and F and using 2.8, we have
(VES)(C,B) = —S(E,C)w(B) + (n — 1)g(E, C)w(B). (4.30)
Again, contracting the above equation along B and C, we have
(Ver) = =S(E,¢) + (n — 1)w(E). (4.31)

Using[2.9] it yields that scalar curvature r is constant. Therefore, concludes the following:
S(A,B) = (n— 1)g(A, B). (4.32)

Hence, we establish that #-Ws-symmetric (LPK ), manifold is an Einstein manifold.

We consider an (LPK),, manifold of constant curvature, then

R(A,B)C = k[g(B,C)A — g(A, C)B], (4.33)
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where, k is constant.

The relations and [£.33] taken together, we have
Ws(A,B)C = k[g(A,B)C — g(A, C)B]. (4.34)
Differentiating covariantly the relation along E and operating $2 on both sides, it yields
*((VeWs)(A,B)C) = 0. (4.35)
This establishes the subsequent corollary:

Corollary 4.1. The (LPK),, manifolds of constant curvature are -Ws-symmetric (LPK),,

manifolds.

Example 4.1. Consider a differentiable manifold M* = {(u,v,w,t) € R*: u, v, w is non

zero, t>0}. Suppose that {€1,E2,E3,E4} are linearly independent vectors at every point of
M*. We define,

& = €u+t%a &= 6U+té%7 &3 = 6w+t%, &= 5
Lorentzian metric g on M* is established in the following way:
0 ifi#£j
9ij = 9(&i, &) =4 -1 ifi=j=4
1 or else.

Assuming w is one-form corresponding to g is defined by
w(A) = g(A> 84)7

Y A € x(M*), here x(M*) be collection of vector fields on M*. We define @ as (1,1)-tensor
field as follows:

(&) = &, P(&Er) = &, P(&3) = &s, P(&4) = 0.
From linear characteristic of © and g, the following results can easily be proved:
WE) =1,  P(A)=A+wd)Es, (A TB) = g4 B) + w(A)w(B),

V A,B € x(M*). So, when £ = (, structure (@,(,w,q) leading to Lorentzian paracontact
structure as well as manifold M equipped with Lorentzian paracontact structure is said to be

Lorentzian paracontact manifold of dimension-4.
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We represent [A,B] as Lie-derivative of A, B, defined as [A,B] = AB — BA. The non-zero

constituents of Lie bracket are evaluated as below:

Let Riemannian connection with respect to g be denoted by V. So, when £4 = (, we have the

subsequent results:

Ve & = —Ei, Ve & =0, Ve, &3 =0, Ve &y = &1,
Ve, =0, Ve,&s = —E1,  Vg,E5 =0, Ve, &1 = —&s,
Ve,&1 =0, Ve,&s =0, V&3 = &, Veby = —Es,
Ve, &1 =0, Ve, s =0, Ve, 3 =0, Ve,Ex = 0.

Assuming A € x(M*), so A = a1& + a&> + a3€s + as€s, here {E1,E2,E3,E,4} be the basis
of x(M*). Above relations help verify Vy&4 = —A — w(A)Ey for each A € x(M*). Hence,
M* is a Lorentzian para-Kenmotsu manifold of dimension-4. From the above relations, the

non-vanishing constituents of the curvature tensor are evaluated as subsequently,

R(&E1, )& = =&, R(E,E3)E = —Es, R(E1,E)E = &,

R(&1,€2)Er = &1, R(E2,E5)E2 = &3, R(Es, £1)Es = —En,

R(&1,65)é3 = &1, R(Es, €3)E3 = &, R(Es, E4)E5 = —E4,

R(&1,E4)E4 = =1, R(Es, E4)E1 = —Es, R(Es, €)1 = —Es.
It can easily be seen that R(A,B)C = g(B,C)A — g(A,C)B.

From definition of Ricci tensor S on M*, the subsequent result holds,
S(A,B) = Xi_,€ig(R(Ei, A)B, &), gi = 9(&i, &).

Therefore, matriz representation of S is mentioned by

300 0
030 0
S =

003 0
00 0 —3]

This gives, S(A,B) = 3g(A,B) and scalar curvature k = X}_,6;8(E;, &) = 12, this implies that
(LPK), manifold has constant scalar curvature. Hence, relation ®*((VeWs)(A,B)C) = 0
holds.

Thus, the above example verifies the results of this section.
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5. Wg-SEMISYMMETRIC LORENTZIAN PARA-KENMOTSU MANIFOLDS

This part covers the behavior of Ws, when R(A, B) operates on it in (LPK), manifold.

Now, we have the following theorem:

Theorem 5.1. Let (M"™, g) be an (LPK),, manifold. If R(A,B).Ws = 0. Then, M"™ is an

FEinstein manifold, where R(A,B) is a Riemannian operator, and We is a curvature tensor.

Proof. We assume that M™ is an (LPK), manifold satisfying subsequent condition:

(R(A,B).Ws)(E,F)T = 0. (5.36)

From relation [5.36 we have

R(A,B).We(E,F)T = Ws(R(A,B)E,F)T + Ws(E, R(A,B)F)T + Ws(E,F)(R(A,B)T). (5.37)

Taking innerproduct of along C, we have

K (A, B, Ws(E,F)T, C) = ‘Ws(R(A,B)E, F, T, C)+Ws(E, R(A, B)F, T, C)+W;s(E, F, R(4,B)T, C).
(5.38)

Applying A = C = ¢ into [5.38] it provides

K(¢,B,Ws(E,F)T,() = ‘Ws(R(¢,B)E,F, T, )+ Ws(E, R(¢,B)F, T, )+ Ws(E,F, R(¢,B)T, ().

(5.39)
Evaluation of left hand side of with relation it yields
IC(C, B, Wﬁ(E, F)T, C) = —/C(E, F, T, B)
— —lg(E,F)S(T,B) - (5, B)S(F, T)
(5.40)

— w(B)w(T)g(E,F) — w(E)w(B)g(F,T)

+ g(E, T)w(F)w(B) + w(E)w(B)S(F,T).

n—1

Evaluation of first term of right hand side of with the relation [2.6] in the following way:

‘WG(R(Ca B)Ev Fv Tv C) = g(B’ E)‘W6(C7 F’ T’ C) - W(E)‘WG(Bv Fa Ta C)
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Applying the definition of Wi-curvature tensor, the above relation becomes

Ws (R(Cv B)E7 F,T, C) = _g(B7 E)g(F’ T) - g(B’ E)W(F)M(T)

+ 9B, E)w(F)w(T) + ﬁg(s, E)S(F,T) — w(E)w(B)g(F, T)

+ g(B, T)w(E)w(F) — g(B,F)w(E)w(T) + w(E)w(B)S(F,T). (5.41)

n—1
Evaluation of middle term of right hand side of with into the following way:
“We(E, R((,B)F, T, () = Ws(E, (, T,()g(B,F) — w(F) Ws(E,B, T, ().
Now, from the definition of Ws-curvature tensor, the above relation becomes

‘We <E7 R(C7 B)Fv T, C) = g(B, F)g(E, T)

+9(B, F)w(E)w(T) — w(E)w(F)g(B, T) + g(E, T)w(E)w(B)

— g(E, B)w(F)w(T) + w(E)w(F)S(B, T). (5.42)

n—1
Evaluation of the last term of into the following way:
In view of relation [2.7] the last term of becomes

LWG(EH F, R(Ca B)Tv C) = g(B7 T)CW6(E7 F, C? () - W(T)‘W(;(E, F,B, C)a
Using the definition [T.2] with relation [2.7] and [2.9] into the above relation, we have
‘Wﬁ(Ea F, R(Cv B)T7 C) = _g(B7 T)Q(Ev F) - W(E)W(F)Q(B, T)
— w(T)w(E)g(F,B) + g(E.B)w(F)w(T)
1

— w(T)w(E)g(F,B) + ——w(E)w(T)S(F,B). (5.43)

Putting the values from [5.40] [5.41], [5.42] and [5.43]into [5.39] we have

K(E,F,T,B) + ﬁg(E,F)S(T,B) —g(B,E)g(F,T)

+9(B,F)g(ET) + —— (8, Thw(BJw(F) — (8, T)g(E,F)

— (B, T)w(E)w(F) — g(F, B)w(E)w(T) + w(E)w(T)S(F,B) = 0. (5.44)

n—1
Contracting along E, and B, on evaluation, it provides
S(F,T) = (n—1)g(F,T). (5.45)

This completes the proof. O
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6. P-Wg-FLAT LORENTZIAN PARA-KENMOTSU MANIFOLDS

Theorem 6.1. If an (LPK),, manifold is ®-Wsg-flat, then it is an Einstein manifold.

Proof. Let us consider that an (LPK), manifold is #-Ws-flat. Then,
‘W(PA, BB, &C, IT) = 0, (6.46)
By definition of Ws curvature tensor

K (A, BB, &C, BT) + ﬁ[g(@!\, ¥B)S(&C, IT) — S(EB, BC)g(PA, T)] = 0. (6.47)

By definition of Riemann curvature tensor, we have
R(A,B)®C = V,Vp®C — VpV,, &C — V|, 5 PC.
Taking innerproduct of the above relation with respect to @T, it gives
g(R(A,B)®C, &T) = g(VaVpPC, PT) — g(VpV,,@C, &T) — g(V|y 5 PC, PT). (6.48)
Evaluation of the term V,Vg®C provides
VaVe®C = —g(Va®B, C)( — g(®B, VaC)(¢
+ g(PB,C)A + g(PB, C)w(A)¢ — (V4w)(C)PB — w(V,C)PB
+ g(PA,B)w(C)( + w(B)w(C)PA — w(C)P(V,B)
— g(PA, ViC)( — w(VEC)PA + @(V, VEC). (6.49)
Taking innerproduct of with @T, we have
9(VaVe&C, OT) = —g(Va¥B, C)g((, PT) — g(¥B, VaC)g((, 2T)
+ 9(PB,C)g(A, OT) + g(PB, C)w(A)g(¢, PT) — (Vaw)(C)g(PB, IT)
— w(VaC)g(PB, PT) + g(PA, B)w(C)g((, PT) + w(B)w(C)g(PA, IT)
—w(C)g(@(VaB), PT) — g(PA, VEC)g((, T)
— w(VgC)g(PA, IT) + g(P(VaVEC), PT). (6.50)
Using [2.3] into we have
9(VaVe®C, OT) = g(B,C)g(A, PT) — (V4w)(C)g(¥B, 4T)
— W(V4C)g(@B, @T) + w(B)w(C)g(@h, BT) — w(C)g((V4B), OT)

— w(V3C)g(PA, OT) + g(S(VaVsC), BT). (6.51)
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Applying A <> B in [6.51] we have

g(VeV@C, PT) = g(PA,C)g(B, PT) — (Vew)(C)g(PA, PT)
— w(VEC)g(PA, PT) 4+ w(A)w(C)g(PB, PT) — w(C)g(P(VeA), PT)

— w(ViC)g(PB, PT) + g(P(VpV,C), PT). (6.52)
Differentiating covariantly ¢C along [A, B|, we find
Ving(PC) = —g(P[A, B],C)¢ — w(C)[P(VaB — VBA)| + B(V[y 5 C). (6.53)
Taking innerproduct of with @T, we have
9(Viag)(2C), 2T) = —w(C)g(P(ViB), 8T) + w(C)g(S(VsA), PT) + g(P(V[y5/C), 2T). (6.54)

Putting values [6.51] [6.52] and [6.54] into relation [6.48] it yields

K(A,B,PC,PT) = g(PB,C)g(A, PT) — g(PA,C)g(B, PT)
+ (Vpw)(C)g(PA, PT) — (Vaw)(C)g(PB, PT) + w(B)w(C)g(PA, PT)

— w(A)w(C)g(EB, BT) + g(P(R(A,B)C, BT). (6.55)

Applying the relation into the last term of right hand side of and then transposing

to left hand side, we have
K(A,B,&C,dT) — K(A,B,C, &°T) = g(&B, C)g(A, BT) — g(®PA, C)g(B, PT)
+ [(Vaw)(C) + w(B)w(C)]g(PA, PT) — [(Vaw)(C) + w(A)w(C)]g(PB, PT). (6.56)
Using and [2.5] into we have
K(A,B,®C,oT) — K(4,B,C,T) — w(T)K(A,B,C,() = g(PB,C)g(4, 2T)
— 9(®A,C)g(B,PT) — g(B,C)g(PA, PT) + g(A,C)g(PB, PT). (6.57)

Using and into we have
K(A,B, dC, $T) — K(A,B,C, T) = g(PB,C)g(A, $T)
— g(®A,C)g(B,PT) — g(B,C)g(A,T) + g(A,C)g(B,T). (6.58)
By Riemann curvature property, we have

K(A,B,C,T) = K(C,T, A, B). (6.59)



INT. J. MAPS MATH. (2025) 8(2):360-376 / CHARACTERIZATION OF Ws-CURVATURE TENSOR ... 373

Applying X < Z, and Y < T into [6.58, we have

K(C,T, DA, $B) — K(C, T, A,B) = g(&T, A)g(C, IB)

- g(@C, A)g(T7 @B) - g(T7 A)g(C, B) + g(C, A)g(T7 B)'

Subtracting [6.60] from [6.58], and using [6.59 we have

K(A,B, C, IT) = K(C, T, DA, IB).

Applying A — @A, and B — @B into [6.61] we have

KC(PA, $B, &C, IT) = K(C, T, D*A, $°B).

Applying and into on simplification, we have

K(®A, $B, C, $T) = K(A, B, C, T) 4 g(A, T)w(B)w(C)

— 9(A,C)w(B)w(T) + g(B, C)w(A)w(T) — g(B, T)w(A)w(C).

Putting value from relation [6.63] into [6.47] we have

K(Av B, Cv T) - g(Au

_g(Bv

+8(c,

C)w(B)w(T) + g(B, C)w(A)w(T)
T)w(A)w(C) + ﬁ[S(C, T)g(A,B) + (n — 1)g(A,B)w(C)w(T)

T)w(A)w(B) — S(B,C)g(A, T) — S(B, C)w(A)w(T)] = 0.

Contracting [6.64] with respect to A, and T, we have

S(8,C) — w(B)w(C) — g(B,C) — w(B)w(C) + ——[S(B,C)

On simplification of

This completes the proof.

n—1

+ (n — Dw(C)w(B) + S(C, ()w(B) — nS(B,C) + S(B,C)] = 0.

it concludes

S(B,C) = (n — 1)g(B,C).

(6.60)

(6.61)

(6.62)

(6.63)

(6.64)

(6.65)

(6.66)
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7. LORENTZIAN PARA-KENMOTSU MANIFOLDS WITH CONDITION W§(E,F).R =0

In this part, we explore the behavior of (LPK), manifold admitting Ws(E,F).R = 0.

We begin this with the subsequent theorem:

Theorem 7.1. An (LPK), manifold is an w-Finstein manifold if, it satisfies the relation
Ws(E,F). R =0 .

Proof. Let us consider that the (LPK), manifold admits the condition
Ws(E,F).R = 0. (7.67)
From the relation we have
W (E,F)R(A,B)C — R(Ws(E, F)A, B)C — R(A, We(E,F)B)C — R(A,B)Ws(E,F)IC=0. (7.68)
Putting B = ( into the relation we have
We(E,F)(R(A, €)C) — R(Ws(E,F)A, ¢)C — R(A, Ws(E,F)C)C — R(A, O)Ws(E,F)C = 0. (7.69)

Evaluation of the terms of the relation in the subsequent manner:
Using into first term of we get
Ws(E, F)R(A, ¢)C = w(C)R(E, F)A
1 1
n— n—

T g(A, O)w(E)F — (A, C)g(E, F)C + g(A, O)w(F)E. (7.70)
Using and into second term of [7.69] we get
R(WG (E7 F)A7 C)C = OJ(C)R(E, F)A

+ ﬁg(E, F)w(C)QA — ﬁs (F, A)w(C)E — K(E,F, 4,C)¢

1 1
— —g(E,F)S(A —O6(F,A)g(E . 71
LGRS0+ S(E A0 (.71)
Applying relations and into third term of we get

R (A, We(E, F)C)C = g(E, F)w(C)A — g(E, F)g(A, C)C — w(E)R(A, F)C. (7.72)
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Using and into fourth term of we get

R(A, O)Ws(E, F)C = g(F, C)w(E)A — g(E, C)w(F)A

+ g(E, F)uw(C)A — ﬁS(F, C)w(E)A — K(E,F, C, A)¢

_ ﬁg(E, F)S(A,C)¢ + ﬁS(F’ C)g(E,A)C. (7.73)

Putting the values from [7.70] [7.71], [7.72], and [7.73] into [7.69] it gives

(A, CY(BJF + ——g(E, F)S(A,0)C — ——S(F, A)g(E,O)C

—2¢(E,F)w(C)A + w(E)R(A,F)C — g(F,C)w(E)A + g(E,C)w(F)A
1

L SR (B~ S(F.0)(E A = 0. (r.72)

Contracting [7.74] along A, we have

(F, C)(E) + ——g(,F)S(C,0) — — = S(F, C)g(E, ) — 2ng(E, F)(C) + w(E)S(F,C)

~ ng(F, C)w(E) + ng(E, CJu(F) + " S(F,C)w(E) — ﬁS(F, C)w(E) = 0. (7.75)

Putting E = ¢ and making use of 2.9] into it provides

(n—1)
2

(n—1)

S(F,C) = 5

g(Fa C) -

w(E)w(F). (7.76)
This completes the proof. O
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ABSTRACT. The paper introduces a series of new ruled surfaces by following the idea of
Smarandache geometry according to Frenet frame by taking into account all the possible
linear combinations of the frame vectors. The metric properties of each defined ruled surface
is examined by computing the 1°* and 2"¢ fundamental forms as well as the curvatures of
Gaussian and the mean expressed by the harmonic curvature function. Therefore, the condi-
tions for each surface to be minimal or developable are provided. Moreover, the constraints
for the characteristics of the base curve are discussed whether it is geodesic, asymptotic
or a curvature line on the generated ruled surface. Finally, the graphical illustrations are
presented for each ruled surface with a given appropriate example.

Keywords: Smarandache geometry, Ruled surfaces, Fundamental forms, Principal curva-
tures, Developable and minimal surfaces, Geodesic, Asymptotic and curvature lines.
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1. INTRODUCTION

Ruled surfaces are widely recognized as the most fundamental and extensively employed
objects in the geometric modeling. Researchers utilize this type of surface in various grounds
such as computer graphics, architecture, arts, sculpture, manufacturing, etc. The basic defi-

nition of a ruled surface is the image of lines’ motion on and along a given curve. Therefore,
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a ruled surface is also called the surface of infinitely many lines. Interested readers can refer
the main sources [I, 4, [19] to gain a deep insight into about ruled surfaces. Following the
importance of this surface kind, researchers defined new ruled surfaces and examined their
characterizations. For example, the ruled surfaces were re-visited by means of geodesic cur-
vature and the 2"¢ fundamental form by [14]. [12] conducted a study on the characteristics of
ruled surfaces along the striction curves of a non-cylindrical ruled surface according to Frenet
frame. The ruled surfaces according to Bishop frame and their characteristics was examined
by [20] and [§]. Further, [I3] studied the characteristics for the ruled surfaces with respect to
the alternative frame. Moreover, the ruled surfaces generated by rotation minimizing frame
(RMF) are investigated in [6] while those by Sannia frame are defined in [5].

Recently, [11] put forth a new way of generating ruled surfaces by taking the advantage
of the idea of Smarandache curves which was defined by [2I] for Minkowski space, and by
[2] for Euclidean space E3. The method relies on assigning one of the Smarandache curves
as a base curve of the surface and utilizes other vector elements of the Frenet frame as the
generator line. Thus, she named these newly constructed ruled surfaces as Smarandache
ruled surfaces. However, prior to her study, [24] had also discussed the idea of constructing
such ruled surfaces. They specifically worked on geodesic conditions of the tangent and
normal surfaces with TN-Smarandache curve as a base curve [23]. In addition, the authors
examined the geodesics of the binormal surface in [25]. By considering different frames such
as alternative, Darboux, Flc (by [3]) and successor frame, Smarandache ruled surfaces were
re-defined in [9], [10], [15] and [22], respectively. Moreover, this way of generating such ruled
surfaces were benefited in [16, 17, 18] from different point of view most likely by incorporating
the Darboux vector. Therefore, in this paper, with the motivation of the given studies, we
extend our investigations for the studies in which Smarandache ruled surfaces according to
Frenet frame were used. That is we consider all possible combinations of Frenet vectors
to construct new ruled surfaces and examine their main characteristics in a more broader

perspective.

2. PRELIMINARIES

This section is to recall the primary concepts which we will be using through out the
paper. Let v :s € I C ® — E? be a regular unit speed curve in three dimensional Euclidean

space E3 and denote {T, N, B,k,7} as its Frenet elements. Then, the definitions of Frenet
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vectors and the well-known Frenet formulas are given as

/ />< 7
7= N=BxT, B=_1"T_
[od [
IX ! />< ! n
. M” ,,Z [ <] ki 7”7”2>, (2.1)
gl Y Xy

T'=kvN, N'=—xvT+71vB, B =—1UN,
where v = ||¥/||, and (, ), X and || | denote standard inner product, vector product and
norm, respectively. & is the curvature and 7 is the torsion of the curve (s) [I, 4]. Further,
a surface x is ruled if it is formed with the motion of line X (s) on and along a given curve

v(s). Thus, a parametrization for a ruled surface is given as follows

X Y(s,v) =(s) +vX(s). (2.2)

Here the curve v(s) is called as the base while X (s) is the ruling. The normal vector field

for the surface x is computed by

Ty = M (2.3)

145 > 9boll

The 1% and 2" fundamental forms and the curvatures of Gaussian and mean for the given

ruled surface x are given by

I = Eds* + 2Fdsdv + dv®,  II = Lds® + 2Mdsdwv, (2.4)
—M? L—2FM
K- _ T 2.
o 2(F = F2)’ (25)

where the given coefficients are obtained by the following expressions

E = <¢57ws> s F= <ws>'¢v> ) G = <¢vawv> )

L= <¢ss;ﬁw> » M = st, ﬁ1/1> s N = <¢m}, ﬁl/}) .

Note that for a ruled surfaces having the ruling of a unit vector, it is always valid that G = 1

(2.6)

and N = 0. Therefore, the fundamental forms and the curvatures are expressed in their
simplified forms as in the Equation (2.4)) and (2.5). Regarding to the given invariants of the

surface yx, there exist following definitions:

Definition 2.1. [1, [/, [19] The surface x is developable (resp. minimal) if Gaussian (resp.

mean) curvature vanishes that is K =0 (resp. H=0) .

Moreover, the normal curvature x,, the geodesic curvature x4 and the geodesic torsion 7,

of the surface y are defined as follows

kn = (Y, ny), kg = (ny x T,T"), Ty = (ny X nib,T’). (2.7)
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There also exist following definitions for given expressions above

Definition 2.2. [i|, [/, [79/
e (s) is asymptotic on the surface x <= kK, =0,
e (s) is geodesic on the surface x <= Ky =0,

e 7(s) is principal line on the surface x <= 74 =0.

Additionally, we recall the following theorems considered to the specific cases of which the

curve (s) is general or slant helix.

Theorem 2.1. (Lancret’s theorem) A curve is called a general helivt <= h = const. ,

T .
where h = — is the harmonic curvature function [19, [26].
K

h' i
Theorem 2.2. A curve is called a slant helic <= o = const. where 0 = ——  , [7].
k(1 + h2)2

3. THE SMARANDACHE BASED RULED SURFACES ACCORDING TO FRENET FRAME IN E3

In this section of the paper, it is of interest for us to extend the study of [11] and examine
ruled surfaces formed by other possible combinations of Frenet vectors. In addition, the
conditions for the base curve to be asymptotic, geodesic and curvature line on the constructed
surface are provided, as well. Some special cases are discussed regarding to that the main
curve is a general or a slant helix. Thus, twelve of new ruled surfaces all formed by the

vectors of Frenet frame are studied by following the idea of Smarandache geometry.

3.1. Ruled Surfaces with the Base TN— Smarandache Curve.

Definition 3.1. Let v : s € I C R — E3 be a regqular unit speed curve of C? class and

{T, N, B} denotes the set of its Frenet vectors. The original definition of T N— Smarandache

ruled surface introduced in [11)] is given as following

T(s) 4+ N(s)
V2

However, in this study, other two ruled surfaces having the same T'N— curve as a base curve

ITgNw(s,v) = + vB(s). (3.8)

with other Frenet vector as a ruling are considered, which are parameterized in the following

_T(s)+ N(s) oT(s

%Nw(&v) - \/i + T( )7

T(s)+ N(s)
V2

In addition, we also examine the conditions for the base curve to be asymptotic, geodesic

(3.9)

TN (s,v) = + uN(s).

and curvature line on each ruled surface.
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3.1.1. The characteristics of the ruled surface gNw(s, v).

[11] put forth the following corollaries for the surface LV1(s,v)

Corollary 3.1. [11]

° %N (s,v) is developable when ~y(s) is a plane curve,

o INop(s,v) is minimal if the following relation holds

K72 (1 — 2112) + (H’ + 2%2) (\@UT — H) =0.

Remark 3.1. We note that in order for gNw(s, v) be minimal, the following relation should
hold
KT? (1 — 2’02) +v27v (2&2 + /-{/) — K (\/57’1} + 2/@2> =0.

Now, let us consider the characteristic of the base curve on the LV4)(s,v), and examine

the conditions for it be asymptotic, geodesic and curvature line by associating to ~y(s).

Theorem 3.1. The normal curvature gNl-{n, the geodesic curvature gNng and the geodesic

torsion ENTQ of the gNI/J(S,U) surface are given as follows
N V2hv (k% + k) — 72 — 252
Kn =
V2 (Vaho = 1)” +1
o VI (VI o) — 7 (W24 2) (V3he — 1)
B kg =
(12 +2)/ (V2ho = 1) + 1
v 200 (W V24 21h) + ((V2ho — 1) (R? +2) 7k — 20 k) (V2ho — h? = 2)
B Tg= 2 3
((V2ho = 1)* +1) (n2 + 2)?

; (3.10)

9

respectively.

Proof. By referring the Equation (2.1)), the tangent Try of TN— Smarandache curve, its

derivative and the second order derivative of T'N— Smarandache curve are given as

TTN:—T—i—N—i—hB
viZ+2
T:,FN:(h’h—Th—Qn)T—(h’h—i—2/<;+(h2+§))7'h)N+(2h’+7’(h2+2))B’
(h+2)?
T+N\" (K +K%)T— (K —kK2=72)N — (7' +Kk7)B
(5 -- : ‘

(3.11)
Moreover, the derivative of the mnormal vector of ZIN¢(s,v) defined as
TN (KJ—’UT\/§)T+/€N
B "= 1
V2V K2 — V2k0T + 0272

n [11], but expressed by the harmonic curvature function
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2hv —1)T — N
as EN n=— (\[ Y ) - is given in the following
V(V2ho - 1)* +1
TN hv+or (ﬁhv—?) +V2k
B N == 3
2(h?v? — V2hv +1)?
h'v (\/ﬁhv — 1) K (2hv — \/5)
— 3 +
2(h2v? — \/2ho 4 1) 2v/h2v? — \/2hv + 1
2
+ V2 B
2v/h2v? — \/2hw + 1
By substituting the relations given above into Equation the proof is completed. O

Without the need for proof, from Definition [2.2] and the Equation [3.10] of Theorem [3.1], we

have the following corollary:

Corollary 3.2.

e The TN— Smarandache curve of y(s) cannot be asymptotic on TN(s,v).
o If y(s) is plane curve, then its corresponding T N— Smarandache curve lies both as
geodesic and curvature line on the ruled surface gNz/J(s, v), while the normal curvature

simplifies to EN/{n = —K2.

3.1.2. The characteristics of the ruled surface TN1(s,v).

Theorem 3.2. The 1%t and 2" fundamental forms, and the curvatures of Gaussian and

mean for the ruled surface, %N (s,v) are given as following:

TNI_ K2+T2+K2 (v+1>2 d32—,‘§;\/§d8d?)+d1)2
T 9 \/i ’

(—27/{2 (1)2 +V20 + 1) + (\/% + 1) ('t —7'k) — 73) ds? + 2k7v2dsdv
VaY (s (VEu + 1)) + 72

NI =

)

%NK:_2< al P ) )
(k(V2v+1))" 4 72

TN by _—27'/<;2v (\/§+ v) + (\/§v + 1) (k't —7'K) — 73
r -

E )

V2((k (V2o +1))° +72)§

respectively.
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Proof. The partial derivatives of %N (s, v) are given as follows
TN —K 1 T
$,v),=|—=|T+rlv+—= | N+ |—|B,
Prat, = ()T (v 75) v+ (35)
/
TN K 2 1 Lo 2 / />
5,V)gs=— | =+ v+ —= ) | T+ |——F%K +7"—K)+vs | N
Proteod, == (Jg (0 ) ) 7+ (-5 )
1, 1
+|—=7+|v+—=|KT| B,
@+ (+5) )
%N¢(87 v)’l} :T7 %N¢(87 U)S’U = HN’ %Nw(s7 v)'l}’l) = 0

From Equation the normal of ZNV1(s,v) is given as
TN TN—K(\/§U+1)B
n= .
V(s (24 vau+1))°

By recalling Equation [2.6] the components for the fundamental forms can be obtained. Then,

by substituting those in Equation [2.4] and the proof is completed. O

By using the Definition [2.1] and the Theorem the two corollaries given below are valid
without the need for proof.
Corollary 3.3.

o IN4yy(s,v) is both developable and minimal when ~(s) is a plane curve.

° %Nw(s,v) is minimal if the following relation holds
—27K%v (\/5 + U) + (\/511 + 1) (/4;'7' - Tlh‘,) — 73 =0.

Theorem 3.3. The normal curvature %Nﬁn, the geodesic curvature gN/{g and the geodesic

torsion TN1, of the TN1(s,v) surface are given as follows
TN KT (h2 +V2v + 2) + Rk (\/iv + 1) + V2hvr!
T Kn=— ,
\/5\/h2 + (V20 +1)°
N hh —(th+2k) (V20 +1)
TR = = (3.12)
(12 +2) /12 + (V2o + 1)
N2 ol (12 2 9 9 ,
%NTQZ@(M 20k — (h? +v2v +2) (h +2)m) (V2v+1) + (h? + 20* + 1) W'7h
3 ’
(h2 + (V2u + 1)2) (h?+2)2
respectively.

Proof. Recall the Equation [3.11] since the base curve is still the same T'N— Smarandache

curve. Moreover, the derivative of the normal of %N ¥ (s,v) ruled surface expressed by the
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- (V2o+1)B
\/h2 \/§v+1)

harmonic curvature function as

is given in the following

TN ./ T

T \/h2 \fvﬂ—l)

h’(2v2+2fv+1) 7 (V20 +1)
(o (oey)] Vi ()

N

hh’(\/iv—i—l) ht
(s ae ) i (e

B.

By substituting the relations given above into Equation the proof is completed.

g

Without the need for proof, from Definition and the Equation of Theorem we

have the following corollary:

Corollary 3.4.

e The TN— Smarandache curve of v(s) cannot be geodesic on TN1(s,v).

o If~(s) is a plane curve, then its corresponding TN — Smarandache curve lies both as

asymptotic and curvature line on TNz/J(s v), while the geodesic curvature is expressed

byT Kg = —K.

3.1.3. The characteristics of the ruled surface 1N1(s,v).

Theorem 3.4. The 1% and 2" fundamental forms, and the curvatures of Gaussian and

mean for the ruled surface, ;‘C,Nw(s,v) are given as following:
2
NI = ((;—@2 +7%) (v2 +uv2+ 1) - 7_2) ds? + kv 2dsdv 4 dv?,

/- / 2 1
;‘CNII: (k'T m—)|\fv+ ‘ ds2,
VoVE2 4 72

N K =0,

TN gy (K'T — KT')
N = 3
120 + V2| (k2 + 72)2

)

respectively.
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Proof. The partial derivatives of %N (s, v) are given as follows

TN _ 1 L 1
TN (s, 0), = <v+ﬂ>w+ﬂm+(v+ﬁ)73,

1y , 1, 1Y
(o 5) 7 (o ) )
(o))
%Nﬂ)(sv v)v :N7 %Nw(s’ U)S’U = —KT + TB? %N¢(S’ U)v'u = 0.

From Equation the normal of TV4(s,v) is given as

TN 7I'+ kB
N N=—€———,
VK2 + 72
where €; = sign(1 + v/2v). By recalling Equation the components for the fundamental
forms can be obtained. Then, by substituting those in Equation and the proof is

completed. 0

By using the Definition and the Theorem the following corollaries are clear without

the need for proof.

Corollary 3.5.

e The surface N (s,v) is always developable.

o 1Ny(s,v) is minimal when ~(s) is a general heli.

Theorem 3.5. The normal curvature %Nlin, the geodesic curvature %Nﬂg and the geodesic

torsion ]:C,NTQ of the ]:C,N@Z)(s,v) surface are given as follows

TNK/ — ¢ h/H
N AV T
h(h®+3) +h'h+2
TNngielT (h*+3) + + m’ (3.13)
(h2+2) Vh? +1
N W (th (h* +3) + h'h + 2k)
Tg = —

(h2 +2)2 (B2 + 1)

respectively.
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Proof. Recall again the Equation Moreover, the derivative of the normal of EN P(s,v)

hT + B
expressed by the harmonic curvature function as %N n = —617—1— is given in the following
VhZ+1
Nn! = —eyok (T — hB).
By substituting the relations given above into Equation the proof is completed. O

Without the need for proof, from Definition and the Equation of Theorem (3.5} we

have the following remark:

Remark 3.2. The given corollaries for LN4)(s,v) are the same as of TN1(s,v).

Example 3.1. Let v : [-2m,27] — E? be a regular unit speed curve defined by the following
parameterization y(s) = (cosh(s), sinh(s),2s). Then, we compute its Frenet apparatus as

follows

T (sinh (s),cosh (s),2) N (5cosh (s), 3sinh (s), —2sinh (2s))

)

4 + cosh (28) \/(4 ¥+ cosh (28)) (1 T dcosh (28)) s
B _ (=2sinh (s),2cosh (s), —1) L /1 + 4cosh (2s) 2 (3.14)

1+ 4 cosh (2s) 7 (4 4 cosh (28))% 7 1+ 4cosh (2s)

Hence, from the Equations and the ruled surfaces TN(s,v), TNe(s,v) and
INay(s,v) can be easily obtained (see Fig. .
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(a) The ruled surface =N e(s, v) (b) The ruled surface XV (s, v)

(c) The ruled surface 5" (s, v)

FIGURE 1. Ruled surfaces with base curve of TN-Smarandache curve (red)

where s € [-2m,27] and v € [-2, 2]

3.2. Ruled Surfaces with the Base TB— Smarandache Curve.

Definition 3.2. Let v : s € I C R — E3 be a reqular unit speed curve of C? class and
{T, N, B} denotes the set of its Frenet vectors. The original definition of T B— Smarandache
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ruled surface introduced in [11] is as following:

_T+B
V2

As noted before, the other two ruled surfaces with the base of T B— Smarandache curve and

By (s,v) + vN. (3.15)

with the ruling of other two Fremet vectors are discussed, which are parameterized in the

following
T+ B
%B@Z)(S,U) = + T,
V2
T4 B (3.16)
LBy(s,v) = +vB.

V2

The conditions for the base curve to be asymptotic, geodesic and curvature line on each ruled

surface are examined, as well.

3.2.1. The characteristics of the ruled surface 1By(s,v).

Ouarab, [11] obtained the following corollaries for the ruled surface 154 (s,v) as

Corollary 3.6. [11)
o 1By (s,v) is always developable.
o 154 (s,v) is minimal when v(s) is a general helix.
The base curve characteristics of the 1B1(s, v) surface associated to (s) is given with the
following theorem.

Theorem 3.6. The normal curvature %Blin, the geodesic curvature %B/{g and the geodesic

torsion %BTQ of the K,Bw(s,v) surface are given as follows

PBrn=0, TPr,= —eakVh2 + 1, Br, =0, (3.17)
respectively, , where ea = sign(v).
Proof. By utilizing the Equation , the tangent and its derivative, and the second order
derivative of the T'B— Smarandache curve are given as

Trp =nN, Trp = —nk(T — hB),
(3.18)

<T+B>”_gwh—niuwf—qu—h#Uw—UB
V2 ) V2 ’
where 1 = sign(x — 7). Moreover, the derivative of the normal of P4 (s,v) ruled surface
7T+ kB .
Ve in

is given in the following

defined as {Pn = +

5 __ WT+B
N VR 11

[11], but expressed by the harmonic curvature function as

TBn/ = —eyok (T — hB).
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By substituting the relations given above into Equation the proof is completed. O

Without the need for proof, from Definition [2.2] and the Equation of Theorem we

have the following corollary:

Corollary 3.7.

e The TB— Smarandache curve of v(s) is always asymptotic and curvature line on
]:C,B@Zj(s,v), while the geodesic curvature simplifies to %B/-ig = —€9kK.

e The TB— Smarandache curve of v(s) cannot be geodesic on 1P (s, v).
3.2.2. The characteristics of the ruled surface TB(s,v).

Theorem 3.7. The 1t and 2" fundamental forms, and the curvatures of Gaussian and

mean for the ruled surface, LB (s,v) are given as following:

1 1 \?

TB 2 2
I=||lv+—=]|Kk—— ds® + dv=,
TBIT = — ¢4 ((v—l—l) K — 17’) rds?
T \/5 \/i )

TB TB T
K =0, H=- ,
g r V2 k(2o +1) - 1)

respectively, where e3 = sign(k (1 + \/51)) — 7).

Proof. The partial derivatives of 15y (s,v) are given as follows

o, = (v 55 ) w-Jor)
T(s,0) 5 = <¢1§’” - (v - é) n2> T+ <<v + \}i) K — \};’) N

rP(sv), =T, 7P0(s,0) =8N, 7P0(s,v),, =0.
From Equation the normal vector of £P1)(s,v) is computed as

%Bn = —633.

By recalling Equation [2.6], the components for the fundamental forms can be obtained. Then,
by substituting those in Equation [2.4] and [2.5] the proof is completed. O

Corollary 3.8.

o TBy(s,v) is always developable.
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o LBy(s,v) is minimal when ~(s) is a plane curve.

Theorem 3.8. The normal curvature %an, the geodesic curvature %Blﬂg and the geodesic

torsion TB1, of the LBy (s,v) surface are given as follows

h—1
Bk, = 63%T(\f2), TBr, = —e3k, TBr, = —nkr, (3.19)

respectively.

Proof. Recall the Equation [3.18] since the base is the same T'B— Smarandache curve. The

derivative of the normal vector of :‘FB ¥ (s,v) computed before as %B n = —e3 B is given in the
following

%B n' = e3TN.
By substituting the relations given above into Equation the proof is completed. O

Without the need for proof, from Definition [2.2] and the Equation [3.19] of Theorem [3.8] we

have the following corollary:

Corollary 3.9.

e The TB— Smarandache curve of v(s) cannot be geodesic on LPi(s,v).
o If v(s) is a plane curve , then its corresponding T B— Smarandache curve lies both

as asymptotic and curvature line on LBy (s, v).
3.2.3. The characteristics of the ruled surface TP(s,v).

Theorem 3.9. The 1% and 2™ fundamental forms, and the curvatures of Gaussian and

mean for the ruled surface, EB (s,v) are given as following:

1 1 2

TB 2 2
I=—=k—|v+— ds” + dv=,
5 <ﬂ < ﬂ) T)
IBIr=—¢ <1f<c2 — <v+ 1) HT) ds®
B \/i \/5 )

TB K
B H:_€4

\/i(m—T(\/iv—i-l))’

respectively, where €4 = sign (n -7 (\/51) + 1))
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Proof. The partial derivatives of EB (s, v) are given as follows

= (g (oo ) )

gBlb(s,v)v =B, %Nw(s,v)sv = —7N, %N (8,0),, =0.

From Equation the normal vector of LB (s, v) is computed as

an =eT.

By recalling Equation [2.6], the components for the fundamental forms can be obtained. Then,

by substituting those in Equation [2.4] and [2.5] the proof is completed. O

Corollary 3.10.

o LBy (s,v) is always developable.
e LBy(s,v) can not be minimal.

e If~(s) is a plane curve, then LB (s,v) is a constant-mean-curvature (CMC) surface.

Theorem 3.10. The normal curvature %Bnn, the geodesic curvature gBﬁg and the geodesic

torsion gBTg of the £B¢(S,’U) surface are given as follows
2
k“(h—1
k= e L) % L B mar Br = (3.20)

respectively.

Proof. By recalling again the Equation [3.18, and taking the derivative of the normal of

LBy (s,v) computed before as LBn = —T', we have
IBn' = —kN.
By substituting the relations given above into Equation the proof is completed. O

Without the need for proof, from Definition and the Equation of Theorem [3.10

we have the following corollary:

Corollary 3.11.

e The TB— Smarandache curve of y(s) cannot be asymptotic on LBy (s, v).
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o Ifv(s) is a plane curve, then its corresponding T B— Smarandache curve lies both as

geodesic and curvature line on LBi(s,v).

Example 3.2. By reconsidering the curve given in Erample and using the Equations

3.14), [3.15 and [3.16] the ruled surfaces LB (s,v), LBy(s,v) and LBy(s,v) can be easily ob-
T N B

tained and illustrated in Fig. [

3.3. Ruled Surfaces with the Base NB— Smarandache Curve.

Definition 3.3. Let v : s € I C ® — E3 be a reqular unit speed curve of C? class and
{T, N, B} denotes the set of its Frenet vectors. The original definition of NB— Smaran-

dache ruled surface introduced in [11] is as following:

NBy(s,v) = N\}EB + oT. (3.21)

As before, the other two ruled surfaces with the base of NB— Smarandache curve and with

the ruling of other two Frenet vectors are discussed, which are parameterized in the following

N+ B
NBy(s,v) =\j§ +uN,

N B (3.22)
NBy(s,v) = +vB.

V2
The conditions for the base curve to be asymptotic, geodesic and curvature line on each ruled

surface are examined, as well.

3.3.1. The characteristics of the ruled surface ¥B(s,v).

[11] claimed the following corollaries for the ruled surface X P1(s, v)

Corollary 3.12. [11]

e Ify(s) is a plane curve, then ¥P1(s,v) is developable, and if it is developable, then
it is also minimal.

o NBy(s,v) is minimal if the following relation holds

T (2%27' —2712

V2

Remark 3.3. We note that in order for the ruled surface ¥Bw(s, v) be minimal, the following

2
) + v (K?/T + 2672 — /<:27’) —V20%k%r = 0.

relation should hold

vV2 (2/&7’2 + KT — m-/) -7 (27’2 — K2 (1 - 21}2)) =0.
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(a) The ruled surface 724(s,v) (b) The ruled surface K> (s, v)

(¢) The ruled surface 524 (s, v)

FIGURE 2. Ruled surfaces with base curve of T'B-Smarandache curve (red)

where s € [—27, 27| and v € [-2,2]
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The base curve characteristics of the /51 (s, v) surface associated to the curve (s) is given

with the following theorem.

Theorem 3.11. The normal curvature , the geodesic curvature and the geodesic torsion of
the NBa(s,v) surface are given as follows

NB, _ (V2v —2h) 7% — (T + W'k) V20 — 7K

ro 2v/h2 — \/2hv + 12 ’

N, _ (2h? + 1 = 2v/2hv) V27 + 2 ((V2h — v) I/ — vK)

2(2h2 + 1) Vb2 — V2ho + v?
No, _V20(R)’ + 7 (20 — V2ho + 207 ¥ )R (h—v2v) (2h% = V2ho + 1) 52’
(h? — V2ho +v2) (212 4 1)2 2 (h? = V2hv 4+ v?) V2h2 + 1

, (3.23)

respectively.

Proof. By referring the Equation ({2.1)), the tangent and its derivative, and the second order

derivative of N B— Smarandache curve are given as

g THRON-B)
V2RZ+1
g, _P@RT W )T (27 3hr W 4 ) N (2N — ) B
(2h2+1)§
N+B\" (= +r7)T = (72 + b’ + Wi+ k%) N — (72 — he' — W) B
(577) - V2 |

(3.24)
TN + (T — \/imz) B

\/72 + (7’ - \/imj)z
in 111, but expressed by the harmonic curvature function as
g hN+(h—V2v)B

T N= 5
VA2 + (b= V2v)

Moreover, the derivative of the normal of N B— surface defined as 3 Zn =

is given in the following

NB

N

, 2 T T(2v—h\/§) (h2—ﬂhv+vz)+h’v(\/§v—h)
n =—
2v/h2 —v/2hv + 02 2(h2 — v/2hv + v2)?
h((h* +v?) 7V2 — v (2hT — 1))
3
2(h2 —V2hv + 112) 2
By substituting the relations given above into Equation the proof is completed. O

B.
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Without the need for proof, from Definition and the Equation [3.23] of Theorem [3.11

we have the following corollary:

Corollary 3.13.

e The NB— Smarandache curve of v(s) cannot be geodesic on ¥Pi(s,v).
o If~(s) is plane curve, then its corresponding N B— Smarandache curve lies both as

asymptotic and curvature line on ¥Bw(s,v), while the geodesic curvature simplifies

to j]YBlin = —K.

3.3.2. The characteristics of the ruled surface 3B (s,v).

Theorem 3.12. The 1% and 2"¢ fundamental forms, and the Gaussian and mean curvature

of the ruled surface, NP1 (s,v) are given as following:
2
MBI = (<v2 +ovV2+ 1) (K% +72) — I;) ds? — 7V2dsdv + dv?,

(k! — kT") {\/iv + 1‘ a2,

NPIT =

VoW
N K =0,
NBp _ ('t — kT')

3
2

_}21) + V2| (k2 + 72)

respectively.

Proof. The partial derivatives of %B Y (s,v) are given as follows

NPu(s,0), = - < n é) T o ( . ;ﬁ) B

N5, 0)5s = <\2m - <v + \2) /-f.;’) T - (<;§ + v) (K*+7%) + \27") N

1, 1 />
—|\—=7"=|v+—= )7 | B,
(5 (+ )
%B (s,v), =N, %qu(s,v)sv:—mT%—TB, %Bw(s,v)w:().

From Equation the normal vector of ¥P1(s,v) is computed as

NB TT + /{B
Non=—f—Y—.
VK2 472
Let us remind that e; = sign(yv/2v+1) was already defined in the proof of the Theorem (3.4)).
Then, by recalling Equation the components for the fundamental forms can be obtained,
and by substituting those in the Equations [2.4] and the proof is completed. O
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Corollary 3.14.

o NBi(s,v) is always developable.

o NBu(s,v) is minimal when ~(s) is a general heliz.

B NB

Theorem 3.13. The normal curvature % kn, the geodesic curvature N kg and the geodesic

torsion %BTQ of the %Bw(s, v) surface are given as follows
h/
%B/{n = - 611%7’
V2(h?+1)
h(2h +3) + W +
Ny = — e T ) ), (3.25)
(2R2+1)Vh%+1
NB W (th (2h* +3) + W + k)
Ty = —

(h2 +1) (2h% + 1)?

respectively.

Proof. Recall the Equation [3.24] since the base is the same N B— Smarandache curve. The

derivative of the normal vector of %B 1 (s,v) ruled surface expressed by the harmonic curva-
NB (hT + B)

ture function as 5" n = —e¢; is given in the following
N Vh?+1
NBn! = —eyok (T — hB).
By substituting the relations given above into Equation the proof is completed. O

Without the need for proof, from Definition and the Equation of Theorem [3.13

we have

Corollary 3.15.

e The NB— Smarandache curve of y(s) cannot be geodesic on NP (s, v).
o Ify(s) is a plane curve , then its NB— Smarandache curve lies both as asymptotic

and curvature line on NB(s,v), while the geodesic curvature is NPr, = —k.

Remark 3.4. The two corollaries expressed for the ruled surfaces TN (s,v) and TN (s, v)

are exactly the same for the ruled surface %Bw(s, v).
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3.3.3. The characteristics of the ruled surface BBw(s v).

Theorem 3.14. The 1°¢ and 2™ fundamental forms, and the curvatures of Gaussian and

mean for the ruled surface, ¥B(s,v) are given as following:
2
MBI = (2 + <1)2 + V2 + 1) 72> ds? + 7V 2dsdv + dv?,

NBIT=—k (72 (V2v+1) = (76 + k7)) (V20 + 1) — (72 + K?)
\f\//f2 7 (vV2v+1))?

25T

B \//{24- (T (ﬂv+1))2

2
NBp _ _ o KT ’
’ <ﬁ+vW%+mJ
(V20 +1) (k7" +76") + (2720 (V2 +0) + ) &

NB _
BH—_ 3 ’

V2(r2+ (7 (V2o + 1))

ds?

dsdwv,

respectively.

Proof. The partial derivatives of §P(s, v) are given as follows

amree () t)r- (25 o3
)

gB¢<37 U)v =B, ng(Sv U)sv = —7N, gB¢(svv)vv =0.

—=B,

I

From the normal vector of ¥B1(s,v) is computed as
NB, _ 7(V2v+1)T — kN '
Vet (- (Vao+ 1))
By using the Equation , the components for the fundamental forms can be obtained.
Then, by substituting those in the Equation and , the proof is completed. O
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Corollary 3.16.

o NBy(s,v) is developable when ~(s) is a plane curve.

o NBu(s,v) is minimal if the following relation holds:

(\/51; + 1) (m" + TH') + K (2721) (\@ + U) + K2) =0.

Theorem 3.15. The normal curvature N2

5" Kn, the geodesic curvature gBmg and the geodesic

torsion gBTg of the ng(s, v) surface are given as follows

NB _\@vn’h — 72 (\@v + 2) — WKk — K2
B n
V2R (Vau+1)° +1
NB W —hr (2h2 +1) (V20 + 1)
B kg = ’
(202 +1) /02 (V20 +1)° + 1
ve. (202 +3) V2h%v + (60% + 1) B2 + V2v + 1) (W)
NBr, = - : (3.26)
(h?(\/iv +1)7 4 1) (2h2 + 1)
Ce(2ht (V2o 1) =R (20 1) — ) I
\/h2(ﬂu +1)% +1(2h2 + 1)
(2h? + V2h%0 + 1) (V20 + 1) 72
(R2(V2v+1)*+1) V2RZ+T

)

Njw

respectively.

Proof. By recalling again the Equation and taking the derivative of the normal of
h(vV2v+1)T — N
gB (s, v) expressed by the harmonic curvature function as NB — (\f )

B = )
\/hQ(\/ier 1) 41
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we have

v "+ k(A2 (V20 ?
o (V2v+ 1) W +r (h2(vV2 +31)+1) .

(h?(\@v +1)%+ 1) ?
BR (V20 +1)" 4 7 (R2(V30+ 1) 4+ 1) (V2o + 1)

_ 3 N
(r2(v2o+1)" +1)°
+ — B.
\/ h2(V2v+1)" +1
By substituting the relations given above into Equation the proof is completed. O

Without the need for proof, from Definition and the Equation [3.26] of Theorem [3.15

we have the following corollary:

Corollary 3.17.

o If the curve y(s) is plane curve, then its corresponding N B— Smarandache curve lies

both as geodesic and curvature line on the ruled surface ng(s,v), while the normal

curvature simplifies to the relation gB/@n = —\’%.
e The NB— Smarandache curve of v(s) cannot be asymptotic on the ruled surface
BPU(s,v).

Example 3.3. By utilizing the same curve as of previous examples, and by applying the

Equations [3.14}, |3.21) and |3.22 the ruled surfaces YP(s,v), NBvy(s,v) and FP1(s,v) can be

easily obtained and illustrated in Fig. [3
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(a) The ruled surface Y Zy(s,v) (b) The ruled surface N2 (s, v)

(¢) The ruled surface B (s, v)

FIGURE 3. Ruled surfaces with base curve of N B-Smarandache curve (red)

where s € [-27, 27| and v € [-2,2]
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3.4. Ruled Surfaces with the Base TNB— Smarandache Curve.

Definition 3.4. Let v : s € I C R — E3 be a reqular unit speed curve of C? class and
{T, N, B} denotes the set of its Frenet vectors. Then the ruled surfaces with the base

of TNB— Smarandache curve and the generator lines as each one of them are defined as

following:
(s, = (TR ) o
N By(s,v) = <T+\]/V§+B> +oN, (3.27)
BV Py(s,0) = <T+5§+B> +vB.

3.4.1. The characteristics of the ruled surface TNBy (s, v).

Theorem 3.16. The 1% and 2" fundamental forms, and the curvatures of Gaussian and

mean for the ruled surface, %NB (s,v) are given as following:
2 2 2
TNB K+ T K—T 9 2K 9
I = + + vk ds® — —=dsdv + dv=,
T ( 3 ( V3 ) ) V3

((\/gv + 1) (k! — k7)) =T <72 + K2+ (KZ (\/gv + 1) — 7')2>> ds? + 2v/3kTdsdv
\/3\/72 +(r(V3u+1)—7)

INBIT

)

2
TNBp _ _ 3 KT |
! <T2+(/€(\/§1}—|—1)—7‘)2>
%NBH: \/37‘(7‘24-(\/32}/{—7') (2/@—1—\/@0/{—7))4_(%7-/_%/7_) (\/gv—i—l)

2

3 9

(72 + (s (VBu+1) = 7)*)*

respectively.

Proof. The partial derivatives of %N Baj(s,v) are given as follows

INBy(s,v), :—%TJF <<\}§+v> K — \%) N+%B,

st = (- () o (B (L))

+ ((\}g—i-v) Th 4 Tl\;;) B,

IVEy(s,0), =T, FVP(s,0), = kN. FVEY(s,0),, = 0,
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From Equation the normal vector of %N B (s, v) is computed as

TNB, _ TN — (H(\/gv—l—l) —T)B'
! \/72+(m(\/§v+1)—7)2

By recalling Equation [2.6], the components for the fundamental forms can be obtained. Then,
by substituting those in Equation [2.4] and the proof is completed. O

Corollary 3.18.

e If the curve y(s) is a plane curve, then the ruled surface INBi(s,v) is both developable
and minimal.
e If the curve ¥(s) is a regular unit speed space curve, then TNBy(s,v) is minimal if

the following relation holds

T (72 + <\/§Uf<c - 7') <2H + V3uk — T)) — (k7" = K'T) (\/gv + 1) =0.

The base curve characteristics of the ZVB(s,v) surface associated to the curve 7(s) is

given with the following theorem.

Theorem 3.17. The normal curvature %:NBHn, the geodesic curvature %NBFLg and the geo-

desic torsion %NBTg of the %Nsz(s,v) surface are given as follows

NB. (V3v+1) (Wk+ he') — h (k' + K2 ((V3v = 2h) (h— 1) — 2))

T Kp = — s
V3yY (V3o — b+ 1) 4 b

INB (V3v—=2h+ 1)1 + 2k (V3v—h+1) (= h+1)

T Rg=—

9

2(h = h+1)1/ (V3o —h+1)" + 1
(h")? (V3v +1) (2h — 1)
N —kh' (3hv? (1 — 2h) + vv/3 (202 = 3h +2) (h+ 1) — 2 (R* — h + 1) (2h* — 1))
T 2v2 (V3o —h+1)° +82) (b2~ h+1)2
k7 (V3v—h+1) ((h—1) (V3v —2h) —2)
V2 ((VBu—h+1)" +2) VA= h+1

(3.28)
respectively, where e5 = sign(h? — h +1).
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Proof. By referring the Equation ([2.1]), the tangent and its derivative, and the second order

derivative of T'N B— Smarandache curve are given as

~T—(h—1)N +hB

Trng = S —hil
(W (2h—1)+2k(h—1) (B> —h+1))T
— (W (h+1)+26(h*+1) (K> —h+1))N
. — (W (h—2)+27(h—1)(h*—h+1))B
TNB = Qﬂ(hz—thl)% ’ (3.29)
— (K =r*(h=1)T = (k' (h—=1) +r (K +r(h?+1))) N
<T+N+B>": + (h&’ + k(W —7(h—1)))B
V3 V3

Moreover, the derivative of the normal of %N B (s, v) ruled surface which is expressed by the

hN — (V3v—h+1)B
harmonic curvature function as %N Bp = (\[ ) is given in the following

V(3o —h+1)" 42

-
INBy/ — _ T

V(B 1) 2
- (T((\/gv—h+1)2+h2)+h/(\/§v+1)) (VBv—h+1)

3 N
((VBo—h+1)"+n2)°
P (7 ((VBo—n+1)"+12) + 1 (VBu+1))
— 3 B.
((VBo—h+1)"+52)°
By substituting the relations given above into Equation the proof is completed. O

Without the need for proof, from Definition and the Equation [3.28] of Theorem [3.17]

we have the following corollary:

Corollary 3.19.

e The TNB— Smarandache curve of y(s) cannot be geodesic on the ruled surface
INEB (s, ).

o [f the curve y(s) is plane curve, then its corresponding TN B— Smarandache curve
lies both as asymptotic and curvature line on the ruled surface %NBw(s, v), while the

geodesic curvature simplifies to TNPr, = —k.
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3.4.2. The characteristics of the ruled surface %NBi/J(s, v).

Theorem 3.18. The 1° and 2™ fundamental forms, and the curvatures of Gaussian and

mean for the ruled surface, ]TVNB1/J(8,1)) are given as following:

1 2 (K—T)Q 2
TNB 2 2 2 2
I = — 4+ KRS+ 7 + — ds +7K,*7d8d7}+d1},

TNBJT _ [V3v + 1| (57 — K7') 4
N V3V + 12 !

VB ),

TNB g _\/3 Tk — kT’
2 ‘\/gv—i- 1‘ (K2 +T2)%

Y

respectively.

Proof. The partial derivatives of %N Baj(s,v) are given as follows

R (I PP N )

+ <(\}§+v) r’+(ﬁ_\/§)7> B,

%NBw(S7 v)’l) :N7 %NB¢(87 U)S’l} = _K:T + TB7 %NB¢(87 U)’l}’l) = 0.

From Equation the normal vector of VB4 (s,v) is computed as

TNB (7T + kB)

N n = _667*(7_2 + ,i2)’

where g = sign(v/3v + 1). By recalling Equation the components for the fundamental
forms can be obtained. Then, by substituting those in Equation and the proof is
completed. O

Corollary 3.20.

o INBy(s,v) is always developable.

o INBy(s,v) is minimal when (s) is a general heliz.
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Theorem 3.19. The normal curvature %NB/&”, the geodesic curvature %NBHZQ and the geo-

desic torsion %NB’Tg of the %NB (s,v) surface are given as follows

TNB, _ _. Wk
N n Gﬂ\/m‘)
h+1) K +2k(h2+1) (2 —h+1
TNBy, — — Y a ) ( ), (3.30)
2VhZ+1(h2—h+1)
INB (h+1) (W) + 26l (B2 +1) (h? = h+1)
N Tg=— )

902 (h2+1) (h2 — h+1)?

respectively.

Proof. By using the Equation and taking the derivative of the normal of Z&N Bap(s,v)

ruled surface expressed by the harmonic curvature function as ' “n = —eg——=— is given
VhZ+1

in the following
TNBy! = —egor (T — hB).

By substituting the relations given above into Equation the proof is completed. O

Without the need for proof, from Definition and the Equation [3.30| of Theorem [3.19

we have the following corollary:

Corollary 3.21.
e The TNB— Smarandache curve of v(s) cannot be geodesic on the ruled surface
NP(s,0).
o If v(s) is a general heliz such that h is constant, then its corresponding TN B—

Smarandache curve lies both as asymptotic and curvature line on ]:C,NB@Z)(S,U), while

the geodesic curvature simplifies to %NB/ﬁ}g = —kVh?+1.
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3.4.3. The characteristics of the ruled surface ENBi/J(s, v).

Theorem 3.20. The 1° and 2™ fundamental forms, and the curvatures of Gaussian and

TNBQ/}(

mean for the ruled surface, s,v) are given as following:

2 2 1 2 2
ENBI:<K T +<(I€—7')_UT> d52+—7-dsdv—|—dv2,

3 V3 V3
(FL (52 +724+ (k=7 (V3v+ 1))2> + (V3v+1) (k' — T/i/)> ds® — 2v/3kTdsdv
\/g\/ﬁ2+ (R—T(\/§v+1))2

2
TNBp _ _ 3 7
b ( /41—7' \[v—i- )))

INBy £/437'—F\ZT)(\['U—Fl)—I€<T2—H2—(I£—T(\[U+ )))
. ((K—T(vﬁ+1))2+m2>§

INBr = —

)

)

respectively.

Proof. The partial derivatives of 5N B(s,v) are given as follows

1 1
gNBw(s,v)s =— %(HT—TB)‘F (\/5(5—7) _UT> N,

BV P0(s,0),, = <\}§/ﬂ?, + ((’i\;;) - UT) ’f) T

- (;g (> + 72— k) + <\}§+v> T’>N

. (\}57/ + <\}§ (k1) —v7‘> T> B,

ENBT,[)(S,’U),U =B, £N3¢(S,U)Sv =—7N, ENBw(s,v)w =0.

From Equation the normal vector of LVBy)(s,v) is computed as
NB, _ (k=7 (V3v+1))T + kN
B —_— .
\/H2+ (H—T(\/§U+1))2

By recalling Equation 2.6 the components for the fundamental forms can be obtained. Then,

by substituting those in Equation [2.4] and 2.5 the proof is completed. O



INT. J. MAPS MATH. (2025) 8(2):377-412 / ON RULED SURFACES BY SMARANDACHE 407
Corollary 3.22.

o LNBy(s,v) is developable, when (s) is a plane curve.
o LNByy(s,v) can not be minimal.
e Ify(s) is a plane curve, then TNBi(s,v) is a constant-mean-curvature (CMC) sur-

face.

Theorem 3.21. The normal curvature gNBHn, the geodesic curvature gNBHg and the geo-
desic torsion ENBTg of the ENBw(s,v) surface are given as follows

INB Wk — V3he'v+k? (h(h—1) (V3v +2) +2)

B Rn=— s

VY (b (VBu+1) —1)° +1
v W= (W +2r (B —h+1)) (h(V3v+1) —1)

B Kg = (3.31)
2(h2—h+1)\/(h(\/§v+1) 1) 41
(2 —h) ((h”)2 (V3u+1) + mh’3h%2)
- —kh (V3hv (h+1) (2h* —3h +2) + 2 (h? — h + 1) (h? — 2))
B Tg=

2v2(h = h+1)2 (b (V3u+1) = 1)" + 1)
&7 (207 + (V3ho = 2) (R — 1)) (R (V3v +1) — 1)
VTR T (A (VB +1) = 1) 1)

respectively, where €5 = sign(h® — h+ 1) as already defined in the Theorem .

— €5

Proof. By using the Equation and taking the derivative of the normal of gN Bap(s,v)

ruled surface expressed by the harmonic curvature function as
TNB (h(V3v+1)-1)T-B
B n

— \/(h N is given in the following
TNB, 26+ (W + 7 (h (V3v+1) — 2)) (\3/31) + 1)T
((h (VBv+1)—1)°+ 1)5
V3 (2 (1 7 (0 (VB0 +1) =2) (VB0 + 1)) (1 (VB0+1) 1)
((h (VBv+1)—1)%+ 1)(§

+\/(h(\/§v+1)—1)2+1B.

By substituting the relations given above into Equation the proof is completed. O
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Without the need for proof, from Definition and the Equation [3.31] of Theorem [3.21

we have the following corollary:

Corollary 3.23.

e The TNB— Smarandache curve of y(s) cannot be asymptotic on ENBiy(s,v).

o If v(s) is plane curve, then its corresponding TN B— Smarandache curve lies both

as geodesic and curvature line on the ruled surface gN Baj(s,v), while the asymptotic

curvature simplifies to EN Brp = —

s

Example 3.4. By utilizing the same curve as of previous examples, and by applying the

Equations and the ruled surfaces TNBa(s,v), TNBy(s,v) and ENBy(s,v) can be
easily obtained and illustrated in Fig. [{

(a) The ruled surface XV By (s, v)

FIGURE 4. Ruled surfaces with base curve of TN B-Smarandache curve (red)

where s € [—2m, 27| and v € [—-2,2]
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(b) The ruled surface 3P4 (s,v)

(¢) The ruled surface 5~ Z1(s,v)

FIGURE 4. Ruled surfaces with base curve of T'N B-Smarandache curve (red)

where s € [-2m, 27| and v € [-2,2]
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4. CONCLUSION

The theory of ruled surfaces plays an important role in the field of geometric modeling,
since they are the most preferred ones for computational designs. This study introduces a
series of new ruled surfaces and provides some of their metric properties. Such properties as
developability and minimality are discussed in terms of the fundamental forms and principal
curvatures. Hence, the required conditions are provided for each ruled surface to meet these
characteristics. Moreover, asymptotic, geodesic and curvature line characteristics of the each
Smarandache curve as a base curve are discussed. This way of generating and characterizing
new ruled surfaces as in this study can be extended by referring other orthonormal frames
and by using different space forms. Finally, researchers can be interested to examine the dual
expressions for these surfaces.
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in sequences defined by an Orlicz function. We examine several algebraic and topological
properties and establish some inclusion relationships between these spaces.
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1. INTRODUCTION

The idea of weak convergence, first proposed by Banach [I], is a foundational concept in
functional analysis, offering a framework for understanding the convergence behavior of se-
quences in infinite-dimensional spaces. Despite its significance, weak convergence has several
limitations, particularly when dealing with more complex sequence structures or when finer
convergence criteria are required.

In recent years, researchers like Mahanta and Tripathy [15] have advanced the study of vector-
valued sequence spaces by exploring new types of convergence and their implications. Their
work has contributed to a deeper understanding of the algebraic and topological properties
of these spaces and has led to the development of innovative tools and techniques for ana-

lyzing convergence in more generalized contexts. This expanding research underscores the
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continuous evolution and refinement of sequence space theory, addressing the shortcomings
of traditional weak convergence and meeting the demands of increasingly complex mathe-
matical analysis.

Freedman et al. [7] conducted pioneering research on lacunary sequences, investigating
strongly Cesaro summable and strongly lacunary convergent sequences in the context of
a general lacunary sequence 6. Their work uncovered significant connections between these
two classes of sequences. Following their initial findings, researchers such as Ercan et al.
[5], Gumus [8], Dowari, and Tripathy [2 3] have further explored various aspects of lacunary
sequences, broadening our understanding of their properties and applications. More recently,
Tamuli and Tripathy [19, 20] have advanced this field by examining generalized difference
lacunary weak convergence of sequences. Their study sheds light on new convergence behav-
iors and enhances the theoretical framework for analyzing lacunary sequences, highlighting
the ongoing development and deepening of this area of research.

Motivation: In recent years, the study of weak convergence in Banach [I] spaces has gained
significant attention due to its essential role in various areas of functional analysis, including
the theory of distribution, optimization, and approximation methods. The concept of weak
convergence was introduced by Banach in the early 20th century, specifically in the 1920s.
Banach developed the theory of weak convergence while working in the context of Banach
spaces, which are complete normed vector spaces. His work laid the foundation for the study
of weak convergence in functional analysis. Fatih Nuray [13] investigated lacunary weak sta-
tistical convergence. Motivated by this work, we have investigated some classes of lacunary
weak convergent of sequences defined by Orlicz function.

Potential Applications: The work done in this article are on weak convergence. The con-
cept of strong convergence implies weak convergence, but not necessarily conversely. There-
fore the work done in this article can be applied for other areas of research, and since, it

covers a larger class of sequences.

2. DEFINITION AND PRELIMINARIES

The concept of the difference sequence space Z(A) was first introduced by Kizmaz [9],

defined as follows:
Z(A) ={z = (z1) : (Azy) € X},

where Az = (Axyg) = (2 — xp41), for all k € N.

Later, Et and Colak [6] extended this idea by defining generalized difference sequence spaces,
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expressed as:
Z(AP) = {z = (k) : (APzx) € X},

for Z = ly, ¢, and ¢y, where APz = AP~z — AP 1z and A%z, = 2 V k € N.The
binomial expansion for this generalized difference operator is provided below:
£ p
APzy, = (~1)" Tpyo, for all k € N, (2.1)
v=0 v
These generalized difference sequence spaces have been further studied by researchers such
as Tripathy [16], Tripathy , Et and Altin [I7], among others.
Consider a sequence 6 = (ks) of positive integers, which is termed lacunary if kg = 0,0 <
ks < ksy1, and hy = ks — ks_1 — 00 as § — oo. The intervals determined by 6 are denoted
by Is = (ks—1,ks), and qs = ks/ks—1 V s € N.
According to Freedman et al., the space of lacunary strongly convergent sequence Ny is
defined as follows: [7]
Np=<z: i 1Z|<L|—0f L
= x.sgﬁlohs' x; — L] = 0, for some .
el
An Orlicz function H : [0,00) — [0,00) is defined such that #H(0) = 0,H(z) > 0 for =z >
0, and H(z) — oo, as © — oo. This function is continuous, non-decreasing, and convex.
Lindenstrauss and Tzafriri [I2] introduced the concept of the Orlicz function to define the
sequence space
o, (il
ly = {(:BZ) Ew: ZH <l> < oo, for some p > 0},
; P
=1
where w denotes the class of all sequences. The norm of the sequence space {4 is given by
= (|
||| = inf p>0:ZH<Z> <1y,
i=1 P
which transforms it into a Banach space, commonly referred to as an Orlicz sequence space.
Various researchers, including Tripathy and Esi [I8], Parashar and Choudhury [14], Tripathy

and Mahanta [I5], have explored different forms of Orlicz sequence spaces.

Definition 2.1. A sequence (x;) in a normed linear space X is called weakly convergent to

an element L € X if

lim f(x; — L) =0, forall f € X,

i—00

where X' represents the continuous dual of X .



416 B. TAMULI AND B. C. TRIPATHY

Definition 2.2. A sequence (x;) in a normed linear space X is said to be lacunary weakly

convergent to L € X if

Jim > g =) =0,
kels
or all f € X', where X' is the continuous dual of X. In this context, the notation DY used
0

to denote lacunary weak convergent.

Definition 2.3. The sequence space J is termed solid if, for any sequence of scalar (o)

with || <1 for all i € N, the condition (z;) € J implies (a;x;) € J.

Definition 2.4. A sequence space J C w referred to as monotone if it includes all pre-images

of its step spaces.

Definition 2.5. A sequence space J C w is known as symmetric if, whenever (z;) € J, the

permuted sequence (mw(i)) also belongs to J, where 7 is a permutation of N.

Definition 2.6. A sequence space J is said to be convergence free, if x is in J and if yr =0

whenever x = 0, then y is in J
Lemma 2.1. A sequence space J being solid does not necessary imply that J is monotone.

Definition 2.7. An Orlicz function H satisfies the Ao— condition if there exists a constant

T > 0 such that, for each z >0

H(22) < TH(2).

3. MAIN RESuULT

In this section we introduce the following classes of sequences and establish result invloving

them.

(AP
Dy, H,AP]g = ¢ = = (zg hmZ’H(‘f xk)‘)z(), for some ¢ >0, ;

Py, —
Dy, H,AP]; = ¢ x = (zx) : im — ZH(WM):O, for some L and g >0 ;;
P
Dy, H,AP|oo = § & = (z3) lim ZH<|f(A wk”) < 00, forsome g>0
S oo g

5 kel

We state, without proof, the following result.
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Theorem 3.1. The classes of sequences [Dy,H,APlo, [Dy, H, APy and [Dy, H,AP] are

linear spaces.

Theorem 3.2. For any Orlicz function H, [Dy, ", AP|s is a normed linear space for the

given norm

P
1 AP
pr(x):Z|f(a:i)|—l—inf g>0:suphZH(W)SLS:LQ,&... ;
i=1 5 kel

where the infimum is taken over all g > 0.

Proof. Clearly, éar(x) = Ear(—2),x = 6 implies APz, = 0 and as such we have H(0) = 0.

Therefore £ar(0) = 0. Conversely support that Ear(z) = 0, then

| f(APzy)| _ _
Z|fxz\—|—1nf g>0: suph > H < <1,s=1,2,3,...» = 0.

kels g

P
éZ] (;)] =0and infdg>0: SUp 7 Z’H(W)SLS—I,Z,&... =0.

i=1 58 kel

From the first part we have
=0, fori=1,23 ..m. (3.2)

where, 0 is the zero element. In accordance with this second section, there exists some

g: (0 < ge < ¢) for a given € > 0. such that

SupZ’H(V(Aw> <1

S kel Ge
p
kel Je

Thus,
Zf}_[(\f (APzy)| ) ZH(\fA flfk)\) <1
kel kel Ye

|f(APzc, )|
3

Suppose APz... # 0, for each 4. Taking ¢ — 0, we have — 0.

It follows that
|f(APzy)|
S ( oo,
kel
as € — 0, for ¢; € I;. Hence we arrive at a contradiction. Therefore, APz, = 6, for each i €

N. Thus APz, = 6,Vk € N.
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Therefore, it follows from (2.1) and (3.2) that xj, = 6, Vk € N. Hence x = 6.
Next let g1, g2 > 0 such that
!f(prk)|>
su H———) <L
wi Du(H5) <

and

sup - ZH (’f(Apxk)’> <1.

5 kel 92

Let g = g1 + g2, then we have

Suph ZH (|f(Ap(l’k+yk)|> <1

kels g

Given that the ¢’'s are not negative, we have

p

Ear(z+y) = Z | f(zi+y;)|+inf ¢ g > 0 : sup hi Z H <|f(Ap(xk + ykm) <1l,s=1,2,3,...

i=1 s s el Y

= &ar(z +y) < €ar(z) +Ear(y).
Let ¢ # 0, and ¢ € C, then

P p
§Ap(g0x):2\ (pz;)] +inf< g >0: Sup 7 ZH(W) <1,5s=1,2,3,...
i=1 kel

< lelsar ().

This completes the theorem’s proof. O
Theorem 3.3. The sequence space [Dy, H, AP is convex.

Proof. Consider (zx), (yx) € [Dy,H,AP]w. Then from the definition of the space we can

write

AP
lim — Z H <‘f xk)’) < 00, for some g, >0,

AP
lim ZH<M> < 0o, for some g, > 0.
s—00 hig eyl Iy

Now, for z = Az + (1 — A)y we have to show that

iy 3 g (A1 1 V)

S‘)OO gZ

) < o0, for some g, >0
S kel,

Since H is convex function, we have

(80 Q) g (S (U7,

9z 9z 9y
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where g, = Agz + (1 — N)gy

Now, taking the limit s — oo :

i 9 (V50 <o e S (VS ) ot 3 (M

kel ® kel Ya kel Iy
Therefore, z = Az + (1 — Ny € [Dy, H, AP
Hence [Dy, H, AP] is convex. O

Theorem 3.4. Let Hi and Hs be Orlicz functions satisfying Ao— condition. Then
(Z.) [Déua Hi, Ap]g - [Dél)? Ha Hi, Ap]g'
(11)[Dy’, H1, AP)g N [Dy, Ha, AP]|g C [Dy’, H1 + Ha, AP]g, where G =0,1, and co.

Proof. We prove it in the case of G = 0, we will apply same methods to the remaining cases.

(i) Let (xx) € [Dy,H1, AP]p. Then 3 g > 0 such that

s]irgoi ZH (!f Apfﬂk)|> _0

Let 0 <e < 1and 0< ¢ < 1such that Ha(t) <e, for 0 <t <.
Let yp = H1 (WAHM) and consider
D Holyr) = > Holyr) + Y Halyw),
kel 1 2

where the summations are over y; > ¢ in the second summation and over y; < ¢ in the first.

Since,
1 1
- > Ha(y) < Ha(2) - > (wr), (3.3)
s ]
for yx > J, we have
Yk
1 g
Y < 1+ 5

Given that Hs is convex and non-decreasing, it follows thatSince, Ho is non-decreasing and

convex, it follows that

Ho(yr) < %HQ( ) + 7‘[2 <2gk) .

Since, Hs satisfies Ao— conditions, we have

Ha(yr) = K5 Hal2).

)
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Hence,

hi Zﬂz(yk) < maz (1, K5—17-[2(2)) hi Zyk (3.4)
52

S 2

Taking limit as s — oo, from (3.3) and (3.4) we have
(:Ek) S [Déu, 7‘[2.7‘[1, Ap]o.

Similar proof can be shown for the other cases.

(ii) The proof is obvious and omitted. O

Taking H1(z) = x and Ha = H(z) in Theorem 3.4(i) we have the following particular case.
Corollary 3.1. [Dy, AP]y C [Dy, H, AP]o

Theorem 3.5. If p > 1, then [DY, H,AP"Yg C [DY,H,AP]lg for G = 0,1,00. In gen-
eral [DY, H,A"g C [DY,H,AP]g fori=0,1,2,...,p— 1.

Proof Let (zy) € [Dy,H, AP~ .
Then we have,

p—1
lim — Z H (M) =0, for some g > 0. (3.5)

Given that H is convex and non-decreasing, it follows that

;Z%Cf@pl'k)!):h S (!f (AP~ 1oy, — AP~ xk+1)’>

5 kel 29 kel, 29
1 | (AP, |FAP g 0)] $k+1)|
< > H (g Z H
kels kGI

as s — 0o, we have

N I;ISH <|f(Ag$k)|> ~ 0. by (3
which implies (z) € [Dy, H, AP]o.
The remaining cases will proceed in a similar manner.
Proceeding inductively we have, [DY, H,Aflg C [D¥, H,AP]g and i = 0,1, ...,p — 1.

The next example strictly follows the inclusion above.

Example 3.1. Let § = (2°) be a lacunary sequence and H(x) = x. Consider a sequence
(1) = (KP~1). Then AP(xy) = 0, AP~y = (=1)" Y (m-1)! for all k € N. Therefore (x}) €
[,Déufov AP]O but (xk) ¢ [,quufovAp_l]O
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Theorem 3.6. The space [Dy,H,AP|g, where, in general, G = 0,1,00 are not solid. The
space [Dy, H]o and [Dy, H]s are solid.

Proof Let (zj) € [Dy, H]o.
Then there exists g > 0 such that

slggo]i S <|f($k)|> _o

kel g

Let (%) be a sequence of scalars such that || < 1. Then for each s we can write,

;ZH(M> S;ZHCJ’(%)I) (3.6)

8 kel, g S kel, g

:Sg%o]iz:%(m):o.

kels g

= (meaw) € [Dy', Hlo-

From the above inequality (3.6) it follows that [Dy’, "]« is solid.
To show that the spaces Dy, H, AP]q, [Dy, H, AP], are not solid, in general, we illustrate

the following examples.

Example 3.2. Consider the function f(x) = x,V x € R, and let X = R, with p = 1,.
Let us consider the sequence (xy), defined by x, =k, V k € N. Let H(x) = 2", r > 1 and
the lacunary sequence 8 = (2°). Then (x) € [Dy,H,AP]y and (zy) € [Py, H,AP]. Let
(30 = (1), then (map) ¢ (DY, H. AP} and (vean) ¢ [DF Hy A

We consider the following example to show that [Dy’, H, APy is not solid in general.

Example 3.3. Let X = R and consider the function f(x) = z,V x € R. let p = 1, Let us now
consider the sequence (xy), which is defined as x, = 1,V k € N. Assume that H(z) = z",

r = 2, and that the lacunary sequence is 0 = (2°). Let () = ((=1)%),V k € N. Then,

(vewk) ¢ [Dy, H, AP]o.
Thus, the set [Dy,H, APq is not solid.

The following result is a consequence of Lemma 1 and Theorem 6.
Corollary 3.2. The spaces [Dy, H]o and [Dy,H|s are monotone.
Result 1. The space [Dy, H, AP|y is not convergence free.

Proof The following example makes it obvious.
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Example 3.4. Let p = 1,H = z and f(z) = z. Consider a lacunary sequence 0 = (2°).

Consider a sequence (xy) which is define as
1
zh =5 (1 - (—1)’“)
Then, (z) € [Dy, H,AP]g. Consider the sequence (yi) defined as

k, ifk is odd
T =
0, if k is even.

Then, (yk> ¢ [Dg)vHv AP]O-

Result 2. The spaces [Dy, H,AP]g, where G = 0,1,00 are not symmetric in general.

The following example is given to support the previous result.

Example 3.5. Let p = 1, let X = R, and the function f(x) = x, Yx € R, be considered.
Let H(z) = 22, and a lacunary sequence 0 = (2°). Considering the sequence (x3) where
(xk) € [Dy,H, APy, define it as:

1 if k=2"for some m € N,
Tl =

0 otherwise.

After rearranging the sequence (xy) as follows, let (yy) be considered:
Y = (xl,xg,x4,x3,a:g, . )

Then, (yx) ¢ Dy, H, AP]g, where G = 0,1, c0.

(DY, H,AP)g, where G = 0,1,00 are not symmetric in general.

4. CONCLUSION

In this paper, we have introduced and studied the concept of difference lacunary weak
convergence in sequences defined by an Orlicz function. Through our exploration, we have
thoroughly examined the algebraic and topological properties of these sequences, providing
a foundational understanding of their structure and behavior. Additionally, we have estab-
lished several key inclusion relationships between these newly defined spaces and other known
sequence spaces, further enriching the framework within which these sequences operate. Our
findings contribute to the broader field of functional analysis, particularly in the study of
sequence spaces and Orlicz functions, offering new insights and potential avenues for future

research
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N(k)-QUASI-EINSTEIN MANIFOLDS ADMITTING SCHOUTEN TENSOR
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ABSTRACT. In this note, we study N (x)-quasi-Einstein (in short, A/(x)-QE) manifolds ad-
mitting the Schouten tensor satisfying certain curvature conditions. At last, the existence
of an N (k)-QE manifold is verified by an example.
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1. INTRODUCTION

A Riemannian manifold (M™, g) is named an Einstein manifold [I] if its (0,2) type Ricci
tensor Ric(# 0) satisfies: Ric = %‘Zl g, here scal denotes the scalar curvature of M". Einstein
manifolds play a key role in mathematical physics, Riemannian geometry as well as in general
theory of relativity . Due to its significant physical applications in broad perspectives, these
manifolds have been explored by many geometers.

An (M™, g) is said to be a quasi-Einstein (QE) [3] if its Ric(# 0) fulfills
RiC(Tl, Tg) = ﬁg(Tl, TQ) + (I).A(Tl)A(TQ), (1.1)
for some smooth functions 9, ®(# 0), and 1-form A(# 0) such that

9(T1,0) = A(T1), g(,6) = A(l) =1, (1.2)
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for any vector field Y1 and a unit vector field ¢ named the generator of QE manifold. A is
also called the associated 1-form. It is clear from (|1.1)) that for ® = 0, a QE manifold reduce

to an Einstein manifold.

From and , we have
scal =nd 4+ @, R(Y1) =971 + PA(T1)L, (1.3)
where R is the Ricci operator defined by
g(R(T1), To) = Ric(T1, Ta), (1.4)

for Y1, Ty € (T M).

The concept of QE manifolds came into existence during considerations of quasi-umbilical
hypersurfaces of semi-Euclidean spaces as well as during the study of exact solutions to
Einstein’s field equations. For example, the Robertson-Walker spacetimes are QE manifolds.
Also, QE spacetime can be used as a model of the perfect fluid spacetime in general relativity
[13].

The QE manifolds have also been studied by many authors such as Bilal et. al. [2], Chaki
[4], De and Ghosh [§], Vasiulla et al. [20] and many others.

Let K denotes the Riemannian curvature tensor and s-nullity distribution N(k) of an

(M™, g) [19] is defined by
N(Ii) p— Np(/ﬁ) = {Tg S TpM : ’C(Tl,Tg)Tg = n[g(’I‘g, Tg)Tl — g(Tl,Tg)TQ]}, (15)

for all vector fields Y1, Yo, T3 € I'(TM) (I'(TM): the set of all smooth vector fields on

M™) and k being some smooth function. Also see [12, [14].

From (|1.2)) and (1.5, we have
Ric(Y1,¢) = k(n —1). (1.6)

Similarly, s-nullity distribution A(k) of a Lorentzian manifold can also be defined. In a
QE manifold, if ¢ belongs to some x-nullity distribution N (k), then M is named N (k)-
QE manifold [I5]. For more detailed study of N (k)-QE manifolds, we refer the papers

[0, 6, 18, 22]. Indeed, x is not arbitrary as the following lemma:

Lemma 1.1. [15] In an n-dimensional N (k)-QFE manifold it follows that

0+ @
- , 1.7
K= (1.7)
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It is to be noted that in an n-dimensional N (x)-QE manifold [15]
U+ @

K(YTy, Yo, 0) = — [A(T2)YT1 — A(T1) Y], (1.8)
which is equivalent to
Y+ P
K, T1,YT9) = S [g(T1,To)l — A(Y2)T1] = —K(T1,4,T2). (1.9)
Taking Yo = £ in (1.9)), we have
9+ P
(6,11, 0) = nf AT 4] (1.10)

A conformally flat QE manifold of dimension n is an N (%)—QE manifold and hence,

a QE manifold of dimension 3 is an N'(?*$2)-QE manifold, as demonstrated in [I5]. The
conformally flat QE manifolds are certain N (x)-QE manifolds [I7]. In 2021, Hazra and
Sarkar [11] studied certain curvature conditions on A (k)-QE manifolds. The derivation
conditions K(¢, Y1) - K =0 and (¢, Y1) - Ric = 0 have also been studied in [17]. In [15], the
authors studied the derivation conditions N (¢, Y1) - N =0 and N(¢,T1)-K =0 on N (x)-QE

manifolds, where N denotes the concircular curvature tensor.

The Weyl conformal curvature tensor C [7, 9] of an (M", g) is defined by

C(Tl, TQ, Tg) = ,C(Tl, Tg, T3) [RiC(TQ, Tg)Tl — RiC(Tl, T3)T2

-2
+9(T2, T3)R(Y1) — g(T1, T3)R(T2)] (1.11)

scal
T nm=2 ¥

for all T1, Yy, T3 € T(TM). Also, in n-dimensional NV (k)-QE manifolds, C satisfies:

Yo, Y3)Y1 —g(Y1,Y3)Yo],

C(T1,Ta, L) = _%[A(nm(rgm — A(T1)A(Ts)T], (1.12)
C(Y1,Yo,0) = —%[A(sz — A(T1)Ys], (1.13)
A(C(T1,T3)Ts) =0, AC(Tr, L)) =0, (1.14)

C(6. 5, X5) = —— 2= [A(T)A(T5)0 — A(X5) T, (1.15)

for all T1,Ys, Y3 € T'(TM).

The projective curvature tensor P is defined by [10, 21]

p(Tl,Tg,Tg) = K(Tl,TQ,Tg) - [RiC(TQ,Tg)Tl - RiC(Tl,Tg)TQ], (116)

n—1
for all T1, Y9, T3 € T(TM). Also, in n-dimensional NV (k)-QE manifolds, P satisfies:

P(Y1,T2,0) =0, (1.17)
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o

P, Y1, Te) = ——[g(T1, T2)l — A(T1)A(T2)4],

AP(T1, T2, Ty) = —

for all T1,Y9, T4 € T(TM).

n—1
)
n—1

In an (M", g), the Schouten tensor S is given by [16]

S(T1,YT9) =

for Y1, Ty € I(TM).

scal
2(n—1)

[Ric(Tl, Ty) — g(T1, Tz)},

n—2

In an NV (k)-QE manifold, the Schouten tensor takes the form

S(Y1,Ye) =

1

n—2

2(n—1)

By contracting (1.21]) over Y7 and Ys, we find

scal

- ﬁ Hﬁ - Q(Zcill) }” + (I)}'

Taking Y1 = ¢ in ((1.21]), we have

S(E,Tg)zj["&ur(l)—

A(T2) scal } ‘

2(n—1)

n —

2. N(k)-QE MANIFOLDS SATISFYING K(¢,T1)-S =0

Let us consider an N (k)-QE manifold that satisfies (¢, Y1) - S = 0. Then

(K€, 1) - S)(Ta, ) = —S(K(£, Y1) Y2, £) — S(Ta, K(£,T1)€) = 0.

From (1.9) and (1.21)), we find

S(K(, Y1) Ya,0) =

where g(K(Y1,Y2)Y3,Ty) = K(T1, T2, T3,Ty), K is the (0,4) type curvature tensor.

1
n—2

scal
2(n—1)

[(v+o-

Also, from (1.10) and (|1.21]), we find

n—2

S(Yo, KL, Y1)l) = — 1 [(q? - 2('SM)K(£7T17T27g)

where g(K(¢,Y1)¢,T3) = —K(¢, Y1, Yo, £) and g(K(¢, Y1), £) = 0 being used.

n—1)

By virtue of (2.25)) and (2.26)), the relation (2.24) yields,

From (1.9)) and (2.27)), we have

(

ok

( e 2)K(f,T1,T2,£) —0.

n —

n —

2) (g(T1,T2) — A(T1)A(T2)) =0,

[9(T2, T4)A(T1) — g(T1, Ta)A(T2)],

[{0 — L“l}gm, Ty) + @A(Tl)A(Tg)} .

)K(& T, Yo, 5)} ;

]

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)
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Since ® # 0 and g(Y1, T2) # A(Y1).A(Y2), then we have k = 0, i.e., ¥ + ® = 0. Conversely,
if K =0, then in view of ([1.9) and (1.10) M satisfies (¢, Y1) - S = 0. Thus, we can state:

Theorem 2.1. An N (k)-QFE manifold satisfies K(£,T1) -S =0 if and only if 9 + & = 0.

3. N(k)-QE MANIFOLDS SATISFYING P(¢,T1)-S =0

Let an NV (k)-QE manifold satisfies P(¢,T1)-S = 0. Then
(,P(Ea Tl) ) S)(T2a T3) = _S(P(£7 TI)T27 T3) - S(T27 ,P(gv Tl)T3) =0, (329)
which in view of ([1.18)) takes the form

% [Q(Th T2)S(¢, T3) — A(T1)A(T2)S(L, T3) (3.30)

+9(T1,T3)S(Y2, ) — A(Y1)A(T3)S(T2,£)| = 0.
Since ®(# 0), therefore, we have
9(T1,T2)8(4, T3) — A(Y1)A(T2)S(¢, T3) (3.31)

+9(Y1, T3)S( Yo, £) — A(Y1)A(T3)S(Yo,£) = 0.

In view of (|1.23)), (3.31)) gives

scal

(19+<I>—m

) (90071, T2)A(Ts) + g(T1, T3) A(T2) = 2A(T1)A(T2)A(T3)) =0,

which by contracting over Y1 and To gives

scal

(ﬁ+q>—m

)A(Tg) —0. (3.32)

This gives <19 +® — Q(ffll)) =0, as A(Y3) # 0. Thus, we can state:

Theorem 3.1. An N(k)-QF manifold M (n > 3) satisfies P(£,Y1).S = 0 if and only if
(9+@ - 5t5) =o.
4. N(k)-QE MANIFOLDS SATISFYING S(T1,4)-K =0

Let an N (x)-QE manifold satisfies the condition (S(Y1,£) - K)(T2, T3)Y4 = 0. We know
that
(S(T1, ) - K)(L2, T3)Ty = (T2 As £) - K) (T2, T3) Ty, (4.33)

where the endomorphism (Y7 As T2)Y3 is given by

(T1As T2) T3 =8(T2,T3)T1 — S(Y1, T3)Yo. (4.34)
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Rewriting (4.33]) as

(S(Tl,g) . ]C)(Tg, Tg)T4 = ((Tl NS B)IC)(TQ, Tg)T4 — /C((Tl NS K)Tg, Tg)T4

—K(TQ, (Tl NS f)Tg)T;; — /C(TQ, T3)(T1 NS K)T4,

which by using S(1,¢) - K = 0 and furns to
S(6, (o, T3) L) T1 — S(T1, (o, T3) L) — S(£, o) K(T1, T3) T
+8(T1, T2)K(L, T3), Ty — S(6, T3)K(T2, Y1) Ty + S(T1, T3)K(T2, )Ty (4.35)
— S(6,W)K(T2, T3)T1 + S(T1, T4)K(Ta, T3)l = 0.

By using (L.8]), (1.9) and (1.21]) in (4.35)), and taking the inner product with ¢, we have

bk
n—2

Putting T3 = ¢ in (4.36)), we have

[9(T1, T2) A(T3)A(Ts) — (Y1, T3) A(Y2) A(T4)] = 0. (4.36)

PrA(Y4)[9(Y1, T2) — A(T1)A(T2)] = 0. (4.37)

Since ®(# 0), A(# 0) and g(Y1, T2) # A(T1)A(Y2), then £ = 0. If K = 0, then the converse

is trivial. Thus, we have:
Theorem 4.1. An N (k)-QF manifold satisfies S(T1,£) - K =0 if and only if 9 + ® = 0.
5. N(x)-QE MANIFOLDS SATISFYING C -8 =0
Let an N (k)-(QE) manifold holds C - S = 0. We know that
(C(T1,T2)-8)(Y3,Ty) = =S(C(YT1,Y2)Y3,Ty) —S(T3,C(Y1,T2)Yy). (5.38)
Making use of in , we have

1

(C(Y1,Y2)-8)(Y3,Ty) = S [{19 _

scal
2(n—1)

+g(T5,C(T1, Tgm)) + @(A(C(Tl, T2)T3)A(T4) (5.39)

}ate(rs,12)T5,72)

+A(T5) AT T2) L)) .

which by using the symmetric property of the metric tensor, and the skew-symmetric property

of K(Y1, Y2, Y3, Ty4) reduces to

¢

n —

(C(T1,Y2) - 8)(T, Ta) = ——— ((A(C(T1, T2) T) A(Ts) + A(Ta) AC(T1, T2)Ya) ).
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In view of ([1.14)), the foregoing equation turns to
C((Y1,Y2)-8)(Y3,Ty) =0. (5.40)

Thus, we have:

Theorem 5.1. In an N (k)-QF manifold, the relation C-S = 0 holds for all T1,To, T3, T4.

