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EDITORIAL

BAYRAM SAHIN ~

Our International Journal of Maps in Mathematics journal has completed its Tth
year and we are here with the first issue of the 8th year. Our journal continues to develop
and gain recognition. After MathSci.net and Scopus databases, International Journal of
Maps in Mathematics journal has started to be indexed by EBSCO database, which is
a leading provider of research databases, e-journal and e-package subscription management,
book collection development and acquisition management for universities, colleges, hospitals,
corporations, governments, K12 schools and public libraries worldwide, as well as a major
provider of library technology, e-books and clinical decision solutions. This important de-
velopment will contribute significantly to further recognition of International Journal of
Maps in Mathematics journal. We would like to thank our authors, editors, technical

editors and our readers who contributed to the development and quality of our journal

EGE UNIVERSITY, FACULTY OF SCIENCE, DEPARTMENT OF MATHEMATICS, 35100, [ZMIR-TURKIYE

* Editor in Chief

Bayram Sahin ¢ bayram.sahin@ege.edu.tr .



International Journal of Maps in Mathematics
Volume 8, Issue 1, 2025, Pages:2-34
E-ISSN: 2636-7467

www.simadp.com/journalmim

SHAPE STABILITY OF A QUADRATURE SURFACE PROBLEM IN
INFINITE RIEMANNIAN MANIFOLDS

ABABACAR SADIKHE DJITE * AND DIARAF SECK

ABSTRACT. In this paper, we revisit a quadradure surface problem in shape optimization.
With tools from infinite-dimensional Riemannian geometry, we give simple control over how
an optimal shape can be characterized. The framework of the infinite-dimensional Riemann-
ian manifold is essential in the control of optimal geometric shape. The covariant derivative
plays a key role in calculating and analyzing the qualitative properties of the shape hessian.
Control only depends on the mean curvature of the domain, which is a minimum or a criti-
cal point. In the two-dimensional case, Gauss-Bonnet’s theorem gives a control within the
framework of the algorithm for the minimum.

Keywords: Stability, quadrature surface, shape optimization, Riemannian manifold, Gauss-
Bonnet theorem

2010 Mathematics Subject Classification: Primary 49Q10, Secondary 53B20.

1. INTRODUCTION

The search for the notion of quadratures made a prodigious leap forward (1669-1704)
thanks to Leibniz and Newton who, with the infinitesimal calculus, made the link between
quadrature and derivative. An interesting reminder could be to explain the link with shape
optimization. Regarding, a bounded domain @ C RY with regular boundary, for instance C2,
w1 a signed measure compactly supported in €, it is well known there is a measure o called

a balayage measure carried by the surface €2 and having the same potential as p outside €,
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see for instance [19], [22] for more details about this topic. And in this case, by a classical

approximation technique, one has the following relation:

/ hdo = (hp)  Vh € H(Q) (1.1)
o0

where #H(Q) denotes the set of harmonic functions in a neighborhood of Q. And we say that
0f) is a quadrature surface with respect to pu if is satisfied.

This notion is closely linked with the overdetermined Cauchy elliptic problem. And one
can claim that 99 is a quadrature surface if and only if there is a solution to the following

overdetermined Cauchy problem

—Aug = p in
ug = 0 on 09, (1.2)
— 6;57 = 1 on 0N.

The above quadrature surface free boundary problem has some physical motivations and
can be related to many areas such as free streamlines, jets, Hele-show flows, electromagnetic
shaping, gravitational problems etc. It has been intensively studied at least during the last
forty years, see for example [33], [I5] and the references therein for more details. Among
these works, some authors have established an intimate link between the existence of quadra-
ture surfaces and the solution of free boundary problems governed by overdetermined partial
differential equations, see for instance [17], [32], [31], [13] and references therein.

The quadrature surface problem can be tackled by a shape optimization approach when
w is regular enough, for instance by taking it in L?(Q), supp(u) C 2. Fore more details see
for instance [3] and [13].

Before proceeding further, let us remind that in optimisation or in the study of minimal
action, one of the essential questions is the characterization of an optimum if it exists. When
one is in a differentiable environment, i.e. if the objective function is differentiable as well as
its constraints, if any, the first derivative and second one (hessian) play a fundamental role.
In finite dimensions, the characterization results are very well known even when we are in
Banach spaces.

On the other hand, when we have to deal with admissible sets of regular openings of
RN N > 2 containing the optimum to be characterized, the question is to be treated in
a more delicate way. Indeed, if we consider a shape optimization problem where the variable
is a regular open subset of class C? and in which a boundary value problem of partial differ-

ential equations is posed, there is the computation of the second derivative. Added to this,
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the equivalence of norms is to be handled if any exist. In this paper, we aim at studying
these issues of characterization of critical or optimal domains in the case where the minimum
of the considered shape functional exists, in infinite dimensional Riemannian structures. To

do so, it is crucial to find a space of forms and associated metrics.

Finding a shape space and an associated metric is a challenging task and different ap-
proaches lead to various models. One possible approach is to do as in [25], [24]. These
authors proposed, a survey of various suitable inner products is given, e.g., the curvature
weighted metric and the Sobolev metric. There are various types of metrics on shape spaces,
e.g., inner metrics [4], [24] like the Sobolev metrics, outer metrics [6], [20], [24], metamorphosis
metrics [35], the Wasserstein or Monge-Kantorovic metric on the shape space of probability
measures [2], [7], the Weil-Petersson metric [2I], current metrics [14], and metrics based on
elastic deformations [16], [26]. However, it is a challenging task to model both, the shape
space and the associated metric. There does not exist a common shape space or shape metric
suitable for all applications. The suitability of an approach depends on the requirements in
a given situation. In recent works, it has been shown that PDE constrained shape optimiza-
tion problems can be embedded in the framework of optimization on shape spaces. E.g., in
[28], shape optimization is considered as optimization on a Riemannian shape manifold, the
manifold of smooth shapes. Moreover, an inner product, which is called Steklov- Poincaré

metric, for the application of finite element (FE) methods, is proposed in [29].

As pointed out in [27], shape optimization can be viewed as optimization on Riemannian
shape manifolds and the resulting optimization methods can be constructed and analyzed
within this framework. This combines algorithmic ideas from [I] with the Riemannian geo-
metrical point of view established in [4]

In [25], [24], a geometric structure of two-dimensional C* shapes was introduced and subse-
quently generalized to shapes in higher dimensions in [23], [4], [5]. Essentially, closed curves
(and closed higher-dimensional surfaces) are identified with mappings of the unit sphere to
any shape under consideration. In two dimensions, this can be naturally motivated by Rie-
mannian mapping theorem. In this work, we focus on two-dimensional shapes as subsets.
And considering [3], [I3], we think that it is possible to write our work in high dimensions and
even if ) is an open set with boundary of a compact N —dimensional Riemannian manifolds

noted M.
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One of our main question is the following:

Is it possible to express the Hessian of a shape functional to get sufficient conditions so
that the critical domain of the functional J assumes its minimum? To answer this question,
we study the positiveness of the quadratic form of the functional J which is related to the

quadrature surface that is nothing but the following free boundary problem

—Aug=f inQ

un =0 on 0N

— %49 — k on 9Q

k is a positive constant, and f € L?(2), suppf C Q, ¥ is the exterior unit normal vector. The

above quadrature surface can be formulated as the following shape optimization problem:

in J(Q)
Jnin, J($2)

under the following partial differential equations contraints

—Auqg=f in Q
un =0 on 0N
where
1 5 k2
J(Q)=—= [ |Vugl|dz+ —I|Q (1.3)
2 Ja 2

is a real valued shape differentiable objective function, with |Q| = / dx.
In [3], [13], there are all details on existence results of quadraturegsurface by using shape
optimization tools.

And the second question is the computation problem of the Hessian in the infinite Rie-
mannian framework and how it can be related to the second shape derivative to deduce
qualitative properties when the minimum of a regular enough shape functional exists or
when € is a critical point the latter property means, that the first derivative of J(£2) is equal
to zero.

The paper is organized as follows:
In section 2, we give a brief survey, based on works in [25], [24], about the characterization
of the tangent space in a framework of Riemannian manifolds of infinite dimensions.

Section 3 deals with the optimality condition of first order for the shape optimization and
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the computation of the covariant derivative. The latter plays a key role in our final result.
We shall give a direct way to compute it which appears as a simplified expression.

In section 4, we shall recall some technical but classical computations of shape second de-
rivative and establish a result (stated as a proposition) giving the expression of the quadratic
form associated to the quadrature surface problem.

Section 5 which contains our main contributions, is devoted to the positiveness of the
shape hessian in a Riemannian point of view of infinite dimensions. And, we shall propose a
simple control which allows to get key information on the optimal shape domains when the

latter are strict local minimum or critical points of the considered shape functional.

2. CHARACTERIZATION OF TANGENT SPACE AT A POINT OF B,

The aim is to analyze the correlation of the Riemannian geometry on infinite dimensional
maniolds B, with shape optimization.
The authors would like to stress, what follows has been already done in pioneering works,

see [25], [24], [23]. We only reproduce some fundamental steps related to our work.

Let © be a simply connected and compact subset of R? with © # () and C* boundary 5.
As is always the case in shape optimization, the boundary of the shape is all that matters.