6. SCHOUTEN-RECURRENT N (k)-QE MANIFOLDS

In 1952, Patterson [16] proposed the idea of Ricci recurrent manifolds . According to him,

an (M", g) is said to be Ricci recurrent if
(Dy, Ric)(Y2,YT3) = A(T1)Ric(T2,T3), (6.41)

for some 1-form A(# 0).

An (M", g) is named a Schouten recurrent manifold if its Schouten tensor satisfies
(D, S)(Y2,T3) = A(T1)S(T2, T3). (6.42)
We write

(Dr,S)(T2, T3) = T18(T2, T3) — S(Dy, Yo, T3) — S(Tg, Dy, T3). (6.43)

From (6.42)) and (6.43), we have

Y1S(Ya,T3) — S(Dr, T2, T3) — S(Ta, D, T3) = A(T1)S(T2, L) (6.44)

Putting To = Y3 = ¢ in (6.44)) and using (1.21)), we find

scal
2(n—1)

Thus, we have the following result:

@+¢—

)Aﬂg:r(ﬂ+¢— scal )

=) (6.45)

Theorem 6.1. If (M™,g) is a Schouten recurrent N (k)-QFE manifold, then

scal

@+¢_2m—m

)AHQ:T(&+@—%??U)

for all Y1 € T(TM).

A Schouten recurrent manifold is Schouten symmetric iff A = 0 . Thus, we have:

Corollary 6.1. If (M™, g) is a Schouten symmetric N'(k)-QF manifold, then 9+ ® — 2(‘jffl1)

1s constant.
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Corollary 6.2. If (M", g) is a Schouten symmetric N'(k)-QF manifold and if 9+ ® — Q(‘ififll)

is constant, then either 9+® — 2(“;ffll) =0 or (M", g) reduces to a Schouten symmetric N'(k)-
QFE manifold.
7. EXAMPLE
Define a Riemannian metric ¢ in 4-dimensional space R* by
ds? = gijds'dsd = (14 2p)[(dse*)? + (dse*)? + (dse*)? + (dsc")?), (7.46)

. 1, . .
where s, 32, 53, »* are non-zero finite and p = e* k~2. Then the covariant and contravariant

components of the metric tensor are

gij = (1+2p), fori=j=1,2,3,4, g;; =0, otherwise (7.47)
and
g 1 g
gZJ - 1+ 2p7 fOT { :] = ]-a 27 3747 g'LJ = 07 Oth€TU}’L'8€, (748)

respectively. The only non-vanishing components of the Christoffel symbols are

1 2 3 4 »
11 12 13 14 42
(7.49)
)l
22 33 aq)  LH2p
The non-zero derivatives of (7.49) are
o)At _o )3\ _o J2\_ 9 JIL_ _»p
8%1 14 0! 13 8%1 12 8%1 11 (1+2p)2’
(7.50)

8%1 44 8%1 33 3%1 29

For the Riemannian curvature tensor,

}
{

ik ij
Kl = +
l l l l
1] ik mk mj

= =11

The non-zero components of (I) are:
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0
1
Koz = Ol (1+ 2p
0
1
Ko = 0! (1+ 2p
0
’Czlx41 ==

! 1+2p

and the non-zero components of (II) are:

m 2

)
K§32 = - {m}
32 m3 33
it

9 m 2

m2 12 @+2p)*

2 .
K2,, = - _r_
el DY (R P 12| (1+2p)?
3 m 3 m 3 p2
’C443: - :71+2)2.
43| | ma a4 | | ms3 13 (A+2p

Adding the corresponding components of (I) and (

, we have
p
K391 = ’C%m = Kin (1 i 2p)2’
2 2 3 p2
’C332 = ’C442 = ’C443 = m .

Thus, the non-zero components of the curvature tensor, up to symmetry are

— — — p
K =K =K =
1221 1331 =
B B o 2
Koz = Kousr — Ko =
2332 2442 A i
and the non-zero components of the Ricci tensor are
. i 227> 337 e 3p
Ricyy = ¢"Kyjin = 97" K1212 + 977 K1313 + ¢ K414 = At 2p)2
. y T T T T p
Ricay = ¢"Kajon, = g K21 + g% Kasas + 9" Kouos = (1+2p)’
. h - = 7= p
Ricss = ¢'"Ksjan = g™ K131 + 9% K332 + ¢* K434 = 1+ 2p)’
Ricys = ¢""Kyjun = ¢"' Kaia1 + 6% Koo + g% K343 = (1+2p)°

The scalar curvature scal is

1= 6p(1 +p)
al = ——m—=.
(1+ 2p)?

433
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Let us consider the associated scalars ¢, ® are defined by

_ o pd-p)
(14 2p)?’ (14 2p)3
and the 1-form
VIF2p, ifi=1,
Ai(z) =
0, otherwise,

where generators are unit vector fields, then from ((1.11f), we have

Rici = 19911 + <I’.A1.A1, (7.51)
RiCQQ = 19922 + (DAQAQ, (752)
Ricsgs = ¥g33 + PA3As, (7.53)
Ricgy = Vgaa + AL A, (7.54)
R.H.S. of (7.51)=1vg11+PAA
__ 3%
(14 2p)?

— L.HS. of (751
By similar way it can be shown that (7.52) to (7.54) are also true. Hence (R%,g) is an
N <¢>—QE manifold.

(1+2p)3
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ABSTRACT. In this paper, we introduce the notion of pointwise bi-slant lightlike subman-
ifolds of an indefinite nearly Kéahler manifold and provide a characterization theorem for
the existence of these submanifolds. Following this, we provide a non-trivial example of
pointwise bi-slant lightlike submanifolds of indefinite nearly Kéhler manifolds and then de-
rive some conditions for the distributions associated with this class of submanifolds to be
involutive. Further, we provide a characterization for a pointwise bi-slant lightlike sub-
manifold of an indefinite nearly K&hler manifold to be a bi-slant lightlike submanifold and
investigate the geometry of totally umbilical pointwise bi-slant lightlike submanifold of an
indefinite nearly K&hler manifold. Finally, we obtain necessary and sufficient conditions
for foliations determined by distributions on pointwise bi-slant lightlike submanifolds of an
indefinite nearly Kéhler manifold to be totally geodesic.
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submanifold.
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1. INTRODUCTION

Chen [4, 5] introduced the notion of slant submanifolds of Kédhler manifolds as a generaliza-
tion of holomorphic and totally real submanifolds. Following this, Lotta [I5] [16] introduced

and studied concept of slant submanifolds in contact manifolds. Further, Carbrerizo et al.
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[1] studied slant submanifolds in Sasakian manifolds. Afterwards, several generalizations of
slant submanifolds were introduced and studied by Carriazo [2], [3], Sahin [19] and Papaghuic
[18]. Etayo [9] generalized the notion of slant submanifolds to quasi- slant submanifolds of
Kéahler manifolds. On a similar note, Chen and Garay [6] generalized the notion of slant
submanifolds to pointwise slant submanifolds of a Kéhler manifold.

Due to interesting applications in study of asymptotically flat spacetimes, even horizon of
Kerr and Kruskal black holes, electromagnetic fields, focus of geometers shifted towards the
study of geometry of manifolds and submanifolds endowed with indefinite metric. The the-
ory of lightlike submanifolds of semi-Riemannian manifolds was introduced by Bejancu and
Duggal [8] which differs from it’s non-degenerate counterpart due to non-trivial intersection
of tangent and normal bundle. Further, Sahin [20, 22] introduced notion of slant and screen
slant lightlike submanifolds of Kéhler manifolds. Following this, several generalizations of
slant and screen slant submanifolds of indefinite Kéhler manifolds were introduced and stud-
ied by Shukla et al. [23] 24]. Moreover, slant and screen slant lightlike submanifolds in
framework of Contact and indefinite nearly Kéhler manifolds were studied as in [21], 12} 14].
Gupta et al. [I1] studied pointwise slant lightlike submanifolds of indefinite Kéhler manifolds.
Further, Kumar et al. [I3] [I7] studied the theory of screen bi-slant and pointwise bi-slant
lightlike submanifolds of indefinite Kéhler manifolds. However, the concept of pointwise bi-
slant lightlike submanifolds is yet to be explored in indefinite nearly Kéahler manifolds.

Therefore, in this paper, we introduce the notion of pointwise bi-slant lightlike submani-
folds of indefinite nearly Kéhler manifolds. Then, we give a characterization theorem for the
existence of pointwise bi-slant lightlike submanifolds of indefinite nearly Kéahler manifolds
and provide a non-trivial example of this class of lightlike submanifolds. We further derive
integrability conditions for the distributions associated with these submanifolds and give
some conditions for a pointwise bi-slant lightlike submanifold of an indefinite nearly Kéhler
manifold to be a bi-slant lightlike submanifold. Finally, we investigate the geometry of to-
tally umbilical pointwise bi-slant lightlike submanifolds of indefinite nearly Kahler manifolds
and obtain necessary and sufficient conditions for foliations determined by distributions on
pointwise bi-slant lightlike submanifolds of an indefinite nearly Kéhler manifold to be totally

geodesic.
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2. PRELIMINARIES
Definition 2.1. Let (N,g) be m—dimensional submanifold of semi-Riemannian manifold
(N,g) of dimension (m + n) equipped with metric g of index q(# 0), where, m,n > 1 and
m+n—12>q > 1. We assume that metric g on TN 1is degenerate, then, metric g is
degenerate on TN+ which gives rise to a distribution Rad(TN) :p € N — Rad(T,N) given
by Rad(T,N) = T,N N T,N*. We call N as r—lightlike submanifold if Rad(TN) is a

smooth distribution of rankr >0 (1 <r <mn )on N.

Let S(T'N) and S(TN‘) be non-degenerate subbundles of Rad(TN) in TN and TN+
respectively such that TN = Rad(TN) L S(TN) and TN+ = Rad(TN) L S(TN+). More-
over, for local coordinate neighbourhood U of N and local frame field {&;}, {i € 1,2,.....,r}
of I'(Rad(TN)), there exists a local null frame {V;} of sections with values in the orthogonal
complement of S(TN*) i.e, S(TN*)* such that

g(Nzagj) = 52]7 g(NlaN]) = 07 for 7/7.] € {1727 ...,T}. (21)

In view of Theorem (1.3), Chapter 5 (see, [§]), there exists a lightlike transversal vector
bundle /tr(TN) complementary to Rad(TN) in S(TN+)* locally spanned by {N;}. Next,
consider the vector bundle tr(T'N) in TN|y defined by

tr(TN) = ltr(TN) L S(TN4),

and therefore

TN|y =TN @ tr(T'N) = S(TN) L (Rad(TN) @ ltr(TN)) L S(TN™). (2.2)

Let V be Levi-Civita connection of N. Then, for Z1, Zo € T(T'N) and V € T'(tr(TN)), Gauss

and Weingarten formulae are given by
NV Zy =V2,Z0+ W21, 2Z3), Vg,V = —AvZy + V4V, (2.3)

where {h(Z1,22),V% V} € T(tr(TN)), {Vz,Z2, Ay Z1} € T(T'N) and h, Ay represent sec-
ond fundamental form on I'(T'N) and linear shape operator on N respectively. In view of

Eq. (2.2), we give the the Gauss and Weingarten formulae as
N Zs =N 7,20+ W (21, Zo) + h*(Z1, Zo), (2.4)

V2,V =-AyZy+ VY LV + V5 SV + DY(2,,SV) + D*(Z,,LV) (2.5)
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where, Z1,Z, € T(TN), V € T'(tr(TN)), h* and h* are I'(itr(TN)) and T'(S(TN1)) valued
lightlike second fundamental form and screen second fundamental form of N, V! and V*
are lightlike and screen transversal linear connections on N respectively and D! : I'(T'N) x
I'(S(TN1)) — T(itr(TN)), D* : T(TN) x T'(itr(TN)) — T'(S(T'N*)) respectively are bi-
linear mappings, where L and S are projection morphisms onto ltr(TN) and S(TM=). In
particular, if N € T'(ltr(T'N)) and W € T'(S(TN*)), then, from Eq., we have

VN =—-AnZi + VY% N+ D*(Z;,N) (2.6)
and
VW = —AwZi + DNZ1, W) + Vi W (2.7)
From Egs. , and , we obtain
9(Aw 21, Za) = g(h*(Z1, Za), W) + §(Z2, D' (Z1, W), (2.8)
9(AwZy,N) = g(D*(Z1, N), W). (2.9)

Let @ be the projection of TN onto screen distribution S(T'N), then using TN = Rad(T'N) L
S(TN), we get

V2,Q%Zy = V5,QZ + W' (21,Q2Z2), Vz,& = —A{Z1 + VF &, (2.10)

where & € T'(Rad(TN)), {h*(Z1,QZ>), V*Ztlg} € I'(Rad(TN)) and {V7 QZ>, AzZl} e I'(S(TN)).
Also, h* : I'(TN) x I'(S(TN) — I'(Rad(T'N)) and A* : T'(T'N) x I'(Rad(T'N) — I'(S(T'N))
are bilinear forms called second fundamental form and shape operator of distributions S(T'N)

and Rad(T N) respectively. Moreover, V* and V*! denote the induced Levi-Civita connection

on S(TN) and Rad(TN) respectively. Then, from Egs. (2.5), and (2.10]), we get
g(h'(21,Q22),€) = g(Ai Z1,QZo). (2.11)
As V is a metric connection on N, therefore for Z1, Zs, Z3 € I'(T'N), one has
(V2.9)(Z2, Z3) = G(h'(Z1, Z2), Z3) + §(h(Z1, Z3), Za). (2.12)

which shows that the induced connection V on NN is not a metric connection.

Definition 2.2. [10] An indefinite almost Hermitian manifold (N, J, g, V) is said to be an

indefinite nearly Kdhler manifold if
j2 =—1, g(jZl, ng) = g(Zl, ZQ), (lej)Zg + (ﬁzzj)zl =0, (2.13)

VZy,Zy € T(TN).
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3. POINTWISE BI-SLANT LIGHTLIKE SUBMANIFOLDS

In view of Lemmas (3.1) and (3.2) stated by Sahin [20], we introduce the concept of

pointwise bi-slant lightlike submanifolds of indefinite nearly Kahler manifolds as follows:

Definition 3.1. A ¢-lightlike submanifold N of an indefinite nearly Kihler manifold N with
index 2q is said to be a pointwise bi-slant lightlike submanifold if the following conditions
hold:
(i) J(Rad(TN)) is a distribution on N such that J(Rad(TN)) N Rad(TN)={0}.
(ii) There exists non-degenerate orthogonal distributions D1 and Dy on N such that
S(TN) = (Jitr(TN) @ JRad(TN)) L Dy L Ds.
(iii) JD1 L Dy and JDo 1 Dy.
(iv) Forp € U C N and each non-zero tangent vector field Z € T'(Dj), (for j = 1,2),
the angle (0;), between JZ and the vector space (D;), is independent of choice of
Z € I'(Dj)p.
Note that the angle 0; is called the slant function on N and the pair {01, 02} is called bi-slant
function on N. At each point p € U C N, (6;), (for j = 1,2) is called the slant angle of
the distribution (Dj),. Moreover, if for j = 1,2, (D), # {0} and (6;), # 0,7/2, then, the

pointwise bi-slant lightlike submanifold is said to be proper.

In view of above definition, the tangent bundle TN of N can be decompsed as:
TN = Rad(TN) L (Jitr(TN)® JRad(TN)) L Dy 1 Ds. (3.14)
For Z e I'(T'N), we have,
JZ =tZ +nZ (3.15)

and for V e I'(tr(T'N))

JV =BV +CV, (3.16)
where tZ, BV € I'(T'N) and nZ,CV € I'(tr(TN)).
Note: In upcoming sections, we will use pw.bi-s.l.s. to denote a pointwise bi-slant lightlike

submanifold and an indefinite nearly Kihler manifolds will be denoted by N, unless other-

wise stated.
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Consider ¢1, ¢2, ¢3, ¢4 and ¢5 be the projections of TN on Rad(TN), J(Rad(TN)),

J(ltr(T'N)), D1 and Dy, respectively. Then, for Z € I'(T'N), we have
Z=¢1Z+ Q22 + @32 + PuZ + G5 Z. (3.17)
Applying J on both sides and using Eq. , we get
JZ = J1Z + JpoZ + Jp3Z + toaZ +ndaZ + tdsZ + ngsZ, (3.18)
where J¢1Z € T'(J(Rad(TN))), Jp2Z € T'(Rad(TN)) and Jg3Z € T'(itr(TN)).

Lemma 3.1. For a pw.bi-s.l.s. N of N, {n¢sZ,n¢s2} € T'(S(TN*')), t¢sZ € T'(D1) and
t¢5Z € T(Ds), for Z € T(TN).

Proof. For ¢ € T'(Rad(TN)), we have
9(niZ,€) = —g(¢iZ,J€) =0 (3.19)

for i = 4,5. Therefore, ng;Z has no component in ltr(T'N), which implies {n¢4Z, n¢s2Z} €
(S(TN*)). On the other hand, Let N € I'(itr(TN)), then using Eqs.(3.19), (2.13), (3.14)

and using the condition JDy 1 Dy, we have

gtsZ,N) = 0 = §(t¢aZ,J1Z) = G(teuZ, Jp2Z) = G(tdaZ, J$p3Z) = G(toaZ, ¢57),
which shows that t¢4Z € I'(D;). Similarly, using Eqgs.(3.19), (2.13)), (3.14) and using the
condition JDy L Do, it follows that t¢5Z € T'(Dy).

We now provide a classification theorem for the existence of pw.bi-s.l.s. N of N.

Theorem 3.1. (Existence Theorem) A q-lightlike submanifold N of N with index 2q is a

pw.bi-s.l.s., if and only if,

(i) J(ItrTN) is a distribution on N such that J(IltrTN) N Rad(TN) = {0}.
(ii) There exists non-degenerate orthogonal distributions Dy and Dy on N such that
S(TN) = (Jitr(TN) ® JRad(TN)) L Dy L Ds.
(iii) JDy L Dy and JDy 1 Dy.
(iv) for {i = 4,5}, there exist functions a; € [0,1) such that t*(¢;Z) = —a;(¢;Z) for all
Z € T(S(TN)), where cos?(0;), = a; such that (;), are the respective slant functions
of (Dj)p for j=i—3 andp € N.
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Proof. Let N be a pw.bi-s.L.s. of N. Then, the conditions (ii) and (iii) hold trivially. Let
JN' € T(Rad(TN)) for N’ € Titr(TN), one has JJN' = —N' € T'(S(TN)), which is a
contradiction. Therefore, we get JN' ¢ T'(Rad(TN)). Again, let JN' € T'(ltr(TN)) for
N’ € T(itr(TN)). Choose ¢ € T'(Rad(TN)) such that g(N',£) = 1. Then from Eq. (2.13),
we derive 0 = g(JN', J€) = g(N',€) = 1, which is again a contradiction to our hypothesis.
Therefore, JN' ¢ T'(ltr(TN)). Consider JN' € T'(S(TN1)) for N’ € T'(itr(T'N)). Choose
¢ € T(Rad(TN)) such that g(N’,€) = 1, then, using Eq. (2.13), we have 0 = g(JN’, J¢) =
g(N’,€) = 1, which is a contradiction to hypothesis. Therefore, JN’ ¢ T'(S(TN+)). Thus,
we conclude that J(Itr(TN)) C S(TN) and J(ltr(TN)) N Rad(TN)={0}, which proves
condition ().

As N is pw.bi-s.L.s. of N, the angle between J¢;Z and Dj at p is constant, therefore for
Z €T(S(I'N)) and p € N, we have

_GUbiZ,t$iZ) __g(6iZ, JteiZ) _ G4 Z t2(6iZ))

9.), — I\ — - _
b = oz ez] ~ N6 Mzl | 6716z
Since, cos(Hj)pzl Lt(iiiZZ‘)l’ therefore we have

62, £(6:2))

cos?(0;), = 9 P (3.20)

We know that (;), is constant on (D;),. Hence, we get

9 Z, 20 2) = —ig(i Z, $: Z),

which gives t?¢;Z = —;¢; Z as g = 9l(p;),x(D;), is non-degenerate. Hence, (iv) holds.
Conversely, suppose that N be a g-lightlike submanifold of N such that the conditions (i) —
(iv) are satisfied. Let J¢ € T'(Itr(TN)) for ¢ € T'(Rad(TN)), one has JJ¢ = —¢ € T'(S(TN))
by condition (i), which is a contradiction. Therefore, we get J¢ ¢ T'(Itr(TN)). Again, let
J¢ € T(S(TNY)) for ¢ € T(Rad(TN)). Choose N’ € T'(Itr(TN)) such that g(N’, &) = 1.
Then from conditions (4), (i7) and Eq. (2.13)), we derive 0 = g(JN', J¢) = g(N', &) = 1, which
is again a contradiction to our hypothesis. Therefore, J¢ ¢ T'(S(TN*)). Now, Consider
J¢ € T(Rad(TN)) for ¢ € T(Rad(TN)). Choose N’ € T'(itr(TN)) such that g(N’, &) = 1,
then, using condition (i) and Eq. (2.13), we have 0 = g(JN’, J¢) = g(N',£) = 1, which
is a contradiction to hypothesis. Therefore, J¢ ¢ I'(Rad(TN)). Thus, we conclude that
J(Rad(TN)) C S(TN) and J(Rad(TN)) N Rad(TN)={0}. Also, by condition (iv), there
exists a function ; such that t?¢;Z = —a;¢;Z for Z € T'(S(TN)). Then using the Egs.
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(2.13) and (3.20)), we obtain

t(¢iZ),t(¢iZ))
9(¢iZ, 4 Z)

cos?(0y), = 24
= Qy,

which shows that the Wirtinger angle is independent of ¢;Z € (D;)p. Hence, the theorem is

proved. O

Corollary 3.1. Assume that N be a pw.bi-s.l.s. of N. Then, fori=4,5 and j =i — 3,

(i) g(t¢iZ1,td;Z2) = cos? (05),9(diZ1, diZ2),
(ii) g(ngiZ1,ng;iZs) = sin? (05),9(0iZ1, diZ2),

where Z1,Zs € T'(TN).
Proof. Let Zy,Zy € T'(T'N), then we have
9(tgiZ1, tdiZa) = G(tdiZ1, thiZa) = —G(diZ1,t°¢iZ2) = —G(9iZ1, —ihi Za) = aig($iZ1, $iZ2),
which leads to g(t¢;Z1,tp;Zs) = COSZ(Hj)pg(qZSiZl, ¢iZ3). Similarly, consider
9(bi21,¢iZ2) = G(T$iZ1, T$iZ2) = g(t¢iZn, tdiZ) + G(ngi Z1, ni Za),
which gives g(n¢; Z1,n¢iZs) = sin®(0;),9(¢iZ1, ¢iZ2), thus the proof is complete. O

Next, we present a non-trivial example of pw.bi-s.l.s. N of an indefinite nearly Kahler

manifold N.

Example 3.1. Consider N be a 6-dimensional submanifold of (R?{G,g) with signature

(= ——+++++++++ + + + +) given by
doul =2t == 2P, S=dd, =, T =t 2=l
312 432
u u
2 = udut, 20— (u”) I (u”) S R S s

2 2

512 612

u u
g4 = S, 215 = Pub, 1 ( 2) (2) Y- S S )

Then TN is spanned by Z1,Zo, Z3, Zy, Z5, Zg, where
Zh1 = 0x1 + Oxy, 2oy = 0xg — Ors,

Zs = 05 + 0xg + urdxg + udx10, Z4 = Ox7 + Oxg + U019 + 10210,

Zs = Ox11 + 0x12 + ub0z15 + u’dr16, Zg = Ox13 + Ox14 + u2 0215 + 1016
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As Rad(TN) = Span{Z;} and JRad(TN) = Span{Zs}, where JZ1 = Zs, thus N is a 1-
lightlike submanifold with ltr(TN) spanned by Ny = 3{—dx1 + dz4} and Jltr(T'N) spanned
by JN| = %{—83:2 — dx3}. On the other hand, by direct calculations, we find that S(TN*)

s spanned by
Wi = —u?0xs — utdxg + Ox19, Wa = —u’dz11 — ub0z14 + Ox16.

Hence, D1 = Span{Zs, Z4} and Dy = Span{Zs,Zs} are slant distributions with the slant

u4)27(u3 2
e and 02 =

angles 01 = OP—(w?)? Thus, N is a proper pw.bi-s.l.s. of RiS.
2+(u5)2+(u6)2 ) 3

Lemma 3.2. For a pw.bi-s.l.s. N of N, nD; and nDy are orthogonal.

Proof. Since N is pw.bi-s.l.s. of N, therefore using Eq.(3.14) and Eq.(3.16) along with
theorem ({3.1) for Z € I'(T'N ), we have

G(n¢aZ,nsZ) = G(J¢aZ — tsZ, J$5Z — tésZ)
= —G(JpsZ,td52) — G(J b5 Z, tdpsZ)
= G(¢aZ, JtosZ) + g(dsZ, Jtpa Z)
= (42,295 7) + (52, 2§ Z)
= —cos?(02)pg(¢1Z, $52) — cos*(61)pg(d5Z, 4 Z)

= 0’
which completes the proof. O

In view of Lemma lb there exists a holomorphic subspace p, C S(T,N 1), such that at

each p € N, we have

S(TN*Y)=nD; LnDy L p (3.21)
and

TN = S(TN) L {Rad(TN) ®ltr(TN)} L nDy L nDsy 1 pu. (3.22)

Also, for V € I'(tr(T'N)), we have V = PV + QV, where PV € I'(itr(I'N)) and QV €
I'(S(TN')). Note that as per Eq.(3.21)) for V € I'(S(T'N1)), we have

QV =1V + Q2V + Q3V,
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where Q1, Q2 and Q3 denote the projections of S(T'N+) onto n.Dy, nDy and p, respectively.

Now, applying J on both sides, we have
JV = JPV + JQV
= JPV + BQ1V + CQ1V + BQ2V + CQ2V + JQ3V,
where, JPV € Fjltr(TN)) and using Lemma , we have BQ1V € I'(Dy), CQ1V €

[(S(TN1Y)), BQV € T(Dy), CQV € T(S(TN1)) and JQ3V € T'(u). Then, using

Egs. (2.4), (2.7), (2.13) with (3.15) and (3.16]) and equating the components of Rad(T'N),
JRad(TN), J(Iltr(T'N)), Dy, Da, ltr(TN) and S(TN)*, we get

01(V 2, J$122) + p1(NV 2, Jd22Z2) + ¢1(V 2,104 Z2) + $1(V 2,td5Zo2)
+01(V 2, J0121) + 01(V 2, 92 Z1) + 91 (N 2,104 21) + $1(V 2, b5 21 )
= $1(Angs2,21) + $1(Angs2,21) + d1(Angs 2, 21) + d1(Angy 2, Z2) (3.23)

+ ¢1(Anpyzy Z2) + 01(Anps 2 Z2) + J 2V 2, Zo + J$oV 2,71,

$2(V 2, J91Z2) + $2(V 2, 2 Z2) + ¢2(V z,tdaZa) + ¢2(V z,1¢5Z2)
+2(V 2, J$121) + $2(V 2, J $221) + 2(V 2,004 21) + ¢2(V 2,td5Z1)
= ¢2(Angs2,21) + 02(Angy 2. 21) + $2(Angs 2, Z1) + $2(Angs 2, Z2) (3.24)

+ P2 (Angyz, Z2) + d2(Angszy Z2) + J$1V 2, Zo + J 1V 2, 21,

03(V 2, J9122) + $3(V 2, J 92 Z2) + $3(V 2,tdaZ2) + ¢3(V 7,15 22)
+03(V2,J0121) + ¢3(V 2,2 21) + ¢3(V 2,t0421) + ¢3(V 7,105 21 )
= 03(Angs2,21) + 03(Angs 2, 21) + 03(Angs 2, 21) + $3(Angy 2, Z2) (3.25)

+ 03(Angazy Z2) + 03(Angs 2, Z2) + 2BhH(Z1, 7o),

01(V2,J$122) + ¢4(V 2, T $2Z2) + ¢4(V 2,101 Z2) + $a(V 2,5 Z2)
+04(V 2, J0121) + 4(V 2, T $221) + 4(V 2,104 21) + $a(V 2,1¢521)
= P4(Angs2,21) + Ga(Angszo21) + G4(Angs 2, 21) + ¢a(Angs 2, 22) (3.26)
+ 4(Angy2,Z2) + Ga(Angs 2, Z2) + 2BQ1W* (21, Z2)

+ 194NV 7, 2o + 194NV 2, 21,
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b5(Vz, J017Z2) + ¢5(V 2, T2 Za) + ¢5(V z,tdaZa) + ¢5(V 7,165 Z2)
+¢5(V 2, J$121) + ¢5(V 2,J0221) + ¢5(V 2,004 21) + ¢5(V 2,td5.Z1)
= 5(Anps2,21) + 05(Anpsz,21) + 05(Anps 2, 21) + 05(Angy 7, Z2) (3.27)
+ ¢5(Angyz, Z2) + O5(Angs 2, Z2) + 2BQ2h*(Z1, Zo)

+ o5V 7, 2o + 195V 2,21,

W (Zo, Jp1Z1) + W (Zo, T2 Z1) + B (Za, tpaZn) + B (Za, td5 Z1)
+h(Z1, J$1Z2) + BN (Zh, T2 Za) + W (Z1,tpaZa) + W (Z1, L5 7o)
= np3Vz, Zo + 13V 2,21 — V' nd3Zs — D'(Z1,npaZ) (3.28)

— DY (Z1,n¢522) — V'y,ndsZ1 — D'(naZr, Zo) — DN(Za,ne5Z1),

and

W (Za, J¢1 Z1) + h*(Za, Jp2Z1) + B*(Za, tdaZn) + h*(Za, td521)
+h*(Z1, Jp1Z2) + h*(Z1, T2 Za) + h*(Z1,tdaZs) + h*(Z1, ts Zo)
=ngaVz Lo +npsV gz, Za +nosV 7,21 + npsV z, 21 (3.29)
— D*(Zy,n¢322) — Vi npsZs — Ny nds 2o
— D*(Za,n¢321) — Viy,nesZy — Vi nes 2,

+ QCthS(Zl, ZQ) + QCths(Zl, ZQ) + 2CQ3hS(Z1, Zg).

Next, we investigate conditions for the distributions associated with pw.bi-s.l.s. N of N to

be involutive.

Theorem 3.2. For a pw.bi-s.l.s. N of N, the distribution Rad(TN) is involutive, if and

only if
(i) ¢1 (V2 Jd122) + ¢1 (V2 Jd1Z1) = 22V 2,21,
(ii) ¢4 (Vz,Jd12Z2) + ¢pa (VzyJ9121) = 2BQLA* (Z1, Za) + 2t¢4N 2, 71,
(iii) ¢5 (V2 J9122) + &5 (Vo Jd121) = 2BQoh® (Z1, Zo) + 2t¢5V 7,21,
(iv) B (Za, J$1 Z1) + b (21, J$12) = 2065V 2,21,
(V) h*(Za, J1Zy) + W8 (Z1,Jd1Z2) = 204N 2,71 + 2095V 2,71 + 2CQ1h¥(Z1, Zo)

+2CQ2h*(Z1, Z) + 2CQ3h*(Z1, Zo),
for any Z1,Zs € T'(Rad(TN)).
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Proof. Consider Z1,Z; € T'(Rad(TN)), then using Egs.(3.23), (3.26), (3.27), (3.28) and
(3.29), we have

01(V oz J1Z2) + 01(V 2 1 Z1) = Jpo|Z1, Zo| + 2T $2N 2, Z1, (3.30)

Pa(V 2, J91Z2) + da(V 2, J$121) = 2BQ1h*(Z1, Za2) + tda[Z1, Za) + 2t¢aNV 2,71, (3.31)

b5(V 2, J01Z2) + ¢5(V 2,91 21) = 2BQoh®(Z1, Zo) + tos[Z1, Zo) + 2t¢sV 2, Z1,  (3.32)

W (Zoy, T Z1) + hH(Z1, T 1 Zo) = ns[Z1, Zo) + 2né3V 2,7y (3.33)
and
20 h° (21, Za) + 2CQah*(Z1, Za) + 2CQ3h*(Z1, Za) + nda[Z1, Za| + 2n¢aN 2,71
+ngs[Z1, Zo] + 205V 2,21 = h*(Za, J¢1Z1) + h*(Zy1, J1 Z2). (3.34)
Then the result follows from Eqgs. (3.30)), (3.31)), (3.32), (3.33)) and (3.34). O

Theorem 3.3. For a pw.bi-s.l.s. N of N, the distribution JRad(TN) is involutive, if and

only if

02 (V2 Jd222) + ¢2 (V 2, J92Z1) = 21V 2,21,

b1 (Vg J92Z2) + ¢4 (V2 J9221) = 2BQLES (Z1, Za) + 264N 2,71,

05 (V2 J92Z2) + ¢5 (Vz,Jp2Z1) = 2BQoh® (Z1, Za) + 2t¢5V 2,21,

W (Za, JpaZh) + B (Z1, Jdp2Zo) = 2n¢3V 2, 21,

(v W (Za, JpaZn) + b (21, Jd2Za) =2n¢aN 2,71 + 2n¢5V 2,21 + 2CQ1h*(Z1, Z2)
+2CQ2h*(Z1, Za) + 2CQ3h*(Z1, Z2),

where Zy, Zy € T(JRad(TN)).

Proof. Let Zy, Zy € T(J(Rad(TN)), then using Eqs.(3.24), (3.26)), (3.27), (3.28) and (3.29)),

we have

G2 (Vg J92Zs) + ¢2 (Vz, J221) = J1[Z1, Zo) + 201V 2,21, (3.35)
¢4 (V2 J9222) + ¢4 (Vz,J2Z1) = 2BQ1W° (21, Za) + t¢a[Z1, Za] + 2664V 2,71, (3.36)
05 (Vz, JbaZa) + 65 (V iz, J$221) = 2BQah® (21, Za) + L5 21, Zo] + 265V 2,21, (3.37)

W (Za, T2 Z1) + B (21, T$2Z2) = nes[Z1, Zo) + 2n¢3V 2,21 (3.38)
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and
noa[Z1, Zo] + 2n¢puN 2,21 + nos[ 21, Zo) + 2n¢sV 2, Z1 + 2CQ1h° (21, Z5)

+20Q2h°(Z1, Z2) + 2CQ3h*(Z1, Za) = h° (Za, JpaZ1) + B° (21, T2 Za) . (3.39)

The result follows from Eqs. (3.35)), (3.36)), (3.37)), (3.38) and (3.39). O

Theorem 3.4. For a pw.bi-s.l.s. N of N, the distribution J(Itr(TN)) is involutive, if and

only if

(1) ¢1(Anpszo21) + 01(Angyzy Z2) + 292V 2,71 = 0,

(i) d2(Angsz,21) + 2(Angsz, Za) +2J 01V 2,21 = 0,

(ili) Pa(Angszo21) + Pa(Angyz, Z2) + 2BQ1I (Z1, Za) + 2t$aV 7,21 = 0,

(iv) ¢5(Angyzo21) + ¢5(Angsz, Z2) + 2BQah* (Z1, Z2) + 2t¢5NV 2,21 = 0,

(v) D*(Z1,n¢p3Zs) + D*(Za,np3Z1) =2n¢p4N 2,21 + 2npsV 2,21 + 2CQ1h*(Z1, Z2)
+2CQ2h*(Z1, Zs) + 2CQ3h*(Z1, Z2),

for any Z1, Zo € T(J(ltr(TN)).

Proof. Consider Z1,Zy € T(J(ltr(TN)), then from Egs.(3.23), (3.24), (3.26), (3.27) and
(3.29), we have

¢1(An¢3z221) + ¢1 (An¢321 ZQ) + j¢2[Z1, ZQ] + 2j(252VZQZ1 =0, (3.40)

2(Angyz,Z1) + d2(Angsz, Z2) + J1[Z1, Zo) + 21V 2,21 = 0, (3.41)

O1(Angs 7, 21) + Ga(Anpszy Z2) + 2BQLE° (21, Z3) + toa[Z1, Zo) + 2tpuN 2,Z1 =0, (3.42)

(;55(An¢3z221) + ¢5(An¢3Z1 Zg) + 2BQ2hs (Zl, ZQ) + tos [Zl, ZQ] + 2t¢5VZQZl =0 (343)

and
ng4|Z1, Zo] + 204N 2, Z1 + ngs|Z1, Zo] + 2n¢s5V 2,21 + 2CQ1h°(Z1, Zs)
+2CQ2h%(Z1, Z2) + 2CQsh*(Z1, Zsy) = D*(Z1,ndsZ2) + D*(Za,ngp3Zy). (3.44)
Using Egs. (3.40), (3.41)), (3.42), (3.43)) and , the assertion follows directly. 0

Theorem 3.5. For a pw.bi-s.l.s. N of N, the distribution Dy is involutive, if and only if

(i) ¢1 (VztdaZa) + ¢1 (VztdaZr) = ¢1(Angaz,Z1) + 01(Angysz, Za) + 2T 62V 2,21,
(i) @2 (Vz,t04Z2) + ¢2 (Vz,t0421) = ¢2(Angaz,21) + $2(Angyz, Z2) +2J 1V 2,21,
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(ili) ¢5 (VzitdaZs) + ¢5 (VzytdaZi) =05(Angs 2, 21) + ¢5(Angy 2, Z2) + 2BQ2b* (Z1, Z2) +
25V 2,21,
(iv) b (Za,t¢aZ1) + W' (Z1,t¢aZa) = 2n¢3V 2,21 — DN(Z1,naZa) — D (ndaZ1, Z2),
(V) npaV 2,71 +npaN 7, Zo + 2npsV 7,21 — VSZ17”L¢4Z2 — VSZQTL(ZMZl +2CQ1h*(Z1, Z2) +
20Qah*(Z1, Z2) + 2CQ3h*(Z1, Za) = h® (Za, tdsZ1) + h® (Z1,td475),

where Z1, Zs € T'(Dy).

Proof. For Zy,Zy € I'(Dy), from Eqgs.(3.23)), (3.24)), (3.27), (3.28)) and (3.29)), we have

01 (Angy 2, 21) + &1 (Angyz, Z2) + 2J 92N 2, Z1 + Ja|Z1, Zo) =1 (V 2, L4 Z2)

+ ¢1 (VgtoaZy), (3.45)

02(Angyz,71) + $2(Angyz, Z2) + 2J 01V 2,71 + J1[Z1, Zo) =2 (V z,t¢4Z2)

+ ¢2 (VZ1t¢4ZQ) ; (346)

&5 (V2 tdaZs) + ¢5 (V 2ot s Z1) = ¢5(Anguz.21) + O5(Angaz, Zo) + tds[ 21, Zo]

+ 2BQ2h° (Zl, Zg) + 2t¢5VZQZ1, (347)

nes[Z1, Zo) + 2n¢3V 2,21 — D'(Z1,n¢1Z2) — D (ndsZy1, Zs) =h' (Za, tsZ1)
+ W (Zy,tgsZy)  (3.48)
and
NP4V 7,21 + ndpsN 7, Zo + 205V 7,21 — Ny npsZo — Ny npsZy + 2CQ1h*(Z1, Za)+

77,(;55[21, ZQ] + 2CQ2hs(Z1, ZQ) + QCQghS(Zl, ZQ) = h° (ZQ, t¢4Zl) + h® (Zl, t¢4ZQ) . (349)

Then the assertion follows from Eqgs. (3.45), (3.46), (3.47), (3.48) and (3.49). O

Theorem 3.6. For a pw.bi-s.l.s. N of N, the distribution Dy is involutive, if and only if

() 1 (Vzitd5Z2) + ¢1 (V2ot571) = ¢1(Angs 2, 21) + 01(Angs 2, Z2) + 2T 92V 2,21,
(it) b2 (VzitdsZ2) + b2 (V2otd5Z1) = d2(Angs 2, 21) + b2(Angs 2, Z2) + 201V 2,71,
(il)) ¢4 (V2 t952Z2) + ¢a (Vzptds Z1) = pa(Angs 2, 21) + pa(Angs 21 Z2) + 2BQ1A° (21, Z2)
+ 2tV 2,21,
(iv) Bl (Za,td521) + Wt (21, tpsZa) = 2n¢3V 2,21 — DY Z1,np5 Zs) — D (nes 21, Zs),
(V) nosVz,Z1 + ngsV z, Zo + 2ndyNV 7,71 — Vszln¢5ZQ — VSZ2n¢521 +2CQh*(Z1, Z2)
+2CQ2h*(Z1, Za) + 2CQsh®(Z1, Za) = h® (Za, tpaZ1) + h* (Z1,tpaZa),

(
(
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for any Z1,Zy € T'(D3).

Proof. Let Z1, Zy € T'(D2). Using Eqgs.(3.23)), (3.24)), (3.27)), (3.28) and (3.29)), we have

01(Anps2,21) + 01(Angs 2, Z2) + 232V 2, Z1 + J2[Z1, Za) =1 (V 2,td52Z2)

+ ¢1 (v22t¢5zl) ’ (350)

02(Angs 2, 71) + $2(Angs 2, Z2) + 2J 01V 2,71 + J1[Z1, Zo) =2 (V 7, tp5Z2)

+ ¢2 (VzuotdsZy), (3.51)

¢4 (Vzitd522) + ¢4 (V2,105 21) = da(Angs 20 21) + Ga(Angs 2, Z2) + tda|Z1, Zo]

+2BQ1h* (Z1, Za) + 2t¢sNV 2,21,  (3.52)

n$3[Z1, Za] + 2063V 2,71 — DN(Z1,n¢5Z2) — D (ngsZ1, Za) =h' (Za, tds21)

+h (Zh,tpsZa)  (3.53)
and

n¢sV 2,21 + 15V 2, Za + 2n¢uN 2,21 — Ny ndsZy — Vg,nes 2y + 20Q10h° (21, Zz)+

n¢4[Z1, ZQ] + QCQQ}LS(Z17 ZQ) + 2CQ3hS(Z1, ZQ) = h® (ZQ, t¢5Z1) + h? (Zl, t¢5Z2) . (354)

The result follows from Egs. (3.50)), (3.51)), (3.52)), (3.53)) and (3.54). O

We now give a necessary and sufficient condition for the induced connection on a pw.bi-

s.l.s. N to be a metric connection.

Theorem 3.7. Assume that N is a pw.bi-s.l.s. of N, then V is a metric connection on

N, if and only if for each Z € T(TN) and £ € T'(Rad(TN)), we have

(i) VzJE+ VijeZ € I'J(Rad(TN)),
(il) VjetZ — AnzJE € T(Rad(TN)),
(iii) Bh(Z,J€) = 0.

Proof. Consider Z € I'(T'N) and £ € I'(Rad(T'N)). Now, by Egs. (2.13), we have

Vz€= —ﬁzjzg = —JVzJ¢ -I-ﬁjng — ﬁng.
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Then using Egs. , and , we get
~J(VzJE+ NV 5. 2) + V jet Z + h(JEtZ) — Apz JE+ VenZ — 2Bh(Z, J€) — 2Ch(Y, J¢)
=Vz§+Nh(Z,9),
Comparing tangential components on both sides of above equation, we derive
V€ = —t(VzJE+ V3 Z) + YV jet Z — Anz JE — 2Bh(Z, JE).
Hence, Vz¢ € I'(Rad(T'N)), if and only if the conditions (i), (ii) and (iii) are satisfied. [

Lemma 3.3. Let N be a pw.bi-s.l.s. of N and (0;),, (j = 1,2) be the slant angle. Then,

for a unit vector Z € I'(D;),,, we have

tZ =cos(8,),(2)Z (3.55)
where Z represents a unit vector in (Dj), such that 9(Z,2) =0.

Proof. Let Z € I'(D;),,, (j = 1,2) such that g(Z, Z) = 1, then we have

_ 2l _Jtz] _

cos(On(2) = 1771 = 17 = 2] (3.56)

Now, define Z = tZ

ik then clearly |Z| =1 and tZ = |tZ|Z. Next from Eq. (3.56)), we have

tZ = cos(0;),(Z)Z.

We know that for an indefinite nearly Kéhler manifold, g(JZ, Z) = 0. Using Lemma(3.1)) and

_ tzZ 1
Eq.(3.15), we get g(tZ, Z) = 0. Further, we have g(Z,Z) =g <\tZ]’ Z) = @g(tZ, Z)=0,

which proves the lemma.

O

Definition 3.2. A ¢-lightlike submanifold N of an indefinite nearly Kdhler manifold N with
index 2q s said to be a bi-slant lightlike submanifold if
(i) J(Rad(TN)) is a distribution on N such that J(Rad(TN))N Rad(TN)={0}.
(ii) There exists non-degenerate orthogonal distributions Dy and Dy on N such that
S(TN) = (Jitr(TN) ® JRad(TN)) L Dy L Ds.
(iii) JDy L Dy and JDy 1 Dy.
(iv) The distribution Dj is slant with slant angle 0; (for j =1,2) i.e, for each p € N and
non-zero tangent vector field Z € (D;),, the angle (6;), between JZ and the vector

space (Dj), is independent of choice of Z € I'(Dj), and p € N.
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If D; # {0} and 6; # 0,7/2, then, the bi-slant lightlike submanifold is said to be proper.

Next, we provide conditions for proper pw.bi-s.l.s. N of N to be a bi-slant lightlike

submanifold.

Theorem 3.8. A proper pw.bi-s.l.s. N of N is a bi-slant lightlike submanifold of N, if

and only if,
9(Anz,Y, Zj) + g(Any Z5, Zj) = 29(A,2,Y, Zj) + 9((V 2,1)Y, Z;),
where forp € U C N, Z; € I'(Dj), is a unit vector field, Zj € I'(Dj)p is a unit vector field

such that g(Z;,Z;) = 0 for j =1,2 and Y € T(TN).

Proof. Assume N be a proper pw.bi-s.L.s. of N and Z; € I'(D;), for p € U C N, be unit
vector field. For Y € T'(T'N), using Egs. (3.15)), (2.4), (2.5), (2.7) and (3.55)), we have

Vy JZ; = — sin(0;),(2)Y ((8;)p(2)) Z; + cos(0),(2)(Vy Z; + B (Y, Z;) + h*(Y, Z)))

— Apz,Y + ViynZ; + DN(Y,nZ;) (3.57)
aand

V2, JY =V 7Y + b (Z;,tY) + h¥(Z;,tY) — Apy Z; + V' L(nY) + V5 S(nY)

+ DY(Z;,S(nY)) 4+ D*(Z;, L(nY)). (3.58)

Again, using Eqs. (2-4), (B-15) ans (3:16), we get

J(VZ].Y) + j(ﬁij) :tVZjY +tVyZ; + nVZjY +nVyZ; + 2Bhl(Zj, Y)

+2Bh*(Z;,Y) +2Ch*(Z;,Y). (3.59)
As N is an indefinite nearly kihler manifold, therefore, using Eq. (2.13)), we get
VyJZ; + ﬁzjjy = j(ﬁZjY) + J(Vy Z;).

Using Eqs. (3.57)), (3.58) and (3.59)) , comparing tangential parts of resulting equation and
taking inner product with respect to Z; € I'(D;),, we have
— sin(0;)p(2)Y ((07)p(2)) + c0s(0,)p(2)9(Vy Zj, Z;) — 9(Anz, Y. Z;) — 9(Any Zj, Z;)

+ g(VthY, Z_]) = g(tVZj}/, Z_]) + g<thZj7 Z_J) + 2g(Bhl<Zj7 Y)7 Z_J) + QQ(BhS(Zj7Y)7 Z_J>
(3.60)
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Next from Eq. (2.12)), we have (Vyg)(Z;,Z;) = 0, which gives g(VyZ;, Z;) = 0. Then

consider,
tVy Z; Z tVy Z
o2 2) o (190237
1
= 0 ’ 9(tVy Z;,tZ;)
1 2
= 157087 (03)p(2)9(Vy Z;, Z;)
tZ;]
=0. (3.61)
Also, from Eq. (2.8]), we have
29(BI(Y, Z;), Z5) = —2(h*(Y, Z;), T Z) = —2g(h*(Y, Z;),nZ;)

29(Anz,Y. Zj). (3.62)

Now, using (3.61) and (3.62)) along with the fact that g(Vy W, W) = 0 in (3.60)), we have
—sin(0;)p(2)Y ((01)p(2)) =9(Anz,Y, Z;) + 9(Any Zj, Zj) — 9((V 2,1)Y, Z;)
- 29(AnZ_jY7 Zj)a (363)

As N is proper pw.bi.s.l.s. of N, N is a bi-slant lightlike submanifold iff Y'((6,),(Z)) = 0

i.e, 0; is independent of choice of p € N which proves the theorem. O

Theorem 3.9. Assume N be a proper pw.bi-s.l.s. of N. If

(i) there exists tr(TN) which is parallel along TN with respect to metric connection V.

(ii) t is parallel with respect to induced connection V on N.

Then, N becomes a bi-slant lightlike submanifold of N.

Proof. Assume that Y € I'(T'N), Z; € I'(D;), for j = 1,2, where p € U C N. Then,
using Lemma , {nZ;, nZ;}€ T(S(TN+)) C T'(¢tr(TN)). Since tr(T'N) is parallel along
TN with respect to metric connection V, we have, {VynZ;, VynZ;}€ I'(tr(T'N)) which
implies Anz,Y = A,z Y = 0. Similarly, using the fact that tr(T'N) is parallel along TN
with respect to metric connection V and Eq., we get A,y Z; = 0. Also, by condition
(i), (Vz;t)Y = 0. As N is proper pw.bi.s.Ls. of N, from Eq. , Y ((0;)p(Z2)) =0 ie,
¢ is independent of choice of p € N which proves the theorem. O

Definition 3.3. [7] A lightlike submanifold (N,g) of a semi-Riemannian (N,g) is called

totally umbilical, if there exist a transversal curvature vector field H € T'(tr(T'N)) on N such
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that
W21, Z2) = Hg(Zv, Zs), (3.64)

for Zy,Zy € T(TN). Using Egs. and , clearly N is totally umbilical, if and only
if there exist smooth vector fields H' € T(Itr(TN)) and H® € T(S(TN*1)) such that

W(Zy,Z2) = H'g(Z1, Zo), h*(Z1,Z2) = Hg(Z1, Zs), D(Z1,V) =0, (3.65)
for Z1,Z5 € T(TN) and V € T(S(TN1)).

Theorem 3.10. Assume that N be a totally wmbilical proper pw.bi-s.l.s. of N. Then N
becomes a bi-slant lightlike submanifold of N, if H® € T'(up).

Proof. Let Z € T'(Dj), for some j = 1,2 and p € U C N. Then, using Eq. (3.64) and
Corollary (3.1f), we have

NViztZ = Nzt Z + cos*(0;),9(Z, Z)H.

Now, applying .J on both sides of above equation and using Eqs.([2.7), (3.15) and Theorem
(3.1), we get,
sin2(0;)ptZ(0,)pZ — c05*(0;)p,NViz2Z — ApiztZ + ViyntZ + DNtZ,ntZ) =

c0s%(0,),9(Z, Z)(JH' + JH®) +tVz7tZ +nVztZ.  (3.66)

Comparing transversal components of above equation and taking the inner product of result-

ing expression with ntZ, we have
cos®(0,),9(Z, Z)g(CH*,ntZ) + g(nVyztZ,ntZ) = g(ViyntZ,ntZ). (3.67)

Using the fact that V is a metric connection on N with respect to g along with Eq.(2.7) and
Corollary (3.1f), we have

1 _
g(VipntZ,ntZ) = 5(5in2(9j)pg(tZ, tZVZ(0;),y + sin®(0;)pVizg(tZ,12)). (3.68)

Further using Eq.(3.68]) in Eq. (3.67) along with Corollary (3.1) and hypothesis that H® €

I'(pp), we acquire
1 _
sin®(0;)pg(Vizt Z,tZ) = 5 (51n2(0,)p9 (t2, £ 2)tZ(0;), + sin®(0;)pVizg(tZ,tZ)).  (3.69)
As V is metric connection on N with respect to g, thus we have

Vizg(tZ,tZ) = 2G(NVigt Z,t 7). (3.70)
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Next using Eq.(3.70) in Eq.(3.69)), we get,
sin2(0;)pg(tZ,t2)tZ(0;), = 0.

Since g is non-degenerate on I'(D;), and N is proper pw.bi-s.l.s., thus we conclude that

tZ(6;),=0; this shows that 6; is independent of choice of p € N which proves the result. [

Definition 3.4. A lightlike submanifold (N, g, V) of (N,g,V) is called totally geodesic if any
geodesic of N is a geodesic of N. Using Eq.(2.4), (N,g,V) is totally geodesic in (N,g,V)
if and only if the second fundamental form vanishes on N i.e, h'(Z1, Z3) = h*(Z1, Zs) = 0
VZy, Zy € T(TN).

Theorem 3.11. Assume N is a totally umbilical pw.bi-s.l.s. of N with H* € T'(u) and
Y,V €T (u) for VeT(S(TNY)) and Z € T(D;), for j=1,2. Then, N is totally geodesic in
N.

Proof. Let Z € I'(Dj), for some j = 1,2 and p € N. Then from Eq. (2.13)), we have

VzJZ = JV zZ. Further using Eqs. (2.4)), (2.7), (3.15)) and (3.16]), we obtain

VtZ +h(Z,tZ) + h¥(Z,tZ) — Any Z+DYZ,nZ) + VynZ =

tNV2Z +nNVyzZ+BhNZ,Z) + Bh¥(Z,Z)+ Ch*(Z,Z).  (3.71)

On comparing the tangential components on both sides of above equation and using Eq.(3.65)),

we get
VytZ — AnzZ =tV 37+ g(Z, Z)BH' + g(Z, Z)BH®.
taking inner product with J¢ € T'(Rad(TN)), where ¢ € T'(Rad(TN)), we get

9(VztZ,J€) = §(AnzZ, J€) =gtV 22, J€) + g(Z. Z)g(BH', J¢)

+9(Z,2)g(BH?®, J¢). (3.72)

Now, using Eqgs.(2.13)), (3.15), (2.12) and (3.16)), we have

§(tV22,J€) =0 = g(BH®, J€) = §(AnzZ, JE). (3.73)
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Also,

§(VztZ,JE) = §(NztZ,JE) = — §g(V 2 JtZ, JE)
= _g(ﬁthZa 5) - g(vzntzv f)
=g(h'(Z,1°2),¢)

= c05°0,(2)9(Z, Z)g(H',¢€). (3.74)

Using Eqgs.(3.16) and (2.13)), we get

g(BH', J¢) = g(H', ). (3.75)
Now, using Eqs., and in , we have
9(Z, 2)g(H', )(1 + cos*(6;)p(Z)) = 0.
As g is non-degenerate on I'(D;),, therefore one has g(H I, &) = 0 which further implies that
H'=0. (3.76)

Secondly, On comparing the transversal components of Eq.(3.71]) and then considering the

inner product of resulting part with JH?®, we get
9(VinZ, JH®) = g(Z,Z)g(H*®, H®). (3.77)

As V is a metric connection, we have (Vzg)(nZ, JH®) = 0), which on using Eq. (2.7)
together with hypothesis H* € T'(11) and V3,V € T'(u), for V € I'(S(T'N1)) yields that

a(VynZ, JH®) = 0. (3.78)
Then using Eq. in Eq., we get
9(Z, Z)g(H* , H") = 0.
As the slant distribution is non-degenerate, therefore,
H?° =0. (3.79)

Thus, the proof follows. O
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4. ToTaLLY GEODESIC FOLIATIONS DETERMINED BY DISTRIBUTIONS

In this section, we investigate the conditions for foliations determined by distributions

Rad(TN), D1 and D5 to be totally geodesic.

Theorem 4.1. Assume N be a pw.bi-s.l.s. of N. Then, Rad(TN) defines a totally geodesic

foliation if and only if
g(An¢4Wz1 + An¢5WZ1, tZQ) = g(VthW + letVV, tZg),

for Z1,Z5 € T(Rad(TN)) and W € T(S(TN)).

Proof. In order to show that Rad(T'N) defines a totally geodesic foliation, it is sufficient to
show that Vz, Zy € I'(Rad(TN)) for Zy, Zy € T(Rad(TN)). Using the fact that V is a metric
connection along with Eq.(2.13) and (2.4), for Z1,Zs € I'(Rad(T'N)) and W € I'(S(T'N)),

we get

g(Vlez, W) = —g(ﬁzle, sz) — g(?WJZl, ng) + g(ﬁle, jZQ). (4.80)

Moreover, using Egs.(3.18) and (3.22)) in Eq.(4.80)), we get

g(VZ1 Zy, W) = g(VthW + Vwtzy — An¢4WZ1 — An¢5WZ1, tZs),
which proves the theorem. O

Theorem 4.2. Assume N be a pw.bi-s.l.s. of N. Then, Dy defines a totally geodesic
foliation if and only if
(i) V2, JW +VwJZ1 has no components along D1, S(TN*) and Vi Z; has no com-
ponent along D .
(i) AnyZy has no component along D;.
(i) Vz, W' has no component along D .
(iv) V2,V has no component along D;.

for Zy € T(Dy), N € T(ltr(TN)), W € TJ(itr(TN)), V € TJ(Rad(TN)) and W € T'(Dy).

Proof. Assume Z1,Zy € I'(Dy). To show that Vz Zs € I'(Dy), it is sufficient to show that
V 2, Z3 has no components along Rad(T'N), JRad(TN), Jitr(T'N) and Dy. For W € T'(Dy),
using the fact that V is a metric connection along with Eqs.(2.4) and (2.13)), we have

(V2 Za, W) = —g(N g, JW +VwJZ1,JZ) + §(VNwZ1, Z2). (4.81)
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For N € I'(Itr(TN)), using the fact that V is a metric connection along with Eqs.(2.4)
and ([2.6)), we have

9(Vz2,22,N) = g(AnZ1, Z). (4.82)

Also, for W’ € T'(JItr(TN)), using the fact that V is a metric connection along with Egs. (2.4)),

we have
§(Vz, 2, W' = —g(VZIW’, Z3). (4.83)

Now, consider V' € I'JRad(TN), using the fact that V is a metric connection along with

Eqgs.(2.4)), we have

9(V2, 22, V) = =g(V2z,V, Z3). (4.84)

hence, the result follows from Eqgs.(4.81)), (4.82), (4.83) and (4.84). O

Following the same procedure as above, it can easily be shown that

Theorem 4.3. Assume N be a pw.bi-s.l.s. of N. Then, Dy defines a totally geodesic
foliation if and only if
(i) Vz, JW +VwJZ1 has no components along Do, S(TN*) and Vyw Z1 has no com-
ponent along Do.
(i) ANyZy has no component along Do.
(iii) Vz, W' has no component along Ds.
(iv) Vz,V has no component along Ds.

for Zy € T(Ds), N € T(Itr(TN)), W € TJ(itr(TN)), V € TJ(Rad(TN)) and W € T'\(Dy).
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ABSTRACT. In this paper we have introduced a new semi-symmetric nonmetric connection
(briefly, SSNM-connection) and established its existence on para-Sasakian manifold. We
obtain Riemannian curvature tensor, Ricci tensor, scalar curvature etc. with respect to the
SSNM-connection and studied the properties of para-Sasakian manifold with the help of
this connection. We also study n-Einstein soliton on para-Sasakian manifolds with respect
to this connection and prove that a para-Sasakian manifold admitting n-Einstein soliton
with respect to the SSNM-connection is a generalized 7-Einstein manifold. Further, we
investigate n-Einstein soliton on para-Sasakian manifolds satisfying R.S = 0,S.R = 0 and
R.R =0, where R and S are Riemannian curvature tensor and Ricci tensor with respect to
the SSNM-connection, respectively. At last, some conclusions are made after observing all
the results and an example of 3-dimensional para-Sasakian manifold admitting the SSNM-
connection is given in which all the results can be verified easily.

Keywords: Para-Sasakian manifold, Semi-symmetric nonmetric connection, Einstein soli-
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1. INTRODUCTION

In 1979, the notion of para-Sasakian (briefly, P-Sasakian) and special para-Sasakian (briefly,
SP-Sasakian) manifolds were introduced by Sato and Matsumoto [26]. Later, Adati and Mat-
sumoto investigate some interesting results on P-Sasakian manifolds and SP-Sasakian man-
ifolds in [I]. The properties of para-Sasakian manifold have been studied by many authors.
For instance, we see [2, [16] (17, 19, 2], 25, 28] and their references.
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In 1924, Friedmann and Schouten gave the notion of semi-symmetric connection on a
differentiable manifold. A linear connection on a differentiable manifold M is said to be

semi-symmetric if its torsion tensor 1" satisfies
T(A1,A2) = m(A2)A1 — m(A1)Ag, (1.1)

for all A1, Ay € x (M) , where x (M) is the set of all vector fields on M and 7 is a 1-form

associated with the vector field P given by
7T(A1) = (S(Al, P),

where § is a metric on M. In 1932, Hayden [I4] introduced the semi-symmetric metric
connection on a Riemannian manifold and later it was named as Hayden connection. A

linear connection V is said to be metric connection if
(VAl(;) (A2>A3) = 07 (12)

otherwise it is nonmetric. A systematic study of semi-symmetric metric connection was
initiated by Yano [31] in 1970. He proved that a Riemannian manifold with respect to
the semi-symmetric metric connection has vanishing curvature tensor if and only if it is
conformally flat. The study of semi-symmetric metric connection was further developed by
Amur and Puzara [4], Binh [5], De [II], Ozgur and Sular [20], Singh and Pandey [27] and
many others.

On the other hand, semi-symmetric nonmetric connetion whose torsion is given by
was introduced by Agashe and Chafle [3] in 1992. They showed that a Riemannian manifold
is projectively flat if it’s curvature tensor with respect to the SSNM-connection vanishes.
This linear connection was further developed by many researchers such as Chaubey and
Ojha [9], De and Kamilya [12], De, Han and Zhao [13], Prasad and Singh [22], Prasad and
Verma [23] and many others. Recently, in [I0], Chaubey and Yieldiz defined a new type of
SSNM-connection on Remannian manifolds. They investigated various curvature properties
of Riemannian manifold with respect to the SSNM-connection and studied Ricci soliton on
Riemannian manifold with respect to this connection. Motivated by their studies, here the
SSNM-connection has been introduced on para-Sasakian manifold to study some properties
and explore 7-Einstein soliton on this manifold.

R. S. Hamilton was the first who introduced the notion of Ricci flow in the early 1980s.

His [I5] observation on Ricci flow was that it is a tool by which the formation of a manifold
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can be simplified. It is the process which deforms the metric of a differentiable manifold by

smoothing out the irregularities. The equation of Ricci flow is given by

% = —-25, (1.3)
where ¢ is a Riemannian metric, S is Ricci curvature tensor and ¢ being the time. The solitons
for the Ricci flow is the self similar solutions of the above partial differential equation, where
the metrices at various times differ by a diffeomorphism of the manifold. A triple (d, V, ) is

used to represent a Ricci soliton regard to Ricci flow, where V' is a smooth vector field and

A is a scalar, which satisfies the equation
L,6+25+2\ =0, (1.4)

where L, 0 denotes the Lie derivative of § along the vector field V. A Ricci soliton is said
to be shrinking if A < 0, steady if A = 0 and expanding if A > 0. The vector field V is
called potential vector field and if it is a gradient of a differentiable function, then the Ricci
soliton (4, V, A) is said to be a gradient Ricci soliton and the associated differentiable function
is named as potential function. Ricci soliton was further studied by many researchers. For
instance, we see [8| [I8], 24}, 29, [30] and their references.

Catino and Mazzieri [7] in 2016 first introduced the notion of Einstein soliton as a gener-
alization of Ricci soliton. An almost contact manifold M with structure (¢, ¢, n,d) is said to

have an Einstein soliton (4, V, \) if
L,6+25+(2X—r)d=0, (1.5)

holds, where r being the scalar curvature. The Einstein soliton (4, V, \) is said to be shrinking,
steady, expanding according as A < 0, A = 0, A > 0, respectively. Einstein soliton creates

some self-similar solutions of the Einstein flow equation given by

a6
— =-2 . 1.
T S+rd (1.6)

Again as a generalization of Einstein soliton, the n-Einstein soliton on a Riemannian

manifold M (¢,¢,n,d) was introduced by Blaga [6] and it is given by
L,0+25+2A\—r)d+26n®@n=0, (1.7)

where, § is some constant. When § = 0 the notion of 7-Einstein soliton simply reduces

to the notion of Einstein soliton. And when 5 # 0, the data (6,V,\, ) is called proper
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n-Einstein soliton on M. The n-Einstein soliton is called shrinking if A < 0, steady if A = 0,

and expanding if A > 0.

Definition 1.1. A para-Sasakian manifold M is called an n-Finstein manifold if its Ricci

tensor is of the form
S (A2, Az) = 116 (A2, Az) + 12 (A2) 1 (A3)
for all A, As € x (M), where l1,ls are scalars.

Definition 1.2. A para-Sasakian manifold M is called a generalized n-Einstein manifold if

its Ricci tensor is of the form
S (A2,A3) = k16 (A2, Ag) + kan (A2)  (As) + k36 (A2, ¢A3),
for all Aa, Az € x (M), where ki, ko and ks are scalars.

This paper is structured as follows:

First two sections of the paper has been kept for introduction and preliminaries. In
Section-3, we introduce semi-symmetric nonmetric connection (V) on para-Sasakian man-
ifolds. In Section-4, we study n-Einstein soliton on para-Sasakian manifold with re-
spect to V. Section-5 deals with 7-Einstein soliton on para-Sasakian manifold satisfying

R(s,A1).S = 0. Section-6 concerns with 7-Einstein soliton on para-Sasakian manifold sat-

isfying S(s,A1).R = 0. Section-7 contains 7-Einstein soliton on para-Sasakian manifold
satisfying R(s,A1).R = 0. Section-8 contains a non trivial example of three dimensional
para-Sasakian manifold admitting semi-symmetric non metric connection.

2. PRELIMINARIES

Let M be an n-dimensional differentiable manifold with structure (¢,<,n), where 7 is a

1-form, ¢ is the structure vector field, ¢ is a (1, 1)-tensor field satisfying [26]
¢ (A1) = A —n(Ar)en(o) =1, (2.8)
¢(s) = 0,mo9=0, (2.9)

for all vector field A1 on M is called almost paracontact manifold. If an almost paracontact

manifold M with structure (¢, s,n) admits a pseudo-Riemannian metric ¢ such that [32]

d (pA1, 9A2) = =6 (A1, A2) +n (A1) n(A2), (2.10)
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then we say that M is an almost paracontact metric manifold with an almost paracontact

metric structure (¢, ¢,n,0). From (2.10)) one can deduce that

5(Ala¢A2) = -9 (¢A17A2) )

6(A1,6) = n(s).

(2.11)

(2.12)

An almost paracontact metric structure of M becomes a paracontact metric structure [32] if

6 (A1, 9A2) = dn(Aq, Ag),
for all vector fields A1, Ay on M, where

an(As, A2) = 5 {Am(Aa) — Aen(Ar) = n([Ar, Aa])}.

The manifold M is called a para-Sasakian manifold if
(VA1¢) AQ == _6 (A17 AQ) S + 77 (AQ) A17

for any smooth vector fields Ay, Ao on M.

In a para-Sasakian manifold the following relations also hold [32]

(Vam s = 0(A1,0A2), Va6 = —PAy,
n(R(AL,A2) Az) = 0(A1, Az)n (Az) — 6 (A2, Az) m (A1),

R(A,A2)¢ = n(A1)Ag —n(A2) Ay,
R(s,A1)A2 = —0(A1,A2)s+n(A2) Ay,
R(A1,6)A2 = (A1, A2)s —n(A2) Ay,

R(c,A1)s = Ar—n(A)s,

S(Ae) = —(n—=1)n(A),

S5(66) = —(n=1),Qs=—(n—-1)s,

S (pA1,pA2) = S (A1, A2) 4+ (n—1)n (A1) n(A2),

for any smooth vector fields Ay, Ao and As on M.

(2.13)

(2.14)
(2.15)
(2.16)
(2.17)
(2.18)
(2.19)
(2.20)
(2.21)

(2.22)

3. SEMI-SYMMETRIC NONMETRIC CONNECTION ON PARA-SASAKIAN MANIFOLDS

In this section we get the relation between SSNM-connection and Levi-Civita connection

on para-Sasakian manifold M. Then we obtain Riemannian curvature tensor, Ricci curvature
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tensor, Ricci operator and scalar curvature of M with respect to the SSNM-connection. We
also establish here the first Bianchi identity with respect to SSNM-connection on M.

Let M (¢,¢,7m,0) be an n-dimensional para-Sasakian manifold equipped with Levi-Civita
connection V corresponding to the Riemannian metric d. Let a linear connection V on M be

defined by
_ 1
Va, Ay =V Ay + 3 [ (A2) Ay — 1 (A1) Ag], (3.23)

for all A1, Ay € x (M).
Using the fact that V is a metric connection, we have from (3.23) that

[0 (A1, A2) n (As) + 6 (A1, Ag) m (A2)]

N =

(VAlé) (A2, A3) =

—0 (A2, Az)m (A1), (3.24)

for all Ay, Ag, A3 € x (M). Therefore V is a nonmetric connection on M. The torsion tensor

of V is given by
T(Al,Ag) = 7](A2) A1 —T](Al)AQ. (325)

Suppose that the connection V defined on M is connected with the Levi-Civita connection

V by the relation

VAo =V, A +H (A, As), (3.26)

where H (A1, A2) is a tensor field of type (1,1). By definition of torsion tensor, we have

T (A1,Ap) = H (A1, Ag) — H (Mg, Ay). (3.27)

In view of (3.25]) and (3.26]) we have

0 (M (A1, Az), Ag) + 0 (H (A1, As) , Ag) = %5(A1,A2)77(A3)+%5(A1,A3)U(A2)

=0 (A2, Ag)m (A1), (3.28)
5 (H (A2, A1) A3) + 5 (M (Ao, Ag) A1) = 26 (Ao, M) (As) + 50 (A, Ag) 1 (An)

=0 (A1, Ag)n(A2), (3.29)
5 (H (A3, A1) A2) 48 (M (Mg, A2) Ar) = 20 (Ag, M) (Aa) -+ 56 (Ao, As)n (A1)

=0 (A1, A2) 1 (As) . (3.30)
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In view of (3.27)), (3.28)), (3.29)) and (3.30), we have

5 (T (A1, M), As) +6 (T (A, A1), As) + 6 (T (As, Ag) , Ay)
= (M (A1, A9),Ag) — 6 (H (Mg, Ay), As) + 6 (H (As, Ar) , Ag)

—6(H (A1, As), Ag) + 6 (H (A, Ag), Ay) — 6 (H (Ag, Ag) , Ay)
= 26 (H (A1, As), Ag) — 26 (Ay, Ag) 7 (As)

+(5 (AQ, Ag) n (Al) — 5 (Al, Ag) n (Ag) .
Setting
0 (T (A37A1) aAQ) =9 (T* (Ala A2) 7A3) s
6 (T (A3, A2), A1) = 6(T* (Mg, A1), Az),
in (B:31), we get
6 (T (A1, A2) , As) + 6 (T (A1, Az) ,Ag) + 6 (T (A2, A1), Az)
= 2(5 (/H (Al,Ag) ,Ag) — 25 (Al,Az) n (Ag)
+6 (A2, Ag) (A1) — 6 (A1, Az)m (A2),
which implies that
1 _
2H (A1, A2) = 3 [T (A1, Ag) + T (A, A2) + T (Ag,Al)]

+6 (A1, Ag) s + % [ (A2) A1 —n (A1) Ag].

From (3.25)), (3.32)) and (3.33)), it follows that

T (A1,A2) = —6(A1,A2) s +n(A1)n(A2),

T* (A2, A1) = —0 (A1, A2)c+n(A1)n(Ag).

Substituting (3.25)), (3.36)) and (3.37) in (3.35]), we obtain

H (A1, A2) = 5 [n(A2) Av —n (A1) Ag].

N | —

In reference to (3.26)) and (3.38]), we can easily bring out the equation ([3.23]).

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

Theorem 3.1. There exists a unique semi-symmetric nonmetric connection V on a para-

Sasakian manifold M given by .
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On para-Sasakian manifold the connection V has the following properties
— 1
(Vam) Ay = —55 (A1, A2), (3.39)
_ 1
Va,s = —oA + 3 [Ar — 1 (A1)g], (3.40)

for all A1, Ay € x (M).
Let R be the Riemannian curvature tensor with respect to SSNM-connection on a para-

Sasakian manifold defined as
R(Al, AQ)Ag - ﬁAlﬁAQAg - v/bﬁ/\l/\g - ﬁ[Al’AQ}As' (341)

In reference of (2.13)), (2.14) and (3.23) we have

o 1
VA, Va,As = Vi, Va,Az+ 3 [6 (A1, 9A3) Ao + 1 (VA A3) Ao + 1 (A3) Vi, Ag]

—% [0 (A1, 9A2) Ag + 1 (VA A2) Ag + 1 (Az) Vi, A
b3 11V, 5) Ay (A1) Va, A
110 (A) 1 (Aa) As — 71 (A1) 1 (As) As). (3.42)

_ 1
ViaaoAs = Via, Az + 3 [0 (As) Va, Ao — 1 (As) VA, Ad]

+% [ (VA A1) Az =1 (Va, Az) As] . (343)

Interchanging A; and Ag in (3.42)) and using it along with (3.42) and (3.43]) in (3.41)) we get

R(A1,A2)A3 = R(Ay,Az)A3+ % [0 (A1, 9A3) Ao — 6 (A2, 9A3) Ay — 26 (A1, pA2) A3]
1 I (A2) Ay~ (A1) sl (As). (3.4

for all Ay, Ao, Ag € x (M).
Writing the equation (3.44]) by cyclic permutations of A1, Ay and Az and using first Bianchi

identity with respect to Levi-Civita connection we get
R(A1, A2)As+R(Ag, A3)A1+R(As, A1)Ay = 2 [0 (A1, pAs) Ao — & (A2, pA3) Ay — § (A1, dA2) Ag].
Proposition 3.1. The SSNM-connection satisfies first Bianchi identity if and only if

0 (A1, pA3) Ao = 0 (A2, dA3) A1 + 6 (A1, dA2) As,

holds for all Ay, Ay and Ag € x (M).
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Taking inner product of (3.44)) with a vector field A and contracting over A; and A we get
_ 1
S(AQ, Ag) = S(AQ, Ag) - E(n - 3)5(A2, ¢A3)
1
+Z(n —1)n(A2)n(As), (3.45)

where S denotes Ricci tensor with respect to V.

Lemma 3.1. Let M be an n-dimensional para-Sasakian manifold admitting SSNM-connection,

then

n(R(A1,A2)A3) = 6(A1, Az)n(Ag) — 6(Az, Az)n (A1) — 0(Ar, ¢A2)n (Asz)

5 1501, 645)n (A2) — 5(Az, 6)n (A1), (3.46)

RhiAzds = 5 [0(8n) Ao = (A2) Au] = 3 (A1, 003)s, (3.47)
Bls, A)As = —6(Ao, As)s — 50(Aa, 0A3)s

+%77 (Ag) Ao + %n (A2)n (As) s, (3.48)

_ 1
R(A1,6)A3 = 5(A1,A3)<+§5(A1,¢A3)€

~ 20 (8g) Ay = (M) 0 (As)s, (3.49)
QA = QA - 5(n—3)0A1 + 1n— (M), (3.50)
S(his) = —3n— (), (3.51)
Qs = —Z(n —1)s, (3.52)

_ 1 1
To= rt (=1 = (= 3), (3.53)

for all Ay, Ay and A3 € x (M), where 1) = trace(¢) and R, Q, T denote Riemannian

curvature tensor, Ricci operator, scalar curvature with respect to V, respectively.

Figen value of Ricci operator with respect to SSNM-connection corresponding to the eigen

vector is —3(n — 1).

4. n-EINSTEIN SOLITON ON PARA-SASAKIAN MANIFOLD WITH RESPECT TO
SSNM-CONNECTION

In this section we find the condition of 7-Einstein soliton on a para-Sasakian manifold M

to be invariant under SSNM-connection. Further, we study n-Einstein soliton on M with
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respect to SSNM-connection in which the potential vector field being pointwise collinear with
the structure vector field of M.

The equation ([1.7)) with respect to SSNM-connection takes the form

0= (L,0) (A1, Ag) +25(A1, Ag) + (2X —T)3(A1, Az) + 267(A1)n(A2), (4.54)

for all Ay, Ag, A3, V € x (M) . Expanding L, and using (3.45), (3.53) in (4.54) we get

0 = (5(?/\1‘/, Ag) + 6(A1,VA2V) + 2§(A1, Ag)
+(2X =7)6(A1, A2) + 268n(A1)n(Asg)

= (LV(S) (Al, Ag) + QS(Al, AQ) + (2)\ — T)(S(Al, AQ) + 257](/\1)7}(1\2)

+0V) = 0= 1)+ 5 00— 35| 641, A2) = 53V, M)
5V An(A2) — (0= B)5(A1, 6A2) + (n— Dn(An(Ae). (459)

Theorem 4.1. An n-FEinstein soliton (6, V, A, ) on a para-Sasakian manifold M to be in-

variant under SSNM-connection if and only if
1 1 1
0 = |n(V)- Z(” -1+ 5(” = 3)¢| (A1, Ag) — 55(‘/, Az)n(Aq)
1 1
—50(ViA)n(A2) = (n = 3)8(A1, 9A2) + 5 (n — 1)n(A1)n(Az),
holds for Ay, As, A3, V € x (M) .
Consider the distribution D on M as D =kern. If V € D, then
n(V)=0.
Taking covariant derivative with respect to ¢ and using (V.n)V = 0, we get

n(V.V) =0. (4.56)

In view of (3.23]) and (4.56|) we have

n(Viv) =o. (4.57)
After expanding the Lie derivative in (4.54) we get

0 = 6(?A1‘/EA2)+5(A1,WA2V)+2§(A1,A2)

+(2X = 7)0(A1, A2) + 2081 (A1) n (Ag). (4.58)
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Setting A1 = Ay = ¢ and using (3.45)), (3.53) and (4.57)) in (4.58]) we obtain

rzz(Hﬁ)—Z(n—lH%(n—B)w, (4.59)

where trace(¢) = 1.

Theorem 4.2. Let M be a para-Sasakian manifold admitting n-Einstein soliton (5, V, \, 3)
with respect to SSNM-connection such that V € D, then scalar curvature of M is given by
7.59).
Setting V = ¢ in (4.54]) we get
0 = 6(Va,5,A2) + (A1, Vass) +25(A1, Ag)

+(2)\ — ?)5([\1, AQ) + 257](A1)7](A2). (460)

Using (3.40) and (4.60) we obtain

S(A1,Ag) = —5 (A =T+ DA, A2) = 3 (28— Dn(An(A). (461)

Using ([3.45)) and (3.53)) in (4.61]) we get

S(A1,A2) = kd(A1, A2) + In(A1)n(Ag) + md(Aq, pA2), (4.62)
where
1 1 1
k = 3 2)\—T—Z(n—5)+f(n—3)1/} ,
1
m = —%(n—3)

Corollary 4.1. If a para-Sasakian manifold M admits n-Einstein soliton (6,¢,\, ) with

respect to SSNM-connection, then M is generalized n-FEinstein.

Corollary 4.2. If a para-Sasakian manifold M contains an n-FEinstein soliton (0,s, \, B) with
respect to SSNM-connection such that the structure vector field ¢ be parallel i.e., Vi, ¢ = 0,

then M 1is generalized n-Finstein manifold.

Setting Ao = ¢ and using (3.51)) and (3.53]) in (4.61)) we have

r:2()\+5)—£(n—1)+%(n—3)w, (4.63)

where trace(¢) = 1.
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Corollary 4.3. If a para-Sasakian manifold M admits n-Einstein soliton (9,5, X\, ) with
respect to SSNM-connection, then the scalar curvature of M is given by .

Putting f =0 and ¢ = 0 in (4.63) we get

1 7
)\—§T+§(n—l).

Corollary 4.4. Let a para-Sasakian manifold M contain an Einstein soliton (0,¢,\) with

respect to SSNM-connection, then the soliton is shrinking, steady or expanding if

7 7 7
r< —Z(n —1),r= _E(H —1),r> —Z(n —1),

respectively, provided trace(¢) = 0.

5. n-EINSTEIN SOLITON ON PARA-SASAKIAN SATISFYING R(s,A1).S =0

The condition that must be satisfied by S is
?(R(g,Al)AQ,Ag) +§(A2,R(§,A1)A3) =0, (564)

for all A1, Ag, Az € x (M).
Using (3.48) and replacing the expression of S from (4.61)) in (5.64) we get

0 = S [2(\+8) =7 [6(A1, A2)n (Az) 4+ 6(A1, Az)n (Az)]

1
2
+7 200+ B) = 7] [6(A1, 9A2)n (Az) + 6(A1, pAs)n (A2)]

[2A =7 + 1] [0(A1, A2)n (A3) + 5(A1, Az)n (A2)]

= 00| W |

-1 [2A+ 88 —T —3]n (A1) n (A2)n (A3). (5.65)

Setting As = ¢ in (5.65) we get

0 — % 20\ + 8) — 7] [6(A1, Ao) + 1 (A1) 1 (As)]
4& [2(A+ B) = 7] [0(A1, 9A2)]
_g [2A =7+ 1] [6(A1, A2) + 1 (A1) 1 (A2)]
1

—7 A+ 83T =3 (A1) (M) (5.66)
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Contracting (5.66|) over A; and As we get

0 = i(n—1+21/;)>\+%[2(n—1)+¢]5
—é[n—1+2¢] r+i(n—1)—%(n—3)¢
_%(n _1), (5.67)

where trace(¢) = 1.

Theorem 5.1. Let a para-Sasakian manifold M admits n-Einstein soliton (3,s, A, 3) with
respect to SSNM-connection. If M satisfies the equation R(s,A1).S = 0, then the soliton
constants are given by the equation .

Setting 8 =1 = 0 in (5.67)) we obtain
1
2A=r+ Z(n—i— 11).
Corollary 5.1. Let a para-Sasakian manifold M contain an Einstein soliton (3,5, \) with

respect to SSNM-connection. If M satisfies the equation R(s,A1).S = 0, then the soliton is

shrinking, steady or expanding if
1 1 1
r < —Z(n +11),r = —Z(n +11),r > —Z(n +11),

respectively, provided trace(¢) = 0.

6. n-EINSTEIN SOLITON ON PARA-SASAKIAN SATISFYING S(s,A1).R =0
The condition that must be satisfied by S is
0 = S(A1,R(Aa, A3)Ay)s — S(s, R(A2, A3)Ay) Ay
+S(A1, A2)R(s, A3)Ay — S(s, A2)R(A1, A3)Ay
+S (A1, A3)R(Aa, 6)Ay — S(s, A3)R(Aa, A1) Ay
+S (A1, Ay)R(Ao, A3)s — S(s, Ay) R(A2, A3)Aq, (6.68)
for all A1, Ao, Ag, Ay € x (M) . Taking inner product with ¢ the relation becomes
0 = S(A1,R(A2, A3)Ay) — S(s, R(Ag, Az)Ag)n(Ay)
+S(Ar, A2)n(R(s, Ag)Ag) = S(s, A2)n(R(A1, As)Aq)
+S(Ar, Ag)n(R(A2,9)Ag) = S(s, Ag)n(R(Az2, Ar)Ag)

+S (A1, A)n(R(Az, Az)s) — S(s, Aa)n(R(Az, Az)A1). (6.69)
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Setting Ay =¢ in we obtain

0 = S(A1, R(A2,A3)s) — S(s, R(Ag, Az)s)n(Ar)
+S(A1, A2)n(R(s, Az)s) — S(s, Ag)n(R(A1, Az)s)
+S(A1, Az)n(R(Az2,)s) — S(s, Az)n(R(Az, Ar)s)

-{—g(/\l, C)T](R(AQ, A3)§) - §(§, §)77(E(A2, A3)A1) (670)

Using (3.46), (3.47), (3.49), (£.61) in (6.70) we get

[(2A =7+ 1)6(A1, A2) + (28 — 1)n(A1)n(A2)] n(As)

ol w

=2 1A =T+ DA, Ag) — (26— DA n(As)] (Ae)

+ ()\ +h— ;) [6(A1, A2)n(As) — 6(Ay, Ag)n(As)] . (6.71)
Setting A1 =¢ in we get
p=1 (6.72)
In view of and we get
Azr—l—é(?n— 1) - i(n—?))w, (6.73)
where trace (¢) = 1.

Theorem 6.1. Let a para-Sasakian manifold M admits n-Einstein soliton (3,s, A, 5) with
respect to SSNM-connection. If M satisfies the equation S(s,A1).R = 0, then the soliton

constants are given by equations and .

Corollary 6.1. There exists no Einstein soliton with respect to SSNM-connection on M

satisfying S(c,A1).R = 0.

7. n-EINSTEIN SOLITON ON PARA-SASAKIAN SATISFYING E(g,Al)ﬁ =0.

The condition must be satisfied by R is

0 = R(s,A1)R(A2,A3)Ay — R(R(,A1)Ag, Az)Ay

“R(As, R(s, A1)A3) Ay — R(As, A3)R(s, A1) Ay (7.74)
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Using (3.44)), (3.46)), (3.47) and (3.48)) in (7.74) we get

1 — 3
0 = —d(A1, R(A2,A3)Ay)s — 55(A1, dR(A2, A3)Ay)s + ZW(R(A27A3)A4)A1

(A2, A)An(Ar)s = Jn(A)R(As, As)Aa = Ji(AD R (A2, Ag)y
—6(A1,A9) {5(1&3, Ag)s + %5(1\3, dA1)s — zn(A4)A3 - in(A3)77(A4)§]
5008, 6) [ 380, M)+ 35000, 080)s = Sn(A)As — {n(Aa)n(ha)]
FAa(Aa) 88 A+ 30(Aa, 65 — Fn(A)Aa — Ja(Aa)n(Aos]

=2 (Aa) A2 — 1(A2)Aa] 501, A0) + 3501080 — JA0n(A)

~5(ha.0a) [ M)+ 30102, 65 — pa(A0a(A1e] — Foha Rk ADAS
#0(0,A0) (342, A0 + 30(A0, 6Ae)s — J(AA — Jrha)nAn
50001, 60) [ 342 M)+ 30002, 0A2)s — (A A2 — To(Aa)n(da)]

1 1 3 1
—177(1\1)77(1\3) {5(1\2,1\4% + 55(1\27 dA4)s — ZU(A4)A2 - 477(A2)77(A4)<} . (7.75)
Setting V = ¢ in (7.75) we get

3 3 3
0 = —70(A1, Ag)n(A2)s + £ 0(A1, Az)n(As)s + 7 6(Az, @A3)n(A1)s

~25(An, 6AS)(Aa)s + S6(As, GAIN(As)s — 26(As, GA5)Ay

#5500, 80) + 5000008 — go(An(A0)| Fn(ha)s + A
L (A = 0(Aa)Ar} - 88 080 | (o)
+5 |3 00— 1)) ~ 6(a,0a)e] n(0) - R(a, Ao

+5 [900,80) + 53(41,080) ~ J(An)n(Ae)| [-n(ha)s + A

- 0r(A)s = 1(A1)Aa} - 880 080 | (o), (7.70
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Taking inner product of (7.76]) with a vector field A5 we get

0 = 250 An(Aa)n(As) + 26(A0 Aan(As)n(As) + 26(A, oAsIn(AL ()
= 2500, oI (As) + Z6(Ar, BA)(AS)(As) — 3N, 6AI(Ar, As)

#3 [9(00,00) + (01, 002) ~ {a(A0n(A2)| Fn(Aa)a(da) + 5(Aa, o)

2 [ 005000, 49) — (0038, 490} — 80 64| ()

Jé _i {n(A2)8(As, As) — n(As)d(As, As)} — 6(As, ¢A3)77(A5)] (A1)

#5 [9100,80) + 3041, 080) = {8049 F-n(ha)a(ha) + 0(ha, o)

—2 i {n(A2)d(A1, As) = n(A1)S(As, As)} — 5(As, ¢A1>H<As>] n(As)

—Z(S(E(Ag,Ag)Al, As). (7.77)

Contracting ([7.77)) over Ao and A5 we obtain
_ 1 1
(s Aa) = (0= 1) [3(As, Aa) + pulAnn(e) + oA od)] . (779
Using in we get
1 _ 1
0 = 5(2)\ —T+1)6(A1, Ag) + 5 (28 = 1) n(A1)n(A2)
1 1

(1) [6<A1, M)+ (An(As) + Sa(As, ¢>A3>] . (7.79)

Setting Ao = ¢ in ([7.79) we have
200+ 8)=r+—(n—-1)— =(n—3)y, (7.80)

where trace (¢) = 1.

Theorem 7.1. Let a para-Sasakian manifold M admits n-Einstein soliton (3,s, A, 3) with
respect to SSNM-connection. If M satisfies the equation R(s,A1).R = 0, then the relation
between the soliton constants are given by equation .

Setting 8 = 0 in (7.80) we get
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Corollary 7.1. Let a para-Sasakian manifold M contain an Einstein soliton (0,¢,\) with

respect to SSNM-connection. If M satisfies the equation R(s,A1).R = 0, then the soliton is

shrinking, steady and expanding if

13 13 13
——(m-1),r=——(Mn-1 ——(n-1
r< 4(n )T 4(n ), > (n—1),

respectively, provided trace(¢p) = 0.

8. EXAMPLE OF PARA-SASAKIAN MANIFOLD ADMITTING SSNM-CONNECTION

Let us consider 3-dimensional manifold
M? = {(z,y,2) € R*},

where (7, z) are the standard co-ordinates in R3. We choose the linearly independent vector

fields

0 0 0 0
E=c L By=e (L L) =2
L=e oy’ 2 c <8y 8z>’ 3 Ox

Let g be the pseudo Riemannian metric defined by ¢ (E;, Ej) =0, if i # j for i,j =1,2,3,
and g (E1, E1) = —1,9 (E2, E2) = —1,9 (E3, E3) = 1

Let n be the 1-form defined by n(X) = g (X, E3) for any X € x (M?). Let ¢ be the (1,1)
tensor field defined by

¢E1 = Ei,¢Ey = Ey, ¢E3=0. (8.81)
3

trace(¢) = Zg(Ei,¢Ei) =-2 (8.82)
i=1

Let X, Y, Z €x (MS) be given by

X = x1FE1 +x0Fs 4+ x3E3,
= B +y2E2 4+ y3Es,

Z = z1F1+ 290Fy + 23F3.
Then, we have

g(X,)Y) = xy + z2y2 + x3y3,
77(X) = I3,

9(@X,0Y) = xy1 + 2200
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Using the linearity of g and ¢, n(E3) = 1,¢°X = X — n(X)E3 and g(¢X,9Y) =
—g(X,Y)+n(X)n(Y) for all X, Y € x (M). We have

[E1, B3] = 0,[Ey, E3] = —E1, [Es, E3] = Es,

[Ey, E1] = 0,[Es, By] = Ey, [Es, Es] = —Es.

Let the Levi-Civita connection with respect to g be V, then using Koszul formula we get the

following
VB Vy Ey V, E3 —-E3 0 -—-E
VBt Vg Ey VB3| = 0 FEs3 —F»
Vi, EBv Vg Ey V, Es 0 0 0

From the above results we see that the structure (¢, &, 7, g) satisfies
(Vx9)Y =—g(X,Y){+n(Y) X,

for all X, Y € x (M3) , where 1 (£) = n(F3) = 1. Hence M3 (¢,£,7,9) is a para-Sasakian
manifold.

The components of Riemannian curvature tensor of M? are given by

R(E1, Es)Es R(E1, E3)Es R(Ey, E2)E; _E, —E 0
R(Es, E)E1 R(Es,E3)Es R(Es,E3)Er | =| B2 E» 0
R(Es, E1)Ey R(E3,E2)E> R(Es3, E1)Es Es E3 0

The components of Ricci curvature tensor of M? are given by
S(E1, E1) = S(Es, E3) =0,S(Es, Ey) = 2. (8.83)

Therefore the scalar curvature of M3 is
3

r=> " S(E;,E)=2. (8.84)
i=1
Using we have the following values of V :
Ve Br Vy, Ex YV, E3 —E3 0 —iE
Vu,Bi VB VyEs|=| 0 E3 —{E
Ve Br VB V, Ej 1By 3B, 0

By the help of and above matrix we get the components of Riemannian curvature
tensor of M3 with respect to SSNM-connection as follows
R(Ey,E))E1 R(Ey,E3)E, R(Es, E3)E; —3E, —3E3; 0
R(E1,E2)E; R(E1,FE3)Ey R(E, E3)Es | = | —1E) 0 —3E5
R(E1, E2)Es R(E1,E3)Es R(Ey, E3)FE; 0 —iEl iEg
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The components of Ricci curvature tensor of M3 with respect to SSNM-connection are

given by
1

S(Ey,Br) = 5(Ey, Ep) = 1,5(Ey, B3) = 5. (8.85)

Therefore the scalar curvature of M3 with respect to SSNM-connection is

3
i=1

In view of (8.82)), (8.84) and (8.86) we have

5
F =3
= 24731~ 3(3-3).(-2)
1 1
= r+y-1)—5(n-3)y,

which verifies the relation (3.53)). Similarly, we can verify all the results obtained.

9. CONCLUSION

From the results obtained in this paper we can conclude that if a para-Sasakian manifold
M(,s,m,0) admits n-Einstein soliton (4,¢, A, 5) with respect to semi-symmetric nonmetric
connection, then M is generalized n-Einstein manifold. We also conclude that if a para-
Sasakian manifold M admitting n-Einstein soliton (d, ¢, A, 5) with respect to semi-symmetric
nonmetric connection satisfies R.S = 0,S.R = 0 and R.R = 0, then the soliton constants
depend on scalar curvature of M and trace of the function ¢ on M
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ABSTRACT. In this manuscript, we study the hypercyclicity of weighted composition oper-
ators defined on the set of holomorphic complex functions on a connected Stein n-manifold
M. We show that a weighted composition operator Cy ., (associated to a holomorphic self-
map 1 and a holomorphic function w on M) is hypercyclic with respect to an increasing
sequence (n;); of natural numbers if and only if at every p € M we have w(p) # 0 and the
self-map 9 is injective without any fixed points in M, (M) is a Runge domain and for
every M-convex compact subset C' C M there is a positive integer number k such that the
sets C and "+ (C) are separable in M.
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1. INTRODUCTION

Let U be a domain in the complex plane C, and H(U) be the space of holomorphic complex
functions in U. The space H(U) is endowed with the topology of locally uniform convergence,
under which it becomes a complete separable metric space. We are interested in proving the
existence of dense orbits for composition operators on H(U). If ¢ is a holomorphic self-map
on U, then the composition operator associated to 1 is defined as Cy(f) = f o4 for every
f e H(U).
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The first step has been taken in 1929 by Birkhoff ([7]) when he proved that there exists an
entire function A : C — C such that {\ o ¢, }nen forms a dense set in H(C), where {t,}°2
is the sequence of C-automorphisms defined by ¢, : z — z + n. The function A is called
universal.

Gethner and Shapiro have studied universal vectors for operators on spaces of holomorphic
functions in 1987 ([13]). In 90s, the subject of cyclic composition operators has been discussed
by many researchers ([8, 9, 10, 14]). In the same decade, some generalizations to hypercyclic
operators have also been studied ([15] 20, 21]).

In 2001, Shapiro studied the dynamics of linear operators ([22]) which followed by Grose-
Erdman in 2003 ([I6]). As a concrete example, Bernal-Gonzales has studied the universal
entire functions for affine endomorphisms on C" in 2005.

A class of linear fractional maps of the ball and its composition operators has been con-
sidered by Bayart in 2007 ([5]). One can find the continuation of research progress on the
hypercyclicity of operators in the references [0 11, 18, 24]. Between them, the manuscript
[24] has a special importance because it discuss on the hypercyclicity of composition op-
erators associated to some holomorphic self-maps defined on an important class of complex
manifolds namely Stein manifolds. The important properties of Stein manifolds can be found
in [24].

The weighted composition operators associated to some holomorphic self-maps have been
interested in some recent researches (see for instance [11, 2, 3,14} 23]). Also, in [19], the authors
have studied the dynamics of weighted composition operators on Stein manifolds, where the
maps and functions are defined on a Stein manifold.

In this paper, we consider a holomorphic self-map ¢ € O(M) defined on a connected
Stein n-manifold M and a holomorphic function w € H(M). We study the hypercyclicity of
weighted composition operator Cy,, : H(M) — H(M) defined by rule Cy ,(f) :=w - (f o)
with respect to an increasing sequence of natural numbers.

We prove that Cy,, is hypercyclic if and only if for every p € M , w(p) # 0 and ¢
is univalent without fixed points in M, (M) is a Runge domain and for every compact
holomorphically convex set C'C M there is an integer n such that C' N (C) = § and their
sum is M-convex.

In the study of hypercyclicity of Cy ,, which is connected with some approximation the-
orems, one can use two well-known theorems namely the Runge Theorem and Oka-Weil

Theorem.
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2. PRELIMINARIES

In this section, we present the preliminary concepts and notations from [1} 2} [5] [6], 17, 24].
We denote the family of all open subsets of a given topological space X by Op(X) and
the family of all compact subsets of X by Cp(X). As usual, C(X,Y’) denotes the set of all

continuous maps between two topological spaces X and Y.

Definition 2.1. For every C' € Cp(X) and U € Op(Y), the set of functions f € C(X,Y)
satisfying condition f(C) C U is denoted by V(C,U). The topology generated by subbase

A ={V(C,U)|C € Cp(X),U € Op(Y)}
is called the compact-open topology on C(X,Y).

We note that A does not always form a base for a topology on C(X,Y’). The compact-open
topology (which is applied in homotopy theory and functional analysis) was introduced by
Ralph Fox in 1945 [12].

A continuous map f € C(X,Y) is said to be proper if each connected component of f~1(K)

is compact for every K € Cp(Y).

Definition 2.2. Let X be a topological vector space and {a, : X — X}, be a sequence

of continuous self-maps on X.

(1) {a,}2, is called topologically transitive if for every non-empty U,V € Op(X) there
exists ro such that o, (U) NV # (.

(2) A point p € X is said to be an wniversal element for {a,}22, if the sequence
{a,(p)}52, of points is dense in X.

(3) A point p € X is said to be an weakly universal element for {a,}2, if the sequence
{ar(p)}22, of points is dense in X with respect to the weak topology of X.

(4) The sequence {a,}72, is said to be universal if it admits a universal element.

(5) The sequence {a,}°2 is said to be weakly universal if it admits a weakly universal

element.

Definition 2.3. Let X be a topological vector space and a : X — X be a continuous
self-map on X.
(1) The iterations of « is defined by alll = o, ol = aoa and ol = aoal” for integer

number r > 2.



484 F. PASHAIE, M.R. AZIMI, AND S.M. SHAHIDI

(2) We say that o is hypercyclic with respect to an increasing sequence {ry}3>, C N if
the sequence {al™1}2° | is universal.

(3) We say that « is weakly hypercyclic with respect to an increasing sequence {ry}7°; C N
if the sequence {al™*1}% is weakly universal.

(4) « is called hypercyclic if it is hypercyclic with respect to the full sequence {r}o2,.

(5) « is called weakly hypercyclic if it is hypercyclic with respect to the full sequence
{rire,.

Here, we recall an essential theorem from [I5] which gives a necessary and sufficient con-
dition for topological transitivity of a sequence of continuous linear maps on a separable
Fréchet space using the set of its universal elements. Remember that, a Fréchet space is a

complete locally convex metrizable topological vector space.

Theorem 2.1. Let F be separable Fréchet space and {a,}5°; be a sequence of continuous
self-maps on F. This sequence is topologically transitive if and only if the set of its universal
elements is dense in F. Moreover, in this case the set of universal elements for {a, }>2, is a

dense Gg-subset of F.
Also, we recall another useful theorem from [I5] in this context.

Theorem 2.2. Let F be separable Fréchet space and {«,}°; be a sequence of continuous
self-maps on F. If o, has dense range in F for each r € N and the sequence {a,}52, is
commuting (i.e. for every r,s € N, we have a, o s = a; 0 ), then the set of universal

elements of {a, }22 is empty or dense in F.

The hypercyclicity of a bounded linear map « on a Fréchet space F means that for a vector
v € F, its orbit (i.e. Orb(a,v) = {all(v)}22,) is dense in F. By these theorems we get a
corollary that allows us to investigate topological transitivity instead of hypercyclicity. Also,

Theorem 3 in [I5] has a similar argument.

Corollary 2.1. Let X be a separable Fréchet space, let a : X — X be a continuous map,
and let {r;}72; C N be an increasing sequence. Then, a is hypercyclic w.r.t. {r;}32, if and

only if the sequence {a["k}}zozl is topologically transitive.
Now, we introduce the Stein manifold which plays main role in this paper.

Definition 2.4. A complex manifold M of (finite) dimension n is called a Stein manifold, if

it satisfies the following four conditions:
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(1) M admits a compact exhaustion, which means that, there is a sequence (C;)22, of
compact subsets of M such that M = |J;2, C, and for each r, C, C (Cri1)°.
(2) Cnm € Cp(M) for every C' € Cp(M), where

Cnmi={peM:|f(p)| < sgplfl,vf € O(M)}

is the holomorphic hull of C.

(3) H(M) separates points in M, i.e. for each two distinct points p,q € M, there exists
f e H(M) with f(p) # f(q),

(4) For each p € M there exists a map F' € O(M, C") such that the derivative of F" at p

is an isomorphism.

Definition 2.5. Let M be a Stein n-manifold.

(1) A C € Cp(M) is said to be M-convex (equivalently, holomorphically convex) if
Cm = C.

(2) In special case M = C", Cp is denoted with shorter symbol C and is called the
polynomial hull of C'.

(3) A C € Cp(C™) is called polynomially convex if C = C.

For two finite-dimensional complex manifolds M, N, the notation O(M, N) denotes the
set of all holomorphic maps ¢ : M — N. In special cases, we use simple notations O(M) :=

O(M,M) and H(M) := O(M, C). A holomorphic function on an open subset of the complex

plane is called univalent if it is injective.

Definition 2.6.

(1) We say that a sequence of holomorphic maps {¢, € O(M,N)}?°, is compactly di-
vergent (in O(M,N)) if for each C' € Cp(M) and K € Cp(IN) there is ko such that
or(C)NK = for all k > k.

(2) The sequence {¢r, € O(M,N)}, is said to be run-away (in O(M,N)) if for each
C € Cp(M) and K € Cp(N), there is kg such that ¢, (C) N K = 0. In the case

M = N, it is always enough to consider the situation when C = K.

When M and N admit compact exhaustions, the sequence {¢y,}3°  is run-away if and only
if it has a compactly divergent subsequence.
A holomorphic map f € O(M,N) between to complex manifold is called regular if its

derivative is a monomorphism at each point of M.
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A Runge domain in a Stein Manifold M is a domain U C M such that every function f €
H(U) can be approximated uniformly on U by a sequence of members of H(M). By the well-
known Oka-Weil theorem, on every compact M-convex subset C' C M, every holomorphic
function (i.e. holomorphic on a neighborhood of C') can be approximated uniformly by

functions from H(M).

Remark 2.1. By condition (1) of Definition a Stein manifold M has a compact ex-
haustion {C,}2, such that | J;, Cx = M and for each k, Cy, C (Cr41)°. So, we can take a
sequence of semi-norms {pj, : H(M) — R}?°, defined by pp(f) := sup{|f(p)|p € Ci}, which
gives the topology of H(M). So, H(M) with this topology is a separable Fréchet space (see
[23| 24]). This observation allows us to use Corollary for the space X = H(M), with M

being a connected Stein manifold.

Remark 2.2. By theorem from [24], a domain U in a connected Stein manifold M is a
Runge domain if and only if every compact subset C' C U satisfies éM = GU. Also, that

condition is equivalent to equality éM NnNU = GU for every compact subset C C U.

For every locally compact topological space X, the usual compactification with one point
oox ¢ X is denoted by X, = X U{ocox}.

It is clear that, if a continuous self-map « defined on a topological vector space X is
hypercyclic, then any universal element of {a[r]}j’,‘;l is a hypercyclic vector. Finally, we have
a useful lemma which guarantees that the adjoint operator of a weakly hypercyclic operator

on a topological vector space dose not have any eigenvector.

Lemma 2.1. The adjoint operator of a weakly hypercyclic operator on a topological vector

space does not have any eigenvector.

Proof. Let a be a weakly hypercyclic linear self-map on a topological vector space X. Clearly,

a is 1-weakly. Hence, a* does not have any eigenvectors by Proposition 3.2 in [11]. O

The following well-known theorems ([24]) characterizes the Runge domains in a Stein

manifold M in the language of holomorphic hulls.

Theorem 2.3. Let U be a Stein manifold which is a domain of a connected Stein manifold
M. Then, the following conditions are equivalent:
(1) The domain U is a Runge domain in M.

(2) Cm = Cy for every compact subset C' C U.
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(3) CmNU = Cy for every compact subset C' C U.

Theorem 2.4. Let C' and D be two compact subsets of a connected Stein manifold M.

Then the following conditions are equivalent:

(1) C and D are separable in M.
(2) There exist open and disjoint subsets U, V' C M such that 6’M cU, ﬁM C V and
(CUD)y CUUV .
(3) Cmi N Dy = 0 and (C/U\D)M = Cn U Dy
In particular, if C' and D are disjoint and M-convex, then C'U D is M-convex if and only if

C and D are separable in M.

Corollary 2.2. Let C' and D be two disjoint compact subsets of a connected Stein manifold

M such that C U D is M-convex. Then C and D are both M-convex.

3. MAIN RESULTS

In this section, we choose a 1» € O(M) and a weight function w € H(M) on a connected
Stein n-manifold M. Some necessary conditions for hypercyclicity of the weighted composi-
tion operator Cy ., with respect to an increasing sequence of natural numbers {n;};°, are

presented.

Proposition 3.1. Let {n;}}2, be an increasing sequence of natural numbers, M be a con-
nected Stein n-manifold, w € H(M) and ¢ € O(M). If the weighted composition operator

Cy,w is hypercyclic with respect to {ny};2,, then the following conditions hold:

1) w# 0 on M and % has no fixed point in M.

2 is injective.

3) ¥(M) is a Runge domain w.r.t. M.

(1)
(2) ¥
(3)
(4)

4) The sequence {1)[™1}2°  is run-away.

Proof.

(1) Remember that H(M) is a separable Fréchet space and the point evaluation linear
functional &, : H(M) — C (at each point p € M) defined by &,(h) := h(p) is

continuous. The adjoint of Cy ,, satisfies the following equality

Cyw(&p)(h) = &0 Cyu(h) = E(w- (hoy)) =w(p) - (hod)(p).



488

(4)

F. PASHAIE, M.R. AZIMI, AND S.M. SHAHIDI

So, Cj, ,, has an eigenvalue if w(p) = 0 or ¥(p) = p and then, in these two cases
Cy can not be hypercyclic.
Since Cy, is hypercyclic with respect to {n;}7,, it admits a hypercyclic vector

g € H(M). So, for each h € Orb(Cy,, g) there exists a positive integer k such that

ne—1 ne—1

h— C[nk H C[J] C[nk] — - H woW (g 0 ™).

Assuming ¥ (p) = 1(q) for two distinct points p, g € M, we get ﬁh(p) = ﬁh(q)

and then
L= em (3.1)
w(p) ™’ w(g) '
for every h € Orb(Cy ., g). So, by continuity of w(p)é’ and e )Sq, it follows that the
equality 1) holds for every h € Orb(Cy.,, g) = H(M). Therefore, ﬁé’p = ﬁ&]

on H(M).

Now, putting g = 1, we get ﬁé’p(l) = ﬁé’q(l) which gives w(p) = w(q). There-
fore, the equality h(p) = h(q) holds for every g € H(M), which by condition (3) in
Definition implies that p = q. So, % is injective.

It is enough to prove that the subset of restrictions {h|ymr) : b € O(M)} is dense in
O($p(M)).

If h € O(x»(M)), then hot) is holomorphic on M, so there is a subsequence {n;, }7°,
of {ny}32, such that gop™d = goypon M (where, g € H(M) is a hypercyclic vector
for Cy., with respect to {n;}72 ;). Hence f o w[nlk_l] — h on (M), as the mapping
1 is a biholomorphism on its image.

Let K C M be compact. For each positive integer k, there exists a positive integer

ng, such that |f o 1/1[”%} — k| < % on K. So, for a big enough k, we have

k

inf{|f(2)] : z € oMl (K)} = inf{|(f o p"))(2)| : 2 € K} > &k — % > sup{|f(2)| : z € K}.

Hence, vl (K) N K = 0.

O

Remark 3.1. It follows from the equivalence of conditions in Remark 2.2 and theorems [2.3]

and that ¢ maps every M-convex compact C' C M onto an M-convex compact set. Also,

it implies that for any natural number n the set ™ (C) is M-convex.

It is natural to ask whether the necessary conditions given by Proposition are sufficient.

In [T

8,

it is shown that if M is a simply connected or an infinitely connected planar domain
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or a special type of higher-dimensional Stein manifolds, then the mentioned property holds.
But in general the above necessary conditions are not sufficient, as we can see using a simple
example M = D, and ¥(z) = %z then by Theorems 4.6 the operator Cy is not hypercyclic,
although it satisfies the conditions (1), (2), (3).

Here, we prefer to re-describe the topology of O(M) and the concept of topologically
transitivity of weighted composition operators.

For every K € Cp(M) and fy € H(M) and positive real number ¢, the e-neighborhood of
fo is defined by

NE(fo) == {f e H(M) : ¥y € K, | f(y) — fo(y)| < €}

The family of all such a neighborhoods forms a basis of the topology of H(M).

With the aim of using Corollary so let us first clear the topological transitivity of the
sequence (CEZ?J)I

Let ¥ € O(M) be an injective holomorphic self-map and 0 # w € H(M). The sequence
(C'E;Llj))loil is topologically transitive if and only if for every € > 0, g,h € H(M) and K €
Cp(M) there are natural number k and function f € H(M) such that |f — ¢g| < € and
ICYH(f) —h| < e on K.

As the mapping v is injective and w in non-zero, the above condition has another form:
k=1
|f —g| <eon K and |f — [H Ci(w)]fl -ho T < € on yMH(K). (3.2)
§=0
Since M is a Stein manifold, we can restrict to considering only M-convex sets.

Theorem 3.1. Let M be a connected Stein manifold, v € O(M), w € H(M) and the
weighted composition operator Cy ., is hypercyclic on O(M). Then for every M-convex
compact subset C C M , there exists positive integer n such that C'N ¢["](C’) = () and the
set C' U [™(C) is M-convex.

Proof. Suppose that Cy , is hypercyclic. In view of Corollary the condition holds.
Fix an M-convex compact set C' C M. By Remark we get that the set 1/1[”}(0) is M-
convex. Using the condition forg=0,h=1and e = %, we get that there are f € O(M)
and k € N such that f(C) C 3D and %(w[k](C)) C (1+ iD) where A = supc[H;‘-:é CEZ] (w)].

This implies that C' and %w[k](C) are separable in M, so by Lemma 2.9 in [24], the sum
cu %w[k](C) is M-convex. O



490 F. PASHAIE, M.R. AZIMI, AND S.M. SHAHIDI

Theorem 3.2. Let M be a connected Stein manifold, v € O(M), w € H(M) and the

following conditions hold:

(1) for every p € M, w(p) # 0 and ¥ is an injective self-map without fixed point in M.
(2) for every M-convex compact subset C' C M , there exists positive integer n such that

C NY"(C) = and the set C UM (C) is M-convex.

Then, the weighted composition operator Cy, is hypercyclic on H(M).

Proof. Assume that {C),}>2, be an exhaustion of M. Without lose of generality, we can
assume that every C), is M-convex. Since the compact-open topology on H(M) is independent
of the chosen exhaustion, we can endow H(M) with the topology induced by the semi-norms
on H(M) defined by p,(f) := sup{|f(p)| : p € Cpn}. Let U,V C H(M) be non-empty open
sets and fix f € U and g € V. By definition of compact-open topology of H(M), there is
a closed ball B C M (with respect to the Carathéodory pseudo-distance as can be seen in
[24]) and a positive real number € such that, every hy € U satisfies sup,cp [f(p) — h1(p)| <€
and similarly every hy € V satisfies sup,e g [g(p) — ha(p)| < e.

Now, assume that D be another closed ball such that B C D°. Since % is an injective

self-map without fixed point on M, then the function f is holomorphic on some neighborhood

of D, and the function nogfl(q(z’[nzz[;]l)_ 5 is holomorphic on some neighborhood of ™l (D).
k=1 wo
By assumption (2), there exists ng such that D N ™!(D) = @ and the compact set
K := DU[™I(D) is M-convex (by Oka-Weil theorem), there exists a holomorphic function

h € H(M) such that sup,cp |f(2) — h(2)] < € and

go (ylml)~t

_h £
seinioy T o i1 )~ Ml < 3y
where M := max o) p) | TT521 (w0 (@) ) ().
Hence sup,cx |f(2) — h(z)| < € and

sup [9(2) — (IKy)"h(2)|

zEK

s | TT(wo (s go (p)! _

Sg}g|’}_[1(w (™)) (w)( " (wo (Qp[k]),l)(y) h(y))l <e,

where y := 1["(2). This shows that h € U and (Cy )"k € V', so that C,,, is topologically

transitive. Since H(M) is a separable Fréchet space, Cy ,, is hypercyclic. O

Theorem 3.3. Let M be a connected Stein manifold, 1 € O(M) and w € H(M) and {n;}7°,

be an increasing sequence of positive integer numbers. Then the operator Cy , is hypercyclic
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w.r.t. (ny); if and only if for every p € M, w(p) # 0 and ¢ is injective without fixed points

in M, ¥(M) is a Runge domain w.r.t. M and for every M-convex compact subset C C M

there is a positive integer number k such that the sets C' and w[”k](C) are separable in M.

Proof. Sufficiency in both parts follows from Theorem and Theorem If the sets C'

and 1™!(C) are separable in M, since 1)(M) is a Runge domain in M and C is M-convex,

then ¥[™!(C) is M-convex and by a Lemma from [24] their sum is M-convex . Necessity in

both parts follows directly from Theorem O
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ABSTRACT. This paper explores the concept of closed modules by utilizing the notion of
h-topology within the context of QT AG-modules. In addition, we delve into the intricate
relationships between different types of submodules and Ulm invariants, shedding light on
their interconnected roles within the closures. This investigation aims to provide a deeper
understanding of these algebraic structures and their dynamic interactions.
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1. INTRODUCTION

One of the rapidly developing areas of research in module theory is the study of T AG-
modules. The idea was first introduced by Singh [I5] in 1976. Moreover, module theory
has also witnessed a surge of interest in recent research, with the TAG-module being an
intriguing area of investigation, which is one of the variations of torsion Abelian groups in
modules. Over time, many researchers have extensively studied torsion Abelian groups and
its numerous variants, as evidenced by a range of notable studies found in [3, 1T}, [17].

Consider the following two conditions on a module M over an arbitrary (associative,

unitary) ring R.
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“(i) Every finitely generated submodule of any homomorphic image of M is a direct sum of
uniserial modules.

(7i) Given any two uniserial submodules U; and Us of a homomorphic image of M, for
any submodule N of Uj, any non-zero homomorphism ¢ : N — U, can be extended to a
homomorphism 1 : Uy — Us, provided that the composition length d(U;/N) < d(Us/¢(N))
holds.”

When M over a ring R is a module and satisfies conditions (i) and (i7), it is called a TAG-
module, and when M over a ring R has condition (z) only, it is called a QT AG-module.
Following up on his investigation in [I5], Singh [I6] published a paper in 1987 titled “Abelian
groups like modules,” which naturally led to the introduction of the concept of QT AG-
module, which has since generated interest in the field of module theory. The study was
then followed by numerous developments on the topic. In recent years, this exploration for
QT AG-modules has regained the interests of some authors, and a lot of interesting results on
QT AG-modules of many torsion Abelian groups have been obtained during the course of this
quest (see, for example, [I], 2, O] [10] and the references cited therein). Many such advances
in the theory of torsion Abelian groups exhibit characteristics of the earlier developments,
which is not surprising. The current work contributes to the understanding of the structure
of QT AG-modules and is a logical extension of the studies carried out in [I8]. Another
useful source on the explored subject is [4] (see [19], too) as well. For some other interesting

generalizations of the topic mentioned here, the reader can see in [5, [6].

2. PRELIMINARIES

Throughout the present paper, unless specified something else, let us assume that all
rings R into consideration are associative with unity and modules M are unital QT AG-
modules, written additively, as is the custom when studying them. All other not explicitly
explained herein notions and notations are well-known and mainly follow those from [7] and
[8]. A module M is called uniform if the intersection of any two of its nonzero submodules is
nonzero. An element a in M is called uniform if aR is a nonzero uniform module. Standardly,
the decomposition length of any module M with a unique decomposition series is denoted
by d(M). In addition, the exponent of a uniform element a of M, denoted by the symbol
e(a), is equal to d(aR). As usual, for such a module M, we state the height of a in M as
Hy(a) = sup{d(bR/aR) : b € M, a € bR and b uniform}. Likewise, for k > 0, Hx(M) =

{a € M| Hy(a) > k} represents the submodule of M that is generated by the elements that
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have at least k heights. The module M is h-divisible if M = M =N, Hy(M), where M*
is the submodule of M generated by uniform elements of M of infinite height. The module
M is h-reduced if it does not contain any h-divisible submodule. The topology of M, which
admits as a base of neighborhoods of zero, is known as the h-topology. This topology has the
submodules Hy (M) for some k. In this fashion, a submodule S of M is named the closure in
M if § =N (S + Hi(M)). With this in hand, we say that a submodule S of M is closed
with respect to the h-topology provided that S = S and h-dense in M if S = M. By closed
module M, we mean those modules which do not have any element of infinite height and has
a limit in M for every Cauchy sequence. Moreover, the sum of all the simple submodules of
M is called the socle of M, denoted by Soc(M).

Furthermore, we assemble some basic concepts which are crucial in the following devel-
opment. For pertinent results related to these concepts, we refer the reader to [13], [14] (see
[12] too). By analogy, for every ordinal o, one can define the infinite height H,(M) as
follows: H,(M) = Hi(Hy—1(M)) if o is non-limit, or Hy(M) = Ny<eH, (M) otherwise.
Usually, H,(M) denotes the submodule consisting of all elements of M with height > o.
This submodule is also called o*"-Ulm submodule of M. In particular, H,(M) will be the
first Ulm submodule of M, i.e., the set of elements of infinite height. A submodule S of M
is said to be o-pure if, for all ordinal 7, there exists an ordinal o (depending on S) such that
H,(M)NS = Hy(S). Besides, a submodule S of M is termed isotype, if it is o-pure for every
ordinal . The cardinality of the minimal generating set of M is denoted by the symbol
g(M). For all ordinals o, fa(o) = g(Soc(Hy(M))/Soc(Hy11(M))) is called the o™-Ulm
invariant of M.

Finally, the project is organized as follows. In the previous section, we have explored the
subject’s background. The current section, i.e. here, looks at the topics’s related notions.
The study of generalized closed modules is discussed in the next section, and important
results and distinctive properties of closures as well as Ulm invariants are presented. In the

final section, we list some interesting left-open questions.

3. MAIN RESULTS

It is well-known that the direct sum of countably generated modules and the closed modules
are determined up to isomorphism by their Ulm invariants. The latter type of modules can
be characterized as the closed submodule of the closure of a direct sum of uniserial modules.

This closure is considered with respect to an h-topology (cf. [I]) which is defined for modules
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without elements of infinite height. One of the main goals of this article is to extend the
concept of h-topology, and thereby to include modules of arbitrary countable length for
investigating the generalized closed modules.

The following notions are our major tools.

Let v be an ordinal and M an h-reduced QT AG-module, we define a descending chain of
submodules H, (M) by

o Hi(Hy(M)), if y=a+1

Na<yHo (M), if 7 is a limit ordinal.

Since all modules are assumed to be h-reduced, there is an ordinal 5 such that H (M) = 0 for
v > (. The smallest such j is usually referred to as the length of M. When length(M) < w,
M is said to contain no elements of infinite height.

Let 1 be the first limit ordinal greater than or equal to the length of a QT AG-module M.
Then a h-topology can be constructed using the submodules H. (M), for v < 7, as a base for
the neighborhoods of the identity. This extension of the h-topology is known as the natural
topology.

We start here with a new useful criterion for a submodule to be isotype.

Proposition 3.1. Suppose that v is an ordinal. Then a submodule S is an isotype submodule

of a QT AG-module M if Hy (M) NS C Hy(S) implies Hyy1 (M) NS C Hyp1(M).
Proof. The proof is by induction on v in conjunction with H,(M) NS > H,(S). Clearly, if
7 is a limit ordinal and H,(M) NS = H,(S) for all o < ~, then
H,(M)NS = (NacyHa(M)) N S,
= ma<7Ha(S)a
= H“{(S)a
which allows us to infer that S is isotype in M for each ordinal ~. 0

In light of the previous construction, we obtain the following.

Proposition 3.2. Let N be a submodule of a QT AG-module M of countable length 3. Then
there exists an isotype submodule S of M such that N C S C M and g(N) = g(S).

Proof. Foremost, we construct inductively a chain of submodules S* such that S = USF

for some positive integer k. Now, we set S° = N, then there exist equations z’ = y with
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d(zR/2'R) =1 for some z € M and y € H,1(M) N S*~1. However, we observe that these
equations do not have a solution for € S. Among all such equations, let 77* be one
solution of H, (M), for each ordinal v < . In fact, denote by T k¥ the module generated by
the elements of U,Y<gT%”C and define S* = k=1 4 T*,

Next, assume that H.(M) NS = H,(S) and choose y € Hy+1(M) N S such that y € S*.
Then by the definition of T7**1, there exists an element z such that z € T+ and 2/ =y
where d(2R/2'R) = 1. By hypothesis on H,(M), we have T7**1 c (H,(M) N S) and
H,(M)NS = H,(S). Therefore, we obviously observe that y € H,1(S) and Hy11(M)NS C
H.,41(S). By appealing to the same reasoning as in Proposition one may infer that the

assertion follows. O

The following technicality is pivotal.

Proposition 3.3. Let M be a QT AG-module. If M is the closure of M, then M is isotype
in M.

Proof. Suppose that H,(M)NM = H,(M) and choose x € Hy1(M)NM. Then there exists

a uniform element y € H, (M) such that =y where d(yR/y'R) = 1. If {y;} is a sequence

in M, then its limit y is also an element of M and y, — y is an element of H, (M) for every
k. This, in turn, implies that y; € H,(M) N M = H,(M). Therefore, yj, — = and y}, are in
H.,11(M) such that d(yxR/y; R) = 1. Hence, it consequently follows that z € H,41(M), and

the result follows from Proposition [3.1 O

The next statement is pretty simple but useful.

Proposition 3.4. Let S be an isotype submodule of a QT AG-module M which is h-dense
in M. Then S and M have equal lengths.

Proof. Let B1 and P3 be the lengths of S and M, respectively. Clearly 51 < fs. Now, if z is
a nonzero uniform element of H, (M) for v < f; and {y;} is a sequence in S converging to
x, then yy, —x € H, (M) for every k. This gives that y, € Hy(M)NS = H,(S5) = 0 for every
k and means that H, (M) = 0 for all v > ;. Consequently, as early checked, f; = (2. The

proof is over. 0

We now will explore the closureness for the submodule classes.

Theorem 3.1. Suppose M is a QT AG-module and ~y is an ordianl. If M is the closure of

M, then H, (M) = H,(M).
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Proof. Let = be a uniform element of H,(M) with a sequence {x} in M converging to x.

Then there exists an integer ¢ such that zy, — x € H, (M) for k > t. Setting yr = ¢1k-

Indeed, this gives a sequence in H- (M) converging to x. Thereby, because of the closureness

of M, it follows at one that H,(M) C H(M).
Turning to the opposite part-half, we shall prove at first by induction on ~. First, if v = 0,
it is obvious to assume the result holds for o < . Now, we have two cases to consider. First,

if v is a limit ordinal, then

HW(M) = ma<7Ha(M)a
C Na<yHo (M),

= ﬁoz<'yI{oz (M)a

= H’V(M)u

so that Hy(M) C H,(M), and we are done. For the remaining case, if v is not a limit
ordinal, then we write v = a + 1 and choose a sequence of ordinals ~; with length of M as
a supremum such that yg41 > v > 7. Let x € W, we observe that a subsequence of
sequence in H, (M) converging to x, and we obtain a sequence {z}} in H(M) such that

lim 2, =z and 231 — 2 € H,,, 11(M)
k—o00

for each k. Suppose a € H,(M) such that ¢’ = u where d(aR/a’R) = 1 and choose z €
Hg(M) such that 2’ = v—a’ where d(2R/z'R) = d(aR/a’R) = 1. Setting b = z+a. This gives
that ¥ =v,b—a=2z¢€ Hg(M), and b € Ho(M) where d(bR/V'R) = 1. On continuing same

process in this manner, one may see that there exists a sequence {z;} in H, (M) such that

2}, = x, where d(z;R/z},R) = 1. Let ¢ be the limit of {2} in Hy(M). Then ¢ € H,(M) and

d =x € Hy(M) where d(cR/cdR) = 1. Thus, H,(M) C H,(M), and the result follows. [

The next two statements are worthy of noticing.

Corollary 3.1. Suppose M is a QT AG-module and v is an ordinal such that length of M

is greater than . Then M = M + H.,(M).
Proof. First, we take z € M, and let {x,} be a sequence in M which converges to x. Then
there exists an integer ¢ such that x; — 2, € Hy(M) for k > ¢ and length (M) > ~. By

setting y, = x4 — 444, one may see that a sequence in H,(M). Let y be the limit of {y;} in

H.,(M). Then x = x; — y, and we are done. O
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Corollary 3.2. Suppose M is a QT AG-module and v is an ordinal. Then M is closed if
and only if H, (M) is closed, provided length of M > ~.

Proof. Assume that M is closed; i.e., M = M. In accordance with Theorem [3.1, we subse-

quently deduce that

for each ordinal . This allows us to infer that H. (M) is closed, thus completing the first
half.

Conversely, we presume now that H, (M) is closed for some v < length(M). Hence,
H,(M) = H,(M) and so in conjunction with Corollary we get

M=M+H,(M)=M+ H,(M).
Consequently, it is plainly seen that M is closed, and we are finished. O

Our next example show that in the above corollaries, the requirement that length of M > ~
cannot be removed.

Example 3.1. Let

[ Soc(M/Hy(M)) — Hy(M)/Hyy1(M)

be a homomorphism such that ker(f) = M /H.,(M). Let S be a submodule of Soc(M/H.(M)),
then f : Soc(M/H,(M)) — H,(M)/H,1(M) is an isomorphism. Obviously, H, (M) € M,
and S = X <p<t(zs — yx), for some integers ¢ and k. Now, for every ordinal v, let K, be a
submodule of H, (M) and L., the image of K., in M/H,(M). Then, U = %y ,<p<t(zt — Yi)

is a direct sum of uniserial modules. Since SN U = 0, we have S + U < ¥4 i<y4w ¢ and

S+U < Y tk<v+w Y- Putting these inequalities together, we obtain the desired claim.

We come now to our main theorem on closed modules.

Theorem 3.2. Let M; (i € I) be a system of QT AG-modules. Then M = @®;crM; is closed
if and only if there exists an ordinal v < length(M) such that the family F = {i € I :

length(M;) > ~} is of nonzero finite cardinality and for each i € F, M; is closed.

Proof. To prove necessity, let M be a closed module. If there is no = such that F has
nonzero finite cardinality, then there exists an increasing sequence f;, < length(M;,) such

that limg_, 5;, = length(M;, ). Choose 0 # x;, € Soc(HgilC (M;,)) and let y, = ®f _ 2.
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However, if {y;} is a sequence in M, then one sees that y is an element of M and y = ®;cjx;,

where J is a finite subset of I. Let r be an integer such that i, € F. For t > r, we have
Hy(y — ®fmg i) = min{Hay, (6i(y — ey 2i,))} < Huy, (),

where ¢; : M — M; is the projection map. Thus, Hp(y — y¢) < Hpy, () for some ¢, which
is an absurd, so we pursued the contradiction. Therefore, there exists an ordinal + such that
F has the proper cardinality.

Let {:L“f“o} be a sequence in M;, for iyp € F, and since M is closed, one verifies that the
sequence has a limit in M, say y = z;, + ®jer—i,%i- But Hy(z — xfo) < Hpys(x;) implies
x; = 0 for i € I —ip, and besides, that limg_,o, Hyr(x — :Ufo) = Hjs(0), which is greater than
the height of any nonzero element of M. So, it follows that x € M;,. This surely means that
M; is closed for ¢ € F, as wanted.

To show now the truthfulness of sufficiency, let us assume that F has cardinality a positive
integer with each M;, for ¢ € F, closed. In order to show that M is closed, it suffices to show
that every bounded sequence in M has a limit in M. In order to do this, suppose {yx} is
such a sequence and let y, = ®;¢ Imf, then {mf} is a sequence in the h-topology induced in
M; by the natural topology of M. In case that ¢ € I — F, we can observe that the induced
h-topology is discrete. So, for some k, we find {z¥} is constant and has a limit z;. But, in
this case, i € F, we then can identify that the induced h-topology is either discrete or the
natural topology of M;. And since M; is closed, there exists a limit x; in M;, and hence

Yy = @ierx; is the limit of {yx}. The proof is completed. O

The following gives a great deal of information about the Ulm invariants.

Theorem 3.3. Let S be an isotype submodule of a QT AG-module M which is h-dense in
M. Then M and S have the same Ulm invariants.

Proof. Let the injection S — M induces a map
& ¢ (H,(S) N S0c(S))/(Hy11(S) N So0e(S)) — (Hy(M) 1) Soc(M))/(Hy41(M) N Soc(M))
for every ordinal . Then
(H, (M) 1 Soe(S)) 1 Hy 1 (M) 0 Soe(M) = (H,(S) 1 Hy 1 (M) 1 Soc(S),
= (51 Hyp1 (M) 0 Soc(S),

= Hy1(S) N Soc(S),
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and so ¢ is a monomorphism. This shows that fs(v) < far (7).

On the other hand, if = is any uniform element of H,(M)NSoc(M), there exists a sequence
{z1} in S such that it has x as a limit. By adding terms and constructing subsequences, let
us assume that all the elements of {z}} are in S such that e(xy) = 1. Then, for some k, we

have xj, — x € (Hy41(M) N Soc(M)) which yields
¢(zk + (Hyp1(S) N Soc(S5))) = x + (Hyy1(M) + Soc(M)),
and ¢ is an epimorphism. Thus, fs(v) = fa(7y) for each ordinal ~. O

Mimicking the method demonstrated above, we record the following consequence.

Corollary 3.3. If S is an isotype, h-dense submodule of a QT AG-module M, then
M/ H, (M) = S/H,(S)
for all v < length(M).

We are now ready to give our desired example.

Example 3.2. Let U and V be the QT AG-modules having same Ulm invariants and
length w + 1. In fact, as U and V are direct sum of uniserial modules, we have that
(Soc(U) + H,(U))/H,(U) is countably generated and (Soc(V) + H,(V))/H,(V) is not
countably generated. Indeed, there exists a countably generated module P of length w?
with f,(P) = 1 for all ordinals v < w?. Applying Corollary appointed above, and the
countability of P, we see that P/H,(P) is countably generated, where P is the closure of
P in U and V, respectively. Let us decompose M = P® U and S = P® V. Then M and
S are closed modules with same Ulm invariants. Therefore, (Soc(M) + Hy,(M))/H,(M) is
countably generated and (Soc(S)+ H,(S))/H,(S) is not countably generated. Consequently,
M 2 S, as claimed.

Remark 3.1. Since an isomorphism between two closed modules M and S carried Soc(H~(M))
isomorphically to Soc(H~(S)) for each ordinal ~y. Therefore, the natural topological structure

s preserved by isomorphisms, and such maps are actually homomorpshims.
We continue with the significant characterization of a closed module.

Theorem 3.4. A closed QT AG-module containing a direct sum of countably generated mod-
ules which form an isotype, h-dense submodule is determined up to isomorphism by its Ulm

variants.
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Proof. Let M7 and Ms be two closed QT AG-modules having the same Ulm invariants and
containing submodules S7 and S possessing the desired properties. By hypothesis and
consulting with Theorem we inspect that fs,(v) = far, () = far,(7) = fs,(7) for each
ordinal v. However, it is easily verified that Mj is isomorphic to Ms. In fact, since M; and
Ms are the direct sum of countably generated modules, we detect that S is isomorphic to

Sy, and we are done. O

The above theorem leads to the analysis of determining which closed modules contain a
h-dense, isotype submodule, which is a direct sum of countably generated modules.
Analysis. In accordance with [I], we construct a closed module without elements of infinite
height. In fact, for a closed module of length less than or equal to the first countable ordinal
w, any of its basic submodules is the h-dense, isotype submodule. However, this is not valid
for closed modules of greater length. Letting M be a closed module of countable length
containing the h-dense, isotype submodule. According to Corollary[3.3] it is plainly seen that
M /H. (M) must be a direct sum of countably generated modules for all v < . If M/H. (M)

is countably generated for all v < 3, the situation is the following.

Theorem 3.5. Let M be a QT AG-module such that M/H,(M) is countably genrated for
some ordinal 7. Then there exists a countably generated, h-dense, and isotype submodule S

of M, provided length of M > ~.

Proof. Let us assume that length(M) = 3. If v > B, we are done. For the remaining
case 7 < f3, we choose a set of representatives {x. 1 }rcz+ of the countably generated module
M/H., (M) and let F = Uy<g{x i }rez+. Since f§ is countable, we obtain that F is countable,
and then F generates a countably generated module in M. Having in mind Proposition
one infers that a countably generated isotype submodule S of M containing F.

Now we choose x € M and constructing a sequence in F converging to x. After this, let us
find a sequence {7} of ordinals whose limit is §. Then for each ¢ choose the representative
x¢ from {2, i }rez+ such that x is in the same coset as x; modulo M.,,. Since the ordinals

~¢ converge to B, we have lim; o 2y = x and the proof is completed. O

So, the leitmotif of this article is the utilization of the above material to explore the
countability of quotient modules as follows: If the QT AG-module M has a countable length
B and M/H. (M) is countably generated, for some ordinal v < 3. This state is known as the

countability property. Therefore, we have the following direct consequences of Theorems [3.4

and respectively.
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Corollary 3.4. Closed QT AG-modules with the countability property are determined up to

isomorphism by their Ulm invariants.

Corollary 3.5. If M is a closed QT AG-module with the countability property, then M is

determined up to isomorphism by its Ulm invariants.

We continue with an observation on the above two corollaries.
Example 3.3. Let M be a QT'AG-module such that M = &,Soc(H(M)) is the decom-
position of a closed module, then M is determined by its Ulm invariants if and only if
Soc(H(M)) is determined by its Ulm invariants. It is readily checked that for every sub-
module S of Soc(H,(M)), we get that Hom(S, ®~Soc(H,(M))) = 0, which is an essential
submodule of M. This means that countability property is not sufficient in order to find an
isomorphism. In accordance with Theorem one may see that there exists a countably
generated, h-dense, and isotype submodule L of M such that it is a direct sum of uniserial

modules, which is a closed QT AG-module, as required.

We will now argue the following theorem.

Theorem 3.6. Suppose that M7 is a QT AG-module with the countability property and that
My is a countably generated with f(My) = f,(Mz) for some ordinal v. Then My can be
embedded as an isotype submodule S of My such that My D> M.

Proof. The existence of a countably generated, h-dense, isotype submodule S of M; is guar-
anteed by Theorem so hypothesis My does exist. S and M; can considered submodules
of S by means of the standard topological map that embeds a space in its closure. The
h-denseness of M; in S follows from the fact that S C M; C S. By applying Proposition
the isotype property of M; can be demonstrated. Due to the equality of Ulm invariants,
S and My are isomorphic, and this map can be extended to S and M to give the desired

embedding map. O

The following lemma determines the cardinality of a closed module that meets the count-

ability property.

Lemma 3.1. Suppose M is a countably generated QT AG-module. If M is the closure of M,
then g(M) = 280,

Proof. Since g(M) = Ry, we obtain the number of Cauchy sequences in M < 2% and thus

g(M) < 2%, So, what remains to show is the inequality g(M) > 2%0. For this purpose,
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choose a sequence of ordinals -y, with a length of M as a supremum such that Soc(H, (M)) C
Soc(H,+1(M)) for some k > 0. Then, there exists a sequence {x}} of elements in M such
that x, € Soc(H,, (M)) — Soc(H, +1(M)).

Let A = (aj,ag,...) be the set of all Ry tuples, where a is 0 and 1. Now, define a map
f: A — M such that f(A) = limy; where y, = ®*_,a,z,. Let a and @’ be two distinct

elements of A with r the first n such that a,, # a),. Then, for k > r, we have
Yk — Yp = Tr + @ﬁzrﬂ(anxk —d'kxy) & Hyy1(M).

Therefore, f(a) # f(a’). This gives that f is one-one and means that 2% = g(A) < g(M),

as promised. O

We finish off with a statement which explores when a direct sum of countably generated

modules has a length equal to wy, the first uncountable ordinal.

Theorem 3.7. Let M; (i € I) be a system of QT AG-modules, and let M = @;crM; be
the direct sum of countably generated modules. Then M is a closed module under natural

topology, provided length(M) = wy.

Proof. Let J be the set of countable ordinals, and let {z,}ocs be a Cauchy sequence. Then
for each i € I, one sees that {¢i(za)}acs is a Cauchy sequence, where ¢; : M — M, is the

projection map. Therefore, for every ordinal ~y;, there will exist a; € J such that
di(xa) — di(xg) € My, N MZ-W =0

and 7; = length(M;), for «, 8 > «;.

Let us assume in a way of contradiction that the set F = {i € I : z; # 0} is not finite.
Then there exists a sequence {iy}rcz+ in F such that n = limy_,.{cy, } where 7 is any
countable ordinal. If, however, a countable ordinal « > 7, then ¢;, (xo) = x;, # 0 for some k,
thus contradicting to our choice. So, F is a finite set. Letting o be the countable ordinal with
a countable ordinal o, such that zo — x5 € M, for a, 8 > a,. Thus, ¢;(va) — ¢i(xg) € My
for each i € I. In case that i € F and 8 > «;, we can observe that ¢;(zg) = x;, and
that ¢;(zs) — x; € M, for all @ > a,. But in this case, i ¢ F and f > «;, we may
deduce that ¢;(zg) = 0, and that ¢;(z.,) € My for all &« > a,. Finally, in the remaining
case, it can be inferred that x, = ®;crz; € M, for all @ > «,. This surely means that
limzx, = ®ierx; € M. Consequently, every Cauchy sequence in M converges in M, as

formulated. O
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4. CONCLUSION AND OPEN PROBLEMS

In this project, we examined different types of submodules and Ulm invariants via the
notions of h-topology and closed modules. The intriguing properties of these notions and
their interrelationships are explored, and some connections are investigated between the ot/-
submodules and the closures existing in the literature (see, for example, Theorem etc.).
We further revealed that a necessary and sufficient condition for a direct sum of QT AG-
modules to be closed modules can be developed in terms of a direct summands, as detailed
in Theorem Moreover, we demonstrated that if a direct sum of countably generated
modules has a length equal to wy, the first uncountable ordinal, then the module is a closed
module under the natural topology, which occurred in Theorem [3.7

In future work, we will study certain invariants by utilizing closed modules and h-topology
via QT AG-modules. Also, we will generate a new countability property from QT AG-modules
and other types of submodules in the literature. We close the work with certain challenging
problems which are worthwhile for a further study.

Problem 4.1. Find the necessary (and sufficient) conditions under which a direct sum of a
closed module is again a closed module?

Problem 4.2. Can closed modules be characterized by certain Ulm invariants?

Problem 4.3. Isit true that every QT AG-module of countable length v with the countability
property is isotype?

Problem 4.4. For a QT AG-module M of countable type, does it follow that M & M is a

closed module?
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ABSTRACT. A mapping of the form p : N — [0,00) satisfying limn,— o 0(n) = oo and
limy, o0 ﬁ # 0 is called a weight function. By incorporating weight functions into the
statistical framework, we come up with a new notion called weighted statistical compact-
ness that extends the traditional notion of compactness. The paper involves studying the
compactness properties via sequences and relationship between compactness variations. We
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1. INTRODUCTION

A group of points in a topological space are called dense when they are widely distributed
throughout the space. The distances between the points are often used to calculate this
density in a metric space. To determine the natural density (also known as asymptotic
density) of a subset A C N, one can measure how closely spaced out the points in A are in

N, N being all natural numbers set. It is described as
. 1
0(A)= lim —[{k<n:ke ACN}.
n—oo N
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H. Fast [11], Schoenberg [13] expanded the sense of conventional convergence to statistical
convergence by utilizing the concept of asymptotic density. In a space X, a sequence {z,}
converges statistically to a point z if the natural density of the collection {n € N: z, € U}
(i.e., the part of the sequence’s elements that fall within U) converges to 1 as n tends to
infinity for every open set U containing z. i.e., §({n € N : z, € U}) = 1 or equivalently,
d{neN:z, €U}) =0 [12]. In 2012, Bhunia et al. [9] strengthened the idea that real se-
quences s-converge by using asymptotic density of order o, where 0 < o < 1. s%-convergence
restricts the notion of statistical convergence in topology. It introduces a parameter « that
is important in characterizing the specific convergence behavior of sequences. Here, o rep-
resents a parameter influencing the convergence rate of sub-sequences, providing a more
nuanced understanding of convergence than is achievable with traditional reasoning. A se-
quence {yn}, s“-converges to a point y in a space X if each open set U that contains y,

produces

F(neN:z, ¢ UY) = lim LPEN I EUH_

n—o00 n¢

0.

Compactness and other covering features have been a very interesting topic for many
mathematicians [4], Bl [6l, [7] for a long period of time. Compactness in a topological space
is a fundamental property that encapsulates what it means to be ‘finite’ in a general sense.
Compact topological spaces are those that have a finite sub-cover for every open cover.
Stated differently, regardless matter how we choose to cover the space, there is always a
finite number of open sets that cover the entire space. Compactness has many implications
and applications in the mathematical domains of analysis, geometry, and topology, to name a
few. The notions of boundedness and finiteness are naturally extended from metric spaces to
more general topological spaces. Other types of compactness, such as sequentially compact
space, pseudo-compact space, and St-compact space, s*-compact space [2, B, 8] have been
studied by many authors.

A mapping ¢ defined in the form ¢ : N — [0,00) such that lim, .~ 0(n) = oo and

lim, o =7~ # 0 is called a weight function [I]. For example, h : N — [0, 00) such that
o(n)

n
h(n) = n®, where 0 < a < 1, p : N — [0,00) such that o(n) = log(1 + n) are weight
functions. Adem et al. [I] studied the concept of weighted convergence for real sequences.
A sequence {y,} is said to s,-converge to the point y in a space X if each neighborhood U

of y produces

Sy({n € Ny ¢ UY) = lim WP EN:on €U

0.
n—o00 Q(n)
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In this paper, we continue our study of the weighted density in order to identify a topo-

logical property related to compactness.

2. PRELIMINARIES

This part provides a quick overview of the basic tools and mathematical ideas needed to
understand the main conclusions. Unless otherwise indicated, this paper does not presuppose
any separation axioms; a space will refer to a topological space in this paper. We refer to

[10] for further concepts and symbols.

Definition 2.1. [I0] If each open covering of a space X posses a finite sub-cover, then that

space is said to be countably compact.

Definition 2.2. [10] A countable family F = {Fs} .y whose elements are subsets of a set
X s stated to have finite intersection property (FIP), if (i_, Fs, # 0 and F # 0 for every

finite set {s1,82,83,...,8,} CN.

Theorem 2.1. [10] Every collection of closed subsets of a space X having FIP produces

non-empty intersection if and only if X is compact.

Definition 2.3. [§] A statistical compact (or s-compact) space is a topological space X in
which every countable open cover U = {U, : n € N} posses a sub-cover V = {Up, : k € N}
for which 6 ({my, : Up,, € V})=0.

Definition 2.4. [8] A countable family F = {Fs} . whose elements are subsets of a set
X is stated to have 6.-intersection property if (\,cg Fn # 0 for every subset S C N with
3(S) =r and F # 0.

Theorem 2.2. [§] Every collection of closed subsets of a space X having dg-intersection

property produces non-empty intersection if and only if X is s-compact.

3. 5,-COMPACT SPACE

Using the concept of weighted density, we want to find a covering criteria that lies some-

where between countable compactness and statistical compactness.

Definition 3.1. Let X be a space with the weight function o. If every countable open covering
P ={P, :n €N} of X posses a sub cover Q ={P,, : k € N} for which 6,({ny e N: P, €
Q}) = 0, then X is stated as a weighted statistical compact space (or shortly s,-compact

space).
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Theorem 3.1. Every countably compact space is an s,-compact space.

Proof. Let X be a countably compact space. Then, every countable open cover P = {P, :
n € N} has a finite sub cover Q = {P,,,, Pny, Pny, - - ., Pn, }. As the sub cover is a finite, the
set {ni,ng, -+ ,nx} C N is finite having weighted density zero. Hence, the space X is an

s,-compact space. Il

Example 3.1. There exists a non-compact, s,-compact space.

Let X = {(a,b) 1 a®? +b? <1} and 7 = {4, = {(a,b) : a®> +b* <1-1} : n e N} U {0, X}.
Clearly, X is a topological space. Consider the weight function ¢ : N — [0,00) such that
o(n) = log(1 4+ n). For an arbitrary countable open cover U = {U, : n € N}, we can choose

a sub sequence V = {U,, : k € N} such that U,, = Uy and Uy, ,, 2 Uy, for allk € N. SoV

k41
is an increasing sub sequence of U that covers X. Now, we choose a sub sequence W of V
as W= {Uy, , + k € N}. It is clear that JW = X and

) k¥ :keN

_ 1 1+ kK
~ e k*(1 + logk)

" 5 Tog(1 1)
But W is a sub sequence of V and V is a sub sequence of U. So, W is a sub cover of U
such that 6,({ny € N:U,, € W}) =0. Thus, X is an s, compact space.
Now, consider the open cover A = {A, = {(a,b) : a* +b*> <1—1}:n e N} and if possible
suppose that it has a finite sub cover A" = {A,,, Apy, Ang, ..., An}. We take npay =
maz{ni,na,n3,...,nx}. Therefore, JA = An,... = {(a,b) : a®> +b> < (1 — —L)}. The

Nmazx

portion {(a,b) : (1 — ﬁ) < a? + b? < 1} remains uncovered, which is a contradiction. So,

A can not have a finite sub cover. Thus, (X, T) is not compact.
Theorem 3.2. Every s,-compact space is an s-compact space.

Proof. Let X be a space having s,-compactness. Then, every countable open covering P =
{P, : n € N} of X posses a sub cover Q = {P,, : k € N} such that §,({n; e N: P, € Q}) =
0. But 6({nx e N: P,, € Q}) < 6,({nr € N: P,, € Q}) =0. So, X is a statistical compact

space. Hence, every s,-compact space is an s-compact space. U

Open Problem 3.3. Does there exists a topological space which is statistical compact but

not s,-compact?
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Countable Compactn/em
\L/‘ s,-Compactness ‘/\
Wtistical Compactness

FIcURE 1. The relationship between compactness variations.

Theorem 3.4. s,-compactness is a closed hereditary property.

Proof. Let (X, T) be a s,-compact topological space and (B, 7p) be a closed sub-space of X
and let U = {U,, € 7 : n € N} be a covering of (B, 7p).

Therefore, B = U U, = UZ/I.

neN
Now, for every n € N, we can find a 7-open set V,, for which U, = BN V.

Therefore, B = U U, C U V.
neN neN

Consider W = {W,, : n € N}, where

X\B ifn=1,
Wy, =

V-1 otherwise,
So, W = {W,, : n € N} is a countably infinite cover of the s,-compact space X. So, we can
find a sub cover P = {W,, : k € N} having 0,({nx : Wy, € P}) =0. Let Pg = {BNW,, :
k € N}, then U have a sub cover Pp covering B. Now, if W ¢ P, then {n; : W,, € P} =
{ng : BOW,, € Pp} and d,({ny : Wy, € P}) = 6,({n : BN W,, € Pg}) =0. If W, € P,
then [{ng : W, € P} =[{nx: BNW,, € Pp}| — 1.

So, d,({ng : Wy, € P}) = 0,({nx, : BNW,, € Pg})=0.

Hence, (B, 7p) is an s,-compact space.

g

Theorem 3.5. If B C X and (B, Tp) is an s,-compact closed sub-space of a topological space
X, then for every family of open sets {W,, : n € N} of X such that B C |JW, for alln € N
there exists a subset P C N with 6,(P) = 0 such that B C J,cp Wha.
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Proof. Let {W,, : n € N} be a family of open subsets of X ensuring (J,cxy Wn 2 B. Then,
B = U, en(B N Wy,), which implies that B is covered by {B N W, : n € N}, a collection of
Tp-open sets. Also, (B, Tg) is an s,-compact space. Therefore, there exists a set P C N with
0o(P) = 0 such that B = |J,cp(BNW,). Thus, B C UJ,,cp Wy. Hence, for every family of
open sets {W,, : n € N} of X such that B C [JW, for all n € N there exists a subset P C N
with 6,(P) = 0 such that B C |J,,cp Wa. O

Theorem 3.6. Let W be an open subset of a topological space X and consider the weight
function o. If a family {G,, : m € N} of closed subsets of X consists at least one s,-compact
set (say Gm,) such that (e Gm € W, then there evists P C N with §,(P) = 0 and
Nmep Gm S W UG, .

Proof. Let G, be an s,-compact set in the family {G,, : m € N}. As W € 7 is open, so W*¢
is closed. Thus, WNGp,, = G, \W. Since Gy \W C Gy, and Gy, is an s,-compact set so
by Theorem [3.4] Gy, \ W is an s,-compact set. Let B = Gy \W. {Wp, = X\ Gy : m € N}

is family of open sets.

Now, | J W= J&X\GCn)=X\[) G-

meN meN meN

and X\ (| G 2 X\ W 2 Gy, \W =B.
meN
So, B C U, ey Wi But, B = Gy, \ W is an s,-compact space. Therefore, by Theorem

there exists P C N with §,(P) = 0 such that B C J,,cp Wm. S0, Gy \W = (X\W)NGppy €

UmEP Wm

Thus, (X \W)N(X\G5) € | X\Gm=X\ ) Gm.
meP meP

Therefore, X \ (W UG, ) € X\ ﬂ G-
meP
Hence, (,,cp Gm € W UGy, . O

Theorem 3.7. Let {(Xy, 7)) : m = 1,2,--- ,s} be a finite collection of s,-compact sub-

spaces of X such that X =J;,_ Xm. Then, X is an s,-compact space.

Proof. Let (X, Tm) be an s,-compact sub-space of X for m =1,2,3,...,s such that X =
US _i X and let W = {W,, : n € N} be a countable open cover of X. Then, W,, =

m=1

{X;m, NW,, : n € N} are countable open covers of (X,,, 7,) where m = 1,2,--- | s. Therefore,
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there exist V,, = {X,, N W, : k € N} for every W, of (X, 7,) such that 6,({ny € N :

Now,

So( | {ne € N2 Xop N Woy € Vin}) <> Gp({ns € N: Xpp N Wiy, € Vi) = 0.

m=1 m=1

Also, |J;,_; Vm are covers of X. So, X C ), Vm C U, _1{Wh, : k€ Nand X,,, N W, €
Vm} = P. Thus, P is a sub cover of W such that 6,({ny : W,, € P}) = 0. Hence, X is an

s,-compact space. Il
Theorem 3.8. s,-compactness is preserved under surjective open continuous mapping.

Proof. Consider a surjective map f : (X,7) — (Y, 0) which is both open and continuous,
where X is an s,-compact space, ¢ being a weight function.

Suppose that A = {A,}nen is a random covering of Y, A being countable and ele-
ments of A being open. Then, ¥ = ,cy4n- So, fHY) = f'(U,enA4n). Thus,
X = Unen f71(A,). So, X is covered by {f~1(A,) : n € N}, which is an open covering ( f
being continuous and A = {4, },en being open). Also, X is an s,-compact space. There-
fore, we will get a countable sub covering {f~!(Ay, ) }ren of X having 6,({ny : k € N}) = 0.
Therefore, UnkeN{ffl(Ank)} = X that implies f(UnkeN{f’l(Ank)}) = f(X) =Y. ie,
Y = U,,en{An}. Thus, Y is covered by {4y, }ren which is a subset of {4, },en with
do({nk 1 k € N}) =0.

Hence, Y also have the s,-compactness property. ]

Under the effect of weighted statistical density, now we search for a finite intersection like

attributes for s, compactness.

Definition 3.2. A countable family D = {D,, : n € N} C P(X) is stated to posses ,A,-
intersection property (,Ar-IP) if D # 0 and for each P C N having §,(P) = r, gives
ﬂneP Dn 7& @

Theorem 3.9. Every countable collection of closed subsets of X having ,Ao-IP produces

non-empty intersection if the space X is s,-compact and vice versa.

Proof. Let X be a space having s,-compactness and D = {D,, : n € N} be an arbitrary
family of closed subsets of X with ,Ag-intersection property .

If possible, let us consider (), ey Dn = 0 and F,, = X \ D,,. Then, X = X \ (", exDn =
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Unen X \ Dn = U, eny Fn- Therefore, X is covered by {F,},en, elements of the collection
{F,}nen being open sets. But X is an s,-compact space. Thus, we can obtain a P C N
having 0,(P) = 0 and |J,,cp Frn = X. Now,

X=JF=X\Dy=X\ () Dn

neP neprP nePrP

Therefore, (), cp Dn = 0, that leads to a contradiction. So, D = {D,, : n € N} has ;A¢-

neP
intersection property.
Conversely, let W = {WW,, : n € N} be a countable open cover of X. Now, D = {D,, =

X \ W, : n € N} is a countable family of closed sets. Now,

(N Dn=[X\Wa) =X\ [JWn=0.

neN neN neN
By contra positive process of our assumption it does not have ,Ag-intersection property.
Therefore, there exists P C N with 0,(P) = 0 and (,,cp D = 0. So, (,,cp(X\Wy) = ie.,
X\ Unep Wn =0. Thus, X = J,,cp Wa-

Hence, X is an s,-compact space. O

4. CONCLUSION REMARKS

s, compact space serves as an intermediate between countable compactness and statisti-
cal compactness. This compactness property is preserved under closed sub-space and open
continuous surjection. s, compactness can be characterized in terms of families of closed sets
by means of ,A( intersection property.
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ABSTRACT. The object of the present paper is to study some curvature conditions on Ken-
motsu manifolds. Initially, we analyze the condition £&- M€ projective flat and ¢-M® semi-
symmetric on Kenmotsu manifolds coupled with an n-p-Einstein soliton. Subsequently, we
elaborate the conditions M® - R=0, M- M°=0 and M- Q=0 on Kenmotsu manifolds in
view of an n-p-Einstein soliton, where M¢ is the extended M-projective curvature tensor.
In addition, we verify the results with a concrete example.
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1. INTRODUCTION

The product of an almost contact manifold M and the real line R carries a natural almost
complex structure. However if one takes M to be an almost contact metric manifold and
supposes that the product metric G on M x R is Kaehlerian, then the structure on M is
cosymplectic [I5] and not Sasakian. On the other hand Oubina [I8] pointed out that if
the conformally related metric e?'G,t being the coordinate on R, is Kaehlerian, then M

is Sasakian and conversely. In [22], S. Tanno classified connected almost contact metric
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manifolds whose automorphism groups possess the maximum dimension. For such a manifold
M, the sectional curvature of plane sections containing & is a constant, say c. If ¢ > 0, M is a
homogeneous Sasakian manifold of constant sectional curvature. If ¢ = 0, M is the product
of a line or a circle with a Kaehler manifold of constant holomorphic sectional curvature. If
¢ <0, M is a warped product space R xy C". In 1972, Kenmotsu studied a class of contact
Riemannian manifolds that satisfy specific conditions [I7]. We call it Kenmotsu manifold. If
a Kenmotsu manifold satisfies the condition R(X,Y")-R=0, it must have a constant curvature
of -1, where R denotes the Riemannian curvature tensor and R(X,Y’) refers to the tensor
algebra derivation at each point in the tangent vectors X,Y. Kenmotsu manifolds have been
studied by many authors such as (see, [3], [4], [20], [12], [19], [8], [9], [21], [13],[11],[10],[24],[31])
and many others. The metric g on (M, g) is called a p-Einstein soliton if there is a smooth

vector field V such that [2]:
1
S+ 5Lvg = (n+pr)g, (1.1)

where Ly and r denote the Lie derivative and Ricci scalar respectively, where p # 0, v; € R.
As usual p-Einstein soliton is steady for v, =0, shrinking for y; > 0 and expanding for y; < 0.
A new type of soliton called -p -Einstein soliton which is a generalization of p-Einstein soliton
given by

1
S+ 5Lvg = (y1 4 pr)g +ven @, (1.2)

where 71, 72 € R. Analogous to equation ((1.2)), we recall n-p-Einstein soliton and so equation

(1.2) takes the form
S+ Hess(y) = (71 + pr)g +12n®mn. (1.3)

As n-p-Einstein soliton (or gradient n-p-Einstein soliton) can be classified as (i) p-Einstein
soliton (or gradient p-Einstein soliton) [2] if 72=0, (ii) n-Einstein soliton (or gradient 7-
Einstein soliton) [14] if p=1, (iii) n-traceless Ricci soliton (or gradient 7-traceless Ricci soli-
ton) if p:TI_H, (iv) n-Schouten soliton (or gradient n-Schouten soliton) [23] if p=4-. In this
sequel many authors have been studied Kenmostu manifold with reference to different type
of solitons (see,[5], [6], [7], [27], [26], [29],[28],[32],[30]) and many others.

More specific, the Lie derivative (L¢g)(H1, H2) given by

(Leg)(Hy, Ho) = g(Vu, &, Ha) + g(Hi1, Vi,§). (1.4)

The work of the paper is organized as follows: After the introduction, in section 2, we

carried out the basic exposition on Kenmotsu manifold. In section 3, we analyze &-M°
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projectively flat Kenmotsu manifold and deduce the interesting result coupled with an 7-
p-Einstein soliton. In section 4 we take up p-M¢ semi-symmetric in Kenmotsu manifold
admitting an n-p-Einstein soliton. Again in section 5, 6 and 7 we discuss the some curvature
conditions namely, M€ - R=0, M€ - M®=0 and M€ - Q=0 on such manifold and we verifies

the results by suitable example. The conclusion of the work is given in the last section 8.

2. PRELIMINARIES

Let (M2"+1 © €.m,9) be an (2n + 1)-dimensional almost contact metric manifold, where
@ is a (1, 1)-tensor field, £ is the structure vector field, n is a 1-form and ¢ is the Riemannian

metric. It is well known that the (¢, &,n, g) structure satisfies the conditions [I]:

Y’ Hy = —Hy +n(Hy)E, n(€) =1, p€ =0, (2.5)
9(H1,€) = n(Hy), n(pH1) =0, (2.6)
9(pH1, pHa) = g(Hy, Hy) — n(Hy)n(Ha), (2.7)
9(pH1, Hy) = —g(Hi, pH>), (2.8)

for any Hi, Hy € x(M). If moreover
(V@) Hy = g(pH1, Hy)§ — n(Ha)eH, (2.9)

Vi & = Hi —n(H1)E, (2.10)

where V denotes the Levi-Civita connection on (M2"+1, g), then (M?"*+1 0, £ n, g) is called

a Kenmotsu manifold. In this case, it is well known that [17]:

R(Hy, Hy)Hs = g(Hy, H3)Hy — g(Ho, Hs)Hj, (2.11)
R(H1,H2)¢ =n(H1)Hy —n(H2)Hy, (2.12)
R(Hy,&)Hz = g(Hy, H3)§ — n(Hs)Hy, (2.13)
R(&, H2)Hs = n(H3)Hz — g(Hz, H3)E, (2.14)
S(pX, oY) = S(X,Y) + 2nn(X)n(Y), (2.15)
S(Hy,€) = —2nn(H)y), (2.16)

S(£,6) = —2n, (2.17)

¢ = —2n€, (2.18)
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YV Hyi,H; € x(M). According to [25], the M-projective curvature tensor and the extended

M-projective curvature tensor M¢ on (M?"*1 g) are defined by

1
M(H,,Hy)Hs = TR(Hi,H)H —E[S(HQ,Hg)Hl—S(Hl,Hg)HQ

+ g(He, H3)QH, — g(H1, H3) QH], (2.19)

M (Hy, He)H3 = M(Hy, Hy)Hz —n(H1)M(&, Ha)H3

— n(Hy)M(Hy,§)Hs — n(Hs)M(Hy, Hy)E, (2.20)

for any Hy, Ha, Hz € x(M). Now using the Eq. (2.12)), (2.13),(2.14),(2.16)), (2.17) and ([2.18])
we get from (2.19)) that

M(Hy, H2)§ = n(Hy)Ha —n(Hz2)Hy
in[?nU(Hl)Hz — 2nn(Hz)Hy + n(H2) QHy

— T)(Hl)QHQ], (221)

M(E, H2)Hs = n(H3)Hs — g(Hz, H3)¢
- ﬁ[s(ﬂm H3)& + 2nn(H3)Hy — 2ng(Ha, H3)E

— T](Hg)QHQ], (2.22)

M(Hy, &) Hs = g(Hy, H3)§ — n(Hs)Hy
- 2n(Hs) Hy — S(Hy, Hy) +n(Hs)QHy
+ 2ng(Hi, H3)¢). (2.23)

Also, taking H3=¢ in we yield
ME(Hy, Hp)§ = —n(H1)M(E, H2)§ — n(H2) M(Hy, §)E. (2.24)

For fix H1=¢ in (2.21)) along with (2.5) and (2.18]), we get

1 1
M(E Ho)E = SHo + - QH,. (2.25)

Again by substituting Hy=¢ in (2.21)) and using (2.5) and (2.18)), we have

M(H, €€ =~ Hi — - QHy. (2.26)
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Using (2.25]) and ([2.26]) in (2.24]), we obtain

1 1 1 1
ME(Hy, Hp)€ = —on(Hi)Hy — on(H) QHa + on(He) Hy + -n(Hz)QHr. (2.27)
Taking H1=¢ in (2.27) and using (2.5 and (2.18]), we get
ME(E, Ha)€ = Im-Llom (2.28)
»H2)§ = =5y = - QHy. .
Again taking H1=¢ in ([2.20]) and using (2.5)), we obtain

ME(§, H2)Hs = —n(H2) M(§, ) Hs — n(H3)M(E, H2)E. (2.29)

For fix, Ho=¢ in ([2.22]) and using (2.6)), (2.16) and ({2.18]), we yield

M(&, ) Hs = 0. (2.30)

With the help of (2.25)) and (2.30), Eq.(2.29) reduces to

1 1
ME(E, Ha)Hy = —n(Hs)Ha — -n(H3) QHo. (2.31)
Similarly, one can get
. 1 1
ME(Hy, ) Hs = on(Hs)Hy + n(Hs) QH. (2.32)

Definition 2.1. An almost contact manifold (M*"! g) is said to be an n-Einstein if its

Ricci tensor S has the form
S=Ag+ Bn®mn, (2.33)
where A and B are constants. If B=0, then it is identified as Einstein and if A=0, it is know
as special type of n-Einstein.
3. &~ ME-PROJECTIVELY FLAT KENMOTSU MANIFOLDS

Definition 3.1. An (2n + 1)-dimensional manifold is said to be £-ME projectively flat if it
fulfills the condition

ME(Hy, Hy)€ =0, (3.34)

for all Hy, Hy € x(M).

Theorem 3.1. A £-M€ projectively flat Kenmotsu manifold (M?"*1, g) is an Einstein man-
ifold.



INT. J. MAPS MATH. (2025) 8(2):516-533 / KENMOTSU MANIFOLDS 521

Proof. Let (M*"*1, g) be {&-M® projectively flat. Then from (2.20)), we have
I MIE, Ho)€ + () M, )6 = . (3.35)
Using and H3=¢ in (2-22)), we obtain from that
WEO s — g(H2, €6 — - (S(Ha, )6 + 20m(€) H — mg(Ha, €)6 — n(§) QH:)]
() g(H, €6 — n(€) Hy — 5 -{~S(H,€)¢
— 2nHy +n(&§)QH; + 2ng(Hy,£)E} = 0. (3.36)
With the help of (2.5)), and (2.16), Eq. (3.36)), reduces to
S OIH) Hy = n(Ha) ) = {n(F2) QHy — u(H1)QHa} = . (3.31)

Taking Ho=¢ in (3.37)) we yield

QH; = —2nH,, (3.38)

which implies
S(Hy,Hy) = —2ng(Hy, Hy). (3.39)
O

Thus the Theorem is completed.

Theorem 3.2. Let (g9,V,p,v1,7v2) be an n-p-Einstein soliton on (M?"*1 g). Then V is

solenoidal if and only if the soliton is expanding, steady, or shrinking as r < %n, r= 772”,
—2n
orr > =%

Proof. Also from , we have
S(Hy, Ha) + %(»CVQ)(HL Hs) = (y1 + pr)g(Hi, H2) + von(H1)n(Hz). (3.40)
Taking trace after putting Hi=Hs=¢;, 1 <7 <2n+1in , we get
Sei,ei) + %(ﬁvg)(ei, ei) = (1 + pr)glei, ei) + yan(ei)n(e:). (3.41)
Using in , we obtain
divV = 2n+~y1 + pr)(2n + 1) + 2. (3.42)

If V is solenoidal, i.e., divV=0, then (3.42)) implies that

V2

7(2n 1) + pr]. (3.43)

M =—[2n+



522 A. KUSHWAHA, S. K. YADAV, AND B. P.SINGH

So the proof of Theorem is finished. Utilizing the Theorem we state the following

Corollary.

Corollary 3.1. If a £-MF° protectively flat Kenmotsu manifold admits an n-p-Einstein soliton
then

M = ———[diV — 2] — (2 + pr).

2n +1

Corollary 3.2. Let (9,V,p,71,72) be an n-Einstein soliton on (M?"*1 g). Then V is
solenoidal if and only if the soliton is expanding, steady, or shrinking as r < —4n, r = —4n,

orr > —4n.

Corollary 3.3. Let (9,V,p,71,72) be an n-traceless soliton on (M2t g). Then V is
solenoidal if and only if it is expanding, steady, or reducing as r < —2n(2n + 1), r =

—2n(2n+1), orr > —2n(2n+1).

Corollary 3.4. Let (g,V,p,v1,72) be an n-Schouten soliton on (M2t g). Then V is
solenoidal if and only if the soliton is growing, steady, or shrinking as r < —8n?, r = —8n?,

or r > —8nZ2.

Again, if V=grad(f), where f is a smooth function on (M?"*! g). Then from equation (3.42)

we yield the following result.

Theorem 3.3. If the metric g of a (M1, g) satisfies an n-p-Einstein soliton (g,V, p,71,72),

where V is gradient of smooth function f, then the Laplace equation satisfied by f is as follows
V(f)=2n+v+pr)2n+1) + 2.

4. p-M® SEMI-SYMMETRIC ON KENMOTSU MANIFOLD

Definition 4.1. An (2n + 1)-dimensional manifold is said to be p-M® semi-symmetric if it

fulfills the criterion
ME(Hy,Hs) -9 =0, (4.44)

for all Hy, Hy € x(M).

Theorem 4.1. A o-M® semi-symmetric Kenmotsu manifold (M?"*1, g) is an Einstein man-

ifold.
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Proof. The condition M¢(Hy, Hs) - p=0 on (M?"*1 g) from (2.20)) implies that

(Me(Hl, HQ) . QO)Hg = Me(Hl, HQ)(pH3 — gOMe(Hl, HQ)Hg =0. (4.45)

for any vector fields Hy, Ho, Hs € x(M).
Since form (2.20|) we have

ME(Hy, Hy)pH3 = M(Hy, Ha)pHz —n(Hy )M (&, Hy)pH3

— n(H2)M(Hy,§)pHs — n(pHs)M(Hy, Hy)S. (4.46)

Using (2.6)), (2.11)), (2.19), (2.22)), and (2.23) in (4.46)), we get

ME(Hy, Ho)pHs = g(Hy,oH3)Hy — g(Ha, pHs3)H;
- ﬁ{S(Hm ©H3)Hy — S(Hy, pH3)Hy 4+ n(H2)QHy — n(H ) QHy}
1
= n(Hy)[~g(Hz, oH3)¢ — - {S(H, pH3)€ — 2ng(Hz, pH3)E}]

— (HR)lg(Hy, oH)E — 1 {~S(Hy, H3)E + 2mg(Ha, o Hy)E}]. (447
Again,

OME(Hy, Ho)H3 = @M(Hy, Ho)H3 —n(Hy)pM(E, Ho)H3

— n(H)pM(Hy,§)Hs — n(Hs)oM(Hy, Hy)E. (4.48)

Using (2.5), (2.11)), (2.12)), (2.19), (2.21)), (2.22)), and (2.23) in , we have

@M (Hy, Hy)Hs = g(Hy, H3)pHy — g(Ho, H3)pH,

1
— @{S(Hm Hs)pH, — S(Hy, H3)pHy + g(Ho, H3) QpH, — g(Hy, H3)QpHo}

— (E)n(Hy o H — - {2nn(Hy ) H — n(Hs)Sp )]
— ()~ n(Hy o Hy — - {~20m(Hy) o Hy + n(Hy) Qo i )

—n(Hs3)[n(H1)pHs — n(Hz)pHi]

n(Hs)
4dn

+ {2nn(H1)pHs — 2nn(Ha)pHy + n(H2) QpHy — n(H;)QpHo}.

(4.49)
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Using (4.47)) and (4.48) in (4.45)), we get

g(Hy, pH3)Hy — g(Ha, oHs)Hy

— - {S(Hy, pH3)Hy — S(H, pHy)H + n(Ho) Q) — n(H1)QHo)
— () (=g (Ha, pH)E — SAS(Ha, 9 Hy)E — 20g(Ha, )€

—n(Hz)[g(Hx, pH3)E — ﬁ{—S(Hl, ©H3)E + 2ng(Hy, H3)E}]

— [g(H1, H3)pHy — g(Hz, H)pH|

1
+ %[S(Hz, H3)pHy — S(H1, Hs)pHo)]

1
+ @[Q(HQ, H3)QpHy — g(Hy, H3) QpH,|

() n(Hs Yo H — 5 (20n(Hs ) Hy — n(H) QoHa)

() [ H o Hy — 3 {~2nn(Hs)pHy +n(H3) Qi )]

+n(H3)[n(H1)pHz — n(Ha)pH,]

n(Hs)
4n

Taking Hy=¢ in (£50) and using (23), [25), @16). [18), we have

1
@{2S(H1, ©H3)¢ — 2ng(Hy,0H3)¢ — 2nn(Hs)pHy +n(H3)QpH: }

+ n(Hs)pH, =0.
For fix, H3 = £ in and using , we obtain
QpH1 = —2npH;.
Replacing H; by pH7 in and using , , one can get
QH, = —2nHjy,

which implies that

S(Hl, H4) = —2ng(H1, H4)

Therefore, the Theorem [4.1]is completed.

Like wise section 3, we reflect the following result:

[2nn(Hy)pHy — 2nn(Hz)pHy + n(H2) Qe Hy — 1(H1)QpHa] = 0.

(4.50)

(4.51)

(4.52)

(4.53)

(4.54)
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Theorem 4.2. Let (9,V,p,v1,%v2) be an n-p-Einstein soliton on (M?"*1 g). Then V is

solenoidal if and only if the soliton is expanding, steady or shrinking as r < 77?", r= 772",
—2n
orr > =%

Corollary 4.1. If a p-M° semi-symmetric Kenmotsu manifold admits an n-p-FEinstein soli-

ton then

" [dioV — 72] — (2 + pr).

T2+l
Corollary 4.2. Let (g9,V,p,v1,72) be an n-Einstein soliton on @-M° semi-symmetric Ken-
motsu manifold. Then V 1is solenoidal if and only if the soliton is expanding, steady or

shrinking as r < —4n, r = —4n, or r > —4n.

Corollary 4.3. Let (g9,V, p,71,72) be an n-traceless soliton on p-M¢® semi-symmetric Ken-
motsu manifold. Then V is solenoidal if and only if it is expanding, steady or shrinking as

r<-—2n(2n+1), r=-2n2n+1), orr > —2n(2n +1).

Corollary 4.4. Let (g9, V, p,71,72) be an n-Schouten soliton on @-M semi-symmetric Ken-
motsu manifold. Then V 1is solenoidal if and only if the soliton is expanding, steady or

shrinking as r < —8n2, r = —8n?, or r > —8n?.

Theorem 4.3. If the metric g of a (2n + 1)-dimensional o-M°® semi-symmetric Kenmotsu
manifold admits n-p-FEinstein soliton (g,V, p,v1,72), where V is gradient of smooth function

f, then the Laplace equation satisfied by f is as follows:
V(f)=2n+y1+pr)2n+1)+ .
5. KENMOTSU MANIFOLD SATISFYING THE CONDITION M€ . R=0

Theorem 5.1. If a (2n + 1)-dimensional Kenmotsu manifold satisfying the condition M€ -
R=0, then (M?"*1 g) is an Einstein manifold.

Proof. Let (M?"F1 g) satisfies the condition M- R=0. Then from [L1], we have
M U)R(Hy, Ho)Hy — R(ME(E,U)Hy, H2)H3
— R(Hi,M“(§,U)H2)H;
— R(Hi,Ho)M(&,U)Hz = 0. (5.55)
Taking H3=¢ in and using , we get

n(M (& U)H1)Ho — (M (&, U)Ha)Hy + R(Hy, H2)M“(§,U)¢ = 0. (5.56)
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Using ([2.28]), (2.31)) in (5.56)) and then using (2.6)), (2.11)), (2.16]), we obtain

5 (o1, U)Hy — g(H U)HL) + o {S(HY, U)Hy — S(Hp, UVE ) =0, (557
Replacing Ho=¢ in , using and , we yield
S(H1,U)¢+ 2ng(Hy,U)E = 0. (5.58)
Taking the inner product of with £ and using , we obtain

S(H,,U) = —2ng(Hy,U). (5.59)

So, the proof of the Theorem [5.1] is completed.

Therefore, as section 4, we state that

Theorem 5.2. If (¢,V, p,71,72) be an n-p-FEinstein soliton on a (2n + 1)-dimensional Ken-
motsu manifold satisfying the condition M®-R=0. Then V is solenoidal if and only if the
—2n

soliton is expanding, steady or shrinking as r < _T?”, r==r orr> _T?".

Corollary 5.1. If a (2n + 1)-dimensional Kenmotsu manifold satisfying the condition M€ -

R=0 admits an n-p-FEinstein soliton then

M= [divV — 2] = (2n + pr).

2n+1
Corollary 5.2. Let (g,V,p,71,72) be an n-Einstein soliton on (M?"*1 g) satisfying the
condition M€ - R=0. Then V is solenoidal if and only if the soliton is expanding, steady or

shrinking as r < —4n, r = —4n, or r > —4n.

Corollary 5.3. Let (9,V,p,71,72) be an n-traceless soliton on (M?"*1 g) satisfying the
condition M- R=0. ThenV is solenoidal if and only if it is expanding, steady or shrinking
asT < —2n(2n+1), r=—-2n2n+1), orr > —2n(2n + 1).

Corollary 5.4. Let (g,V,p,71,72) be an n-Schouten soliton on (M?"*1 g) satisfying the
condition M- R=0. Then V is solenoidal if and only if the soliton is expanding, steady or

shrinking as r < —8n%, r = —8n?, or r > —8n?.

Theorem 5.3. If the metric g of a (2n + 1)-dimensional Kenmotsu manifold satisfying the
condition M- R=0 admits n-p-Einstein soliton (g,V, p,v1,72), where V is gradient of smooth

function f, then the Laplace equation satisfied by f is as follows:

V(f)=2n+~y+pr)2n+1) + .
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6. KENMOTSU MANIFOLD SATISFYING THE CONDITION M€ .- M¢=0

Theorem 6.1. If a (2n + 1)-dimensional Kenmotsu manifold satisfies the condition M€ -

ME=0, then (M?"*1, g) is an Einstein manifold.
Proof. The condition M€ - M¢=0 on (M?"*!, g) implies that

ME(EU)M(Hy, Ho)Hy — M (ME(&,U)Hy, Hy)H3
— M (Hy, M(§,U)H2)H3

— ME(Hy, Hy)ME(€,U)Hs = 0. (6.60)

Taking H3=¢ in , we get

MO U)ME(Hy, Hy)§ = ME(ME(E,U)Hy, H2)E
— M (Hy,M(§,U)H2)&

— ME(Hy, Ho) ME(€,U)E = 0. (6.61)

Using (2:27), (2:28) and @31) in (6:61), we have

— )M U — on(Hy)ME(E,U)QH, + Sn(Ha) M (&, U) Hy
b n(H) ME(€U)QH + Sn(H)ME(U, )
b n(H)ME(QU, Ha)é + Sn(Ha) M (Hy, U)g
+ ﬁU(HQ)Me(Hh QU)¢ + %MS(HL Hy)U
1
+ o ME(HL, H2)QU = 0. (6.62)

Taking Hy=¢ in (6:62) and using (25), [218), [@31) and (2:32), we get

1 1 1 1
—g,MQHVNU = 1an(QH) QU + on(H)U + c-n(H1) QU
1 1 1
+ gnU)Hy+ n(U)QH: + -n(QU)H
1
+ g2"(QU)QH =0, (6.63)

which implies that n(H;) # 0, therefore equation (6.63)) turns into

S(U, Hy) = —2ng(U, Hy). (6.64)
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Thus the proof of the Theorem [6.1]is completed.

As per section 5, we reflect the outcome

Theorem 6.2. If (g,V, p,v1,72) be an n-p-Einstein soliton on a (2n + 1)-dimensional Ken-
motsu manifold satisfying the condition M- M®=0. Then V is solenoidal if and only if the
—2n

soliton is expanding, steady or shrinking as r < 772", r= = orr > 773".

Corollary 6.1. If an (2n+1)-dimensional Kenmotsu manifold satisfying the condition M€ -

ME=0 admits an n-p-Einstein soliton then

M [divV — 2] = (2n + pr).

T 241
Corollary 6.2. Let (g,V,p,71,72) be an n-Einstein soliton on (M?"*1 g) satisfying the
condition M- M€=0. ThenV is solenoidal if and only if the soliton is expanding, steady or

shrinking as r < —4n, r = —4n, or r > —4n.

Corollary 6.3. Let (g,V,p,71,72) be an n-traceless soliton on (M?"*1 g) satisfying the
condition M- M®¢=0. Then V is solenoidal if and only if it is expanding, steady or shrinking
asT < —=2n(2n+1), r=—-2n2n+1), orr > —2n(2n +1).

Corollary 6.4. Let (g,V,p,71,72) be an n-Schouten soliton on (M*"! g) satisfying the
condition M- M€=0. Then V is solenoidal if and only if the soliton is expanding, steady or

shrinking as r < —8n2, r = —8n?, or r > —8n?.

Theorem 6.3. If the metric g of a (2n + 1)-dimensional Kenmotsu manifold satisfying the
condition M€ - M¢=0 admits n-p-FEinstein soliton (g,V,p,v1,7v2), where V is gradient of

smooth function f, then the Laplace equation satisfied by f is as follows:
V(f)=02n+~y+pr)2n+1) + .
7. KENMOTSU MANIFOLD SATISFYING THE CONDITION M€ - Q=0

Theorem 7.1. If a (2n+1) dimensional Kenmotsu manifold satisfies the condition M- Q=0,

then (M2"*1 g) is an Einstein manifold.
Proof. The condition M¢- Q=0 on (M?"*! g) implies that

ME(Hy,H9)QH3 — Q(M(Hy, Hy)H3) = 0. (7.65)
Taking Ho=¢ in , we get

ME(Hy,§)QHs — QM (Hy,§)Hs) = 0. (7.66)
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Using (2.32)) in (7.66)), we have
1 1 1 1
577(QH3)H1 + %U(QHS)QHl - Q[in(QHS)Hl + %U(QHg)QHl] =0. (7.67)
By virtue of (2.16]), we get from (7.67)) that
1
n(Hs) Hy +n(Hs) QHy + Q7 -n(Hs)QH)1) =0, (7.68)

which implies that
1
Tl?](Hg)Hl + in(HS)QHl =0. (769)

Now, taking the inner product of ([7.69)) with Hy4, we obtain
1
nn(HS)g(Hh H4) + EU(H?))S(HM H4> = 07 (770)
which implies that n(Hs) # 0, thus from (7.70) we yield

S(Hl,H4> = —2ng(H1,H4). (771)

Thus the Theorem [7.1] is finished.

Following Section 6, we derive:

Theorem 7.2. If (g,V, p,71,72) be an n-p-Einstein soliton on a (2n + 1)-dimensional Ken-
motsu manifold satisfying the condition M®- Q=0. Then V is solenoidal if and only if the
—2n

soliton is expanding, steady or shrinking as r < 772”, r= =, orT > %".

Corollary 7.1. If an (2n+ 1)-dimensional Kenmotsu manifold satisfying the condition M€ -

Q=0 admits an n-p-Einstein soliton then

" [dioV — 2] — (21 + pr).

T on+1

Corollary 7.2. Let (g,V,p,71,72) be an n-Einstein soliton on (M?"*1 g) satisfying the
condition M€ - Q=0. Then V is solenoidal if and only if the soliton is expanding, steady or

shrinking as r < —4n, r = —4n, or r > —4n.

Corollary 7.3. Let (g,V,p,71,72) be an n-traceless soliton on (M?"*1 g) satisfying the
condition M- Q=0. ThenV is solenoidal if and only if it is expanding, steady or shrinking
asr < —2n(2n+1), r=—-2n2n+1), orr > —2n(2n + 1).
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Corollary 7.4. Let (g,V,p,71,72) be an n-Schouten soliton on (M*"! g) satisfying the
condition M® - Q=0. Then V is solenoidal if and only if the soliton is expanding, steady or

shrinking as r < —8n%, r = —8n?2, or r > —8n>.

Theorem 7.3. If the metric g of a (2n + 1)-dimensional Kenmotsu manifold satisfying the
condition M€-Q=0 admits n-p-FEinstein soliton (g,V, p,v1,72), where V is gradient of smooth
function f, then the Laplace equation satisfied by f is as follows:

V(if)=02n+v +pr)2n+1) + 2.

8. AN EXAMPLE

The notion of Ricci n-parallelity for Sasakian manifolds was introduced by M. Kon [16].
In [8] the authors proved that a three-dimensional Kenmotsu manifold has n-parallel Ricci
tensor if and only if it is of constant scalar curvature. So, we verify the theorem obtained in
[8] by a concrete example.

Let a 3-dimensional manifold M = {(hy, ho,h3) € R : hy # 0}, where (hy, he, h3) are the
standard coordinates and the linearly independent vector fields in R? as follows

0 0 0

_— = h37 = ——
o e P3 ol

_ ,hs
=e
p1 8h2 ’

We defined the Riemannian metric g by

1 00
gpipi)) =10 1 0
00 1

Let ¢ be a (1,1) tensor field defined by
o(p1) = —p2,  w(p2) =p1, ¢(p3) =0.
If n denote the 1-form defined by n(H;) = g(H1,p3) for any Hy € X(M). Then we have
w?Hy = —Hy +n(H)ps, n(ps) = 1,

g(pH1, pHs) = g(Hy, Hy) — n(Hy)n(Ho),

for any Hy € x(M). Then for ps=¢, the structure (p,&,n,g) establish an almost contact
metric structure on M3,

Let V be the Levi-Civita connection with respect to g. We have

p1,p2] =0, [p2,p3] =p2, [p3,p1] = —p1.
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Using Koszul’s formula, we can obtain
v]71pl = —P1, szpl = Oa Vpgpl = 07

vp1p2 - 07 vp2p2 = —P3, VpgpQ - 07
vp1p3 = P1, vp2p3 = P2, vp3p3 =0.

As per above consequence for ps=¢, the manifold satisfies Vg, {=H1 —n(H1)&. Therefore, it
can be classified as a Kenmotsu manifold.

Now, the components of curvature tensor R are as follows
R(pl’p2)p3 - 07 R(pQ,pg)pg = D2, R(plapg)p3 = —P1,

R(p17p2)p2 = —DP1, R(anPS)pQ = —P3, R(p17p3)p2 - 07

R(p1,p2)p1 =0, R(p2,p3)p1 =0, R(p1,p3)p1 = p1-

Also the Ricci tensor S, one can get

S(Plvpl) = S(Pz,Pz) = 3(103»1?3) = -2

Again, we can easily verify the following

Vi, S(ep1,ep2) =0, Vi, S(ep2, vp3) =0, Vi, S(ep1,¢p1) =0,
le'S(goph 901?3) = 07 le'S(gOp?n Sopl) = 07 VH18(¢p27 SOPZ) = 07
Vi, S(ep2, ¢p1) =0, Vi, S(pps, ep2) =0, Vi, S(¢ps, ¢ps) = 0.

Therefore, we conclude that Vg, S(¢H2, oHs) = 0, for all Hy, Ha, H3 € x(M).
So, the Ricci tensor is n-parallel. Also, the scalar curvature of the manifold is -6, then the

Theorems and are effectively satisfied by this example.