Thus we can identify the set of all shapes with the set of all those boundaries.

Let Emb(S',R?) be the set of all smooth embeddings on S! in the plan R, its elements
are the injective mappings ¢ : S — R2. Let Diff(S!) stands for the set of all C* diffeo-

morphism on S' which acts diferentiably on Emb(S!, R?). Let us consider B, as the quotient
Emb(S*,R?)/Diff(SY).
In terms of sets, we have
B(S',R?) := { [¢] / ¢ € Emb} where [c] := {¢' € Emb / ¢ ~ c}. (2.4)

To characterize the tangent space to B, we start with the characterization of the tangent space
to Emb denoted T,Emb and the tangent space to the orbit of ¢ by Diff(S') at ¢ denoted
by T.(Dif f(S').c). Thus the tangent space to B is then identified with a suplementary
subspace of T.(Dif f(S').c) in T.Emb.
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Proposition 2.1. Let ¢ € Emb, then the tangent space at ¢ to Emb is given by:
T.Emb = C>=(S',R?). (2.5)

Proof. Let h € T.Emb, then h is obtained by looking at a path of embeddings which passes
through c. Let ¢ : I x S! — R? be an embedding path such that c(t,6) = c(0) +th(f) where
h:S' — R? is C*®, we have : %”:00(75,9) = h(#). Since c¢(t,0) is an embedding path then

c(t,0) is an immersion, thus
T.Emb = Im(Tyc(t,0)) = C(S', R?). (2.6)
O

Proposition 2.2. The tangent space to the orbit of ¢ by Dif f(S'), is the subspace of T.Emb

formed by vectors m(6) of the type cg(0) = ¢ (0) times a function.

Proof. We have Dif f(S').c C Emb because these are all the bijective reparametrizations of
the same curve c(f) therefore T,(Diff(S').c) C T.Emb. Let m € T.(Dif f(S').c) then m
is obtained by looking at a family of parametrizations c(t, ) := c(¢(t,0)) of the curve c(6)
where
o(t,.): St — 8!

is a diffeomorphism of S' and t is the parameter of the variation of the reparametrization
b(t,s) of S!. We have %‘tzoc(tﬁ) = c’(Q)%‘t:Ogb(O,t‘)) since, c(t,0) is a parametrization of
the curve ¢(f) so it is an immersion. Thus we have

a4

TC(Dfo(Sl)C) = Im(TOC(t7 9)) = C’(G) dt|t=0

(0, ). (2.7)
]

Remark 2.1. The choice of the supplementary must abide by the action of Dif f(S!) i.e we
choose a supplementary of T.(Dif f(S').c) in T.Emb stable by the action of Dif f(S'). For
that it suffices to define a metric on Emb for which Dif f(S') acts isometrically and define

the supplementary of T.(Dif f(S').c) as its orthogonal with respect to this metric.

Definition 2.1. Let G° be metric invariant by the action of Diff(S') on the manifold
Emb(St,R?), defined by the application:

G : T.EmbxT.Emb — R

(h,m) — . (h(8), m(6))|c'(6)|do

where (h(0),m(0)) is the ordinary scalar product of h(6) and m(6) in R?.
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Proposition 2.3. Let ¢ € B, then T.B, is colinear to the outer unit normal of ) where § is
a simply connected and compact subset of R?> and 7 is the outer unit normal of the domain

Q . In other words

T.B.~{h | h=ai,a cC®S,R)}.

Proof. From the results shown above the orthogonal of T.(Dif f(S').c) in T.Emb is the set
of h(6) in T.Emb which are orthogonal for the metric G° to all m() = %‘tzo(b(o, ) () this
means that h(#) must be perpendicular to ¢/(6). So h(#) = a(6)7(6) where a(8) € C*°(S,R).

Therefore we have

T.B. ~ {h|h = av, a € C°(S', R)}

where 7 is the outer unit normal of the form 2 defined at the boundary by 02 = ¢ such that

7(0) L () for all @ € S and ¢’ defines the circumferential derivative. O

Now let us consider the following terminology:

ds = |cg|db arc length.

Definition 2.2. A Sobolev-type metric on the manifold B.(S*, R?) is map:

GA : T.B.xT.B. —» R

(h,m) — Sl(1 + AKZ(0))(h(6), m(0))|c'(0)|d0

where K. is the curvature of ¢ and A a positive real.

Remark 2.2. (1) By setting h = av/, m = U and by parametrizing c(s) by arc length

we have

GA(h,m) = / (1+ AK?2(9))afds.
[2/9)

(2) If A> 0, G is a Riemannian metric.
3. OPTIMALITY CONDITION OF FIRST ORDER AND COVARIANT DERIVATIVE

The shape optimization problem that we have, consists in finding the solution of the
following optimization problem:
in J(Q),
min J (©)
where

1 5 k2
7(Q) :_2/Q|V“”| e + 19



INT. J. MAPS MATH. (2025) 8(1):2-34 / SHAPE STABILITY OF A QUADRATURE SURFACE ... 9

is a shape functional. We seek the shape derivative associated with the functional J(f2)

following the direction of the vector field V : R? — R2, C* class :

dI(Q)[V] = /8 ) <k2 _ (%@?)2> (V,7)do.

If Vigq = ar we can still write

2
dJ(Q)[V] = , <k2 — (8;;) ) ado. (3.8)

It should noted that there is a link between the shape derivative of J and the gradient in
Riemannian structures see [27] and [37]. To illustrate our claim, let us consider the Sobolev
metric G* to ease the understanding of the computations. We think that it is quite possible
to generalize this study in higher dimensions and even with other metrics.

Our purpose is to calculate the gradient of J : B, — R then we have :
dJ(Q[V] = GA(gradJ(Q),V) (3.9)
if Vigpo = h we have
dJ.(h) = GA(gradJ(Q),h)

dJ.(h) = /8 ) (1+ AK?) gradJo.

But from (3.9)),
Jug \ 2
_ 2 _ (Y40
dJ.(h) = /8Q (k: ( i ) ) ado
and thus
oug 2
F[9) ov 0
so that

=L (22)
I = T AK? o ) |

The next step is to compute the explicit form of the covariant derivative V,m € T.B, with

h,m € T.B..

Definition 3.1. Let M be a set. A chart of M is a triplet (U, ), E) where U is a subset of
M, &€ is a Banach space, and v is a bijection from U to an open set £. We say that two
charts (Uy,¥1,E1) and (Us, 12, E) are CT-compatible if:

o 1 (Uy NUs)(respectively 1pa(Uy NUz)) is an open set in &1 (respectively E).
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e The map 1y o w;l (respectively g o wl_l) of o (Uy NUs) in 11 (U NUs) (respectively

1 (U NUs) in Yo (Uy NUs) is of class CT.
A C-atlas of M is a set of charts that are two by two C"-compatible and whose domains
cover M. Two atlases are C"-equivalent if their union is still a C"-atlas. A Banach manifold

of class C" is a set M equipped with a class of equivalence of C"-atlases.

Definition 3.2. Let M be a real (smooth) Banach manifold and g be a section of the bundle
TM* x TM* of symmetric bilinear forms on TM. We say that g is a weak Riemannian
metric on M if and only if, for every p € M, g, is a positive definite bilinear map on T,M,
ie. if and only if:

° g,(X,X) >0, forall X € T,M,

e g,(X,X) =0 if and only if X = 0.

Definition 3.3. Let M be a real (smooth) Banach manifold and g be a section of the bundle
TM* x TM* of symmetric bilinear forms on TM. We say that g is a strongly Riemannian
metric on M if, for every p € M, the injection from T, M to T, M* defined by
oM — TyM*
X = Hixg:Y = g(X,Y)}

induces an isomorphism between T,M and T, M*.

Proposition 3.1. Given a Banach manifold M equipped with a strongly Riemannian metric
g, there exists a unique linear connection V on the tangent bundle T M* preserving g and

having zero torsion. It is called the Levi-Civita connection of g.
For the proof of this proposition, see Proposition A.2.6 in [36].

The following results (Propositions and Theorem have been already established
in a pioneering work, see [27]. We only bring a new proof and additional details in the
computations of the covariant derivative. In the last part of the paper containing our main
contributions, the covariant derivative plays a key role in the study of the positiveness of the

quadratic form. We shall come back to this fact.