9. CONCLUSION

As a generalization of p-Einstein soliton [2], we study a new type soliton is called an 7-
p-Einstein soliton and gradient 7-p-Einstein soliton on a (2n + 1)-dimensional Kenmotsu
manifold admitting extended M-Projective curvature tensor.The study of such new types of
solitons is of significant interest from different fields due to its wide applications in general
relativity, cosmology, quantum field theory, string theory, thermodynamics, mathematical
physics, etc. That is why, we depict some geometrical properties of an n-p-Einstein soliton
and gradient n-p-Einstein soliton on such manifold.
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DECISION-MAKING USING DUAL HESITANT FUZZY SOFT SETS

DEEPA V , ATHIRA T M *, MANJUNATH A S , AND SUNIL JACOB JOHN

ABSTRACT. The dual hesitant fuzzy soft set (DHFSS), a hybrid structure of a dual hesitant
fuzzy set and a soft set, is highly effective in handling membership and non-membership
values using a set of possible values. This article explores an entirely different application
of DHFSS for representing preliminary data involved in decision-making problems. More-
over, an innovative measure for comparing DHFSSs, namely the Dominance Index, which
determines the dominance of one DHFSS over another, is presented. Furthermore, a linear
algebraic approach, integrated with the Dominance Index of a dual hesitant fuzzy element,
is proposed for solving decision-making problems. Finally, a real-life decision-making prob-
lem involving the evaluation of mobile tower work sites based on the performance of their
workers is presented and solved using the proposed method to demonstrate its applicability.
Keywords: Decision-Making, Dual Hesitant Fuzzy Soft Set, Dominance Index, Ranking,
MCDM.
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1. INTRODUCTION

The main objectives of research on hesitant fuzzy sets and their related hybrid struc-

tures are the construction of methods for solving Multi-Criteria Decision-Making(MCDM)

problems. Since Torra [I] proposed the hesitant fuzzy set in 2010, many MCDM problems
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have been solved using structures such as hesitant fuzzy sets [2, [3, 4, 5], dual hesitant fuzzy
sets [0, [7, [§], hesitant fuzzy soft sets [9, [10] and dual hesitant fuzzy soft sets [I1], 12, [13].
MCDM problems have an inevitable place in most real-life situations. It is understood that
an MCDM problem deals with the evaluation of a set of alternatives based on a set of decision
criteria. This paper provides an innovative method for presenting data of an MCDM problem
using a dual hesitant fuzzy soft set and also develops a method for processing that data, and
thereby arriving at a reliable decision. MCDM problems can be categorized into three types
based on the nature of its criteria, as (i) all categories are crisp, (ii) all are fuzzy, and (iii)
mixed type. Among these, this paper focuses is of the second type because the criteria of
the problem presented here exhibit some hesitancy.

Among those structures handling fuzziness and uncertainty, the dual hesitant fuzzy soft set
seems to be a promising tool in MCDM due to its ability to simultaneously handle fuzziness,
parametrization, hesitancy, and non-membership. As a starting point in developing the
concept of the dual hesitant fuzzy soft set, Y. He [I1I] developed a method to encompass
and solve decision-making problems using a dual hesitant fuzzy soft set. Further, he also
proposed a technique for ranking the alternatives in the problem. Following this, several
studies [14, [16] have been conducted in the area of including the introduction of process
such as the proposal of concepts like distance [17], similarity [17], aggregation operators [18],
and correlation coefficients [12] for comparing two dual hesitant fuzzy soft sets. Recently,
studies on weighted hesitant fuzzy soft sets [31] have been developed, where a weight vector
is assigned to all possible membership degrees of each element.

Decision-making problems are often associated with uncertainty and imprecision that can-
not be effectively solved using classical fuzzy set models alone. Dual hesitant fuzzy sets
extend hesitant fuzzy sets by considering multiple membership and non-membership val-
ues, thus providing a more comprehensive representation of uncertainty. However, in many
real-world scenarios, decision-making problems involve multiple parameters that must be
evaluated simultaneously. Therefore, considering more flexible and adaptive models is essen-
tial. Soft-set theory offers a parameterized approach that provides a systematic and effective
mechanism for dealing with uncertainty in decision-making. Integrating soft sets into the
dual hesitant fuzzy model enables more efficient modeling of multi-criteria decision prob-
lems, concurrent treatment of multiple attributes and their associated uncertainties, and
improving the flexibility and adaptability of decision models to better reflect the complexity

of the real world.
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Usually, a decision-making problem involves several alternatives, their parameters, and
evaluations corresponding to different parameters of each alternative. The goal is to rank
these alternatives based on assessments. However, in real-life situations, each alternative
may consist of a structure that includes other types of alternatives and their parameters,
making the ranking process more complex. The dominance index is a widely used measure
in decision-making frameworks to compare and evaluate alternatives, particularly in fuzzy
and hesitant fuzzy environments. It determines the extent to which one alternative dominates
another. Early work by Zadeh [32] on fuzzy sets laid the foundation for dominance-based
comparisons, which were later extended to hesitant fuzzy sets and dual hesitant fuzzy sets,
a more refined representation of uncertainty was achieved, leading to the development of the
dominance index for comparing DHFSS elements.

Fuzzy sets [32] and soft set [33] frameworks have made significant progress, leading to the
development of various generalized models that extend traditional approaches to solve more
complex decision-making problems. (2,1)-fuzzy sets [34] introduce a more refined approach
by incorporating weighted aggregate operators, enhancing their applicability in multi-criteria
decision-making (MCDM) methods. Similarly, (3,2)-fuzzy sets [35] extend this concept to
higher dimensions and find application in topology and optimal choice theory, enabling more
sophisticated modeling of uncertainty in decision systems. A further generalization is pro-
vided by (m, n)-fuzzy set [36}, 37], which establish a generalized framework for orthopair fuzzy
sets and provide a robust framework for addressing MCDM problems. Furthermore, (a,b)-
fuzzy soft sets [38] represent a new class of fuzzy soft sets that consider multiple attributes,
thus improving the decision-making process by incorporating a broader range of evaluations.
Finally, K]),-Rung picture fuzzy sets extend traditional fuzzy models by including multiple
degrees of membership, non-membership, and hesitation. This makes them suitable for cap-
turing complex uncertainties in real-world problems. These contributions pave the way for
more flexible and powerful tools in decision-making and significantly enrich the theoretical
foundations of fuzzy and soft-set frameworks.

After depicting the data using dual hesitant fuzzy soft sets, which are the building blocks of
the problem, the next challenge was to compare the dual hesitant fuzzy elements efficiently.
Here, the authors made use of the fact that a dual hesitant fuzzy set is an extension of
hesitant fuzzy set. After exploring various approaches for comparing hesitant fuzzy elements
like aggregation method [19, 20], entropy method [5 21] distance and similarity measure

method [22], 23] etc., the authors concluded inclusion measure approach is the most suitable
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one for this purpose. Speaking of the inclusion measure, it has a long history. It has originated
from the so-called relation subset-hood. The inclusion measure is a relation that can be seen
as the fuzzification of the crisp inclusion relation. It is a very useful tool for comparing
objects in a wide range of fields such as fuzzy sets [24], intuitionistic fuzzy sets [25] [20],
hesitant fuzzy sets [27], interval neutrosophic sets [28], etc. Using the techniques of inclusion
measure, the authors have developed a method to quantify the dominance of one object
over another. Since this dominance index fails to satisfy the transitivity condition, only a
pairwise comparison is possible. Here, the authors have modified this approach in accordance
with their purpose. The endogenous cardinalization [29] provided by this approach enables
researchers to quantify each object’s achievement in addition to merely ranking them. In this
paper, the researchers have also depicted an evaluation problem to illustrate the practicability
of their approach.

This paper is organized as follows: The first section discusses some concepts that are
needed for the further sequel. The second and third sections introduces the dual hesitant
fuzzy Maclaurin symmetric mean and the weighted dual hesitant fuzzy Maclaurin symmetric
mean. A partial order and hybrid monotonic inclusion measure for dual hesitant fuzzy
elements are presented in the fourth section. After that, we move on to discussing the
methodology for ranking the objects in an evaluation problem. In the final section, we

present a real-life problem to demonstrate the efficacy of the proposed method.

2. PRELIMINARIES

This section provides essential definitions and background concepts that serve as the foun-
dation for the remainder of this article. Also, throughout this paper, HFS, DHFS, DHFSS and
DHFE stands for hesitant fuzzy set, dual hesitant fuzzy set, dual hesitant fuzzy soft set and

dual hesitant fuzzy element respectively.

2.1. HFS,DHFS, and DHFSS: The following are definitions, associated concepts and supporting

examples for HFS, DHFS, and DHFSS.

Definition 2.1. [I] Let X be a reference set, a hesitant fuzzy set (HFS) E on X is defined
in terms of a function h that when applied to X returns a subset of [0, 1].
To be easily understood, Xu and Xia [I5] expressed an HFS by the following mathematical

form:

E={<xh(x) > /xe€ X},
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where h(x) is a set of some values in [0,1], denoting the possible membership degrees of the
element x € X to the set E. For convenience, Xu and Xia [I5] called h(x) a hesitant fuzzy
element (HFE).

Definition 2.2. [2] Let X be a fized set, then a dual hesitant fuzzy set (DHFS)D on X is

described as:
D = {< x,h(x),g(x) >,x € X},

in which h(x) and g(x) are two sets of some values in [0, 1] denoting the possible membership
degrees and nonmembership degrees of the element x € X to the set D, respectively with the

conditions:

0<yn<1, 0<y 49t <,
where v € h(x),n € g(x),7" € h*(x) = U enwmax{y} and n* € g (z) = Upegymaz{n},
for all x € X. For convenience, the pair d(x) = (h(x),g(x)) is called a dual hesitant fuzzy
element(DHFE), denoted by d = (h, g).

Denote by DHFS(U), the set of all Dual Hesitant fuzzy sets over U.

Definition 2.3. [3] Let (U,E) be a soft universe and A C E. A pair G = (F, A) is called a Dual
hesitant fuzzy soft set (DHFSS) over U, where ¥ is a mapping given by ¥ : A — DHFS(U). In

general F(e) can be written as,

F(e) = {< %, hg(e) (%), 8r(e) (x) > /x € U},

where hge)(x) and gg(o)(x) are two sets of some values in [0,1], denoting the possible mem-

bership degrees and non membership degrees that object x holds on parameter e, respectively.

To represent dual hesitant fuzzy soft sets concisely, Y.He [3] proposed a tabular represen-

tation, which is depicted in the following example in detail.

Example 2.1. [3] Let U be a set of four participants performing dance program, which is

denoted by U= {x1,%x2,%3,%a}. Let E be a parameter set, where
E = {e1,e5,e3} = {confident, creative, graceful}.

Suppose that there are three judges who are invited to evaluate the membership degrees and
non-membership degrees of a candidate x5 to a parameter e; with several possible values in
[0,1]. Then the tabular representation of dual hesitant fuzzy soft set G = (F, A) defined as

below by Table[2.]] gives the evaluation of the performance of candidates by three judges.
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TABLE 2.1. Tabular Representation of dual hesitant fuzzy soft set G = (l:", A)

U eq €s €3

x1 | {.6,.7,.8}{.3,.2,.1} | {.5,.6,.4}{.4,.5,.2} | {.4,.4,-3}{.7,.6,.6}
%o | {.4,.5,.6}{.3,.2,.1} | {.5,.4,.8}{.5,.5,.8} | {.5,.7,.7}{.5,.2,.2}
x3 | {.8,.7,.71}{.2,.1,.1} | {.7,.8,.8}{.2,.2,.1} | {.5,.6,.7}{.5,.2,.1}
xa | {.3,.4,.4}{.6,.5,.4} | {.5,.6,.6}{.4,.5,.2} | {.7,.6,.8}{.2,.1,.1}
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To compare the DHFEs, Zhu et al.[2] introduced the following comparison laws:

Definition 2.4. [2] The score and accuracy function of a DHFE d = (h, g) are

sa=(1/#0)> v—(1/#8))

~Y€h neg

and

pa = (1/#0) > v+ (1/#8)> 7
Y€h neg
respectively, where #h and #g are the number of elements in h and g respectively, then

i. if sq, > sa,, then di is superior to da
ii. if sq, = sq,, then
1. if pa, = pa,, then d; is equivalent to da, denoted by d; ~ da

2. if pa, > pay, then dy is superior than daz, denoted by d; > da
In [2], Zhu et al. proposed the following operational laws for DHFEs :

Definition 2.5. [2] Let d = (h,g), di = (h1,91) and dy = (ha,g2) be three DHFEs, then

(1) di®dy = U {1 + 172 —mve b {mme}}
Y1€R1,72€R2,M1 €91,M2E€92
(2) di ®@dy = U ek dm +m2 — mmz}}
Y1€h1,72€h2,m1 €91,M2€92
@)nd= U {{1-0Q-9"L{n"}}
v€hMEG
4)d= U {{rhL{1-0-n"}}
YERhMEG

The following assumptions are made in the rest of the paper:
* Elements of h and g are arranged in increasing order.
* H denote the set of all finite subsets of [0, 1] whose elements are arranged in increasing
order.
* d = (h,g;1,1') represents a dual hesitant fuzzy element (h,g) € H x H, with 1(h) = 1

and 1(g) =1
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2.2. The Maclaurin Symmetric Mean. Due to its ability to capture the inter-relationship
among the multi-input arguments, the Maclaurin symmetric mean (MSM), introduced by
Maclaurin [4], has a prominent place in the list of aggregation operators. The MSM is defined

as follows:

Definition 2.6. [4] Let a;,{i = 1,2,...,n} be a collection of non-negative real numbers, and

ke{l,2,...,n}. If
. 1/k
Z aq;
1<y <ig<...<ix<n \j=1

Ck '

MSM (k)(al,ag,...,an) =

then MSM () s called the Maclaurin symmetric mean (MSM), where (iy,ig,...,i1) traverse

through all the k-tuples combinations of (1,2,...,n), and C¥ is the binomial coefficient.

In 2015, Quin et al.[5] extend the notion of MSM to hesitant fuzzy environment and defined

hesitant fuzzy Maclaurin symmetric mean (HFMSM) as follows:

Definition 2.7. [4] Let h;, (i = 1,2,...,n) be a collection of HFEs and k =1,2,....,n. If

k 1/k
& ® hy;
1<i1<ia<... <1 <n \g=1
L ’
an

HFMSM ) (hy, g, ..., hy) =

then HFMSM %) 4s called the hesitant fuzzy Maclaurin symmetric mean (HFMSM) operator.

3. THE DuAL HESITANT Fuzzy MACLAURIN SYMMETRIC MEAN

The evaluation problem we discussed in this paper has dual hesitant fuzzy soft framework.
Meanwhile, we need an aggregation operator that reflect the inter-relationship among the
arguments. As Maclaurin symmetric mean is a right candidate for this purpose, we define

dual hesitant fuzzy Maclaurin symmetric mean in this section as follows.

Definition 3.1. Let dj = (hj,g5),(j =1,2,...,n) be a group of DHFEs and k € {1,2,...,n}.
If

X 1/k
v 7, ¥ <®1dij>
1<i;<ip<...<ix<n,i;j€Z, Vj=1 to k \j=
DHFMSM (k)(dladQ,---,dn) _ i1<is ix<n,ij o J o ,
n
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where CF denote the number of combinations of n things taken k at a time. Then DHFMSM (k)
k

is called the dual hesitant fuzzy Maclaurin symmetric mean (DHFMSM) operator. Here ® dj,
j=t

reflects the interrelationship among d;,,di,, ..., ds, .
The following theorem exhibits a nice representation for the DHFMSM operator.

Theorem 3.1. Let dj = (hj,g;),(j = 1,2,...,n) be a collection of DHFEs and k € {1,2,...,n},
then the aggregated value of dj, j = 1,2, ...,n using the proposed DHFMSM operator is again a
DHFE, given by

DHFMSM *)(dy, dy, ..., dn) = (B, g),

where,
1 1/k
k ck
i U || O (- IDs
Y1€hy,..., n€hy (i1,i2,...,ik)ES j=1
and
1\ 1/k
k ck
e= U (- I [t-ITa-m
N1€81,---,"mELn (il,ig,...,ik)es j=1

where S = {(iy1,i9,...,ix) € Z X Z X ... X Z/1 < iy < iz < ... < ix <n} and C¥ denote the

number of combinations of n things taken k at a time.

Proof. Using the operations of DHFEs given by definition 2.6(1-4), we have

k k
Say= U (4TIt TI0- )
j=1 j=1

Eventually, we have

k
©® ® le_ U 1-— H 1—H%j )

1<i1<in<...<ix<n 1 j
1542 kSnJ= ~vi€hi,ni€gi (i1,i2,...,ik)€S j=1

k
Il ( o >)
(i1,i2,...,ik)€S j=1

and

s & dy,

/¢
k
1<i1<in<...<ix<n j=1 .
Ck - U 1= H 1= H%J> ’
n

Yi€hi,Mi€gi (i1,i2,...,ik)ES j=1
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1/c5
k
H 1- H(i — i)
(i1,i2,...,ix)€S j=1
Therefore,
5 o 1y 1/k
LB @ . 4
<ii<...<ix<n j=
n Yi€hi,ni€gi (i1,...,ik)€S j=1
r 1\ 1/k
k cg
1=11- H 1- (1-— nij)
| (i1,.-,ix)€S j=1
This completes the proof. -

THE WEIGHTED DUAL HESITANT FUZZY MACLAURIN SYMMETRIC MEAN

In DHFMSM operator, every DHFE receives the same importance. But real-life decision-
making situations demand different priorities for parameters and categories. So we have
to incorporate the concept of weights in DHFMSM operator. Therefore, in this section, we
shall propose the weighted dual hesitant fuzzy Maclaurin symmetric mean operator, which

is defined as follows:

Definition 3.2. Letd; = (hj,g;5),(j = 1,2,...,n) be a collection of DHFEs andk € {1,2,...,n}.
Let w = (wi,Wo,...,wn)" is the weight vetor, where wy indicates the degree of importance of dj,

n
satisfying wy € [0,1], j =1,2,...,n and Y wj = 1. If
j=1

1/k
D <® (di )“ij>

1<i1<in<...<ix<n \ j=1
WDHFMSM, ™) (d;, dy, ..., dy) = . ,

n

then WDHFMSM (&) is called the weighted dual hesitant fuzzy Maclaurin symmetric mean (WDHFMSM)

operator.

According to the operations of DHFEs exhibited in section 2, we can derive the following

theorem.

Theorem 3.2. Let dj = (hj,g;),(j = 1,2,...,n) be a collection of DHFEs and k € {1,2,...,n},

then the aggregated value of d;, j = 1,2, ...,n using the WDHFMSM operator is also a DHFE, given
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by
WDHFMSM, ™ (dy, d, ..., dn) = (B, &),
where,
1 l/k
k ck
— Wi
VR EE | (N 1 O
'Ylehlw-'v'YnEhn (i17i27...,ik)es j:]-
and
1 1/k
k ck
g= U 1—-11-— H 1—H(1—771;)Wij
N1E€L1,---,MEGn (i1,i2,...,ix)€S j=1

where S = {(iy, 1o, ...,

ix) EZXZ X ... X Z/1 < iy <ip<..<ig<nm}.

k
Here ) (dy;)" reflects the inter-relationship among ds,, ds,, ..., ds,.

j=1
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4. A NOVEL PARTIAL ORDER AND HYBRID MONOTONIC INCLUSION MEASURES FOR DHFEs

As previously mentioned, the framework of our evaluation problem is based on dual hes-

itant fuzzy soft sets. To effectively compare such sets, it is necessary to define an order

relation on the set of DHFEs. In [12], Zhang et al. proposed a partial order for hesitant fuzzy

elements (HFEs) using disjunctive semantic interpretation. In this work, we extend their

approach to the dual hesitant fuzzy context.

Definition 4.1. Let d; = (hl,gl;ll,lli),dg = (hg,gg;lg,llz) be two DHFEs. We define an

order relation <8 between dy and dy as follows:

d; <¥dy

if

;

hi <h}, Vi=1---1; if 1;<1,

hziLi—leri < h%, Vi=1..-1, Otherwise
and
glog vi=1--1 i 1,>1,

ng. > g;fllﬂ, Vj=1---1, Otherwise

For any two DHFS A and B on X, AC? B iff dy(x) <% dg(x),Vx € X. The ordered set is

denoted by (DHFS(X),C%). We can easily prove the following theorem.
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Theorem 4.1. (Hx H , <%) is a partially ordered set. Moreover, C% is a partial order on

DHFS(X).

Proof.

(1) Reflexive: Clearly the reflexive property hold for <8 .

(2) Antisymmetric: Let dy <% 4, and dy <% dy, whered; = (h1,g1; 11, 1/1) and dp = (hg, g2; 12, 1/2)
Now, the anti-symmetry of < can be easily proved using the monotonicity property
of h as well as g and using the definition of <% . To prove d; = ds, we have to consider
the following four cases:

(i): 1; <15 and 1) > 15.
(ii): 1; <1y and 1) < 15
(iii): 1; > 15 and 1) < 15,
(iv): 1; > 15 and 17 > 15.
Case(i): From dy <8dp,1; <15 1) > 15, we get, hi <hl Vi=1....
1; and gi > g%, Vj=1---1y. Also, fromdy <% dy, weget hp> " <hi Vi=1...14,

and gg > gilflﬁj, Viji=1--- 1/2. By increasing property of h,, it follows that
h} <h} <h* M <hi Vi=1...1;

From this, it is evident that 1y = 1 and h =hi Vi=1-.-1;.

/

Again by increasing property of g1, we get gi > gg > g}rlﬁj > gi, Vi=1--- 1/2.

From the above inequalities, it is clear that 1'1 = l/2 and g{ = g%, vV j=1- 1/1
Thus we prove dy = dy. Here we depict only one of the four above cases; others can
be proved similarly.
(3) Transitive: Let d; <8 d, and dy <% d3, where d; = (h1,g1; 11, 1/1),

do = (ha, g2; 1o, 1'2), ds = (hs, g3; 13, 1;) We claim that d; <% d3. We can easily prove
our claim using the transitivity property of <, monotonicity property of h as well as g
and the definition of <% . Here we have to consider several cases, but it is only a routine
calculations. So we demonstrate only one case and others are left to the reader.
Suppose 13 <17 <1, and 1; < 1,1 < 1;. From d, <8 d,,1; <15 and 1/1 < 1,2, we get,
hi<hi Vi=1---1;andg > géé‘llﬁj, Vj=1---1]. Also, from dy <% d3,15 < 1,
1, <15, we get, b2 1ot <hi vVi=1...15and g} >gl, Vj=1---14. Applying
the increasing property of hy and gy together with the inequality 15 — 13 > 1; — 13,
we get

hp' BT <hpt BT <Rt <nl Vi=1...15 and
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g{ > géz bt > g% > gg, V j =1---15". From the observations 1; > 15 and 1; > 1;,

transitivity is obvious. Hence the proof.

O

It is well known that a partially ordered set generally contains elements that are not
mutually comparable. The presence of such elements naturally leads to the need for an
inclusion measure. Therefore, we define an inclusion measure on the partially ordered set
(HxH, <%). In the following, we first provide an axiomatic definition of the inclusion measure.
According to H. Y. Zhang [41], hybrid monotonicity is essential for a rational generalization

of inclusion measures. Accordingly, we define a hybrid monotonic inclusion measure on

(H x H, <8%).

Definition 4.2. Let di,dy € (H x H,<%). A real number Inc(dy,d2) € [0,1] is called an

HM inclusion measure between d; and dg, if Inc(di,da) satisfies the following properties.

(ID1): Jnc(dy,d2) =1 if and only if d; <% dy
(ID2): Ifd =1, then Jnc(d,d®) = 0, where 1 = ({1},{0})
(ID3): Ifd; <% dy, then for any dz € (H x H, <¥), Inc(ds, di) < Inc(ds, do),

JInc(dy, d3) < Inc(dy, d3)

To study the structure of an inclusion measure, axiomatic approach is the best choice.
But, our aim is to use inclusion measure in a decision making problem. So we are more
interested in constructive approach. In the following section, we present a concrete example

for inclusion measure which satisfies our proposed axioms.
Proposition 4.1. For d; = (hy, g1; 11,1/1) and dy = (ha, go; 12,1/2) € (Hx H,<8), let

Jnc(d1, d2) = 8 (d,(di,d2))

where sq is the score function of the DHFE d and dr (di, dp) = (h,g) is a DHFE, called L-

subsethood index of d; and do, where,

1 o ‘
U Ju(bi,b3),  if 1, <1
_ )iz
h = 112 o
U Ju(ai* 2" nd),  Otherwise

i=1
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and

! /
1,—1,+5 _j . / /
L(gy? 1 gl), if 1,<1,

(]

Ju (g%a gi), Otherwise

Here, Ji(x,y) =min(1, 1 —x+y) is the well-known R-implicator based on Lukasiewicz
t-norm, viz., Lukasiewicz implicator, proposed by [40]. Then Jnc(dy, dp) is an HM-inclusion

measure for DHFE.

Proof. We can easily verify the axiomatic requirements (ID1), (ID2) and (ID3) of HM-

inclusion measure for DHFE. Hence Q.E.D. O

The concept of HM-inclusion measure was defined in this section intending to use it in
our evaluation problem, but there we want a DHFE. We know HM-inclusion measure is not a
DHFE. So we have decided to use the L-subset hood index instead of HM-inclusion measure
in the evaluation problem. The necessity of DHFE into the evaluation problem had led us to
take this decision.

In the following section, we discuss our evaluation problem and develop a methodology for

ranking the objects in the problem by make use of the proposed definitions in this paper.

5. A NOVEL METHODOLOGY FOR RANKING OBJECTS IN AN EVALUATION PROBLEM

The decision-making problem is being described as follows. g objects Fy,Fa, ..., Fq shall be
compared in our problem. Here each F; may be a branch of a company or a project under
a vendor. Further to this, each of the q objects will be characterized as the parameterized
collection of subsets of the universal set U, where U consists of categories of workers belonging
to the object F;. Let U = {33173327-.-73371-} be the universal set and E = {617627,,,767,1}
be the parameter set. Here, E consists of parameters which are defined by experts in the
relevant field. Moreover, the character of parameters of this problem is fuzzy. Also, the
universal set U and the parameter set E are one and the same for all the q objects in this
problem. Nevertheless, the number of workers in each category xs in different F; may vary.
Also, note that the number of workers in distinct categories x5, s € {1,2,...,n} in the same
object F; may be different. From these observations, we arrived at the conclusion that
the evaluation of categories x5, s € {1,2,...,n} for the parameters ey, r € {1,2,...,m} in the
object Fi, i € {1,2,...,q} can be better presented by using an HFE or a DHFE. Since the

provision for assigning negative mark is an added benefit for an assessment procedure, dual
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hesitant fuzzy element seems to be a better representative than hesitant fuzzy element. Thus,
we constructed a dual hesitant fuzzy soft set (Fi,A), i € {1,2,...,q} for describing the object

Fi, i € {1,2,...,q}. Further, (Fi,A), i € {1,2,...,q} can be implicitly described as

(Fi,A) = {dFi(er)(xs) = (hFi(er)( s), 8F; (ex) (Xs)) /r=1,..,mands =1, ...,n.}

and we denote (Fi,A), i € {1,2,...,q} by simply Fi, i € {1,2,...,q}. Here hg, (e )(xs) and
gr, (e;)(Xs) Tepresent the sets of memberships and non-memberships of the workers in the
category xs to the set describing the parameter e,, respectively. We develop the following

method for ranking these Fi, i = 1,2, ..., q by being motivated from the work of Herrero[29].

Step 1:: Consider two objects F; and F;. Form the collection of £-subsethood indexes,
viz.,

{dr (dFj(er)(xs),dFi(er)(xs)> cr=1,..,m; s=1,..,n}.

Step 2:: In this step, we fix s. i.e., we consider the category xs. Here a weight vector for
the parameters of this category must be defined by the decision makers, viz., w(®) such
that w(®) = (wgs),wés), ...,wﬁf)) , wl(f) €[0,1] and > 7, w£) =1, where w( 5) indicates
the importance of the parameter e, to the alternative xs. Then using the WDHFMSM
operator and the weight vector w(®), the L-subsethood indexes are aggregated as

follows:
1/k

D (é [dc (dFJ (eny )(xs),dFi(ert)(Xs)HWrt)

1<ri<ro<..<rg<m \t=1

k )
Cm

which is a DHFE denoted by 6(*)(F;,F;).

Step 3:: Repeat step 2 for each xs, s € {1,2,...,n} and the collection
{6©)(Fj,Fi): s =1,..,n} are formed.

Step 4:: Before proceeding further, the weight vector deciding the importance of cat-
egories should be determined by the decision makers.
Let it be A = (A1, A2, ...; An) s As € [0,1] and Y 5, As = 1, where A indicates the im-
portance of the alternative x5. Note that this weight vector A\ is same for all the
objects Fi, i € {1,2,...,,q}.
The Weighted geometric aggregation mean operator, proposed by Xia[l5], could be
used here for final aggregation, viz., é (5 (s) (F, Fi)))\s, which is again a DHFE denoted
by 0(i,j). In our problem, we Wantsz(l) pay more attention to arguments having too

high or too low performance. It justifies our decision of choosing WGM operator.
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Step 5:: Now we find out the status of the DHFE 4(i, j), i.e., S(5(i,j))> and it is denoted
by D(Fi,F;). Since D(F;,F;) is ultimately derived from L-subsethood index of F; over
F;, D(F;,F;) gives out the degree of dominance of F; relative to F;. Hence it will be
called dominance index of (F;, A) over (Fj,A).

Step 6:: Repeat steps 1-5 for i,j =1,2,3,...,9, 1 # j. Thus we find out all combina-
tions of dominance index and let us denote this collection by P, viz., P = {D(F;,F;) :
i,j = 1,2,...,q ; © # j}. Then P can be viewed as a comprehensive form of our

evaluation problem.

Here we discuss the following remarks about the dominance index.

Remark 5.1. (i) 0 <D(F;,F;) < 1.
ii i,Fj) =1 =F; is completely dominant with respect to F in all aspects.
ii) D(Fi, F;j 1 Fi 1 letely doms t with t to Fy in all t
(iii) D(Fi,F;y) = 0 = Stunning performance by the first object F; while no performance at
all by the second object Fy. In a real working site, this will never happen. So in this
paper, without loss of generality, we assume D(Fi,Fj) > 0.
(iv) For a fized j, if D(Fi,Fy) = 1,Vi, i # j, then Fj is inferior to every other objects.
In that case Fj can be eliminated from further evaluation process and can be given

the last rank. This remark shall be used later in this paper.

Besides the above-said properties, this dominance index could be used for the pairwise com-
parison of objects. i.e., D(F;,F;) < D(F;,Fi) = F; < Fj or literally, Fj dominates F;.
We know inclusion measure doesn’t satisfy the transitive relation, and also the dominance
index is derived from inclusion measure. So that, this newly introduced measure ’dominance
index’ is not suitable for the comparison of more than two objects. If this measure is being
utilized in our problem, we need to extend this into more general settings which involve more

than two objects. Towards this aim, some definitions are proposed as follows.

Definition 5.1. Relative dominance of Fy with respect to Fj is given by

D(FivF')
R(1,]) = ) , i, =1,2,3,..,q9 , i #].
ZZ:l,k;ﬁi D(Fk7 Fi)

Now, the net dominance of F; can be defined as the weighted average of its relative

dominance.

Definition 5.2. Net dominance of Fi s given by

q
N(E) = Y wiR(i,j), i=1,2,3,..q.
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where wj is a measure of the importance of the object F5,j = 1,2,3,...,9,i # j.

Here we wish to mention one thing. Both N(i) and w; give out the rank of the object
F;. Initially, both of them are unknown, and our aim is to find the rank of the object F;
which may be N(i) or w;. If there exist an invariant system of weights (vq,va, ..., vq) satisfying
(N(1),N(2),...,N(q)) = (w1,W2, ..., Wq) = (Vi, V2, ...,Vg),and N(i) = ?:1,#1 wjR(i,j),i=1,..,q,
then we are succeeded in this journey. This will be achieved by applying a little bit theories

of linear algebra here. For that, a matrix P* = [p;;] will be constructed as follows:

D(FiaFj)v 7’7&]

(q - 1) - Zz:Lk;ﬁi D(Fkv Fi)a =7

Pij =

For the matrix P*, the following observations have been made.

e P* is a positive matrix. This observation results from the properties of dominance
index discussed earlier.
e Each column sum of P* is g-1.

e P* is an irreducible matrix.

Using the matrix P*, we can construct an eigenvalue problem P*X = A\X, X = [wl wy ... Wql| >
which is equivalent to the comprehensive form of the problem P. From now on, we consider
this eigenvalue problem instead of P. Such a transformation gives the benefit of solving the
evaluation problem consistently and uniquely. From the characteristics of P*, it is clear
that g — 1 is the unique dominant eigenvalue of P*. According to Perron-Frobenius theorem,
the matrix P* has a strictly positive eigenvector corr%sponding to the eigenvalue q — 1, viz.,
V= (vq,Vg,...,vq) With P*V = (q — 1)V, where v; = sz (% * DEL ) ,i=1,2,3,...,q.

22217}{7&1 D(Fka Fi)
Also, we know that this eigen vector is unique up to scalar multiplication. So we can make this

eigen vector unique by imposing the condition ) ;_, v; = q. Thus, a unique and consistent
system of weights (v, v, ..., vq) satisfying (N(1),N(2), ...,N(q)) = (w1, W2, ..., Wq) = (V1,V2, ..., Vq)
and N(i) = Z(jl:l,#i wiR(1,j), 1 =1,2,3,...,q have been obtained.

This vector V= (vq, Vs, ...,vq) is called the worth vector [29] associated with our evaluation
problem P. Usually, in a ranking method, the decision-maker consider which one is better
than the other; nevertheless, they need not calculate how much better it is. But, here we need
this feature. We think that the differences between preferences are also important. Here,
Herrero’s worth vector provide this feature. Each component of this vector gives the worth

associated with a respective object. In other words, it cardinalizes the objects. According
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to Herrero [29], the worth vector provides not only a complete ranking of the objects under
consideration but also an endogenous cardinalization that allows a quantitative estimate of

their differences. We can now use the following observations of Herrero [29].

e v; >vj = the object F; is dominant with respect to the object Fj.

e The condition Y__, v; = q allows us to identify the objects which are above or below
the average.

e There exist a consistent evaluation function £ which associates an evaluation problem
P to its worth vector.i.e., £(P) = V, where V = (vq, vy, ..., vq) satisfying P*V = (q — 1)V
and >_%_, v; = q. This function f enable us to handle distinct evaluation problems

consistently and uniquely.
For ranking, we adopt the following steps.

Step 1:: First sort out v;’s in descending order.
Step 2:: Let the sorted vectors be uy,ug, ..., ug.
Step 3:: If u; = vj, then the rank of the object Fj is i. Also, its worth is v;. Repeat

this for every 1 = 1,2,3, ..., 9. Thus our evaluation have been completed .

To assess the performance of the proposed method, in the following section, we depict a

problem of continuous evaluation of workers in a mobile tower construction site.

Practical Example. SU Square Projects and Infrastructures (P) Ltd - an ISO 9001: 2008
certified company - is primarily engaged in the construction and maintenance of mobile com-
munication towers for various passive infrastructure providers in the telecom sector in Kerala.
The promoters of the company aim to provide optimal coverage to rural and mountainous
areas throughout Kerala and southern India. To achieve this, they have developed several
strategies to implement targeted and efficient actions.

As part of its business expansion, the company’s promoters have decided to evaluate work-
ers based on a predetermined performance package. The primary objective of this initiative is
to minimize the time required to complete tower installations without compromising quality.

Through this evaluation, they aim to tap into the full potential of each employee. To
foster healthy competition, they have decided to rank the various sites according to worker
performance. In addition, gifts have been included in the package as incentives, directly
linked to site rankings. This initiative has understandably generated interest and enthusiasm

among the workers.
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If this ranking can be cardinalized, that is, expressed in numerical terms, the distribution
of perks can be carried out in a more consistent and objective manner. It is worth recalling
here that our proposed ranking method allows for such cardinalization, thereby enhancing
its practical applicability. As the next step, we proceed to analyze the compatibility of the

problem’s structure with the proposed framework.

Suppose Fy,Fa, ..., Fq are q sites considered for evaluation. The selection of the appropriate
assessment criteria is an inevitable part of the evaluation process. This selection should be
made by experts in the respective fields. In the background of years of experience, the
promoters select the appropriate parameters for the evaluation. The list of parameters and
their descriptions are given in Table Let the set of parameters be denoted by A, that is,

A = {TAT,Quality, Safety, Costing}.

TABLE 5.2. Parameters List

Parameters Descriptions Notation
The time taken to complete a particular

Turnaround Time (TAT) TAT
project

Quality of Work Maintaining required quality Quality

Every workforce must comply, e.g., wear-
Complying with Safety Norms | ing safety helmets, safety shoes, using bar- | Safety

ricades, signboards, etc.

Costs incurred for a particular project, in-
Project Costing Costing
cluding material and labor costs

Next, our discussion turns to the workforce. Each tower-working-site would have needed
different categories of workers. Those categories of workers provided by the promoters are

as shown in Table 5.3l
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TABLE 5.3. List of categories of workers together with their description

Categories of workers Details about no. of workers Notation Weights
Civil Engineer One engineer per site CE 2
Electrical Engineer One engineer per site EE .25

Each site will have two, three or four
Mason MN .15

masons

The number of helpers depends
upon the number of masons. A
Helper (Mason) HM .05
site requires six masons including

helpers

Each site will have three electri-
Electrician EN 1
cians.

For helping electricians,there are
Trainees(Electrician) ET .05
two trainees.

Normally 6 riggers per site, but for
Riggers RS .08
Roof Top Towers(RTT) it is 7

Head load workers for
The number of head load workers HL .07
each site is 10

A site requires 20 concrete labors
Concrete Labors CL .05
but RTT needs only 10

Here we would like to indicate some important points. From the description of cate-
gories of workers, it is clear that each category may have more than one members. So
to get a better picture, we have to evaluate them individually. Also, note that different
categories may contain a distinct number of deputies. Further, the number of employees
belongs to the same category in two distinct sites may not be the same. These obser-
vations have led us to choose the hesitant fuzzy elements as an appropriate structure for
representing the evaluation of a category based on a parameter. The provision for assign-
ing negative marking is an added benefit for an assessment. So that, the dual hesitant
fuzzy element seems to be the better representative rather than the hesitant fuzzy element.
Thus we arrive at the conclusion that the dual hesitant fuzzy soft set is used for exhibiting
the evaluation details of a mobile tower site. This demonstration shall be described as fol-

lows. Here, U= {CE, EE, MN, HM, EN, ET, RS, HL, CL}, the set of category names of workers, are
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taken as the universal set. The dual hesitant fuzzy soft set (Fi,A) represents the evaluation
measurements of Fy. This DHFSS can be briefly described as follows. Fi is a mapping given
by F1 : A — DHFS(U). Here, (F1,A) = {F1(TAT),F;(Quality),F;(Safety),F;(Costing)}, where
each Fi(.) is a dual hesitant fuzzy set. To get better clarification, we discuss the case of a
particular Fy(.), viz., F1(TAT). Here F;(TAT) is a dual hesitant fuzzy set which assigns to each
member of U a dual hesitant fuzzy element. For example, Riggers, RS € U, the corresponding
dual hesitant fuzzy element is dg, (rar)(RS) = (hg, (1a1) (RS), gr, (1at) (RS)) Where hg, (147) (RS) is a
finite subset of [0,1] consisting of either 6 or 7 entries which represents the evaluation given to
Riggers working at Fy for TAT. In other words, hg, (tar)(RS) gives the membership of Riggers
to the set which describes TAT. Similarly, gg, (tar) (RS) provides the non-membership of Rig-
gers to the set which describes TAT. We know elements of DHFEs are arranged in increasing
order. Here also, the marks obtained by different Riggers working at F; could be arranged
in increasing order. Our evaluation is about sites and not about employees. So that, there
is no ambiguity in arranging the marks in this manner.

In a similar manner, we construct F;(Quality),F;(Safety),F;(Costing) and thus formed
(F1,A), denoted by Fy Likewise we build (Fa,A) for site Fy, (Fs,A) for site F3, and (Fq,A) for
site F4, which are denoted by F,, F3,F4 respectively. In this way, we have accommodated
successfully all the information provided by the experts. Now, by all means, we have been
convinced that the proposed method is the suitable method for this problem. Thus, we are

moving onto solving the problem using the proposed method.
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TABLE 5.4. Tabular representation of dual hesitant fuzzy soft set F; = (F~1, A)

U/E TAT Quality Safety Costing

CE {.9} {.98} {.96} {.97}
{1} {101} {.001} {12}

EE {.85} {.88} {.89} {.84}
{1} {.01} {11} {.005}

MN | {.91,.92} {.93,.98} {..94,.95} {.99,.992}
{.2} {1} {.22} {.101}

HM {.85,.86,.868,.869} | {.886,.89,.895,.93} | {.92,.94,.949,.952} | {..981,.983,.985,.989}
{.2} {.13} {1} {.09}

EN | {.9,.92,923} {..941,942,.948) | {.891,.892,.894} | {..86,.864,.865}
{.103} {.141} {12} {.2}

ET | {.92,.95} {.93,.96} {.91,.93} {..98,.99}

{201} {.138} (17} {142}

RS {.91,.92,925,.927, | {.96,.964,.967,.972, {.81,.83,.836,.84, | {.91,.913,.924,.926,
.93,.934} .974,.98} .847,.85} .929,.93}

{..005} {.02} {.001,.003} {1}

HL {71,.714,.719,.723,) {.732,.736,.74,.745 {..813,.824,.83,.845, {..91,.913,.915,.95,
725,.727,.738,.739.| .749,.76,.762,.765, | .86,.864,.869,.87, | .98,.981,.982..984,
74,743} .769,.78} .881,.883} .985,.989}

{.07} {.156} {1} {.09}

cL {.73,7734,.735,.738, {.81,.814,.815,.82, | {.91,.913,.915,.921 {.87,.876,.877,.88,
739,.741,.742,.746 | .834,.836,.838,.841, .924..926,.928..929 | .884,.886,.887,.89,
.749,.75,.752,.753, | .843,.845,.846,.849, .932,.934,.935,.937, .892,.893,.895,.9,
755,.757,.758,.76, | .852,.856,.859,.862, .938,.94,.942..943, | .92..93,.95,.97,
.762,.763,.765,.768} .864,.868,.87,.89} | .944,.945,.946,.95} | .972,.975,.977,.979}
{.102} {.18} {21} {.08}
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TABLE 5.5. Tabular representation of dual hesitant fuzzy soft set Fp = (F}, A)

P

U/E TAT Quality Safety Costing

CE {.8} {..712} {.7} {.8}
{1} {.2} {.07} {11}

EE {.6} {.65} {..61} {.63}
{18} {121} {.109} {123}

MY | {7,72,74,746) | {..77,.792,.798,.81} | {.75,.756,.7567,.761} {.791,.794,.81,.83}
(.28 {.105} {127} {174}

HM | {..52,.54) {.59,.61} {..61,.63} {.67,.69}

{.108} {113} {101} {161}

EN | {.73,74,.75} {..716,.723,.74) (.74,.743,.745} {..732,.735,.761}
{.28} {.26} {.23} {.21}

ET | {.62,.65} {.68,.685) {..645,..672}) {.656,.692}

{.102} {.195} {138} {124}

RS {.634,.639,.642,.645,| {.636,.654,.672,.675, {..621,.628,.634,.637} {..624,.628,.637,.645
.649,.651,.657} .681,.692,.71} .639,.64,.642} .676,.684,.692}
{.101} {131} {.159} {128}

HL {(.71,.718,.72,.723, | {..76,.762,.763,.771, | {.81,.83,.85,.872, | {..83,.832,.834,.847,
727,.734,.74,.749, | .772,.78,.794,.799, | .876,.88,.882,.884, | .849,.852,.853,.855,
752,.761 88,.80} 887,.89} .857,.86)

{197} {111} {17 {.09}
CL {..61,.672,.689,.692, | {.52,.525,.529,.531, | {.61,.68,.694,.712, | {.634,.691,.695,.724,

694,.696,.698,.71,
72,726}
{.001}

535,.538,.542,.545,
549,.559}
{.007}

T24,.75,.758,.778,
79,.81}
{.0012}

728,.729,.73,.739,
743,.745}
{.0089}
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TABLE 5.6. Tabular representation of dual hesitant fuzzy soft set Fz = (F~3, A)

U/E TAT Quality Safety Costing

CE {.8} {.82} {-9} {.85}
{12} {23} {.116} {017}

EE {.9} {.92} {.85} {.93}
{.101} {119} {181} {192}

MN (73,81,.84,.91} | {.82,.85,87,.89} | {.61,.82,.84,.89} | {.91,.935,.94,.942}
{21} {101} {10001} {.002}

HM | {.812,.823} 71,75} {.52,.61} {.92,.95}
{.11} {.15} {.05} {.07}

EN {.93,.941,.95} {.941,.945,.95} {.95,.953,.96} {.936,.939,.95}
{.1002} {.001} {.023} {.008}

ET {.82,.85} {.836,.851} {72,.75) {.91,.95}
{071} {.082} {14} {21}

RS {.71,.73,.79,.85, {.91,.912,.918,.923, | {.81,.815,.819,.821, | {.852,.854,.86,.865,
.88,.92,.95} .934,.94,.945} .828,.834,.836} .872,.874,.88}
{.106} {11} {.105} {.009}

HL {.71,.712,.734,.745, | {.81,.812,.815,.832, | {.91,.915,.918,.923, | {.8,.82,.824,.83,
82,.832,838,.84, | .86,.865,.881,.92, | .927,.932,.938,.941, | .835,.839,.85..853,
.85,.9} .925,.928} .943,.95} .86,.868}
{.006} {.001} {.006} {08

cL {.9,.913,.917,.924, | {.82,.825,.828,.831, | {.71,.72,.724,.73, | {.78,.81,.85,.91,
931,.936,.939,.94, | .833,.84,.852,.853, | .738,.74,.742,.744, | .92..925..93,.938,
.948,.95} .864,.87} 75,.752} .942,.945}
{172} {.025} {173} {.087}
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TABLE 5.7. Tabular representation of dual hesitant fuzzy soft set Fy = (F~4, A)

U/E TAT Quality Safety Costing

CE {.6} {.7} {.6} {.9}
{.102} {.189} {.076} {.045}

EE {.95} {.98} {.8} {.92}
{.108} {.009} {.0004} {.153}

MN | {.8,.85,.87} {.76,.81,.9} {.9,.91,.93} {.84,.89,.9}
{11} {137} {.023} {.001}

HM | {.6,.65,.67} {.8,.89,.92} {.92,.94,.96} {.87,.88,.89}
{1} {.02} {.03} {.132}

EN {.78,.79,.85} {.82,.84,.87} {.74,.78,.79} {.91,.92,.95}
{.076} {.23} {2} {.13}

ET | {.65,.68} {.85,.87} {.91,.94} {.92,.96}

{122} {114} {176} {13}

RS {.84,.87,.89,.92, {.91,.912,.919,.923, | {.71,.73,.74,.752, | {.91,.918,.92,.924,

.94,.956,.97} .928,.934,.95} .759,.76,.769,.928, | .928,.93,.934}
934,.95}
{.106} {12} {.104} {113}

HL {.65,.676,.685,.604, | {.91,.934,.943,.952, | {.7,.75,.78,.791, {.9,.923,.941,.949,
.725,.738,.824,.839, | .956,.959,.964,.968, | .792,.798,.82,.83, .95,.954,.958,.961,
841,852} 969,.97} 845,852} 962,.97}

{.21} {.008} {.2} {..089}

cL {.918,.925,93,.934, | {.94,.941,.943,.947, | {.71,.78,.79,.794, | {.92,.94,.945,.947,
.938,.942,.946,.948, | .952,.954,.957,.961, | .799,.81,.845,.848, | .952,.953,.957,.959,
.951,.953} .962,.964} .849,.852} .962,.963}

{.06} {.087} {1} {.01}
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TABLE 5.8. Tabular representation of dual hesitant fuzzy soft set Fg = (F~5, A)

U/E TAT Quality Safety Costing

CE {4} {.32} {.38} {.42}
{1} {.07} {.13} {12}

EE {.2} {.3} {.12} {.45}
{12} (.04} {.021} {118}

MN | {.31,.342,.36,.41} | {.36,.378,.394} | {.24,.245,.253,.26} | {.41,.423,.445,.45)
{1} {17} {.03} {.071}

M| {.2,45) {.35,.42} {.13,.32} {.34,.39}
{01} {12} {13} {.232}

EN | {.42,.435,.44} {.38,.382,.39} {.24,.28,.3) {.45,.49,.53}
{.16} {.13} {11} {.18}

ET | {.51,56} {.43,.47} {.27,.202} {.53,.58}
{.22} {.14} {.16} {.103}

RS | {.23,.274,.282,.287, {.31,.312,.313,.317, {.134,.178,.18,.193, {.42,.43,.436,.442,
.29,.3,.31} .32,.325,.327,.329} | .195,.198,.21} .445,.456,.458}
{.006} {.102} {17} {.023}

HL | {.21,.223,.23,.242, | {.31,.33,.37,.48, | {.12,.124,.127,.132, {.41,.414,.418,.423,
245,.251,.267,.35, | .51,.53,.57,.50,.62} | .135,.182,.24,.29, | .425,.43,.478,.48,
4,.42) 3,.34) 482,.485)
{211} {.108} {12} {..019}

CL | {.34,.345,.348,.352, {.43,.434,.437,.439, {.21,.213,.215,.237,| {.13,.17,.19,.21,

.354,.357,.389,.392,
.395,.41}

(.16}

448,.449,.452, .46,
A7,.475)

(17}

.297,.299,.32,.33,
.375,.39}
{.012}

214,.218,.24,.248,
25,.27}

{11}
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TABLE 5.9. Tabular representation of dual hesitant fuzzy soft set Fg = (F~5, A)

U/E TAT Quality Safety Costing

CE {1} {.01} {-2} {12}
{.001} {.0007} {103} {.012}

EE {.05} {.03} {13} {.15}
{.012} {.004} {.0021} {.107}

MN | {.04,07,.09,.11} | {.02,.03,.07,.08}  |{.04,.05,09,.11} | {.1,.11,.13,.14}
{.009} {107} {13} {.061}

HM | {13,18} {.15,.19} {13,.17} (14,17}

{.009} {.106} {.036} {.152}

EN {.132,.135,.137} {.048,.05,.08} {.14,.148,.152} {.136,.145,.178}
{.034} {.15} {.196} {.007}

ET | {.046,.078} {.021,.042} {.091,.098} {.34,.41}

{.002} {.001} {.109} {121}

RS {12,.124,.183,.24, | {.042,.09,.098,.13, | {.012,.017,.019,.034, {.02,.026,.031,.038
.29,.34,.42} .139,.14,.172} .039,.052} .042,.043,.047}
{.016} {202} {.107} {.003}

HL {.013,.016,.018,.021, {.024,.026,.028,.029,| {.049,.051,.053,.054,| {.52,.525,.585,.592,
023,.026,.031,.034, | .032,.034,.036,.038, | .061,.08,.123,.137, | .61,.618,.624,.63,
.035,.039} .039,.043} .139,.152} .631,.637}
{.101} {1} {.0012} {19}

cL {.14,.145,.1452,.151,) {.18,.183,.184,.192, | {.04,.045,.053,.078, | {.2,.22,.234,.247,

.159,.162,.168,.169,
171,.172}
{.1006}

.199,.23,.234,.24,
26,.263}
{.1007}

.092,.098,.13,.132,
153,.157}
{.0124}

.249,.25,.253,.257,
259,.261}
{011}
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TABLE 5.10. Tabular representation of dual hesitant fuzzy soft set F; = (F~7, A)

U/E TAT Quality Safety Costing

CE {.95} {.99} {.97} {.99}
{01} {.00002} {.0001} {.0101}

EE | {.97} {.99} {91} {94}
{.001} {.004} {.0501} {.008}

MN | {.94,.95,.96} {.97,.99,.999} {.97,.98,.99} {.997,.998,.999}
{.001} {107} {.0103} {.0401}

HM {.91,.913,.914} (912,913,915} | {.96,.967,.98} {.991,.993,.995}
{0071} {.0102} {.103} {.0232}

EN {.961,.964,.978} {.97,.973,.975} {.965,.969,.972} {.961,.964,.967}
{.016} {.019} {011} {.018}

ET | {.952,.96} {.961,.972} {.948,.952} {.993,.997}

{.022} {014} {016} {0103}

RS {.967,.968,.969,.97, | {.981,.982,.983,.985, {.86,.87,.89,.9, {.964,.966,.967,.97,
.972,.974,.976} .987,.989,.99} .92,.93,.94} .971,.973,.98}
{.003} {.105} {007} {.0203}

HL {.88,.882,.885,.887, | {.961,.963,.967,.969, {.951,.953,.955,.957,| {.986,.988,.989,.991,
89,.892,.895,.897, | .971,.973,.975,.977, | .958,.96,.963,.965, | .992,.994,.995..997
.91,.93} .981,.983} .967,.969} .998,.999}

{011} {.008} {.0102} {.0019}
CL {.951,.953,954,.955, | {.962,.963,.964,.965, {.951,.952,.953,.954,| {.981,.9823,.983,.9834

.956,.958,.959,.961,
.962,.964}
{.00409}

.967,.968,.969,.97,
971,.972}
{.0024}

1955,.956,.957,.950,
962,.967}
{.0014}

19835,.984,.9842,.9844
.9846,.985}
{£.0001}
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TABLE 5.11. Weight vectors which decide the importance of parameters in

each category.

U/E TAT | Quality | Safety | Costing
Civil Engineer .35 2 N .35
Electrical Engineer .35 2 1 .35
Mason 3 .25 15 3
Helper(Mason) .35 1 2 .35
Electrician 3 2 2 3
Trainees(Electrician) | .3 2 2 3
Riggers 3 .25 .25 2
Headload workers 3 1 2 4
Concrete labors 3 15 15 4

The tabular representation of F1,F2,F3,...,F7 respectively, formed from the information
provided by the promoters, are shown in tables 4, 5, 6, ..., 10. Recall that the weight vector
for categories is shown in the last column of Table
ie, A =(0.2,0.25,0.15,0.05,0.1,0.05,0.08,0.07,0.05).

Table provides the weight assigned by experts for the parameters in each category.
In this table, each row represents the weight vector for the respective category in that row.
For example, the first row corresponds to the weight vector w!) = (0.35,0.2,0.1,0.35) for
civilengineer. That is, for the civilengineer, 0.35 weight is given for TAT, 0.2 for
Quality, 0.1 for Safety, and 0.35 for Costing. Similarly, the fifth row gives the weight
vector w®) = (0.3,0.2,0.2,0.3) for Electrician, the seventh row provides the weight vector
w(™ = (0.3,0.25,0.25,0.2) for the Riggers, and so on.

Thus the building blocks of the evaluation, namely, weights and evaluations, were ob-
tained. Now the authors proceeded to construct P, the comprehensive form of the problem.
For that passes steps 1 through 6 and calculated D(F;, F}), 4,5 = 1,2,3,4 i # j. Further,
the matrix P* can be constructed by using the comprehensive problem P, which is as shown

below.
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| 7263177 981574 977197  .976024 1 981677 .968049 ]

949087 4481468 .958576  .960466 1 1 93128

.986 1 6628048 998439 1 1 977028
P* = | 9175843 .9348083 .9285823 .5822471 .9372493 .9372493 .9093323
7509 .8298589 .7658639 7717499 1227487 .9283619 .7206219

670111 .805612 .706976  .711074  .940002 .1527118 .614004
1 1 1 1 1 1 .8796848

P* instead of P is demonstrated because of limited space. The authors created an eigen-
value problem P*X = AX, using this P*. From the previous discussion, it is obvious that
6 (that is., ¢ — 1) is the dominant eigenvalue. The objective is to determine an eigen-
vector of this dominant eigenvalue. Here the authors are looking for the unique eigen
vector (vi,va,...,vq) satisfying the condition > 7 ;v; = ¢. There are numerous methods
and corresponding softwares available in the literature for finding out the eigen vector of
an eigen-value problem. Since the authors needed eigenvector corresponding to the domi-
nant eigenvalue, they adopted the power method and developed a C++ program for gen-
erating the required unique eigenvector associated with the dominant eigenvalue 6. The
normalised eigen-vector, namely, the worth vector, calculated by this program is given
Then, went

as (1.0968442,1.0348668,1.09787431.0221596, 0.8260924, 0.7783165, 1.143846).

through the ranking procedure and obtained the ranking as
F7>F3>F1>F2>F4>F5>FG6.

The ranking of sites together with their worth is exhibited in Table

TABLE 5.12. Ranking of Sites

Site: Fs F3 Fq Fo Fy Fs Fg
WORTH:| 1.1438 1.0979 1.0968 1.0349 1.0222 0.8261 0.7783
RANK: 1 2 3 4 5 6 7

This information will be equipped promoters to distribute perks based on the pre-announced
package ( that is, distribute perk based on their worth) and which will improve the work

quality of employees positively in subsequent.
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TABLE 6.13. Ranking of Sites after removing Site F%

Site: F3 F1 F2 F4 F5 F6
WORTH:| 1.104812 | 1.097866 | 1.080376 | 1.023899 | 0.878530 | 0.805518
RANK: |1 2 3 4 5 6

563

6. DISCUSSION

Let us examine the significance of non-membership values in this problem. To do so,
we exclude all non-membership values and recalculate the worth vector, which now be-
comes (1.089,1.011452,1.07204, 1.06576, 0.8835705, 0.7626358, 1.1159). Previously, the worth
of F5 was 0.8261, but after the omission, it is increased to 0.8835705 indicating that non-
membership values contribute to a decrease in worth. These observations clearly highlight
the impact of non-membership values on the overall ranking. Since perks are awarded in
proportion to worth, it is the collective responsibility of all employees at the site to ensure
that no one engages in actions that contribute to non-membership values. Such vigilance
helps minimize the risk of violating strictly prohibited rules.

Next, the authors discuss Remark 5.1. From P*, we get D(Fy, F;) = 1, Vi # 7, which
implies that F7 is completely dominant with respect to F;, Vi # 7 in all aspects. By our
earlier calculations, the rank of F% is one. This result coincides with remark 5.1(iii). To
verify the second statement of remark 5.1 (iv), the authors eliminate F; and calculate the
worth vector. The new ranking is as shown in Table If the rank of each of the above six
sites is incremented by one position and site F7 is assigned the first rank, then it can be seen
that this will coincide with the previous ranking; this verifies the remark 5.1(iv). However,
if one needs the worth of F; in addition to just ranking, this site must be included in the
ranking procedure. Another noteworthy thing is that the omission of F; increases the worth

of other sites.

7. CONCLUSION

In this paper, the authors have developed an innovative method based on Linear Algebra,
for solving a real-life decision-making problem. By choosing the dual hesitant fuzzy soft
set as the framework, the problem becomes quite handy. By implementing the eigen-value
concepts, the solution becomes more reliable and precise. This method is suitable for the
evaluation of unrelated data. The authors have also presented a practical application for

their proposed method which necessarily depicts the effectiveness of the method.
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ABSTRACT. This paper investigates the conformal curvature properties of Lorentzian (-
Kenmotsu (LBK) manifolds admitting a generalized Tanaka-Webster (g-TW) connection.
We begin by establishing the fundamental preliminaries of LSK manifolds and exploring
their curvature properties under the influence of g-TW connection. The study then focuses
on specific curvature conditions, namely R-S = 0, S R= 0, conformal flatness, (-conformal
flatness, and pseudo-conformal flatness, to examine their geometric and structural implica-
tions. Additionally, we construct an explicit example of a 8-dimensional LBK manifold
that admits a g-TW connection, providing concrete validation of our theoretical results.
The findings contribute to the broader understanding of curvature behaviors in almost con-
tact pseudo-Riemannian geometry and extend the study of non-Riemannian connections in
Lorentzian manifolds.
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1. INTRODUCTION

The Tanaka—Webster connection was introduced by Tanno [16] as a generalization of the
well-known connection formulated in the late 1970s by Tanaka [15] and independently by
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Webster [19]. This connection coincides with the classical Tanaka—Webster connection when
the associated CR-structure is integrable. It is defined as the canonical affine connection on
a non-degenerate, pseudo-Hermitian CR-manifold.

For a real hypersurface in a Kdhler manifold endowed with an almost contact structure
(¢,¢,m,9), Cho [3, 1] adapted Tanno’s g-Tanaka—Webster connection for a nonzero real
constant k. Utilizing this connection, several researchers have explored various geometric
properties of real hypersurfaces in complex space forms [17].

A Riemannian manifold is termed semisymmetric if its curvature tensor satisfies
R(Hi,H2) - R=0, (1.1)

where R(H1,Hz2) is regarded as a field of linear operators acting on R. It is well established
that the class of semisymmetric manifolds properly contains locally symmetric manifolds
(where VR = 0). The concept of semisymmetry in Riemannian geometry was first investi-
gated by E. Cartan, A. Lichnerowicz, R. S. Couty, and N. S. Sinjukov.

A Riemannian manifold is called Ricci semisymmetric if its curvature tensor satisfies
R(Hl,HQ) -5 =0, (1.2)

where S denotes the Ricci tensor of type (0,2). The class of Ricci semisymmetric manifolds
contains Ricci symmetric manifolds (where V.S = 0) as a proper subset. Several researchers
have studied these manifolds extensively. It is known that every semisymmetric manifold
is Ricci semisymmetric, but the converse does not always hold. However, under certain

additional conditions, the equations
R(Hi,H2) - R=0 and R(Hi,H2)-S=0

become equivalent. Szabd classified semisymmetric manifolds locally in [14], while funda-
mental studies in this area were carried out by Szabd [14], Boeckz et al. [2], and Kowalski
[6].

One notable example of a curvature condition related to semisymmetry is
QR-R=0, (1.3)
where @ is the Ricci operator defined by

S(Hi,Ha) = g(QH1, Ha).
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Such curvature conditions naturally extend to pseudosymmetry-type conditions. The condi-
tion @ - R = 0 was extensively studied by Verstraelen et al. in [I§].

Several properties on Mg and the g-TW connection have also been researched by numer-
ous geometers, such as ([T} [7, [8, [0} 10} 11} 12, 13]). Inspired by these foundational works, the
present paper aims to characterize Lorentzian (B-Kenmotsu manifolds admitting the general-

ized Tanaka—Webster connection.

The arrangement of this paper is structured as follows: Section 2 presents the
fundamental definitions and preliminary results related to Lorentzian [-Kenmotsu (LAK)
manifolds. We introduce the structure equations and discuss essential properties that will
be used in subsequent sections. In section 3, we explore the curvature properties of a LK
manifold admitting the generalized Tanaka-Webster (g-TW) connection. We derive explicit
expressions for the curvature tensor R and the Ricci tensor S with respect to g-TW connection
and establish some interesting geometric properties. Section 4 investigates the condition
R-S=0ina LB K manifold equipped with g-TW connection. We demonstrate that under
this condition, the manifold becomes a generalized n-Einstein manifold with respect to the
g-TW connection. In section 5, we analyze the condition SR = 0 and establish that the
LB K manifold satisfying this curvature restriction is also a generalized n-Einstein manifold
with respect to g-TW connection. Section 6 is devoted to the study of conformally flat LK
manifolds under the influence of g-TW connection. We prove that such manifolds naturally
admit a generalized n-Einstein structure with respect to g-TW connection. In section 7, we
focus on (-conformally flat LS K manifolds and derive certain interesting curvature properties
arising from this condition. Section 8 examines the notion of pseudo-conformal flatness in
the framework of LK manifolds. Finally, in section 9, we construct an explicit example of
a 3-dimensional LSK manifold admitting g-TW connection and verify that it satisfies the
curvature conditions discussed in the previous sections. This structured approach ensures
a coherent development of our results, highlighting the interplay between various curvature

conditions and the geometry of Lorentzian S-Kenmotsu manifolds.

2. PRELIMINARIES

A (2n + 1)-dimensional differentiable manifold is termed as LSK manifold (Mpg), if it
possesses a (1, 1)-tensor field ¢, a contravariant vector field ¢, a covariant vector field n and

a Lorentzian metric g satisfying
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¢*H1 = Hi+n(H1)¢ 9(Hi,¢) = n(Ha), (2.4)
n(¢) =1, ¢(Q) =0, n(¢H1) =0, (2.5)
9(9H1, dHa) = g(Ha, Ha) + n(Ha)n(Ha), (2.6)
9(9H1, Ha) = g(H1, 9Ha), (2.7)

for all vector fields H1,H2 on Mpg. Furthermore, Mg satisfies

V’H1< = B[Hl - 77(7{1)4]7 (2'8)
(Vaum)(Ha) = Blg(H1, Ha) — n(H1)n(Hz)], (2.9)
(V. 0)(Ha) = Blg(¢H1, Ha)C — n(H2)dHa, (2.10)

where V represents the covariant differentiation operator with respect to the Lorentzian

metric g. Moreover, on Mg, the following relations hold

N(R(M1, Ha)H3) = 5[g(H1, Ha)n(Ha) — 9(Ha, Ha)n(Ha)), (2.11)
R(H1, Ha)Hs = B2[g(H1, Hs)Ha — g(Ha, Ha)Ha], (2.12)
R(¢, Ha)Ha = B2 [n(H2)H1 — g(H1, Ha)C], (2.13)

R(H1, H2)¢ = B2 n(H1)Ha — n(Ha)Hi), (2.14)

S(Hi,¢) = —2n8%n(H1), (2.15)

QM1 = —2nB*H1, Q¢ = —2nB%, (2.16)

S(¢,€) = 2np?, (2.17)

9(QH1, Ha) = S(H1, Ha) = —2np%g(H1, Ha), (2.18)
S(9H1, ¢Ha) = S(H1, Ha) — 2n5*n(H1)n(Ha), (2.19)

for any vector fields H1, H2 and H3z on Mg, where R, S and @) stand for the curvature tensor,

the Ricci tensor and the Ricci operator on Mg, respectively.

Let {e1,ea,e3,...,e, = (} be an orthonormal basis for the tangent space at any point on
the manifold Mg. The Ricci tensor S and the scalar curvature r of the manifold are given

by the following expression

2n+1
S(H1, He) = Z eig(R(es, Hi)Ha, €:), (2.20)

=1
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where €; are the signs corresponding to the metric signature.

On LB K-manifolds, the scalar curvature r is given by

2n+1

r = Z 51-5(61', ei), (2'21)

i=1
where ¢; are the signs corresponding to the metric signature. Additionally, we have

2n+1
g(H1,Hs) = Z cig(Hi,ei)g(Ha, €;), (2.22)

i=1

where Hq, Hs € X(Mﬂ) and g; = g(e;, ;) = £1.

Definition 2.1 A LBK-manifold Mg is referred to as a generalized n-Einstein manifold

if its Ricci tensor S takes the form
S(M1, Ha) = vig(Ma, Ha) + von(Ha)n(Ha) + vs®(Hi, Ha), (2.23)

where ®(H1,H2) = g(¢H1,H2) is the fundamental 2-form of the manifold Mg and vy, va,
v3 are smooth functions on Mg.
If v3 = 0, then Mg is said to be an n-Einstein manifold.

If vo = 0,v3 = 0, then Mg is said to be an Einstein manifold.

Definition 2.2 In a (2n + 1)-dimensional (n > 1) almost contact metric manifold, the
Weyl-conformal curvature tensor C (also known as conformal curvature tensor) with respect

to the Levi-Civita connection is defined as follows (see [20] ):

C(H1,Ha)Hs = R(H1, Ha)Hs — [S(Hm?‘ls)%l — S(H1, Hs)Ha + g(Ho, H3)QHa

(2n —1)

G [0, M1 — (41, HaYHa). (224)

L
2n(2n — 1)

for any vector fields Hi,Ho and H3z on Mg, R and r represent the curvature tensor and the

scalar curvature with respect to the Levi-Civita connection, respectively.

Definition 2.3 The sectional curvature k(Hi,Ha) of a manifold is given by

R(Hla H?? Hlv HQ)

Hi, Ho) = — ,
w(H, Hz) g(H1,H1)g(Ha, Ha) — g(Hi, Ha)?

(2.25)

where R(H1, Ha, H1, Ha) represents the associated curvature tensor.
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3. CURVATURE PROPERTIES OF A LK MANIFOLD ADMITTING G-TW CONNECTION

The g-TW connection 6, associated with the Levi-Civita connection V, is defined by
[16, 5]

Vi Ha = Vi, Ha + (Vo n) (H2)C — 1(Ha) Vi, € — n(H1)dpHa, (3.26)

for any vector fields H; and Ho on Mg. Using (2.8) and (2.9) in (3.26)), we obtain
Vi Ha = Vg, Ha + Bg(H1, Ha)C — Bn(Ha)Ha — n(Ha)¢Ha, (3.27)

for all smooth vector fields H; and Hz on Mg.
Substituting Ha = ¢ in (3.27)), we have

Va, ¢ = 28H,. (3.28)

Let R and R denote the curvature tensors of M 3 with respect to the connections V and Vv,
respectively. The curvature tensor of a (2n + 1)-dimensional LBK manifold with respect to

the g-TW connection V is defined by
R(M1, Ho)Hs = Vo, Vs Hs — Vs Vs Hs — Vi, a0 M- (3.29)

By virtue of (3.27)) in (3.29), we obtain

R(H1, Ho)Hs = R(H1, Ha2)Hs + pn(Hi)[g(Ha, H3)C — n(Hs)Ha]
— pn(H2)[g(H1, H3)¢ — n(Hs)Ha] + 38%[g(Ha, Ha)H1 — g(Ha, Hs)Ho]

— 2B[n(Hz2)g(H1, pH3)C — n(H1)g(Ha, dH3)C], (3.30)

where p = (8 and H1, Ha, H3 are any vector fields on Mg.
By taking the inner product of with the vector field H4, we have
R(H1, Ha, Hs, Ha) = R(H1, Ho, Hs, Ha) + pn(H1)[n(Ha)g(Ho, Hs) — n(Hs)g(Ha, Ha)]
— pn(H2)[n(Ha)g(H1, Hs) — n(Hs)g(Hi, Ha)]
+ 36%[g(Ha, Hs)g(Ha, Ha) — g(H1, Hs)g(Ha, Ha)]

— 2Bn(Ha)[n(H2)g(H1, dHs) — n(H1)g(Ha, dHs)], (3.31)

where E(Hl, Ha, Hs, Hy) = g(ﬁ(?—h, Ho)Hs, Ha) is the curvature tensor associated with v.
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Let {e1,e2,€3,...,ea,+1} be alocal orthonormal basis of the tangent space at any point of
the manifold Mpg. By setting H1 = H4 = e; in (3.31) and summing over ¢ for 1 <i < (2n+1),

we obtain

S(Ha, Hs) = S(Ha, Hs) + (608> — p)g(Ha, Hs) + (2n — 1) pn(Ha)n(Hs) — 280(Ha, Hs),
(3.32)

for all vector fields H2, Hz on Mg, where S and S denote the Ricci tensor of M 3 with respect

to the connections V and V respectively.

Using 1} , the Ricci operator @ with respect to the connection V is determined by
QHa = QHz + (6n5” — p)Ha + (2n — 1)pn(H2)¢ — 260 Hs. (3.33)

Let 7 and r denote the scalar curvature of Mg with respect to the connections V and V,
respectively. Let {e1,ea,e3,...,ea,4+1} be a local orthonormal basis of the tangent space at
any point of the manifold Mg. By setting Ha = Hs = ¢; in (3.32]) and summing over ¢ for

1 <i<(2n+ 1), we obtain
7 =1+ 6n(2n+1)5% — 4np — 264, (3.34)

where ¢ = trace(o).

From above discussion, we state the following:

Theorem 3.1 In a (2n+1)-dimensional LGK manifold admitting g-TW connection V, the
following holds:

(i) The curvature tensor E, Ricci tensor 3’, Ricci operator @, and scalar curvature ¥ with

respect to V are given by (f?é’d), (fS'S’Ql), (f?é’fii), and respectively,
(ii) R(H1, Ha)H3 + R(Ha, H1)Hs = 0,
(i) E(Hl,Hz)Hg + E(Hz,’Hg)le + E(’Hg,?‘[l)%z =0,

(iv) The Ricci tensor S(Hy, Hs) is symmetric in nature.

Now, let Mg be a Ricci flat with respect to the g-T'W connection V. Then from 1’

we lead to

S(Ha, H3) = —(6n5” — p)g(Ha, Hs) — (2n — 1)pn(H2)n(Hs) + 26®(Ha, Hs),  (3.35)
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where p = (8 and ®(Ha, Hs) = g(Ha, $Hs).
This leads to the following result:

Theorem 3.2 A LBK manifold Mg is Ricci flat with respect to the g-TW connection v if
and only if it is a generalized n-Einstein manifold with respect to the Levi-Civita connection

V.

Now, if R(H1,H2)Hs = 0, then by virtue of (3.31)), we have

R(Hy, Ha, Hs, Ha) = —pn(Ha)[n(Ha)g(Ha, Hs) — n(Hs)g(Ha, Ha)]
+ o (H2)[n(Ha)g(Ha, Hs) — n(Hs)g(H1, Ha)]
— 30%[g(Ha, H3)g(H1, Ha) — g(H1, Ha)g(Ha, Ha)
+ 26n(Ha)[n(H2)g(H1, 0Hs) — n(Hi)g(Ha, oH3)], (3.36)

Let ¢+ = {H1 : g(H1,¢) = 0, VH; € x(Mgp)} denotes a (2n + 1)-dimensional distribution
orthogonal to ¢, then for any Hy, Ha, H3, Ha € ¢+, (3.36) takes the form

R(H1, Mo, Hs, Ha) = —3B°[g(Ha, Ha)g(H1, Ha) — g(H1, H3)g(Ha, Ha)). (3.37)

Thus, we can state the following;:

Theorem 3.3 Let Mg be a (2n+1)-dimensional LBK manifold admitting g-TW connec-
tion V. The curvature tensor of Mg determined by Hi,Ha, H3, Ha € ¢t with respect to v

vanishes if and only if Mg with respect to the Levi-Civita connection V is isomorphic to the

hyperbolic space H*"F1(—3432).

Replacing Hs by H; and H4 by He in (3.37), we have

B R(H1,Ha, Hi, Ha)
g(H1, H1)g(Ha, Ha) — g(H1, Ho)?

k(Hi, Ho) = = —3p% (3.38)

Hence, we obtain the following result:

Corollary 3.1 If ﬁ(?—[l,Hg)Hg = 0 in a LBK manifold, then the sectional curvature of

the plane section determined by Hi, Ha € ¢+ is —352.
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Furthermore, we obtain the following results:

Lemma 3.1 Let Mg be a (2n+1)-dimensional LBK manifold admitting g-TW connection
6, then we have the following
(i) R(H1,H2)¢ = (26° — p)[n(Ha)H1 — n(H1)Ho),
(i) R(C, HaYHa = (267 = p)[g(Hr, Ha)C — n(Ha)Ha] — 26®(Ha, Ha)C,
(iii) R(H1,)Ha = —(26° — p)lg(Hr, Ha)¢ — n(Ha)Ha] + 26®(Ha, Ha)C.,
(iv) R(¢, H)¢ = (28 — p)*Ha,
(v) S(H1,¢) = 2n(28% — p)n(Ha),
(vi) Q¢ = 2n(28” — p)C.
(vii) n(R(H1, Ha)Hs) = (282 — p)lg(Ho, Ha)n(H1) — g(H1, Ha)n(H2)] +28[n(Ha) (M1, Hs) -
n(H1)®(Ha2, Hs)l,
for any vector fields Hi,Ha and Hz on Mg.

Now, we define conformal curvature tensor with respect to g-TW connection V.

Definition 3.1 The conformal curvature tensor 5f07“ a (2n+1)-dimensional LS K manifold

Mg admitting g-TW connection is defined as

C(Ha1, Ha)H3 = R(H1, Ha)Hs — (2nl_1) [5(71277'(3)%1 — S(H1, Ha)Ha + g(Ha, H3)QHa
— g(Ha, H3)QHa | + m (9(Ha, Ha)Hi — g(H1, Ha)Ha| . (3.39)

for any vector fields H1,Ha and Hz on Mg. Here E, S and 7 are the Riemannian curvature

tensor, Ricci tensor and the scalar curvature with respect to the connection 6, respectively

on Mg.
Also, we can state the following;:

Lemma 3.2 Let Mg be a (2n+1)-dimensional LBK manifold admitting g-TW connection

V. Let C be the conformal curvature tensor with respect to V. Then, we have the following

(i) C(H1, Ho)Hs + C(Ha, H1)Hsz = 0,

(1i) C(H1, Ho)Hs + C(Ha, Hs)H1 + C(Hs, H1)Ha = 0,
for any vector fields H1,Ha and Hz on Mg.
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4. LORENTZIAN -KENMOTSU MANIFOLD ADMITTING G-TW CONNECTION SATISFYING

R-S =0 CONDITION

Let us consider a LK manifold admitting g-TW connection satisfying the condition

R(Hy,Ha) 8§ =0, (4.40)

for any vector fields H1, Ha on Mg.
From (4.40)), we infer

(R(H1, Ha) - S)(F1, Fa) = S(R(Hy, Ho) Fr, Fo) + S(Fu, R(Hy, Ha) Fo) =0, (4.41)

for any vector fields H1,Ha, F1 and F2 on Mg.
Substituting H; = ¢ in (4.41]), we have

S(R(C, Ha) F1, Fa) + S(F1, R(C, Ha) F2) = 0, (4.42)

By virtue of (3.30)), we have

S(R(C, Ho)F1, Fo) = (262 — p)[g(Ha, F1)S(C, Fo) — n(F1)S(Ha, Fa)] — 26®(Ha, F1)S(C, Fa),
(4.43)

and

S(F1, R(¢, Ha) Fo) = (28% — p)g(Ha, F2)S(F1, ) — 1(F2)S(Fi, Ha)] — 28®(Ha, F2)S(F1, ),
(4.44)

where ®(Ha, F1) = g(Hz, ¢F1) and ®(Ha, Fo) = g(Ha, ¢pF2).

Substituting and in , we obtain

(282 — p)lg(Ha, F1)S(C, Fa) — n(F1)S(Ha, Fo) + g(Ha, F2)S(F1, €) — n(Fa)S(Fi, Ha)]

—2B[®(Ha, F1)S(C, F2) + ®(Ha, F2)S(F1,¢)] = 0.

(4.45)
Setting F; = (¢ in (4.45)) and on further simplification, we have
S(Ha, Fa) = 2n(28% — p)g(Ha, Fa) — AnS®(Ha, Fa). (4.46)

Contracting above, we have

7 =2n(2n+1)(26% — p) — 4np, (4.47)
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where 1 = trace(¢).
By virtue of (3.32)) in , we obtain

S(Ha, Fo) = —[2n8% + (2n — 1)plg(Ha, F2) — (2n — 1)pn(H2)n(F2) — 2(2n — 1) BE(Ha, F2).
(4.48)

Contracting above, we have
r=—2n(2n+1)5% — 2(2n — 1)[np + BY)]. (4.49)

Thus, based on the discussion above, we can present the following theorem:

Theorem 4.1 Let Mg be a (2n+1)-dimensional LBK manifold admitting g-TW connec-
tion V satisfying R -8 =0 condition. Then we have the following:

(i) Mg is a generalized n-FEinstein manifold with respect to V whose Ricci tensor is of the

form and having scalar curvature v of the form , and

(i) Mg is a generalized n-Einstein manifold with respect to Levi-Civita connection V whose

Ricci tensor is of the form and having scalar curvature r of the form .

5. LORENTZIAN S-KENMOTSU MANIFOLD ADMITTING G-TW CONNECTION SATISFYING

S - R =0 CONDITION

Let us consider a LGK manifold admitting g-TW connection satisfying the condition

(S(H1,H2) - R)(F1, Fo)Hsz =0, (5.50)

for any vector fields H1, Ha, H3, F1 and F2 on Mg.
From(5.50), we infer that

(7‘[1 Ag /Hg)é(}—l, .FQ)H;J, + E((/Hl /\g 7‘[2)]:17}—2)%3 + -E(Flu (Hl /\g HZ)}—Z),H?)

+R(F1, F2)(Ha Ng Ha)Hs = 0, (5.51)

where the endomorphism Hi A g Ho is defined by

(H1 ANgHa)Hs = S(Ha, H3)H1 — S(H1, Hs) Ha. (5.52)
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Substituting He = ¢ in (5.51) and on further simplification, we obtain

S(¢C, R(Fy, Fo)Hs)H1 — S(H1, R(Fy, Fo)YH3)C + S(C, F1)R(Hq, Fo)Hs
—S(H1, F1)R(C, Fo)Hs 4+ S(C, Fo)R(Fy, Hi)Hs — S(Hy, Fo)R(F1, C)Hs

+8(C, Ha) R(F1, Fo)Hy — S(H1, Ha) R(F1, Fa)¢ = 0.
Taking inner product of ([5.53)) with ¢, we have

S(¢, R(F1, Fo)Ha)n(H1) + S(Ha, R(Fr, Fo)Hz) + S(C, Fi)n(R(Hi, Fo) Hs)
—S(H1, Fi)n(R(C, Fo)yH3s) + S(C, Fa)n(R(Fy, H1)Hs) — S(Ha, Fo)n(R(F1, () Hs)

+S5(C, Ha)n(R(F1, Fa)yHa) — S(Ha, Ha)n(R(F1, F2)¢) = 0.
Setting F; = Hz = ( in and on simplification, we have
(26 = p)[S(H1, Fa) + n(F2)S(H1, ) + 2n(26° — p)*[g(H1, Fa) + n(Ha)n(F2)]
—4nf(26% — p)®(H1, F2) = 0.
From , we have
S(H1,¢) = 2n(26% — p)n(Ha).
Using in , we obtain
S(Hy, Fo) = —2n(28% — p)g(M1, Fa) — 4n(28% — p)n(H1)n(F) + 4nBd(Hy, Fa).
Contracting above, we have
7= —2n(2n — 1)(26% — p) + 4nBY,

where ¢ = trace(¢).
Furthermore, using (3.32) in (5.57]), we obtain

S(Hi1, Fo) = [(2n+ 1)p — 10n8%g(H1, F2) + [(2n + 1)p — 8nB%n(H1)n(Fe)

+2(2n + 1)BP(H1, F2).
Contracting above, we have
r=2n(2n+1)p — 2n(10n + 1)5% + 2(2n + 1) Bp.

Thus, based on the discussion above, we can present the following theorem:

(5.53)

(5.54)

(5.55)

(5.56)

(5.57)

(5.58)

(5.59)

(5.60)
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Theorem 5.1 Let Mg be a (2n+1)-dimensional LBK manifold admitting g-TW connec-
tion V satisfying SR =0 condition. Then we have the following:

(i) Mg is a generalized n-Einstein manifold with respect to V whose Ricci tensor is of the

form and having scalar curvature v of the form , and

(i) Mg is a generalized n-Einstein manifold with respect to Levi-Civita connection V whose

Ricci tensor is of the form and having scalar curvature v of the form .

6. CONFORMALLY FLAT LORENTZIAN S-KENMOTSU MANIFOLD ADMITTING G-TW

CONNECTION

In this section, we examine conformally flat Lorentzian S-Kenmotsu manifold admitting

g-TW connection V.

Definition 6.1 A LK manifold is said to be conformally flat with respect to g-TW

connection V if it satisfies

C(H1,Ho)Hs =0, (6.61)

for any vector fields H1,Ha and Hz on Mg.

By virtue of (6.61)) in , we obtain

R(H1, Ho) M3 = (2711_1) [§<H2,H3)H1 — S(H1, Ha)Ha + g(Ha, H3)QH1 — gml,yg)@%}
o m [9(7‘(2, ’HB),HI - 9(7‘[1, %3)7‘[2] . (6.62)

Taking inner product of (6.62) with ¢ and on further simplification, we have

R(Hy, Ha, H3, ¢) = (%1_1) [5(?—[2,7-[3)77(7-[1) - 5(7{1,%3)”(%2)}
[4712((25 — f)) - ?’] [9(Ha, Ha)n(H1) — g(H1, Ha)n(H2)].  (6.63)

Further, on substituting H4 = ¢ in (3.31]) and using (2.12)), we obtain

R(H1, Ha, M3, C) = (2687 — p) [g(Ha, Hs)n(H1) — g(H1, Hs)n(Ha)]

+ 28 [n(H2)g(H1, 9Hs) — n(H1)g(Ha, ¢Hs)] - (6.64)
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Using (6.64)) in , we infer

5 (Ha, Ha)n () — S(Hy, Ha)n(Ms) = [?‘ (25" - p)] (g(Ha, Ha)(Ha) — g(Has Han(Ha)

2n

+2(2n — 1)B [n(H2)g(H1, 9H3) — n(H1)g(Ha, ¢H3)] .
(6.65)

Assuming H; = ¢ in (6.65]) and on further simplification, we have

7 —2n(2n+1)(26% — p)

5 7 —2n(28?% —
S(Ha, Hsz) = [ 2 (;f p)] g(Ha, Hs) + [ ™ ] n(Ha2)n(Hs)
—2(2n — 1)B®(Ha, Hs), (6.66)

where ®(Ha, Hs) = g(Ha, ¢H3). Using (3.32)) in (6.66]), we obtain

S(Ha, Hy) = [T”ni_zw] g(Ha, Hs) + [”2”(2” ;;)62 _QW] n(Ha)n(Hs)
—4(n — 1)BDB(Ha, Hs). (6.67)

Thus, based on the discussion above, we can present the following theorem:

Theorem 6.1 Let Mg be a (2n+1)-dimensional LBK manifold admitting g-TW connec-
tion V satisfying conformally flat condition. Then we have the following:

(i) Mg is a generalized n-FEinstein manifold with respect to V whose Ricci tensor is of the

form , and

(i) Mg is a generalized n-Einstein manifold with respect to Levi-Civita connection V whose

Ricci tensor is of the form .

7. (-CONFORMALLY FLAT LORENTZIAN 5-KENMOTSU MANIFOLD ADMITTING G-TW

CONNECTION

In this section, we examine (-conformally flat Lorentzian S-Kenmotsu manifold admitting

g-TW connection V.

Definition 7.1 A LBK manifold is said to be (-conformally flat with respect to g-TW

connection V if it satisfies

C(H1,H2)¢ =0, (7.68)
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for any vector fields Hi,Ha on Mg.

Setting Hs = ¢ in (3.39) and using ([7.68)), we obtain

R, Ha)C = o [S(0ta. O = S(341. )M+ n(H2) 00— n(341) Q%
_ %(2:_1) [1(Ha)Ha = n(H1)Ha|. (7.69)

On further simplification, we have

~ ~ 7 —2n(28?% —
77(7‘[2)@7‘[1 - 77(7‘[1)@7‘[2 = [ (Qnﬂ P):| |:’I7(H2)'H1 — 77(7‘[1)7‘[2 . (770)
Taking inner product of with H3, we have
7 —2n(26° = p)

42) (0 Ha) — ()30, ) = | | [0 342 ~ )3,

(7.71)

2n

Substituting H; = ¢ in (7.71]), we obtain

7 —2n(2n+1)(26% - p)
2n

S (M, ) = [?— 2n(22nﬂ2 —p)

| e, 0+ | | s,

(7.72)

Using (3.32)) in (7.72)), we have

2 _ 2 _
S(Ha. Ha) = |20 200 g4y )+ |22 3
+ 280 (Ha, Hs), (7.73)

where (I)(HQ,H;J,) = g(?—[g, qug)
Thus, based on the discussion above, we can present the following theorem:

Theorem 7.1 Let Mg be a (2n+1)-dimensional LBK manifold admitting g-TW connec-
tion V satisfying C-conformally flat condition. Then we have the following:
(1) Mg is an n-Einstein manifold with respect to V whose Ricci tensor is of the form ,
and

(it) Mg is a generalized n-Einstein manifold with respect to Levi-Civita connection V whose

Ricci tensor is of the form .
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8. PSEUDO-CONFORMALLY FLAT LORENTZIAN 5—KENMOTSU MANIFOLD ADMITTING

G-TW CONNECTION

In this section, we examine pseudo-conformally flat Lorentzian S-Kenmotsu manifold ad-

mitting g-TW connection V.

Definition 8.1 A LBK manifold is said to be pseudo-conformally flat with respect to

g-TW connection v if it satisfies

g(C(¢H1, Ha)H3, dHa) = 0, (8.74)

for any vector fields H1,Ha, Hz and H4 on Mg.
By virtue of (3.39) and (8.74]), we have

1
(2n —1)

+g(Ha, H3) S(¢H1, Ha) — g(dH1, Hz)S (Ha, dHa)

R(6H1, o, Hy, 67) = (5032 Ha)g(6H1, 6Ha) — S(0Ha, Hs)o (Mo, Ha)

7
T mEn—1) [9(H2, Hs)g(dH, ¢Ha) — g(¢H1, Hs)g(Ha, dHa)] .

(8.75)

Let {e1,ea,€3,...,ea,+1} be a local orthonormal basis of the tangent space at any point of

the manifold Mg. By setting Ho = H3 = e; in (8.75) and summing over ¢ for 1 < i < (2n+1),

we obtain

(2n 4+ 1)7g(¢H1, pHa) = 0. (8.76)
Since (2n + 1) # 0, therefore
rg(¢H1, pHa) = 0. (8.77)
By virtue of , we have
7 lg(Ha, Ha) + n(H1)n(Ha)] = 0. (8.78)

Replacing H; by @Hl in 1} we have
7 [5(%1,7{4) +2n(28% — p)n(Ha)n(Ha)| = 0. (8.79)

From above, we infer following cases:
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Case I: If ¥ = 0. Then from (3.34)), we obtain
r=—6n(2n+1)5% + 4np + 26, (8.80)

where ¢ = trace(¢).

Case II: If ¥ # 0. Then from (8.79)), we have

S(H1, Ha) = —2n(26% — p)n(H1)n(Ha). (8.81)
Contracting above, we infer
7= 2n(26% — p). (8.82)

Using in , we obtain
S(H1, Ha) = (6082 — p)g(H1, Ha) — (4n5* — p)n(H1)n(Ha) + 26®(H1, Ha),  (8.83)

where ®(H1, H4) = g(H1, dHa).

Contracting above, we have
r = —2n(6n +1)5% 4 2np + 26¢. (8.84)

Thus, based on the discussion above, we can present the following theorem:

Theorem 8.1 Let Mg be a (2n+1)-dimensional LBK manifold admitting g-TW connec-
tion V satisfying pseudo-conformally flat condition. Then we have the following:
(i) The scalar curvature T with respect to V vanishes. Moreover, the scalar curvature v with
respect to Levi-Civita connection V is of the form , or
(11) Mg is an n-Einstein manifold with respect to V whose Ricci tensor is of the form M
and having scalar curvature ¥ of the form . Moreover, Mg is a generalized n-Einstein
manifold with respect to Levi-Clivita connection V whose Ricci tensor is of the form
and having scalar curvature of the form .

9. EXAMPLE OF A THREE-DIMENSIONAL LORENTZIAN 5-KENMOTSU MANIFOLD

ADMITTING G-T'W CONNECTION

In this section, we illustrate an example of a three-dimensional Lorentzian S-Kenmotsu

manifold. Consider the three-dimensional manifold

M3 ={(z,y,2) €eR®: 2 >0}
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where (x,y, z) are the standard coordinates in R?. We define the vector fields

0 0

19126 Fy’ 193:6 %:

Vo =e * ¢,

%7
which remain linearly independent at each point in M.

The Lorentzian metric g is given by
g(1,01) =1, g(¥2,92) =1, g(I3,93) = —1,
9(91,92) = g(2,03) = g(¥3,91) = 0,
which can be expressed as
g=e¥(de@de+dy @ dy — dz @ dz).

Let the 1-form 7 satisfy
n(H1) = g(H1,Us)
The (1, 1)-tensor field ¢ is defined as

P(h) = =2, B(V2) = —V1, ¢(J3) =0.

For any vector fields H1, H2 on M3, the following conditions hold:
¢*(H1) = H1 + 1(H1)s,

g(dH1, ¢H2) = g(H1, Ha) + n(H1)n(Hz).

Thus, the structure M?3(¢,(,n, g) forms an almost contact metric structure on M3, where

we set ¥3 = (.
The Lie brackets of the vector fields are computed as follows:
[U1,03] = e *01, [U1,02] =0, [U2,93] =e “Da.

Using Koszul’s formula, the Levi-Civita connection V is obtained as

Vﬁlﬁl = 672193, V192191 = 0, Vﬁgﬁl = 0,
Vﬂl'ng =0, V,g2192 = e "3, Vg3192 =0, (9'85)

V191193 =0, V192193 =0, V193193 =0.
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From the above results, setting 3 = e~#, we conclude that M?3(¢,(,n,g) defines a Mg

structure in dimension three. From (3.27) and (9.85)), we obtain

Vo, 01 = 2e %03, V01 =0, Vg, =—0o,
Vo, 02 =0, V0o =2e 3, V0o = —01, (9.86)
Vo, U3 = e 01, Vg,03 =e 0y, Vy,U3=0.

The components of the curvature tensor with respect to the Levi-Civita connection V are

given by:

RV, 02)01 = e 20y,  R(2,93)01 =0, R(y,03)0; = ™2,
R(ﬂlﬂ%)ﬁz = —6_22191, R(??Q, 193)192 = 6_22193, R(ﬁl, 193)192 =0, (9.87)

R(91,02)03 =0, R(2,03)03 = e **02, R(01,93)03 = e~ **0;.

The components of the curvature tensor with respect to the g-TW connection V are given
by:

R(ﬁl,ﬁg)’ﬂl = —28_2Z192, R(’l92ﬂ93)191 = —26_2193, R(Vﬂl, 193)191 = —26_22193 + p193,

R(01,02)09 = 2201, R(V2,03)02 = —2e~ 203 + pi3, R(V1,03)02 = —2e V3,

R(ﬁl, 192)193 =0, E(ﬁg, 193)193 = —26_2z192 + pa, E(ﬁl, 193)193 = —26_2z191 + pd1.
(9.88)

From ({9.87)), the non-vanishing components of Ricci tensor with respect to Levi-Civita con-

nection V is as follows
S(W1,91) = =273, S(09,02) = —2¢72%,  S(93,193) = 2%, (9.89)

which implies that the scalar curvature r with respect to V can be evaluated by

3
r= Z&‘S(@i, €;) = —6e 2. (9.90)

i=1
Furthermore, from (9.88)), the non-vanishing components of Ricci tensor with respect to the

g-TW connection V are given as
S(W1,01) =4e % —p,  S(a,09) =4e % —p,  S(ds,03) = —4e™ 2% + 2p, (9.91)
which implies that the scalar curvature 7 with respect to V can be evaluated by

3
F= eiS(ei ) = 12e7% — 4p. (9.92)
=1
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which can also be verified from (3.34) where v can be evaluated as

3

W = trace(¢p) = ZEZ-(P(ei, e;) = 0. (9.93)

=1
10. CONCLUSION

In this paper, we conducted a comprehensive study of Lorentzian S-Kenmotsu (LAK)
manifolds equipped with the generalized Tanaka-Webster (g-TW) connection. Beginning
with fundamental definitions and preliminary results, we established the essential structure
equations and derived explicit expressions for the curvature tensor R and the Ricci tensor
S in this setting. Our analysis revealed several significant geometric properties, including
the conditions under which an LSK manifold admitting the g-TW connection becomes a
generalized n-Einstein manifold.

We demonstrated that a LK manifold satisfies crucial curvature identities, such as the
symmetry and skew-symmetry of the curvature tensor, and explored conditions like R -
S=0and S-R = 0, under which the manifold naturally admits a generalized n-Einstein
structure. Further, we investigated the geometric implications of conformally flat and (-
conformally flat conditions, showing that such manifolds inherently exhibit the generalized
n-Einstein property with respect to the g-TW connection. Additionally, we examined the
notion of pseudo-conformal flatness in LSK manifolds, establishing key results regarding
scalar curvature and the structure of the Ricci tensor.

To solidify our theoretical findings, we provided an explicit example of a three-dimensional
LB K manifold equipped with the g-TW connection and verified that it satisfies the curvature
conditions discussed throughout the paper. This study offers new insights into the geometric
nature of Lorentzian S-Kenmotsu manifolds and their curvature properties under different
structural constraints. The results presented here open pathways for further research, in-
cluding extensions to higher-dimensional cases, the study of additional curvature conditions,
and potential applications in mathematical physics and relativity.
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ABSTRACT. This paper studies semi-symmetric statistical manifolds (3S-manifolds for short)
to generalise semi-Weyl manifolds. We prove that this class of manifolds is invariant un-
der the conformal change of metrics. We show that every 3S-structure (g,w,w*, V) on
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1. INTRODUCTION
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some research areas such as Information Geometry, Affine Geometry and Hessian Geometry
(see [2, 11, 18] and references therein). Therefore, statistical manifolds have been intensively
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There have been several attempts to generalize statistical structures which have led for in-
stance to quasi-statistical structures, Weyl, semi-Weyl, quasi-semi-weyl structures and semi-
symmetric non-metric statistical structures (see [II, [I5] [6] and references therein). But, all
these generalizations failed to satisfy some nice properties such as invariance under conformal
changing of the Riemannian metric.

In this paper, we introduce and study Semi-Symmetric statistical manifolds (3S-manifolds
for short), (M, g,w,w*, V) which form a subclass of quasi-semi-Weyl manifolds, such that
both V and V* are semi-symmetric connections. It appears that unlike the other general-
izations of statistical manifolds [T}, [15], the 3S-manifolds are invariant under the conformal
changing of the metric. Other good results are obtained and compared, when possible, to
the existing ones in a statistical setting.

The paper is organized as follows: The next Section is devoted to the preliminaries where
we recall basic definitions and properties of statistical structures that we need in the sequel of
the paper. Section 3 deals with 3S structures. We show that non-trivial statistical structures
can be generated from 3S structures and vice-versa. And when the so-called 3S-mean vector
field is torse-forming, the 3S connection is of constant sectional curvature if and only if its
associated statistical connection is of the same constant sectional curvature. In the setting
of this paper, a-connections associated to 3S-connections are introduced and studied and it
is shown that surprisingly, the curvatures relations obtained for a-3S-connections are similar
to those of the classical statistical setting. The section ends with the study of the analogue of
the statistical curvature for the 3S connections and the condition for the statistical sectional
curvature to be constant. In Section 4, we briefly show that a submanifold of a 3S-manifold
is also a 3S-manifold. Finally, Section 5 deals with the warped product of 3S-manifolds. We
give a way to construct a 3S structure on a warped product, starting with 3S structures on

fiber and the base manifolds.

2. PRELIMINARIES

In the present section, we give some basic definitions and fundamental formulae useful in
the sequel.

In what follows, M denotes a smooth manifold, g a Riemannian metric on M, V9 the
Levi-Civita connection of g, and V an affine connection on M. Throughout the paper, we
shall denote the tangent bundle of M by T'M, its cotangent bundle by T*M and the set of
smooth sections of TM (respectively, of T*M) by X(M) (respectively, by Q'(M)). We will
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also write TV to denote the torsion of V. From now on, for any w € Q'(M), we denote by

S,, the tensor
Sy =w®I—1Qw,

where I : X(M) — X(M) is the identity map.
The dual connection of V with respect to g is the unique affine connection V* on M such

that:
Xg(Y,Z2) = 9(VxY,Z) + g(VXZ,Y), (2.1)
for all X|Y,Z € X(M). In this case the triplet (g,V,V*) is called a dualistic structure on

M.

Definition 2.1 ([12]). A connection V is said to be semi-symmetric affine connection if

there exists a 1—form w such that TV = S,,.

Definition 2.2 ([10,6]). The pair (g, V) is called a statistical structure on M (and (M, g, V)
a statistical manifold) when V and its dual V* are torsion-free affine connections. This is
equivalent to saying that V is torsion-free and the cubic form C = Vg is totally symmetric,

that is
(Vxg)(Y,2) = (Vyg)(X, 2) (2:2)

for all X,Y,Z € X(M).

Definition 2.3 ([17]). Let V be a torsion-free affine connection and let w a 1-form on M.
The triplet (g,w, V) is called a Weyl structure on M (and (M, g,w,V) a Weyl manifold) if

(VXQ)(K Z) - _w(X)g(Y7 Z)v (23)
forall XY, Z € X(M).

Definition 2.4 ([I]). Let V be a torsion-free affine connection and let w be a 1-form on
M. Then, (g,w,V) is called a semi-Weyl structure on M (and (M,g,w,V) a semi-Weyl
manifold) if

(ng)(Y7 Z) - (VYQ)(X7 Z) = _g(Sw(Xv Y)7Z)7 (2'4)

for all X,Y,Z € X(M).
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In (2.3) and (2.4) when w = 0 one finds V = VY. Hence statistical structure, Weyl
structure and semi-Weyl structure may be regarded as generalizations of the Levi-Civita

connection. A direct computation show that for any affine connection V one has:
for all X,Y,Z € X(M).

Remark 2.1. Observe that when (M, g,w,V) is a semi- Weyl manifold, the dual connection

V* is rather semi-symmetric.

Definition 2.5 ([I]). Let V be an affine connection on M with torsion tensor TV and let w
be a 1-form. Then, (g,w,V) is called a quasi-semi- Weyl structure on M (and (M, g,w, V)

a quasi-semi- Weyl manifold) if
(Vx9)(Y.Z) = (Vyg)(X,Z) = —g(TV(X,Y) + Su(X,Y), Z),
for all X,Y,Z € X(M).

In the next section we are interested in quasi-semi-Weyl structures (g,w, V) such that V

is semi-symmetric.

3. SEMI-SYMMETRIC STATISTICAL MANIFOLDS

Semi-symmetric metric connections on statistical manifolds have been introduced and
studied in [12} [13],3]. Such a connection is also called statistical semi-symmetric connection in
[13]. In this mentioned papers, the dual connection of a statistical semi-symmetric connection
V has the same torsion as V. We keep the same terminology to define something more

general. In what follows, the torsion of the dual of V may be different from the one of V.

Definition 3.1. The pair (g, V) is called a semi-symmetric statistical structure on M (and
(M, g,V) a semi-symmetric statistical manifold) if there are two 1-forms w and w* on M

such that

TV =S, and TV = S,-.

To be short, such a structure will be called a 3S-structure and the connection V a 35-

connection.
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Semi-symmetric statistical structure is a generalization of semi-symmetric metric connec-

tion studied in [12), 13]. When (g,w,w*, V) is a 3S-structure on M, we set

w® = %(w—l—w*), (3.6)

and we call it the 3S-mean 1-form (for short the mean 1-form). The vector field V, g-
associated to w® is called the mean vector field. The 3S-structure (9,w,w*, V) is said to be

closed when w? is closed.

Example 3.1. We have the following simple examples of 3S-structures:

1. A statistical structure (g, V) is a 3S-structure and is called the trivial 3S-structure,
where w = w* = 0.

2. A semi-Weyl structure (g,w, V) is a 3S-structure.

3. If (9, V) is a statistical structure then for all 1-form w on M, (g,w, —w,V =: V+w®I)
is a 3S-structure. Just observe that the dual connection N of ¥V with respect to g is

given by V' = V* + w* ®@ I with w* = —w.

It is proven in [6] that, if f is a function on M and w;, we are 1-forms g-associated to the
vector fields &1, & on M respectively, then there exists a unique affine connection V which

satisfies the following equations:
TV(X,Y) = wi(X)Y —wi (Y)X, (3.7)
(Vxg)(Y, Z) = f(w2(Y)g(X, Z) + w2(Z)g(X,Y)). (3.8)
Such a connection has been called semi-symmetric non-metric connection and is given by

Remark 3.1. All semi-symmetric non-metric affine connection are 3S-connections. But a

3S-connection needs not to be semi-symmetric non-metric affine connection.

Indeed, let V be an affine connection which satisfies (3.7) and (3.8)). Since X,Y,Z are
arbitrary in (3.8)), so we have

(Vyg)(X,Z) = f(w2(X)g(Y, Z) + w2(Z2)g(X,Y)). (3.9)
Using and we get

(Vxg)(V,Z) = (Vyg)(X, Z) = g(fw2(Y)X — fwa(X)Y, Z). (3.10)
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Moreover, using (3.7)), (3.8) and (3.10) we have
TV(X,Y) = (fwz —w1) (V)X = (fwz —w1)(X)Y-
Hence TV = Sw, and TV = wi—fun-
Conversely, take h a function on M. Then (g, dh, —dh, V9 + dh & I) is 3S-structure on M

but
(Vxg)(Y, Z) = =2(dh)(X)g(Y, Z),

which shows that V is not a semi-symmetric non-metric affine connection.
The following theorem shows that unlike statistical structures, 3S-structures are preserved

under conformal changing of g.

Theorem 3.1. Let g be a conformal metric of g such that for a function h on M we have,
g = elg. Then, (g,w,w*,V) is 3S-structure on M if and only if (§,w,w* + dh,V) is 3S-

structure on M.

Proof. Let X,Y, Z be three vector fields on M, V% the dual connection of V with respect to
g and V* the dual connection of V with respect to g. From the duality condition of V with
respect to g we have
Xg(Y, Z) = §(VxY, Z) +3(Y, V% 2),
that is
Xg(Y.Z) + X (h)g(Y. Z) = g(VxY, Z) + 9(Y,VXZ). (3.11)
As X,Y and Z are arbitrary, from (3.11)) we have
Z9(X,Y) + Z(h)g(X,Y) = g(VzY, X) + g(Y, VX). (3.12)
Take (3.11) and substract (3.12)), then
= 9(VxY,2) = g(V2Y. X) + g(TV" (X, 2) + [X, 2].Y).
That is
= g(TV"(X, 2) + [X, Z],Y).

Therefore, we have

TV(X,2) =TV (X, Z) + San(X, 2).
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Thus TV* = Serqn if and only if TV = S, «. This ends the proof. O

One can easily prove the following:

Theorem 3.2. Let (g, M) be a Riemannian manifold, V a connection on M, n, w and w*
some 1-forms on M such that 2w® = w + w*. Set V and ¢ vector fields g-associated to w®

and n respectively, i.e., (X, V) = w¥(X) and g(X,¢) = n(X). The pair (g, %) where

V=V-w@l+nal+Ian+g(,.)(—-2V), (3.13)

is a statistical structure on M if and only if (g,w,w*, V) is a 3S-structure on M. Moreover,

the dual ofﬁ with respect to g is given by
(V) =V+wel-nel-Ton+20ow’ —g(.,.), (3.14)

where V* is the dual of V with respect to g.

Taking n = 0 in (3.13)), one obtains

V=V-wal-2/(.)V, (3.15)
(V)*=V'+wol+20Qw’. (3.16)

V is called the statistical connection with respect to w and associated to V.
For a 3S-structure (g,w,w*, V) on M, the mean vector field V is called torse-forming with
respect to w if

VxV =w(X)V,

for any X in X(M).

Example 3.2. We consider the manifold M = {(z,y) € R% x;y > 0} equipped with its
canonical metric go = dx? + dy? and we set the function h(x,y) = —%ln(a? +vy) on M. The
gradient Vh of h with respect to gg is given by

1 S o
Vh=——(i+]),
2(x +y) (47)

where (i,7) = (Ox,0y) is the canonical basis of X(M). From Theorem we see that
(M, g,w,w*, V%) is a 3S-manifold, that is (M,g,w*,w, (V9)*) is a 3S-manifold, where g =
e?hgo, w = 0, w* = 2dh, V9 is a Levi-Civita connection with respect to go and the dual

(V90)* of V90 with respect to g is given by

(VIOY* =VP 4+ w* @I (3.17)
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Moreover, we have w® = dh, that is (w®)% = V. From
(%), X) = X() = go((dh)m, X),
we get V = e 2"Vh. From , we have
(V)% V = e 2"V Vh, (3.18)

for any vector field X in M. Since (Vgo);'?: (Vgo);j'z (Vgo)ﬁ: (Vgo);j: 0, we have

t T+y J r+y

So, using , for any vector field X = X1+ XQJ m M, we have

VRVh = — (X! 4+ X?|Vh

xr+y
=2go(Vh,X)Vh
=2dh(X)Vh

= w*(X)Vh.

From , we get

(V)X V =" (X)V.

Thus, V is a torse-forming vector on the 3S-structure (M,g,w*,w, (V9)*) with respect to

w*.

Proposition 3.1. For a 3S-structure (g,w,w*, V) on M, for any 1-form n, we set p =n—w
and Q = ¢ — 2V, where V and ( are vector fields associated with w® and n with respect to g

respectively. The relationship between the curvature R of (g,w,w*, V) and the curvature R

of the statistical structure (g, V) associated to (g,w,w*, V) is given by

R(X,Y)Z = R(X,Y)Z — (dw)(X,Y)Z + (d)(X,Y)Z
+9(Y,Z2)VxQ - g(X, Z)VyQ + {g(Y, Z)p(X) — (X, Z)p(Y)}Q
+{X0(Z) = n(X)n(Z) + w(X)n(Z) = n(VxZ) —n(Q)g(X, Z)}Y

—{Yn(Z) =YV )n(Z) + w(Y)n(Z) = n(VyZ) —n(Q)g(Y, Z)} X,

for all X,Y,Z € X(M).



INT. J. MAPS MATH. (2025) 8(2):589-621 / SEMI-SYMMETRIC STATISTICAL MANIFOLDS 597

Proposition 3.2. Let (g,w,w*, V) be a 3S-structure on M. We assume that the sectional
curvatures of V and v defined as are well-defined. Then, these sectional curvatures

are the same if and only if the mean vector field V' is torse-forming with respect to w.

Proof. Let X,Y be two linear independent vector fields on M. Let R and R the curvature

of V and V respectively. From proposition taking n = 0 we get

R(X,Y)Z = R(X,Y)Z — (dw)(X,Y)Z

+29(Y, Z2){w(X)V = VxV} —2¢(X, Z){w(Y)V — VyV}.

Also we have

R(X,Y,Y,X)=R(X,Y,Y,X) + 29(X,w(X)V — VxV), (3.20)

where R(X,Y,Y,X) = g(R(X,Y)Y,X) and R(X,Y,Y,X) = g(R(X,Y)Y,X). Moreover,
from (3.20), R(X,Y,Y,X) = R(X,Y,Y, X) if and only if the vector field V is torse-forming

with respect w. O

We define the tensor S by

S=V -V (3.21)
Lemma 3.1. Let V be an affine connection on M. Then, we have

g(X,S(K Z)) - g(Y7 S(X7 Z)) - g(Tv*(‘X?Y)vZ)v (3'22)

S(X,Y) - S(Y,X)=TY(X,Y), (3.23)
for all vectors fields X,Y,Z on M.
Proof. Let X,Y, Z be three vectors fields on M. From the duality condition of VY
X9(Y,2) = g(V&Y, Z) + g(Y, V4 Z),
and eq. , we get
9(VxY,Z) = g(ViY, Z) - (Y, 5(X, Z)). (3.24)
Therefore, from we obtain

g(X,S(K Z)) - g(Y, S(X’ Z)) = g(Tv*(X,Y),Z).
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Moreover,

S(X,Y) = S(Y,X) =VxY — V%Y — Vy X + VX

=TV(X,Y).
O

Proposition 3.3. Let V be an affine connection on M. Then, (g,w,w*, V) is 3S-structure

on M if and only if

9(X,8(Y, 2)) = g(Y,5(X, Z)) = g(5u- (X, Y), Z). (3.26)
Proof. This follows easily from lemma (3.1 O

If (9,w,w*, V) is 3S-structure on M, from Proposition we give the Levi-Civita connec-

S

tion VY in terms of g, mean 1-form w”, mean vector field V, V and V*. For this purpose,

we set

K9 (X,Y) =w? (V)X - g(X,Y)V,

Proposition 3.4. If (g,w,w*, V) is a 3S-structure on M, then the Levi-Civita connection
VY is given by:

VLY = - (VxY + V5Y) + K% (X,Y), (3.27)

| =

for all vector fields X,Y on M.

Proof. Let X,Y, Z be vector fields on M, & and £ be vector fields g-associated to w and w*

respectively. From the duality condition of V and V9 with respect to g we obtain

9(Z,8(X,Y)) = g(Y,V%Z - V% Z). (3.28)

From (3.25)) and (3.28) we get

9(Z,S(Y, X)) = (Y, V% Z ~ V5 Z) + g(¥, ~w(X)Z + g(X, 2)¢). (3.29)

As (3.26]) is equivalent to

9(Z,5(Y, X)) = g(¥,5(%, X)) + g(Y,w (2)X — g(Z, X)¢"), (3.30)
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then from (3.29)) and (3.30) we have
=g(Y,\V4Z = VxZ - w(X)Z +9(X, Z)¢),
that is
S(Z,X)=V%Z -VXxZ —w(X)Z - w"(Z2)X + g(X, Z)( + £). (3.31)
According to (3.25) and (3.31]) we have
S(X,Z)+ 8,(2,X) =V%Z -~ VX Z —w(X)Z — " (2)X + 9(X, Z) (€ + ),
that is
S(X,2)=V%Z -VXxZ - (w+w)(2)X +9(X,Z)(§+ ). (3.32)
Using (3.21)) and (3.32)), we get
V4 Z =VxZ +ViZ + (w+w*)(2)X — g(X, Z) (€ +£).

g

Corollary 3.1. Let (g,w,w*,V) be a 3S-structure on M. Then, the dual connection V* of
V is given by
* ]_ *
S=VI—-V*—-2K“ zi(V—V*)—K“”w . (3.33)

For a given totally symmetric (0, 3)-tensor field, we can define mutually dual semi-

symmetric affine connections.

Proposition 3.5. Assume that (g, M) is a Riemannian manifold, C is a totally symmetric
(0, 3)-tensor field on M, w and w* two 1-forms on M such that 2w° = w + w* and V the

vector field g-associated to w®. We define the mapping V and V* by
oV, Z) = g(VLY. Z) - %C’(X, Y. 2) 4 g(Z,w(X)Y + 29(X,Y)V), (3.34)
o(V5Y. Z) = g(V%Y, Z) + %C’(X, Y. Z) — g(Z,w(X)Y + 25 (V) X). (3.35)
Then V and V* are mutually dual connections. Moreover (g,w,w*, V) is 3S-structure on M.

Proposition 3.6. Let V and V* be mutually dual connections on M with respect to g. Let
C be a (0, 3)-tensor field on M, 2w® = w +w* where w,w* are two 1-forms on M and V the
vector field g-associated with wS. We suppose that ¥V and C verify and (g,w,w*, V)

is 3S-structure on M. Then C' is totally symmetric.
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Proof. We set S =V — V9 and S =V — V9 such that V and V verify 1) Let X|Y, 7 €
X(M). Since V and C verify (3.34)), so we get

C(X,Y,Z) = —29(S(X,Y) —w(X)Y — 2¢(X,Y), Z). (3.36)

From (3.36)), we have

C(X,Y,Z) = —29(5(X,Y), Z).

(9,V) is statistical structure implies that C(X,Y,Z) = (Vxg)(Y,Z), thus, C is totally

symmetric. O

3.1. Some results on the alpha-connections of a 3S-structure. For o € R, we define

a family of connections V(® by,

1 1-
= ;O‘VJF zo‘v*. (3.37)

v(@)
V(@) is called an a-connection of dualistic structure (V, V*). The dual of V(® with respect
to g is given by V(=)
If (g,w,w*, V) is a 3S-structure on M, we set
1+« l—a l-«a 1+«

5 w+ 5w and w) =w_, = 5 w+ 5w (3.38)

Wa
In particular,
wo=wd,w; =w and w_; =w™. (3.39)
We define the tensors K by

K=V*-V. (3.40)

Proposition 3.7. If (g,w,w*, V) is a 3S-structure on M, then (g,wa,wg,v(o‘)) is a 35-

structure.

Proof. Using (13.37)) and (3.38]) we get

(a) (—a)
v =S, and v = Swx -

When (g,w,w*, V) is a 3S-structure on M we have the following equality,

\OR v %K . (3.41)
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In particular

V=VI-— %K — K9 (3.42)
V=V + %K — K9, (3.43)

From we get
K(X,Y) - K(Y,X)=58,(X,Y) - 5,(X,Y). (3.44)

It was shown in [3] that for a pair of conjugate connections, their curvature tensors satisfy
g(R(X,Y)Z,T)+g(Z, R*(X,Y)T) =0, (3.45)
and more generally
g(RN(X,Y)Z,T) + g(Z, R=*(X,Y)T) =0 (3.46)

where R(-® = R*(@),
Denote K(X,Y,Z) = (Vxg)(Y, Z), where

(Vxg)(Y,Z) = Xg(Y, Z) — g(VxY, Z) — g(Y,Vx Z).

The 3-tensor K(.,.,.) is called the cubic form and satisfies K(.,Y,Z) = K(.,Z,Y) by its
definition.

Recall the difference tensor K (X,Y') introduced in , which can be verified to be related
to K(X,Y, Z) via

J(K(X,Y),Z) = K(X,Y,Z). (3.47)

Proposition 3.8. Let (g,w,w*, V) be a 3S-structure on M, the curvature tensor R(®) for

the a-connection V@) satisfies

1 1
RO)N(X,Y)Z = ;O‘R(X,Y)Z+ .

2

YR(X,Y)Z

11—«
+

<K(Y,K(X, 7)) - K(X,K(Y, Z))). (3.48)

Proof. We assume that (g, w,w*, V) is a 3S-structure on M. By definition of the a-connection

and of curvature tensor
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1+« 11—«

RN(X,Y)Z = ( >2R(X,Y)Z + < >2R*(X,Y)Z

1— 2
+ < 40‘ ) (vxv;z F VA Vy Z — Vy Vi Z

- VyVxZ — V[X,Y]Z — VFXY] > (3.49)

From (3.42)) and (3.43) we have

1 *
VXV Z = VEV§Z = SK(X,V4.2) = K (X, V4 2)
1 1 1 .

* 1 * * *
— VK9 (}/,Z)+§K(X,K“”“ Y, 2))+ K“* (X,K“* (Y, Z)),

1 .
VYV Z = ViV Z 4+ SK(Y,V42) + K< (Y, V4 2)
~ SVLK(X,2) + (K (Y, K(X,2)) + JK“ (Y, (X, 2))

* 1 * * *
+ ViK% (X,Z) — §K(Y,K“”w (X,2)) — K“* (Y,K“* (X, %)),

1 .
ViVyZ =V%ViZ + S KX, VY.2Z) — K“Y (X,V4.2)
SRR, Z) ~ JR(XK(Y, 2)) + S K (X, K(Y, 2)

* 1 * * *
= VRE9 (Y, Z) = S K (X, K99 (Y, 2)) + K9 (X, K92 (Y, 2)),

1 .
~ViVxZ=-V{V%Z - 5K(Y, V% Z) + K (Y, V% Z)
+ %V%K(X, 7Z) + iK(Y, K(X,Z7)) - %KW"”*(Y, K(X,Z2))

* 1 * * *
+ V{ K““ (X, Z)+§K(Y,Kw’w (X,2)) — K““ (Y,K““ (X,2))

and

~Vixy)Z = Vixy)Z = 2K (X, Y], Z) = 2V{y , 2.
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Therefore, the last parentheses in (3.49)) become
1
2R Y)Z + 5 (KLK(X,2) - KX K(Y.2)

+2 (KW* (X, K“¥ (Y, Z)) — K (Y, K“*" (X, Z)) | — 2K““" (X,V$Z)

N———

+ 2K (Y, V% Z) — 2V K“ (Y, Z) + 2V K“*" (X, Z) + 2K“*"([X, Y], Z),

where RY is the Riemann curvature tensor, i.e, the curvature of the Levi-Civita connection

VY. This last expression can simplify to
2RI(X,Y)Z + ;(K(Y,K(X, 7)) - K(X,K(Y, Z)))
2 <KW* (X, K““(Y,Z)) — K““ (Y, K (X, Z))>
2((VLR=)(X,2) - (VE*) (1. 2)).
Therefore, becomes

R(X,Y)Z <1+a)2R (1;a>2R*(X,Y)Z

1—a

2

RI(X i(K(Y’ K(X,Z)) - K(X,K(Y, Z)))

1—a

(s
i <K“’ WX, KYYN(Y, Z)) — K99 (Y, K9 (X, Z)))

1 —a?

5 ((vg KX, Z) — (VS K““)(Y, Z)). (3.50)

Taking a = 0 and using we get
ROX,Y)Z = %R(X, Y)Z + iR*(X, Y)Z + ;(K(Y, K(X,Z)) - K(X,K(Y, Z))>
+ 1R9(X Y)Z+3 (KW (X, K““ (Y, Z)) — K“¥ (Y, K“*" (X, Z)))
- % <(V§,K“”“’*)(X, Z) — (V5K )Y, Z)) . (3.51)

Taking o = 0 and using (3.41)) we get

RONX,Y)Z = RY(X,Y)Z + K“* (X, K“* (Y, Z)) — K" (Y, K“* (X, Z))
+ K9 (Y, V% Z) — K" (X,VZ) + VLK (X, Z)

~ V4K (Y, Z) + K“* ([X,Y], Z),
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that is
RO(X,Y)Z = RY(X,Y)Z + K (X, K(Y, Z)) — K (Y, K (X, Z))

+ (VY EY)(X, Z) = (VRE“)(Y, Z). (3.52)

Using (3.51) and (3.52)) we obtain

RI(X,Y)Z = SR(X,Y)Z + %R*(X, Y)Z + %(K(Y, K(X,7)) - K(X,K(Y,Z2)))

n ijw* (Y, Kw"“’* (X, Z)) _ KUJ,UJ* (X, Kw,w* (}/'7 Z))

+ (VK" ) (Y, Z) — (VL K“*")(X, Z). (3.53)
Using (3.53)) in (3.50)) leads to :
RO(X,Y)Z = * ;O‘R(X, Y)Z+ 2 3 YRYX,Y)Z
1—a?
+ 7 (K K(X,2)) - K(X,K(Y, Z)) ).
O
From (3:48)
(3.54)

RYX,Y)Z - REY(X,Y)Z = a(R(X,Y)Z — R*(X,Y)Z).

Remark 3.2. Surprisinely, the transformation R — R(®) from is the same form for
3S-structure and statistical structure [21].

Remark 3.3. In the theory of Semi-Symmetric statistical manifold, from , we get
RO £ Ry,

3.2. Statistical curvature of semi-Symmetric statistical manifolds. In this section,

we firstly give symmetry properties of curvatures R, R* and give these properties for the

statistical curvature R® of semi-symmetric statistical manifolds.
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Lemma 3.2. For a 3S-structure (g, w,w*, V) on M, the following formulas hold for X, Y, Z,T €

R(X,Y)Z = —R(Y,X)Z, (3.55)
g(R(X,Y)Z,T) + g(R(Y, X)Z,T) = 0, (3.56)
R(X,Y)Z + R(Y,Z)X + R(Z, X)Y = (dw(X,Y))Z

+ (dw(Y, Z)X + (dw(Z, X))Y, (3.57)
9(R(X,Y)Z,T) + g(R(X,Y)T, Z) = 2g<(vg(5)(y, T) — (V4.9)(X,T), Z>

+2g ((V?XKW)(Y, T) - (VS E““)(X,T), Z) +4g (K‘“’W* (Y, K% (X,T))

~ KO (X, K9V (Y, T)), Z) +2g (K‘”v“*(Y, S(X,T)) - K (X, S(Y. 1)), Z)

+2¢ <S(Y, K (X,T)) — S(X, K““ (Y,T)), Z), (3.58)
and

R*(X,Y)Z = —R*(Y, X)Z, (3.59)

g(R*(X,Y)Z,T) + g(R*(Y,X)Z,T) = 0, (3.60)

R*(X,Y)Z + R*(Y,Z)X + R*(Z,X)Y = (dw*(X,Y))Z

+ (dw* (Y, 2)) X + (dw*(Z, X))Y, (3.61)
g(R*(X,Y)Z,T) + g(R*(X,Y)T, Z) = zg<(v§,5)(x, T) — (V%S)(Y,T),Z

+2g ((V%K“’“*)(X, T) — (VK< )Y, T), Z> +4g (KW (X, K“*"(Y,T))

— K@Y, K (X,T)), Z) +2g (K“"”* (X,S(Y,T)) — K““(Y,S(X,T)), Z)

+ 2¢ <S(X, K““(Y,T)) — S(Y, K“*" (X, T)), Z) . (3.62)

Proof. For the proof of (3.55)), (3.56)), (3.57), (3.59), (3.60) and (3.61)) refer to [12]. We now,
prove (3.58) and (3.62)) which depend on the tensor K",

Using (3.33)) we get

Vi VeT =VxVyT —2VxS(Y,T) — 2Vx K““ (Y, T) — 25(X, VyT)
+48(X,8(Y,T)) +4S(X, K« (Y,T)) — 2K“*" (X, VyT)

+ 4K (X, S(Y,T)) + 4K+ (X, K" (Y, T)).
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Using (3.21)), the last equation becomes
Vi V3T = VxVyT — 2V S(Y,T) — 2V K““ (Y, T) — 2S(X, V4T)
— 2K“¥N(X, VIT) 4+ 28(X, K% (Y, T)) + 2K“*" (X, S(Y,T))
+ 4K (X, K9 (Y, T)). (3.63)
Moreover,
~VyVAT = —VyVxT +2VLS(X,T) + 2VL K (X, T) + 2S(Y, V5 T)
+ 2K (Y, V5 T) — 2S(Y, K" (X, T)) — 2K“*" (Y, S(X, T))
— 4K (Y, K(X,T)). (3.64)
Since [X,Y] = V%Y — VI X, we get
—VixyiT = -VixyT +25(V4Y,T) = 2S(Y, V&T)

+ 2K (VSY, T) — 2K (Y, V%T). (3.65)

Summing up (3.63)), (3.64) and (3.65)), we obtain

R*(X,Y)T = R(X,Y)T — 2(V%S)(Y,T) + 2(VL.9) (X, T) — 2(V4 K< )(Y,T)
+ (VS EY)(X,T) — 4K (Y, K99 (X, T) + 4K (X, K9 (Y, T))
—2K““(Y,S(X,T)) 4+ 2K““" (X, S(Y,T)) — 25(Y, K“*" (X, T))

+28(X, KU (Y, T)). (3.66)

Using (3.45) and (3.66)) we get (3.58)). Similarly, the proof can be done for Eq. (3.62). O

For a 3S-structure (g,w,w*, V) on M, we denote the curvature tensor of V by RV or R

for short, and RV by R* in the similar fashion. We define
1
RY(X,Y)Z = §{R(X’ Y)Z+ R (X,Y)Z}, (3.67)

for all X,Y,Z € X(M), and call RS the semi-symmetric statistical curvature tensor field of

(g,w,w*, V). We define the (0, 4) tensor R, R and R® by
R(X,Y,Z,T) = g(R(X,Y)Z,T), R(X,Y,Z,T)=g(R"(X,Y)Z,T),
— 1 — —x
RY(X,Y,Z2,T) = ARKX,Y,2.1) + R (XY, Z,T)}.

From Lemma [3.2] we can state the following.
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Proposition 3.9. Let (g,w,w*, V) be a 3S-structure on M. Then, we get

R%(X,Y)Z = RY(X,Y)Z + S(X,S(Y,2)) - S(Y,S(X, Z))
+ S(X,K““ (Y, 2)) — S(Y,K““" (X, Z))
+ K99 (X, S(Y, Z)) - K9 (Y, 9(X, 2))
— (VXK (Y, Z) + (V§ K“7)(X, 2)
+ 2{KY (X, K99 (Y, Z)) — K97 (Y, (X, Z))}.
Proof. Using in R(X,Y)Z =VxVyZ —VyVxZ — Vixy]Z, we get
R(X,Y)Z =RI(X,Y)Z + (V%S)(Y.Z) — (V1.5 (X, Z)
+S(X,8(Y,2)) - S(Y,5(X, Z)). (3.68)
Similarly, using RYX,Y)Z =V5VyZ -V N Z — VE‘X’Y]Z, we get
R (X,Y)Z =RY(X,Y)Z — (V%S)(Y.Z) + (VLS (X, Z)
+S(X,8(Y,2)) - S(Y,5(X, Z))
+2{K“ (X, (Y, Z)) — K (Y, 5(X, Z))}
+2{(V§ K“) (X, Z) = (VS K“)(Y, Z)}
+ 4{ K (X, K (Y, Z)) — K (Y, K““ (X, Z))}. (3.69)
And finally, using and in (3.67), we reach that
R%(X,Y)Z = RY(X,Y)Z + S(X,S(Y,Z2)) — S(Y,S(X, Z))
+ S(X,K““ (Y, 2)) — S(Y,K““" (X, Z))
+ K% (X,S(Y, Z)) — K (Y,S8(X, Z))
— (VEE““)(Y, Z) + (V§ K“7)(X, 2)
+ 2{ K<Y (X, K (Y, Z)) = K< (Y, K% (X, 7)) }.

g

Remark 3.4. If a 3S-structure (g,w,w*, V) is a statistical structure, that is, w = w* = 0,

then, the semi-symmetric statistical curvature tensor field RS is given by

RY(X,Y)Z = RY(X,Y)Z + S(X,S(Y,2)) — S(Y,5(X, %)),
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and coincides with the statistical curvature tensor. Thus, the semi-symmetric statistical

curvature tensor field R is a generalization of the statistical curvature tensor field.

The following series of lemmas and theorem give the symmetrical properties of R for a

3S-structure (g, w,w*, V).

Lemma 3.3. Let (g,w,w*, V) be a 3S-structure on M. Then, the semi-symmetric statistical

curvature field RS satisfies the following property.

R%(X,Y)Z + R%(Y,2)X + R°(Z,X)Y

= (dw®(X,Y)Z + (dw® (Y, Z)) X + (dw®(Z,X))Y. (3.70)
Proof. 1t follows from Lemma [3.2] O

Hence, from Lemma [3.3] we can state the following lemma :

Lemma 3.4. Let (g,w,w*, V) be a 3S-structure on M. Then, we have
R(Z,X,Y,T)+ R (T,Y,Z,X) + R (X, Z,T,Y)
YR, T, X, Z) = 29(Z,T)(dw’)(X,Y) + 29(X, T)(dw’) (Y, Z)
+29(X,Y)(dw®)(Z,T) + 29(Y, Z)(dw®)(T, X).

Proof. Using the Bianchi identity of R and R* given by the lemma [3.2] we get

gR(X,Y)Z,T)+ g(RY,Z2)X,T)+ g(R(Z, X)Y,T)

= g((dw)(X,Y)Z + (dw)(Y, Z) X + (dw)(Z, XY, T),

g(R* (X, YT, Z) + g(R*(Y, T) X, Z) + g(R*(T, X)Y, Z)

= g((dw") (X, V)T + (dw*)(Y, T) X + (dw™)(T, X)Y, Z),

9(R(X,2)T,Y) + g(R(Z, T)X,Y) + g(R(T,X)Z,Y)
= 9((dw)(X, 2)T + (dw)(Z, T) X + (dw)(T, X)Z,Y),

and
g(R*(Y, 2)T, X) + g(R*(Z,T)Y, X) + g(R*(T,Y) Z, X)

= g((dw*)(Y, 2)T + (dw*)(Z,T)Y + (dw*)(T,Y)Z,X).
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Using and summing up these equations, we get
R(Z,X,Y,T)+ R (.Y, Z,X)+ R(X,Z,T,Y)
+R(Y,T,X,Z) = 29(Z,T)(dw’)(X,Y) + 2¢(X, T)(dw®) (Y, Z)
+ 29(X, Y)(dw®)(Z,T) + 29(Y, Z)(dw®)(T, X). (3.71)
Moreover, using similar reasoning as above, we have the following dual version of
R(Z,X,Y,T)+R(T,Y,Z,X)+ R (X,Z,T,Y)
+R(Y,T,X,Z) =29(Z,T)(dw)(X,Y) + 29(X, T)(dw®)(Y, Z)

+29(X, Y)(dw®)(Z,T) + 29(Y, Z)(dw®)(T, X). (3.72)

Summing up (3.71]) and (3.72)) we get

OR(Z,X,Y,T)+ 2R (1Y, Z,X) + 2R (X, Z,T,Y)
+OR (Y, T, X, Z) = 49(Z, T)(dwS)(X,Y) + 4g(X, T)(dw")(Y, Z)
+4g(X, Y (dw®)(Z,T) + 49(Y, Z)(dw®)(T, X).

We deduce the result.

O
Proposition 3.10. Let (g,w,w*, V) be a 3S-structure on M. Then, we have
R(X,Z2,T,Y) - R (T,Y, X, Z) = g(Z,T)(dw®)(X,Y)
+ (X, T)(dw) (Y, Z) + g(X,Y)(dw ) (Z,T) + g(Y, Z)(dw®)(T, X). (3.73)
Proof. Using (3.55), (3.59) and (3.77) we have
RN(Z,X,Y,T)+ R (X,2,T.Y)= -R (X, Z,Y,T) + R (X, Z,T,Y)
—R(X,Z,T,Y)+ R (X,2,T,Y)
= 9R°(X,Z,T,Y).
Therefore,
R(Z,X,V,T)+ R (X,Z2,T,Y) = 2R (X, Z,T,Y), (3.74)
RUT,Y, Z,X)+ R (Y,T,X,Z) = —2R°(T,Y, X, 7). (3.75)

Using the lemma (3.74) and (3.75)) we have the result. O
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Proposition 3.11. For a 3S-structure (g,w,w*, V) on M, we have following equations
g(R%(X,Y)Z,T) + g(R°(Y, X)Z,T) = 0, (3.76)
g(R%(X,Y)Z,T) + g(R*(X,Y)T, Z) = 0. (3.77)

Moreover, if w® is closed, we get

RY(X,Y)Z +R%(Y,2)X + R%(Z,X)Y =0, (3.78)
g(R%(X,Y)Z,T) — g(R°(Z,T)X,Y) = 0. (3.79)
Proof. Summing up Eqs. (3.58) and (3.62) we get (3.77). O

Remark 3.5. Using the preceding properties of the statistical curvature RS, we easily check

that the statistical sectional curvature given as , 1s well defined.

Proposition 3.12. Let (g,w,w*, V) be a 3S-structure on M, V its mean vector field and \Y
its associated statistical conmection with respect to w. If V is torse-forming with respect to

w, then the statistical sectional curvatures of V and V are the same if and only if
w(X)w® (X) + 40 (X)w® (X) — 2Xw¥ (X) + 20w (V% X) =0,

for any unitary vector field X .

Proof. From ([3.15)) and (3.16|) we get

R(X,Y)Z = R(X,Y)Z — (dw)(X,Y)Z
+29(Y, Z2){w(X)V = VxV} = 29(X, Z){w(Y)V = Vy V},
and
(R)*(X,Y)Z = R*(X,Y)Z + (dw)(X,Y)Z + {~w(X)w¥(Z) — 4% (X)w*(Z) + 2Xw¥(2)
— 2 (VA Z)Y + {w(Y)w¥(Z) + 45 (Y)w*(Z) — 2Y W (Z) + 2w (V3 Z2)} X.
After summing up these equations we get
2R%(X,Y)Z = 2R%(X,Y)Z + 29(Y, Z){w(X)V — VxV} — 2¢(X, Z){w(Y)V — VyV}

- { —w(X)w®(Z) — 4w (X)w®(Z) 4+ 2Xw® (Z) — 2w (V§Z)}Y

+ {w(Y)wS (Z) + 4 (V) (Z) — 2Yw¥(Z) + 205 (v;Z)}X. (3.80)
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From , since the mean vector field V is torse-forming with respect to w then we have

2R%(X,Y)Z =2R%(X,Y)Z + { —w(X)w®(Z) — 4w (X)w®(Z) + 2Xw®(Z) — 2w° (v§<Z)}Y
+ {W(Y)ws (Z) + 40° (V¥ (Z) — 2Y W (Z) + 2w° (v;Z)}X. (3.81)

Taking {X,Y} an orthonormal basis on M. Then becomes

29(R%(X,Y)Y, X) = 29(R%(X, Y)Y, X)4w(Y )w® (Y)+4w® (V) (V) =2Y 0¥ (V) +2w% (Vi Y).

This ends the proof. O

A multilinear function F : Tp(M)* — R is curvature-like provided F has the symmetries
stated in Proposition Thus, F(X,Y,Y,X) = 0 for all X,Y € T,(M) spanning a

nondegenerate plane implies F' vanishes on M [19].

Theorem 3.3. A 3S-structure (g,w,w*, V) on M is of constant semi-symmetric statistical

sectional curvature k € R if and only if
1
R (X, Y)Z = k{g(Y, 2)X = g(X, 2)Y} + S{dw™(Y, 2)X — dw®(X, Z)Y'}
1 S f S f
for X,Y, Z e T(TM).
Proof. Let X,Y,Z and T be vector fields on M. We set
1
AUX,Y)Z =k{g(Y,Z2)X —g(X,Z)Y} + 5{dws(y, )X —duw®(X,Z)Y}

+ %{Q(Y, Z)dw® (X, )" — g(X, Z)dw® (Y, .)*}.

It is easy to see that 2 verifies (3.70)), (3.73), (3.76) and (3.77). We now set

F(X,Y,Z,T) = g(R°(X,Y)Z,T) — g(X,Y)Z,T).

Since R and Q verify (3.70)), (3.73), (3.76) and (3.77) then F is also curvature-like. That

is, F verifies the symmetries properties given by proposition Moreover, by hypothesis,
we have F(X,Y,Y,X) = 0. Thus, F vanishes on M, that is RS(X,Y)Z = Q(X,Y)Z.
Conversely, if R® verify (3.82)), it is easy to see that the semi-symmetric statistical sectional

curvature tensor field given by

K(r) = g(RS(X,Y)Y, X)

C9(X, X)g(Y,Y) — g(X,Y)?’ (3.83)

is equal to k, where 7 is the 2-dimensional plane spanned by X and Y.
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The Ricci curvature tensor with respect to V, denoted by RicV is defined by
RicV(X,Y) = tr{Z — RV (X, Z)Y}.

We denote RicV by Ric, RicY" by Ric* and RicY’ by Ric? respectively, for short. For a
3S-structure (g,w,w*, V), we can also define the Ricci curvature tensor relative to the semi-

symmetric statistical curvature tensor field R® as follows.

Definition 3.2. Let (g,w,w*, V) be a 3S-structure on M and RS the semi-symmetric sta-

tistical curvature tensor field of V.

1. The 3S-Ricci curvature tensor, denoted by Ric®, is defined as
Ric®(X,Y) = try{Z — R3(X, Z)Y}.

2. The 3S-Ricci curvature tensor field Ric® of (M, g,w,w*, V) is said to be 3S-Einstein
manifold if there exists A € R such that

Ric® = Ag.
3. The 3S-scalar curvature, denoted by p°, is defined as
n
p¥ = tryRic® = Z Ric® (e, €;),
i=1
where {e1, ez, ...,en} is an orthonormal basis of Ty M with respect to g, for x € M.

Remark 3.6. For a 3S-structure (g,w,w*,V) on M, it is easy to see that p° = p = p*,

where

p = trgRic, p* = trgRic".
From proposition [3.10] we obtain the following corollary.

Corollary 3.2. Let (M, g) be a Riemannian manifold of dimension n, let (g,w,w*, V) be a

3S-structure on M. Then, the Ricci tensor Ric® of (g,w,w*, V) verifies

Ric®(X,Y) — Ric® (Y, X) = (2 — n)(dw®)(X,Y).
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Proof. Let {e1,eq,...,e,} be an orthonormal basis of the tangent space at any point p of the
3S-structure manifold. Taking Z =Y = ¢; in (3.73)), summing over i, 1 <i < n, we get
n

RiCS(X7 T) - RICS(T7X) = Z <RS(X7 €i7T7 ei) _RS(Tv €i7X7 ez))
i=1

-y (g<ei,T><de><X, &) + 9(X.T)(d) (cs, 1)
=1

T (X e0) (%) (06, T) + g(ei, ) (dw) (T, X))

=3 (@) (Xafer, Ten) + (@) (g (X )en T)
=1

+g<ei,ei><dw5><T,X>)
= (dw™)(X,T) + (dw®)(9(X,T) + n(dw®)(T, X)

= (2 — n)(dw®)(X,T).

From Corollary we obtain the following Corollaries :

Corollary 3.3. Let (M, g) be a Riemannian manifold of dimension 2. The semi-symmetric

statistical Ricci tensor of a 3S-structure on M is always symmetric.

Corollary 3.4. Let (M, g) be a Riemannian manifold of dimensionn > 3, let (g,w,w*, V) be
a 3S-structure on M. Then, the semi-symmetric statistical Ricci tensor Ric® of (g,w,w*, V)
is symmetric if and only if w° is closed. Thus, for a statistical manifold (M, g, V), the

statistical Ricci tensor Ric® is always symmetric.

Proposition 3.13. Let (M, g) be a Riemannian manifold of dimension n, let (g,w,w*, V)
be a 3S-structure on M such that the 3S-sectional curvature of R® is constant k € R. Then,

we have
. S n S
Ric’(X,)Y)=k(l —n)g(X,Y)+ (1 — §)dw (X,Y),

for all XY € X(M).
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Proof. Let X,Y € X(M), we have

Ric%(X,Y) =) g(R(X, €)Y, €;)
=1

M:

1
= > a(Bole V)X — g0 V)er) + (V)X - (X, Ve
=1

+ 3ol YIS, = (XY )

—kZ{gez, 9(Xe0) — g(X, V)gles, i)} + 5 D (e V)g(X, )

1=1
f,zdw (X, Y)g(ei, e:) Zg ¢i, Y)dw® (X, ;).

That is:

Ric®(X,Y) =k Y {9(X,g(e;,Y)e;) — g(X,Y)} + 5 Zdw 9(X,e)ei,Y)
i=1

dw Zdw Xg€z, )z)

1
= kg(X,Y) — nkg(X,Y) + §dw5 (X,Y) - %dws (X,Y) + Sdw’(X,Y)

= k(1 —n)g(X,Y)+ (1 g)de(X,Y).
O

Corollary 3.5. Let (M, g,w,w*, V) be a 3S-manifold such that its 3S-sectional curvature is

constant. Then, M is 3S-FEinstein if w° is closed.

Definition 3.3. Let (M, g,w,w*, V) be a 3S-manifold and Ric® its 3S-Ricci tensor. The

symmetrized Ric® of Ric® is given by

~ 1

Ric*(X,Y) = §{Rics (X,Y) + Ric®(Y, X)},
for all vector fields X,Y on M.

Definition 3.4. Let (g,w,w*, V) be a 3S-structure on M, Ric® the 3S-Ricci curvature tensor
field. (M, g,w,w*, V) is said to be symmetrically Finstein manifold if the symmetrized Ric®
of Ric® is of the form

Ric® = g,

S
where \ = % 1s a constant.
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Corollary 3.6. If a 3S-manifold (M, g,w,w*,V) of dimension n is of constant 3S-sectional

curvature, then (M, g,w,w*, V) is symmetrically Einstein manifold.
Proof. Let X,Y € X(M), from the proposition we get
Ric*(X,Y) = k(1 —n)g(X,Y).

We also said that (M, g,w,w*, V) is symmetrically Einstein manifold. O

4. SEMI-SYMMETRIC STATISTICAL SUBMANIFOLDS

Let (M,g) be a Riemannian manifold, (M,g,w,w*, V) be a 3S-manifold, M be a subman-

ifold of M, ¢ the induced metric g and two 1-forms w,w* such that

for all vector field X on M.
Let TM~+ be the normal bundle of M in M with respect to g. We define the second
fundamental form of M for V and V' by

hX,Y) = (VxY)t, (4.84)
W(X,Y) = (VyY)* (4.85)

respectively, where ()J- denotes the orthogonal projection on the normal bundle TM*.

Let consider the connections V and V* given by

VxY = (VxY)T, (4.86)

viY = (VyY)'. (4.87)

It is well known in the literature that V and V* are dual connections with respect to g and

h, h* are bilinear and symmetric.

Proposition 4.1. When (M, g,w,w*, V) is a 35-manifold, the induced structure (M, g,w,w*, V)

on a submanifold M is a 3S-manifold.

Proof. Let X,Y € X(M). From (4.84) and (4.86) we have

VxY =VxY + h(X,Y). (4.88)
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Since V has semi-symmetric connection, we can write
O(X)Y —w(Y)X =VyxY - VyX — [X,Y]
=VxY+h(X,)Y)-VyX +h(Y,X)—[X,Y]
=TV (X,Y)+h(X,Y) - h(Y, X). (4.89)
Grouping the normal and tangential components of , we have
TV(X,Y) =w(X)Y —w(Y)X. (4.90)

This equation show that V has semi-symmetric. The proof for V* follows immediately by

substituting V* for V in the preceding argument, and we obtain

TV (X,Y) =w*(X)Y —w*(Y)X. (4.91)

From (4.90) and (4.91), (M, g,w,w*, V) is a 3S-manifold.

5. SEMI-SYMMETRIC DUALISTIC STRUCTURES ON WARPED PRODUCT SPACES

In this section, we give a method to construct 3S-structures on warped product manifolds,
starting from 3S-strutures on the fiber and base manifolds.

Let (M;g) and (N;h) be two Riemannian manifolds of dimension m and n respectively
and f € C*°(M) a positive function on M. The warped product of (M;g) and (N;h), with
warping function f, is the (m + n)-dimensional manifold M x N endowed with the metric
G given by:

Gr=7"g+(fom)’c"h,
where 7* and ¢* are the pull-backs of the projections m and ¢ of M x N on M and N
respectively.
This warped product is sometime denoted by M x ¢ N, but for simplicity we keep M x N in

the sequel.

The tangent space T(,.)(M x N) at a point (p;q) € M x N is isomorph to the direct sum
T,M & TyN. Let Lg(M) (resp. Ly(N)) denote the set of the horizontal lifts (resp. the
vertical lifts) to T'(M x N) of all the tangent vectors on M. (resp. on N). Hence from [20],
we have the following:

D(T(M x N)) ~ L (M) & Ly (N),
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and thus a vector field A on M x N can be written as
A=X+U; with X € Lyg(M) and U € Ly (N).

For any vector field X € Ly (M) we denote m.(X) by X, and for any vector field U € Ly (N)
we denote o,(U) by U. Furthermore we denote the horizontal lift on M x N of a vector field
X € T(TM) by (X)#, and the vertical lift on M x N of a vector field U € T'(TN) by (U)V.
Obviously
m(Lg(M)) =T(TM) and o.(Ly(N)) =T(TN).
Let (Gf;]_~);]_~?*) be a dualistic structure on M x N. For X;Y,Z € Ly(M) and U;V,W €

Ly (N) we define the following four connections [20] :
MUY = m.(DxY) and MVLY =, (DXY),
and
N%ﬁf/ = 0,(DyV) and N%’ﬁf/ = 0, (DV).
We also recall that[19] :
XG(Y,Z)om = XGy(Y,Z) and UG;(V,W)oo = UGV, W).

Hence we have the following result from [20]:

Proposition 5.1. The triplet (g;™ %;M %’) 1s a dualistic structure on M and the triplet

(N VN V) is a dualistic structure on N; that is

Mg =M ﬁ*w.r.t.g and V' =N V*w.r.t.h.

Conversely, in [20], it has been given a method to construct statistical structure on the
warped product, starting from statistical structures on the fiber and the base manifolds as
it follows:

Let (g, VM 6*) and (h,N v, %*) be dualistic structures on M and N respectively. For
all X,Y € Ly(M) and U, W € Ly(N) we set:

i) DxY = (MVxY)H
ii) DxU = DyX = 0y
i) DyV = —%grad(f) + (N%ﬁ{})v
and
a) DyY = (MViLy)H
b) DxU = Dy X = Xy
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c) E*UW = —%gmd(f) + (N@]W)V,
where we simplify the notation by writing f for f o 7 and grad(f) for grad(f o), and we

denote by <,> the inner product w.r.t. Gy. Obviously D and D* define affine connections

on T(M x N) and the following proposition holds:
Proposition 5.2. The triplet (G, D, D*) is a dualistic structure on M x N.

We call (G, D, D*) the dualistic structure on M x N induced from (g, V.M V*) on M
and (h,N VN V*) on N.

Now, using [5, [7], and the fact that [X,U] = 0, [X,Y] = [X,Y], [U, W]V = [U, W] for
all X,Y € Lyg(M) and U, W € Ly (N), one obtains the following result.

Corollary 5.1. If (¢, V.M V*) and (h,N VN V*) are statistical structures on M and N

respectively, then (Gf,ﬁ, l~)*) 18 statistical structure on M x N.

Inspired by the reasoning from [5] [7, 20] we introduce here similar but different construction
for 3S-structures on the warped product. We first notice that a 3S-structure on M x N
projects to 3S-structures on M and N.

Let (Gf;n,m*, D) be a 3S-structure on M x N, My and NV the connections such that

MYLY = n.(DxY) and NV;W = 0, (D*yW),

forall X, Y € Ly(M) and U, W € Ly(N), where D* is the dual connection of D with respect
to Gy. Let M7% and NV* be defined by

My+Y = m.(DxY) and NVEW = 0. (DjW),
The last two connections are dual connections of ¥V and NV respectively. We set
w(X) = n(X),w"(X) = 7" (X),&(0) = n(U) and &(T) = " (U),
for all X € Ly(M) and U € Ly (N). Then the following holds:

Proposition 5.3. (M, g,w,w*, ™ V) and (N, h,o,o*,N V) are 3S-manifolds.

Proof. Direct computations give T V(X,Y) = n(X)Y — n(Y)X and
V" (X,Y) = n*(X)Y —n*(Y)X. Thus, (M, g,w,w*,M V) is a 3S-manifold. Similarly for
(N, h,0,&* N V). O
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We now give a converse of the preceding construction. Assume that (g, w,w*,™ V) and
(h,@,@*,N V) are 3S-structures on M and N respectively and let M and NV be the affine

connections on M and N respectively defined by

MYy =M VY - w(X)Y - 29(X, V)MV,
W —&(U)W — 20U, W)V,
where MV and NV are the vector field g-associated and h-associated with w® = %(w + w*)

and ° = %(C} + w*) respectively. Let n and n* be the 1-forms defined by:

n=w®w and N* =w "

namely, n(X +U) = w(X)+w(U) and n*(X +U) = w*(X) +w*(U) for all X € Ly(M) and
U € Ly(N). We set V¥ to be the vector field G y—associated with Q% = 1(n + n*).
It is easy to see from Theoremthat (M, g,M V) and (N, h,N V) are statistical manifolds.
Then, from corollary define a connection D on M x N by the following formula:
i) DxY = (MUxY)H
i) DxU = DyX = Xy
i) DyV = —%gmd(f) + (N%V/)V
and
a) DyY = (MViLy)H
b) DxU = DjX = Xy
¢) DyW = —=U¥=grad(f) + (NVE W)Y,
Then, (G, D, 15*) is a statistical structure on M x N.

From this, we deduce a 3S-structure as it follows:
Proposition 5.4. Let D be the connection defined by
D=D+n®Il+2G(., )V, (5.92)
Then, (Gy,m,n*, D) is 8S-structure on M x N.

Proof. Let TP and TP" be the torsion tensors of D and D* respectively, where D* is the

dual connection of D with respect to Gy. From we have

D*=D"—nol-2I20°% (5.93)
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Let A= X +U and B =Y + W such that X,Y € Lyg(M) and U W € Ly(N). Since
G X,W)=0=GsU,Y) and [X,W] =0, [U,Y] =0, [X,Y]H = [X,Y], U, W)V =[U,W]

[4] and D and D* are torsion-free connections on M x N, we get:

TP(A,B) =n(A)B —n(B)A, TP (A,B)=n"(A)B—n*(B)A.

Thus, (G¢,n,n*, D) is a 3S-structure on M x N. O
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ABSTRACT. In this study, we focus on (2n + 1)-dimensional K-paracontact manifolds admit-
ting n-Ricci-Bourguignon solitons and gradient n-Ricci-Bourguignon solitons. We then com-
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1. Introduction and Motivations

Geometric flows represent a powerful tool for the topological classification of manifolds,
providing profound insights into their structural intricacies through the study of metric evo-
lution over time. In this process, questions concerning the short- and long-term behavior
of metrics such as whether they smooth out or develop singularities come to the forefront.
Moreover, geometric flows have significant applications in physical theories, including general
relativity and quantum gravity, particularly in modeling the dynamics of the universe’s geo-
metric structure. In this context, self-similar solutions to the flow, known as solitons (e.g.,
Ricci solitons), play a critical role in understanding the long-term behavior of the flow and
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contribute to the identification of stable or special geometric structures. This is particularly
evident in the case of the Poincaré conjecture, a century-old problem that was resolved in
the early 2000’s by Perelman through the use of Ricci flows, [18], [19], [20]. Ricci solitons
were instrumental in resolving the Poincaré conjecture, a problem that had been debated for
more than a hundred years. Thus, given a geometric flow, it is natural to study the solitons

associated to that flow. As a result of this, in 1981, Hamilton [I1] introduced Ricci flow by

0 g() = ~2Re (1),

where Rc represents Ricci tensor of type (0,2) and g is the time dependent metric of the
space evolving under the flow.

Hamilton [12] also defined Yamabe flow as follows.

L= —rt)gl),

where 7(t) represents the scalar curvature of the metric g (¢).
In 1981, a new geometric flow, named Ricci-Bourguignon flow, was introduced and ex-
tended the Ricci flow notation by Bourguignon [3] as follows:

0
5.9 (1) = —2(Re(t) —pr () g (1)), (1.1)
where p € R.

Finstein flow [0] is given by

%g (t) = —2(Re(t) — Tét)g (t))-

Moreover, Ricci-Bourguignon flow is known as a generalization of Einstein flow. Depending
on the choice of p, the Ricci-Bourguignon flow may turn to certain geometric flows, namely,
for p = % this flow turn to be Einstein flow, for p = %(n — 1) it will turn to the Schouten
flow and for p = 0 it will turn to the famous Ricci flow.

The solutions of are called Ricci-Bourguignon solitons (RB-solitons) or p-FEinstein

solitons which are given in [9] by the following
Lwg+ 2 (Rec— prg) = 2\g, (1.2)

where X is a constant and £ denotes the Lie derivative. A and W are called soliton con-
stant and potential vector field, respectively. If X\ is a smooth function, then it is called
almost Ricci-Bourguignon soliton [9]. The Ricci-Bourguignon soliton, a prominent concept

in Riemannian geometry, arises as a solution to the Einstein field equations in the context
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of general relativity. These solitons, which have garnered considerable attention in recent
years, play a crucial role in Riemannian geometry. Interestingly, Ricci Bourguignon solitons
are critical points of the Ricci flow, and studying the flow’s behavior near a soliton provides
important insights into the global geometry of the manifold. Ricci-Bourguignon soliton is
called trivial if W is zero or a Killing vector field (i.e. Lyg = 0). If p = 0 in (L2), a
Ricci soliton (a solution of the Ricci flow) is obtained. Theoretical physicists are fascinated
by Ricci solitons because of their link to string theory and the fact that the soliton equa-
tion represents a particular instance of the Einstein field equations. A Ricci soliton extends
the concept of an Einstein metric when there is a smooth, non-zero vector field W and a
constant A. Recently, numerous researchers have examined Ricci solitons and gradient Ricci
solitons on certain types of three-dimensional almost contact metric manifolds. For instance,
the study of Ricci solitons and gradient Ricci solitons on three-dimensional normal almost
contact metric manifolds is investigated in [8]. Additionally, a comprehensive classification
of Ricci solitons on three-dimensional Kenmotsu manifolds is provided in [7] and [10].

The solutions of the Einstein flow are Einstein solitons and Einstein solitons are given by
1
Lwg + 2(Re — irg) = 2)\g.

A generalization of Einstein soliton is RB soliton (or p-Einstein soliton). Also a general-
ization of Ricci-Bourguignon flow is n-Ricci- Bourguignon flow which is given by

0
509 (1) = —2(Be(t) —pr(t) g (t) —on(t) @n (1)), (1.3)
where o and p are real numbers.

An essential aspect of studying any geometric flow is analyzing its associated solitons,
which produce self-similar solutions to the flow and frequently serve as models for singulari-
ties. Motivated by the concept of Ricci solitons, it is intriguing to explore special solutions

of the flow (|1.3)) which is known as a generalization of Ricci-Bourguignon soliton is 7-Ricci-

Bourguignon soliton (n-RB soliton) and is given by
Lwg +2(Re— prg —on®@n) = 2\g, (1.4)

where o and p are real numbers, if A\ and o are smooth functions, it is called an almost
n-Ricci-Bourguignon soliton [2]. For p = %, the soliton reduces to n-FEinstein soliton and for
p =0, it is n-Ricci-soliton.

The soliton is shrinking, steady or expanding according as A > 0, A = 0 and A < 0,

respectively.
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If the potential vector field W is the gradient of a smooth function f, denoted by V f, then

(1.4) can be written
Hessf + (Re — prg —on®n) = Ag, (1.5)

where Hessf is the Hessian of f. is called a gradient n-Ricci- Bourguignon soliton.

A significant amount of work has been contributed by various researchers to explore the
geometric properties of Ricci-Bourguignon solitons. For instance, in [5], Catino et al. inves-
tigated the Ricci-Bourguignon solitons, where they discussed important rigidity results. In
recent year, in [22] Shaikh et al. demonstrated that a compact gradient Ricci-Bourguignon
soliton with constant scalar curvature is isometric to the Euclidean sphere. A similar result
was established for a gradient Ricci-Bourguignon soliton with a vector field of bounded norm,
subject to additional conditions. [21].

Recently, it is worth to mention that in [I5] Mandal et al. studied n-Ricci-Bourguignon
solitons on K-contact and contact (x, u)-manifolds. Also, in [16], Mandal et al. investigated
n-Ricci-Bourguignon solitons on three-dimensional almost coKaehler manifolds. Blaga and
Ozgur [1] worked on submanifolds as almost 7-Ricci Bourguignon solitons.

As far as our knowledge goes, n-Ricci-Bourguignon solitons and gradient n-Ricci-Bourguignon
solitons on K-paracontact manifolds and paracontact (k # —1, u)-manifolds are not studied
by the researchers. This manuscript will fill these gaps.

This paper is structured as follows: In Section 2, we review some concepts essential for the
discussion. Section 3 focuses on (2n + 1)-dimensional K-paracontact manifolds which admit
n-Ricci-Bourguignon solitons and gradient n-Ricci-Bourguignon solitons. We proved that if a
(2n + 1)-dimensional K-paracontact manifold admits an n-Ricci-Bourguignon soliton whose
potential vector field being collinear with &, we showed that the manifold is 7-Einstein and
then the scalar curvature r = —2n (2n + 1 4 o) is constant. Also we proved that if a (2n 4 1)-
dimensional K-paracontact manifold admits a gradient n-Ricci-Bourguignon soliton, then the
scalar curvature is constant and the manifold is n-Einstein. In Section 4, we completely give
the classification of a (2n + 1)-dimensional paracontact metric (x # —1, u)-manifold that
admits a gradient n-Ricci-Bourguignon soliton.

Finally, we construct examples which verifies our results.

2. PRELIMINARIES

In this section, we review various concepts and results that will be essential for the rest of

the paper.
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A smooth manifold M?"*thas an almost paracontact structure (¢,&,n) if it possesses a
tensor field ¢ of type (1,1), a vector field £, and a 1-form 7 that satisfy the compatibility
conditions listed below.

)¢ (§) =0,n0¢ =0,

iWn (€) =1,¢* =id —n @,

ii1)the tensor field ¢ gives rise to an almost paracomplex structure on each fibre of the
horizontal distribution D = Kern [13]

A differentiable manifold M 2"*! equipped with an almost paracontact structure is referred
to as an almost paracontact manifold.

A direct implication of the definition of an almost paracontact structure is that the endo-
morphism ¢ has rank 2n.

If a manifold M 2"*! endowed with (¢,&,n)-structure possesses a pseudo-Riemannian

metric g such that

g (dC1, 9¢2) = —g (C1,G2) + 1 (C1) 0 (¢2), (2.6)

for all vector fields (1, (s € T'(M?"*1), then we say that M 2"*! has an almost paracontact
metric structure and g is called compatible metric. The differentiable manifold M 2"+ given
by the almost paracontact metric structure is called an almost paracontact metric manifold.
Any metric g that is compatible with a given almost paracontact structure must have a
signature of (n + 1,n).

Within the framework of almost paracontact manifolds, the tensor N of type (1,2) can

be introduced by
NG, G) = (9, ¢](C1, &) — 2dn(C1, G2)é
where

[0, 9)(C1, &) = 92[Cr, Go) + (€1, 9Co) — DldCa, Co] — P[Cr, PCa]

is the Nijenhuis torsion of ¢. The almost paracontact manifold is designated as normal, when
NO =0 [23].
Setting (2 = £ , we have g ((1,&) =7 (¢1). From here and (2.6) follows

g (#C1,C2) = —g (C1,#¢C2) -

for all vector fields (i, (o € I'(M?"+1). In an almost paracontact metric manifold, an orthog-

onal basis always exists. {(i1, ..., Cin, (21, ..., C2n, &}, namely ¢-basis, such that g((ii,C15) =

_g(CQ’HCQ]) = 51] and ¢Cll = CQZ': for any ,Lv.] € {1) ,7'1,}
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The fundamental 2-form is defined by

® (¢1,¢2) = g(C1,0¢2)

for all vector fields (i, (o € T'(M27+1).
If dn (C1,¢2) = g(C1,dC2) (where dn (C1,¢2) = 5(Cn(C2) — ¢an(C1) — n[C1,¢2])), then 7 is
a paracontact form and the almost paracontact metric manifold is said to be paracontact

metric manifold.

Lemma 2.1. [23]On a paracontact metric manifold M*"+!, h = %ngﬁ 18 a symmetric oper-

ator and satisfy the followings:
trh = tr¢oh=0, h& =0, h¢ 4+ oh =0,

Vol = —oG + ohl, (2.7)

Re(£,6) = —2n+trh?,

for all vector field ¢; € T(M?**1), tr is the trace operator.

It is important to note that h is equal to zero if and only if the vector field £ is Killing.
When ¢ is Killing, the paracontact metric manifold is referred to as a K -paracontact manifold.
A normal almost paracontact metric manifold is said to be para-Sasakian manifold if & = dn.
Furthermore, a para-Sasakian manifold is also K-paracontact, with the reverse holding true
solely in a three-dimensional [23].

An almost paracontact metric manifold is called n- Einstein if its Ricci tensor Re takes the

form of
Rec=ag+n®n

where a and b are smooth functions on the manifold.

For a K-paracontact manifold M?"*! we have the following relations [23]

Vo€ = —90G, (2.8)
R(& )G = —g(C6)§+n(¢), (2.9)
Re(C,6) = —2nm(C1), (2.10)
R Q)G = (Vao)(, (2.11)
R(C, 8¢ = -G +n(Q)s, (2.12)

(Vo @) #C2 — (V@) G2 = 29(C1,62) &= (G +1(C1)&)n(¢), (2.13)
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for all vector fields (1, (s € T'(M?" 1), where Q is the Ricci operator defined by g (Q¢1,(2) =
Re (Cla 42) .

Also followings hold on a (2n + 1)-dimensional K-paracontact manifold [17],

(Ve Q) € = Qo1 + 2n¢Gi (2.14)

and

(VeQ) 1 = Qo1 — ¢QG (2.15)

for all vector field ¢; € ['(M?™H1).
On a (2n + 1)-dimensional paracontact metric manifold, the notion of (k, u)-nullity distri-

bution is given by

G eT,M: R(C1,¢2) (3 =r(g(;¢3)0 —9g(¢,E)¢)
+:u (g (C?v C3) h’Cl —4g (<17 <3) h<2) )

for every vector fields (1, (2, (3 € T(M?"*1) and &, u € R. If £ belongs to above distribution,

N(k,pt) :p— Np(k,p) =

namely,
R(C1,0)§=rn(¢2) ¢ —n(C)¢2) + w1 (n(C)hét —n (1) k() , (2.16)

then the paracontact metric manifold is called a paracontact metric (x, p)-manifold. When
pw = 0, a paracontact metric (k, s)-manifold reduces to N(x)-paracontact metric manifold

.

Lemma 2.2. [4]Let M?"*! be a paracontact metric (k, )-manifold, then the following iden-

tities hold:

h2¢ = (1 + k) ¢%Ce, (2.17)

R(£,G)Ge = klg(C1,¢)E—n(¢) ]
+ulg (hC1,¢2) § — 1 (¢2) hGh], (2.18)

(Ven) G =g (¢ — hér, é¢2) , (2.19)

for all vector fields (1, (o € T'(M?"+1).

Lemma 2.3. [4]Let M?" "1 be a paracontact metric (k # —1, u)-manifold, then the following
identities hold:

(Ve d) G = —g(C1 — h¢1,G) E+1(¢2) (G — k1) (2.20)

Re (G, €) = 2nkn (G1) (2.21)
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Re(G,G) = [2(1—n)+nulg (G, )+ [2(n—1)+ ulg (1, ¢2)
+2n-1)+n2s—p]n(G)n(C), (2.22)
(Veh) G = —[(1+£)g(C,9C0) + g (1, dhla)] €
+1 (¢2) [(1 + k) ¢C1 — dhC1] — un (C1) Phiz, (2.23)
Q¢ = 2nk¢, (2.24)
r=2n[2(1—n)+ K+ nyl, (2.25)

for all vector fields (1, ¢ € T(M?+1),

Theorem 2.1. [24] Let M?"*1be a paracontact metric manifold and suppose that R ((1,(2) € =
0 for all vector fields (1 and (s. Then locally M?"*Lis the product of a flat (n + 1)-dimensional
manifold and n-dimensional manifold of negative constant curvature equal to —4, for n > 1

and its locally flat for n = 1.

Lemma 2.4. On a paracontact metric (k, p)-manifold M?***1, we have

(Veh) G = pho(a, (2.26)
(VeQ) Gr = p[2(n—1) + p] ho(r, (2.27)
(Vo Q)€ = Q(9C — ohC1) — 2nk (¢C1 — dh(1) , K # —1 (2.28)

for all vector field ¢; € T(M?+1).

Proof. If we write (; = £ in ([2.23]), we obtain (2.26]).
From (2.22)), we get

QGL=20-n)+nuG+2(n—-1)+phG+2(n—-1)+n2r—p)ln(Q)E  (2.29)

If we take the covariant derivative of (2.29) along & and use ([2.26)), we have (2.27)). If we
take the covariant derivative of (2.24]) along ¢; and use (2.7)), we obtain (2.28)). O
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3. n-RICCI-BOURGUIGNON AND GRADIENT 7)-RICCI-BOURGUIGNON SOLITONS ON

K-PARACONTACT MANIFOLDS

In this section, we will investigate n-Ricci-Bourguignon and Gradient 7-Ricci-Bourguignon

solitons on K-paracontact manifolds.

Theorem 3.1. Let M *"tlbe a K-paracontact manifold. If M "t admits an n-Ricci-
Bourguignon soliton whose potential vector field being collinear with &, the manifold is n-

FEinstein and the scalar curvature r = —2n (2n 4+ 1+ o) is constant.

Proof. Now assume that W=f¢, where f is a smooth function. Letting W by f¢ and using
(2.8) in (L.4), we get

Re (C1,¢2) + %(Cl(f)n@z) + G(f)n(G)) = A+ pr) g (G, C) +on(C1)n(¢2) - (3.30)

for all vector fields (1, (o € T'(M?7F1).
Putting {2 by £ in (3.30)), we have

Re (G 8)+ S(G )+ EPmC) = (At pr)  (G1) + o (). (3.31)
Using in , we get
gradf = (2 X+ pr)+20 —&(f) +4n) €. (3.32)

On the other hand putting ¢; = (o = £ and using again in , we have
—2n+&(f)=X+pr+o. (3.33)
If we use in , we obtain
gradf = &(f)E. (3.34)
If we take the covariant derivative of along (7 and using , we get

9 (Vegradf,Ge) = £(f)g (Ve &, G2) + QE(f)n (¢2) (3.35)

for all vector fields (1, (o € T'(M?*F1).

By using g (V¢ gradf, (o) = g (Ve,gradf, (1) we have

CL&())n (G2) = Q(E(F))n (1) = =26(f)dn (G, C2) (3.36)

for all vector fields (1, (e € T'(M?"H1). Putting ¢; by ¢¢; and (& by ¢C in (3.36]), we obtain
&(f) = 0, because of dn # 0. So from (3.34), we have gradf = 0, namely f is constant and

so the manifold is n-Einstein.
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Let {w;} (1 <i <2n+ 1) be an orthonormal basis. Taking the summation over i for (;

= (2 = w; in (3.30]), we obtain

r=A+pr)2n+1)+o0. (3.37)

Using (3.33) in (3.37), we get

r=-2n2n+1+o0)

which completes the proof. ]

Theorem 3.2. If a (2n + 1)-dimensional K -paracontact manifold admits a gradient n-Ricci-

Bourguignon soliton, then the scalar curvature is constant and the manifold is n-FEinstein.

Proof. By virtue of (1.5)), we have

Vagradf = =QG + (A+pr) G +on(G) €. (3.38)

Taking the covariant derivative of (3.38]) with (3 and using (2.8)), we get

Ve, Vagradf = =V,QC + (A4 pr) Ve, &+ pG (1) G+ 0 (Ve,n (€1) € — 1 (1) ¢¢2) - (3.39)

Interchanging ¢; and (o in the last equation, we derive
Vo Vagradf = =V QG + (A +pr) Ve, G+ pG (1) @+ 0 (Ve n () € —n(¢2) ¢¢1) - (3.40)
From , we obtain
Vig,egradf = —Q [C1, G2 + (A + pr) [C1, Go] + on ([C1, 2]) €. (3.41)
In the view of , and , we can compute

R(C1,¢) gradf = —(V5Q) G+ (VeQ) G+ p (G ()G —C(r) ) (3.42)
+0 (=29 (¢¢1,¢2) § + 1 (1) pG2 — 1 (C2) ¢C1) -

Contracting the last equation over {; and using

2n+1

divQ¢y = Z €i9((Vuw,Q)C2, w;) = %@(T)-

=1

We conclude that

Re (Ga, gradf) — (; - 2np) G ). (3.43)

By , we have
Re (gradf,€) = —2n€(f). (3.44)

Since ¢ is Killing, £(r) = 0. Putting (2 = £ in (3.43]) and using (3.44)), we get £(f) = 0.
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Taking the inner product of (3.42) with £ and using equation (2.14)) , we obtain

g(R(gradf,§)C1,¢2) = g(QdC2, 1) — 9(Qe¢1,¢2) —2(2n+0)g(¢¢1,¢2)  (3.45)
+p (G (r)n(C2) — G (r)n ()]
Replacing ¢; by £ in and using the fact that £(r) = 0 and £(f) = 0, equations
and (2.10)), we have
G (f—pr)=0,

this leads to the conclusion that f — pr is a constant.

Substituting (2 = £ in (3.42)) and taking the inner product with {2 and using (2.11]), (2.14])
and (2.15)) we get

9(Ve,0) G, gradf) = — (2n + 0) g (6C1, G2) — 9 (9QC1, G2) + o1 (1) 7 (C2) - (3.46)

First, if we replace (1 by ¢(; and (3 by ¢(2 in (3.46) and then subtract (3.46) from the

obtained equation, we obtain following equation
QoG + QG = —2(2n+0) (1, (3.47)

by using (2-13) and £(f) = 0.
Let {w;} (1 <i < 2n+ 1) be an orthonormal basis, after writing {; = w; in (3.47), we

have
Qow; + pQw; = —2 (2n + o) Ppw;. (3.48)
Moreover, we can calculate following
9 (pQu;, pw;) = —g (Qui, $*w;) = —g (Qu;, w;) . (3.49)
By virtue of (3.48) and (3.49)), we get

r = Re(§,8)+ Y {Re(wi,w;) — Re(dwi, pw;)}
i=1

= —2n+ Y {—g(¢Qui + Qpw;, ¢w;)}

i=1
= —2n(2n+1) — 2no.

constant, so from f — pr is constant, we have f is constant. Hence from W=gradf, W=0.

By (L.5)), the manifold is n-Einstein. This concludes the proof. O
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4. GRADIENT 7-RICCI-BOURGUIGNON SOLITONS ON PARACONTACT (k # —1, p1)-

MANIFOLDS

In this section, we will investigate gradient n-Ricci-Bourguignon solitons on paracontact

metric (k # —1, pt)-manifolds.

Lemma 4.1. If a (2n + 1)-dimensional paracontact metric (k # —1, pu)-manifold admits a

gradient n-Ricci-Bourguignon soliton, then we have
K2—p)=pn+1)+o. (4.50)
Proof. By virtue of , we have
Ve gradf + QG = A+ pr) G+ o (G) €. (4.51)
Taking the covariant derivative of with (o and using , we get
Ve, Ve gradf +Ve,QC = A+ pr) VG + 0 (Ven (G) € —n(G) 66 + 1 (G1) ohz) . (4.52)
Interchanging ¢; and (» in the last equation, we obtain
Vo Vagradf + Ve QG = (A+pr) Ve G+ 0 (Ven () € = n(C) ¢G + 1 (C2) 9hér) . (4.53)
From , we have
Viaegradf +Q[C, Gl = (A + pr) [¢1, ] + on ([C1, G]) € (4.54)
In the view of , and , we can compute

R(C1,¢) gradf = —(VqQ) G+ (VeQ)G
+0 (29 (€1, 9C2) § + 1 (C1) @2 — 1 (C1) Ph¢a — 1 (G2) ¢ + 1 (C2) PhEDS)

Using (2.28)) in (4.55)), we obtain

g(R(C1,¢)gradf,§) = g(Qo+ ¢Q)C2,¢1) — g (Qeh + hoQ) (2, (1)
—4nkg (¢C2, (1) + 209 (C1, #C2) - (4.56)

Putting ¢; by ¢¢1 and (2 by ¢ in (4.56) and using the fact that R (¢, ¢C2) €& = 0 from
B10), we get

0=0(—(Qe+ ¢Q) ¢C1 + (QPh + hoQ) pC1 + 4nkCy — 20(1) . (4.57)
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From ([2.29)), we can compute

P (Qo+¢Q) ¢t = 2(2(1 —n)+npu) ¢Gr. (4.58)
¢ (Qoh+héQ) ¢¢1 = —2(k+1)(2(n —1) + ) ¢C1. (4.59)
If we use and in , we get . O

Theorem 4.1. If a (2n + 1)-dimensional paracontact metric (k # —1, u)-manifold admits a
gradient n-Ricci-Bourguignon soliton, then either

i) The manifold is n-Einstein, k =0, p = 2(1 —n), r = 4n(1 — n?), or

it) The manifold is the product of a flat (n + 1)-dimensional manifold and n-dimensional
manifold of negative constant curvature equal to —4 for n > 1 and its locally flat for n =1,
or

iii) The manifold is n-Einstein, = =2 + L, p=2(1-n), r=2(1-n?)(1+2n)+o,

n

or

iv) The manifold is paracontact metric (/{ >—1, u==+ \/:?) -manifold.

Proof. Substituting ¢; = ¢ in (4.55)) and then using (2.27) and ([2.28]), we get

R(§,¢) gradf = —p[2(n — 1) + p] hda+Q (G2 — dhla)—2nk (¢C2 — dhla)+o (¢G2 — Phla) .

(4.60)
Putting {; = (o, (o0 = gradf in , we obtain
R(E, ) gradf = k(G (f) €= &(f) Gl + r[(h¢2) (f) € = E(f) h¢] (4.61)

By equating the right-hand sides of equations (4.60) and (4.61]) and subsequently taking the

inner product of the resulting equation with £, we obtain

k1[G (f) = € () n ()] + 1 l(h¢2) ()] = 0. (4.62)
If we substitute (o by h(s in and use , we get

K (hG2) (f) +p(k+1)[G(f) —n(G2)E ()] =0. (4.63)
Combining and , we obtain
[G2 (f) = €(f)n ()] [&* — 1® (k + 1)] = 0. (4.64)

Contracting (4.55)) over (; and using
2n+1

AivQG = Y cig((VuQ)o,wi) = S6o(r).

i=1
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We conclude that

Re (¢, gradf) = 0.

In the view of (2.22) and (4.65]), we get

0 = [2(01=n)+nu]g (G, gradf) + [2(n—1) + p] g (hC1, gradf)
+2(n—1)+n (2 —p)ln(G)n(gradf).
Substituting ¢; = £ in , we have

2nkE (f) = 0.

This gives either kK = 0, or £ (f) = 0.
Case 1: Let x = 0. From (4.64)), we have

lgradf — € (f) € u* = 0.

By (4.67)), we have followings:
Case 1la: Let p # 0. So we obtain

gradf =& (f)¢.
If we take the covariant derivative of (4.68)) along (; and using (2.7)), we get

9 (Vg gradf,G) = &(f)g (V€ ¢2) + QE(f))n (G2)

for all vector fields (i, (o € T'(M?7+1).

By using g (V¢ gradf,¢2) = g (Ve,gradf, (i) we have

C§(f))n (C2) — C2(&(f))n (C1) = —28(f)dn (¢1,C2)
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(4.65)

(4.66)

(4.67)

(4.68)

(4.69)

(4.70)

for all vector fields (1, (e € T'(M?"+1). Putting ¢; by ¢¢; and ( by ¢¢ in (4.70]), we obtain
&(f) = 0, because of dn # 0. So from (4.68)), we have gradf = 0, namely f is constant and so
the manifold is n-Einstein. So from (2.29), we obtain p = 2(1 —n). Let {w;} (1 <i <2n+1)

be an orthonormal basis. Taking the summation over i for (; = (2 = w; in ([2.29)), we obtain

r=4n (1 - nz). Note that in this subcase the scalar curvature can not be positive.

Case 1b: Let 11 = 0. So we can use Theorem [2.1]
Case 2: Let £(f) = 0. By (4.64) we have

gradf (Iiz —p? (K + 1)) =0.

By (4.71]), we have followings:

(4.71)
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Case 2a: Let gradf = 0. Namely f is constant. So the manifold is 7-Einstein. So from

1) we obtain p = 2(1 — n). Using this in 1' we get kK = 1;"2 + 5. Let {w;}

(1 <i<2n+1) be an orthonormal basis. Taking the summation over ¢ for (; = (2 = wj; in

(2.29), we obtain r = 2(1 — n?)(1 + 2n) + 0.

Case 2b: Let x2—p? (k+ 1) = 0. We want to remind that x # —1. It means that k > —1
or k < —1. Firstly let us suppose that x < —1. In this case we say that x = 0 and p = 0.

But this case is contradiction with the assumption that k < —1. Therefore, x must be bigger

K

than —1. Now, from x% — p? (k + 1) = 0, we obtain u = =+ Namely the manifold is

VE+1
paracontact metric (H >—1, u== \/%)—manifold. This concludes the proof. O

5. EXAMPLES

Example 5.1. We consider the three-dimensional manifold M. Define the almost paracon-

tact structure (¢,&,m) on M by
P§ =0, dwy = we, pwr = w1, § = wg.

We have

[wla U]g] — O; [w2)w3] - 07 [w17w2] — _25
Let g be the semi-Riemannian metric defined by
g (w27w2) = _17 g (whwl) =g (Ev&) = 17 g(wiawj) = Oa { 5&]

where 1,5 = 1,2,3. Let V be the Levi-Civita connection with respect to g. Then by Koszul

formula

vwlwl = 01 ngwl = fa Vw;gwl = —way,
vwle = _gv vwwsz = 07 Vw;;w2 = —wq,
Vi, ws = —wa, Vy,w3 = —wi, Vy,ws = 0.

It is easy to see that M is a K -paracontact manifold. The components of the curvature tensor
are

R(wi, w2)wy = —3wi, R(wi,w2)ws = 0, R(ws,wz)ws = ¢,

R(wi,wg)ws = —wi, R(wg, w3)ws =—ws, R(wi,wz)wz =0,

R(we,wi)wr = 3wz, R(ws,wi)w; =—§, R(wa, w3)w; = 0.
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Using the components of the curvature tensor, we obtain
Re(wy,wy) = 2, Re(wg,w2) = =2, Re(§,§) = =2

In view of above relations, we have r = S(w1,w1) — S(we, we) + S(€,£) = 2. Using (1.4)), we

have
Re(wi,wi) = A+pr =2, Re(wa,w2) = —(A+pr) = =2, Re(€,§) = A+pr+o=—-2. (5.72)

From , we get A+ 2p = 2 and 0 = —4. Hence we see that M admits an n-Ricci-
Bourguignon soliton with o = —4, for W=f&, f constant. M is also n-Finstein manifold
and verifies Theorem [3.1. Also the soliton is shrinking, steady or expanding according as
21—p)>0,2(1—p)=0and 2(1 —p) <0, respectively.

We used [14] while constructing following examples.

Example 5.2. Let M be a three-dimensional manifold. wy = w, we = ¢w and wg = £ are

vector fields such that
[w &l = A =Dow, [pw.&=-A+Dw, [w ¢w]=2¢
The semi-Riemannian metric g is defined by
g(w,w) ==1, g(¢w,dpw) =g(&§,€) =1, glwi,w;) =0, i #j
where 1,7 = 1,2,3. The 1-form n is defined by
n(CG) = 9(C1:€)
for all ¢ on M. Let ¢ be the (1,1)-tensor field defined by
P§ =0, gw1 = wg, pwz = w.

Then,

n€) = 1,¢*(Q) =G —n(G)¢
g(#C1,0¢) = —g(C1,¢) +n(¢)n(C), dn(C1,¢) =g(C1,¢¢),
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for any vector fields (1, (2 on M. Hence (¢,£,n,g) defines a paracontact structure. Let ¥V be

the Levi-Civita connection on M, then by Koszul’s formula, we obtain
Vow = 0, Vgow=—A+1)¢ Vew =0,
Vuwpw = (1=N§ Voupw =0, Vepw =0,
Vué = (A=1Dpw, Vet =—A+ 1w, Ve =0.

Using the covariant derivatives, we compute the components of the Riemannian curvature

tensor:
R(w,¢w)dpw = (1—X)w, R(¢w,&)&= (N —1)¢w, R(w,¢w)¢ =0,
R(w, )¢ = (N =Dw, REw)w=(1- )¢ R(w,E)¢w=0,
R(pw,w)w = (N =1)ge, R(&, ow)dw = (N —1)¢, R(¢pw,§)w = 0.
Also, the followings are valid:

hw = Aw, héw = —Adw, hé = 0.

Quw = (1-X+ g)w,
Qow = (1-X3+)ow,
Q¢ = 2002 —1). (5.73)

Thus, the manifold is a (k # —1,0)-paracontact metric manifold with k = A —1> 1.

From the components of the Riemannian curvature tensor, we derive Rc(w,w) = 0,

Re(pw, pw) = 0, Re(€,€) = 202 — 2. Hence, the scalar curvature v = 2(X\2 — 1) = 2k.
Then, using this, and we get

(—1+5\2—g+)\+pr)w =0, (—1+5\2—g+)\+pr)qbw =0, (=2\2 424 X 4pr+0)E =0. (5.74)

By , we get A+ pr = 175\2+% and r = o. If we use r = 2(5\271) in the last equation
we have A+ pr = 0. Hence we see that M admits gradient n-Ricci-Bourguignon soliton with

o= 2(5\2 —1) =r and constant f. M is also n-Einstein manifold and verifies Theorem .

Example 5.3. Let M be a three-dimensional manifold. wy, = w, wy = ¢w and ws = £ are

vector fields such that

[wv 5] = 2w — gw, [wa, 5] = —w — 2¢w, [w7 ¢w] = 2¢.
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The semi-Riemannian metric g is defined by

where 1,7 = 1,2,3. The 1-form n is defined by

n(¢1) = g(¢1,€)

for all ¢ on M. Let ¢ be the (1,1)-tensor field defined by

Then,

n§) =
g (o€, 90) =

P& =0, pwi = wa, pwy = wy.

L ¢* (&) =C—n(G)E
—g(C1,G2) +n(C)n(C2), dn(Cr, ) = g(Cr, ¢C2),
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for any vector fields (1, (2 on M. Hence (¢,£,n,g) defines a paracontact structure. Let ¥V be

the Levi-Civita connection on M, then by Koszul’s formula, we obtain

Vo =

Vwow

Vuw€ =

257 v(bww = _57 vfw = 07
Ev V¢w¢w = 257 V§¢’U) = Oa

—¢w + 2w, Vg€ = —w — 20w, V£ =0.

Using the covariant derivatives, we compute the components of the Riemannian curvature

tensor:

R (w, pw) pw
R(w,§)¢

R (¢pw,w)w

Also, the followings are valid:

= bw, R(¢w,§){ = —5pw, R(w,pw){ =0,
= —duw, R(§7w)w:557 R(w7§)¢w:07

hw = Apw, how = —Iw, hé = 0.