Proposition 3.2. Let Q C R? where Q is a simply connected and compact subset of R? and be
at least of class C%, and i/ is the outer unit normal of the domain  and V,W, Z € C*(R? R?)

vector fields which are orthogonal to the boundaries i.e

Vign = av
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with o := <V|39, ﬁ>,
Wiaq = BV
with B := <W|3Q,17> and
Zigo =W

with v = <Z|ag,ﬁ> such that Vigo = h = av/, Wipqg = m =: BV and Zjpq = | == W
belongs to the tangent space of B.. Then the shape derivative h(GA(m,1)) associated with

the Riemannian metric G* can be expressed as follows:
h(GA(m,1)) = /8 (2AK3a,6’fy +(1+ AK?) Jya) ds
[ (04 AKZ0 + K1+ AR ds
Proof. We set

F(ei(9)) = (1+ AKZ(0))(m(6), 1(6)),

so that GA(m, 1) = / F(c(0))|c,(0)|d6. Then we calculate the following expression
St

d

netm0) =5 ([ Paolde)a) v,
dt|t 0

where ¢;(6) denotes a family of (parameterized) curves with c¢(0) = ¢(6) and ¢,(6) denotes

the derivative with respect to 6 of the curve ¢; : § — ¢;(0). We have

h(GA(m,1)) = /S 1 (AarAkD59] o] 6)| + 290D (1 4 AK2)ya) ) 9

- ~/Sl <2AK (aKc)aB’Y + (1 + AK2) Sva+ (1 + AK2) /3 ) do

+/ 8|Ct(9>|(1+AK2)5wd9
Sl

Now let us calculate aa]if. ‘We have

3K_:c _ <ﬁ, CZ>K9 n <17,i69>K2 n ENaa <ﬁ, i09> '
v |co ol |col \ lea] ol /,)

Then we have <17, 09> = 0 because v L ¢y and moreover,

<ﬁ, i69> <l7 @>

|co| " e

S - o

v.ic
(7 ico) 17]% =
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Hence, we obtain that:

O o 1 (1 (i) )
ov |cal \ |col |cal o) o

Let us compute step by step the above last term in the right hand side.

First, we have

8%<’7’ ice>|09| — 8(‘;;' <17, i09>

8%<17, ice>|09|
|co|?
6%<’7’ ice>
|col

|co |col

<<ﬁ,z’ca>> _ (G oico) + (7,i%)
0

(7(0),ico) + (7(8), icga)

|col
_ <17’(9),i09> <ﬁ(9),i099>
|col |col
_ ﬁ <l7(9),i099>
= 7O, |Ce|> |ca]
= (7(0),56)) <ﬁ“)|)"jc%>-
co

Note that ||7]|* = 1 which is nothing (7, 7) = 1. Therefore, by differentiation, we get
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Indeed, proceeding further the computation, we have

((ﬁ,z@}) {#(8)icen)

|col |col
R
- < (9)’ |09|>
- 7 *Kc|09‘09
= (0, |co )
= (7(0), —Kccp)

= _Kc<ﬁ(9)7 CQ> =0.

Finally, from all the above steps, we have |Cl—9| (1 <<17|Z:9 >) > = 0 and we get
0/ 0

Therefore, we have

R(GA(m, 1)) Jafy + (1+ AK?) Lra + (1 + AK2) 2 6a) df

2AK, (2K
/8Q ( ( ov

/
+/ AN (1 4 AK2)gyad
o0 81/

_ /aQ (24K, x K2apy + (1+ AK2)%va + (1+ AK?) 23 6a) df

+/ A4 (1 | AK2)Byads. (3.10)
o0 81/

Let us calculate now the following expression

(| (0)])
oy

To do this we parametrize ¢(f) by arc length i.e |¢/()] = 1. Since
((0),c(0)=1
and differentiating it, we have

("(0),c(9)) =0.

Then () = cgg(0) is proportional to 7/(s) so ¢’ () = K.(0)7(0) (this is the definition of the

curvature of the curve c).
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Let us compute now < (|cj(6)]) at t = 0, where
@@l = 1 (C( )+ t(6))]
= |(0) +t7'(0)]

(I (8)]2 + (7 (8) > + 2t('(8), 7 (9)))> (3.11)

From the Taylor’s expansion of the previous expression in ¢, we see that

d
dt|t 0

et (0)] = (<'(9),7'(9))
and since
(¢(8),7(8)) =0
by differentiating we have
(¢(0),7(0)) = —("(0),7(0)) = K
and hence 4 (|c}(0)]) = K.
One can conclude that

WG (m, 1) = /m 2AK3afy + (14 AK?) wa) ds

+ / 1+ AK?) % Ba + K.(1+ AKQ)aﬁ'y)
oN
O
Proposition 3.3. Let Q C R? where S is a simply connected and compact subset of R? and be

at least of class C?, and ¥ is the outer unit normal of the domain Q and V,W, Z € C*(R?,R?)

vector fields which are orthogonal to the boundaries i.e

Vi = av
with o := <‘/\397 17>,

Wioq = BV
with B := <M@Q,ﬁ> and

Ziga =W

with v 1= <Z|3Q,D'> such that Vigq = h = av, Wisq = m =: BU and Zjgq = | := vV belongs
to the tangent space of Be.. Then the expression GA(Vym,1) + GA(m, V) associated with

the Riemannian metric G for all | € TgB,, can be expressed as follows:

GA(Vrm, 1) + G m,V,l) = / (1+ AK?) (VyWr + Vy Z)ds
o0
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Proof. By using the definition of the Riemannian metric G4 we have

GHVam, 1) = [ (1+AK2)Vymy
o0N
= /(1+AK02)VVW7 (3.12)
0N

and
GA(m,Vil) = / (14+ AK2)BV)
o0
= / (1+AK2)BVv Z. (3.13)
o0
Therefore, by adding up the equations (3.12)) and (3.13) we have
GA(Vpm, 1) + G m, Vi) = / (1+ AK?)VyWr +/ (1+ AK?)BVy Z
a0 a0
= / (1+ AK?) (VyWr + BV Z) ds.
[2/9)

O

Remark 3.1. We would like to find a linear connection that preserves the Riemannian metric
G4 and if such a connection exists, it is such that hGA(m,1) = GA(Vm,1) + GA(m, V).
By using the Propositions[3.3 and [3.3 we have

(1+AK2) (VW + pVv2)ds = | (24K3aBy+ (1 + AK2)%%na) ds
B o9 ¢ crov

+ / ((1+ AK2) 3B+ Keapy + AKZapy) ds.
[2/9)

/ (BAK? + K.) afy+ (1 + AK?)%,’)’O[
o0 ov

+ (1+ AKE)%BadS.

From which, we get a simplified expression:

3AK? + K, B oy
VyWy+pBVyZ = (H_AKCQ) afy + e + 5504
3AK? + K, B Oy
By pointing out that
VvZ = @a,

ov
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we have
3AK? + K, ap 0y oy
VeWy = <1+AK2> R T
_ (BAK? + K. asy+ 2.4
- 11 4K? T s
(3.14)
Finally, we have
3AK? + K. B

Now let us verify that the connection V is linear

e Let VW, Z € C®(R?,R?) be vector fields which are orthogonal to the boundary of

Q, we have
- 9B+ 3AK? + K.
Vy(W+Z):=Vi(m+1) = 55 o+ T+ AK? (B +7)
. 3AK? + K. . _
. . 3AK3 + K, . .
= <DvW7 V> + <sz, V> + (HAI(E) <‘/7 V><W7 V>
3AK? + K. N
+ (HAKCQ> (V.7)(Z,7)
_ (3AK? + K. B+% N 3AK? + K. +@
- \1+4arz )T a5 1+ Ax2 )7 T 9
ViiW+2Z) = VyW+VyZ. (3.16)

e Let f be a scalar field and V, W € C*°(R% R?) be vector fields which are orthogonal

to the boundary of €2, we have

vaW = thm

_ ;08
VoW = fVyW. (3.17)

From the equations (3.16) and (3.17)) one can conclude that V is linear.

Remark 3.2. The map

T.B. — T.B*
h = {inGA:m— GA(h,m)}
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is linear, injective and also surjective. Indeed given G4 as defined above, for any y € 1.B;,

we want to find a vector h € T.B, such that

E&h) =y
— B,Gl=y
— inGm)=y(m),  VmeT.B,
— GAh,m)=y(m), VmeT,B.,. (3.18)

From the equation we can write

A _ m) — 2 y(m) s
G%(h,m) = y( )—/aQ(l+AKC).|aQ| d

(1+ AK?)
1 1
A 2
= 1+ AK:) ————— . ——— 1
GAhm) = [ (14 AR . s (319)
Using the definition above, we have
GA(h,m):/ (1+ AKZ2)(h,m)ds. (3.20)
o

Then from the equations and we can show that

(h,m) = mugi(% vm € T.Be.. (3.21)

Does there exist a h = av such that

) I
(h,m) = 901 + AK2) vm € T, B, with m = U/ 7 (3.22)

One can show that y(m) is linear with respect to m. Indeed y(m) = GA(h,m) and G4 is

linear with m. Since y(m) € R then we can write y(m) = k.m for k € T.B, with k := v
and v € C*(S',R). Therefore from we have

y(B7)

oo (gl
B k.5
af = 10Q](1 + AK?) (3.24)
_ 7B
af = 109](1 + AK2) (3.25)
(3.26)

therefore

v

T 1991+ AK?)
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then

he— 1
|0Q|(1+ AK?)

/ ds = |09)].
o

R
|0Q](1 + AK2)

Now we can conclude that for

then

Vy € T.B} Jh € T.Be : &£(h) = y.
Therefore the map & induces an isomorphism between T.B, and T.B%. Consequently, from the
Definition we can check that G4 is a strongly Riemannian metric and then by using the

Proposition 3.1 one can deduce that V exists, it is unique and coincides with the Levi-Civita

connection.
And then we are now able to claim the following theorem.