Qow = (5+ )ow,
Q¢ = 108,

(5.75)
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Thus, the manifold is a (k # —1,0)-paracontact metric manifold with k = —5 < —1.
From the components of the Riemannian curvature tensor, we derive Rc(w,w) = 0,

Re (¢pw, pw) = 0, Re(&,€) = —10. Hence, the scalar curvature r = —10 = 2k. Then,
using this, and we get

(A—=10p)w =0, (A —10p)pw =0, (10 + A — 10p + 0)¢ = 0. (5.76)

By , we get A—10p =0 and r = 0 = —10. Hence we see that M admits a gradient
n-Ricci-Bourguignon soliton with o = —10 and constant f. M is also n-Finstein manifold
and verifies Theorem [4.1]
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CONFORMAL SOLITONS IN RELATIVISTIC MAGNETO-FLUID
SPACETIMES WITH ANTI-TORQUED VECTOR FIELDS
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ABSTRACT. The kinematic and dynamic properties of relativistic spacetime in the context
of relativity can be modelled by three distinct classes: shrinking, steady, and expanding.
This physical framework bears a resemblance to conformal Ricci flow, where solitons serve
as fixed points. Notably, within the solar system, the gravitational effects predicted by Ricci
flow align with those of Einstein’s gravity, ensuring consistency with all classical tests. In this
article, we investigate conformal solitons, which extend the concept of Ricci solitons, within
the framework of a magnetized spacetime manifold equipped with an anti-torqued vector
field ¢. An anti-torqued vector field is defined as one that resists rotational deformation
within the fluid-spacetime structure, effectively encoding a type of constrained rotational
symmetry relevant in magneto-fluid dynamics. We demonstrate that whether these confor-
mal solitons are steady, expanding, or shrinking depends on intricate relationships among
key physical parameters, including magnetic permeability, magneto-fluid density, isotropic
pressure, magnetic flux, and the strength of the magnetic field.
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1. INTRODUCTION

In modern physics, space and time are inseparable, at least in the process of represent-
ing physical things through ourselves, where these two dimensions play an important role
in imagining and conceptualizing the connections of all physical things. In 1915, Einstein
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developed the theory of gravity known as general relativity, which exposes the fundamental
role of the physics and geometry of spacetime. It plays an important role in Engineering
when applied to day to day life. If we consider general relativity, then the space-time in the
four-dimensional pseudo-Riemannian manifold with Lorentzian metric (M?,g), where g is
considered to be perfectly liquid space-time. Perfect fluids are used in cosmology to model
the idealized distributions of matter. It is defined by various thermodynamical variables
(variables are: particle number density, energy density, pressure, temperature, and entropy
per particle). These variables are spacetime scalar fields whose values represent measure-
ments made in the rest frame of the isotropic or star.

On the other hand, the Ricci flow was first introduced by Hamilton [9]. Over the last decades,
many differential geometers progressively studied Ricci flow [3, 14]. Fischer [8] proposed a
modified version known as conformal Ricci flow, which differs from the classical Ricci flow
in its constraints. While the original Ricci flow preserves unit volume, the conformal Ricci
flow instead imposes a scalar curvature constraint. Interestingly, the conformal Ricci flow
equations exhibit structural similarities to the Navier-Stokes equations in fluid dynamics. In
this analogy, the time-dependent scalar field p acts as a conformal pressure—unlike physical
pressure, which ensures fluid incompressibility, conformal pressure influences the deforma-
tion of the metric under the flow. The fixed points of this system correspond to Einstein
metrics with a specific constant %1 Building on these concepts, Catino and Mazzieri [0]
introduced Einstein solitons, which provide self-similar solutions to the Einstein flow. Ex-
tending this framework, Roy et al. [I8] developed the notion of conformal Einstein solitons.
Both conformal Ricci and conformal Einstein solitons generate self-similar solutions, offering
a deeper understanding of geometric flows in mathematical physics. The conformal Ricci

and conformal Einstein flow respectively are given by:

99 _
ot

—2(S + %) —¢g and r=—-1 and % =-2(5 — fg). (1.1)
A matter is assumed to be fluid, having pressure, density, and kinematic and dynamical quan-
tities like verticity, shear, velocity, acceleration, and expansion [25,[I]. The energy-momentum
tensor acts a big role in the matter content of spacetime (universe). The energy-momentum
tensor applications are cosmology and stellar structure, and examples are electromagnetism

and scalar field theory. The study of the kinematic and dynamic nature of relativistic space-

time application in relativity has a physical model of three classes, namely: shrinking, steady,
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and expanding. Such a physical model are similar to conformal flow. Also, for the solar sys-
tem, conformal flow gravity effects are not different from Einstein’s gravity, and hence it
obeys all the classical tests.

Over the last decades, many differential geometers [19, [I7] progressively studied the various
geometric flows in Relativistic perfect fluid spacetime (briefly RPFS). The study of Ricci
solitons and their geometric properties in RPFS was first explored by Ali and Ahsan [2].
Subsequently, Blaga [5] investigated the geometric characteristics of RPFS in the context
of Ricci solitons, Einstein solitons, and their extensions—namely, 7-Ricci solitons and 7-
Einstein solitons. Further contributions were made in [26], where the authors examined
Ricci soliton structures in RPFS with a torse-forming timelike velocity vector field ¢. D.
Siddiqi and A. Siddiqui [23] later analyzed the geometric structure of RPFS using conformal
Ricci solitons. Siddigi and De [24] extended these investigations to relativistic magneto-fluid
spacetimes (RMFS). More recently, Praveena et al. [16, [15] studied Ricci, Einstein, and con-
formal Ricci solitons in almost pseudo-symmetric Kahlerian and Kéhler-Norden spacetimes,
incorporating various curvature tensors. Additionally, Bhattacharyya et al. [18] examined
conformal Einstein solitons in para-Kdahler manifolds.

Inspired by these developments, the present work explores the geometric behavior of confor-

mal Ricci and Einstein flows in RMFS with an anti-torqued vector field.

2. RELATIVISTIC MAGNETO FLUID SPACETIME

A relativistic magneto-fluid (RMF) is a continuum medium whose physical state can be
fully described by several key parameters: the fluid’s rest frame, mass density, isotropic pres-
sure, magnetic flux, and magnetic field strength. In general relativity, such magneto-fluids
serve as fundamental models for idealized matter distributions, including stellar interiors and
homogeneous cosmological models.

The RMF framework makes several simplifying assumptions - the medium exhibits zero
shear stress, negligible viscosity, and no thermal conduction. Mathematically, its behavior is
governed by a magnetic energy-momentum tensor T with specific symmetric properties that
capture these physical characteristics. This formulation provides a valuable theoretical tool
for analyzing relativistic plasma systems where electromagnetic and gravitational interactions

play equally important roles. 7' is in the form [13] [12]:

1
‘I:pg+(a+p)A®A+u{H<A®A+29>—B®B}, (2.2)
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where v, 0, p, B, H are the magnetic permeability, magneto-fluid density, isotopic pressure,
magnetic flux, strength of the magnetic field, respectively and A(-) = g(-,¢), g(-,&) = B(-)
are two non-zero 1-forms. Also, ¢ and £, are unit timelike vector field ¢ such that g(¢,¢) = —1
and spacelike magnetic flux vector field & such that g(¢,&) = 1. Therefore, ¢ and & are
orthogonal vector fields generate the magneto-fluid spacetime.

Einstein’s gravitational equation with cosmological constant is given as [12]
r
KT =S+ (A— 5) g, (2.3)

for any E,F € x(M), where A\, k are the cosmological constant and gravitational constant,

respectively.

In view of (2.2)), equation (2.3]) takes the form

r vH
S = {—)\+2+k<2+p>}g

+hk(vH +0+p) AR A—-kvB® B. (2.4)

3. CHARACTERISTICS OF RELATIVISTIC MAGNETO FLUID SPACETIME WITH ANTI-TORQUED

VECTOR FIELD

Let (M*, g) be a relativistic magneto fluid spacetime (briefly RM F'S) satisfying (2.4)).
Contracting the equation ([2.4)) provides

r=4\—klv(H—-1)+3p—a]. (3.5)
Using the above equation in , we have
k
S(E,F) = (A +ovto— p)) 9B, F) +k(vH + 0+ p)A(E)A(F)
—kvB(E)B(F), (3.6)

which also implies

QE = aE + bA(E)C + cB(E)E, (3.7)

where a = A+ E(v + 0 — p),b=k(vH + 0 + p),c = —kv.

We consider the special case when ( is an anti-torqued vector field [7] of the form:
V¢ = f(E - A(E)), (3-8)

for a vector field F on M*, where A is one form dual to unit anti-torqued vector field and f

is a non-zero smooth function.
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Theorem 3.1. On a RMF'S with an anti-torqued vector field C, the following relations hold:

(VxA)(E) = [lg(E,F) - A(E)AF)], (3.9)

A(VeG) = 2, V(=2 (3.10)

R(B,F)( = [YA(E)F — A(F)E]+ B(f)[F — A(F)¢{] = F(f)[E — A(E)¢]{3.11)

R(E,Q)¢ = fIE+AE)] +2E(f)¢ — C(f)IE — AE)C], (3.12)
A(R(E,F)D) = f*[A(F)g(X,D) — A(E)g(F, D)] - B(f)[g(F. D) — A(F)A(D)]

+F(f)lg(E, D) — A(E)A(D)], (3.13)

(Lco)(B, F) = 2f[g(E,F) — A(E)A(F)]. (3.14)

Proof. Compute (Vg A)(F) = E(A(F)) - A(VEF) = E(g(F,¢)) —9(VEF, () = g(F, V() =

flo(E, F) — A(E)A(F)]. Specifically, (V¢ A)E = 0. The relation (3.9) can be obtained by

(3-8).

Now, utilizing in R(E, F'){ = VEVE(—VFVE(—V (g r¢ and from direct computation
we obtain the relation (3.1I). Additionally (3.12) and (3.13) follows from (3.11). Now
differentiating ¢g along ¢, then by simple calculation we get . O

4. CONFORMAL RICCI SOLITON IN A RMFS

This section is devoted to studying the conformal Ricci soliton in the context of RMF'S.

Conformal Ricci solitons, which are defined as [4]:

tvasas s fon (x4 2)] =0 a1

where S, 7, A are the Ricci tensor, the conformal pressure, a constant respectively and £y
is the Lie-derivative operator along the vector field V on spacetime. The conformal Ricci

soliton becomes shrinking (resp. steady, expanding) for A < 0 (resp. A =0, A > 0).
Taking ¢ instead of V in (4.15)) and then using (3.14)) yields

S(E, F) = - [A - <7r + ;) 4 f] (B F) + FAE)AF).

Making use of (2.4]) in the above equation, we obtain

[—/\ 5k (V;{ + p)] 9(E,F) + k(vH + o + p) A(E)A(F)

—kvB(E)B(F) = — [A - % <7r + ;) 4 f] 9(E,F) + fA(E)A(F).
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Setting ¥ = F' = ( in the foregoing equation and then making use of (3.5)) yields

ko w

1 3 1
A_)\+ku(H2>+2kp+2+22f+4. (4.16)

Theorem 4.1. A RMFS with anti-torqued vector field ( admitting a conformal Ricci soliton
s shrinking, steady, or expanding accordingly cosmological constant )\%kl/ (H — %) + %kp +

%U +5-2f+ i respectively.

Let us consider a spacetime in the absence of a cosmological constant i.e. A = 0. Then it
yields S(¢,¢) = ¥[v(2H — 1) + o + 3p]. If the characteristic vector field is timelike then in a
spacetime S((, ) > 0, which implies v(2H — 1) + 0+ 3p > 0, the spacetime obeys the cosmic
strong force condition.

In view of the above converse and Eq. (4.16)), we can state the following theorem.

Theorem 4.2. A RMF'S with anti-torqued vector field { admitting a conformal Ricci soliton
which satisfies timelike convergence condition in the absence of a cosmological constant is

expanding.

5. CONFORMAL A-Riccl SOLITON IN A RMFS

Consider the equation
2
Lyvg+2S+ [2A—<ﬂ+n>]g+2§2¢4®¢4:0, (5.17)

where A, ) are real constants and mw,S are same as defined in . The quadruple
(9,¢, A, Q) which satisfy the equation is said to be a conformal A-Ricci soliton in
M [2]]. In particular if © = 0, then it reduces to a conformal Ricci soliton [4] and it becomes
shrinking (resp. steady, expanding) for A < 0 (resp. A =0, A > 0) [9].

Writing the Lie derivative £¢g explicitly, we have £,9 = g(Vg(, F) + g(E, V(). Then
takes the form

S5 ) == 2= 5 (74 5) | B, F) - QABIAW) - ST, ) + 9(8, Vo)L, (6.15)

for any E, F € x(M*).
From (2.4) and (5.18)), we have

[H g(ym —p)+A - % <7r+ ;)] 9(E,F) + [k(vH + 0 + p) + QLA(E)A(F)

—kB(E)B(F) + S[o(ViC, F) + 6(B, ViQ)] = 0. (5.19)
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Consider {e;}1<i<4 an orthonormal frame field and ¢ = 2?21 Cle;. We have Zle €ii(¢H)? =

—1 and multiplying (5.19) by €; and summing over i for ' = F' = e;, we obtain
AN —Q = —AXN+ klv(H—1) — 0+ 3p) + 27 + 1 — divC. (5.20)
Plugging £ = F = ( in (5.19)), we obtain

k 1 1
A—Q:—)\+2[V(2’H—1)+0+3,0]+2<7T+2). (5.21)

On solving ((5.20) and (5.21)), we have

Az—A—%(z—i—o—ﬂ

3

y
0=k [V(H—il)))—i—a—i-p] - Z;’C.

Thus, we have the following theorem:

) ™ 1 divC

Theorem 5.1. Let (M*, g) be a 4-dimensional pseudo-Riemannaian manifold and let A be

the g-dual 1-form of the gradient vector field ¢ = grad(¢) with g(¢,() = —1. If define

a conformal A-Ricci soliton in M*, then the Laplacian equation satisfied by ¢ becomes
1
Alp) =—-30—k |:V <7—l3> +U+p} .

Remark 5.1. If Q=0 in , then we obtain the conformal Ricci soliton with
A=-A+k [l/ (7—[ + %) + JTJ”)] + % (7T + %), which is expanding, steady, or shrinking accord-

< 1 o+p 1 1

ingly

respectively.

6. CONFORMAL EINSTEIN SOLITON IN A RMF'S

Consider the equation
2
Lyg+2S+ [2A—r+(ﬂ+n)}g:0, (6.22)

where g,&, A, S, r, A are same as defined in (4.15)) and 7 is a scalar non-dynamical field. The
triplet (g, (, A) which satisfy the equation ((6.22) is said to be a conformal Einstein soliton in

M [I§]. It is called shrinking (resp. steady or expanding) for A < 0 (resp. A =0 or A > 0).
Taking ¢ instead of V' in (6.22)) and then making use of (3.14)) yields

S(E,F) = — [A - g + % <7r + ;) + f] g(E, F) + fA(E)A(F).
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Utilizing (2.4]) in the foregoing equation, one can easily obtain

[ A + 5 +k (;-t + p)} g(E,F)+k(vH + 0o+ p)A(E)A(F) — kvB(E)B(F)
- {A . <7r " ;) " f] 9(E, F) + FA(E)A(F).
Setting £ = F = ( in the above equation provides

VH T 1
A= /\+k<+a>—2—2f—4.

Theorem 6.1. A RMFS with anti-torqued vector field { admitting a conformal Einstein
soliton s shrinking, steady, or expanding accordingly cosmological constant /\% +3+2f+

:—k (% + o) respectively.

7. CONFORMAL A-EINSTEIN SOLITON IN A RMF'S

Consider the equation
2
£vg+28+[ZA—T+(7T+n>]g+2QA®A=0, (7.23)

where A, € are real constants and 7,7, S are same as defined in . The quadruple
(9,¢, A, Q) which satisfy the equation is said to be a conformal A-Einstein soliton
in M. In particular if Q@ = 0, (g,(,A) is a conformal Einstein soliton [I8] and it becomes
shrinking (resp. steady, expanding) for A < 0 (resp. A =0, A > 0) [9].

Writing the Lie derivative £g explicitly, we have £:g9 = g(VE(, F) + g(E, V() and from
we obtain:

S(B.F) == (A= 34 3 (n+3)| 9B F) - QABIAR) - Ja(ViG,F) + 9B )

2 2
(7.24)
for any E, F € x(M*).
From and (| -, we have
[ /\+k< ) b ( ;)]g(E,F)—i—[k(VH—i-U—i-p)—i-Q]A(E).A(F)
—B(B)B(F) + L lo(Vi, F) + 9(B, V()] = (7.25)

Consider {e;}1<i<4 an orthonormal frame field and ¢ = 3%, ¢’e;. We have 3% €i(¢)? =

—1 and multiplying (7.25)) by €; and summing over i for X =Y = ¢;, we obtain

AN - Q=4+ k(vH+3p+v+o0)+21+1—divC. (7.26)
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Plugging £ = F = ( in ([7.25)), we obtain

1
A—Q:A+k(ft+0)+(g+4>. (7.27)

On solving ([7.26) and ([7.27]), we have

1 di
A:/\—l—k[]/}{—kp—ky]—kﬂ—k— i

6 3 2 4 37
vH v divC

Thus, we have the following theorem:

Theorem 7.1. Let (M*, g) be a 4-dimensional pseudo-Riemannaian manifold and let A be

the g-dual 1-form of the gradient vector field ¢ = grad(¢) with g(¢,¢) = —1. If define

a conformal A-Einstein soliton in M*, then the Laplacian equation satisfied by ¢ becomes

Ald) = -3 [Q+k<l§—[—a+p—g>].

Remark 7.1. If Q=0 in , then we obtain the conformal Ricci soliton with

A=X+k [% —o+ Qp] + 5+ i, which is expanding, steady or shrinking accordingly

1
2 4

vH o
2

A = k +2
=—k|——-0

< p
respectively.

8. CONCLUSION

In the framework of general relativity, the energy-momentum tensor 7' fundamentally
characterizes the matter distribution within spacetime. Conventional cosmological models
typically represent the universe’s matter content as a perfect fluid within a 4-dimensional
Lorentzian manifold. Within this paradigm, Einstein’s field equations serve as the founda-
tional tool for constructing viable cosmological models.

Relativistic magneto-fluid spacetime (RMFS) models hold particular significance across
multiple disciplines, including astrophysics, nuclear physics, and plasma physics. Recent
investigations have revealed that geometric flows provide powerful tools for characterizing
the intrinsic structures of RMFS. Of special interest are soliton solutions - those metric
configurations evolving through dilations and diffeomorphisms, which emerge naturally in
the singularity analysis of these flows. These self-similar solutions find applications not only

in physics but also in chemistry, biology, and economics (see [20], [27], [28]).
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This work systematically examines various classes of solitons in RMFS endowed with an

anti-torqued vector field. We establish precise conditions under which these solitons exhibit

expanding, steady, or shrinking behavior. Furthermore, we derive the Laplace equation for

such RMFS configurations admitting conformal A-Ricci and A-Einstein solitons.

The investigation of conformal solitons gains additional importance from the remarkable

similarity between conformal Ricci flow equations and the Navier-Stokes equations of fluid

dynamics. In this correspondence, the time-dependent scalar field p functions as a conformal

pressure - distinct from conventional fluid pressure that preserves incompressibility, as it

directly influences metric deformation under the flow.
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ABSTRACT. In this study, first, the parallel surfaces of the tube surfaces given with the
Flc frame are defined. By calculating the Gaussian and mean curvatures of these parallel
surfaces, it was found the conditions developable and minimal. Afterwards, the conditions
for parameter curves on the parallel surface to be asymptotic, geodesic and curvature lines
were investigated. It has been proven that the tube and parallel tube surface preserve the
Gaussian transform. Finally, examples of these surfaces are given.
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1. INTRODUCTION

It is known that two surfaces with a common normal are called parallel surfaces. Parallel
surfaces have various uses in the design field and in the modeling of forging casting molds
[25]. It has been one of the surfaces that has been the focus of attention of many mathe-
maticians from past to present,[22} [8 [0 10} [T, [IT]. A large number of papers and books have
been published in the literature which deal with parallel surfaces in both Minkowski space
and Euclidean space. Kilic showed that if a parallel transformation on E™ is a connection-
preserving transformation, the fundamental curvatures of the underlying surface are constant
[14]. Taleshian used Euler’s theorem to examine the orthogonal curvatures of parallel hyper-
surfaces and stated that if the parallel transformation preserves the second fundamental form,
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the fundamental hypersurface defines a hyperplane [23]. Fukui and Hasegawa studied the
singularities of parallel surfaces [12]. Onder and Kiziltug gave the relations between Bertrand
and Mannheim partner D-curves on parallel surfaces in 3-dimensional Minkowski space [19].
Dede, Ekici and Coken first defined parallel surfaces in Galilean space and examined the rela-
tionship between them, and then obtained the first, second fundamental forms and Gaussian,
mean curvatures of the parallel surface depending on the first, second fundamental forms and
Gaussian, mean curvatures of the main surface [5]. Savci studied the relationship between the
Darboux frame, geodesic curvatures, normal curvatures, and geodesic torsions of the curves
lying on the parallel surface pair, showed that the parallel surface of a non-developable ruled
surface is not a ruled surface, and obtained that the parallel surface of a Weingarten ruled
surface is also a ruled Weingarten surface [20].

Craig worked on parallel surfaces of the ellipsoid [2]. Eisenhart wrote a section on parallel
surfaces in his work “A treatise on the differential geometry of curves and surfaces” [7].
Nizamoglu stated that the parallel ruled surface is a curve that depends on a parameter and
gave some geometrical properties of such a surface [18]. Hacisalihoglu and Tarakci defined
surfaces with constant ridge distance and showed that a parallel surface is a special case of a
surface with constant ridge distance [24]. Again, Hacisalihoglu and Yasar studied the parallel
surface of a hypersurface in Lorentz space and obtained new characterizations [27]. Cdken,
Ciftci and Ekici worked on parallel surfaces of timelike ruled surfaces [3]. Dae Won Yoon
studied parallel Weingarten surfaces in Euclidean space and showed that for a surface to be a
Weingarten surface, it is necessary and sufficient that its parallel surface is also a Weingarten
surface [28]. In recent years, Kiziltug has taken a curve on a surface and obtained the image
of this curve on a parallel surface and examined the characteristic features of this curve on
the parallel surface [15, 16} [17]. Unliitiirk and Ozﬁsaglam showed that the image of a curve
that is geodesic on M by normal transformation in Minkowski 3-space on the parallel surface
M, is also a geodesic [26].

Given any curve in three-dimensional Euclidean space, an orthonormal vector system called
the Frenet frame can be established at every point of this curve. The Frenet frame defines
the curvature and torsion functions of the curve that characterize the curve. However, the
disadvantage of this frame is that the Frenet frame cannot be established at points where
the second derivative of the curve is zero. With the Flc frame defined by Dede in 2019, the
singular points occurring in the second derivative of the curve were eliminated and a new

frame was established. This shows that the Flc frame can be established along the curve,
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including the points where the Frenet frame cannot be established. Thus, the deformation
on the surfaces created by taking this frame as a reference was also minimized, [4].

In this study, the parallel surfaces of tube surfaces defined using the Flc frame are first
introduced. The Gaussian and mean curvatures of these parallel surfaces are calculated to
determine the conditions under which they are developable or minimal. Next, the criteria for
the parameter curves on the parallel surfaces to be asymptotic, geodesic, or curvature lines
are analyzed. It is also demonstrated that both the tube surface and its parallel surfaces

preserve the Gaussian transform. Finally, examples of these surfaces are provided.

2. PRELIMINARIES

In this section, we remind some basic concepts that will be used throughout the paper.
Let A = A(t) be a regular space curve satisfying non-degenerate condition A’ (t) A X" (t) # 0.
Then, the orthonormal vector system called Frenet frame is defined by

XN AN ()
N @® AN @)

N(t) = B(t) AT(t)

where T is tangent, N is principal normal, and B is binormal vector field. The Frenet

formulas are given by

T' = k0N, N' =—wnT+mB, B'=—mN , ||X| =7

where the curvature x and torsion 7 of the curve are, [4]

- HX(t) /\X'(t)H - <X(t) /\)\”(t),)\m(t)>
Vo N AN@IF

9

The n'* degree polynomial with parameter ¢ is defined as
P(t) = Mt + Ay 1t T Mt Xg, A #0

where n € No, \; € R, (0 < i < n), [4]. Now let us define a curve such that, X : [a,b] —
E™  A(t) = (Ai(t), A2(t), ..., An(t)). If each A;(t) are polynomials for 1 < i < n, then
At € RJs] is defined to be an n—dimensional polynomial curve [4]. The degree of such a

polynomial curve as A(t) is given by

deg A(t) = maz {deg (M (1)) , deg (Aa(t)) , .., deg (Au(£))}
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The definition of the Flc frame of a polynomial space curve A = A(t) given by Dede in [4] is

as follows

T(t) = Hi\\,g;”, D (t) =

N () AN (1)
N (t) AXM(2)

, Da(t) = Di(t) AT(t)

where the prime / indicates the differentiation with respect to s and (™ stands for the n'”

derivative. The new vectors Dy and D, are called binormal-like vector and normal-like vector,

respectively. The curvatures of the Flc-frame dy, ds, and d3 are given by

g = T0D2) ) (T Dy) o (Do Da)
n n n
where |\ || = 1. The local rate of change of the Fle-frame called as the Frenet-like formulas
can be expressed in the following form
T 0 dy da T
Dy | =n| —-d; 0 ds D,
Dy’ —do —ds 0 Dy

The relationship between the Frenet and Frenet like frame (Flc) is given by

T 1 0 0 T
Dy | =10 cosf sinf N
D; 0 —sinf cosf B

and the relations between the curvatures of two frames are

d de
dy = kcos, dy = —ksind, 0 = arctan <_d2> , ds = F + 7
1

where § = <(N, D). Let E3 be a 3-dimensional Euclidean space provided with the metric
given by

< X, X >=da? + da + da?

where (x1,22,23) is a rectangular coordinate system of E3. Recall that, the norm of an
arbitrary vector X € E3 is given by || X|| = /< X, X >, [13]. The parametric equation of a
parallel surface is given as: Let M; and Ms be two surfaces in 3-dimensional Euclidean space

and the unit normal vector field of M; be Z. If there is a function f defined as

f:My — My, f(P)=P+rZ,
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where r is a constant number, then the surfaces M; and My are called parallel surfaces.

Given the surface M,
M, ={P+rZ,: P e M,r € R and r=constant }

the set M, given by the equation is a surface parallel to M. The normal vector field of the

surface M, is computed as

M,, N M,
Nag, (t,0) = 2T
Mr(7 ) HMrt/\Mfr

oll

In addition, the first and second fundamental forms of the surface M, are given by

I = Edt® + 2Fdtdo + Gdb?,

II = Ldt? + 2Mdtdf + Ndb?

while the Gaussian and mean curvatures are

LN — M? g EN-2FM+GL

K= EG - F?’ 2(EG — F?)

where the coefficients are found by following:

E=<M,,,M,, >, F=<M,,M,,> G=<DM,,, M, >,

L=<M,, Ny, > N=<M

TtH

NMT >, M =< MT’()g)NMr > .

Concerning the Gaussian and mean curvatures, the following definitions exist

e A surface is said to be developable and has parabolic points if the Gaussian curvature
vanishes,

e A surface is said to have hyperbolic (resp. elliptic) points, if it has a negative (resp.
positive) Gaussian curvature,

e A surface is said to be minimal if the mean curvature vanishes, [6].

3. ON GEOMETRY OF THE PARALLEL SURFACE OF THE TUBE SURFACE GIVEN BY THE FLC

FRAME IN EUCLIDEAN 3-SPACE

Let M (t) be a polynomial space curve of degree n. We can parametrize a tubular surface

generated by an Flc-frame as follows

K(t,0) = M (t) + 1 [cos 0Dy (t) + sin 0D, (¢)] (3.1)
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where 6 € [0,27), r € R is the radius of the tubular surface and the curve M(¢) is the center
curve of the tubular surface, [4]. The derivatives according to parameters ¢ and 6 of the

tubular surface K (t,0) are, respectively,

K, =v(l —r(cos@d; +sinfdy))T — vrsinfdsDs + vrcos@ds D,

Ky=—rsinfDy + rcosfD;.
The normal vector field of the tubular surface K (t, ) is obtained as
N(t,0) = cosd Dy + sinfD;. (3.2)

If the parallel surface of the tube surface K(t,6) is represented by Kp(t,6), the equation of

this surface is defined as
Kp(t,0) = K(t,0) +eN(t,0).

If the expressions (3.1) and (3.2) are written here, the expression of the parallel surface
Kp(t,0) with respect to the Flc frame becomes,
Kp(t,0) = K(t,0) +eN(t,0)
=M (t)+ (r+¢)[cosODz(t) + sin 0D (t)] .

If the first order partial derivatives of the surface K(t,60) are taken with respect to the
parameters ¢t and 6

K,, =v(1 — (r+¢)(cosOd; +sinfdy))T — v(r + €) sin0ds Do

+v(r+¢)cosfds Dy,
Ky, =—(r+¢)sindDy + (r+¢)cos0Dy,

is found. Here the unit normal vector of the surface is

K, \NK.
N, (t,0) = —L——P° _ — 30D infD7.
(t.6) [Kp Ay~ 2 smos

The coefficients of the first fundamental form of the surface are as follows
E, =< K,,, K, >=12[1 — (r +¢) (cos d; + sinfdy))* + v2(r + ¢)*ds?,
F, < Kp,, Kp, >=v(r +¢)?ds, (3.3)

Gp =< Kp,,Kp, >= (r+ 5)2.
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The second-order partial derivatives of the surface K(t,#) are as follows:

Ky, =[V*(r + €)d3(sinfdy — cosfdy) — v(r + €)(cosfd) + sinfds) (3.4)
— V' (r + €)(cosfdy + sinfds) + V'|T
— [V2(r + €)cosO(d? + d3) + v*(r + €)dydasind + (r + €)sinf(vdz) — v*dy| Dy
— [V*(r + €)sinf(d5 + d3) + v*(r + €)didacost + (r + €)cosf(vds)' — v*ds] Dy,
K,,, =v(r +¢)(sinfdy — cosbda)T — v(r + €)cosfds Dy — v(r + €)sinfds D1,

K,

poy = — (1 +¢€)cosdDy — (1 + ¢)sinfDy. (3.5)

The coeflicients of the first fundamental form of the surface are written as follows

ep =< Kp,,, Ny > = v2(dycost) + dasind) — v*(r + €)(dycos + dasind)? (3.6)

- V2(T + €)d§,
fp =< Kp,y, Np >= —v(r +€)ds, (3.7)

gp =< Kpyys Np >= —(r +¢). (3-8)
With the help of these expressions, the Gaussian curvature K, and the mean curvature H,
of the parallel surface K(t,6) are written as follows, respectively:

K. — —cosfd; — sinfds
P (r+e)[l = (r+e)(cosfdy + sinfds)]’

B 1 —=2(r + ¢)(cosbdy + sinfdy)
P 2(r +e)[1 — (r + ¢)(cosfdy + sinfds)]’

Theorem 3.1. Singular points of the parallel surface Ky(t,0) satisfy the equation

1
r+e

60890d1 + Sing[)dg =
Proof. For the parallel surface K,(t,6) to have singular points at the point (o, 6) ,

”Kpt N Kp9||(t07 00) =0.
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If the necessary operations are carried out from here, the following is obtained:

| Kp, A Kpy|| (t0,600) =0=v(r+¢)(cosfd;(r+e)+sinfdg(r+¢)—1)=0

= (r 4 €)cosbpdy + (r + €)sinbods = 1

1
r+e

= cosbydy + sinbyds =

g

Corollary 3.1. In particular, if 0g = 0 is taken, then di = r—ie In this case, the locus of

singular points of the surface is a curve of the form
Ky (t,0) = M(t) + (r + ) Da(t).

Corollary 3.2. Ify = § or 6y = 37” 1s taken, then dy = r—ig In this case, the geometric

locus of the singular points of the surface is a curve of the form

Ky(t, ) = M(t) + (r +2)Da (1),
Kylt, 57 = M(1) ~ (r + )i (0).

Theorem 3.2. For K,(t,0) parallel surface:

(i) t parametric curves are asymptotic if and only if
(r+€)d3 + (r + &) (cosfdy + sinfds)? = cosbdy + sinfds.
(ii) The parameter curves 6 are not asymptotic curves.

Proof. (i) For the parameter curves of the parallel surface K,(t,6) to be asymptotic

curves, it is necessary and sufficient that e, = 0. From the equation (3.6]) we find:
ep = 0 = v2(dycost + dasind) — v*(r + €)(dycosd + dasind)? — v*(r + €)d3 =0
= (r+¢e)d3 + (r +¢)(dicosd + dasind)? = dycosd + dasind.

(ii) For the 6 parameter curves of the parallel surface K,(t,6) to be asymptotic curves,
the necessary and sufficient condition is that g, = 0. From the equation (3.8)), since

gp = —r — € and r,€ # 0, the 0 parameter curves cannot be asymptotic.

Theorem 3.3. For K(t,0) parallel surface:
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(i) t parametric curves are geodesic if and only if
v2dyda (1 + €)c0s20 — v cosfsinf(r + ¢)(dT — d3)
—v%(cosOdy — sinfdy) — (r +¢)(vd3)' = 0,
(cost + sind) <v2(r + £)d3(cosfdy — sinfdy) + v(r + €)(cosfd) + sinfdy)
+ (r + €)v'(cosfdy + sinfds) — U’) =0.

(ii) The 0 parameter curves are always geodesic.

Proof. (i) The necessary and sufficient condition for the parameter curves ¢ of the parallel
surface Kp(t,0) to be geodesic curves is that N, A K, = 0. From the equations (3.2)
and (3.4)), the vector N, A K,,, is given by

Ny ANK,,, = (v2d1d2(r + €)cos260 — v2coshsind(r + €)(d2 — d3)
— v?(cosfdy — sinfdy) — (r + 5)(vd3)’)T(t)
+ sinf (v2 (r + €)ds(cosfdy — sinfdy) + v(r + €)(cosfd) + sinfds)
+ (r + &)V (cosfdy + sinfds) — v') Do (t)
— cosf <U2 (r + €)ds(cosfds — sinfdy) + v(r + €)(cosOdy + sinfdy)
+ (r + &)V (cosfdy + sinfds) — v') D1 (t).
For N, A Kp,, = 0 the coefficients must be zero. Therefore,
v2dydo (1 + €)c0s20 — v cosfsinf(r + ¢)(d3 — d3)
—v%(cosOdy — sinfdy) — (r +¢)(vd3)' = 0,
sinf (v (r + €)ds(cosldy — sinfdy) + v(r + €)(cosfd) + sinfds)
+ (r + &)v'(cosfdy + sinfds) v')
cost (v (r + €)ds(cosldy — sinfdy) + v(r + €)(cosfd) + sinfds)

+ (r +e)v'(cosfdy + sinfda) — q/) =0.

If these equations are arranged, the desired result is obtained.
(ii) The necessary and sufficient condition for the parameter curves of the parallel surface
K,(t,0) to be geodesic curves is that N, A Kp,, = 0. Using the equations (3.2]) and

. N, N Kp,, = 0 means that the 6 parameter curves are always geodesic.
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Theorem 3.4. Let the parallel surface K,(t,0) be given. In order for the parameter curves

on the surface to be lines of curvature, the necessary and sufficient condition is that ds =0 .

Proof. For the parameter curves of the parallel surface K,(t,#) to be lines of curvature, it is

necessary and sufficient that Fj, = f, = 0. From the equations and we write
v(r+e)?ds =0 and —v(r+e)ds =0.
Here ds = 0 since v, r # 0. O
In this case, the following result can be given:

Corollary 3.3. If the parameter curves t and 6 on the parallel surface Ky(t,0) are planar,

these curves are the curvature lines of the surface.

Theorem 3.5. Let (K, K,) be the pair of parallel surfaces in E3. There is a relation between

the Gaussian transformations,
n="p
where the unit normal vectors of the surfaces K and K, are N and N, respectively.

Proof. Let the coordinates of the unit normal vectors K and K, be o; = (o, o, 3) and

§i = (&1,82,83), respectively.
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is the Gaussian transform of the surface K. On the other hand, the Gaussian transform of

the surface K, is as follows, where f : K — K, is the parallel transform:

np:K;,,—)S2

FOX) — (7)) = SO &) o)
i=1 !
- 0
= Z(&' o f(X))WU(X)
i=1 ¢

i 0
ZZai(X)aT/—iU(X)

=1

= np(X)

Since the Gaussian transformation will be provided for VX € K, n = 7, is obtained. 0

Example 3.1. Let M : I — R3 be a polynomial curve with center curve M(t) = (t,t5,1%).

If the derivatives of the curve M(t) are calculated, it is as follows:
M'(t) = (1,8t7,9%),
M"(t) = (0,56t°,72t7),

MO (t) = (0,0, 362880).

The Flc frame vectors of the polynomial curve M (t) are found as follows, respectively:

() = L0 —( 1 8t 98 )
M ()] VBIHT6 1+ 6411 + 17 /8116 + 64114 + 1 /81¢16 + 64¢14 + 1
M MO 7 1
Dy(t) = APO MO (ST 0).
|M/(t) x MOt)|| — \\V645 +1" V64t + 1

_ 9¢8 72t15
- ( V64 1 14/31116 | 64t1% + 1) /6411% | 11/S116 1 64018 + 1
V64tE 1
V81116 4 6414 + 1)'
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On the other hand, Flc curvatures are as follows:

di(t) = (T'(t), D2(1)) . 7217 (8t14 + 1)

e AGT. V64 s 1T (81816 + 64¢14 + 1)3/2’
da(t) = (T'(t), D1(t)) _ 56t

2 M) V64T 1 1 (81416 4 64414 1 1)
gy (D200 Di(®)) 50414

W= M) (64t 4+1) (81¢16 +64¢1 + 1)

If the radius v = 0.25 is taken, the parametric equation of the tube surface K(t,0) is as

follows:(—1 <t <1, —71<6<m)

K(t,0) =

(t 9t3 cos 0 n 27 sin 0
46418 1181416 + 64114 + 1 64t + 17

8 18t15 cos 0 sin 0
VAT 1181116 + 6414 1 46414 + 17

oy o8 0+v/64t14 + 1 )
44/81116 1+ 64114 + 1/

If € = 0.5 is taken, the equation of the parallel surface Ky(t,0) is as follows: (=1 <t <

1, —7<0<m7)

27t8 cos 6 6t7 sin @
K,(t,0) = (t - + ,
464114 + 1V/81¢16 4 64¢14 + 1 64¢14 + 1
8 54t1° cos 6 3sin

)

t — —
V644 + 18116 + 6414 + 1 46414 + 1

o4 3cos0v64t14 + 1 )
481116 + 6414 + 1/
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(A) K(t,0) tube surface (B) Kp(t,0) parallel surface

4. CONCLUSION

In this study, first of all, the parallel surfaces of the tube surface given with the Flc frame
were defined. It was seen that the surface created by investigating the geometric features
of this parallel surface was developable and minimal. The parameter curves of the parallel
surface were examine. Subsequently, the tube surface and parallel surface were shown to
preserve the Gaussian transform. Finally, the tube surface, which accepts a polynomial curve
as its center curve, and the parallel surface of this tube surface, are given as an example,
and are shown. This work can be studied in various spaces such as Minkowski space and

Galilean space, and can also be repeated for higher-dimensional curves.
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ABSTRACT. The energy of a graph I' is defined as the sum of the absolute values of its
eigenvalues. In this article, we compute the energy of the Indu-Bala product of two reg-
ular graphs and establish bounds for its energy. Furthermore, we explore the concepts
of equienergetic, borderenergetic, orderenergetic, and non-hyperenergetic graphs using the
Indu-Bala product of two regular graphs.
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1. INTRODUCTION

Let I' be a simple graph of order n. The degree of a vertex u;, denoted by d;, is defined
as the number of edges incident to it. A graph I' is said to be r-regular if and only if each
vertex of I" has degree r. The eigenvalues of the graph I' of order n are the eigenvalues of its

adjacency matrix A(T"), denoted by A1, Ag, ..., As.
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Let n°,n~ and nt denote the number of zero, negative and positive eigenvalues of the

graph I', respectively. The energy of a graph I' is defined as

BT =351
j=1

The line graph L(I') of a graph T is defined as the graph whose vertex set corresponds to
the edge set of T', where two vertices in L(T") are adjacent if and only if their corresponding
edges in T' share a common vertex. The i'" iterated line graph of T', denoted by L¥(T") for
i=1,2,...,is defined recursively as L!(I") = L(L~(T")), with L°(T') =T and L(T") = L(T").

The concept of graph energy, which originated from Hiickel molecular orbital theory, was
first introduced by Gutman [6]. If two graphs of the same order have the same energy, they
are called equienergetic graphs. If the energy of a graph is equal to the number of vertices
n, then the graph is said to be orderenergetic [1]. If E(I") < 2(n — 1), then the graph is said
to be non-hyperenergetic [17] and if E(I') = 2(n — 1), then T is said to be borderenergetic
[5]. In the literature, there are various research articles that focus on equienergetic graphs.
For recent papers, see [10], 11}, 12| [13] [14].

Graph products such as the Cartesian product, tensor product, strong product and their
corresponding energies have been well studied in the literature [2, 4, O 12| 14, 18]. The
distance spectrum, adjacency spectrum, distance Laplacian spectrum and distance signless
Laplacian spectrum of another product namely, the Indu-Bala product have been investigated
in [7, 8, [16]. However, the energy of the Indu-Bala product has not yet been examined.
Therefore, in this paper, we study the energy of the Indu-Bala product, which contributes to
the construction of non-regular equienergetic graphs. For undefined terminology and results

related to the graph spectra, we follow [3].

Definition 1.1 (Indu-Bala product). [7] The Indu—Bala product of two graphs 'y and T,
denoted by I'1 ¥y, is defined as follows: Let I'y V I'y denote the join of I'y and I'a, where
V() = {wi,wa,...,wn, } and V(') = {z1,22,...,2n,}. Take a disjoint copy of I'1 V I'y,
denoted by T') VT, with vertex sets V(I'}) = {w}, wh, ..., wy, } and V(') = {21, 25,..., 27, }.

Finally, add edges between each vertex z; € V(I'y) and its corresponding copy =z € V(I'y), for

alli=1,2,...,n9.
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FIGURE 1. The graph P3V Py

Proposition 1.1. [§] Let 'y be an ri-reqular graph of order ny, for k = 1,2. Then, the
spectrum of I'1 ¥ is as follows:

(a) M\e(T1), with multiplicity 2 for k =2,3,...,n;

(b) \e(Ta) + 1 for k=2,3,...,ng;

(c) \pe(T'2) = 1 for k=2,3,... no;

(d) (7’1+T2+1)i\/(r1+r2+21)274(r1(r2+1)7n1n2) and (Tl+7‘271)ﬂ:\/(7'1+r2721)274(7‘1 (r271)7n1n2) )

Proposition 1.2. [I1] Let a graph T' have n vertices with eigenvalues A1, Ao, ..., An. Then
n
I MAll=n+ET) =20 +2 > (A+1).
k=1 AR€(=1,0)
Proposition 1.3. [I5] Let a graph T' have n vertices with eigenvalues A1, Ao, ..., An. Then
n
D IM+2[=2+ET) —4n" +2 > (A +2).
k=1 AL€(—2,0)
2. ENERGY OF INDU-BALA PRODUCT OF GRAPHS

Lemma 2.1. Let a graph I' have n vertices with eigenvalues A\, < A\p_1 < --- < A1. Then,

f0r0<p<A17

D I —pl=ET) +np—2pnt—2 > (A —p)
k=1 At€(0,p)

Proof. Define ny(I) as the count of eigenvalues of I" within the interval I.
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n
Let us compute > | \p —p |,
k=1

Md—pl = D (M+p)+ > (k—p)
k=1

AR<p Ak>Dp

= Z =k + pra[An, p] + Z Ak = pra(p, A1

A<p Ak>p
= pualpl —pa Ml + D0 Tl + Y.
<0 AL €(0,p]
AL>p

The E(I") can be expressed as,
EO)=> 1Ml = D I+ D M+ > M (2.2)
k=1 A <0 A€(0,p] AR>D

The order n can be expressed as,
n =n(0,p] + na(p, Ai] +n° +n" (2.3)
or,
n = nx[An, p| + na(p, A1]. (2.4)
By equalities and equality [2.1] becomes,

SIx—pl = pn—nalp, M) —pralp, M+ ET) =2 > N
k=1 A€(0,p]

= np—2pna(p, ]+ ET) =2 > X
)\kE(O,p]

= E(T)+np—2pnT + 2pny(0, p|

~2 > (A —p) —2pna(0,p] by the equality 23
)\ke(oﬂp}

Y d—pl = E@)+np—2pm* =2 > (A—p)
k=1 )\ke(ovp)

O

Let & be the absolute sum of the eigenvalues mentioned in the case (d) of Proposition



672 B. PARVATHALU, K. G. MIRAJKAR, R. S. NAIKAR, AND S. R. KONNUR

Theorem 2.1. Let the order of an ri-reqular graph I'y, be ny, where k = 1,2, then the energy

of Indu-Bala product is
E(TVy) = 2(BET)+E[2))+2n8 —2(ri+r)+2 Y (A(l2)+1)

-2 ) (LT -1 +¢&

Ai(T'2)€(0,1)

Proof. Proposition [TI.1] provides the eigenvalues of Indu-Bala product of I'y; k = 1,2. There-

fore,
ni no n2
ET¥0) = 2 [ M) [+ [ XT2) + 1]+ [ M(T2) — 1] +¢
=2 =2 =2
= 2Z\>\ I) \—2r1+Zy i) +1) | —=(ra +1)

+Z| i(M2) =1) | =(re = 1) + &
By using Lemma [2.1] and Proposition we have

E(TVTy) = 2B(Ty)—2r+ET) +n2—2n5 +2 Y (M(T2)+1)—r
)\k(FQ)E(—l,O)

—14+ BT +ny—2n3 =2 Y ((2)—1)—(rg— 1) +¢
)\k(Fg)E(O,l)

= 2B(Iy) — 21 + 2B(D2) + 2ng — 2(ny +ny) — 2

+2 ) @)+ -2 > (T2 1) +¢ (2.5)

Ak(I'2)€(-1,0) Ak(I'2)€(0,1)

= 2EM)+E[y)) —2(rm+r)+2m3+2 Y (M(T2)+1)
)\k(Fg)E(—l,O)

=2 Y ((T2) -1 +¢&

Ak(T2)€(0,1)

Corollary 2.1. Let the order of an ri-reqular graph I'y be nyg, where k = 1,2. Then,

2E(F1) + 2E<F2) — 2(7“1 + 7'2) 4+ &< E(Fl'FQ)

< 2E(T'1) +2E(T2) + 2ng + &.

Equality holds at the left side if and only if there is no eigenvalues in the interval (—1,1).
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Proof. For upper bound, it is observed from the equation that

ny — Y. @)+ >0andng — Y (M(2)-1)>0
Ak (T2)€(-1,0) Ak(T'2)€(0,1)

Also, if we can eliminate the values r; and ro from equation [2.5] as both are positive, we get
E(I1vly) <2E(I'1) +2E(T'2) +2n2 + €.
For lower bound, it is easy to observe from Theorem that
> () +1)>0and— > (M(T2)—1) >0,

)\k(FQ)E(*l:O) )‘k(FQ)E(Ovl)

also ng > 0, on removing these values from Theorem we obtain,
2E(I'1) +2E(T'y) —2(r +72) + € < E(I'1YI'9).
The equality on the left side is derived from the following fact,
> @)+ =0, > (M(I2)—1)=0andnf =0

/\k(F2)€(7170) )‘k(FQ)E(Ovl)

if and only if Iy has no eigenvalues in the interval (—1,1). O

There are numerous equienergetic graphs with the same regularity and same order, one
can find them in the recent articles [11} 2] 13| 14]. With the help of these graphs and

Indu-Bala product, one can easily construct non-regular equienergetic graphs.

Corollary 2.2. Let H;;i = 1,2 be two r-regular graphs of same order n. Then H;¥Wl'y;i = 1,2

are equienergetic graphs if and only if H;;1i = 1,2 are equienergetic.

Proof. Proof follows from Theorem that H;¥I5;i = 1,2 are equienergetic graphs if and
only if
2E(H) + ET2))+2n) —2(r+r)+2 > (M(T2)+1)
)\k(FQ)G(_LO)

= Y () = 1)+ & =2(E(Hy) + E(T)) + 209 — 2(r + r2)
Ak(D2)€(0,1)

+2 ) @)+ = D> () -1 +&

Ak(T2)€(—1,0) Ak(T2)€(0,1)

On both sides, the terms of I's are common. Therefore,

E(Hy) = E(H,).
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Example 2.1. The regular graphs K, ,J1K,,_1 and K, _1,_10K, are non-isomorphic having
the degree 2n — 2 and order 2n? — 2n, where O denotes the Cartesian product. For alln > 5
and k > 0, these graphs Lk(Kn,nDKn,l) and Lk(Kn,Ln,lDKn) are equienergetic [14]. By
Corollary Lk(KnynDKn_l)'FQ and Lk(Kn_l,n_lmKn)VFQ are equienergetic, non-reqular

graphs.
The following finding presents a large collection of non-regular equienergetic graphs.

Proposition 2.1. Let H;;i = 1,2 be two r(> 3)-regular graphs of same order n. Let I'y be

any graph. Then Lk(HZ‘)VFQ;i = 1,2 are equienergetic graphs.

Proof. If H;;i = 1,2 denote (> 3)-regular graphs with order n. Then the graphs L*(H;);i =
1,2 and k > 2 are equienergetic graphs of same degree by Theorem 4.1 of [13]. Therefore,
by this observation and Corollary completes the proof. O

Corollary 2.3. Let the order of an ri-reqular graph I'y, be ny, where k =1,2. Then I'y¥I'y

is non-hyperenergetic if E(I'1) + E(I'2) < 2ny +n2 — 1 — 3.

Proof. The two graphs I'y and I'y of order n; and ny then the order of 'y WI'y is 2(ny + n2).
If ET)+E(l2) <2np+ng—1— g, then by Corollary we have following

E(Tvly) <2(E(I) + E(T'2)) + 2n2 + € < 2(2(n1 +n2) — 1).
This shows that, the graph I'; ¥I's is non-hyperenergetic. O

Corollary 2.4. Let the order of an ri-reqular graph Ty be ny, where k =1,2. Then I'1 ¥y

is borderenergetic if and only if

E(T1) +ET2) =2(n1 +n2) + (r1+72) —nd— > (M(T2)+1)
)\k(Fg)E(—l,O)

FY ) -n-Sot

2
Ak(T2)€(0,1)

Specifically, if \p(T'2) ¢ (—1,1), then I'; ¥I'y is borderenergetic if and only if E(I'1)+E(I'y) =
2(ny +n2) + (11 +712) —1 - 5.

Proof. By the definition of borderenergetic graph and Theorem together provide the

proof. O
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Corollary 2.5. Let the order of an ri-reqular graph Iy be ny, where k = 1,2. Then I'1¥I'y

s orderenergetic if and only if

ET) 4+ E(I2) = (n1+n2) + (r1 +1r2) — ng — Z (Ae(T2) + 1)
Ak (T2)€(-1,0)

FOY -y

Ak(T2)€(0,1)

Specifically if \i,(T'3) ¢ (—1,1) then, T1¥Dy is orderenergetic if and only if E(T'1) + E(T'3) =
2(n1 +na2) + (11 +72) — §.

Proof. By the definition of orderenergetic graph and Theorem [2.1] together provide the proof.
O

Theorem 2.2. Let the order of an ri-regular graph I'y, be ny, where k =1,2. Then,

ET¥l2) = 2(EM1)+ ET2))+2(n1 +n2) —2(r1 +72) —4(ny +ny) —4
+ ) @D +D+2 > () +2)+ 4
A (T1)e(—1,0) A (T2)€(—2,0)

Proof. If A\ > Ay > A3 > --- > )\, are the eigenvalues of any regular graph I', then the
eigenvalues of complement of I" are n — 1 — A, —(A2 + 1), —(A3 +1),--- ,— (A, + 1). From
Proposition the eigenvalues of Indu-Bala product I'y ¥I'y are as follows:

(a) —(\g(T1) + 1), with multiplicity 2 for k =2,3,--- ,nq;

(b) =Ag(I'2) for £k =2,3,--- ,na;

(¢) —(Me(T2) +2) for k=2,3,--- ,ngy;
(d) (’n1+’n2)7(7‘1+7‘2+1)i\/((’n1+n2)7(7'1;7‘2+1))274((n17177‘1)(71277‘2)77“712) and

(n1+n2)—(r1+r2+3)£/((n1+n2)— (r1+r2+3))2—4((n1—1—7r1) (n2 —r2 —2)—n1n2)
2

Here, we denote the absolute sum of the all eigenvalues in the (d) case as &;

E(T1VTy)

ni n2 n2
= 2) [ =M@ =L+ [ =A(T) [+ | =A(T2) = 2| +&
k=2 k=2 k=2

ni n2
= 2) [ M@ +1] =20+ 1)+ [ Me(T2) | -7
k=1 k=1

n2

+ 3 [ A(T2) +2 | =(r2 +2) + &1
k=1
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Using Propositions and we get E(FTVE)

= 2B(Ty)+2m —4ny +4 > (@) +1) =201 + 1)
Ap(T'1)€(-1,0)

+E(y) —ro+ E(I'g) + 2ng — 4ngy

+2 0 ) @) +2) - (e +2) + &
A(T2)€(~2,0)

= 2B(T)+2E(T2)+4 Y (@) +1)—4(ny +ny) —4
)\k(Fl)E(*l,O)

+2(n1+ng) =2(r+m)+2 Y (M) +2)+&
Ak (T2)€(—2,0)

= Q(E(Fl) + E(FQ)) + 2(n1 + TLQ) — 2(7“1 + 7"2) — 4(TL1_ + n2_) —4

+4 Y @) +D+2 D> () +2)+ 4

)\k(r‘l)e(fl»o) )‘k(FQ)E(*QvO)

Corollary 2.6. Let the order of an ri-reqular graph Ty be ng, where k = 1,2. Then,

20E(T1) + E(T2)) —4(ny +ny) —2(r1 +72) —4+ & < E(T1 VD)
<2(E('1) + E(T'2)) + 2(n1 + n2) + &1

Equality holds at the left side if and only if I'1 has no eigenvalues in the interval (—1,0) and

I'y has no eigenvalues in the interval (—2,0).
Proof. For upper bound, it can be seen from Theorem

ny— Y. @)+ >0and2n; — Y (A(T2)+2)>0
Ak (T1)€(-1,0) Ak (T'2)€(-2,0)

Along these, if we can eliminate the values 4, r1, 75 from E(T;¥T3) in Theorem as these

are positive, we obtain,
E([1¥l) < 2E(T4) + 2E(T3) + 2(ny + n2) + &.
For lower bound,

M) +1)>0and > (A(T2)+2)>0
)\k(Fl) (—170) /\k(Fz)E(—Q,O)

and nq,n9 > 0, on removing these values from Theorem we obtain, 2(E(Ty) + E(T'2)) —
A(ny +ny) —2(r1 +72) —4+ & < E(T1VDy).
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The equality holds at the left side by the following fact

> )+ =0and Y (M(T2)+2)=0

)‘k(rl)e(_LO) )‘k(FQ)e(_Qvo)
if and only if T'; has no eigenvalues in the interval (—1,0) and I'y has no eigenvalues in the

interval (—2,0). O

Corollary 2.7. Let the order of an rj-reqular graph Ty, be ny, where k = 1,2. Then, T'1 ¥y

is non-hyperenergetic if E(I'1) + E(I'y) < (n1 +ng2) — 1 — %

Proof. If T'1 and T's are graphs of order n; and ng, then order of T'1 ¥y is 2(ny + ng). If
ETy)+E(T2) < (n1+mn2)—1— %1 and by Corollary we have the following equation.

ie. B(T1VDs) < 2(E(Ty) + E(2)) +2(n1 +n2) + & < 2(2(ng +n2) — 1),
This shows that, the graph 'y ¥I'y is non-hyperenergetic. O

Corollary 2.8. Let the order of an ry-reqular graph Ty, be ny, where k = 1,2. Then, G1 ¥y

is borderenergetic if and only if

E(Ty) + E(I') = (n1 +n2) +2(ny +ny) + (r1 +72) +1
&
2 Y - Y -
Ax(T1)€(~-1,0) Ak (T'2)€(—2,0)
Specifically, if 'y and T's contains no eigenvalues in the interval (—1,0) and (—2,0) respec-
tively, then T1¥Dy is borderenergetic if and only if E(T'y) + E(T2) = 2(ny + n2) + 2(n] +

TLQ_)—F(T‘l—I—Tz)—Fl—%.
Proof. The definition of borderenergetic and Theorem together provide the proof. O

Corollary 2.9. Let the order of an ri-reqular graph T'y, be ny, where k = 1,2. Then T'1 ¥y

s orderenergetic if and only if

E(T) + E(T2) =2(ny +ng )+ (r1 +12) +2
&1
-2 Y @)+ - > () +2) - ox
Ax(T1)€(-1,0) Ax(T2)€(—2,0)
Specifically, if T'1 and T'a contains no eigenvalues in the intervals (—1,0) and (—2,0) respec-

tively, then T1¥Ty is orderenergetic if and only if E(T'1)+ E(I's) = 2(n1 +n2)+2(ny +ny )+
(7“1 —+ 7‘2) — %1

Proof. The definition of orderenergetic and Theorem [2.2] together provide the proof. O
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Corollary 2.10. Let the order of an r-regular graph Hy; k = 1,2 be n, with no eigenvalues in
the interval (—1,0). Then H,VD9;k = 1,2 are equienergetic graphs if and only if Hy; k = 1,2

are equienergetic with same number of negative eigenvalues.

Proof. Proof follows from Theorem that H;¥I;i = 1,2 are equienergetic graphs if and

only if

Q(E(Hl) + E(Fg)) + 2(7&1 + 712) — 2(7’ + 7“2) — 4(TL1_ + TLQ_) —4
+4 Z (Ak(H1) +1) +2 Z (Ae(T2) +2)+& = 2(E(H2)+ E(I'2))
A (H1)€(—1,0) Ak (T2)€e(—2,0)
+2(n1 +n2) —2(r+12) —4(ny” +ny) —4
+4Y eH)+D+2 > () +2) + &

Ak (H2)€(—1,0) Ak (T2)€(—2,0)

Here, n]~ denotes the number negative eigenvalues in Hj.
On both sides, the terms of I's are common and also, H; and Hs have same regularity.

Therefore,

E(Hl) - 277,1_ = E(HQ) — 2n’1‘_.

Example 2.2. Let us take the graphs in Ezample[2.1. These are integral graphs, which means
no eigenvalues in (—1,0). These graphs posses same count of negative eigenvalues. Therefore,

by Corollary 2.1!1, LF(Ky, 2 OK,—1)¥T2 and LK (K1 ,—10K,,) YTy are equienergetic graphs.

The following finding presents another large collection of non-regular equienergetic graphs.

Proposition 2.2. Let the order of an r(> 3)-regular graph Hy; k = 1,2 be n and I'y be any

graph. Then LF(H;)¥T9; i =1,2 and k > 2 are equienergetic graphs.

Proof. If H;;i = 1,2 denote r(> 3)-regular graphs with order n. Then by Theorem 4.1 of
[13], the graphs L*(H;);i = 1,2 and k > 2 are equienergetic graphs of same degree. In
addition these have all negative eigenvalues equal to —2. Therefore, by this observation and

Corollary completes the proof. O



INT. J. MAPS MATH. (2025) 8(2):668-680 / ENERGY OF INDU-BALA PRODUCT OF GRAPHS 679

3. CONCLUSION

In this paper, we calculate the energy of the Indu-Bala product two regular graphs.

Furthermore, we investigate the properties such as equienergetic, borderenergetic, orderener-

getic and non-hyperenergetic characteristics using the Indu-Bala product. Further, one can

study the Indu-Bala product of two non-regular graphs.
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ABSTRACT. In this paper, we introduce and study the concept of normed GE-algebras, an
extension of GE-algebras equipped with a GE-norm, which provides a framework to mea-
sure the magnitude of algebraic elements. We define the magnitude function and explore its
properties in the context of GE-algebras. Through theorems and propositions, we examine
the behavior of sequences in these normed structures, demonstrating convergence proper-
ties, quasi-metrics, and the relationship between norms and algebraic operations. We also
establish the connection between normed GE-algebras and their product spaces, as well
as the implications for convergent sequences and limit uniqueness. Finally, we generalize
these results to mappings between normed GE-algebras and investigate the implications of
GE-morphisms in preserving convergence behavior.
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1. INTRODUCTION

In the 1950s, Hilbert algebras were introduced by L. Henkin and T. Skolem as a means
to investigate non-classical logics, particularly intuitionistic logic. As demonstrated by A.
Diego, these algebras belong to the category of locally finite varieties, a fact highlighted
in [6]. Over time, a community of scholars developed the theory of Hilbert algebras, as
evidenced by works such as [4, B, [7]. In the broader scope of algebraic structures, the
process of generalization is of utmost importance. Y. B. Jun et al. introduced the concept of
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BH-algebras as a generalization of BCH/BCI/BCK-algebras and investigated its important
properties in [9]. R. H. Abass introduced the notions of norm and distance in BH-algebras
and given some basic properties in normed BH-algebras in [IJ.

The introduction of GE-algebras, proposed by R. K. Bandaru et al. as an extension
of Hilbert algebras, marked a significant step in this direction. This advancement led to
the examination of various properties, as explored in [2]. The evolution of GE-algebras
was greatly influenced by filter theory. In light of this, R. K. Bandaru et al. introduced
the concept of belligerent GE-filters in GE-algebras, closely investigating its attributes as
documented in [3]. Generalized algebraic structures, such as GE-algebras, offer a broad
framework to study a variety of algebraic and topological properties.

The concept of norms has a rich history in mathematics, originating in the study of
vector spaces and Banach algebras, where norms quantify the size of elements and induce
metric spaces [I4]. In logical algebras, norms have been adapted to capture algebraic prop-
erties, as seen in normed BCK/BCl-algebras [§], where norms relate to implication opera-
tions, and in MV-algebras, where norms support quantitative semantics [11]. Unlike these
structures, normed GE-algebras, introduced in this paper, define a GE-norm tailored to the
non-commutative binary operation of GE-algebras, inducing quasi-metric spaces rather than
metric spaces. This generalization extends the applicability of norms to non-linear algebraic
systems, offering a novel framework for studying convergence and topological properties in
generalized algebraic settings.

In this context, normed GE-algebras represent an important class that combines the alge-
braic properties of GE-algebras with a GE-norm, enabling the measurement of the magnitude
of elements. This paper aims to extend the classical understanding of algebraic norms by
introducing the concept of a GE-norm, defined as a real-valued mapping that satisfies specific
properties akin to a norm in conventional algebraic systems. We begin by formally defin-
ing the notion of a GE-norm and explore its compatibility with the underlying operations
of the GE-algebra. Following this, we investigate the properties of the magnitude function
derived from the norm and establish a series of results on its behavior. Notably, we prove
that normed GE-algebras induce quasi-metric spaces and that these spaces generate a Ty-
topology. In subsequent sections, we delve into the properties of convergent sequences in
normed GE-algebras, proving the uniqueness of limits and characterizing the boundedness
of certain subsequences. We also establish several results concerning the preservation of

normed structures under GE-morphisms, culminating in a product theorem for GE-algebras.
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This work contributes to the ongoing development of generalized algebraic systems, provid-
ing both theoretical insights and practical tools for further exploration of algebraic norms,
convergence, and topological spaces in GE-algebras.

2. PRELIMINARIES

Definition 2.1 ([2]). A GE-algebra is a non-empty set X with a constant 1 and a binary

operation “«” satisfying the following axioms:

(GE1) axa=1,

(GE2) 1xa=a,

(GE3) ax (bxc)=ax(bx(axc))
for alla,b,c e X.

In a GE-algebra X, a binary relation “<x” is defined by
Va,beX)(a<xb & axb=1). (2.1)

Definition 2.2 ([2, 3]). A GE-algebra X is said to be

e transitive if it satisfies:
(Va,b,c€ X)(axb<x (cxa)x(cxb)). (2.2)
o commutative if it satisfies:
(Va,b € X) ((axb)xb=(bxa)xa). (2.3)

Proposition 2.1 ([2]). Every GE-algebra X satisfies the following items.

axl=1. (2.4)
a*(axb) =axb. (2.5)
a<xbxa (2.6)
ax (bxc) <x bx(axc). (2.7)
1<xa = a=1. (2.8)
a<y (bxa)*a. (2.9)
a <y (axb)xb. (2.10)

a<xybxc & b<yaxc. (2.11)
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for all a,b,c € X. If X is transitive, then

a<xb = cxa<xcxb, bxc<yasxc (2.12)
axb <x (bxc)x*(axc). (2.13)
a<xb,b<xc = a<yxec (2.14)

for all a,b,c € X.

Definition 2.3 ([12]). Let (X,*x,1x) and (Y, *y,ly) be GE-algebras. A mapping f : X —

Y is called a GE-morphism if it satisfies:

(Yor1, 02 € X)(f(o1%x 02) = f(o1) *v f(02)). (2.15)

Let Xy := {(Xa, *a, la) | @ € A} be a family of GE-algebras where A is an index set. Let

[1X4 be the set of all mappings 9 : A — |J X, with 9(a) € X,, that is,
acA

[[%a:= {8:A—> UXaW(a)EXa,aGA}. (2.16)

acl

We define a binary operation ® on [[ X, and the constant 1 by

(¥, 1 € [TXa) (0 /(@) = 3() *a f(a)) (2.17)

and 1(«) = 1,, respectively, for every o € A. It is routine to verify that ([[X,,®,1) is a
GE-algebra, which is called the product GE-algebra (see [3]).

3. NORMED GE-ALGEBRAS

In what follows, let X := (X, *,1x) and R be a GE-algebra and the set of all real numbers,
respectively, unless otherwise specified. In the absence of ambiguity, the GE-algebra X :=

(X, *,1x) can simply be represented by X.

Definition 3.1. A GE-norm on X := (X, *,1x) is defined to be a mapping || - || : X = R
that satisfies:
(Vo € X) ([lol| = 0), (3.18)
(Voe X)(llell =0 < o=1x), (3.19)

(Vo,¢,m € X) (llex || < |lo* [l + |ls * w]]). (3.20)



INT. J. MAPS MATH. (2025) 8(2):681-701 / GE-ALGEBRAS WITH NORMS 685

The GE-norm defined above shares similarities with classical norms, such as those in vector

spaces or Banach algebras, where non-negativity and zero norm at the identity (conditions

(3.18) and (3.19))) ensure a measure of magnitude [14]. However, it differs significantly

due to the non-linear, non-commutative structure of GE-algebras. Unlike classical norms,
which induce symmetric metrics, the GE-norm’s triangle-like inequality (condition ) is
tailored to the binary operation “x”, leading to a quasi-metric space (Example 3.3). This
formulation is chosen to align with the GE-algebra’s axioms (GE1-GE3) and partial order
<x, ensuring compatibility with algebraic operations and enabling the study of convergence
in non-commutative settings.

A normed GE-algebra is a GE-algebra X := (X, %, 1x) equipped with a GE-norm
[|-||: X — R and it is denoted by (X, || - |]).

Given a GE-algebra X := (X, %, 1x), if there exists a function || - || mapping elements of
X to non-negative real numbers satisfying the conditions and (3.20)), then (X, ||-]) is
a normed GE-algebra.

Example 3.1. For every GE-algebra X := (X, %, 1x), define a mapping:

0 ifo=1x,
- X =R, g
oo otherwise,
where pg is a positive real number. Then || - || is a GE-norm on X := (X, *,1x), and so

X, || - 1) is a normed GE-algebra.

In normed GE-algebras, the “GE-norm” often provides a way to measure the “magnitude”
of elements in a way that is compatible with the algebraic operation “x”.
By the magnitude of a normed GE-algebra (X, || -||), we mean a real-valued function 6 on

X x X defined as follows:

(Vo,s € X) (0(0,) = llo*sl])- (3.21)

We say 0(p,¢) is the magnitude of (p,<).
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Proposition 3.1. The magnitude 0 : X x X — R of (X, ||-||) has the following assertions:

9(0,5) >0, 9(0,0) = 0=70(0, 1x), (3.22)
0 satisfies the triangle inequality, (3.23)
d(1x,0) =0 = o=lx, (3.24)
0<xs = 9(lx,s) <9(lx,0), (3.25)
d(0,¢) < 9(1x,5), (3.26)
9(s, 0% @) < 0(0, < * @), (3.27)
9(s * 0,0) <9(1x,0), (3.28)
d(0*<,s) <9(1x, 0), (3.29)

for all p,¢,w € X.

Proof. Let p,¢,w € X. Then (3.22) and (3.23)) are clear by (3.18), (3.19) and (3.19). The
combination of (GE2) and (3.19)) induces (3.24]). Let p,¢ € X be such that o <x ¢. Then

o*x¢ =1, and so

@21
d(1x,¢) = |[llx *<[| < |Nx*oll +|lex*sl|l = [1x * ol | + [[1]]

B19) B21)
= |1x *o|| + 0= |[|1x * o|| = 9(1x,0).

Hence (3.25) is valid. By the combination of (GE2), (2.6 and (3.25)), we have (3.26]). Using

(GE2), and , we get , and . O

Proposition 3.2. If X := (X, *,1x) is transitive, then the magnitude 0 : X x X — R of (X,
|| - |) satisfies:

(Vo,s,@w € X) (0(s x @, 0 * w) < 0(0,9)) - (3.30)

Proof. Using (GE2), (2.13)) and (3.25)), we obtain (3.30). O

The following example shows that any magnitude d : X x X — R of (X, || - ||) does not

satisfy the following.

(Vo,¢ € X) (0(0,5) =0=0(s,0) = 0=5). (3.31)
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Example 3.2. Consider a non-commutative GE-algebra X := (X, *,1x), where X = {1y,

“y

Oy, lo, U3, Ly} and a binary operation “«” is given in the following table:

* lX 61 62 53 £4

Ix [1x & by 3 Ay
b | 1x 1x 9 43 1x
by |1x 4y 1x 1x ¥4
by |1x 41 1x 1x £
by |1x 1x 4o I3 1x

Define a mapping:

0 ifo=1x
HHX_>R7Q'_> ’
o9 otherwise,
where oo is a positive real number. Then || - || is a GE-norm on X := (X, *,1x), and so

(X, |- ]]) is a normed GE-algebra. We can observe that d(la,ls) = ||laxl3|| = ||1x]|| = 0 and
0(l3,L3) = ||tz x L5|| = |[1x]|| = 0. Therefore ({2, l3) = 0 = 0({3,l2). But ¢y # (3. Hence
(13.31) is not valid.

Theorem 3.1. If X := (X, *,1x) is a commutative GE-algebra, then its magnitude
0: X x X — R satisfies (3.31]).

Proof. Let X := (X, *,1x) be a commutative GE-algebra. Then (X, <x) is antisymmetric.
Let o, € X be such that 9(p,s) = 0 = 9(s,0). Then ||o *s|| = 0 and ||s * o|| = 0, which
imply from (3.19) that px¢=1and ¢xp =1, i.e., p <x ¢ and ¢ <x p. Hence p = ¢, and so

(3.31)) is valid. O
The following example shows that any magnitude d : X x X — R of (X, || -||) does not

satisfy the following.

(Vo,s € X) (d(0,5) = 9(s,0)) - (3.32)
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Example 3.3. Consider a non-commutative GE-algebra X := (X, *,1x), where X = {1y,

01, la, U3} and a binary operation “«” is given in the following table:

* 1x 0 l 53

1x |1x 01 by {3
6| 1x 1x 1x 1x
by |1x 41 1x 1x
ls | 1x 4 ¥y 1x

Define a mapping:

0 ifo=1x,
X =R, o
0o otherwise,
where gg s a positive real number. Then || - || is a GE-norm on X := (X, *,1x), and so (X,
[| - 1I) is a normed GE-algebra. We can observe that 9(l2,l3) = ||l2 * £3|] = ||1x|| = 0 and

0(ls, o) = ||l x La]| = ||l2|| = 0. Therefore 0(l2,l3) # 0({3,42). Hence (3.32)) is not valid.

Example[3.3]is indicating that the magnitude 8 : X x X — R of (X, ||||) cannot be a metric
on X, that is, (X, 0) is not a metric space. But we know that the magnitude 0 : X x X — R
of (X, || -]|) is a quasi metric on X, and thus (X, 0) is a quasi metric space which generates
a Ty-space on X. For the quasi metric & on X, we define new real-valued mappings 0! and

0¥ on X x X as follows:
3 : X x X >R, (0,6) — (s, 0). (3.33)
0" : X x X =R, (0,6) = max{d(e,¢),0 (0,9)}- (3.34)

It is clear that 3~ and 0V are quasi metrices on X.

The following example illustrates the quasi metrices 9~ and 0¥ on X.

Example 3.4. Consider the normed GE-algebra (X, || - ||) in Ezample[3.5 Then
X x X ={(1x,1x),(1x,41),(1x,%2), (1x,¥3), (¢1,1x), (¢1,41),
(£1,02), (£1,€3), (£2, 1x), (£2, €1), (L2, £2), (L2, €3),
(€3,1x), (€3, £1), (L3, £2), (£3,43)}

and the binary operation “®” on X x X is given by Table[5.]]
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TABLE 3.1. Tabular representation for the operation “®” on X x X

® (1x,1x) (1x,01) (1x,¢2) (1x,43)
(1x,1x) (1x,1x) (1x,01) (1x,¢2) (1x,43)
(1x,41) (1x,1x) (1x,1x) (1x,1x) (1x,1x)
(1x,42) (1x,1x) (1x,01) (1x,1x) (1x,1x)
(1x,43) (1x,1x) (1x,01) (1x,¢2) (1x,1x)
(01, 1x) (1x,1x) (1x,01) (1x,¢2) (1x,43)
(1,01) (1x,1x) (1x,1x) (1x,1x) (1x,1x)
(€1, £2) (1x,1x) (1x,01) (1x,1x) (1x,1x)
(€1,03) (1x,1x) (1x,01) (1x,¢2) (1x,1x)
(f2,1x) (1x,1x) (1x,¢1) (1x,¢2) (1x,43)
(€2, 1) (1x,1x) (1x,1x) (1x,1x) (1x,1x)
(€2, £2) (1x,1x) (1x,01) (1x,1x) (1x,1x)
(€2, 03) (1x,1x) (1x,01) (1x,¢2) (1x,1x)
(43, 1x) (1x,1x) (1x,01) (1x,¢2) (1x,43)
(€3, 1) (1x,1x) (1x,1x) (1x,1x) (1x,1x)
(€3, 02) (1x,1x) (1x,41) (1x,1x) (1x,1x)
(€3, 03) (1x,1x) (1x,01) (1x,¢2) (1x,1x)

The quasi metrices 0~ and 0¥ on X appear as follows.

6(9’0{ 0 if (0,6) € (X x X)\ A,

o0 if (0,¢) € A,

and

3(0.) 0 if (¢,5) € B,
0,5) =
o0 if (0,6) € (X x X)\ B,

where A - {(617 ]-X)) (61762)) (61763)7 (627 ]-X)) (627&3)) (637 ]-X)} and

B = {(lx, 1)(), (glygl)? (£27€2)7 (£37£3)}'
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Table [71] (continued)

® (01,1x) (£1,61) (£1,€2) (41,€3)
(1x,1x) (61, 1x) (41, 41) (41, 42) (£1,43)
(Ix, 1) (41,1x) (41,1x) (41,1x) (41,1x)
(1x,¢2) (41,1x) (41, 41) (41,1x) (41,1x)
(1x,¢3) (41,1x) (41, 41) (41, 42) (41,1x)
(01, 1x) (Ix,1x) (1x,01) (1x,02) (1x,03)
(01,471) (Ix,1x) (1x,1x) (Ix,1x) (Ix,1x)
(01,43) (1x,1x) (1x,41) (Ix,1x) (Ix,1x)
(41,83) (Ix,1x) (1x,01) (1x,02) (1x,1x)
(£2, 1x) (01, 1x) (41, 41) (41, 42) (£1,€3)
(L2, £1) (41,1x) (41,1x) (41,1x) (41,1x)
(L2, £2) (41,1x) (41, 1) (41,1x) (41,1x)
(£2, £3) (01, 1x) (41, 41) (£1,42) (41, 1x)
(€3, 1x) (41,1x) (61, 41) (41, £2) (41,43)
(L3, 41) (41,1x) (41,1x) (41,1x) (41,1x)
(43, £2) (41,1x) (41, 41) (41,1x) (41,1x)
(¢3,03) (41,1x) (41, 41) (41, £2) (41,1x)

Theorem 3.2. Let f: X — Y be an onto GE-morphism from a GE-algebra X := (X, *,1x)
to a GE-algebra Y := (Y, *,1y). If (X, || - ||) is @ normed GE-algebra, then so is (Y, || -||).

Proof. Assume that (X, || -||) is a normed GE-algebra. Since f is onto, f~1(h) # 0 for every
h €Y. So we can take ||h|| = }n%‘(”HQH. It is clear that [|h|| > 0. If ||A]| = O, then
ocf—+(h

}ng(r)H,QH = 0, and so there exists p € X such that ||g|| = 0. Hence p = 1x which implies

ocf—+(h

that h = f(g) = f(1x) = ly. 1 h =1y, then |5 = inf [lol] *= ||Lx]| = 0 since
eoef~1(h

l1x € f~'(1y). Let h,3,p € Y. Then there exist 0,5, € X such that f(o) = h, f(s) =
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Table (continued)
® (€2,1x) (2,41) (£, £2) (€2, €3)
(1x,1x) (€2, 1x) (€2, £1) (L2, £2) (L2, £3)
(1x,41) (€2, 1x) (C2,1x) (€2, 1x) (€2, 1x)
(1x,42) (2, 1x) (l2,1x) (€2, 1x) (l2, 1x)
(1x,43) (2, 1x) (€2, £1) (L2, £2) (l2, 1x)
(41, 1x) (1x,1x) (1x,41) (1x,¢2) (1x,43)
(€1, 41) (1x,1x) (1x,1x) (1x,1x) (1x,1x)
(1, £2) (1x,1x) (1x,41) (1x,1x) (1x,1x)
(€1, 03) (1x,1x) (1x,01) (1x,¢2) (1x,1x)
(£2,1x) (1x,1x) (1x,41) (1x,¢2) (1x,43)
(€, £1) (1x,1x) (1x,1x) (1x,1x) (1x,1x)
(€2, £2) (1x,1x) (1x,01) (1x,1x) (1x,1x)
(€2, 3) (1x,1x) (1x,41) (1x,¢2) (1x,1x)
(43, 1x) (€2, 1x) (Ca, £1) (L2, £2) (L2, £3)
(€3, 1) (€2, 1x) (C2,1x) (€2, 1x) (l2,1x)
(43, £2) (£2, 1x) (L2, £1) (£2, 1x) (£2, 1x)
(43, £3) (£2, 1x) (L2, £1) (L2, £2) (£2, 1x)
and f(w) = p. Hence
|7 pf| = uefifjfh*p)|\u|| = ueffl(i%fﬂffl(p)HUH = Qefi{llfm)’ |0 * ||
=ef~(p)
< of Cllexdll+ _inf lsx o]
s€f71) wef~1(p)

= verrimnro T e o

= e T e i 11

= [[h* 3l + |17 % pl|-

Hence (Y, || -||) is a normed GE-algebra. O

Theorem 3.3. Let f : X — Y be a one-to-one GE-morphism from a GE-algebra X :=

(X,*,1x) to a GE-algebra

Y :=(Y,*,1y). If (Y, || -|]) is a normed GE-algebra, then so is (X, || -||).
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Table [51) (continued)

® (U3, 1x) (U3, 071) (L3, 02) (L3, l3)
(1x,1x) (£3,1x) (€3, 1) (43, £2) (£, €3)
(Ix, 1) (¢3,1x) (¢3,1x) (¢3,1x) (¢3,1x)
(1x,¢2) (¢3,1x) (¢3,1x) (¢3,1x) (¢3,1x)
(1x,¢3) (¢3,1x) (L3, 1) (43, £2) (¢3,1x)
(01, 1x) (1x,1x) (Ix,61) (1x,42) (1x,03)
(01,471) (Ix,1x) (1x,1x) (Ix,1x) (Ix,1x)
(01,43) (1x,1x) (1x,41) (Ix,1x) (Ix,1x)
(41, £3) (Ix,1x) (1x,01) (1x,02) (1x,1x)
(f2,1x) (1x,1x) (Ix,61) (1x,42) (1x,03)
(l2,07) (I1x,1x) (1x,1x) (Ix,1x) (Ix,1x)
(02, 03) (1x,1x) (1x,41) (Ix,1x) (Ix,1x)
(L2, £3) (Ix,1x) (1x,01) (1x,02) (1x,1x)
(03, 1x) (1x,1x) (Ix,61) (1x,£2) (1x,03)
(U3, 07) (Ix,1x) (1x,1x) (Ix,1x) (I1x,1x)
(U3, 03) (1x,1x) (1x,41) (Ix,1x) (1x,1x)
(U3, 03) (1x,1x) (1x,41) (1x,42) (Ix,1x)

(3.19)
lell=0 & If@I=0 & jo)=1x = f(1x) & o=1x
since f is a one-to-one GE-morphism. For every o,¢,w € X, we get

llo* @l = [|f(ex @)l = [|f(e) * f(w)]]

L (e) * F(OI + 11 (<) * f (@)l

= [[flex )l +lf(s =)l
= [l <+ ls * =].
Therefore (X, || -|) is a normed GE-algebra. O

Theorem 3.4. Let X := (X,*,1x) and Y := (Y,*,1y) be GE-algebras and consider the
product GE-algebra X x Y = (X x Y, ®,1) of X := (X,*x,1x) and Y := (Y,*,1y). Then
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X' xY is a normed GE-algebra if and only if X := (X, *,1x) and Y := (Y, %, ly') are normed
GE-algebras.

Proof. Assume that X x Y is a normed GE-algebra and consider the projection
fx : X XY > Xand fy : X XY = Y. Then fx and fy are onto GE-morphisms. Hence
X:=(X,*,1x) and Y := (Y, %, 1y) are normed GE-algebras by Theorem

Conversely, suppose that X := (X, *,1x) and Y := (Y, *,1y) are normed GE-algebras. If
he X xY, then h = (o, ) for some g5 € X and ¢ € Y. Define ||f|| = ||on|| + ||sn||- Then
[1All = Tlenll + lsall = 0 and

Al =0 < llonll + llsnll =0 < lenll = 0 = [|<ll

B19)
= op=1x and ¢4 = 1y

< h=(onn) = (1x,1ly) = 1.
Let h:= (on, ), 7= (0),5)), 9 = (0p,Sp) € X x Y. Then

1A ® o] = [I(en * 00, h * sp)l

= [lon * epll + llsn * Sl

(3-20)
< (llen* oyl + 1les * 0ll) + (lsn * 5l + {55 * pl)

= (len* esll + llsn * [1) + (lley * 0|l +[l5; * <pl])
= [I(en * 05+ Il + [1(2) * 00, 5 * <o)

= llr@ll+ 12 ® el
Therefore X x Y is a normed GE-algebra. O

Definition 3.2. Let (X, || -||) be a normed GE-algebra and consider a sequence {h,} in X.
Then {hy,} is said to be convergent in X if there exists a number hy in X such that for every
e > 0 (no matter how small), there exists a natural number ko such that the magnitude for

(hin, ho) and (ho, hy,) is less than € for all n > kg, that is, it can be written as:

lim A, = hy if and only if for every & > 0 there exists kg € N such that

n—oo

n>ky = 0(hn,ho) < e and 0(ho, hy) < €.

In this case, we say that hg is the limit of {hy}.
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Theorem 3.5. Let X := (X, *,1x) be a commutative GE-algebra. In a normed GE-algebra
(X, |- 1), a convergent sequence cannot have two different limits, that is, If a sequence {hy}

converges to a limit hy, then that limit is unique.

Proof. Let {hy,} be a convergent sequence in X, and let iy and jo be two limits of {#,}. Then
for every € > 0, there exists a natural number kg such that 0(hn, ko) < 5, 0(ho, hn) < 5,

9(hn, J0) < § and O(ho, Jn) < § for all n > ko. Hence

(13.21)
3(0, 30) B2 | 1o+ 01l = 1o * il + 1172 * g0l

3(Fig, F) + Oy J0) < & + 5 = <.

By the similarly way, we have 9(jo, iig) < €. Since ¢ is arbitrary, it follows that d(hg, 70) =
0 = 9(Jo, hp). Using Theorem 3.1} we conclude that hy = j9. Therefore {%,} has a unique
limit. O

Theorem 3.6. In a normed GE-algebra (X, || -|]|), every convergent sequence {hy} in X
satisfies:

(Ve > 0)(Fko € N) (n,m > ko = (i, m) < € and 3, hy) <2).  (3.35)
Proof. Let X := (X, *,1x) be a normed GE-algebra with GE-norm || - ||, and let d(p,¢) =

||o * ¢|| be the magnitude function. Suppose {h,} is a sequence in X that converges to hy in

X. By definition for every € > 0, there exists kg € N such that for all n > ko,
5(hn,h0) = ||hn * ho” < e and 5(710, ﬁn) = Hho * hn” <e.

To prove that {A,} satisfies condition (3.35)), fix € > 0. Since {hy} converges to hg, there

exists kg € N such that for all n > ko,

5(hn,h0) < and 6(710, hn) <

DO | ™
DN ™

We need to show that for all n,m > ko, O(hn, hy) < € and O(hy, hy) < €. Consider
(A, hm) = ||in * || By the triangle-like inequality of the GE-norm (Definition 3.1,

condition (3.20)), for any o,¢,w € X,
lox @ < [loxcll + |l x =
Set o = hy,, @ = hy,, and ¢ = hg. Then,

(1P P || < {[Fi  Fio| =+ [ Fag  Fo
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i.e.,
O(hn, Fum) < 0(hn, Bio) + O(Fg, ).

Since n,m > kg, we have:

£ £
O(hn, ho) = ||hn * Fo| < 3 0(ho, i) = ||ho * || < 3
Thus,
3(Fs Fim) < B(Fim, Fig) + B(Fig, Fim) < g + g —.
Similarly, we can show that 0(h,, hy,) < €. O

The converse of Theorem [3.6]is not valid as seen in the following example.

Example 3.5. (i) For the normed GE-algebra (X, ||-||) in Ezample[3.9, we can observe that
if

f1 if n is odd,

ly if n is even,
then the sequence {hy,} in X satisfies (3.35). If we take € > 0 such that g > ¢, then

O(hr,€2) = [[€1 * Lof| = ||€2]| = 00 £ €
and/or 0(a, hy) = ||la % 01]| = ||la]| = 00 £ €. Hence {h,} is not convergent.
(ii) Let (0,1] C R and define a binary operation “«” on (0,1] as follows:
¢ if p=1,
0*¢ =

1 otherwise.

Then ((0,1],%,1) is a GE-algebra. If we take a sequence {%H}%N, then it satisfies (3.39)

but does not converge in (0,1].

Theorem 3.7. Let {h,} be a sequence in a normed GE-algebra (X, || -||) where X =
(X,*,1x) is a commutative GE-algebra. Then it is convergent if and only if all of its non-

trivial subsequences converge.

Proof. Assume that {h,} is a convergent sequence in (X, || - ||) and let Ay be its limit. For

every € > 0 there exists kg € N such that
n>ky = O(hy, hy) < e and d(ho, hy,) < €.

Let {Ag(n)} be a non-trivial subsequence of {h,}. If n > ko, then ¢(n) > n > ko, and so

0(hg(n), ho) < € and 0(ho, Aiy(n)) < €. This shows that {fg(,)} is convergent.
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Conversely, suppose that all of non-trivial subsequences of {h,} converge. If {A,} is not
convergent, then there are at least two non-trivial subsequences, say {fign)} and {fgm) 1
with different limits Ay and jg, respectively. This is a contradiction by Theorem and

thus {#,} is a convergent sequence in (X, || - ||). O

Theorem 3.8. Let {h,} be a sequence in (X, || -||). If ho is a limit of {h,}, then 1x is a
limit of the sequences {hy,, * ho} and {ho * hy}.

Proof. If hy is a limit of {h,}, then for every € > 0 there exists kg € N such that
n>ky = 0(hn, hy) < e and 0(hg, hy) < €.

Hence 0(hy, * ho, 1x) 0 < e and

(GE2)

B21)
B(1x, fin # Fio) O22 {1 % (B 5 Fig) | “E || o
O, o) < &.
Therefore 1x is a limit of {A,, * hp}. Similarly, {fg * i, } has a limit 1x. O

Theorem 3.9. Let {h,} be a sequence in a normed GE-algebra (X, ||-||). If ho is a limit of
{hn}, then {O(hn,20)} and {9(j0, hn)} are bounded above for all 3o € X.

Proof. Assume that {f,} converges to fig. By the definition of convergence, for every ¢ > 0

there exists a natural number ko such that 9(h,, hy) < & and d(hg, hy,) < € for all n > kg. It

follows from ((3.20)) that
0(hn, 30) < 0(hn, ho) + (Ao, 30) < € + (o, J0)

and (70, i) < 0(J0, Aig) + 0(ho, hy) < 0(g0, ho) +¢. If n < ko, then 0(hy, 30) = ||An *20|| < M
and 0(9, fin) = ||70 * hn|| < M where

M = max{[|hin * jol; [|s0 * Fin}-

This completes the proof. O

Let 0 be the magnitude of a normed GE-algebra (X, || - ||). Consider the following:
0
(Vo,c,meX) | o<xs = : (3.36)
0

The following example shows that (3.36)) is not valid in general.
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Example 3.6. Consider a GE-algebra X := (X, *,1x), where X = {1x, {1, la, U3, 4, U5}

Gy

and a binary operation “«” is given in the following table:

x |[1x 41 by LUy Ly U5
Ix |1x 04 O 03 Yy Vs
G| 1x 1x 1x f3 l3 U5
b | 1x 0 1x by Uy U5
b3 |1x 1x € 1x 1x 45
by |1x 1x 1x 1x 1x /5
s | 1x 01 by b3 Ly 1x
Define a norm || - || on X := (X, *,1x) as follows:
xR g O VT
09 otherwise,
where go is a positive real number. Then (X, || - ||) is a normed GE-algebra.

b3l =1x and by x by = 1x, i.e., b3 <x {1 and by <x f5. We can observe that

0(ls, £2) = ||z * La| = [[€a| = 00 £ 0 = |[1x]|| = [|€1 * L2|| = O(41, £2)

and

(s, ba) = |3 = Lol = |12l = 20 £ 0 = [[1x|| = [|€s * £al| = D(Ls, La).

We now discuss the squeeze theorem for convergence sequences.

Note that

Theorem 3.10. Assume that every magnitude d of a normed GE-algebra (X, ||-||) satisfies
(13.36). Let {hyn}, {1n} and {pn} be sequences in (X, || - ||) such that {3} is trapped between

{hn} and {pn} for a sufficiently large n, that is, there exists a natural number ko such that

B <x In <x gn for allm > ko. If {h,} and {p,} converge to hy, then {y,} also converges

to ho.

Proof. If {hy,} and {p,} converge to hy, then for every ¢ > 0 there exist natural numbers kj,

and k; such that

n>ky = 5(hn, ho) < e and 5(h0,hn) <e

and

n>ky = 0(pn, ho) < e and 8(ho, pn) < e.
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Using , we have
0(hn, ho) < 0(gn, ho) < O(pn, ho)
and
9(90, hn) < 0(0, ftn) < 0(ho, Itn)
for all ko := max{kp, k,}. It follows that if n > kg, then 0(y,, ko) < € and 9(ho, n) < €. Thus

{sn} converges to hy. O

Theorem 3.11. Let f be a GE-morphism from a GE-algebra X := (X,*x,1x) to a GE-
algebra Y := (Y, xy, 1y). Assume that ||o|| = || f(0)|| for all o € X. Then a sequence {hy,} in
(X, || -||) converges to hy if and only if the sequence {f(hy)} in (Y, || -||) converges to f(hy).

Proof. Assume that a sequence {f,} in (X, ||-||) converges to iy. Then for every e > 0, there

exists a natural number kg such that (%, hy) < € and 0(ho, h,) < € for all n > ky. Using

and , we have
O(f (), f(ho)) = |If (hn) *v f(ho)l| = || f (hn *x ho)l|
= th *x h[)” = 8(hn,h0) <e€
and
O(f(ho), f(hn)) = [If(ho) *y f(hn)l| = |[f(ho *x )|
= Hho *x hn” = 6(h0,hn) <€

Therefore the sequence {f(hy)} converges to f(fip).
Conversely, suppose that the sequence {f(h,)} in (Y,||-||) converges to f(hg). For every
e > 0 there exists a natural number kg such that 9(f(h,), f(hy)) < e and 8(f(ho), f(hn)) < €

for all n > kg. It follows that
(i, ho) = [|hin *x holl = |f (n x Fo)|
= [[f () *y f(ho)l] = 0(f (hn), f(ho)) < &
and
0(ho, in) = [lho *x Bnl| = |[.f (ho *x Tin)]
= [|f(ho) #y f(lm)|| = 8(f (ho), f(hn)) < &

for all n > kg. Consequently, {f,} converges to fg. O
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4. CONCLUSION

This paper introduces normed GE-algebras, equipping GE-algebras with a GE-norm to
measure element magnitudes. We defined a magnitude function 9(p,<) = ||@*<|| that induces
a quasi-metric space, generating a Tp-topology (Theorem Example . Key results
include the Cauchy-like property of convergent sequences (Theorem , preservation of
normed structures under GE-morphisms (Theorem , and properties of product spaces
(Theorem [3.4). These findings establish normed GE-algebras as a robust framework for
studying convergence and topological properties in generalized algebraic systems. The sig-
nificance of this work lies in bridging algebraic and geometric concepts, enabling the analysis
of non-commutative structures in a topological context. The quasi-metric and Tp-topology
support applications in functional analysis, modeling asymmetric distances, and in mathe-
matical logic, quantifying logical distances in non-classical logics [13]. The GE-morphism and
product theorems facilitate the study of complex algebraic systems. Future work includes
exploring additional topological properties, such as compactness or connectedness, in the Ty-
topology. Extending GE-norms to BCK/BClI-algebras or residuated lattices could broaden
their scope [8]. Applications in functional analysis (e.g., asymmetric function spaces) and
topology (e.g., non-Hausdorff spaces) are promising. Open problems, such as characterizing
complete normed GE-algebras, encourage further interdisciplinary research.