Theorem 3.1. Let Q C R? where Q is a simply connected and compact subset of R? and be
at least of class C?, and U is the outer unit normal of the domain Q and V,W € C*(R? R?)

vector fields which are orthogonal to the boundaries i.e
Vioq = av/
with o 1= <Vwm 17> and
Wioq = 67

with § = <VV|39,17> such that Vigg = h := av, Wipq = m =: BU belongs to the tangent
space of B.. Then the covariant derivative associated with the Riemannian metric G* can

be expressed as follows:

o B 3AK? + K,
VVW. = th—alja+(l_’_14[{g)aﬁ
_ 3AK? + K. » .
_ <DVW,1/>+<1+AKCQ ><V,I/><W,u>

where Dy W is the directional derivative of the vector field W in the direction V.

Proof. 1t is a straight consequence of the above propositions and remarks. O
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Remark 3.3. It is quite possible to begin the proof of the above theorem by the application of
shape calculus rules for volume and boundary functionals as in [12], [34], [I8] on the following
functional
(1+ AK?)aBdo.
o0N
The remaining computations are mostly similar. We only underline that, at the end, it is
necessary to see that the local covariant derivative is Vx,Y = &(Y(LE +tX(z))) where

Y = X =¥ and Dy = 0 since |F|*> = 1, Dy being the Jacobian matriz.

4. SUFFICIENT CONDITION FOR THE MINIMALITY OF A SHAPE FUNCTIONAL

In this section, assuming at first that there is at least one critical point, we shall first
present the sufficient condition on the existence of a local minimum for a functional J()

given as follows:

5@ = [ folun.gradun) (4.27)

where fy is a function of R x R™ that we suppose to be smooth and uq denotes a smooth
solution of a boundary value problem.
And in the second part, in the case where J(Q) = —1 / \grad(ug)|*dz + ]§|Q|, we compute
the second shape derivative. ?

The fundamental question is then to study the existence of the local strict minima of this
functional under possible constraints that € is a critical point. That means that the first
order derivative with respect to the domain is equal to zero at the domain 2. We shall ex-

amine, for that, how this solution ugq varies when its domain of definition {2 moves.

Let us recall the classical method of studying a critical point. Let (B, || . ||1) be a Banach
space and let E : (B, || . ||1) — R be a function of class C? whose differential D f vanishes

at 0. The Taylor-Young formula is then written as
E(u) = E(0) + D? E(0) . (u,u) + o([|ul|?). (4.28)

In particular, if the Hessian form D?E(0) is coercive in the norm || . ||1, then the critical point
0 is a strict local minimum of E. The fundamental difficulty in the study of critical forms is
caused by the appearance of a second norm || . ||z finer than || . |1 (i.e || . |2 < C| . |lh).

The Hessian form, is not in general, coercive for the norm || . ||; but it is for the standard
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norm || . ||2. If these norms are not equivalent, which is generally the case, concluding that
the minimum is strict is impossible, even locally for the strong norm. It is quite possible
to give several examples. But let us reproduce a simple example of such a situation on the
space H}(0,1) that was presented in the thesis [§]. Let us consider the functional E defined
by
E(u) = |lullF2(,1) — ||U||§13(0,1)-

We can check that F is twice differentiable on H{ (0, 1). Further more, one has at 0:

E'(0)=0

E"(0).(h, h) = 2hl[2a
For each direction, we find that O is a strictly local minimum. Indeed, for all nonzero

up € H}(0,1) and for all t € R, we have

HUOH%Z(OJ)
4

E(tug) = t*[luol|F2(0,1) — t‘*\|u0||‘}{1(O oy > 0if < .
0> HuOHHé(OJ)

However, 0 is not a local minimum even for the H& norm. Indeed, there is no r > 0 such

that
lullzgo < 7= E(w) > BO) =0 ie fulfzo > lulio,
since we can always build a sequence in H}(0,1) such that
[unll 10,0y = 7/2,
||un||L2(071) — 0 when n — +o0.

To solve this problem, we will use the Taylor’s formula with an integral remainder, instead

of (4.28)) i.e
1
B(u) — E(0) = / (1= 1) B"(tu)(u, u) dt. (4.29)
0
This formula allows to express exactly the difference in energy between a critical form g

and a neighboring form (2 via an integral term that we can carefully estimate thanks to the

study of the variations of the Hessian.

Theorem 4.1. Let fo : R x RN — R, (s,v) — fo(s,v) be a function of class C* and
f a function in C*V(RN R),y € (0,1). Let Ly = div(Agrad(.)) be strictly and uniformly
elliptical operator with A in C2(RY, My (RY)). Let E be the defined shape functional on the

class O of open class C*7 as

O
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where My (RN stands for the space of square matriz of order N and uq is the solution of

the homogeneous Dirichlet problem

Lou=f in Q,
u=0 on ON.

Let Qo € O, then, there exist a real ng > 0 and an increasing function w : (0,19] — (0, +00)

with li\(mow(r) = 0, which depend only on Qq, Lo, fo and f, such that for all n € (0,n0] and
T

for all € C>*(RN, RN) satisfying

10 = Tdgn|l2.0 <,

we have the following estimate valid for all t in [0, 1],

d? d?

2 1)~ g, 00| el <V > P, (4:30)

where Oy = ®(Qo), t € [0, 1] stands for the flow related to the vector field V.

This is exactly the Theorem 1 in [9] and for its proof the reader is invited to see this paper.
In the case where Qg is a critical point for the functional J, to show that it is a strict
local minimum, we have to study the positiveness of a quadratic form which we are going to
denote by ) . This quadratic form is obtained by computing the second derivative of J with
respect to the domain. So before proceeding, we need some hypothesis ;
let us suppose that:
e (i) - Qis a C2% regular open domain.
o (i) - V(z:t) = a(a)i(z), o € H2(Q), ¥Vt € [0,¢].
In [T0], (see also [9], [8]), the authors showed that it is not sufficient to prove that the qua-
dratic form is positive to claim that: a critical shape is a minimum. In fact most of the time
people use the Taylor Young formula to study the positiveness of the quadratic form.
For t € [0,¢€[, j(t) := J() = J(Q) + tdJ(Q,V) + 222 J(Q, V, V) + o(t?).
The quantity o(t?) is expressed with the norm of C2. The H %(GQ) norm appears in the
expression of d2J(Q,V,V). And these two norms are not equivalent. The quantity o(t?) is

not smaller than ||V/| |H 3 00)’ 5 the example in [10]. Then such an argument does not insure

Q)

that the critical point is a local strict minimum.

In our study, we shall see that the main result in [10] can be satisfied in a simple way thanks

to the hessian obtained via the Sobolev metric G4 in which the norm of H'/2(9%) appears
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directly. And this overcomes the clasical issue. In fact the study of the sign of Hdo
o0
becomes the only control from which one can get information on the optimal domain and

then on the optimal shape.

Proposition 4.1.

Let Q be a critical point for the functional J, then

Qla) = dJ(V;V)

= —(N-1) Holdo + k2/ lgrad(A)|>da
o0 Q

= —(N-1)k? Ho’do + k:z/ aLado,
o0 o0

where A is a solution of the following boundary value problem

—AA = 0 n Q
A = o on 0N0.

(4.31)

H is the mean curvature of Q) and L is a pseudo differential operator which is known as

the Steklov-Poincaré or capacity or Dirichlet to Neumann(see e.g [I1]) operator, defined by
oA

Lo =22
“T o

Proof. We use the definition of the derivative with respect to the domain and we apply it to
dJ(Q,V).
Then we get

2Q(0) = 2d2J(Q,V,V)

= /(div((k2 — |grad(u)|2)V(3:, 0))) dx + / div(V (=, O)div((k;2 — |g7“ad(u)|2)V(x,0)))d3:
0 Q

2Q(a) = [/89 —2grad(u)grad(u )V (z,0).7 4 div((k* — |grad(u)|*)V (z,0))V (z,0).7| do.

Since 2 is solution of the quadradure surface problem then —%, =k on 09.
v

By assumption, 99 is of C? class and since u = 0 on 052,

we have

grad(u) = %ﬁ' = —kv. Hence
v

2Q(a) = [/m 2kgrad(u’).7V (x,0).7 + div((k* — |grad(u)|*)V (z,0))V (z,0).7| do.
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A classical calculus in shape optimization leads to u’ = —%Vﬁ on Of).
%
Let us recall again that —% =k on 99 and V. = . Then, we have v’ = ka on 99 and
%
!
vgrad(u') = g—uﬁ = k% = kL,

oA
where L is a pseudo differential operator, defined by La = 2% and such that

—

—AA = 0 in Q
A = a on 09,

(4.32)

A is the extension of o in €.

Hence

2Q(a) = /{99(2]4:204La — div((|grad(u)]* — k¥*)a.?)a)do. (4.33)

Let us compute now div((|grad(u)|? — k?)a.i7) on 9. Since |grad(u)| = k on 0%, we have
div((|grad(v)|* — k*)a.?) = agrad(|grad(u)|* — k*).07 = agrad(|grad(v)|?).7.

Since we have supposed that € of class C?, locally, Q can be described by a curve ¢ such
that xx = ¢(2'),2’ € RN~ and Dyp(z') = 0. Here, Dyp(2') is the Jacobian matrix of ¢.
Let us set 2o = (', zn) = (2, p(2')) € 00 then we have u(xy) = 0.

By differentiating with respect to s; for all j € {1,--- , N — 1}, we have

du(zo) N dp (2') Ou (xo)

=0
0s; ds; ov ’
/
since Iola’) =0, we get M = 0.
Sj Sj
Starting from the following equality
/
ou(zo) n Op(z")  Ou(xo) 0, (4.34)

aSj 88]‘ 817

and by differentiating it with respect to s; for all i € {1,--- , N — 1}, we have

Ou(zo) | Op(a) Olulwy)  OPp(a') dulxo)
aSi aSj aSi ov asj asi asj ov
dp(a!) Pulro) | dela') dela!) Pulx)
aSj 8si ov asj 8si 8132

ou(zo)

S

+ = 0.

Note that u(zg) = 0 and =0Vje{l,---,N—1} and summing over the indices 4, j,

we have
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N
0?u(xg) Ou(zg)
Z S T(N—1) H —=2 =0, (4.35)
j=1 J
Since Du(o) =0Vie{l,---,N — 1}, we have also

54

= ou(zo)\2 ou(z)\ 2
grad(lgrad(u)*(z0)-7 = & {Z) (a<)) " (a()> ]
_ 4 813(_3:0) 0?u(xo)

ov oz
In addition, we can remark that:
0%u(x T 92u(x
(91;0) =— Z; 05’?0) — f on 09.
Therefore, we ZH&we

N—-1 49

a”g;()) <(N ~1)H 8“8(‘;0) - f) .

When the support of the function f is in §2, then f = 0 on 9.

=2

Finally we have

2Q(a) = /39 2k*aLa — 2(N — 1)Ha? (amm)z do

ov
= / 2k*a Lo — 2k*(N — 1)Hodo. (4.36)
o
And by the Green’s formula we get
/ aLado = / lgrad(A)|*dz. (4.37)
o0 Q
O

5. POSITIVENESS OF THE QUADRATIC FORM IN THE INFINITE RIEMANNIAN POINT OF

VIEW

Definition 5.1. Let J : 2 — R be an functional. One defines the hessian Riemannian shape

as follows:
HessJ(Q)[V] := VygradJ
where Vy denotes the derivative following the vector field V.

Theorem 5.1. The hessian Riemannian shape defined by the Riemannian metric G verifies

the following condition:

GA(HessJ(Q)[V], W) = d(dJ(Q)[W])[V] — dJ(Q)[VvWV].
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Proof. Our purpose is to show that

GA(HessJ(Q)[V],

25

W) = d(dJ(QW)[V] - dJ(@Q)[VyW].

So let us use the compatibility of the metric G4 with the Levi-Civita connection. We have

V.G (gradJ, W)

GA(VygradJ, W)

GA(gradJ,Vy W) + GA(VygradJ, W),

V.GA(gradJ, W) — G*(gradJ, VyW).

Since GA(HessJ(Q)[V],W) = GA(VvgradJ, W), we have

GA(HessJ(Q)[V], W)
GA(HessJ(Q)[V], W)

GA(HessJ(Q)[V], W)

V.GA(gradJ, W) — GA(gradJ,Vy W),

V.(WJ) = (VyW).J),

d(dJ( QWV] = dJ(Q)[Vy W]

where V, W € C*(R?,R?) are vector fields normal to the boundary 992 and d(d.J(2)[W])[V]

defines the standard Hessian shape. O
Remark 5.1. In our quadrature surface case, for W = mi/ and V = hi/, we have
dJ(Q)[V] —/ 2 (219)) o
~ Jon o) )
and then,
ouq 2
a@r@whwi=a( [ (#-(52) ) mi | w)
o0 8V
Setting
Ouq 2
_ 2 e
vimt? - (52)
then
ouq 2
_ 1.2 t
qu}t =k ( or ) )
we have
ddJ Q)W) [V] = d( - ¢tmda> [h] (5.38)
t

This is nothing but

d(dJ( Q)W) [V]

d
/39 ot |t:0m 7
I8

v

+ / OWm) 1o + / K pmhdo
oo OV 0

m+ (W + Kc¢> mh + w%’;h] do.

My
ov

Ot j1=0
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Let us compute

2 Jugq, 2
8wt 9 |:k ( OV ) :|
- m = m
ot |t=0 ot t=0
Oy d(grad(ug,)).v 9 . oz
il = —om | L= D . d A= Dy
5 |t:0m m [ Y o + D*uqV.v + grad(ug) Bt o0 +D;V )|,
a(;/:fu—om —2m [grad(ub).ﬁ—k D*uqV.i + grad(uq). (aal;t“_o + DgV)] ,

(5.39)

where D?uq is the hessian matriz and Dy the jacobian matriz of U .

Let us calculate now the following expression: %H:O'

We have
o _ radp(V.V) — (Dg, .V)V.UW on T
8t ‘t:() - g F . VO' . b

where gradr is the tangential gradient, I' = 02 and Uy = U hence

o

Eﬁ:o = —gradr(V.V) — (Dp.7)V.i on T.

Since Dz.V = 0, then

88Vtt|to = —gradr(V.7) on T.
So
awt _ / — 2 — —
ot | ;M= —2m [grad(uq).v + D*uqV.0 + grad(ug). (—gradr (V.0) + Dz.V)] .
t—

And finally, we get
d(dJ(Q)W]) [V] = / [— 2m<gmd(u’Q) T+ D*uqV -7
[2/9)
+ grad(ug) - ( — gradp(V - 7) + DsV))

(2 4 k) mi+ 0270 do,
ov ov

ddJ( Q)W) V] = /89 [— 2(W, ) (gmd(ulg) T+ D*uqV -7

+ grad(ugq) - ( — gradp(V - 7) + DgV))

+ <?;§ + chp) (W, 7){V,7) + (DyW, ﬁ}] do.
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On the one hand, having the following Riemannian hessian formula
GA (HessJ(Q)[V],W) = d(dJQ)[W])[V]—dJ(Q)[VyW] (5.40)
it is possible to bring additional details on its computation.
Proposition 5.1. We have

GA(HessJ(Q)[V],W) = /89 [—2(W, ) (grad (uq) .7 + D*uqV.0 + grad (uq) . (—gradr(V.i))

+  DyV)))do
Ll (o)) o (e (52))

_ BAKI K. (1, (Oug)’
1+ AK? o

(V,0)(W,7)do. (5.41)

Proof.

G (HessJ(Q)[V],W) =

S~

—2(W,7) (grad(ug).v + D*uqV.v + grad(ugq). (—gradr(V.¥) + DzV))
Q

0

_|_
R
¥l2

+ ch> (W, 7)(V,0) + p(DyW, ﬁ)} do

WYy W, 7)do,
9]

—2(W,7) (grad(ug).v + D*uqV. + grad(ugq). (—gradr(V.¥) + D;V))

|
S~ —

Q
n (gﬁ ; ch) (W, Y (V. 5) + (D W, aﬁ do
. 3AK? + K, . .
_ /mz/) [(DVW, 7) + (1 AR ) (V. o)W, y>} do,
= / [—2(W, 7) (grad (ug) .7 + D*uqV.o + grad (ug) . (—gradr (V.7)
[2/9)
+ DjV))]do
o 3AK? +1 . .

+ /m [ay + Kb — oK, (1 Y. )] (V. 7)(W. 7)do.

Replacing ¢ by its expression, we have

GA(HessJ(Q)[V],W) = /E)Q [—2(W, ) (grad (uq) .7 + D*uqV.0 + grad (ug) . (—gradr (V.7)

+  DyV))]do
Lol (2= () ) o (- (52) )

BAK? + K, (15 (Oug)\?
1+ AK? o7

+

(V,7)(W, 7)do. (5.42)
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g

On the other hand, let us compute GA(HessJ(Q)[V], W) by using directly the Sobolev-

type metric GA. Then we have the following proposition.

Proposition 5.2.

G*(HessJ(QV],W) = /m [aaﬁ (k’g_ @%2)

Proof.

GA(HessJ(Q)[V],W) = (14 AK?) HessJ(Q)[V]W,

Q

(14 AK?) VygradJ(Q)W,

I
cp\%\w\

(1+ AKZ) VigradJ(2)m
Q

Since gradJ () = mw, we have

3AK? + K,

VigradJ(Q2) = 1+ AK?

(gradJ(Q)) a + <

1 _l 3AK? + K,
1+ AK2 1+AK2 1+ AK? @

_ o 1 1 3AK? + K,
1+ AKZ)™! — = et
A+ AR Yo+ 55 (1+AK§>Q+1+AK§1/}< 1+ AK? )O"

S %ﬂ@ S

_ oK. 2 Y 1
B <o (1+4K2) " ya +<1+AK2>
N 1 " 3AK? + K.

1+ AK? 1+ AK?2

Note that 88Kf = K2, which implies that:

—2AK? o 1
thTCLdJ(Q) = mwa + % <H14I(02> (67
1 <3AK§ + K>

T oA it awe

(5.44)
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Then, coming back to our hessian computation, we have

) ) [ 24K v
¢ (HessJ@WLW) = /aQ(HAK)[(HAK?)Qw (HAKQ)

1 3AK? + K.
+ 1+AK2w< 1+ AK? )45(10,

[ —2AK3 aw 3AK? + K.
- /m _1+AK2¢ “* o HD( 1+ AK2 )O‘]Bda’

_ [ O AK§+KC
=/, _aﬁ“"( I+ AK? )]“ﬁd"’

_ [0 1+ AK?