Normed GE-algebras offer promising applications across several mathematical disciplines.
In functional analysis, the quasi-metric spaces induced by GE-norms (Example provide
a framework for studying function spaces with asymmetric distances, which are relevant in
asymmetric functional analysis [I0]. These spaces can model non-reversible processes or
directed convergence, extending traditional Banach space techniques. In topology, the Tp-
topology generated by normed GE-algebras facilitates the study of non-Hausdorff topological
spaces, which are prevalent in computational topology and data analysis. This topology
supports the analysis of convergence properties in generalized settings. In mathematical
logic, normed GE-algebras, as extensions of Hilbert algebras linked to intuitionistic logic,
enable quantitative semantics where the GE-norm measures the “distance” between logical
propositions [I3]. This can enhance reasoning frameworks in non-classical logics, such as
those used in artificial intelligence and formal verification. These applications underscore the

versatility of normed GE-algebras and pave the way for future interdisciplinary research.
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GE-Norm

|- Il (Def.

Induces

Quasi-Metric
d(0,5) = llo*<| (Ex. [3.3)

Generates

To-Topology
(Thm. 3.1

Governs

Convergence Properties

(Thm. [3.6)

FiGURE 1. Flowchart illustrating the relationships between GE-norms, quasi-
metrics, To-topology, and convergence properties in normed GE-algebras. The
GE-norm induces a quasi-metric, which generates a Ty-topology, governing

sequence convergence (e.g., Cauchy-like property in Theorem [3.6]).
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ABSTRACT. In this article, a new class of complete continuity called complete dgp-irresolute
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1. INTRODUCTION

Many researchers have examined and analyzed various forms of continuity in academic
literature. In general topology, continuity remains a vital and foundational concept in math-
ematics. In 1972, Crossley and Hildebrand [7] introduced the concept of irresoluteness. In
1999, Arokiarani et al. [3] studied gp-irresolute functions, followed by Balasubramanian and
Sarada [5] in 2012, who explored the properties of gpr-irresolute functions. Over time, several
variants of irresolute functions have been introduced. Recently, J. B. Toranagatti proposed
and investigated dgp-continuity [23] as a broader interpretation of continuity. This research
aims to introduce and investigate a completely dgp-irresolute function, which serves as a

more robust variant of the existing gpr-irresolute function.
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2. PRELIMINARIES

Throughout this paper (M, 7), (N, v) and (P, n) (or simply M, N and P) represent
non-empty topological spaces on which no separation axioms are assumed unless otherwise
stated. For a subset K of M, ¢(K) and (K) denote the closure of K and the interior of K,

respectively.

Definition 2.1. A set J C M is called:
(i) regular closed [22) if ¢(i(J))=J,
(i) pre-closed [18] ¢é(i(J)) C J.

Definition 2.2. A set J C M is called d-closed [28] if J = és5(J) where és(J) = {b € M:
W(EU)NIJ=0, Ue S and b € U}.

Definition 2.3. A set J C M is called dgp-closed [6] (resp., gp-closed [17] and gpr-closed
[10]) if pé(J) € H whenever J C H and H is §-open (resp., open, reqular open) in M.

Their complements are the open sets that are related to the previously listed closed sets.
dO(M) is the collection of all J-open sets in (M, 7). The families of open sets, pre-open
sets, regular open sets, gp-open sets, gpr-open sets, and dgp-open sets are denoted as O(M),

PO(M), RO(M), GPO(M), GPRO(M) and 6GPO(M) correspondingly.

Definition 2.4. A function £: (M, S) — (N, v) is called:

(i) R-maps [12] if =1 (K) € RO(M) for every K € RO(N );

(ii) completely continuous [4] if £~ (K) € RQO(M) for every K € ~;

(iii) completely preirresolute [14] (resp., completely gp-irresolute [14] and completely gpr-
irresolute) if {~Y(K) € RO(M) for every K € PON) (resp., K € GPON) and K €
GPRO(N));

(iv) §gp-irresolute [23] if £~1(K) € SGPO(M ) for every K € 6GPO(N );

(v) dgp-continuous [23] if 171 (K) € 6GPO(M) for every K € ~;

(vi) pre §gp-continuous [23] if £~ (K) € SGPQO(M) for every K € PO(N );

(vii) gpr-irresolute [5] if £~ (K) € 6GPR(M) for every K € §GPR(N).

Definition 2.5. A space (M, ) is called:

(i) dgp-additive [24] if 0GPC (M) is closed under arbitrary intersections;
(it) Tsgp-space [6] if SGPC(M) = C(M);

(i) prereqular Ty jo-space [10] if GPRC(M) = PC(M);

(iv) locally indiscrete [13] if S = RO(M ).
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3. COMPLETELY 0gp-IRRESOLUTE FUNCTIONS

Definition 3.1. A function ¢: (M, ) — (N, ~) is called as completely §gp-irresolute
(briefly, c.0gp-i.) if for every point b in M and for any dgp-open set H that includes £(b),
there exists a d-open set G around b such that £(G) C H.

Theorem 3.1. The following conditions are equivalent for a function £: (M, ) — (N, v):
(i) ¢ is c.dgp-i.;

(ii) For each ¢ € M and each D € §GPC(N, £(q)), there exists a C € RO(M, q) such that
((C) C D.

Proof. (i) — (ii): Let ¢ € M and D € 6GPC(N, £(q)).

W37 € 60(M, q)(¢(J) C D).

Now, J € 60(M, q) = (3 C € RO(M, q)(C c J)).

Therefore, ( 3 C € RO(M, q)) (¢(C) C £(J) C D).

(ii) — (i): Obvious. O

Theorem 3.2. The following conditions are identical for a function £: (M, ) — (N, v):
(i) ¢ is c.dgp-i.;

(ii) For each ¢ € M and each G € 6GPC(N ) where £(q) ¢ G, there exists an H € 6C(M)
such that ¢ ¢ H and ¢~ (G) C H;

(i11) For each ¢ € M and each G € 6GPC(N ) where £(q) ¢ G, there exists an H € RC(M)
such that ¢ ¢ H and ¢ ~*(G) C H;

(iv) For every ¢ € M and each N € éGPC(N,l(q)), there exists a G € O(M, q) such that
((i(¢(G)) C N;

(v) For every ¢ € M and each H € §GPC(N £(q)), there exists a G € O(M, q) such that
l(s¢(G)) C H.

Proof. Obvious. O

Remark 3.1. We can generate the following diagram for the function £: (M, ) — (N, )
by using Definitions 2.4 and 3.1.

c.gpr.i. = c.0gp.i. — c.gp.i. — c.p.i. = c.c. = R-m.

\ \

gpr.i. — dgp.i. — p.dgp.c. — dgp.c.
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Notations:
c.gpr.i.: completely gpr-irresolute, c.dgp.i.: completely dgp-irresolute, c.gp.i.: completely
gp-irresolute, c.p.i.: completely pre-irresolute, c.c.: completely continuous, R-m.: R-maps,
gpr.i.: gpr-irresolute, dgp.i.: dgp-irresolute, p.dgp.c.: pre dgp-continuous, dgp.c.: dgp-
continuous.
None of the implications in above diagram is reversible as shown in the following

examples.

Example 3.1. Let M =n = {uy, ug, ug, us}, 7 = {M, 0, {w1 },{ue},{wa, ua},{u1, u2, us}}
and v ={n, 0, {w}, {u2}, {u1, ue}, {w1, uz}, {wa, ug, us}}. Then:

(i) The identity function £: (M, ) — (M, v) is dgp-irresolute, but it is not completely
d gp-irresolute.

(ii) Let us define £: (M, ) — (M, v) by l(u1) = w1, l(ug) = ug = {(uz) and £ (us) = ua,
In this case, { is Sgp-i. but not gpr-i., since {uy, ug} € GPRC (M, ) implies that £~ ({uy,
ug})={w1} ¢ GPRC(M, ).

Example 3.2. Consider M = {uy, ug, uz, us} with the topologies

S ={0, M, {w}, {w}, {w, w}, {w, us}, {w, w2, ug}} and

v =A{0, M, {u} {uwe} {uwr, wo} {u, uz, us}}.

Let the function £: (M, ) — (M, v) be defined by £(u1) = uy = L(ug), and {(uz) = uy
with £(ug)= ug. In this scenario, € is c.gp-i. but not c.0gp-i.. This is evident as {us} €
SGPC((M, ) leads to the conclusion that £~ ({us})) = {ug, us} ¢ ROM, ).

Example 3.3. Consider (M, ) as in Example 3.2. We define the function (: (M, ) —
(M, ) by specifying € (uy )= ug, (us)= uz, and £(uy)= ug with {(uy) = uy. In this context,
¢ is c.dgp-i., but it is not c.gpr-i.. This is because {u1, ugs} € GPRO(M, o) leads to the
conclusion that £~ ({uy, wy}) = {ug, wg} ¢ ROM, ).

Theorem 3.3. For any J C M, the following are the same where (M, ) is locally indiscrete
space [25].

(i) J is gp-closed;

(ii) J is 0 gp-closed;

(11i) J is gpr-closed.

As a consequence of Theorem 3.3, we can state the following theorem.
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Theorem 3.4. The statements that follow are interchangeable for £: (M, ) — (N, ~v)
where (N, v) is locally indiscrete space:

(i) ¢ is c.gp-i.;

(i) € is c.0gp-i.;

(iii) £ is c.gpr-i..

Theorem 3.5. The statements that follow are interchangeable for £: (M, ) — (N, ~v)
where (N, 7y) is Tsgp-space:

(i)  is c.c.;

(i) € is c.p-i.;

(iii) £ is c.gp-i.;

() £ is c.dgp-i..

Theorem 3.6. The statements that follow are interchangeable for £: (M, ) — (N, v)
where (N, v) is preregular T4 j2-space:

(i) € is c.p-i.;

(i) € is c.gp-i.;

(iii) £ is c.0gp-i.;

(iv) £ is c.gpr-i..

Definition 3.2. [11] Every gpr-closed set for a space (M, ) is closed if and only if T,= T
where T, ={L C M: gprcl(M-L)=(M-L)}.

Theorem 3.7. If ;=7 in (N, 7). Then, the assertions that follow are the same:
(i) L: (M, ) = (N, v)is c.gpr-i.;

(ii) L: (M, S) — (N, v) is c.ogp-i.;

(iii) 0: (M, ) = (N, ) is c.gp-i.;

(iv) b: (M, S) = (N, v) is c.p-i.;

(v) b: (M, S) = (N, v) is c.c..

Theorem 3.8. If v;= v in (N, v) and (N, v) is locally indiscrete. Then, the assertions
that follow are the same:

(i) £: (M, S) = (N, v) is c.gpr-i.;

(i) L: (M, ) = (N, ) is c.dgp-i.;

(iii) L: (M, ) — (N, v) is c.gp-i.;

() £: (M, S) = (N, v) is c.p-i.;
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(v) £: (M, S) = (N, ) is cc.;
(vi) £: (M, S) — (N, v) is R-map.

Theorem 3.9. Let {: (M, ) — (N, ) be such that the space (N, ) is dgp-additive. The
statement that follow are interchangeable:

(i) € is c.ogp-i.;

(i) £=' (Sgp-i(R)) C is(¢""(R)) for each R C N;

(iii) € (¢5(S)) C Sqp-¢(€(S)) for each S C M;

(i) és( L1 (R)) C 7' (3gp-¢(R)) for each R C N;

(v) £71(B) € 5C(M) for each B € SGPC(N );

(vi) €= (A) € 6Q(M) for each A € SGPO(N);

(vii) 71 (A) € RO(M) for each A € SGPO(N);

(viii) =1 (B) € RC (M) for each B € §GPC (N ).

Proof. (i) = (ii): Let R C AV and x € £~ (gp-i(R)).
b e (7! (6gp-i(R)) = dgp-i(R) € 6GPO(N, £(b))
B, (35 € RO(WM, q) (((S) C dep-i(R)C R)
= (IS € RO(M, q))(S C L HR)) = q € is(t"1(R)).

(i) = (iii) : Let S C M.

SCM = £S)CN = N\ £S) CN L p=1 [5ep-{(M\S)] C i5(£~ L (N\L(S)))
= M\ L7 (3gp-¢(£(S)) € M\ és(071(£(S))))
= ¢ (S) C & ((7H(0(S))) € 7 (dgp-¢(£(S)))

= ((é5(S)) C dgp-¢(4(S)).
(i) = (iv): Let R C V.

RCN — ('(R)C ML

== {(é5 (7H(U(R))) C dgp-¢(01(R)) C dgp-¢(R)
= ¢ ((T'(R)) C 7' (6gp-¢(R)).
(iv) = (v): Let H € §GPC(N).
H € §GPC(N) = H = dgp-¢(H)
B 65((e~1 (1)) < £} (5gp-é(H)) = ¢~ (H)
= (1(H) = és ((CYH)) = (~Y(H) € sC(M).
(i) = (vi): Obvious.
(viii) <= (vii)) == (vi) : Obvious.

(vi) = (i): Let K € 6GPO(N) and q € /~}(K).
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(K € 6GPON) (q € 1K) = K € §GPON, £(q))

Mo (L = 1K) € 60(M, q)) (UL) C K). 0

Theorem 3.10. The following assertions are identical for a bijection £: (M, ) — (N, v):
(i) ¢ is c.dgp-i.;
(ii) Sgp-i(C(H)) C {(is(H)) for each HC M.

Proof. (i) = (ii) Let H C M.
HCM = M\HCM
L ([(M\ig(H)] = £[és(M \H)] C Sep-é(¢[M/H])
¢ is bijection
= N \is(H)] C N\ dgp-i(¢[H])

— dgp-i([H]) C £(is[H)).
(ii) = (i) : Let K C M.
KCM = MEKCM L 5epi(([M\K]) C £]is(M\K)]

£ is bijection
= N\ dgp-¢({[K]) € N\ £]é5(K)]
— 0(65(K)) € bgp-e(0(K)). O

Lemma 3.1. Let N C M and N € @ (M). The following hold [15].
(i) K€ ROMM) = YN KeROWN, tn).

(1)) He RON, 7nv) = (3 a K € RO(M) such that H =N N K.
where Ty ={N N G| Ge€ OM)}.

Theorem 3.11. If¢: (M, ) — (N, v) is c.dgp-i. and K € S, then the restriction
)k : K — N is c.dgp-i..

Proof. Let J € 6GPO(N).

J € SGPON) 2220801 -1y € RO(M)

Lemma 3l (1/k)"1(J) = £71(J) N K € RO(K). O
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Lemma 3.2. Let N C M and N € PO(M). Then, N N K € RO(N) for each K € RO(M)
2].

Theorem 3.12. If(: (M, ) — (N, R) is a c.dgp-i. and K € PO(M), then £/, : K — N

is c. dgp-i..
Proof. This can be inferred from Lemma 3.2. U

Theorem 3.13.

(i) If €: (M, ) = (N, ) is Sgp-i. and k: (N, y) — (P, ) is dgp-i., then the composition
kol:(M, ) — (P, o) is also c.0gp-i.

(i) If : (M, S) = (N, v) is c.ogp-i. and k: (N, v) — (P, o) is c.6gp-i., then the
composition k/oﬁ:(./\/l, ) — (P, o) remains c.0 gp-i.

(iii) If €: (M, S) = (N, v) is an R-map and k: (N, v) = (P, o) is c.0gp-i., then the
composition kol:(M, ) — (P, o) is c.8gp-i.

(i) Ift: (M, S) = (N, ~)is c.ogp-i. andk: (N, v) — (P, o) is Sgp-c., then the composition
kol:(M, S) = (P, o) is also c.c..

Proof. Straightforward. O

Definition 3.3. If J, H € RO(M) (resp., 6GPO(M)) cannot be found such that J N H
=0 and JU H = M, then a space (M, ) is referred to as almost connected [8] (resp.,
dgp-connected [24] ).

Theorem 3.14. If {: (M, ) — (N, 7v) is a surjective function that is c.d0gp-i. and (M,

) is almost connected, then (N, 7y) is dgp-connected.

Proof. Let us consider that (A, 7) is not dgp-connected.

(N, 7) is not dgp-connected =
(3 C, D € §GPON)\{0})(CND = §)(CUD = N)
¢ is c.0gp-i. surjection
= ((~HC), 71(D) € ROM) \{0})(¢~1(CND) = ¢=1(0))(¢~1(CUD) = £~Y(N))
= ((7YC), £~YD) e ROMN\{OH (¢ 1(C)ne~YD) = 0)(¢~1(C) uL~YD) = M).

)
This (M, ) is not almost connected. O

Definition 3.4.

(i) If each regular open cover of a space (M, ) has a finite subcover, then the space is said
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to as nearly compact (briefly, n.c.) [20];

(ii) Every countable cover of a space (M, ) by regular open sets that has a finite subcover
is called nearly countably compact (briefly, n.c.c.) [9].

(111) If there is a countable subcover for each cover of M by regular open sets, then the space
(M, ) is referred to as nearly Lindelof(briefly, n.L.) [§].

(iv) If each 0 gp-open cover of a space (M, ) has a finite subcover, then the space is said to
as dgp-compact (briefly, dgp.c.) [20];

(v) Every countable cover of a space (M, ) by dgp-open sets that has a finite subcover is
called countably 0 gp-compact (briefly, c.dgp-c.);

(vi) If there is a countable subcover for each cover of M by dgp-open sets, then the space
(M, ) is referred to as dgp-Lindelof(briefly, dgp.L.)

Theorem 3.15. Let £: (M, ) — (N, v) be a c. dgp-i. surjection, then the following hold:
(i) If (M, ) is n.c., then (N, v) is dgp-c.;

(ii) If (M, ) is n.L., then (N, 7y) is dgp-L.;

(1ii)If (M, ) is n.c.c., then (N, ) is c.dgp-c..

Proof. (i) Let M be n.c. and A be an dgp-open cover of N.
(A C 6GPON)) (N = U A) ZEE,

(K: = {£74J)| J € A} € ROM))(M = UK)
— (K" C K)(| K* |< Ro(M = UK™))
M is nearly compact

Ll sweetve, (K: = (0(K*)Cl(K)=A)(|6(B*)| < Ro) (K = £(M) = £(U B*) = Unens £(K)).
(ii) Let M be n.L. and A be an dgp-open cover of N.
(A C SGPON))(JA] < Ro(N = U A)) 22elept,

— (K — [N) | T e A} C RO(M)) (M = UK)

M is n.c.

— (BK*CK |K|<R A M=UK")
¢ is surjective

= (U(K*) C UK) = A)(JeK") | <Ro)(N = £(M) = £(U K*) = Upen- ((K)).
(iii) Let M be n.c.c. and A be an dgp-open countable cover of A
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(A C GPOW))(JA] < Ro)(V = U A) ZE2ERL,

— (K= {7'(J)| ] € A} CROM)) (M =UK)

—
M is n.c.c.
— (3K* C K with [K*| <Ry A M =UK")
=
¢ is surjective
= (0 (K*) C UK) = A)(| (K")[ < Ro)(N = €M) = {(UK")) = Uger- {(K). O

Definition 3.5.

(i) If there is a finite subcover for each regular closed (resp., d gp-closed) cover of a space (M,
) then the space is said to be S-closed [27] (resp., dgp-closed compact).

(ii) If every countable cover of M by regular closed (resp., dgp-closed) sets has a finite
subcover, then the space (M, ) is called countably S-closed compact [1](resp., countably
dgp-closed compact).

(iii) If any cover of M by regular closed (resp., dgp-closed) sets admits a countable subcover,

then the space (M, ) is called S-Lindelof [16] (resp., dgp-closed Lindeldf).

Theorem 3.16. Let : (M, S) — (N, v) be a c.dgp-i. surjection. The following is true:
(i) If (M, ) is S-closed, then (N, ) is dgp-closed compact.
(it) If (M, ) is S-Lindeldf, then (N, 7y) is dgp-closed Lindeldf.

(iir) If (M, ) is countably S-closed compact, then (N, ) is countably 6 gp-closed compact.

Proof. (i) Let (M, ) be S-closed and compact and A be an dgp-closed cover of (N, 7).

(A C SGPCN) (N = U A) 222080 g — (1K) K € A} € RC(M))(M = U H)

M is S-closed

) ¢ is surjective

— @AN*CH) (H| <X) M=UH
o (H 5 = () € LH)=A)(H)] < Ro)N = M) = (U H) = U yep- £(H)).
(i) Let (M, Q) be S - Lindelof and A be an dgp-closed countable cover of N.

(A C IGPC(Q) (| A | < RV = U ) LELEE,

— (B={C"A]| A€ A} CORC(M)) (M = UB)

M is Lindelof closed



712 J. B. TORANAGATTI AND S. JAFARI
— (3 B*C B)(|B*| < Xo)(M = U B¥)

eI, (¢[B*) € ¢[B] = A) (/¢[B]| < o)

N = (M) = £(U B*)) = Upep+ ((B).

—_—~ o~

iii) Let (M, ) be countable S-closed compact and A be an dgp-closed countable cover of

=

C SGPC(N)) (|A] < Ro)(N = U A) L2e282t,

b

(

(J:={71 (A) | A € A} € RC(M))(JJ| < Ro)(M =UJ)

=
M is countable S-closed compact)
= (3J*CJ with |[J*| <Ry A M =UJ)
=
¢ is surjective
— () C L) = A) (| €0%) | < R)N = £(M) = £(U J*) = Ugee £(J). O

Definition 3.6. A space (M, ) is defined as almost regular [19] (or strongly §gp-regular)
if for any L € RC(M) (or §GPC(M) and any point ¢ € M\L, there exist C, D € & (or
dGPO(M)) such that g € C, L C D and C N D=10).

Example 3.4. Consider M = {uy, uy, uz, ug, us} with the topology S ={0, M ,{u1, uz},{us,

ug},{ua, ug, us, ug}}. Then, (M, ) is strongly d gp-reqular

Theorem 3.17. If (: (M, ) — (N, R) c.0gp-i. dgp-open bijection.
If (M, ) is an almost regular, then (N, v) is strongly é gp-regular.
Proof. Let F € §GPC(N) and 4(r) = s ¢ F.
U(r)=s ¢ F € §GPC(N) 222281 1 ¢ y=1 (F) ¢ RC(M)
M is almost regular

— (3U,V € §GPO(M)) (r € U) (¢7(F) € V)(UNV= 0)
£ dgpopen DIEeion, (¢(U), £(V) € SGPON))(s = £(x) € £(U))(FCL(V))(L(U) N £(V) = 0).
U

Definition 3.7. A space (M, ) is defined as follows:
(a) Almost normal: [21] For each G € C(M) and each H € RC(M) such that G N H = {),
there exist J, K € S such that JN K =0, G C Jand HC K.
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(b) Strongly dgp-normal: For any pair G, H € §GPC(M ) such that G N H = 0, there exist
J, K € 0GPO(M) such that JN K =0, GC Jand HC K.

Example 3.5. Consider M ={uy, ug, us, us} with the topology S ={0, M, {w1}, {uz}, {u1,

g}, {ur, ust,{w, ue, us}t}. Then, (M, ) is strongly é gp-normal.

Theorem 3.18. If (M, ) is an almost normal space then (N, ) is strongly  gp-normal
whenever £:(M, ) — (N, v) is c. dgp-i. and dgp-open bijection.

Proof. Let C, D € é6GPC(N) and C N D = 0.

(C, D € 6GPC(N)) (C N D)= 0
= (YO, YD) e RCM))(¢~HC N D)=LD)
£ is c.dgp.i.

— (¢7(0), 1Dy e RCM) A £7H(C)N LN (D) = 1)
_—
RC(M) C C(M)
— (£71(C) € C(M)) ( £1(D) € RC(M)) (£-1(C) N £-1(D) = 0)

(M, ) is almost normal

— (3U,v €sGPO(M) : £7H(C) CU, X D) CV, UNY =)
==
¢ is a d-gp-open bijection

= (L(U), (V) € §GPON))(C C £(U))(D C £(V)) (£(U) N £(V) = 0. O
Definition 3.8. A space (M, ) is said to be dgp-T1 [25] (resp., r-T1 [8]) if for each r, s

(r# s) € M, there exist K1 and Ky € 0GPO(M) (resp., O(M)) re Ky, s € Ko, r ¢ Ko
and s ¢ K.

Theorem 3.19. If (:(M, ) — (N, v) is c.dgp-i. injection and (N, v) is dgp-Th, then
(M, ) is r-T1.

Proof. Let r, s € M and r # s.

((r,8) € M)(r # 5) =2 4(r) 2 ((s)
(N, 7) is dgp - Ty
— (U € §GPOW, £(r) and V € §GPO (N, £(s))) (£(r) ¢ V) (£(s) ¢ U)
L8Pl (-1(U) € RO(M, 1)) (£-1(V) € RO(M, s))(x ¢ ¢-1(V)) (s & £-1(U)). 0
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Definition 3.9. A space (M, ) is said to be 0 gp-Hausdorff [24] (resp. r-Ts [8]) for each
p, ¢ (p # q) € M, there exist € J, K 0GPO(M) (resp., RO(M)) such that p € J, g € K
and JN K =10.

Theorem 3.20. If {: (M, S) — (N,y) is c.dgp-i. injection and (N, v) is dgp-Hausdorff,
then (M, ) is r-Ty.

Proof. Letr, s € M and r # s.

¢ is injective

(1, 8) € MxM)(r # 5) 0(r) # (s)

—
(N, v) is dgp-Hausdorff
— (3 A € 6GPO (N, £(r)) (3B € §GPO (N, £(s)) (A N B=0)
LS (171(A) € RO (M. 1)) (671(B) € RO(N, 5))(£71(4) 1 ¢7(B) = 0). :

Theorem 3.21. Let (N, v) be dgp-Hausdor{f space. If (: (M, S) — (N,y) and k: (M, S)
— (N',y) are c.6gp-i.e, then L = {q | £(q) = k(q)} is 6-closed in M.

Proof. Suppose that q ¢ L.
a¢ L = £a) # k(a)
(N, ) is dgp-Hausdorff

— (3G € 6GPO(N, £(q)))(3 H € 6GPON, k(q)))(G N H = 0)
¢ and k are c.0gp.i.

((~1(G) € RO(M, q))(k~'(H) € RO(M, q))(¢~(G N H) = 0)(k"H(C N H) = 0)
— (U:=¢YG)nk (H) e ROM, q)) (UNL=0) = q ¢ é&(L).
Then, L is §-closed in M. O

Theorem 3.22. Let (N, ) be dgp-Hausdorff space. If £: (M, S) — (N ,vy) is c.0gp-i., then
K ={(p, q) | t(p) =L(q)} is d-closed in MxM.

Proof. Let (p, q) ¢ K.

(p,q) ¢ K = {(p) # {(a)

(N, v) is dgp-Hausdorff

(3 G € 6GPO(N £(p)))(3 H € §GPO (N, £(q)))(GNH=0)
= (171(G) € RO (M, p)) (€7(H) € RO (M, @))(¢"}(G) N ¢ (H) = 0)
— (U: = £71(G) x ¢~1(H) € RO(MxM, (p, Q))(UNK = )
= (p, a) ¢ é&(K)
Then, M is §-closed in M x M. O
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4. CONCLUSION

In this research paper, we have defined completely dgp-irresolute functions, strongly dgp-

regular space, and strongly dgp-normal space in topological spaces with an example and

give the proof of the theorems based on their properties. We are interested in extending

our research work to convergence in bitopological spaces and nano topological spaces. In

addition, we plan to find some interesting concepts in bitopological spaces.
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ABSTRACT. In this paper, we derive L, —biharmonic equations for null hypersurfaces M in
Generalized Robertson-Walker (GRW) spacetimes using linearized operators L, o0<r<
dim(M)) built uniquely from the rigged structure given by a timelike closed and conformal
rigging vector field ¢. After providing a characterization for L,—harmonic null hypersur-
faces we study L, —biharmonic null hypersurfaces for r = 0 and » = 1 in low dimensions:
null surfaces and 3—dimensional null hypersurfaces.
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1. INTRODUCTION

Consider an isometric immersion ¥ : M™ — E™ from a Riemannian manifold M™ into the
Euclidean space E™. Denote by H and A the mean curvature vector field of M™ and the
Laplace operator of M"™ with respect to the induced Riemannian metric of E™. From the
Beltrami’s formula Ay = nH we see that M is minimal in E™ if and only if its coordinate
functions are harmonic. Observe that A%y = nAH. Manifolds with AH = 0, or equivalently
A?1) = 0 are called biharmonic. Obviously, minimal submanifolds (i.e H = 0) are biharmonic.
The question that arises is whether the class of biharmonic submanifolds is reduced to that
of minimal submanifolds. Several authors have proved it in some cases (cf. [I], 16} 18|, 20] 22]
and notes in the report [14]).
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A well-known Bang-Yen Chen’s conjecture says : Any biharmonic submanifold in pseudo-
Euclidean space E&*” is minimal. But in contrast to the Euclidean case (s = 0, where the
conjecture is not entirely solved), the conjecture generally fails for submanifolds in a pseudo-
Euclidean space. B.-Y. Chen and S. Ishikawa [I3] gave examples of nonminimal biharmonic
(also called proper biharmonic) space-like surfaces with constant mean curvature in pseudo-
Euclidean spaces IE;1 (s = 1,2) and proper biharmonic surfaces of signature (1,1) in E;‘
(s =1,2,3) in [I5]. Furthermore, in case of hypersurfaces, Chen has found a good relation
between the finite type hypersurfaces and biharmonic ones [I7, Chapter 11].

The Laplacian operator A involved in the biharmonicity can be seen as the first one of a
sequence of n operators Ly = A, Lq,...,L,_1, where L, stands for the linearized operator
of the first variation of the (r 4+ 1)—th mean curvature arising from normal variations of the
hypersurface. They act on smooth functions by L. (f) = tr(T, o V2f), where T} is the r—th
Newton transformation associated with the shape operator of the hypersurface, and V2f is
the self-adjoint linear operator metrically equivalent to the Hessian of f. With this extension
of the Laplace operator A = Ly and inspired by the Chen’s conjecture, it appears natural
to generalize the definition of biharmonic hypersurfaces replacing A by the L,. Along these
lines, the L,—conjecture has been formulated (cf. [5]) as follows:

L,—Conjecture 1.1 : Every Euclidean hypersurface 1 : M"™ — R"*! satisfying the condi-
tion L2¢ = 0 for some r, 0 < 7 < n — 1 has zero (r + 1)—th mean curvature (equivalently,
(r + 1)—minimal).

This L,—conjecture has been generalized (cf. [6]) for hypersurfaces of simply connected
space forms as follows :

L,—Conjecture 1.2 : Let ¢ : M" — Q"!(c) be a hypersurface immersed into a simply
connected space form Q" !(c). If M is L,—biharmonic then H,,1 is zero.

Recently, L,—biharmonic hypersurfaces have been considered when the target space is
pseudo-Riemannian and scrutinized by several authors [3, 19, 27, 28, 26] and references
therein. In particular, it is shown in [27, Theorem 1.1] that on any L;—biharmonic spacelike
hypersurfaces in Ef with mutually distinct principal curvatures, if the k—th mean curvature
Hj, is constant then the same is for Hy11. It is worth mentioning that all the hypersurfaces
involved in the above quoted works are either spacelike or timelike, hence nondegenerate.
To fill the gap, the present work focuses on L,—biharmonic null (degenerate) hypersurfaces
in generalized Robertson-Walker (GRW) spacetimes. As it is predictible due to the extra

difficulties presented by the singularities of null hypersurfaces, our following results provide
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(partial) characterizations of such L,—biharmonic null hypersurfaces, involving sometimes

auxilliary screen foliations.

Theorem 1.1. Let

b MM () CRT,

be a connected isometric immersion of a null hypersurface in a GRW spacetime M;H_Q(c)
where m =n+2+c%, t = c¢(c —1)/2 with ¢ = 1,0, —1, furnished with a timelike closed and
conformal rigging vector field (. Then M is L,—harmonic for some 0 <1 < n if and only if
one of the following holds :

(a) M is r—mazimal;

(b) M is (r 4+ 1)—mazimal and ¢ is parallele along M C R72,

Theorem 1.2. Let n € {1,2} be integer,

v M — M () CRYY,
be a connected isometric immersion of a null hypersurface in a GRW spacetime WH(C)
where m = n + 2+ c%, t = c(c — 1)/2 with ¢ = 1,0, -1, furnished with a non unit timelike
closed and conformal rigging vector field C.
(1) For ¢ =0, M is biharmonic (i.e zo—biharmonic) if and only if it is totally geodesic,
1.e null hyperplane. In particular the null mean curvature H vanishes.
(2) For ¢ # 0, if M is biharmonic then the null mean curvature H is leafwise constant

along the screen foliation induced by ¢, but not on the whole M.

The following is a null version of the result in [27, Theorem 1.1] for » = 1 in generalized

Robertson-Walker spaces.

Theorem 1.3. Let

b MM I () CRY,

be a connected isometric immersion of a null hypersurface in a GRW spacetime M;Hrz(c)
where m = n + 2+ c%, t = c(c — 1)/2 with ¢ = 1,0, —1, furnished with a non unit timelike
closed and conformal rigging vector field (. Then,

(1) Forn=1,v¢: M*> — M?(c) - Rﬁf is Ly —biharmonic.

(2) Forn =2, if M3 is Li—biharmonic and the null mean curvature function H ::ﬁl

is leafwise constant in the screen foliation F induced by ( then the same is for the
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* *
second order mean curvature Ho. Moreover, if Ho is constant on the whole null

hypersurface M3 then this constant is zero and M is 2—mazimal.

Throughout the paper, all geometric objects (manifolds, metrics, connections, maps,. . .)

are smooth. The Lie algebra of vector fields on a manifold N is denoted by X(N).

2. NULL HYPERSURFACES AND RIGGED STRUCTURES

A hypersurface M of a Lorentzian manifold (M, g) is null if the metric tensor is degenerate
on it, i.e the induced structure from the Lorentzian ambient manifold is degenerate.

A rigging for a null hypersurface M is a vector field ¢ defined in some open neighbourhood
of M such that ¢, & T, M for all p € M. If { is defined only over M, then we call it a restricted
rigging. If a rigging exists, then we can take the unique null vector field £ € X(M) such that
9(¢, &) =1 (called rigged vector field) and the (screen) distribution given by S, = Cpl NT,M
for all p € M. We can also define the rigged metric as the Riemannian metric on M given by
J = g+ w®w, where w = i*a, v is the g-metrically equivalent one-form to ¢ and i : M — M
is the canonical inclusion map. The rigged vector field £ is unitary and orthogonal to S with
respect to g. Moreover, w is g-metrically equivalent to &, and is called the rigged one-form.
The vector field N = ( — % 9(¢, ¢)¢ is the unique null vector field defined on M, orthogonal
to the screen distribution S and such that g(V, &) = 1.

Moreover, we have the following decompositions :

T,M = T,M & span(Np), T,M = span{&,} &S, (2.1)

for all p e M.

The rigging technique presents two main advantages. The first one is that all the geomet-
ric objects defined above from the rigging are tuned together in a way that allows linking
properties of the null hypersurface with properties of the ambient space. The second one is
the presence of the Riemannian rigged metric g, which geometry is reasonably well coupled
with the ambient geometry in most cases and it allows us to use Riemannian tools for the
study of the null hypersurface [23].

We get from decompositions

VuV =VyV + B(U,V)N, VuN = -AU) +1(U)N (2.2)
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where V, V are the Levi-Civita connection of M and the induced (projected) connection
on M, respectively. The induced connection V is torsion free but, in general, is not metric,
which makes it less useful in the theory. The second fundamental form B, the one-form 7

(also called rotation one form) and the screen second fundamental form C' are given by
B(U> V) = _g(vU£7 V)v T(U) = _g(vU§7 C):

for all U,V € X(M), where P : TM — S is the canonical projection associated to the second
decomposition in (2.1)). The vector field V&€ = V7€ is tangent to the null hypersurface M

and can be decomposed as
J— *
Vu§ =—-1(U)§— A (U),

where ;1 (U) € §. The endomorphism ;1 is the shape operator of & and satisfies
B(U,V) = g(A (U),V) = g(U. A (V)),  B(U)=0.
Some useful identities in the theory are the following:
—20(U, X) = dw(U, X) + (L¢g) (U, X) 4+ 9(¢, Q) B(U, X), (2.3)
the Gauss-Codazzi equation

9(RuvW. &) = 9((Vu A) (V). W) = g((Vv 4) (U). W) (2.4)

<

+7(U)g(A (V), W) = 7(V)g(A (U), W),

(Leg)(X,Y) = —2B(X,Y) (2.5)

for all U, V,W € X(M),X,Y € S, and the Raychaudhuri equation[9] :

Ric(6, &) = E(H) + (&) H — | A|I%,

where H denotes the (non-normalized) null mean curvature of the null hypersurface given by

n

Hp = ZB(GZ', 6i),

=1

with {e1,...,e,} an orthonormal basis in S,. In particular, H = —&Rfé.
If B =0, then it is said that M is totally geodesic and if B = pg for certain p € C°(M),

then M is totally umbilical. Observe that these definitions do not depend on the chosen
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rigging, although the tensors B, 7 and C' do depend. Throughout, the Levi-Civita connection
on the normalized rigged structure (M, g) will be denoted V and we have for all X Y. Z eS8

C(6,X) = —7(X) = §(Ve&, X),  VxY =Vx Y —§(Vx&Y)E,
being % the connection on the screen bundle §. In particular
J(VxY,Z2)=g(VxY,Z2) =g(VxY,Z) VXY,Z€S.

From now on, we assume M to be a generalized Robertson-Walker (GRW) spacetime of
constant sectional curvature ¢ € {—1,0,1}, which will be denoted H?H(c) throughout. It
is known that such spacetime admits timelike closed and conformal vector field, say (. We
have

——n—+2

My (c)=(I xsF.g), g=—dt*+ f*(t)gr

where f (the warping function) is a smooth positive function on I, and the fiber (F, gr) is an
(n + 1)—dimensional Riemannian manifold of constant sectional curvature cg [29]. So, the
target space m+2(0) of immersion is locally isometric to one of the modele spaces : a de Sitter
spacetime S?H of curvature ¢ = 1, the Lorentz-Minkowski spacetime R?“ when ¢ = 0 or the
anti de Sitter spacetime H?H (actually the universal covering of this pseudohyperbolic space

H?H) of curvature ¢ = —1. Hence, we consider the following orientable isometric immersion

b MM () CRT,

of the null hypersurface in H?H(c) where m = n+2+c? and t = ¢(c—1)/2 with ¢ = 1,0, —1.

Due to the causal character (spacelike or null) of tangent vectors to a null hypersurface in
Lorentzian space, the induced singular metric on the null hypersurface has signature (0,n).
So the timelike concircular vector field  can act as rigging vector field for M. The closed and
conformal vector field ( has the outstanding property that there exists a smooth function
o € C®(M) (the conformal factor) such that V¢ = oU for all U € X(M). In particular
Lcg = 20g. For a closed and conformal rigging, the rotation 1—form vanishes identically

(7 =0) and & is g—geodesic. Moreover, due to the closedness of , Vyé=— ;1 (U) and

VoV =VyV + [B(U,V) — C(U, PV)], (2.6)
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for all U,V € X(M). Also, using (2.3) we derive the following useful relation linking the
shape operators A and ;1
1
A=—2) A —oP, (2.7)

where A = g((, ¢) denotes the length function of (.

For the closed rigging (, the screen distribution S, = C;‘ NT,M is integrable and gives rise
to a foliation .# on the null hypersurface. Moreover, we have shown in [II, Lemma 7] that
the conformal factor o and the length function A\ are constant through the (screen) leaves
Fp, p € M. In other words,

X-0=0 and X-A=0

for all X € S.

3. RIGGED LINEARIZED OPERATORS L, AND TECHNICAL LEMMAS

* *
The shape operator A is self-adjoint and satisfies A £ = 0. Its n+ 1 real valued eigenfunc-
* * *
tions ko= 0, k1, ..., kn are the screen principal curvatures and we let (Xg =¢,X5,...,X,)
*
denote a g—orthonormal basis of eigenvector fields of A, with span(Xy,...,Xn) = S. For
*
0 < r < n, the r — th null mean curvature H, of the null hypersurface with respect to the
*
shape operator A is given by
n + 1 * * * *
< r )HT: Z ki - kiy and  Ho= 1,
0<i1 < <ir<n
*
and the null hypersurface is said to be r—maximal if H,= 0 identically on M. The following
notations will be in use :
* * * * *
Se= Y ki ki Se= > ki ki,

0<i1 <+ <ip<n 0<i1 <--<ir<n
il?“' 7/L‘T‘¢a

In particular §0= 1 and 5*1: H (the null mean curvature).
For 0 <r <n+1, the r—th Newton transformation 7*“7« with respect to the shape operator
A is the End(I(T'M)) element given by

Inductively,
* * r* * *
To=1 and T, = (-1)"S; I+ Ao Tr_1,
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where I denotes the identity of I'(7T'M) and %nﬂ: 0 ( follows Cayley-Hamilton’s theorem).

By algebraic computations, one shows the following.

Proposition 3.1 ([9]).

tr (A oTr 1) = (=1)"1r Sr;
*2 * *x K *
6) t <A oFros) = (0 (818, (4 1) S
A

*

(6) t1F(Tr 10Vy A) = (-1)1X. g, .

Also, for the last item in Proposition replacing V by %, it is easy to show by a

straightforward computation that
* ~ * r—1 *
tr(Ty—1 oVx A)=(-1)"""X- S, . (3.8)
We recall the following from [9, Remark 3, Page 68].

Theorem 3.1. Let (M™*1 () be a normalized null hypersurface of a Lorentzian space form
(H?H(C), g) with rigged vector field & and T = 0. Then,

2«

Pro, *
& Sp= (—1) Lt <A o Ty 1> »E1G (Slsr —(r+1) STH) . (3.9)
Consequently, if §T: 0 for somer =1,...,n, then §k: 0 for all k >r.

For each 0 < r < n, the divergence of the operator 1*“7«: X(M) — X(M) with respect to
the rigged connection V is the vector field dive(i‘r) € X(M) defined as the trace of \% 1*%,
that is

= * ~ * n ~ *
div¥(T,) = (Ve Tn) (O + D (Vx, Tv) (X0).
i=1
Using the iterative formula fT: (—1)’”5}] + ;1 ) fr_l, we have
div¥ Ty= (—1)"div" (sr ) +divY (]i o i_l) .

But
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~ %
Z X Sr a — vSr .
(0%

On the other side,

¥ (Rotis) = ¥ (Fx (o fii) )

So, for all U € X(M),
g(av¥ T, U) = §(av¥ Tr1,AU) + 305 (Tr1 Xao (Vx, 4)U)
+(=1)"U- S . (3.10)

* ~ *
We compute Z§ (T,_l Xa, (V X, A) U ) using curvature relations. Before proceeding we

(03
note the following covariant derivative identity which is established by a direct computation.

For all linear operator T : X(M) — X(M) and U,V € X(M),

(Vo) (v) = (Vo) (V) + [BU.TV)E - BU,V)T¢]
5 ([AUTV) + (U, ATV))] € ~ (AU, V) + (U, AV)] T€). (3.11)

Applying (3.11)) with T :;1 and using the fact that ;15 =0and V(=0 ® I we get :

(Vo) (V) = (Vo) (V) + [(A0, 4 V) = (AU, A V)¢, (3.12)
So, for each 0 < o < m,

g (fr—l Xa, (ﬁxajl) U) = (fr_l Xa, (VXQ;Q U)

g
+ [9(A Xa, AU) = g(AXa, AU)| X §(Xx,, Ty ).

Using item (ii) in Proposition and (2.7) we see that the last term in above equality

vanishes. Hence, in closed and conformal setting,

7 (771 Xa, (V. A)U) = §(Tr1 Xao (Vi 4) U)
= 9(Tr1 Xa (Vx.A) U) w0 (Tr1 Xa) w ((Vx,d) U).
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We show that the last term vanishes. Indeed,

W(j:rfl Xa) = fj(fr—l Xaf) (=" 157‘ 1 9(Xa,6)

0 if a0
= L0 X (3.13)
(=)t S, = (=) Spmr i a =0,

*0 * *
where we use the fact that §,_;=5,_1 due to ko= 0. From (3.13)) we need to compute the

second factor just for o = 0.

o ((vxA)U) = G((Vew).e)
= §(VelaU)- A (VeU).€) = 5 (Ve(av) )
= §(Ve (AU) +C(6, AV €) = C(&, au) &y,

Hence, for 0 < a < n,

_/x ~ * * *

7 (Tr1 Xar (Vxo ) U) =g (Tr1 Xa, (Vx, 2) V). (3.14)
Now, Gauss-Codazzi equation (2.4) with 7 = 0 provides

G (RO VIWE) =g (Vo AV, W) =g (Tv AUW),
for all U, V,V € X(M), where we make use of the identity

* * *

(VuB) (V.W) = g (Vo AV, W) +w(W)g(AU, A V).

Hence, (3.14) becomes

5(5&—1 Xa, (6)(& ;1) U) =3 (E(XQ,U) Ty Xa,§>
9 (Tr1 Xa, (Vo 4) (X))

From (3.12)), the following equation holds
(Vo 4) (Xa) = (Vo A4) (Xa) = [9(AV, A Xo) = g(AU, A Xa)| €
and we get

5 (Tr 1 Xe (Vi A) U) =7 (B(Xa,U) Tt Xar) 4 (Tr1 Xa, (Vo 1) (X))
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But

9(Tr1 X (Vo A) (X)) = 7(Tr1 X (Vo 4) (Xa)
(Tt Xo)w ((% }1) (Xa)> . (3.15)

(0%
Due to the relation 1*“7",1 Xoq = (=11 §T_1 X, we see that for a # 0, w(]tr,l Xq) = 0.
Also, for a =0,

w (Vo 2)©) = 5((Yo 4)(©,€) =3 (VoA 9- A (Vo)) = 5 (A (Vue),€) =0,

hence the product w(TT 1 Xa) (( ) ) 3.15|)vanishes identically and we get

9 (Tr1 Xar (Vo 2) (X0)) = §(Tr-1 Xa, (Vo 4) (Xa) -
Therefore, for 0 < o < n,
5 (71 Xar (Vs A) (@) = (R (X U) Dot Xar)
5 (Xar (Tr1 0 (Vo 4)) (X))
Returning back to we have

’§<div€ j*_“r,U) = (dw Tr 1,AU> +Zg( (Xa,U) Tr 1 Xa,i)
+ZQ ((Tr 1 o(Vyy A)) Xa,Xa> +(-1)"U- S,
= <d1v Tr 1,AU> —i—Zg( (Xa, ) TT 9 Xa,AU)

+9 (R(Xa. ) Tro1 Xa, U) .
By iterating this process, we get the following.

Lemma 3.1. )
=~ % .2 _ * xr—1—4
g(av¥ T, U) =339 (R(Xa,o Ti Xa, A U) (3.16)
Corollary 3.1. Let

Wb M M"+2< ) C R?_—i_l—f—l-c

be a isometric immersion of a null hypersurface in m+2(c) where t = ¢(c — 1)/2 with
c = 1,0,—1, furnished with a closed and conformal rigging vector field (. Then, for all
feC>®(M).

divy To=0 and div" (% %f) = tr (% o€2f) . (3.17)
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: . . ——n+2 .
Proof. When the ambient Lorentzian manifold M "2 has constant sectional curvature c, we

—_— * *7‘717@
have for a fixed r,each i =0...r—1 and a =0,...,n the term g <R(Xa,§) Ti Xa, A U)

in (3.16)) vanishes identically. So divV 'f‘r: 0. By definition,

div¥ (T, Vf) = tr (V T, V1) = Zn: g (V. (TrVE), Xa )

a=0
and
Vx. (%’r‘ Vf) = <%XQ f’r) Vi+ j:r <6xa6f> )
So,
aw® (7, 91) = §~ (94, (T ) (X)) + Z (F, (Fx.57).x.)
= _<Vf,d1v )+tr< 5
and the second claim in (3.17) follows from div¥ ('fr) =0. O

For the sake of comparison, note that in [9] using the projected (induced) connection V

we established the following.

Proposition 3.2. [9, Proposition 3] VX € X(M),
r—1 n

« r—1l—a
g(divaT, U) = ZZQ ( (X5, 6) Ta Xz,ng U)
a=0 i=1

r—1

" Z_:; <T<212_1_a U)tr(Ag o Ta) — 7(P(Ag 0 Ta U D)

*1 *2
(Z S, 1k — )) (3.18)
Taking r = 2 and U = £ in (3.18)) leads to

0= g(div” T»,6) = Zg( (Xi,€) TiXi, §) + 7()tr(A 0 T1)

i %2
—r(AoT1 &) +Z§1E —¢ Sy

=1
_ Z Gy Ke(IL) +7(6)tr(4 o 1)

7 %2
(AOT1§ +Z§112 =& S2

=1
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E(Xia Xl)
* * * * *
of the null plane II; = span(X;,&). But Ao T1 £ =0 and tr(4 o0 7T1) =—2 Sa, so

= g(R(&, X;) X, &) stands for the null sectional curvature

where K¢(I;) =

*b %2

Z §1 Ke(Il;) = € Sp +27(€) § — Z Stk - (3.19)

Therefore, we can state the following.

Lemma 3.2. Let
¢ Mn+1 SN Mn+2< )

. . . . ——n+2
be a isometric immersion of a null hypersurface in a space My ~(c) of constant curvature c,

furnished with a conformal rigging vector field (. Then

*Z *2
& So= Z Sik; - (3.20)
In particular, for n =2
* * ok
§ S2=5152 . (3.21)
Proof. For constant sectional curvature, Fg(l‘[i) =0,i=1,...,n and since 7(§) = 0, we

obtain (3.20)) from (3.19)). O
Now, for n = 2,
%0 %2 % %2 * *2 % x %

*  *
Z S1ki=kaok, + kike=kika (k1 + kz) =5152 .
=1

*
For each Newton transformation T, we can consider the second-order linear differential

operator L, : C®(M) — C*(M) given by

Lo(f) = tr (z*y oV f) (3.22)

where 62]” = %6]" stands for the g—dual of the Hessian H/c;;_s/f of f with respect to g on M.
Observe that when r = 0, EO =Ais nothing but the Laplacian operator on the Riemannian

rigged structure (M, g). Also, the second-order linear differential operator L, defined here

in (3.22) is different from L,(f) = tr (’f} oV (Vf )) as defined in [25] where a hybrid use of

the (projected) induced connection V and the rigged Levi-Civita connection V on (M,q) is
made. But these two connections do not coincide in general. Indeed, the equality V=v

holds if and only if B = C and 7 = 0 (cf. [10, Theorem 4.1]).
From (3.22)) and (3.17) and using divergence properties, we get
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Lemma 3.3. For all f,h € C*>*(M),
~ ~ ~ ~ * o~
Lo(fh) = fLy(h) + hL.(f) + 25 (v £.T, Vh) . (3.23)
For the following orientable isometric immersion
——n+2

Y MM — M (e) TR,

of the null hypersurface in M?H(c) where m = n+2+c? and t = ¢(c—1)/2 with ¢ = 1,0, —1,

we will calculate Er acting on the coordinate components of the immersion v, i.e a function
0 _

given by <¢, a> where a € R, is an arbitrary fixed vector. We let ¥V and V denote the

Levi-Civita connections on R?if+62 and m+2(c), respectively. For all U,V € X(M),
0 ~— —
VoV =VyV —cgUV)y
which, by use of (2.6)) gives
0 ~
Vo V =VuV + BU, V)N — &) + g(AU, V)& — cg(U, V). (3.24)
In particular, for all U € X(M),
0 — ~ *
Vuv€ = Vyé=Vy§ =— AU,
Lemma 3.4. Set h = <w, a>, a € R’llif+c2 with ¢ = —1,0,1 and X\ = (¢, (). Then,

Vh=a"—(a,N - §¢=a—(a,N — ¢ — (a, &N — c{a, Y); (3.25)
Lih = (=) (=10 & +r+ DA +1) Sra | (€.0) + (1) (+1) 1 (C.a)
=1 (n = r)e 5y (1, a), (3.26)

and

Lop = (1™ (= 7)o S+ + DA+ 1) S €4 (<17 (1) S €
= r)e S5 0. (3.27)

Proof. The function h is smooth on M and for all X € X(M),

~ 0
G(X,Vh)=X h=X-(ih,a) = <vX w,a> = (X,a).
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But
a=al + (& a)N + c(h,a)ip, (3.28)

where a” € X(M) is the tangential component of the vector a projected on M in the direction

span(N, ). So, noting that w(a®) = (a, N),

GX,Vh) = (X,a” +(&a)N + (), a)p) = g(X,a") + (£,a)5(¢, X)
= g(X’ QT) - W(X)W(QT) + <€7 a>§(§7 X) = g(Xv a” — <CL, N — £>§) )

and we get Vh=adl — (a, N — £)¢ and the last equality in || follows from |)
Further, note that

0 0 * 0
Vi N=-AU —cw(U) Vy&&=—-—AU and Vyy=U,
hence, a straightforward computation using (3.25) leads to

Vo Vh = —cih,a)PU + (AU- AU, a)¢ + (N — &,a) AU
(AU, a)N + (€, a) AU — ¢(PU, a)ib. (3.29)

On the other hand, applying (3.24) with V = VA leads to
0 ~ ~ o~
Vo Vh = VoVh+ (a, AUNN — €) + {a, AU)E — ¢(PU, a)ib. (3.30)

Therefore, using (3.29)), (3.30) and (2.7) we get

VuVh = <N - %(2 + A&, a> AU — (o€ + cib, a) PU, (3.31)

which in terms of { reads
~ ~ *
VuVh = << (14N a> AU — (o€ + e, a) PU. (3.32)
It follows from (3.32)) that
Loh = tr (f o62h> - Z’g(fy (ﬁxﬁh) ,Xa)
= " [(€— 1+ € @) GTwA Xa, Xa) — (06 + e, ) (T PXa, Xo)]

= ((~(1+Nga) (Ao T,) = (o€ + e a) (6(Ty) = (<1 57
= (C1(r+ D {C = (14 N @) Sr +(=1) (0= 1)(0€ + 01, a) 5,



732 C.C. ATINDOGBE
Therefore,

L = (1) (0 =)o Sy +(r+ DO+ 1) Spia] (€a) + (<17 (r + 1) Sri (Ca)
HE) T = r)e Sy (),

which is 1' Extend ZT to the R}"—valued function ¢ by setting
I (R

where 1; = €;(¢,e;) and (e1,...,en) stands for an orthonormal basis of RY’; with m =
n+2+c% t=clc—1)/2 and g; = {e;,e;) = £1. We have

Lap = Y el (v, ei)e

=1
= (-1t [(n — )0 Sp +r+ A+ 1) §r+1] Z gi(€, ei)es
=1

+(=1)"(r+1) §r+1 Z gi(C eiei + (=) (n—r)e §T Zé‘,@/}, ei)ei,

i=1 i=1

= (U (=70 5+ + DO+ D) Sra | €
HU (1) S ¢+ (1) (= r)e 5, 4,

which completes the proof. Il

Remark 3.1. Due to §n+1: 0, we see from above expression (3.27) that Enq/; = 0 and that

(M, ¢) is (trivially) L,—harmonic.

Lemma 3.5. Let a € R} be a fized constant vector and U € X(M). Then,

*

Vi€, a)=— Ad", (3.33)
where a® = a — (a,&)N — (i, a)p.
~ ~ ~ * *2 1 %2 *
W) = - (Tar A)U- [(A0aT) + (3 AU+ 0 At ¢
+(€,a) (; AU+ o ZxU) + clih,a) AU (3.34)

Lot a) = (—1)"VSir,a) + (1) (r+ De Spir (0, a)
#1578~ o] S 450420 bz -6 5 ) 6. 83)
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and

L& = (1)™VS 1 +(=1)(r+ e Spir ¥
1. = * 1 * *
+(_1)T+1 (|:2)\ Sl _(T + 1>U Sr+1 +§(T + 2))\ Sri2 _5‘ Sr—l—l) § (336)

Proof. Set v = (£, a). For U € X(M),

§(YnU) = U v=U (.a)=(Vy &a) = (- AU.a)
= (— AUGT) = (U,— Ad") = §(U,— A dT).

Therefore, 6(5 ,ay = — ;1 a’'. Using this expression, we get by direct computation that for
al U, W € X(M),

(Vo Vi, W) = —<aT + (4, )N, (VU Z) W>

—(AU,W)w(a®) + (AU, W)(¢, a)
It is easy to check that if T' € End(T'M) is a self-adjoint operator with respect to g then

<(VUT)V, W> - <V, (VUT)W> +w(V)B(U,TW)
—W(TV)B(U,W) — w(W)B(U,TV) + w(TW)B(U, V).

Applying this for T' = ;1 leads to

(Vo S, W) — ~(((Vu &) a" W)+ w(W)BU A o)~ w(a")BU, AW)

* * 2 T *
0, ) (Vo A) W N ) ) = (AU, W)w(a”) + (s, a) (AT, ).
But < (VU ;1) VV,N> = <;1AU, W) and due to , we get
* 1 =2 *
(Vo A)WN) = (=22 U-caUW)
where A = ((, (). Also, by Gauss-Codazzi equation with 7 = 0, the following equation holds,
(R(U,V)E,W) = ~(R(U, V)W, &) = (Vv A)U — (Vu A)V, W),

and since the ambient space has constant sectional curvature c, the left hand side van-

ishes, which leads to ((Vy zl)U, W) = (Vu IZ)V, W). Therefore, <(VU ;1) aT,W> =
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< (vaT Z) U, W> and
0 ~ * % 2 1 =2 * *

(Vu Vo, W) = < . (vaTA) U— < A U,aT>N+ (2A AU+cA U> (€, a) +c<1/1,a>AU,W>.
and this leads to

0 ~ * *2 T 1 x2 *

VoV = — (VQTA) U < A Ua >N+<§,a) (2/\A U+UAU>

*
+c(,a)AU + B(U)E +~v(U)p. (3.37)

Taking respectively £ and 1) components both side leads to S(U) = 0 and y(U) = ¢ <;1 U, aT>.
Hence,

0 ~ * * 2 T 1 x2 *

Vo Vv = —(Vard) U= (A Ua")N+(&a)(AA U+o AU

e, ) AU + ¢ (AUaT ) . (3.38)

0 ~
Computing the same term Vi Vv using the right hand side of (3.24]), we get

0 ~ ~ o~ x2 o
VuoVv = VyVv—(AUa" )(N-=¢)
1. %2 *
—<—2AZ1 U—aAU,aT>§+c<Z1U,aT>w. (3.39)
By comparing (3.38])‘and (3.39)) and using (2.7)) we get,
~ ~ * *2 1 2 *
VoVv = —(V,rA)U — [<A U,aT> + <2)\A U+ac AU, aT>} £
1. %2 * *
+(&, a) <2)\ AU+ocA U) +c(y,a) AU. (3.40)
Finally, taking into account that
* ~ * *2 * T
(Var A)U = (Voo A)U = [(AU— A AU, ")),
we get the desired relation (3.34]). Now,

tr(j*y V)
* ~ * 1 * *2 * *
—tr (TT oV,r A> -0+ (&, a) (2)\tr(TT oA )+otr(T, o A)> +

e(,ayr (T, 0 4).

Li(ga) =
531
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and (3.35)) is straightforward from Proposition The last claim (3.36)) follows from

rg Zgz( 5761) €;

where we use (3.35) componentwise. O

Before the next statement, we recall the following from [I1, Lemma 4 (4)], where ¢ is a

closed and conformal vector field.
Ric(U,¢) = —(n+ 1)U - o, (3.41)

forall U € X(M). Since our ambient space MnH(C) has constant sectional curvature c, it

follows from ([3.42)) that

U-0=—-cw(U) forall UeX(M). (3.42)
Taking U = £ provides
£-0=—c (3.43)
It turns out that
Vo = (£-0) = —ct. (3.44)

Furthermore, for U € X(M),
VyVo = %U(—cé) =c ZlU, (3.45)

and we get

L,o =tr (]*“T (6U€J)> =(-1)"(r+1)c §T+1 . (3.46)

As for o, the function A = ({, ) is (screen) leafwise constant and VA = 20¢. Therefore,

VA = 20¢. (3.47)
Hence, for all U € X(M),
VuVA = —2ew(U)E — 20 AT, (3.48)
and
LoA=tr (fy (%Uﬁw — (—1)r! (2c S, +2(r + 1)o §T+1> . (3.49)

Following the same steps as above for the function v = (£, a), we establish the following.
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Lemma 3.6. Let a € R be a fized constant vector and U € X(M). Then,

V(¢ a)=oa’ + (0(§ = N) — e, a) &, (3.50)
or equivalently
V(¢ a) = oa+ (o(& = N) =y, a) € — o(&,a)N — co{a, 9)); (3.51)
VoViC,a) = —cw(U)d” — o (ola, &) + cla,v)) PU

~[(A+ Dola,€) = 0(a, ) — cla, ¥)] AU
{5+ NulU)E -~ uU)C + Uia) &

FGa) = (-7 [((r =70 +26) B, +r 4 DO Do Sria] (60
+(=1)"* [(n —r)ea S —(r+ 1 gﬂl} (¥, a)
—i—(—l)r(T + 1)0' ér-i—l <€7 CL>;

and

[

L.¢ = (=1 [((n —r)o? + 2¢) Sh +r+1)(A+1)o §r+1] §
H=1 (0= 7)o Sy —(r+ Ve Sra| ¥
(1) (r + 1)o S €. (3.52)

Now, we compute E,QA,Z) Starting from 1}

LW,a) = (1 0+ DL (S (G ) + (<) eln = 1)L, (S0 (0,0)
U+ DL (A1) S (60)) + (-1 =)L (0 5 (6,a)

We compute each term using Lemma [3.3, (3.33) (3.36), (3.50). (3-52)), (3-44), (3.46)), (3.47)
and (3.49):

() 4+ DL (S (@) = 2170+ Do Tr V Sriasa)
Ho+ 1) (1L S+ + Do | G
~(r+ 1) (n=1)0? +20) 5.5
+@+¢xx+maéilk¢@

* Kk *2
~r+ D[ =)o 581~ + De S
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+2c gr (6 §r+1):| <wa CL>;

~ /% T 5
(_1)r+1c(n—T)Lr (Sr <w7a>) _ (_1)r+1( _ ) [L S, ( )TJrl(n—T’)C }(%a)
Hn—m4m—rws-ﬂ FDA+1) 58 ] (€ a)
—(n = 7)(r + 1) SrSri1 (Ca)
+2(=1)"(n — r)c< 7,V S, a>;

e DL (A1) S (60) = @+ DO+D) S (V Srina)
F2(=1)(r+ DA+ 1) (T 04V G,
(1204 1)e By (6, a)
+[<%)\(>\+ 1)(r +1) Sy
~(r + 1+ 1)o) i
+%)\()\ F 1)+ 1) +2) Sri1 801
—(r+1)(A+1) Sr1 (& Spr1)
H=1) o+ DO+ 1)L, S
L2+ 1) 5501 4200+ 120 5y
~4(r + o 5y (€ Srn)] (6, 0)

() (=)L (0 5 (€a)) = (01 5 (V Srara)
+2(=1)"(n — 7)o <z*’ro AV §a)
—( r)(r+1)oc SrST—i—l (¥, a)
( r+10.L Sr

<%)\U Sy — 1)(0 + 02)) S8
+2(n —1)e Sy (& Sp) + 5A(n ) +2)0 Sy Srio
~(n =17 5, (€ Sr1)| (€. a).

Putting all the above together, we get the following.

Proposition 3.3. Let

n+2

7/13Mn+1—>M1 ()CR1+t

be a isometric immersion of a null hypersurface in the Robertson-Walker space WH(C)

where m =n+ 2+ c%, t = c¢(c — 1)/2 with ¢ = 1,0, —1, furnished with a timelike closed and
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conformal rigging vector field (. If X = (¢, () denotes the squared length function of ( and o

its conformal factor, Then,

L) = [+ D)OA+1) Spir +(0= 1) (¥ Sri1,0)
+2(=1)(r + DO+ 1) (T 0 AVSp41,a)
2(-1)"(n—r)o <(1*“7»O;1ﬁ§r,a>
+2(-1)"(r+1)o <Cl*’r§§r+1,a>
(—1)

_|_

* o~k

+2(=1)"F (n — T)C<TTVST,G>
+AL(E a) + AL(C a) + AT (Y, a) (3.53)

for a fived a € RY,;; and

L2y = |(r+1)(A\+1) §r+1 +(n—r)o| V §r+1
P21 (r 4+ DA+ D (Tr 0 AVSr 11
H2(=1)"(n =)o (Ty 0 ANS,
+2(=1)"(r + D)o Tr Vi1
A1) (= P)e Tr VS,
+ASE 4+ ASC + AV (3.54)

with Aﬁ, A,g and A}fj as follows :

AL = (=)™ +1)(A+1) rSr—i—l +(=1)Mo(n - T)ZT@
1 *2 *x2
r+1)\<2/\+1 —2(r+1)o >ST+1+c(n—r)aST

1 * *x %
+(n—r <2)\0 S1+(r+1)(eA — 202)> SrSr+1

—_

_l’_

(r+1)(r+2)AXA\+1) Sr+1Sr+2

}—‘1\3

)
+-(r+2)(n—r)Ao STSH-Q +2(n —1)ec §T (& gr)
)

(r+ 1A+ 1) Spp1 +o(n+ 3r+4) 3‘4 (& Srin); (3.55)

— N

~ % *x2 F—
Ay = (r+1) [(—I)TLTSTH +(r+1)0 S,y —(n—71)c srsrﬂ] (3.56)

and

~ % *2 %2
AY = c[(—l)rﬂ(n—r)Lr Sr+(n =128, —(r+1)2A S, 1

—2(r + 1)(n — 1) SrSre1 —2(r + 1) Sy (& Spa1)]. (3.57)
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Remark 3.2. Observe that
~ % ~ * * * ~ % * ~ *
VS,= PVS, +(§ Sr)§, TrVS,=P [Tr Vsr} +(=1)" S (& Sr)€

and similar formulas for 6§7+1 and 1*17« %ﬁm. So we get the following useful equivalent

formula for

L2 = |(r+1)(A+1) S +(n—r) ] PV Sy
+2(=1)"(r + 1)(A + 1)(Tr o A)VSTH

2(—=1)"(n — )a(TT o A)VST

+2(=1) [ VS

)

+

"(r4+1)0oP TrVSri1
2(—1)"*+ (n — r)eP T\ VS,
+ AS €+ ASC+ AY; (3.58)

+

with

A = (U™ DO+ DISes H(—1) o (n — 1) L,S,
2 2
4+ 1A <2()\ F1) 51 =20 + 1)cr> S,y +e(n—1)%0 3,

* K

1 *
+(n—r) <2>\U S1+(r+1)(eA - 202)) SrSr+1

—~

For D+ 2AN+1) St S
Fo(r 4 2) (= 1)AT 8rSrye —2(r + )0 Sr (€ Sypn)- (3.59)

[\D\ }—t[\:ﬂ =

Definition 3.1. A connected isometric immersion
W M — BT () C R™
. 1 = q

of a null hypersurface in M?H(C) furnished with a rigging vector field ¢ is said to be
L,—biharmonic if the position vector field 1 satisfies the condition E%w = 0.

Remark 3.3. Based on (3.58),(3.59), (3.56), (3.57%) and Theorem a r—mazimal null

hypersurface

G MM M () CRY

is biharmonic. For this, we fix that proper zr—bz’harmomc null hypersurfaces are Er— bthar-

monic, but not r—mazximal.
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4. EXAMPLES

Example 4.1 (Null cone torus). Let n > m > 2 be integers. Consider
M={zel"®| —af+ai+ - +al,1=0, ah o+ +a5,5=1}0{zo>0}.

It is easy to see that M = A6”+1 X ST s a null hypersurface of the De Sitter spacetime

S?H given by the product of the lightcone AB”'H of dimension m+ 1 with the n —m standard

sphere S"™™ (a null cone torus). A timelike closed and conformal rigging for M is given by

¢ =00+ zox,
with (null) rigged vector field
1
é-: - (:E[)a'xla"' 7$m+170;" 70>
T
Then the shape operator is
0 e 0
1
;l ~ o I ‘ 0
0 On—m
0

and we get that

H,= (4.60)

0 if m+1<r<n+1

Based on Remark we see that M = AE”H XS s Ek—bihmmonic form+1 <k <n+1.

Example 4.2 (Null cone cylinder). Let 1 < m <n — 1 be integers, and
M={zel"?| —ad+al+ - +22,,=0, x>0}

This null cone cylinder Ag‘“ x R*™™ s a null hypersurface in L™ 2, for which a natural

timelike closed and conformal rigging is given by the constant vector field

¢=0d
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with corresponding rigged vector field

1

f: - (l‘o,xl,...,.Z‘erl,O,...,O).
Lo

Similar computations as in above Example show that the hight order mean curvatures

are given as in and A6”+1 x RP=™ 4g Ek—biharmom‘c form+1<k<n-+1.

5. PROOFS OF MAIN RESULTS
5.1. Proof of Theorem The L,—harmonicity condition reads

0=Lv = (=1 |[(n=1)0 5 +(r+ DA S €+ (1) (r+ 1) S ¢
+(—1)"! [c(n —r) §T }w.

This is equivalent to

§7~+1: 0, o 5*7: 0 and ¢ §T: 0.

Obviously, due to Theorem if §r: 0 the above system is satisfied. Assume g'ﬁé 0. Then,

§T+1: 0 and o = 0 and the latter implies ¢ = 0 due to (3.43]). O

5.2. Proof of Theorem We prove cases n = 1 and n = 2 separately.

e Casen = 1.

From (3.54)) withn =1 and r =0,

T * ~ * * ~ % «&
Ly = [(A +1) S1 430 | PVS1 +2(A + 1) AVS) + Ay £ + ASC + ALy,
with
*& ~* A * *2
Ao = —(A+DAS +§[(A+ 1) 51 —30] S,
+(eA — 20?) §1 —20(&- §1) + co, (5.61)
C ~ % *2 *
Ay = AS1+08—cS1 (5.62)
and

*2 * *
Ag) = c[c —AS; =20 51 —2(§ S1) (5.63)
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* ~
where we used Sa= 0. Therefore, the condition L(Q)w = 0 is equivalent to

(A+1) 51 +30 <

* ~ % *
P = — P . 4
APV S, 20t 1) VS1 (5.64)
~ x *2 *
ASi+0 8 —cS51=0 (5.65)
*2 * *
c[c NS, —20 81 —2(6- 51| =0 (5.66)

~ % A * *2 o * *
~(A+ A8 +5 [()\ +1) 5 —30—} Sy +(eh —20%) S —20(6- S1) +co=0.  (5.67)
Assume PV 5“175 0. Then, we see that PV 5’1 is an eigenvector field of ;1 with

eigenfunction (a screen principal curvature)

(A +1) §1 +30
200+ 1)

Since the null surface M is 2—dimensional, it follows that I;: 0 or E:él. But each
* *

of the two cases implies S1=S1 (0, A) which leads to a condradiction since o and

A are leafwise constant. We conclude that P%g“l: 0 and §1 is leafwise constant.

*
Observe that by the Raychaudhuri equation , if §1 is constant on the whole M,

this constant is zero. But the case ¢ # 0 implies 3’1# 0. Indeed, 5‘1: 0 in (5.67)) leads

to o =0on M and ¢ = —£ - ¢ = 0 which is a contradiction. Hence, for ¢ # 0, §1
is not constant on the whole M. To go further, let (£, X) be a local g—orthonormal

~ 2
basis of M. Since v§1: (& §1)5 :§1 & we get

~ ~* *3

~ %k ~ ~ % ~ *2 ~ *2
A S1=9(VeVS1,6) +9(VxVS1, X = g(Ve(S1 £),8) +9(Vx(S, €),X) =5 . (5.68)

Consider the case where ¢ = 0 and assume 5’175 0. From (5.65) and (5.68) we get

2
(5’1 +0) 5’1: 0. Therefore §1: —o. Then we get
2 *2 *
o :Slzf Si1= —f'U:CZO.

*
Therefore, 0 = 0 on M and S1= —o = 0 which is a contradiction.

e Casen = 2.

With r» = 0, equation (3.54)) reads

~ * ~ * * ~ % *5
Ry=[0+1) &5 +40} PVS; +2(A+1) AVSy + Ag &+ ASC + Ay, (5.69)
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with
& ~ % 1 * *2 1 * 9] *
ho = O+ DA S +A[(A+1) 51 =20 §) +2[520 51 +e - 207 51
+AA+1) 5’15’2 +2\o 5’2 +4co — 20 (& §1) (5.70)
~ x *2 *
Ay = ASi+08, —2¢5, (5.71)
and
w *2 * *
AO = C 4C— )\ Sl —40 Sl —2(§ Sl) . (572)

Therefore, the biharmonicity condition amounts to

(A+1) Sy +do_~ =

* ~ * *5
=— P =0, A= d Ay =0. :
APVS, 20+ 1) VS1, Ag=0, o0=0 an 0 (5.73)

Assume P%él;’é 0. Then we see from the first equation in (5.73) that

s (A+1) 8 +Ho
= 2N+ 1)

is a screen principal curvature. Also, it is easy to see that the screen shape operator

is (with ko= 0),

0 0 0
00 0 .
. . o (A1 S o .
A=10 k1 0] = 2\ + 1)
0 0 Jo

3(A+1) 1 +do
2\ + 1)

From Raychaudury equation and due to 7(¢) = 0 and Ric(¢,€) = 0, we have

e — 1[50+ 1)2 & +16(A+ D)o &1 +1602 (5.74)
5'51—m[(4‘)51+ A+1)o S + O’] .

Now, we treat the cases ¢ = 0 and ¢ # 0 separately.

Assume ¢ # 0. Eq. (5.74) in the last equation in (5.73|) yields
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x2 4o(A+5) * 1602
A —de = 0.
(A+5) 5, + N1 Sl+(>\+1)2 c=0

But, A+5 # 0, otherwise we get ¢ = 0 from (3.43)) and (3.47)) which is a contradiction.

* *

So, S1=S1(A, o). Therefore, since A and o are (screen) leafwise constant, the same is
* ~ %

for S1 and we get PV,S1= 0 which is a contradiction.

Assume now that ¢ = 0. It follows from the third equation in (5.73)) that

~ *2

ASi=-03. (5.75)

Also,
x 1/ %2 x \ G7) 3 x2 4o« 402

Therefore, by replacing the expressions (5.75)), (5.76) and (5.74) in the second equa-
tion in (5.73]) we get
2 3

1 x3 1 x2 Ao 9
Z>\()\+1) Sq +§(11)\+8)a S, + A +204+2)=0

A+1

which is polynomial in 5*1 with degree 3 since A(A + 1) # 0. Therefore, §1:§1(A, o)
which implies again a contradiction PV 5’1: 0 since A and o are (screen) leafwise
constant. Finally, we conclude that P€§1: 0 and 5‘1 is (screen) leafwise constant.
Now we are interested in knowing whether 5’1 can be globally constant over the

whole hypersurface M, in which case this constant would necessarily be zero. For

this, observe that due to (5.72) and the last equation in (5.73)), ¢ # 0 implies || ;1H2 =

*
& §17# 0 and the answer is negative. It remains to analyze the case where ¢ = 0. Use

(5.71]) and the third equation in ((5.73]) to get

~ % *2
Also, 0 = ¢ = —£ - 0 and being leafwise constant, we see that o restricts to a constant

over the whole M. Assume this constant to be zero. From the second equation in

(5.73) and (5.70) we get

*  x2 *

S1(S1 +2 S2) = 0. (5.78)

* *
In this relation, assume S2# 0, then by Theorem S1# 0 and we get

1 /%2 * * 1 =2
5 (Sl —5' Sl) =So= —5 517
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* *2
ie & S1= 2 S,. Before we go further, we note the following. Choose a local
*
g—orthonormal frame (Xo, X1, X9) consisting of eigenvectors of A such that Xy = &

and X1, Xy € I'(S). Then, by a straightforward computation, &31: £ (& 3’1)—(5- 5*1

*3 *

~ 3
)5*1. Therefore, 0 = A§1: 4 §1 —2 81, thus, §1= 0 : a contradiction. So, in (5.78)),

* *
we have So= 0 and consequently S1= 0. Now, assume that ¢ restricts on M to a non

*
zero constant. Substituting (5.77)) and S92 in the second equation in (|5.73|) yields

*3 *2 * * *
AMA+1) Sy +(A+ D)o §; —40* 51 — [AA+1) §1 +(A + 2)0} (& S1)=0.
Taking again derivative with respect to £ both side leads to

AA+1)(¢ 5*1)2 + [—2)\()\ +1) 5? +(BA+2)o §1 —I—GUQ] (& 51)

* 2
- [(5A +2) 51 +A2 + oA+ 40} o 5=0 (5.79)

Observe that since &- §1: 0 implies 5*1: 0, we infer that &- 5*1 is solution of Eq.
(5.79). Consequently, we have

2 *
AN +1) 5y —(3\+2)o 51 60

AT . (5.80)
(5A+2) S1 4N £ oA+ 40| §=0

£ Si1=

& §1= 0 or

*
Observe that S;= 0 is incompatible with the second system in (5.80|) as it implies

o = 0 which is a contradiction. So, for this system, 5’175 0 and we get
(5A+2) §1 +A2 + oA + 4o = 0.

But 5\ 4+ 2 # 0, otherwise 20 = ¢ - A =0 and ¢ = 0, a contradiction. Therefore,

* A+ oN+4do

= .81
51 SA+2 (5:81)
from which we get
& S1= 20 [5A% + 4) — 180] (5.82)
(BA+2)2 ' )
Replacing (5.81)) in the first equation of the system in (5.80)) yields
* A+ or+40\®  3A+2 M 4or+4 602
€ 5=2 +oA+4do + + oA+ 007 o . (5.83)
BA+ 2 AA+1) BA+2 AAF1)
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From (5.82)) and ([5.83) we see that A = A(0) = const i.e 0 =& - XA =20 i.e 0 =0 and
this is a contradiction. So the second expression of &- 5’1 is not admissible and we
conclude that &- 5‘1: 0 is the only one solution, and this implies ,§1: 0 and the proof

is complete. O

5.3. Proof of Theorem From (3.54) with n =1 and r =1,
=9 * ~ * * * o~ % * ~ * *E C ,[/)
L =2(A+1) S2 PV Sg —4(A+1)(T1 0 A)V S2 —40P T1 V.S2 + Ay E+A¢C+HAT Y, (5.84)

with

*

*& ~ % 1 * *2 jo s
A=2\+1)L; So +2)\<§(/\ +1) 51 —40) So +3AA+1) S283 —40 S1 (& S2)

C ~ * * ¢ *2 * *
A1:2[—L1 5y +2052], and AY :—4c[A52+51 (€ S2)|.

But for the null surface M?2, we have §2:l::ol:‘1: 0. So, E%zp = 0 and M? is L1 —biharmonic
and item (1) is proved.

Let n =2 and r = 1 in (3.54). We treat separately the cases 0 = 0 and o # 0.
e For 0 = 0 we see that ¢ =0 and A\ = cste. So,
~2 * ~ % *x X *2 ~ % *é‘ 4— ’lZ}
Litp =2(A+1) So PV So —4(A+1)(= S1A+ A )PV S2 + Ay §+AjC+ ATy, (5.85)

with
*g *  * C ~ * ’d}
Ai=AA+1) 8182, Aj=L1 S2 and A} =0, (5.86)

* ~
where we used S3= 0. From the L;—biharmonicity condition, the first equality in

5.86|) yields 5'15’2: 0 which implies 5*2: 0. Indeed, if éﬁé 0 then 5’2: 0. Now, by
* *
Theorem S1= 0 implies So= 0.
e For o # 0,

~ * * ~ * *2 ~ %
Ly = [2(A+1) So +40 S1 +0':|Pv52 +4(A+1) |:<81 —M>A A]PVSQ
* *2

—2¢ 5, NS, +20 [(51 +§) A-A ] NS+ A1 €+ ASC+ AV,

*
Assume S is % —leafwise constant. Set

* * o
D= <Sl _A+1)

*2

s *
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The Zl—bihamonicity condition implies

D VS L3 7 (48 +1)| VS 5.87

D PVSy= — §S2+m( S1 +1) Sa . (5.87)
*

Observe that £ is also an eigenvector field of l*) associated to the eigenvalue Ag= 0.

Also, f) is diagonalizable and

* * o *
trace(D) = 2 S R S1 -

Assume PV 5’27& 0. It follows from ([5.87)) that

WES S
N PRV TOWEE Rt
is an eigenfunction for f) Observe that ;\17& 0. Otherwise, 5*2: 2()\_7_7:1)(4 §1

+1) which implies % 5‘2: 0 and this is a contradiction. We find that the third

*
eigenfunction of D is

* ; * * 5 * o
A= raCG(D)— A= 5 S2 +m-

Without losing generality we can choose a local g—orthonormal frame field consisting of

eigenvector fields of 1*) such that

~ %

P
Xo=¢& Xi= %fQ €T(S) and X, €I(S).
‘PVSz‘

In this local frame, 1*) takes the form

X 0 0 0 0 0
* * 1* g *
_ _ — |1 T (45 +1
=10 x 0 |=|0 ~[aStpUsitD 0
0 0 A 0 0 5 Gyt
I 1| 222 T4+ 1)

Taking into account the &, ¢ and 1 components we also derive the following equations :

3 ~ % ~ % 1 * * *2
Ay = 2(A+1)Ly S2 +oL; S1 +2X [2(/\4- 1) S1 —4o| S2 +co S,

*

1 * * ok *
+ 5)\0 S1 +2¢(ch — 202)} S1S2 —40 51 (& S2) =0; (5.88)
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C ~ * *2 * ok
2A1 = —L1 89 +20 So —c §1S2= 0; (5.89)
1/) ~ * * * *2 * % * *
AT = c¢|L1 S1+cS1+cS1—4X Sy —40 S182 —4 51 (& S2)| = 0. (5.90)

* * *x ok ~ *
Observe that since S3= 0, we have £- S9=5152. Let us compute L1 Si.

L S1= ﬁ(il*ﬁ 0656 §1,§) +§<’l*’1 oVx,V §1,X1) +§(f1 oV xaV §1,X2>

~ % *2 *
where V §1= (£ 51)§ = (S; —2 S2)€. Computing each term leads to

*x2 %

* ~ ~ % *4
g (:m oVeV sl,g) — 28, +6 5,55

* *2 *

5(%1 O§X16 §1,X1> = g(fﬁ oVx2V §1,X2> =852 (S; —2 S2).

So,
~ % *2 % x4 *2
L §1=38 5152 —2 Sl —4 SQ . (591)

Assume ¢ # 0. From (5.90) and (5.91)),

*2 *2 *

* *4 *
—4(A+1) Sy +[4 5, —40 S1] S2 =2 81 +¢ S1=0.

Hence, since A + 1 # 0 we see that 5'2:5’2 (g‘l,)\,a) and this implies P@g*g: 0 which is a

contradiction.

_ 2
Assume ¢ = 0. We get from (|5.89)), L1§2: 20 §2 with o constant on M. Using (/5.88]), we

derive
*2 1 x2 9 9y * * x4
4NSy + | (4 + 5)\)0 S1+AN+X—40%) S1 —4oA| S2 —20 §;=0.

But A < 0 since ( is timelike. So, 5*2:5’2 (§1, A, 0) and this implies P@f%: 0 which is again
a contradiction.
Finally, we conclude that 2 §2: 0i.e 5*2 is leafwise constant in the screen foliation .%.
Assume that §2 and hence [}2 is constant on the whole null hypersurface M3. Then

* * ok *
0=¢ §2=95152 and this implies again S2= 0 as shown in previous argument above. O

Discussion. Consider the case where the rigging is a unit timelike vector field, i.e A =
(¢,¢) = —1. Due to VA = 20€ and £ -0 = —c¢, we get 0 = 0 on the null hypersurface M

and ¢ = 0. Hence, when the rigging ¢ is a timelike unit closed and conformal vector field,
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the target space of immersion is necessarily Minkowskian, and ¢ is a Killing vector field in a

neighbourhood of the null hypersurface. Moreover,

29 = [(=1"(r+ DI Sen] ¢

Consequently, the null hypersurface connected isometric immersion ¢ : M"*t — R?H

furnished with a timelike unit closed and conformal vecor field (a Killing rigging ) ¢ is

r—biharmonic if and only if E,@TH: 0.
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ABSTRACT. This article presents the concepts of statistically bounded, statistically bounded
convergence, statistically bounded null, statistically regular convergence, statistically regu-
lar null double sequences of bi-complex numbers, statistically convergent double sequences
in Pringsheim’s sense, and statistically null double sequences in Pringsheim’s sense. We
have established that these spaces are linear, and we have demonstrated their many alge-
braic, topological, and geometric properties using the Euclidean norm defined on bi-complex
numbers. Suitable examples have been discussed.
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1. INTRODUCTION

The notion of convergence double sequence was first proposed by Pringsheim [14]. Bromwich
[2] has some of the earliest works on double sequence spaces. The concept of regular conver-
gence of double sequence was later introduced by Hardy [5]. Additionally, double sequences
of bi-complex numbers were introduced by Kumar and Tripathy in various directions [6], [7],

and [g].
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Definition 1.1. [13] Norm (Euclidean Norm) on Cq is defined by

Vlle, = Vw?+ 22 +y2 + 22

=/ |ui|? + |uz|?

_ | + o
5 :

Cy becomes a modified Banach algebra with respect to this norm in the sense that
Iy slic, < V2Ihlle, - llsllc,-

Definition 1.2. Three types of conjugations are defined in the bi-complex numbers (Rochon,

Shapiro [16]) as follows,

(1) i1- conjugation of bi-complex number v is v* = uy + iguz, for all uj,us € C; and
u1,us are complex conjugates of uy, ug respectively.

(2) i9- congugation of bi-complex number v is ¥ = uy — igug, for all uy,us € Cy.

(3) i1ie- conjugation of bi-complexr number =y is v = uy — igug, for all ui,us € C, and

U1, Uz are complex conjugates of uy, ug respectively.

The concept of statistical convergence was introduced Fast [3] and reintroduced by Schoen-
berg [18]. It was also discussed in the work of Zygmund [20]. Subsequently, several researchers
including Fridy and Orhan [4], Maddox [L1], Salat [17], Mursaleen and Edely [12], Rath and
Tripathy [I5], Tripathy [19] and others explored this notion in various contexts”.

A subset E of N is said to have natural density 6(F) if

I(F) = lim —ZXE exists ,

n—00 N
I<n

where x g is the characteristic function of E.

A single sequence (7;) is said to be statistically convergent to L if for each € > 0,6({l € N :
|7 —Lllc, > €}) = 0 and write 8% I or stat —lim~y, = L. A sequence that is statistically
convergent to zero is called a statistically null sequence.

The density of a subset E of N x N is defined as

92(F) = lim Z Z xE(l,m) exists.

n,k— o0 nk
1<n m<k

A double sequence (;,,,) is said to be statistically convergent to L in Pringsheim’s sense if for

every € > 0,62({([,m) € Nx N: ||y, — L|jc, > €}) = 0, written as st — limy 00 Yim = L.
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A double sequence (7y;,,) is said to be statistically null if it is statistically convergent to 0 in
Pringsheim’s sense.
A double sequence (7y;,) is said to be statistically regular convergent if it converges in
Pringsheim’s sense and the following statistical limits exist
stat — lli\rgo Yim = P, exists, for each m € N,

and

stat — lim ~;,, = @, exists, for each [ € N.
m—0o0

For regularly null sequences we have P,, = Q; = L =0, for all [,m € N.

Definition 1.3. Let (vi,,) and (t;,) be two double sequences, then we say that Vi, = tim,
for all most alll and m (in short a.a.l and m) if 2({(I,m) : Vim # tim}) = 0.

Definition 1.4. A double sequence (vy,) of bi-complex numbers is said to be statistically
divergent to oo if for any given G,5({(l,m) : ||mlc, > G}) = 0. Similarly, statistically

divergent to —oo is defined.

Definition 1.5. A double sequence (v,) is said to be statistically Cauchy if for every e > 0,

there exists n = n(e) and k = k(e) such that 02({(l,m) : ||Vim — nkllc, > €}) = 0.

Definition 1.6. [10] The set of bi-complex numbers is a commutative ring. Modules over
rings are defined in the same way as vector spaces are over fields. A module defined over the

bi-complex number ring BC is known as a BC— module or simply module.

Definition 1.7. [6] A double sequence (Vi) of bi-complex numbers is called bounded, if there

exists a real number M > 0 such that

Hf)/lmH(Cz < M? fOT’ all l7m € N.

and the set of all bounded double sequences of bi-complexr numbers, defined by;

2lso(Co) := {7 = (Mim) € 2w(C2) : sup [[vimllc, < OO} .

I,meN

The sequence space 20 (C2) is a normed linear space with respect to

[ Al = sup [[vim |l c,-
l,m
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2. DEFINITIONS AND PRELIMINARIES

In this paper, the notations 2/ (Cs), 26(Ca), 280(Cs), 2¢%(C2), 265 (Ca), 268 (Cy), 265 (Ca)
are used to denote the spaces of bi-complex double sequences that are statistically bounded,
statistically convergence in Pringsheim’s sense, statistically null in Pringsheim’s sense, sta-
tistically regularly convergent, statistically regularly null, statistically bounded convergent

in Pringsheim’s sense, statistically bounded null in Pringsheim’s sense, respectively.

2loo(C2) := {(yim) € 2w(C2) : F0 < M € Cyq : 62({(I,m) : 1Vimllc, > M}) =0}

2¢(Cy) := {(fnm) € ow(Cyq) : there exists L € Cy such that st — llim Vim = L} :
— 00

m—00

200(C2) = {(%m) € 2w(Cy) : st — ll_lglo Vim = 0} ;

m—r0o0

QER((CQ) = {(’ﬂm) € 2¢(Cy) : st — llim Yim = Ym, €xists for each
— 00

m € N and st — lim -, =7, exists for each [ € N};
m—r0o0

265 (Ca) := {(Wim) € 2¢"™(Ca) : ym =y = L =0, for all [, m € N};

QEB((CQ) = QE(CQ) N QEOO(CQ) and 255(@2) = 250(@2) N QEOO((CQ).

Definition 2.1. [7] Let E be a subset of a linear space X. Then E is said to be convex
(or BC— convez) if (1 — X)(Yim) + ANtim) € E for all (Yim), (tim) € E and scalar X € [0,1].

Definition 2.2. [8] A Banach space X is said to be strictly convex (or BC— strictly convez)
if (im), (tim) € Sx with (Yim) # (tum) implies that [ AM(yim) + (1 = X))l x < 1, for all

A€ (0,1), where Sx is unit sphare.

Definition 2.3. [9] A Banach space X is considered uniformly convex (or BC— uniformly

convez) if, for any € with 0 < & < 2, the following inequalities hold true: |vim|x <

L ltimllx <1 and ||(vim) — (tim) || x > € imply that there is a § = 6(e) > 0 such that

(m) + (tom)

<1-4.
5 =

X
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3. MAIN RESULT

In this section, the following results are established.

Theorem 3.1. If a double sequence (v,) of bi-complex numbers Y, = Uiy + iougyy, for
all I,m € N 1is a statistically bounded double sequence of bi-complex numbers, then the dou-
ble sequences (u1ym) and (ugyy,) of bi-complex numbers are also statistically bounded double

sequences of bi-complex numbers.

Proof. Let (v,,) be a statistically bounded double sequence of bi-complex numbers. There
exists a positive real number M, such that d2({(l,m) : [|[Viml|/c, = M}) = 0, which implies
S2({(l,m) : [luaim + i2vaimllc, = M}) = 0 and 62({(l, m) : [[upimllc, = M}) < 62({(1,m) :
|wiim +i2uaiml|lc, > M}) =0 for p =1,2. Hence, (u1;,) and (uay,) are statistically bounded
double sequences of bi-complex numbers.

Conversely, let (u15,) and (ug,y,) are statistically bounded double sequences of bi-complex

numbers. Then, without loss of generality, we can find M > 0, such that

S2({(l;m) : [lurm|lc, = M}) =0,

and
S2({(l,m) : ||ugim|c, = M}) = 0.

Consequently, the following inequality yields the result;

Sa({(l,m) : ||urim + 2ugiml|c, > M})

< 6({(l,m) : [lurimllc, = M) + 62({(1,m) : [Jugimllc, = M}) = 0.

(By sub-additive property)
Hence, (v;,,) is statistically bounded. O

We formulate the following corollaries based on the previous theorem:

Corollary 3.1. If a double sequence (i) of bi-complex numbers, where Yy, = Tim +
11 Xopm + 12%30m + 1192Ta1m, 18 Statistically bounded double sequence of bi-complex numbers,
then the double sequences (Tpim), p = 1,2,3,4. of bi-complex numbers are also statistically

bounded double sequences.