Replacing i by its expression, we have

GAHessI@WLW) = [ [aa (’*’ - <889>>

Remark 5.2. Let us note first that there is a symmetry relation with respect to the hessian
which is in the case of our considered Riemannian structure a self adjoint operator with
respect to the metric G4,

And the second fact is that it is important to underline that the formulas obtained from
the formula in Theorem and (5.46) computed by a direct method with the metric G4 in
two different ways, have to give the same expression even if Q is not a critical point. And

then from these computations, one deduces that

/ [—2(W, 7} (grad(ug).7 + D*uqV.ii + grad(ug). (—gradr(V.7) + D5V) )] do
N
[ BAKP+ K. [,, (Oug\? e
_ /8 R (k; - (aa) (V.5) (W, P)do.  (547)

Remark 5.3. In this remark, we compute GA(V, HessJ(Q)[W]) to show the symmetry re-

lation with respect to the hessian with the computation of the direct method with the metric
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GA(V, HessJ(Q)[W])

/ (1+ AK?) HessJ(Q)[W]V,
o0

= / (14 AK?) VwgradJ(Q)V,
o0

= / (14 AK?) VyngradJ(Q)h (5.48)
o0
where V. =h = av and W = m = pi. Since gradJ(Q) = mzﬁ, we have
0 3AKS + K,
VingradJ(Q) = g (gradJ(2)) p + <1+AKC2> gradJ(Q)p,

0 1 1 3AKS + K,
= (917<1+AK3¢>'8+1+AK3¢< 1+ AK? )5

As previously, by the same computations, we get

—2AK3 o 1 1 3AKS + K.
Vmgrad](Q) = sVt 55 (1+AK3> Pt ivarz? ( L+ AKZ >6'
And finally, we have
—2AK? oY 1
A = / 1+ AK?) | ———55 11 AK?
G (HessJ(Q)[W], V) 89( + C) (1+AK2)2¢6+ o \1+ AK? p
1 3AK2 + K,
+ 1+AKC2¢< T AK? >ﬂ] ado,

o (.o [dug\? s  [Oug\?
f a(k (%) )*Kc<’“ (%)

Let us have a look at the two formulas of the second derivation when V =W = av.

On the one hand, by Proposition we get
Qla) = &I V;V),

= —(N-1) Hodo + k2/ \grad(A)|*dz,
oQ Q

= —(N-1k* | Hod*do + k> / aLado. (5.49)
onN o0
On the other hand by Theorem we have
GA (HessJ(Q)[V],W) = d(dJQ)[W])[V]—dJ(Q)[VyW]. (5.50)
Then for V. =W we derive
d(dJ(QV]) [V] = 2T V; V) = G (HessJ (Q)[V], V) + dJ(Q)[Vy V] (5.51)

e If the quadrature surface problem has a solution €2, then

d(dJ(Q)[V])[V] = GA (HessJ(Q)[V], V).



INT. J. MAPS MATH. (2025) 8(1):2-34 / SHAPE STABILITY OF A QUADRATURE SURFACE ... 31

e In previous works, the second author studied the stability and positiveness of the
quadratic form, see [30] for more details. He established a proposition similar to
Proposition [f.1] and gave necessary and sufficient qualitative properties in the theo-

retical point of view.

The one obtained involves the study of a generalized spectral Steklov problem that is re-

minded in the following corollary.

Corollary 5.1. Let us consider the following generalized spectral Steklov problem:

App, = 0 in Q\K

on = 0 on 0K

1 _
(; - HH ||oo)¢n on 01,

n

(L+ (N —=1)HI)p,

where I is the identity map, H is the mean curvature of ), K is a compact regular enough
subset of Q, H- = max{—H,0} and u, is a decreasing sequence of eigenvalues depending

also on H which goes to 0. And one must have the sign of the first eigenvalue

1
Ao = ——|H |loo = inf {(N-1) /Hv2d0+/ \grad(A)|*dz,v € Hl/Z(GQ),/ vido =1},
Ho O\K 19)

where
AN = 0 in Q\K

A = 0 on 0K

OA

% = v on ON.

And the minimum is reached for ¢g satisfying

oo = 0 on 0K

(L + (N — 1)HI)¢0 = ooy on 0.
From our work we can deduce the following conclusions as a corollary.

Corollary 5.2. o What is obtained with the Riemannian hessian formula is easier to
derive simple control for the characterization of the optimal shape in a number of

ways.
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e In the case of minimum, G4 (HessJ(Q)[V],V) > 0. And this inequality is equivalent

d [ dug \ > 2 00 (T2 1/2
_ > )
to/(m{&;,(k (aﬁ>>}ada_0,Va€C (R*,R) N H=(00)

. . 6 2 8“9 2
This is reduced to — | k= == do > 0.

a0q OV ov
One can deduce also another control, since

2
/ 9 (2 (%) o?do = —2k*(N — 1) | Holdo = —2k*(N — 1) [ K.a2do.
o | OV o o0 o0

Before proceeding further, let us underline that in two dimension H = K.. And know-
ing that a € C>°(R%,R) N HY2(dR), the control becomes K.do = 2mx(0Q2) <0
where x(0R2) is the Euler- Poincaré characteristic. And fmn?%hz’s, we can deduce that
by Gauss- Bonnet theorem the control is done on the FEuler-Poincaré characteristic.
And from this, we have key information to set up algorithm in order to get a good

approximation of the optimal shape.

e Now, when ) is only a critical point, to get a strict local minimum, we need the

8

following sufficient condition:

2
i K — %—_{2 o?do = —2k*(N — 1)/ K.o2do > Cylla?, Cy > 0.
ov ov o0

One can say also that there is xo € 0, —2k*(N — l)Kc(xo)/ o?do > Colla*. And
(%9)
if Ke(xo) <0, then Q is a strict local minimum. If the Euler-Poincaré characteristic

is positive, then there is not a minimum.
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ABSTRACT. In this paper, we demonstrate the Z-concurrent relation between sequences
and the equivalence relations produced from it. A few unique features of these equivalence
classes are investigated. Finally, we show that the collection of all such equivalence classes
of all Z-convergent sequences under the Z-concurrent relation generates a metric space that
is isometric with the set of all constant sequences.
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1. INTRODUCTION

Natural density, additionally referred to as asymptotic density, is a fundamental notion in
number theory and analysis that measures how large a subset of natural number is relative
to the set of all natural numbers. For M C N, the natural density of M is denoted by §(M)

and is defined as

k<n:keM
S(M) = lim METIREM]
n—oo n
This notion holds significance not just in pure mathematics but also in disciplines such as
statistical mechanics, probability theory and computer science, where understanding the dis-

tribution of numbers may reveal patterns and behaviors inside complex systems. Steinhaus
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[18] and Fast [7] in 1951, developed the idea of statistical convergence independently by imple-
menting the idea of natural density (also known as asymptotic density). The statistical con-
vergence of a sequence (x,) to xg is attained if, for any € > 0, the set {k € N : d(x, o) > ¢}
has a density of zero. Numerous mathematicians, such as Fridy [8, @], Salat [I5], Rath and
Tripathy [14], Bal [2], Sarkar et al. [17] have conducted extensive research on this conver-
gence. In 2000, Kostyrko et al. [I1] raised the concept of Z-convergence, while Z Cauchy
sequences was initially defined by Nabiev et al. [13]. Z-convergence is an extension of statis-
tical convergence depending on the ideal’s (Z’s) framework, where Z is a family of subsets of
the set of natural numbers. Although there have been a lot of generalizations of statistical
convergence, we found Z-convergence the most interesting one, where 7 is an ideal. In the re-
cent literature, there have been several publications on Z-convergence [3, 4] 5] [6], 10, 12} 3, [16],
including some outstanding contributions by Bal [1].

In this study, we seek to establish a relationship between two sequences of the same nature
by means of Z-convergence. In order to accomplish this, we introduce the Z-concurrent
relation, which establishes an equivalence relation on the collection of all sequences in a
metric space. Also, the collection of all equivalence classes produced by that equivalence

relation on the set of all Z -convergent sequences constructs a metric space.

2. PRELIMINARIES

Prior to studying Z concurrent sequences in depth, it is important to provide some basic
definitions and notions. In this section, we briefly discuss the fundamental instruments and

mathematical concepts required to comprehend the key findings.

Definition 2.1. [I3] A family T of subsets of a non empty set X is called an ideal if and
only if 0 € Z, T is closed under finite union and I is closed under subset. Also a family F of
subsets of a non empty set X is called a filter if and only if 0 & F, F is closed under finite
intersection and F is closed under superset.

If X ¢ T and T # 0, then the ideal T is considered as an non-trivial ideal. If T is an
ideal, then the collection F = F(I) ={X \ M : M € I} is a filter and called the dual filter
of the ideal . If T is a non-trivial ideal which contains every singleton subset of X, then T

s considered to be an admissible ideal. L’ will represent an admissible ideal throughout the

paper.
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Definition 2.2. [13] Let Z be an admissible ideal defined on the set N of natural numbers

and (X,d) be a metric space. For a sequence (xy), if for each e > 0,
{k e N:d(z,x0) > e} €T,

then (x,) is considered to be I-convergent to xg.

Definition 2.3. [I3] Let Z be an admissible ideal defined on the set N of natural numbers
and (X, d) be a metric space. For a sequence (), if for every e > 0 there exists a m € N
such that

{neN:d(xy,zm) >c}t el

then (z,,) is considered to be an Z-Cauchy sequence in X .

3. ON Z CONCURRENT SEQUENCES

Using the concept of Z-convergence, we want to create an equivalence relation on the set
of all sequences that will separate the sequence space into disjoint equivalence classes. These
classes of sequences will have sequences that are similar in nature, making it easier to study

each one freely.

Theorem 3.1. If the sequences (xy) and (y,) satisfy the Z-Cauchy criteria in a metric space
(X,d), then the sequences (zp, = d(xpn,yn) : n € N) will satisfy the Z-Cauchy criteria in a

metric space (X,dy) where di(a,b) = |a — b|.

Proof. Since (x,) and (y,) satisfies Z-Cauchy criteria, therefore, A1 = {n € N : d (zy, 2, ) <
5} € F(Z), for some my € N and Ay = {n € N:d (yn, ym,) < 5} € F(I), for some my € N.

Let m = maz{mi,ma}. Also, (41 N Az) € F(Z) and ¢ ¢ F(Z), so (A1 N Az) # ¢ and for
all n € (A1 N Ag), we have

d1(zn, 2m) < d(Tp, Tm) + d(Yn, Yym) < €,

ie, {neN:di(zn,2m) <e} D (A1 NA2) € F(I).

Therefore, (z,) fulfills Z-Cauchy criteria in the metric space (X,d;). O

Definition 3.1. A sequence (x,) is said to be T concurrent to another sequence (yn) if the

sequence (zp) = (d(Zpn,yn)) is such that z, L0, That s, {neN:z, =d(z,,yn) > e} € L.

0, ifr=y,
Example 3.1. Let X = {0, 1}, equipped with the discrete metric o(x,y) =

1, otherwise,
Consider the ideal Zs = {A : 6(A) = 0} and the sequences {a,}, {bn} and {c,} where
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0, forn=~k>keN, 1, forn=k%keN,
an = b, =1 for alln € N and ¢, =

1, otherwise, 0, otherwise.
For everye >0, {n € N: o(an,by) > e} ={n=k?> : ke N} €Zs, {n € N:o(by,c,) >c} =

n#k?>: keN}y€Ts and {n € N: o(cp,a,) > e} =N & Is. Thus, {a,} and {b,} are T

concurrent to each other; whereas {c,} is I concurrent neither to {a,} nor to {b,}.

Theorem 3.2. For two I concurrent sequences (xy) and (yn), if one sequence is T Cauchy,

then the other also satisfies the Z-Cauchy criteria.

Proof. Let (x,) satisfy the Z Cauchy criteria. Therefore, Ay = {n € N : d(z,, ) < §} €
F(Z). Since (x,,) and (y,) are T concurrent, therefore Ay = {n € N: d(zn,yn) < 5} € F(I).
Since (A1 N Az) # ¢ and for all n € (A; N Ag) there exists a m € (41 N Az) so that

d(ym ym) < d(yna xn) + d(-Tm 17m) + d(l’m, ym) <§g,

ie., {neN:d(yn,ym) <e} € F(I) as (A1 N Az) € F(I).

Therefore, (y,) also satisfies Z-Cauchy criteria. O

Example 3.2. Two non Z-Cauchy sequences can be T-Concurrent to each other. Let X =
[0,2] and d(a,b) = [(a—"b)| for all a,b € X. Then (X,d) forms a metric space. Also consider

the sequences (xy,) and (y,) of (X, d) where

and

1, fornis odd,

Yn =

%, for n is even.

Now take I = Ly, the ideal containing all finite subsets of N, then neither (x,) nor (yn)
satisfy T-Cauchy criteria.
0, formnisodd
But (zy,) = (d(xn,yn)) where d(zy,yn) = is Z-convergent to 0.
1

=, forniseven

Since, {n €N:z, >e} el

Therefore, (xy) and (yn) are not Z-Cauchy but T-concurrent sequences.

Example 3.3. Again, if two sequences are Z-Cauchy sequences, it does not imply that they

are Z-concurrent. For example,
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Let X =0,2] and d(a,b) = |(a — b)| for all a,b € X. Then (X,d) forms a metric space.

Also consider the sequences (xy,) and (y,) of (X,d) where

2, forn=~k%kcN,
Ty =
1+ %, otherwise
and
2, forn=k%keN,
Yn =

%, otherwise.
Now, if we take I = Iy, the class of all subsets of N whose natural density is 0, then (xy)
and (yn) are I-Cauchy sequences.

0, forn=~k>keN,
But (zn) = (d(xn, yn)) where d(zp,yn) = is not Z-convergent to

1, otherwise.

That is, (xy) and (yn) are I-Cauchy but not I-concurrent to each other.

Theorem 3.3. Two sequences are I convergent to the same limit if and only if they are T

concurrent sequences, one of them being L convergent.

Proof. Let (x,) be Z-convergent to the limit . Therefore, Ay = {n € N : d(z,,f) < §} €
F(I).
Also, let (x,,) and (y,) be Z-concurrent. Therefore, Ay = {n € N: d(z,,yn) < 5} € F(I).
Since (A1 N Az) # ¢ and for all n € (A1 N Az) we have

Ad(Yn, 0) < d(yn, xn) + d(zp, l) < €,

ie, {neN:d(y,,l) <e} e F(I)as (A1 NA2) € F(Z).

Therefore, (y,) is also Z-convergent to the same limit £.

Conversely, let (x,) and (y,) be two Z convergent sequences converging to the same limit
(. That is, B = {n € N:d(z,,() < 5§} € F(I) and By = {n € N:d(yn,!) < 5} € F(I). So
Vn e (A NAz) CN we have

d(xmyn) < d(mn,f) + d(yn,f) <g,

ie, {neN:d(zy,yn) <e} D (A1 NA2) € F(Z).

Therefore, (x,) and (y,) are Z-concurrent sequences. O
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Theorem 3.4. Let Sx be the collection of all sequences on the metric space (X,d). Then

the T-concurrent relation ~7_q forms an equivalence relation on Sx.

Proof. Since for any (z,) € Sx, d(xy,x,) = 0,Vn € N. Therefore, (d(zy, zy)) is Z-convergent
to 0. So every sequence is Z-concurrent to itself. That is, the Z-concurrent relation (~7-4) is
a reflexive relation on Sy.

Since for any (zp), (yn) € Sx, d(@n,yYn) = d(yn,zn),¥n € N. Therefore, if (z,) is Z-
concurrent to (y,) then (y,) is also Z-concurrent to (z,). That is, the Z-concurrent relation
(~1-q) is a symmetric relation on Sx.

Let (zp), (Yn), (vn) € Sx, Now, d(xy, vn) < d(zpn, yn) + d(yn, vn), Vn € N. It implies that if
(d(xn,yn)) and (d(yn,vy)) are Z-convergent to 0, then (d(xy,vy)) is also Z-convergent to 0.

So if () ~1-d (yn) and (yn) ~1-q (vn) = (2n) ~1-q (vn), i.e., the Z-concurrent relation
(~1-q) is a transitive relation on Sx.

.. the Z-concurrent relation (/~7_4) forms an equivalence relation on Sx. O

Corollary 3.1. The set Sx of all sequences of the space (X,d) splits into disjoint equivalent
classes under the Z-concurrent relation (Rz-4), so that all the sequences of one class are
(i) Fither I-convergent to the same limit or is not Z-convergent.

(ii) Either Z-Cauchy sequences or none of them are Z-Cauchy.

Proof. This can be easily verified from the previous theorems. O

Let C'x be the collection of all Z-Convergent sequences of the metric space (X,d). Also
let (zn)* = {(yn) € Cx : (Yn) ~1-q (zn)}, where (x,)* denotes the equivalence class of (x,)
under the Z-concurrent relation (/7-4).

We define o((@n)*, n)*) = & (2}, (yn)) = T-limn socd(zn, )

Let Cx™ denote the set of all equivalence classes (xy,)*, where (z,,) € Cx.

Theorem 3.5. The set of all equivalence classes Cx™* forms a metric space with the metric

o such that o({xn)*, (Yn)*) = Z-limp—ood(Tn, Yn).

Proof. Let (xn)*, (Yn)*, (zn)* € Cx™. So thereis a (x,) € (xn)*, (Yn) € (Yn)*, (2n) € (2Zn)™.
Now since d is a metric, Vn € N.
d(Xn,yn) >0 = Z-limy—0od(Tpn,yn) > 0
= o((xn)*, (yn)*) > 0 for all (xn)*, (yn)*, € Cx*

Now U(<mn>*a <yn>*) =0
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< Z-limp—ood(Tn, yn) =0

<= (x,) and (y,) are Z-concurrent to each other. So they belong to the same equivalence
class.

That is, (xn)* = (yn)*.

Again, o((xn)", (Yn)") = T-limpoocd(@n, yn) = L-limnood(Yn, 2n) = o((Yn)"; (Tn)")
(Since d is symmetric).

.. 0 is symmetric.

Since d is metric, we have d(zy, yn) < d(xn, 2n) + d(2n, yn), ¥Yn € N.