Corollary 3.2. If a double sequence (Vi) of bi-complex numbers, where Vi, = pumer +
Harm€s, s statistically bounded double sequence of bi-complex numbers, then the double se-

quences (f1ym) and (papy,) are also statistically bounded double sequences.
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Theorem 3.2. If a double sequence () of bi-complex numbers, where vy, = U1pm +i2Uoim
for alll,m € N is statistically convergent to v = uy +igug with respect to the Euclidean norm

on Cy if and only if (uyym) and (ugy,) are statistically convergent to uy and ug respectively.

Proof. Consider (v;,,,) be statistically convergent to . Then, by definition, for every € > 0
o2({(l,m) € NxN: [[yim =7, 2 €}) =0
= &2({(l,m) € Nx N [[(vim — ) +i2(vaim —72)lle, 2 €}) =0
= 02({(l,m) € NX Nt ||y — mllc, + [Iv2im — 2lle, = €}) =0.

Now, consider the set
A ={(,m) e NXN: [y — nllc, > €}

Since, [|[v1im — 71llc, = € implies [[v1m — 11llcy + [v2im — 12llc, > &,

we have,

A: €{(l,m) e NXN: |lyim — 7llc, + 1v2im — 12llc, > €}
= 02(A:) < 62({(1,m) € N XN |lyum — mlle, + [h2im — 72lle, 2 €}) = 0.
Hence, for every € > 0,
o2({(l,m) € N X N: [y1m — nllc, = €}) = 0.
Similarly, for every € > 0,
o2({(l,m) € Nx N [|v2im — 12llc, > €}) = 0.

Hence, the double sequences (y1;,) and (7o) of bi-complex numbers are statistically con-

vergent to 1 and 7 respectively. O

Theorem 3.3. If a bounded double sequence (Vim,), where Yy, = €1fi1im + €2fio1m 18 statisti-

cally Cauchy, then (Yim) is a Cauchy double sequence in || - ||c,-

Proof. Let (v;,,) be statistically Cauchy double sequence of bi-complex numbers; then, for

each € > 0, there exists ng, kg € N, such that

52({(l’m) : ||'7lm - 7n0k0||C2 > 5}) =0.

Substituting vy, = €1411m + €2pt2im, We have

”’Ylm — Tnoko ”(C2 = Hel (,ullm - :U’lnoko) +e2 (N2lm - ,U/2nok0)”(C2'
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Using the properties of the Euclidean norm on Cs, then

||'7lm — Tnoko H(CQ = \/H/Lllm - ulno’ﬂo”(%jg + ||:UJ2lm — H2noko H%Q

Since (y;,) is a statistically Cauchy double sequence of bi-complex numbers, we have;

52({(Z7m) : H:ullm - ,Ulnok’oH(%Zg > 51}) =0,
and
52({(la m) : H,u2lm - NQnok’oH%Q > 52}) =0,
for some e1,&2 > 0, such that e = &% + £3.
This implies that the statistical bounds of (||p1im — Hingke llcy) and (||fam — tongke llc,) are
zero as €1,e2 — 0.
Hence, for any ¢ > 0, we have
”’Wm - ’)/nok’()H(CQ = el(”:ullm - Mlnok)o”(%b) + 62(||M2lm - /-‘Qnok‘o”%z) — 0.
Thus, (vim,) is a Cauchy double sequence of bi-complex numbers in || - ||c,. O

Corollary 3.3. If a double sequence (Vi) of bi-complex numbers, where Yy, = e1p1ym +

eapionm s statistically convergent, then (Yim) is a Cauchy sequence in || - ||c,-

Theorem 3.4. Let () be a statistically convergent double sequence of bi-complex numbers

to L. If (tim) € [(Vim)], then (tim) is also statistically convergent to L in || - ||c,

Proof. Since (y,,) is statistically convergent double sequence of bi-complex numbers to L,
by definition, for every € > 0;

62({(1,m) € NxN: |[yim — Llc, > €}) = 0.
Given that (t;,) € [(Yim)], we have:

1Vim — tim|lc, =0, for all I,m € N.

Now,
[t — Lllc, < lvim — Llic, + tim — Yimllc,-
Substituting ||vm — timllc, = 0, we get
[tim — Lllc, < lim — Lllc.-

Since (7;,,) is statistically convergent to L, for every € > 0:

d2({(l,m) € N X Nt ||y — LHCQ}) =0.
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It follows that:
S2({(l,m) € Nx N |[ty, — Ll[c, > €}) < 2({(l,m) € NX N [|ypn — Lllc, > €}) = 0.

Hence, the double sequence of bi-complex numbers (#;,,) is statistically convergent to L in

I lle,- U

The decomposition theorem for statistically bounded sequences of bi-complex numbers for
single sequences was demonstrated by Bera and Tripathy [1].

The decomposition theorem for double sequences of bi-complex numbers is as follows.

Theorem 3.5. A bounded double sequence (Sy,) of bi-complex numbers and a statistically
null double sequence (t;,,) of bi-complex numbers exist if a double sequence (Yyy,) of bi-complex

numbers is statistically bounded. This means that (Yim) = (Stm) + (tim)-

Proof. Let (yim), where v, = p1me1 + poimes, be a statistically bounded double sequence.
Then 62(B) = 0, where B = {(I,m) : ||Yimllc, = M}.

Define the double sequences (s;,,) and () as follows:

Yim, if k € B

Sim =
0, otherwise .
0, if k € B¢

tim =

Yim, Otherwise .

From the above construction of (sy;,) and (¢,,), we have
(Vim) = (81m) + (tim),

where (s;,) € 2000(C2) and (ty,,) € 260(Ca). O

We state the following theorem without a proof that can be established by standard

techniques.

Theorem 3.6. Let (V) be a double sequence of bi-complex numbers and L,L' € Cq. If

sta — lim||Yimllc, = L. and sta — lim||Yiml|lc, = L', then L = L'.

Theorem 3.7. A double sequence (Vi) of bi-complex numbers is statistically convergent if

and only if (i) is statistically Cauchy.
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Proof. Let () be statistically convergent to a number L € Cy. Then for every € > 0, the
set

{(lvm)al <nm<k: ”'ylm - L”Cz > 5}

has double natural density zero. Choose two numbers p and ¢ such that ||y, — L|lc, > e.

Now let
A={{l,m),l <n,m <k:|ym— 7pq||<C2 > e},
B={(lm),l <n,m <k |vim— LH(Cz > e},
C={(l,m),l=p<nm=q<k:|vg—Llc, >c}

Then A C B UC, and therefore d2(A) < 62(B) + d2(C) = 0. Hence, (Vi) is statistically
Cauchy.

Conversely, assume that (7;,,) is statistically Cauchy but not statistically convergent. This
implies that there does not exist a unique L € Cy such that ||y, — L|lc, — 0, in the sense of
statistical convergence. Instead, there must exist two distinct points Li, Lo € Co and some

€ > 0, such that the sets
By = {(l7m) : H’Ylm - Ll”CQ < 6} and By = {(lvm) : H’Vlm - L2||(C2 < E}

both have double natural density greater than zero: d2(B1) > 0 and d2(B2) > 0.

Since L1 # Lo, the distance between these two points is positive:
|IL1 — La||lc, =0 > 0.
For (I,m) € By N Ba, we have
[V = Lallc, <&, [[7im — Lollc, <e.

By the triangle inequality

IL1 — Lallc, < 1vim — Lallc, + 17m — Lallc,-
Substituting the bounds for ||y, — L1|lc, and ||Vim — Lal|c,, we get

L1 — La|lc, <& +e=2e.

Since Ly # Lo, their distance ||L; — La||c, = 0 > 0.
Choose € > 0, such that 2e < .

This creates a contradiction because the inequality |[L1 — La|/c, < 2e can not hold when

2e < 6.
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The assumption that (7;,,) is statistically Cauchy but not statistically convergent leads to a
contradiction.
Therefore, if (v;,,) is statistically Cauchy, it must also be statistically convergent to a unique

limit L € Cas. O

Theorem 3.8. Let (Vi) and (t1,) be double sequences of bi-complex numbers. If (ty,) is
a convergent double sequence such that vy, # tin for all I and m, then (V) is statistically

convergent.

Proof. Suppose that d2({(l,m) € N x N : v, # t;,}) = 0 and limy ;00 ||tim|lc, = L. Then

for every € > 0,
{(lm) e Nx N :||ym — Ll|lc, > e} C{(,m) € NXN: v, # tim}-

Therefore,
2({(1,m) € NX N [[yim — Llc, > €})
(3.1)
Co2({(I,m) e Nx N: ||ty — Lllcy, = €}) +02({(l,m) € N X Ny, # tim}).
Since, limy ;00 ||timllc, = L, the set {(I,m) € N x N : ||t;, — L||c, > €} contains finite
number of integers. Hence,

d2({(l,m) e Nx N : ||ty — Ll|c, > €}) =0.
Using the inequality Eq. (3.1), we get
o2({(l,m) € NX N ||y, — L[c, > €}) =0

for every e > 0. Consequently, st — limy ,,—y00 || (Vim)|lc, = L. O

Corollary 3.4. Let (y,) be a statistically Cauchy sequence. Then there exists a convergent

double sequence (tyy,) of bi-complex numbers such that Y, = tim,, for almost all | and m.

The following two theorems, Theorems 3.9 and 3.10, are stated without proof, as they can

be established using standard techniques.

Theorem 3.9. Let the double sequences (Vi) and (ty,) of bi-complex numbers and L, L' €
Cy and o € Co — Oy. If sto — lim || (Vi) |lc, = L and ste — lim ||(t;)||c, = L'. Then
(1) stz —lim ||(Yim + tim)llc, = L+ L

(2) sta —lim|la - (yim)llc, = [lelle, - L
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Theorem 3.10. A double sequence (Vi) of bi-complex numbers is statistically convergent
to a bi-complex numbers L if and only if there exists a subset K = {(n,k) CNxN:n k=
1,2,...} such that 02(K) =1 and

lim y;,,m, = L.
n,k

Theorem 3.11. If (), where Yyn = Uipm+i2Uop, 1S statistically convergent to v = uj+igus
with respect to the Euclidean norm on Cy if and only if (uiyy,) and (ugyy,) are statistically

convergent to u; and ug respectively.
Proof. Consider (v;,,,) be statistically convergent to . Then for every € > 0,

do({(l,m) € NX N [y —Yllc, > €}) =0
= 6({(l,m) e Nx N : |[[(vizm — 1) +i2(v2tm — 72)|lc, > €}) =0

= 52({<l7m) e NxN: H’ﬂlm - ’71”@2 + H721m - 72“@2 > 6}) =0.

Now,

{(lam) € NxXN: H71Im _71HC2 > 5} - {(l7m) € NxN: H711m _'71”(:2 + ”'YZZm _72“((:2 > 5}'

Thus, we have

o2({(l;m) € NxN: [yum—mlle, 2 €}) < 02({(1,m) € NxN: [yum—mlle, +lram—zllc, = €}) = 0.

Hence for every € > 0,

62({(1,m) € Nx N [[y1m —mille, 2 €}) = 0.

Similarly, for every € > 0,

d2({(l,m) € Nx N [|r91m — 12[lc, = €}) = 0.

Hence, the double sequences (y15,) and (7ya,) are statistically convergent to 7 and ~g,
respectively.
Conversely, let (u1y,) and (ugp,) be statistically convergent to u; and ug respectively.

Then, for every ¢ > 0,

52({(l,m) eENxN: H’mm —’}/1”@2 > 6}) =0.& 62({(l,m) eNxN: ”’)le—’}/g”(cz > 8}) =0.
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We have

{(l’m) eENXN: ||’71lm - 71“@2 > 5} U {(lvm) e NXN: H’V?lm - ’72HC2 > 5}
={(l,m) € Nx N |[(vitm —71) +i2(V2tm — 72)llc, = €}-

Thus,

o2({(l,m) € NX N [[(vim —71) + i2(v2mm — 2)llc, = €})
< 62({(lym) € NXN: |[yum —mlle, 2 e} +{(l,;m) € Nx N [lya1m —2llc, 2 €})
(by subadditive property)

= 02({(l,m) € N N: ||y —vllc, = €}) =0, for every e > 0.
Hence, (vi,,) is a statistically convergent to v with respect to the Euclidean norm on Co. O

We establish the following results based on the apparent proof.

Corollary 3.5. If the double sequence of bi-complex numbers (Vi,), where Y, = uipm, +
1oUsglm 18 statistically convergent to v = uy+isus = p1e1+pses with respect to Euclidean norm

on Cy if and only if (p1ym) and (ponm) are statistically convergent to py and pg respectively.

Corollary 3.6. If double sequences (u1ym) and (o) are statistically convergent to L € Ca,
then double sequence of bi-complex numbers (Y, ) is statistically convergent to L with respect

to Euclidean norm on Cs.
Theorem 3.12. Define the function dyos(co) OV

dgE;o((Cg) : 2£;O(C2) X 2€;O(C2) — [07 OO)? (7775) - dQZ;o((CQ)(’Y7t) = Ssup {||7lm - tlmHﬁcz}7

RS

where ¥ = (Yim),t = (tim) € 2loo(Ca). Then (2o (Ca), d,2 (cy)) @S a complete metric space.
Proof. The proof is trivial from Theorem 9 [7]. O

Remark 3.1. If (y,) be statistically convergent to L € Co with respect to the Fuclidean

norm on Cy, then

(1) (15,,) s statistically convergent to v* with respect to Euclidean norm on Cy and
converse is also true.
(2) (Yim) is statistically convergent to 5 with respect to Euclidean norm on Co and con-

verse s also true.
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(3) (7y,,) is statistically convergent to o with respect to Euclidean norm on Cy and con-

verse s also true.

Remark 3.2. If (v,) be statistically convergent with respect to the Euclidean norm on Ca,

then

(1) (iml2) = (Vim - Yim) is also statistically convergent with respect to Euclidean norm
on Cs.

(2) (iml2) = (vim - fi) is also statistically convergent with respect to Euclidean norm
on Cs.

(3) (imlsy) = (vim -,,,) s also statistically convergent with respect to Euclidean norm

on Cs.

Theorem 3.13. The sets 25;0(((:2), 25(((:2), 250(@2), QER((CQ), 25(])%(((:2),253((:2), 25(?(@2) are
BC-module.

Proof. We prove that the set 2/o(Cs) is a BC-module. The proofs for the other sets follow
analogously based on their respective definitions.
Let, (9im), (tim) € 2000 (C2). By definition of vector addition,

. 1
lim —
l,m—00 Ilm

1{(l,m) € Nx N [|(yim)llc, > M}| =0,

) 1
lim l—|{(l,m) e NXN: [[(tim)|lc, = M}| =0.

l,m—o0 (M

Consider the sum (V) + (tim), using the triangle inequality for the norm || - ||c,, we have;

1(Vim) + () lley < (i) [l + () llc,-

Now, analyze the density condition for (vi,) + (tim);

lim li\{(l’m) € NXN: [[(vim) + (tim)llc, = M}|.

l,m—o0 M

By subadditivity of the density measure, this is bounded by

) 1 . 1
lim ——[{(l,m) € NxN: [[(yim)llc, =2 M} + lim -—[{(l,m) € NXN: |[(tim)|c, = M}
Ilm l,m—oo Im

I,m—00 - ,

Since, both terms on the right-hand side are zero by assumption, we conclude.

. 1
lim —[{(L,m) € N x N || (ym) + (tim) ez = M} =0,

l,m—o0
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Thus, (Vim) + (tim) € 2€00(C2), showing closure under addition Let a € Cy and (y,,) €

20 (C2). By definition of scalar multiplication,

.1
lim -—{(l,;m) € NxN:||(vim)lc, =2 M} =0.

l,m—o0 IM

For the scalar product a - (), using the property of the norm

HCL ’ (’7lm)||C2 = |CL|((:2 ’ H(’Vlm)”cw

where |a|c, is the modulus of a in Cs.

Now analyze the density condition for a - (y,);

) 1
lim - |{(l,m) € NxN:la- (yim)lc, = M}.

l,m—o0 I
This is equivalent to;

My

1
lim —|{( NxN: (o)l >
11m lm|{( 7m) € X ||(7l )H(C2 fl ’a‘c2

l,m—o0

Since, the right-hand side is zero by the assumption that (y;,) € 2£s0(Cz), we conclude

. 1
lim -—[{(l,m) e NxN: la- (yim)lc, > M}| =0.

l,m—00 Ilm -

Thus, a-(Vim) € 2fe0(C2), showing closure under scalar multiplication. Since 2/, (C2) satisfies
closure under addition and scalar multiplication, it is a BC-module.

Similarly, using analogous arguments, the other sets can be shown to be BC-modules. 0

Theorem 3.14. The classes of the double sequences 2fso(Ca),2¢%(Cs), 26 (Ca), 262 (Cy),

28 (Cs) of bi-complex numbers are BC-conver.

Proof. We first prove the BC-convexity for QE;O(CQ). The other classes can be established

similarly. Let (Yim), (tim) € 2€00(C2). Then there exist constants My, Mo > 0 such that

.1
lim ——|{(l,m) € NxN: [|(yim)llc, = Mi}| =0,

l,m—00 Ilm -

.1
lim - |{(l,m) € Nx N ||(tim)llc; = M2}| = 0.

l,m—o00

Define M = max{M;i, M>}. For 0 < A <1, consider the convex combination

(8im) = A(ym) + (1 = A) (tim)-

Using the triangle inequality, we have

1Om)llcs < Al (vm)lles + (1 = Ml (Em) e, -
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For (I,m) € N x N such that ||(0;)||c, > M, at least one of ||(Vim)llc, > M or

||(tim)||c, = M2, must hold.

Thus,

L, m) [ (Gim)llc, = M < [{(L,m) : [(vim)llc, = Mi} + {(Tm) : [[(im)llc, = Ma}.
Dividing by Im and taking the limit as [, m — oc.

lim ——{(L,m) : [[(6m) ey > M}| =0.

l,m—00 Ilm

Hence, (0jn,) € 2000 (Ca). Proving 2 (Ca) is BC-convex. Similarly, the other cases can be

established. O

Remark 3.3. The classes of the double sequences 2o (Ca),26%(Cs), 265 (C2), 265 (Cy), 265 (C2)

of bi-complex numbers are not BC-strictly convex.

This follows from the following example for the case 2/o(Cs). The other classes can be

established similarly.

Example 3.1. Let the double sequences (Vi) & (tim) of bi-complex numbers defined by

(2= Bier + (L + Lir)es (ﬁ + Zi)er + (% - %21)62 0 0
(5 = e+ (J5 + Fier (54 Bier+ (5 - Bgies 0 0
() = | V2V e
lm) — ’
0 0 0 0
and
0 (% + %11)61 + (% - %11)62 0 0
oy — | 5~ T (e Fgies G+ Btiner+ (G = Hfies 0 0
Im) =
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Then, ||(vim)l ez (ca) = Im) [l 105 (cq) = 1 and

1 1 1
H (261 +5e ) Vi) { (261 + 62) }(tzm)

2056 (C2)
= sup (;el—k 62>’Ylm {1 <€1+ 62) }tlm
I,meN C,
1 V3 f 1
:z,sr;lgN[ (1—711)614-(44- 1! 1)e2, ( 2\[ Q\f )61+(2f 2\[ i1)es, 0,0, ...,
1 2 2 1 2V2. 1 2[
(%— Wt i1)e 1+(2\f W )62’(6 +T“)61+(6 i1)ez, 0,0, ...,
0.,0,...,
o e + (= — Zi)en0,0,.
f f R f .
1 2 1 2 2V2 . 1 2V2.
(\[ 75 )€1+(\/5 75 )62,( +—5 1)61+(§_T“)62’9’9""’
0,0, ...,
1 2 . 1
_ (0,(2\/5 +ﬁ21)61+ (ﬁ 2\/» )62,0 0,.
1 2 2v/2 1 2v2,
(% 2\[ )61—|—(2\f \[ )62,(6—|—TZ1) 1+(6_ 6 21)62,9,9,...,

= SUD; meN {%, 1,9} = 1. for A = (3e1 + 3€2) € Ca.

Hence, oloo(Ca) is not BC-strictly conver.

Remark 3.4. The classes of the double sequences 2 (Ca),267(Cs), 265 (C2), 265 (Cy), 265 (C2)

of bi-complex numbers are not BC-uniformly convex.
This follows from the following Example.

Example 3.2. Let the double sequences (Vi) & (tim) of bi-complex numbers defined by

(3 - Bier+ G+ Lier (L + % Der+ (5 — Zi)es 0 6
(%—%i1)61+(\/+§11)62 (% \/ )€1+(% %il)@ o 0

(Vim) = P
0 0 0 6
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and
(—% + @il)el + (—% - §i1)€2 (% + %il)el + (% - %il)@ o 0
) (% - %il)el + (% + %h)ez (% + %il)@l + (% - %il)@ o 0
Im) —
0 0 0 0

Then || (yim) |,z () = IEm) 65 (o) = 1 and

1(im) = Gl c2) = 5P {vim = timllc, = 1;m € N}

I,meN
2 2V3. 2 2V3,
= sup (5 ——5—i)er + (5 + ——i1)e2
1,meN 2 2 2 2 c
2
= 2.
and & < ||(vim) — (tim)|ly05 () = 2-
On the other hand,
('Ylm) 'Qi_ (tlm) — sup Tim '2|‘ tim
2020 (Ca) I,meN C,
1 2 1 2
= sup ——l—iil el + 7_£’51 €2 )
I,meN 3 3 3 3 Cs
1 2 1 2
f+£i1 e+ 7_£i1 el
3 3 3 3
Co
1 n 2 . n 1 2 .
— 4+ —1 |e — — —1 |e
NG 1]e NG 1]e2 .
=1.
Thus, there does not exist d(g) such that
(Vim) + (tim) <1-s.
2000 (C2)

Therefore, we have olo(Ca) is not BC-uniformly convex.

Similarly, other classes can also be proved.
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ments and their helpful suggestions that have improved the quality of this paper.
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FAULHABER-TYPE FORMULAS FOR THE SUMS OF POWERS OF
ARITHMETIC SEQUENCES
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ABSTRACT. In this article, we derive explicit formulas for computing the sums of powers in
arithmetic sequences. We begin with a historical odyssey, tracing the contributions of some
of the world’s most influential mathematicians whose work has shaped and inspired our
approach. We then present two distinct Faulhaber-type formulas—one involving Bernoulli
numbers and closely resembling the classical formula for sums of powers of integers. To es-
tablish these results, we employ two different techniques: the first is based on the principle
of invariance, while the second uses the differencing operator applied to polynomials. Al-
though the methods differ in form, we emphasize that they share the similar computational
complexity, a point we demonstrate with illustrative examples at the end.

Keywords: Faulhaber-type formulas, Bernoulli numbers, Principle of invariance, Differ-
encing operator.
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1. INTRODUCTION

According to legend, a precocious primary school student by the name of Carl Friedrich

Gauss surprised his teacher by calculating
S=1+2+3+ -+ 100,
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almost without effort. His trick was to consider the sum twice, once adding in ascending

order, and once in descending order, then adding them side-by-side. In modern notation,

100 100 100
2= "n+Y (101 —n) = 101 =100 x 101 = 10,100.
n=1 n=1 n=1

Once Gauss had calculated twice the sum he wanted, the only thing left was to divide his
result by 2, and voila! He had obtained S = 5,050. Extending his technique to compute the
sum of the first NV positive integers, the general formula

N(N +1)

N
n=1

is easily obtained. The elegance of Gauss’s technique is made more evident when we consider
that it can be used to compute the sum of any finite arithmetic sequence {a, a+r,...,a+Nr}.

Indeed, we obtain

i(aﬂn) _ (a+rN)(N +1)

2

n=0
Despite the brilliance of young Gauss’s tenacious tallying, the formulas above were known
at least 2000 years before his birth! In fact, formulas for the sum of squares and the sum of

cubes,

N
Zn2:12+22+...+N2:N(N+1()j(2N+1)’
n=1

g:n?’ =134+ +.. .+ N* = NQ(AT 1)27

n=1

respectively, were known in antiquity [20, 27, 19, 2, 18| 17, B]. The former was described
by the legendary Greek polymath Archimedes in his work On Conoids and Spheroids [1, 0],
and the latter is famously attributed to Nicomachus of Gerasa, another well-known Greek
mathematician, who published the result in his Introduction to Arithmetic [2,[5]. Due to the
nature of ancient Greek mathematics, these proofs are geometric in nature, and certainly
valuable from both a mathematical and a historical standpoint. The interested reader can
find more information in David M. Burton’s historical treatise [2].

A formula for the sum of the fourth powers of the first N natural numbers, Y n?, is
described by Pierre de Fermat in letters written in 1636 to Gilles Persone de Roberval and
Marin Mersenne, all of whom were prominent mathematicians at the time [2]. It is possible
that Fermat was under the impression that such a formula was unknown at the time [27].

Fermat’s belief notwithstanding, formulas for the sums of powers of integers up to the 17th
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power, and even as high as the 23rd power, were known to the German mathematician Johann
Faulhaber as late as 1631 [27, [8, 21]. Arguably, Faulhaber’s greatest contribution was the

k

discovery of the fact that, in the case of an odd exponent k, the sum Zflvzl n” is a polynomial

in terms of the variable ¢ = W

and, moreover, for odd k£ > 1 the polynomial is divisible
by a?. He also described a method to obtain a formula for the sum " n?* once the formula
for the sum > n?*! is known [27, 26] [8, 21], 23] [16]. It is not clear whether Faulhaber knew
how to prove his assertions in generality; in his day, mathematical discoveries were usually
kept secret, given as challenges to other mathematicians, or intentionally written in code!
[27, 15, 21]

A proof of the general explicit formula for the sum > n*, and its rigorous verification,
would have to wait until 1834, with the publication of Carl Jacobi’s paper De usu legitimo
formulae summatoriae Maclaurinianae [9]. Jacobi’s formula incorporates the Bernoulli num-

bers, which is the sequence of rational numbers {Bx}%_, given recursively by the formula

[

N

N+1

By =1, Z( :>Bn—0, N>1. (1.1)
n=0

The first few nonzero Bernoulli numbers are given in Table below. Note that for all odd
N >1, By =0.

TABLE 1.1. Bernoulli numbers.

N |01 (2] 4 6| 8 [10| 12

11 115 691

By | 1| - 66 | — 2730

NI
o=
w
o
N
)
w
o

The numbers By can also be defined explicitly by the formula

N n
kN
By = Z Z(_l)k (Z) 1 where 0° and <8> are both taken to be 1.

Though this will not be necessary for our discussion, it is still an important observation, since
any explicit formula for calculating sums of powers of integers which utilizes the Bernoulli
numbers would be easily stymied by requiring the Bernoulli numbers to be calculated recur-
sively. We will refer to the Bernoulli numbers again in Section

The Bernoulli numbers were discovered independently by the Swiss mathematician Jakob
Bernoulli, as well as the Japanese mathematician Seki Takakazu [2, [I1} 10]. Specifically,

IThere are two common conventions for defining the Bernoulli numbers, but only the sign of B; is affected

by the choice. We use the convention in which B; = —%.
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Bernoulli discovered the sequence while attempting to derive formulas for the sums of powers
of integers. As an interesting side note, both Bernoulli’s and Takakazu’s discoveries were
published posthumously, the former in 1713 and the latter a year earlier in 1712 [11] [10].
Armed with the Bernoulli numbers, Jacobi was able to rigorously verify Faulhaber’s formula

(often referred to as Bernoulli’s formula) [9],

N k
N +1 kE+1
k k—m
E —75 N+1 B,,. 1.2
n:1n k+1 < m >( ) (1.2)

m=0

Our goal is to find a Faulhaber-type formula for sums of powers of finite arithmetic se-

quences, i.e., sums of the form

SN ila,r] = Z(a + rn)k,

where a and r are arbitrary real numbers, and k£ and N are nonnegative integers. Using the

binomial theorem and changing the order of summation yields

Snkla,r] = Z(a + nr)k

1
hE
Mw
VRS
3 =
N————

g@‘

3

S

3

3

(1.3)
= (1)
— gkf—mpm nm
m=0 m n=0
k
— Z <k>akmrms m[0,1]
m=0 m

The aforementioned formula provides a straightforward recursive approach for calculating
SN kla, 7], contingent upon having knowledge of the sums Sy [0, 1]. If the values of these
sums are unknown, this method can become quite laborious. As an example, let us use the

formula above to find closed formulas for the first few sums Sy x[a,r]. Note that

SN’(][O, 1] =N+1,
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and that
Snala,r] = (N +1)a+ N(N;l)n
Snola,r] = (N + 1)a® + 2N(NQ+ D o NV + 1(1(2N + 1)7"27
Swalar) = (V -+ o + 5D 2y 4 N IEN D

4

The next important development in our story comes courtesy of Blaise Pascal [27, 2]. In
his famous work Treatise on the Arithmetic Triangle [12], the author outlines a formula for
the sums of powers of terms in an arithmetic sequence. He illustrates his process via the
example

P=5%+8%+11% 4+ 143 = 4712,

and claims that the process can be generalized. In fact, his approach is similar to the one
we will begin with in Section [2, before using it to derive our explicit formula. First, Pascal

showed (using techniques he had developed earlier in the paper) that
(t +3)* —t* = 123 4 54¢% 4 108t + 81.

He then substituted t =5, t = 8, ¢t = 11, and t = 14 into this identity and added the results,

noticing that the left side “telescopes.” At this point, we are left with
17* — 57 = 12(5% + 8% + 113 + 14%) + 54(5% + 8% + 112 + 14?)

+108(5+8+11+14) +81(1+1+1+1),
from which we compute

17% — 5% = 12P + 54(406) + 108(38) + 81(4).

Finally, solving for P gives P = 4712 as expected.

More generally, Pascal recognized that on one hand, the sum

N

Z [(a +(n+Dr)F = (a+ nr)k—i—l]

n=1
“telescopes” to the expression [a + (N + 1)r]*+1 — a¥1 while on the other hand, it can be
expanded (using the entries from his eponymous triangle) into a combination of sums with
exponents lower than k + 1. At this point, he solved for Sy i[a,r] in terms of the sums of

lower powers, i.e., the sums Sy ola, 7], Sp1la,7],..., and S, _1[a,r].
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Observe that Pascal’s method is recursive in nature, requiring the formulas for the sums
of all lower powers in order to compute the desired sum. This makes the method easy to
describe, but impractical to use directly for larger numbers of terms or for higher powers.
However, this recursive approach is the first step to obtaining our Faulhaber-type formulas,
which do not rely on recursion. These formulas exhibit a remarkable level of effectiveness,
which is made apparent by their resilience and their ability to unify and generalize various
formulas involving the summation of different powers of integers. This potent set of formulas
demonstrates its versatility when applied to the computation of exceedingly high powers of
arithmetic sums, as well as when dealing with a substantial number of terms within these
sums of arithmetic sequences.

In Section [2, we derive an explicit formula to calculate Sy i[a,r] which is quite similar to
Equation . We first obtain a recursive formula in the style of Pascal. Next, we develop
a unique approach to proving Faulhaber’s formula without induction. The crux of our proof
relies on a clever argument in which we show that a particular expression, which we call
QN x(J), is invariant with respect to j. It turns out that %QNJC(O) and %QNJC(]G— 1) are
equal to the left- and right-hand sides of Equation , respectively, from which Faulhaber’s
formula follows immediately. We also provide a more traditional inductive proof of Equation
(1.2). Finally, we combine Faulhaber’s formula with our recursive formula, culminating in
Theorem [2.3]

In Section [3] we use methods from the theory of finite differences to derive a somewhat
different version of Faulhaber’s formula which does not require any knowledge of the Bernoulli
numbers. As in Section [2] we take inspiration from Pascal and consider a special telescoping
sum; the notation of difference operators arises naturally as a result, and provides us with

an alternate, yet equally robust, Faulhaber-type formula, stated explicitly in Theorem

2. FAULHABER’S FORMULA WITH BERNOULLI NUMBERS

In what follows, NV and k are always nonnegative integers, a and r are real numbers, and

we use the conventions that 09 = 1 and (8) =1.

2.1. Recursive Formulas. Recall that in Section [[] we introduced the notation

N
Snkla, ] = Z(‘H'm“)k =a" + (CH-?")k + -+ (a—l—Nr)k.

n=0
Our first theorem is a recursive formula for Sy j[a,r] in terms of the sums Sy, [a, ] with

lower exponents m = 0,1,...,k — 1. This is an important first step in finding an explicit
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formula for Sy i[a, 7], and a generalization of Pascal’s method, which we discussed in Section
Immediately thereafter, we provide as a corollary a recursive formula for the sums Sy [0, 1]
in terms of the sums Sy [0, 1]. We make extensive use of this corollary in our deductive proof

of Faulhaber’s formula for Sy [0,1], as well as the Faulhaber-type formula for Sy xla,].

Theorem 2.1. The sums Sy ila,r] are given recursively in k by the formula

Snala,r] = (N +1)a + zk: (’“ ) N Sy ]

Proof. The result is trivial when r = 0, so we prove it for nonzero r. We begin by considering

the telescoping sum

On one hand, if we first telescope T'(N), then use the binomial theorem to expand the

expression [a + (N + 1)r]*+1, we obtain

T(N) = [a+ (N + 1)r]" — !

+1
|:<k + 1) (N + 1)m74mak+1—m _ ak:—H

e

m

[e=]

m=

k+

[y

1
(k’ + )(N + 1)mrmak+1—m
m

3
I

I
™=

k+1 (N + 1)m+lrm+1ak7m
m+1

0

k
=(k+1r>

m=0

3
I

k (N 4 1)m+1rmak_m
m m+1 '
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On the other hand, if we first distribute the sum in n, then use the binomial theorem to

expand the expression [a + (n 4 1)7]**1 = [(a + nr) + r]**1, we are left with

N [k+1 7
T(N) = Z [Z (k + 1) r™(a+ nr)kH_m — SN kt1la, 7]

m
m=0

k+1 N
k+1
- [rm< + ) E (a+nr)FH=m ) — Sy a7

k
k+1
=32 () sl
m=0
kY e
= (k+1 SN e—mla, 7).
(k + )r;o<m>m+1 Nok—mla,7]

Equating the two expressions above and dividing by (k + 1)r gives us

k k
kY (N 4 1)mttem kY ™
S () STt = X () Sl

m=0 =0

from which we deduce

k k

kY (N +1)mttem
Swilarl =" <m>(m)+1"’ >
m=

m=0 1

k r’m
<m> —. 15N,k—m[617 7]

= (N +1)a* + zk: (Z) mrz : ((N yq)mHlgh-m Sw_m[a,r]) ,

m=1

which is the desired result. Il

Corollary 2.1. The sums Sy i[0,1] are given recursively in k by the formula

k—1
(N4 R k+1
SN,k[Ov 1] - E+ 1 kJrlmZ::o m SN,m[Oa 1]'

Proof. First, consider the mth term

P k 7 (N + 1)m+1ak—m
" \m)m+1

from the sum in Theorem Observe that when @ = 0 and r = 1,

(N + 1)k+1

= )
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where 0y (m) is the Kroenecker delta. If we substitute the revised 7, back into the sum from

Theorem then channel our “inner Gauss” and rewrite the sum in descending order, we

conclude
k
(N + 1)k+ E\ 1
]=———- ——SNk-m[0,1
Snal0 1] k+1 mzl m) g 1o Nk-ml0 1]
_WHDM Sk Y L 0,1]
T k+l = \k-m)hk-m 17N
O R L = a AN S [0.1]
T k1 Ft1 = \m)k+1—m” "
(N+1) 1 & k41
= - SN.ml0,1]
k+1 k+1 =
This is precisely the desired result. U

Before moving on to the next section and demonstrating one of our main results, it is
worth noting that Theorem remains a labor-intensive method for directly computing the

sums Sy la, ], yet it yields identical outcomes to those previously observed.
r
Snila,r] = (N +1)a+ 5((]\[ +1)%2 - Snola,r])

= (N+Da+ S(N+1)2 = (N +1))

N(N +1
R

Snala,r] = (N + a? + r((N + 1)2(1 — Snila,r]) + i((N + 1)3 — Snola,r])

N(N + 1)r>

:(N+1)a2+7“((N+1)2a—(N+1)a— 5

[\

r

+ 3((N+ 13— (N +1))

N(N+1)(2N +1
:(N+1)a2+2N(N2+1)ar+ (v + 23( + )7“2,

and, after much simplification which we leave to the reader,

Snsla,r] = (N + a® + 3?T((N +1)%a® — Sn2la,r])

3

+ (N + 1Pa = Swala.7)) + (N +1)* = Sy ola, )
= (N +1)a® + 3Ma2r + 3N(N +DEN + 1)ar2
2 6

N2(N +1)2
n (4+)r3.
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As we can see, even for small k, direct use of Theorem to calculate a formula for Sy x[a, 7]
is quite time-consuming. However, without an efficient algorithm for generating formulas for
the sums Sy [0, 1], it remains our only option. This is precisely the issue we address in the
next section, and unsurprisingly, it is Theorem [2.1] (or rather, its corollary) which we rely on

most heavily to obtain our results.

2.2. Connections with Bernoulli numbers. In Section |1, we introduced the Bernoulli
numbers {B;}, which are a recursively defined sequence of rational numbers. For our pur-

poses, we shall utilize the following reformulation of Equation (1.1)):

BO = 1, BjJrl = - n

1 < <j+2
‘7+2n=0

)Bn, j>o. (2.4)

In order to prove the main results for this section, we first establish two intermediate lemmas.
The first of these can be regarded as an alternate recursive definition of the Bernoulli numbers.
The second lemma invokes the first to demonstrate the invariance under j of a particular
quantity, which we refer to as Qn x(j), via repeated use of Corollary Before embarking
on this quest of quantification, we introduce a bit of notation to clean up future calculations.

Let j, k, and m be integers, with 0 < j,m < k, and define the sums

6,4(m) ::i:Bn<k:1> <k+;—n)’

n=0

and

J k—j—1
‘ E+1 m 1
Qnk(j) = E ( m >(N+ 1)k B — N1 E 0,k (m)SN,m[0, 1].

Armed with this new notation, we are in position to establish the lemmas.

Lemma 2.1. For any integers j and k satisfying 0 < j < k, we have

) (k+1
ij(k——]——l)::—(k——])<j%_1>£ﬁ+1

Proof. We use the well-known identities

(=00 OGZD=0)0) e (1) =150),
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along with the recursive definition of the Bernoulli numbers expressed in Equation (2.4)), to

establish the equality

J
. E4+1\ (k+1
otk 5= =3 (" )(M_n)
_(k+1 j+2
S \j+2 n
. 7 .
7+2\j+1 o n
~[k+1
—-(5 1)) B

which is precisely the desired result. O

Lemma 2.2. For all integers j, 0 < 5 < k,

Qnk(j) =Qnir(j+1).

Proof. Before beginning, in order to prevent heads from unnecessarily spinning, we briefly
outline the process. We first suitably partition Qxx(j) into two terms A(j) and B(j).
Following this, with surgical precision we will introduce an auxiliary term C(j) which in
turn is split into two more terms D(j) and E(j) so that A(j) + D(j) = A(j + 1) and
E(j)+ B(j) —C(j) = B(j +1). In the end, we will have

Qnk(j) = A(G) + B())
=A@)+C0U) + BG) - CU)
=[A() + DG+ [EG) + B() — C()] (2.5)
=Aj+1)+B(G+1)

=Qni(j+1).

Now for the gory details. Let
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so that Qnx(j) = A(j) + B(j). Next, we define C(j) to be the last term in B(j), which
corresponds to m = k — j — 1. In other words,

. 1 .
C(]) = —m@J,k(k -] 1)SN7k,j,1[0, 1]

Using our result from Lemma we reformulate C(j) to be

k—j <k:+1

@) =

Subsequently, we apply the recursive formula from Corollary to the sum Sy j—;-1[0,1]

and obtain
k—j—2

(N+1)F7 =y <’“7;j>SN,m[o,1]]- (2.7)

m=0

1
‘3N£—j—1ﬂhl]=:%4—f

Inserting (2.7)) into (2.6), we are left with the following decomposition of C'(5):

C(j) = D@) + E()

k—j—2

k+1 (i —Bi1 k—3\ (k+1
= N+ 1)Ut . J § Sn.ml0,1].
<j+1>( T N = \m J\j+1 ~m[0,1]

Notice that adding D(j) to A(j) gives A(j + 1). Explicitly, we have

AG)+DG) =Y <’“;L1) (N+1)F™B,, + <f:> (N + 10t

m=0
J+1

=> <k;1)(z\7+1)’f " By

m=0

= AG+1).

Furthermore, adding E(j) to B(j) — C(j) gives B(j + 1). Indeed,

k—j—2

BG)+ (BG) - €)= leBjH S (5 () svmoa
m=0

@Lk SN m[O 1]

N1l
) _7111: j—2 [<k+1> <k+1 1)>Bj+1+@j,k(m)] Snml0,1]

This completes the proof as previously outlined in Equation (2.5)). O
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We are now ready to present two different proofs of Faulhaber’s eponymous Formula. The
first is a direct proof which, as far as the authors are aware, is a novel approach to the
problem. Thanks to the work put into Lemmas and it is both short and elegant.
The second proof invokes the principle of strong induction on k, and relies on the recursion
formula of Corollary Faulhaber’s Formula is well-known, yet is instrumental in proving
the first of our two main results, a Faulhaber-type formula for Sy [a,r] which utilizes the

Bernoulli numbers.

Theorem 2.2 (Faulhaber’s Formula). For any k > 0,

N k
N+1 k+1 .
Swal0. 1] =Yk = S < r )(N—|— )F-mR,. (2.8)

Remark 2.1. It is worth nothing that it is common to use N instead of N +1 in (2.8) when
By is taken to be 1/2 instead of —1/2 . That is, for any k >0, if By = 1/2, then

al 1 & (k+1
Snal0,1] = nF = P > ( o )Nkm+1Bm. (2.9)
n=0 m=0

Direct Proof. On the one hand, the recursion formula of Corollary [2.1] is equivalent to the

equation

E+1
N +1

QN,k(O) = SN,k[O, 1].

On the other hand, using the recursive definition of the Bernoulli numbers from Equation

(2.4), we observe that

N
—_

O 14(0) = Bn<k;|;1> <k;+[1)—n>

(1)
0
= —(k+1)By

(k1
Uk

> 3
—= O

(]

3
Il

x>

>(N + 1) kB
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Consequently, after recalling that Sy [0,1] = N + 1, we arrive at

— k+1 1 k—(k—1)—1

_ ke

QN,k(k — 1) - = ( m >(N + 1) Bm — m ";) kal,k(m)Sle[O, 1]
k—1
k+1 e 1

= N 1 mBm - - , 1
m:O( m >( b N1l Ok-1,k(0) Sn,0[0,1]
v (ke k+1

-2 ( >(N+ 1" By, + < )(N+ 1)k=*B,
m=0 m k

k
m

3
=}

Finally, by the invariance of Qn x(j) under j, which we painstakingly established in Lemma

we conclude
QN k(0) = Qni(k—1),

from which the desired result follows immediately. O
And now we present our strong induction proof of Theorem [2.2]

Strong Induction Proof. In the base case where k = 0, we know Sy [0, 1] = (N +1). Keeping
in mind that By = 1, the right-hand side of Equation (2.8]) is

N+1(0+1

m 0 )(N+1)OOBOZN+1,

hence the base case is proved. Next, suppose that for some K > 0 Equation (2.8 holds
whenever 0 < k < K — 1. We will show that the result also holds when k = K. Indeed, by
Corollary we have

K—

1
(N4 1)EH 1 K+1
Snk[0,1] = il 12\ m SNn.m[0,1]. (2.10)

We now use the induction hypothesis, reverse the order of summation a la Gauss, and utilize

the identity

1 (K+1\(m+0+1\ 1 (K+1\(K—(+1
m+L+1\m+/¢ m 41 ¢ m ’
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to compute

K-—1 K-1 m
K+1 K+1\|N+1 m+1 »
Snml0,1] = N+1)" !B
S (=32 (50 [ g (v ea
Kl k1N [N+1 & fm+1
— N +1)¢B,,_
( m ) m+1z<m—€)( +1) ¢
m=0 £=0
K-1 K-1
_ (N + 1)1 1 K+1\/m+1 B, ,
m—+ 1 m m— ¥
/=0 m=~{
K-1 K—¢—-1
1 K+1\/m+0+1
=) (N+1)! — B,
S St () (")
_K*<K+4>uv+n“1K4*(K_w+q>B
e 14 /+1 = m

At this stage, we use the definition of the Bernoulli numbers from Equation (2.4) to write
K-1 K—-1
K+1 K +1\ (N + 1)1
Snml0,1] = — — (K —{+1)Bg_y.
3 (5 o= () 0o

Additionally, multiplication by a clever choice of 1 yields

K+ 1\ (N + 1)K+

which, when substituted into Equation ([2.10)) above, enables us to conclude

K
1 K+ 1\ (N + 1)t
1= —— - (K — 1)Bg_
Sn.k[0,1] K+1;< ’ ) 1 (K —£+1)Bg_y
K
1 K+ 1\ (N + 1)K+
= {+1)B
K+1;<K—£> K_i11 (HDE
1 & (K+1
_ K—{+1
_K+1Z< ) )(N+1) B
=0
_N+1ZK: K+1\ x| 1)5-mp
_K—i-lm:O m
This completes the induction proof. O

Our main result for this paper is a byproduct of all we have done thus far, but especially

Equation (1.3) and Theorem
Theorem 2.3 (Faulhaber’s Formula for Sy i[a,r]). For all a,r € R, we have
m

k m
k\ akb—mr m+ 1 i
Swadarl = 30 (2SS (M v s,

m=0 j=0 J
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Proof. The result follows from Equation (|1.3]), which states

k
k
SN,k[a)T] = Z < )akamSN,m[Oa 1]7

m
m=0

along with a straightforward use of Theorem to replace the expression Sy [0, 1]. 0

There are a number of alternative formulations and proofs of Faulhaber’s formula. They
are proven using tools which include, but are not limited to, generating functions, matrix
techniques, Bernoulli polynomials, the Stirling numbers of the first and second kinds, and
finite discrete convolutions [21], 14, 23]. In this section, we have explored Faulhaber’s Formula
through the use of the Bernoulli numbers. In what follows, we turn our attention to the
versatile theory of finite differences, which is applied extensively in fields as far-flung as
statistics, combinatorics, numerical analysis, differential equations, and even particle physics.
In particular, we make use of the finite discrete difference operator, which we introduce in

the next section.

3. FAULHABER'S FORMULA VIA DIFFERENCING

We have already seen that the sums of powers of integers can be calculated using a tele-
scoping sum. We formalize this notion by introducing the (forward, finite) difference operator

A whose action on a functions f is defined by [4]

Alfl(x) = flz +1) = f(a).

Further, for m a nonnegative integer, the mth order difference operator A™ is given recur-

sively by
Afl=f, AT = AN, m>1.
For example,
Alf)(@) = fle+1) = f(x)
A?[f)(x) = f(z +2) = 2f(x + 1) + f(x)
A*[f)(z) = f(z+3) = 3f(z+2) +3f(z + 1) — f(x).

In general, we can express A™|[f] in the following manner.

Lemma 3.1. For any function f and integer m > 0,

AT{f)a) = 3 (1) (?)f@c +9).

J=0
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Proof. We use induction on m. When m = 0, we have A°[f](z) = f(z) by definition, and
0

>0 () at.4) = (10 () £+ 0) = i),

=0

thus the result holds in the base case. Now, suppose the result holds for some natural number

() ()= ()

AT fl(w) = A[A™[f] (@)

m. Recalling Pascal’s identity,

we compute

:jé(—l)m—f (T)f<x+1+y>—§<—1>m—f< )i+
=:n§::01( 1)m+1‘7>(jT1>f(w+j)+j::( 1)”””( )f(ivH)
m+1
S ()4 (7)o
m+1

=Y (M e

j=0
This completes the induction proof. O

Since it will be relevant later in the discussion, we also present a special case of Lemma

as a corollary.

Corollary 3.1. If P(z) = (a + rz)*, then

m Im
A™[P)(0) =D (1) ( ,)(a + jr)k. (3.11)

=0 J
From here on, we focus our attention to the case in which A is acting on a polynomial P,
despite the richness of the more general theory [4]. Tt is not difficult to see that the operator
A reduces the degree of a polynomial P by 1. That is to say, if P is a polynomial of degree
deg(P), then A[P] is a polynomial of degree deg(P)—1. This follows easily from the binomial

theorem. Indeed,
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Furthermore, for any integer m > deg(P), we observe that A™[P] = 0.
One important advantage of using difference operators is it gives us the ability to write

polynomials evaluated at integer inputs, say n > 0, as

P(n) = Z AJ[P](0) <”> (3.12)

This special case of a far more general result (called the Gregory-Newton interpolation for-
mula, first published by Newton in 1687 [13]) can be easily verified by a robust and interesting
use of induction on n. Indeed, in the base case of n = 0, both sides of Equation are
equal to P(0). Now assume Equation holds true for some n > 0. Then, noticing
that P(n + 1) = P(n) + A[P](n), and appealing to Pascal’s identity and the fact that

Ade(P)+1[P] = 0, we can conclude

P(n+1) = P(n) + A[P](n)

=5 e (7) 3 o ;)
~P0)+ dg) arro) () + ()]
_ p(o)+ df) NECIOS

Now that Equation has been verified, we are ready to take the plunge back into our
original problem. Recall that we are seeking a way to reduce the number of computations
required to evaluate the sums Sy [a, 7], which are merely sums of the form ZnN:o P(n) for
a particular polynomial P. Armed with Equation , and the aptly named “hockey stick

identity,” that is,

2()-2()-01)
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we can convert a sum ij:o P(n) with N + 1 terms into a sum with only deg(P) + 1 terms.
This can be quite advantageous if N is significantly greater than deg(P). Indeed, interchang-
ing the finite sums in n and j allows us to write [4]

N N | deg(P) ' deg(P) N1
%P(n)_g ;) A’[P](0 < > Z AJ[P <j+1>. (3.14)

Let us consider a simple polynomial: the monic monomial P(n) = n* of degree k > 1. In

light of Corollary it is not difficult to see that we can write

N9 [H)(0) = j! {k}

J

where {Ij} denotes the Stirling number of the second kind given by

G-gor Qe s

In view of Equation (3.14) and the fact {’8} = 0, we obtain the formula

Se£a) ()

We now illustrate the utility of the formulas discussed above by way of a concrete example.
Example 3.1. Let P(n) =n?. We have

A[n?)(0) = 1! {f} — 1, and A2[n%(0) = 2! {;} _ o,

and hence, by (3.12) we are able to write n? as the sum

n? = AP(0) <T> + A2P(0) (;‘) - <T> + 2(2)

In light of Equation (3.13), we have recovered the well-known formula

Z" _Zﬂ{ }(zjvjf) (N;1>+2<N;1>:N(N+1()5(2N+1).

We are now ready to present yet another Faulhaber-type formula, one which does not

make use of the Bernoulli numbers, but makes use of the terms of the original sum Sy x[a, 7],

rather than being written in powers of a, r, and N + 1.

Theorem 3.1 (Faulhaber-type Formula for Sy [a,r]). For all a,r € R,

Snila,r] = Zk: (iii) i(—nm—j(?)(aﬂr)k . (3.16)

m=0 =0
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Proof. Letting P(n) = (a + rn)* in Corollary and substituting into Equation we

get
N N k N+1
_ k _ _ m
Suafar) = Yofanrt = 32y = 32 a7PI0) (1)
i = i (m N+1
=3 ([ e (Mt (7))
m=0 7=0 J
from which we get the formula in Equation [3.16] completing the proof. U

As a parting gift, we illustrate the utility of Theorems [2.3] and [3.1] with a worked example.
One common aspect of the calculations which should be noted is the number of terms required
to evaluate the sum. In fact, a careful inspection of the two formulas reveals that they both
require that (k + 1)(k + 2)/2 terms be taken into account. In the example presented below,
we have k = 2, and there are indeed (3)(4)/2 = 6 terms in both calculations. This is far

better than the 101 terms it would take in order to calculate the sum directly.

Example 3.2. Let us compute
100
S1002[5,3] = Y _(5+3n)? = 5%+ 8% 4+ 117 4 - -- 4 305,

n=0

Recalling the values By =1, By = —1/2, and By = 1/6, Theorem states

m

2
2\ 52-m3m m+1 »
510072[5,3]:5 (m> o § ( ; )101m+1 B,
m

=0 j=0

( )5230 i( )1011 B + G)E’l;’l i (j) 101277 B;

j=0 7=0

Q7 [0

2 2
= 25258 + 15 [(0> 1012By + (1> 101131}
+3 Kg) 101°B, + <‘Z’> 101°B; + <;’> 101132]

= 3(101%) — 2(1012) - %(101)

= 3,199,175,
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while the formula from Theorem[3.1] yields

S100,2[5,3] = 22: <ml(_):1> i(—l)mfj (T) (5+35)°

m=0 7=0

- (V) (o) (5) (0 o)+ o))
- <1g1> ((—1)2<§> 5% + (—1)1@)82 + (—1)0@)112)

= 3,199, 175.

As expected, the two results above are in agreement. It is also worth noting that the second
calculation from Theorem [3.1] is a more robust and practical choice, as it avoids the use of

Bernoulli numbers.
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CONNECTED EDGE DIRECTION ASSIGNMENTS IN BRIDGELESS
GRAPHS AND MULTIGRAPHS
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ABSTRACT. The aim of this paper is two-fold. First, we will provide clarity on a result
concerning the strong connectivity, a concept whose usefulness is readily apparent in several
fields of study including social networking and transport networks, of a bridgeless connected
graph achieved through the depth-first search (DFS) technique. To this end, we will demon-
strate two rigorous mathematical proofs of this robust and well-known result. One proof
takes the approach of seeking a contradiction by investigating the relationship between di-
rected paths and maximal strongly connected subgraphs after the application of DFS. The
other proof features a direct approach that demonstrates that for each tree edge {U,V},
there is a directed path from V to U by utilizing the fact that each edge in a connected
multigraph on at least two vertices is either a bridge or is included in some cycle. Second, for
a multigraph without a bridge, we provide two different proofs ensuring the existence of an
assignment of edge directions that induces strong connectivity. One of these proofs utilizes
the previous fact, whereas the second proof is independent of it and features a technique
that focuses on collapsing entire connected multigraphs into a single vertex.
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1. INTRODUCTION

Graph theory has rich history dating back to 1736, when Leonhard Euler published a pa-
per using this versatile branch of mathematics to approach a problem concerning the seven
bridges of Konigsberg [8, [I7]. Today, graph theory has garnered interest and found appli-
cations in other branches of mathematics as well as in several disciplines within academia.
Specifically, some applications of graph theory include additive number theory [1, cryptogra-
phy [28], molecular topology [5], Alzheimer’s Disease [12], algebra [29], the study of DNA and
biological networks [27], spectroscopy and quantum chemistry [7], chemistry [0, [16], social
media and social networking [10] 24 2l 4], blockchain technologies [22], social trust models
[31], maze solving [18| 23] 25] and GPS networks [19]. In particular, we would like to examine
the applications of graph theory in computer science as well as the inherent mathematical
beauty therein.

In the realm of graph theory and the computational sciences, various algorithms, such as
Depth-First Search (DFS), Breadth-First Search, Dijkstra’s Algorithm, and Floyd-Warshall’s
Algorithm [I1l 17, [I5] play important roles in understanding graph structures. Each of
these algorithms have a variety of applications. For more information pertaining to some
applications of these algorithms, see [I1, 2I] and the references therein. Particularly, the
Depth-First Search Algorithm serves as a means of graph traversal for the sake of identifying
vertices and their relationships to underlying structures embedded within a given graph
and an associated directed graph. This algorithm commences its journey from the root, an
arbitrarily selected vertex from the given graph, and thoroughly explores each and every
vertex as far as possible before traversing its moves backward.

Ever since a version of DFS was introduced as a means of solving mazes [18], it has been
widely regarded as a versatile tool for approaching problems in both theory and practice
pertaining to, for example, finding strongly connected components in a directed graph [11]
and topological sorting [11]. With regard to applications in the computational sciences, DF'S
sees use in various areas including, but not limited to, image recognition [3] and computing
search trees [30]. For further information concerning the implementation and execution of
DFS in the computational sciences and the associated data structures, see [18]. Before we
continue, we will revisit some graph theoretic definitions that will assist us in this article.

Additionally, we will provide some motivating examples for some of the concepts introduced.
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In this paper, a graph is a simple graph G = (V,&) where V # () is a nonempty set of
vertices and & is a set of edges. A multigraph is a graph that can have parallel edges as
well as loops, neither of which are possessed by (simple) graphs. Two vertices U and V are
said to be adjacent if there is an edge between them. The degree of a vertex V € V is the
number of vertices to which V' is adjacent and is denoted deg(V'). Sometimes, we wish to
assign directions to the edges of a graph. To see an example of this, let us recall the Collatz
Conjecture. That is, let us define the function C': N — N given by

3n + 1, if n is odd
C(n) =

n/2, if n is even.
The Collatz Conjecture states that for any n € N, repeated applications of C' will eventually

result in 1. For example, let n = 6. Observe that
C¥(6) = C7(3) = C5(10) = C5(5) = C*(16) = C3(8) = C*(4) = C(2) = 1.

Now, observe that we can represent this repeated application of C as a graph whose edges
represent the notion that adjacent numbers have the property that one of the numbers is the
result of applying C' to the other. To indicate which number is obtained from applying C' to

another number, we can use arrows as is done in Figure

6—3—10—5—16

|

le—2«—4—8

FIGURE 1. A graphical visualization of applying C' to n = 6.

Above is an example of a directed graph. A directed graph (or digraph) is a graph whose
edges are each assigned a direction. A graph G; = (V1,&1) is called a subgraph of another
graph Go = V2, &) if V1 C Vs and & C &. If this is the case, then we can write G; C Go.
If we have a graph G along with a nonempty set X C V(G), then the subgraph of G induced
by X is the graph with vertex set X and edge set consisting of all edges {U, V' } with both U
and V elements of X.

Let us again consider the graph depicted in Figure [I} Suppose that each number denotes
a particular building in a city. Suppose further that if two buildings are joined by an edge,
then there exists a one-way, road, whose direction is dictated by the direction of the edge,

connecting these buildings. For example, one could travel from building 10 to building 4
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through the roads creating the sequence 10 — 5 — 16 — 8 — 4. However, in the way that
these roads are directed, one would be unable to travel from building 4 to building 10. Let
us make the graph-theoretic phenomenon in this example more precise.

The connectivity of an undirected graph depends on its vertices’ capacity to reach one
another along the edges of the graph. A walk is a sequence of adjacent vertices and can be
thought of as moving between the vertices of a graph along the edges. A closed walk is a
walk that begins and ends on the same vertex. A path is a walk that does not repeat vertices.
A cycle is a closed path of the form {Vi,..., Vi, Vii1 = Vi}. A chord is an edge that is not
contained within a cycle, but joins two vertices within said cycle. It is said that two vertices
are connected if there exists a path between them. It is said that a graph G is connected
if for any two vertices u,v € V(G), u and v are connected. Furthermore, a graph is called
disconnected if it is not connected. For a connected graph G, an edge e € £(G) is called a
bridge if the graph obtained by removing the edge e from the graph G is disconnected. On the
other hand, the concept of strong connectivity is applicable solely to directed graphs. In the
context of a directed graph, a graph G is strongly connected if and only if there is a directed
path from a vertex V to a vertex U, as well as a directed path from U to V, for each pair of
vertices U and V in V(G). The study of strongly connected graphs has various applications
as well as additional routes for further inquiry in, for example, disciplines concerned with the
reduction of complexity in certain problems [9, 11} [13]. A strongly connected component of a
directed graph is a subgraph that is maximal with respect to the property of being strongly
connected [I4]. For an example of the study of strongly connected graphs and how it pertains
to social networking, see [14]. For an example of how the study of strongly connected graphs
can be considered in the study of public transport networks as well as their efficiency, see
[26].

Recalling the Collatz Conjecture, let us consider a directed graph whose vertices consist
of all elements of N and whose edges are constructed in the following way. Suppose m,n € N
are such that C'(m) = n. Then we construct a directed edge from m to n. Let us refer to this
graph as the Collatz Graph. Then observe that disproving the Collatz Conjecture could be
simplified to locating a directed cycle in the Collatz Graph other than the cycle {4,2,1,4}.
Using our new terminology, we can again consider the graph in Figure [I| as a network of
buildings in a city. Recall that there exists a path from 10 to 4 but that there does not exist
a path from 4 to 10. From this, we can conclude that this graph is not strongly connected.

Why is this? In fact, there is a direct relationship between the existence of bridges in a graph
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and the existence of an edge direction assignment that makes the resulting directed graph
strongly connected. Observe that in the graph in Figure[T] every edge is a bridge other than
the edges of the cycle {4,2,1,4}. However, if we simply add the directed edge {1,6}, we

obtain the following graph.

6—3—10—5—16

AN !

l1e—2«—4—8

FIGURE 2. The graph in Figure [1| along with the directed edge {1,6}.

Notice that in this graph, for each pair of vertices, there exists a directed path from one to
the other. As such, we can conclude that this graph is strongly connected. Observe further
that there does not exist a bridge in this graph. That is, the removal of any edge will not
leave the resulting graph disconnected. It may, however, leave the resulting directed graph
no longer strongly connected. In this paper, we will further explore the connection between
the lack of bridges in a connected graph, and that graph’s potential to have a strongly
connected edge direction assignment. Thus, notice that if we think of the graph in Figure
as a transportation network with the directed edges representing one-way roads and the
vertices representing buildings, one could travel between any two buildings. Let us wrap up
our discussion of graph-theoretic terminology with a brief discussion about trees.

A tree is a connected graph containing no cycles. It can be observed that the number of
vertices in a tree is one more than the number of edges. The converse is not necessarily true.
For j =1i,...,k —1, V; is called the parent of Vj;1 in the DFS tree, and the edge (Vj,V;)
is called a back-edge. See [17), 20] for the properties of trees and rooted trees. Observe that
every edge of a tree is a bridge. As an example, referring back to Figure[I], if we think of the
cycle {4,2,1,4} as a single vertex . Then the resulting graph would be as follows.

6—3—10—5—16

|
[4] —s

FIGURE 3. A graphical visualization of collapsing the cycle {4,2,1,4} into
a single vertex .
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Observe that this graph is a tree, and that, indeed, each edge of this graph is a bridge and
that this graph is not strongly connected. We will utilize this concept of collapsing subgraphs
into a single vertex in a later proof. For this, see our second proof of Theorem

This paper is organized in the following manner. In Section 2] we provide a motivating
example demonstrating the usefulness of strong connectivity in network survivability and
how it relates to trust networks. In Section [3| after recalling the Depth-First Search Algo-
rithm, we discuss Theorem [3.1] concerning a technique for constructing a strongly connected
edge direction assignment in a connected bridgeless graph, by presenting an example demon-
strating its applicability. In Section [4 after presenting important facts concerning strong
connectivity and cycles, we provide a proof of Theorem by contradiction. In Section
we provide a second proof of Theorem after proving Lemma which states that each
edge in a connected multigraph on at least two vertices is either a bridge or is included in a
cycle. In Section [0 we provide two proofs of Theorem [6.1] which states that in a connected,
bridgeless multigraph, there exists an edge direction assignment that makes the resulting
directed graph strongly connected. One of these proofs invokes Lemma and the other

does not. Finally, we present concluding remarks in Section

2. A MOTIVATING EXAMPLE OF STRONG CONNECTIVITY

The study of graph and multigraph connectivity can be used in a variety of real-world
applications including the study of network survivability [20]. Let G be a simple, undirected,
connected graph. Let k,(G) denote the vertex connectivity of G, or the smallest number
of vertices whose removal from G can disconnect G or turn it into the trivial graph on a
single vertex [20]. Similarly, let k.(G) denote the edge connectivity of G, or the smallest
number of edges whose removal from G can disconnect G [20]. Both k,(G) and k.(G) are
used to assess the network survivability of a network, or ”the capacity of a network to retain
connections among its nodes after some edges or nodes are removed” [20]. To further explore
the applications of graph and multigraph connectivity, we can consider the concept of a fault-
tolerant communications network, which is a communications network that ”has at least two
alternative paths between each pair of vertices” [20]. For additional details regarding network
survivability and fault-tolerant communications networks, see Chapter 5 of [20].

Let us consider the following motivating example for the sake of demonstrating the appli-

cability of network survivability.
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Example 2.1. Suppose we have a simple, undirected, connected graph G whose vertices
represent people and whose edges represent a friendship between two people. It would be
reasonable to infer, that if two vertices are connected, then the two corresponding people can

have information transferred between them. Suppose G is the graph represented in Figure []).
A—B—C—D

FIGURE 4. A group of people and their corresponding friendships as a graph G.

Observe that this is a quite fragile network, as removing B or C from the group would
preclude A and D from sharing information. That is, k,(G) = 1. Similarly, if any two people
choose to end their friendship with one another, then the graph will become disconnected, and
thus, there will be at least two people who cannot share information. As such, ke(G) = 1.
However, if the people in this group acknowledge this fact about their network survivability,
they can act to strengthen their friend group’s ability to share information by suggesting that

the people represented by vertices A and D form a friendship, as shown in Figure [3

T
A—B—C—D

FIGURE 5. A stronger friendship network than in Figure [4

In this graph, which we will call G', there is no vertex, nor edge, that can be removed to
cause the resulting graph to be disconnected. Removing two vertices or edges, however, will
cause the graph to be disconnected. As such, ky,(G') = ke(G') = 2. We can further observe
that the network represented by the graph in Figure [5 is fault-tolerant. Since there is no
single edge in G' that disconnects the graph upon removal, we acknowledge that G’ (and the
friendship network represented therein) has stronger network survivability than G since no
bridge exists in G'. In fact, we observe that for a simple, undirected, connected graph G, if
ke(G) > 1, then G does not contain a bridge.

Continuing with our supposition that the vertices of a graph G represent people and edges
of G represent a friendship between two people, let us further assume that the friend group
represented by G has a method of communication dependent on the trust one person has
in another. That is, suppose that for any two wvertices vi,vy € V(G), either the person
represented by vy can receive information given by the person represented by v or they

can give information to the person represented by vo. In this case, the graph becomes a
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directed graph. Now, the friend group may be inclined to ponder whether or not they can
share information throughout the network if they were to impose the trust-dependent structure
described above. Asking this question would be equivalent to determining whether the graph
representing the network could be made strongly connected. If ke(G) > 1, then the answer to

this question is "yes.”

3. DFS AND ITS RELATION TO STRONG CONNECTIVITY

One purpose of this paper is to provide two different mathematically rigorous proofs of
Theorem a well-known result, which appears in [I7]. Although the result is fairly intu-
itive, the demonstration of this fact is quite intricate. Moving forward, we will include several
figures to supplement the reader’s understanding of the theorems, proofs, and applications
discussed.

Before we begin, let us recall the Depth-First Search Algorithm which inductively operates

on a graph with n vertices in the following manner.
(1) Start by picking any vertex from the graph. Label that vertex as V;.
(2) Visit an adjacent vertex of the vertex labeled V; and label it Va.
(3) Visit an adjacent unlabeled vertex of the vertex labeled V5 and label it V.
(4) Continue this process until vertices have been labeled Vi, Vo, ..., V, and the vertex
labeled V,. is not adjacent to an unlabeled vertex for 1 < r < n.
(5) If r < n, select the largest 7, 1 < i < r, such that V; is adjacent to an unlabeled

vertex. Assign the label V,;1 to that vertex and return to step (4). Otherwise, if

r = n, we are done.
Now, we can state the theorem, as referenced in [I7], Theorem 5.8 on page 259.
Theorem 3.1. [17] Suppose we apply depth-first search to a connected, bridgeless graph. If

we assign directions to tree edges from lower depth-first search label to higher and to back

edges from higher label to the lower, then the resulting directed graph is strongly connected.

In order to comprehend this result, let us commence by examining an illustrative example

that highlights the potency of Theorem [3.1]

Example 3.1. Let us consider the connected graph G depicted in Figure [0, which does not

possess a bridge.
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)

A—B

A
AN

FIGURE 6. A connected graph G without a bridge.

/

F
:

G
,
,

Let us demonstrate the flexibility and versatility of DFS by exemplifying three distinct
applications and the resulting strongly connected graphs. In any application of DFS, the des-
ignation of the root is arbitrary. As such, we could begin the algorithm on vertex A, B,C, D,
or any other vertex. For the sake of simplicity and readability, we will start with A as our root
in the following applications of DFS. Let us again consider the friendship and trust network
as in Example [2.1. We see that through this application of DFS, we can determine a trust
structure that would allow for strong comnectivity, or in the example, a flow of information

between all members of the friend group.

7 L N - /\\
Vi T e MG e BB -1

x K [ \ ) ~ 7 “
\ \ ) AN / \ ) i \ /

\ Ny N / N \ , |

\ N M v NN + \ |

Vs —— Vi — Vs Voeooo Vi—— Vs Vo ---o Vye--- Vg
o N N
Vi Vs Vs

FIGURE 7. Three applications of DFS to G in Figure [6] with dashed back-edges.

Having applied DFS to G, we can display the resulting strongly connected graphs using the

directions assigned in Figure ]

Vi—Va Vie——1Vs Vie—W Ve—W NNe—Vs Vi—V;

NNINT N NIND N NN

Vs— V4 — Vs Vo= Vi — Vs Ve — Vi — W
AN N N
Vs V3 Vs

FiGURE 8. Three distinct strongly connected directed representations of G

as in Figure [0

We encourage the reader to ensure the strong connectivity of each graph presented in Figure

[8 by confirming the existence of closed walks containing all of the vertices of G therein.
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4. FIRST PrROOF: A CONTRADICTION

Prior to commencing our proof, we shall first revisit certain preliminary and relatively-
easy-to-verify facts about strong connectivity of finite directed graphs. These simple facts
are crucial for understanding the proofs we present in this article; therefore, we provide
statements and straightforward examples for each fact for the sake of completeness. We

encourage the reader to verify these facts for themself.

(I) A directed cycle is strongly connected.
B
A 7o C
AN . /

FIGURE 9. An illustration of Fact (I).

(IT) A graph consisting solely of two directed cycles that share a common vertex (an “8”

or “o0” shape) is strongly connected.

B E
N N
A C F
N SN S
D G

FIGURE 10. An illustration of Fact (II) with common vertex C.

(III) A graph consisting solely of two directed cycles that share a common directed edge

is strongly connected.

—_ R

A
|
F

S—Q

B
|
— F —

FIGURE 11. An illustration of Fact (III) with common directed edge { B, E'}.

(IV) A graph containing two strongly connected directed subgraphs with some common

vertex, or some common directed edge, is strongly connected.
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A— B—C

/\\//\
\,/\N/

A
F—FE—D

FIGURE 12. Two illustrations of Fact (IV).

Now that we have equipped ourselves with the appropriate mathematical instruments, let

us discuss our first proof of Theorem

Proof of Theorem[3.1 Let Vi, Va,...,V, be the labels of the depth-first search tree 7~ where
1 designates the label number of vertex V;.

Now, we will follow these steps to execute the proof.

(1) {V1,Va} is a tree edge, i.e., a directed path from V; to V5.
(2) Let {V1,Va,..., Vi, —1, Vi, } be alongest directed path with consecutive labels starting
from V; in T as in Figure

iV — o — Vi — Vo

FIGURE 13. A longest directed path in a depth-first search.

Then, we first make the following observations:

(a) deg(Vy,) =11in 7. Indeed, if deg(V,,,) > 1 in T, then
{Vla ‘/'2’ ey V’n1—17 an}

would not be a longest directed path in a depth-first search. Consequently, V;,,
is not adjacent to any vertex in {Vi, 41, Voy42,..., Va1, Vi } according to the
depth-first search.

(b) deg(Vy,) > 1in G. This must be the case because otherwise, {V,,,_1, V,,, } would
be a bridge.

(c) Hence, by (a) and (b), there is a vertex V4, in {Vi,Va,...,V,,—1} such that
{Viy, Vi, } is a back edge, and so {V4,, Vo, 41, -+, Va,—1, Vi, } is a directed cycle
as in Figure Therefore, the directed cycle

{%15 ‘/bl—l-l) ey an—lu an}
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is a strongly connected subgraph of G.

w
‘/271 4’%1—}-14"" — Vn;—1 4>an

FIcURE 14. A directed cycle of G.

(d) Let s; be the smallest number less than or equal to by and m; be the maximum
number greater than or equal to n; such that
(i) {V4,Va,...,Vs,—1,Vs, } is a directed path in 7 and

(i1) G1 = {Vs;, Vsy 415+ Viny—1, Vim, } 1s a strongly connected subgraph of G.
V1 — V2 — T Vg -1 — {‘/;17‘/81-%17 . '7Vm1—17vm1} = gl

FI1GURE 15. A directed path to a maximal strongly connected subgraph G; of G.

(3) We shall prove that s; = 1 and m; = n, and so the graph induced by the vertices
{V1,Va,...,V,} is strongly connected.

Suppose that m; < n. Then there is an integer, denoted as i1, which represents
the largest label less than or equal to my, such that {V;,, Vi,,+1} is a tree edge. By
the depth-first search, there is no vertex in {Vj, 11, Vi, +2,..., Vin, } adjacent to any
vertex in {Vi,+1, Ving42, - -+, Vo }-

First, we will demonstrate that i; > s;. That is to say, V;, € G;. In fact, if i; < sq,
then no vertex in G; is adjacent to any vertex in {Vi,,+1, Vin, 42, - - -, Vi }. Hence there
is a vertex V;,, in G; which is adjacent to a vertex Vg in {Vi, Va,... Vs, _o}. This must
be the case because otherwise, {Vs,_1, Vs, } would be a bridge. Using this back edge
{Vim, Vs}, we have a directed path {V,,, Vs, Vsi1,..., Vs, -1, Vs, }-

e’ ~
. *’%*’Ve-kl*’"’*"/slfl*)‘/sl*)"' *)Vm*) *’V”ml*)"'

FIGURE 16. A larger directed cycle of G when iy < s7.

Since G1, induced by {Vs,, Vs, 41, Vs, 42, - - -, Vin, }, is a strongly connected subgraph
of G, there is a directed path from Vs, to V;,, and so we have a directed cycle from

Vi to Vi to Vs, to V,, as shown in Figure Therefore, if we had i1 < s1, then
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the subgraph induced by {Vs, Vet1, ..., Vs;—1, Vay, Vs, 41, -« -, Viny } would be strongly
connected by Fact (IV). This contradicts the selection of the minimum value s; and

the maximum value m; in (2d)). Therefore, we know that i1 > s1. Let

{‘/ila Vm1+1a Vm1+2, ceey VTLQ}

be a longest directed path beginning with the tree edge {V;,, Vin,+1} and with con-

secutive labels m1 +1,m1 +2,...,n0 in T.

VIH‘/Q*) 4)‘/;171*){‘/517"‘7‘/;17"')le}

!

Vn2 ot Vg2 Vm1+1

FIGURE 17. A directed path from V;, to the vertex V,,,.

Then

(a) deg(Vy,) = 1 in T by the longest property. Hence, V;,, is not adjacent to any
vertex in {Vp,+1, Voy42, ..., Vi) by the depth-first search.

(b) deg(Vy,) > 1in G. This must be the case because otherwise, {V,,,_1, Vp,, } would
be a bridge.

(c) Hence, there is a vertex Vp, in {V1,Va,...Vy,—1} such that {V,,,, V4, } is a back
edge.
Now we consider 3 cases: by < s1, s1 < by < myq, and by > m;.

Case 1: by < s1. If this is the case, then

{%17Vm1+lvvm1+27- . -Vn27%27‘/l)2+17 .. -7‘/81}

is a directed path. Since Gi, the graph induced by

{‘/817 ‘/314-17 ‘/81-1'-27 DRI le}

is a strongly connected subgraph, there is a directed path from V;, to V;,, and
so we have a directed cycle from V;, to V,,, to V;, to Vg, to V;,. Hence, the graph
induced by

{%27%2+17’ . '7‘/:917"'7‘/;1‘7’ . '7Vm17Vm1+17vm1+2w . '7Vn2}

is a strongly connected subgraph of G by Fact (IV). This contradicts the selection

of s1 and my.
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i— - *)‘/52% *){‘/8177‘/117>le}

/ !

Vig ¢+ = Vinyy2 «— Vimy 1

FIGURE 18. A directed path from V;, through Vi, 41, Vi, Vi, to Vs,

Case 2: s1 < by < myg. If this is the case, then similar to Case 1, we will have a

directed cycle from V;, to V,,, to V;, to V;,. Hence, the graph induced by

{‘/515 ‘/81+17 ‘/514-25 e ey VT)’L1)le+17 Vm1+27 e ey Vng}

is a strongly connected subgraph of G by Fact (IV). This contradicts the selection

of s1 and my.

VIH *)‘/:91—1*){VSI?"'7‘/I)2""7%17""le}

e ™~

Vg «— - — Vinp2 — Vin 1

FIGURE 19. A directed cycle from V;, through Vi, 41, Vi,, Vb, to Vi,.

Case 3: by > my. In this case, {Vi,, Vigt1,- -, Vo, Vi, } becomes a directed cycle.
Let s9 be the smallest number less than or equal to bs and ms be the maximum

number greater than or equal to ng such that Gy, the graph induced by

{‘/sga‘/:eg—i-ly'"a%27%2+17"'7vn27"'7Vm2}7

is a strongly connected subgraph with consecutive labels. Note that, by the

selection of Gy, my < s9. Also,

{V;u Vm1+17 Vm1+27 ce VSQ}

is a directed path from G; to Go. Moreover, there is no back edge from a vertex
in Gs to any vertex with label less than sy by the “maximum” property. By re-
peating this finitely many, say r, times, we will have disjoint “maximal” strongly

connected subgraphs G;, induced by
{‘/Sjv ‘/sj—‘rlv ‘/S]'+27 RN ‘/Z']w ceey Vm]'}a

for 1 < j <r, such that {Vi,Vs,..., Vs } is a directed path in the DFS tree T,
{Vij, Vinj+1, V42, -+ - VS]~+1} is a directed path from G; to Gj;1, and V,,,, = V,.
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‘/1*)‘/2*),,.*)‘/51_1%{Vvsl,...,v%l,...,vml} :gl

!

ng—l oo S Vmg 42 Vm1+1

!

{%2""7%27“‘?‘/”12} = G2

l

Ving1 — *** — {V;»,»—Qa'- s Vi g "er72}: Gr—2

|

VS,«,l—l D — er—2+2 — er72+1

l

{V9r7177 ey ‘/’irfu R erfl} - gr—l

l

er—1+1 B er—l+2 A ‘/TSr—l

l

Vsrs sV} =G
F1GURE 20. A structure of disjoint, maximal, and strongly connected subgraphs.

Now, if no vertex in {Vi,Va,...,V,,, .} is adjacent to any vertex in G,, then
the first edge {Vi,_,,Vin,_,+1} in the directed path from G,_; to G, would be
a bridge, which is a contradiction. If there is a vertex V5 in {V1,Va,...,Vin, ,}
which is adjacent to a vertex V, in G,, then {V;, V,,} is a back edge, which
would contradict the “maximal” property of G;s. Hence r must be equal to 1
and mi; = n.

Furthermore, we will prove (by contradiction) that s; must be equal to 1. In
fact, if s; > 1, then there is a vertex Vi in {Vi,Va,..., Vs, 1} and a vertex V,,

in
G1 = {V:?laVSHrlv- . ~aVn}

such that {V,,,,V;} is a back edge. This must be the case because otherwise,
{Vs,-1, Vs, } would be a bridge.

{VvlaVZM"7V37~~-7VS1717V:917"'7er71}*}”' *){‘/srau'v‘/’mv'-w‘/n}:g’r

FIGURE 21. A critical back edge {V,, Vs}.
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Hence, the graph induced by
{‘/?97‘/?9-5-17 ... 7‘/?917‘/514-17 .. )Vn}

is a strongly connected subgraph of G by Fact (IV). This contradicts the selection

of s1. Therefore, s; must be equal to 1.

This completes the proof. O

5. SECOND PROOF: A DIRECT METHOD

We will now focus our efforts on proving the following lemma, which will assist us in our

second proof of Theorem

Lemma 5.1. Let G be a connected multigraph with n > 1 vertices. Then each edge in G is

either a bridge or is included in a cycle.

Proof. Let {U,V} be an edge in G. Now, we perform a DFS algorithm beginning with
U=Viand V =V, and let V1, V5, ..., V,, be the labels in the resulting tree 7. By assigning
a direction for each edge in 7 from lower label to higher label, 7 becomes a rooted tree with
vertex V7 as its root and there is a (unique) directed path P; from V; to any vertex V;. Now,

we divide all the Vs into two parts:
Py ={V; | P; does not include V2} and Py = {V; | P; includes V5 }. (5.1)

Then Py and Py are disjoint and {U, V'} is the only edge in T joining Py and Py. If there
is no other edge in G connecting Py and Py, then {U,V'} is a bridge. If there is some edge
{Vi,V;} in G where V; € Py and V; € Py, then {U,V'} is included in the (undirected) cycle

(Viy.. . .Vi=UVa=V,...,V;,Vi}.

Thus, we can conclude that each edge in G is either a bridge or is included in a cycle. O

For an illustration of the sets Py and Py as used in Equation (5.1]) within Lemma as

well as the cases contemplated in the Lemma, let us consider the following examples.

Example 5.1. (a) Let Gi be the graph on the left depicted in Figure . To its right is an
application of DFS to G;.
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A C V3 Vs
~ — ~ 7
v ] Swew
B D Vi Ve

FIGURE 22. An illustration of Lemma [5.1) with {U, V'} as a bridge.

In this case, we observe that Py = {V1, Vs, Vs} and Py = {Va,V3,V4} and thus, we have
that Py NPy = (. Furthermore, we observe that {U,V'} is the only edge of G1 connecting Py
and Py. Hence, {U,V'} is a bridge of G;.

(b) Let Go be the graph on the left depicted in Figure . To its Tight is an application of
DFS.

Aﬁc Vlo,\ Vs
‘/V*U\‘ | Vo = V1 |
B D Vi Ve

FIGURE 23. An illustration of Lemma [5.1| with {U, V'} as an edge of a cycle.

In this case, we observe that Py = {V1} and Py = {Va, V3, V4, V5, Vs} and thus, we have
that Py N Py = 0. In this case, {U,V'},{U,C}, and {U, D} all join Py with Py in Ga, and
as such, {U,V'} is not the only edge connecting the sets. Moreover, we see that {U,V'} is not

a bridge of Go, and thus, is included in a cycle of Gs.

We will now provide another proof of Theorem [3.1] using the machinery we have established

in Lemma [5.11

Proof of Theorem[3.1]. Suppose depth-first search is applied to a connected graph G without
a bridge. Let us assign a tree edge from lower to higher depth-first search number and assign
a back edge from higher to lower depth-first search number.

We will prove that the resulting directed graph is strongly connected. To this end, let us
assign V1, Vo, ..., V,, as the labels of the depth-first search tree 7 with ¢ the label number of
V;. Then T is a rooted tree with Vj as the root and there is a directed path from V; to any
vertex V; by DFS.

We shall prove that for any vertex V;, there is a directed path from V; to V7. Doing so will
ensure that G is strongly connected. To this end, it suffices to show that there is a directed

path from V to U for each tree edge {U, V'}.
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Let {U,V} be an arbitrary tree edge. Then, by Lemma since G is bridgeless, the edge
{U,V} is included in some cycle C. Let m be the lowest label among the vertices in C and
Ty, be the subtree of T formed by V,,, and its descendants. To illustrate this, consider the
graph on the left of Figure and the designation of 7y, after the application of DFS.

..... V3 |/ LTI V4 V3 Vi dereeemmninnninna 1/
I [
Vo eeien Vm7Vm+1 ...... U Vo eeie Vmg’vm—&-l ..... > U

| l

..... V'l ‘/1

FIGURE 24. An example graph G and the corresponding 7y, identified.

Then we have that V,, is the root of Ty, . If we denote the (undirected) cycle C by
{U1 =V, Us,...,Us, U} such that U = U; and V' = U;44 for some 4, then {Uy,Us, ..., Us}
is a directed path in Ty, and (Us,U;) is a back edge. As such, {Uy,Us,...,Us, U;} becomes
a directed cycle. Moreover, (U, V) is included in the directed cycle C = {Uy,Us,...,Us, U1 }.
Hence, there is a directed path from V to U. To further illustrate this, included in Figure
is the graph from Figure 24] with the cycle in question highlighted in red on the left as well
as assigned directions such that there exists both a directed path from U = U; to V = U; 11
and from V = U;41 to U = U; on the right.

..... Vs Usg woveeeeeneenen Uy S VA Us 4eeeerenennennen Upy
| | | | ! 1
Vg eiees U, Us weenvens U; Vy eiene [ > U,
| | 5

..... 1% e V4

FiGURE 25. An undirected cycle C and directed paths from U = U; to
V= Ui+1 and from V = Ui+1 to U = Uz

Since {U, V'} was selected arbitrarily, this process guarantees that performing DFS in the
way provided will ensure the existence of a directed path from V to U for every tree edge

{U,V}. Thus, G becomes strongly connected. O
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6. STRONG CONNECTIVITY OF A BRIDGELESS MULTIGRAPH

Let us consider and acknowledge the fact that given a bridgeless multigraph on at least
two vertices, we can ensure the existence of a strongly connected graph as a result of some

assignment of directions to the edges of said graph.

Theorem 6.1. Let G be a connected multigraph with n > 1 vertices without a bridge. Then

we can make G a strongly connected multigraph by assigning a direction to each edge in G.

We will prove this theorem in two ways. One of these ways will rely on Lemma5.1] whereas

the other will not.

Proof of Theorem [6.1] (Using Lemma/[5.1]). Pick up an edge {U,V} in G. Then by Lemma
{U, V'} is contained in some cycle C';. We can assign a direction to each edge in the cycle
(1 to make it a directed cycle.

If C7 contains all the vertices in G, then G is strongly connected regardless of the directions
of edges not in the cycle Cf.

If C does not contain all the vertices in G. Let G; be the subgraph induced by C;. Then
there is an edge {V1,Va} such that V; is in G; and V5 is not in G;. By Lemma {V1,Va}

is contained in some cycle Cy. This leads us to contemplate the two following cases.

(a) If V; is the only common vertex of G; and Cy, then we can assign a direction to each
edge in the cycle Cs to make it a directed cycle, and so the subgraph G, induced by
G1 U (s is strongly connected regardless the directions of edges not in G; and Cj.

(b) If there is more than one common vertex between G; and Cy, then let V{ be the first
other common vertex in the portion of Cs formed by the directed path {Vi, Vs, ..., V{}.
Then along the directed path from V{ to V; in G;, we can assign a direction to each
edge in Vi, Va, ..., V{ to form a directed cycle C, and so Ga, the graph induced by
the vertices of C1 UCY, is strongly connected regardless of the directions of edges not
in the cycles Cy and C). Since G has finitely many vertices, after r iterations of this
procedure, we will have G,, the graph induced by the vertices of C;y UC, U --- U CY,

which contains all the n vertices in G, and so G, = G is strongly connected.

This concludes the proof. O

Below is a simple illustration of the central concepts of the above proof.
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Example 6.1. First, let us consider Case (a). That is, below are two cycles that share
exactly one common vertex. Here, we consider the cycles

Cy={Vi,U,V,Vi} and Co={Vi,Va, V3, V4, Vi}.

Observe that, in Figure the graph induced by C1 U Cy is strongly connected, since it

contains the closed walk

W = {maUa V7 Vlv‘/éa%a‘/zla‘/l}.

U v

™~
L owl 2w
v Vi

FIGURE 26. Case (a) with 'y and Cs.

Furthermore, below are simple illustrations of an instance where Case (b) is in effect. Let

G be the graph in Figure[27 on the left. First, we acknowledge Gy, the graph induced by
Cl - {U V7 V17 ‘/57 V1/7 U}7

and assign directions to the edges.

Vi Vi
v N W v\ W
| Vs Vo | [ 7 \
v \\Vl// Vi v \\Vl// Vi

FIGURE 27. An example of Case (b) with C designated.

Notice that Gy is strongly connected. Now, we observe that the vertices Vi, Va, V{, Vs, and
Vy induce another cycle. We will call this cycle Co. Then, we identify the path {Vi,Va, V{}
as the portion of Cy that shares two common wvertices with C1 and construct the cycle
Ch = {1, Vo, V], U, V,Vi}. Thus, we have assigned directions to the edges in Ga, the graph
induced by the vertices in C1 U Ch. Observe that G is strongly connected. Now, we observe
the cycle

Cy = {V1, V4, V3, V], U, V, V1 }.

Neat, we identify the path {Vi,Va, V3, V{} as the portion of Cs that shares two common
vertices with Go and construct the cycle C, = {V1,Vy, V3, V], U, V. V1 }.



INT. J. MAPS MATH. (2025) 8(2):791-815 / EDGE DIRECTION ASSIGNMENTS 811

v W
e St T T A . 1
R R C [ R C

1% \\Vl// Vi 1% \\Vlf/ Vi

FIGURE 28. An example of Case (b) with C; U C U C’, designated.

Now, after appending C%, we have that each edge of the graph has been assigned a direction.
Moreover, Gs, the graph induced by C, UCY U CY, contains all of the vertices and edges of G.
Furthermore, we have that G3 is strongly connected and that G3 = G. Therefore, G is strongly

connected with the assigned directions.

Proof of Theorem (Without using Lemma . First, we know that since G has no bridges,

G is not a tree. Hence G contains a cycle C; = {V1,Va, ..., Vi, Vi }. Assigning directions
(Vb V2)7 SERE) (Vk—h Vk:); (Vk’ ‘/1)7

we obtain a directed cycle C1 and consequently achieve a strongly connected subgraph of
G. If there are any chords in ', we arbitrarily assign a direction to the chords in question.
Moving forward, we have a strongly connected submultigraph C} of G consisting of all vertices
in C and all the edges of G which have both end vertices in Ci. Now, we will employ C} to
construct a new connected multigraph G; without a bridge. To this end, we will consider C7
as a single vertex, say V, and all the vertices in G but not in Cj as the other vertices in a new
graph G;, with vertex set V U (V(G) — V(C})), and keep all the edges in G while collapsing

all the edges in C} into the vertex V. Then, we are left with the following cases.

(a) If Gy contains only one vertex V, then C; = G, and so we are done.

(b) If Gi contains more than one vertex, then G; is a connected multigraph with ny > 1
vertices without a bridge and n; < n. Since n is a finite number, after finitely many,
say r, steps, we will have that G, contains a single vertex. As a result, the entire

graph G becomes a strongly connected multigraph.

This concludes our proof. ]

Let us illustrate the above proof.

Example 6.2. First, we will consider Case (a). Observe that the graph in Figure s a

cycle with a single chord, and so we can assign directions to the edges of the graph in such a
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way that the resulting graph is strongly connected. Furthermore, this allows us to immediately

collapse the entire directed graph into V , thus completing our procedure.

\Hi\

FIGURE 29. An example of Case (a).

—)V.

Q—W

A B
| |
D C

Note that we could have assigned the cycle to be counter-clockwise and the chord in the
other direction.

Now, we will contemplate an instance of Case (b). Consider the graph in Figure .

N

A—B—G
VAR
D—C H

E
|\
2

FIGURE 30. An example of a graph satisfying Case (b).

Next, we will identify cycles, direct each corresponding cycle, and collapse them one by one
until we are left with a single "vertex” representing the entire graph as a strongly connected

portion. First, we consider Cy.

—

G A
| |
H Vi

G
|

[\

Bi
I
C

[\

E 4 E A—B—
N\ — NN
F—D F—D—C

H

FIGURE 31. The identification of Cy, direction of C}, and collapse of Cf into V.

Next, we turn our attention to Cs.

N |
N |

B — —
N AN

A G A
| =
Vi—C H Vi

SR
l

B
—C
FIGURE 32. The identification of Cy, direction of C}, and collapse of Cj into V.

Finally, we will acknowledge Cj.
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V3

A— VQ
— 1/ —
Vl — C
FIGURE 33. The identification of C3, direction of C3, and collapse of Cj into V3.

Now, since each V; is strongly connected and we have simplified the given graph to V3, we

are done and have a strongly connected graph.

7. CONCLUSION

As mentioned in the introduction, studying strong connectivity in graphs is instrumental in
various real-world applications of graph theory, including social networks and transportation
systems. The ability to determine whether a graph’s edges can be oriented to produce a
strongly connected directed graph is particularly valuable for analyzing graph structures and
the relationships they model. Furthermore, understanding exactly how to construct such an
edge direction assignment could also prove to be a very useful endeavor. Within our paper,
we have presented two proofs of a known result regarding the ability of the Depth-First
Search Algorithm to generate a strongly connected graph from a bridgeless graph as well
as two proofs of the existence of a strongly connected assignment of edge directions for a
bridgeless multigraph.

For a potential application of the content of this manuscript, note that the algorithms
that we provided in the proofs can be implemented into software for the purpose of uti-
lizing computers to extrapolate information concerning computationally complex strongly
connected graphs, multigraphs, and components that could potentially pertain to real-world
applications.

Acknowledgments. The authors would like to thank the referee for some useful com-

ments and their helpful suggestions that have improved the quality of this paper.
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