S Tl 00 d (T, Yn) < Z-limp 00 d(Tn, 2n) + Z-1imp—s00d(Zn, Yn ) -

— o((xn)" (yn)") < o((zn)", (2n)") + 0 ((zn)", (Yn)")

Hence (Cx*, o) forms a metric space. O

Theorem 3.6. Let Cy = {{z,, : z, = 2,YVn € N} : x € X}. Then (C%,d) and (Cx*,0) are

1sometry.

Proof. Let f : C% — Cx* is a function defined by f((z,)) = (xn)* where (xn)* = {{z,} €
Cx + {on) ~zea (2)} Now a(f((za))s (o)) = o(n) ) = &({2n), ). There-
fore, f is an isometry.

Again f((zn)) = f((yn)) = (xn) = (yn) and for any equivalence class (wy)* € Cx”*
there exist a constant sequences (w,) € C%, i.e., f is a bijective mapping. Hence (C%,d’)

and (Cx™, o) are isometry. O

4. CONCLUSION

An equivalence relation that splits the sequence space into disjoint equivalence classes
has been discovered on the set of all sequences. Sequences in these categories are of the
same kind with respect to Z-convergence and Z-Cauchy criteria. Further, a metric space is
obtained for the collection of all these equivalence classes. It is possible to study the classes
of point-wise convergence, uniform convergence, etc. independently if this idea is extended

to the sequences of functions.
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PROPERTIES OF DIVISOR PRIME GRAPH

SANJOY KALITA AND MRIDUL DUTTA 2

ABSTRACT. Number theory is a mathematical discipline that uses concepts from graph the-
ory. Recently, various graphs have been defined in relation to various number theoretic
functions. One such graph is the divisor prime graph, which is associated with the positive
divisors of a positive integer. Let n be a positive integer and D(n) be the set of all positive
divisors of n. The divisor prime graph PGp(n) is defined as a graph whose vertex set is
D(n) and any two vertices x and y are adjacent in PG p(n) iff gcd(z,y) = 1. In this study,
families of divisor prime graphs for different positive integers are investigated, along with
their graph theoretic characteristics such as adjacency, diameter, radius, clique number,
chromatic number, planarity, connectivity, independence number and density.
Keywords: Divisor, Prime factor, Greatest common divisor, Connectedness, Diameter,
Girth, Radius, Isomorphism, Planar graph.
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1. INTRODUCTION

In 2000, Singh and Santhosh [I5] introduced the idea of divisor graphs. A divisor graph
G is an ordered pair (V, E) where V is a subset of Z and wv € E if and only if either u|v
or v|u for all u # v. Many authors had studied an alternative construction of graphs by
associating with algorithmic approach on MV-algebras[9], Zero divisor graphs[ll 2], total
graphs, prime graphs[I4]. Any graph isomorphic to a divisor graph is also called a divisor
graph. Additionally, they have pointed out some of the graphs those which are divisor
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graphs and also those which are not. Chartrand et al. [6] studied many more additional
properties of divisor graph. Le Anh Vinh [17] also established the existence of a divisor
graph of order n and size m for every pair of m,n € Z with 0 < m < n. Christopher
Frayer [§] conducted research on the necessary conditions for a Cartesian product graph
to be a divisor graph. Yu-ping Tsao [16] has examined several properties of D([n]) and its
complement, including the vertex-chromatic number, the clique number, the cover number,
and independence number, where [n] = {i: 1 <i <n, n € N}. Nathanson [13] introduced
the concepts and the notion of congruences from number theory in Graph Theory. He
initiated the new way for the emergence of a new class of graphs, namely, arithmetic graphs.
An arithmetic graph is one in which any two vertices a and b are adjacent if and only if
a+ b = c¢(mod n) where ¢ € S, a pre-assigned subset of V. Its vertex set V is the set of
the first n positive integers 1,2,3,...,n. Let (G, -) be a finite group and S C G such that
s7b e Sforall s € S. S is called symmetric subset of G. A Cayley graph C(G,S) is the
graph in which the vertex set V = G and the edge set E = {(a,b) : a='b € S or b~'a €
S, Va, b€ G}. If (G, +) = (Zy,+) and the symmetric set S is associated with some arithmetic
function, then such Cayley graphs are called arithmetic Cayley graphs. Dejter and Giudici
[7], Berrizabeitia and Giudici [3] and others have studied the cycle structure of Cayley graphs
associated with certain arithmetic functions. The circumference and girth of the arithmetic
Cayley graphs are investigated by Madhavi and Maheswari [I1], associated with the Euler
totient function ¢(n), and divisor function d(n). The cycle structure of these graphs has
many applications in engineering and communication networks. Chalapati, Madhavi and
Venkataramana [5] studied the enumeration of triangles in these graphs. The Divisor Prime
graph was a novel idea developed by S. M. Nair and J. S. Kumar[12], who also looked into its
structural characteristics. They integrated the concepts of prime graphs and divisor function
graphs in this follow-up. In that study, maximum and minimum degrees, a null graph, an
Euler graph, a cycle, a complete graph, and a bipartite graph are examined for a divisor
prime graph.

In this paper, we have studied the properties of the divisor prime graph, its diameter,
girth, colorability, planarity, density, etc. Any number theory or graph theory terms can be

looked up in [4] [I0], or any other standard literature.
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2. PRELIMINARIES

A graph is a set of objects represented graphically, with links connecting some pairs of
objects. The points that represent the connected objects are referred to as vertices or points,
and the links that join the vertices are called edges or lines. The majority of the definitions
we have included here come from scholarly articles and standard literature.

A graph G is a pair of set G = (V, E), where V is a set of all vertices or points and F is
a set of all edges or lines, connecting the vertices.

A graph is called connected if there is a path between every pair of vertices, otherwise, it
is a disconnected graph.

In a graph, two vertices are said to be adjacent if they are connected by a common edge
and two edges are said to be adjacent, if there is a common vertex between the two edges.

The degree of vertex in a graph is defined as the number of edges incident to the vertex,
say v, or the number of vertices that is adjacent to the vertex v. It is denoted by deg(v).
The minimum and maximum degrees of a graph G is denoted by §(G) and A(G).

If all the vertices in the graph have the same degree, then the graph is called a regular
graph. If k is the degree of the vertex, then the graph is called a k-regular graph. A connected
2-regular graph is also called a cycle graph.

A graph is said to be complete if each and every vertex is connected to each other. A
complete graph of n vertices (i.e K,) is a (n — 1)- regular graph. A graph G = (V, E)
whose vertices can be partitioned into two disjoint and independent sets V' = V; U V5 such
that every edge of E connects a vertex in Vj to a vertex in V3 is called a bipartite graph. A
bipartite graph in which each vertex of the first set is connected to every vertex of the second
set is called a complete bipartite graph. A star graph is a complete bipartite graph of the
form K ,—1 with n-vertices, i.e., one set will have only one vertex and all the remaining
vertices belong to the other set, and all these vertices are adjacent to that single vertex and
not to each other. A star graph with n vertices is denoted by S,,. A graph where the degree
of all its vertices is 0 is called a null graph and a graph where there is only one point (thus
degree=0) is called a trivial graph.

A walk of a graph is an alternating sequence of points and lines beginning and ending with
points, where each line is incident with the two points immediately preceding and following
it. If all the lines of a walk are distinct, then it is called a trail and if all the points are

distinct, then it is called a path.
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The distance between the two vertices is the length of a geodesic between that pair of
vertices. Distance between a pair of vertices v and v is denoted by d(u,v). The maximum
distance of a vertex, say v, from all the other vertex is called the eccentricity of a vertex. It
is denoted by e(v). The minimum eccentricity of all the vertices in the graph is considered
the radius of the graph. It is denoted by 7(G). The maximum eccentricity of all the vertices
in the graph is considered the diameter of the graph. It is denoted by d(G).

Simple graphs G and H are called isomorphic if there is a bijection f from the vertices of
G to the vertices of H such that (v,w) is an edge in G if and only if (f(v), f(w)) is an edge
of H.

A simple, connected graph is called planar if there is a way to draw it on a plane so that
no edges cross. Such a drawing is called an embedding of the graph in the plane.

The Girth of a simple graph is the shortest cycle contained in the graph and if there is
no cycle in the graph then its girth is undefined. A complete subgraph in a graph is often
called a clique. A clique having n number of vertices is called n — clique. The size of the
largest clique of a graph G is called the clique number of G. Tt is denoted by cl(G).

A subset I of V' is an independent set of a graph G = (V, E) if the vertices in I are not
adjacent to each other. The independence number fy(G) is the size of a largest independent
set in G.

The divisor function or Tau function, is a number-theoretic function that counts the
positive divisors of an integer n. It is represented by the symbol 7(n). In the prime factor-
ization of n, it can be written as the product of one and the exponent of each prime factor.
The Tau function can be found mathematically for a positive integer n with prime factoriza-
tion n = pi'ps? - - - pi*, where py,pa, ..., pi are distinct prime numbers and a1, ag, ..., ay are
positive integers representing the exponents. Then 7(n) = (a1 + 1)(ag + 1) -+ - (ag + 1).

Numerous branches of number theory, such as the study of perfect numbers, integer se-
quences, and cryptography, employ the Tau function. In conclusion, the Tau function counts
the number of prime factors, while prime factorization is the process of breaking down a

positive integer into its prime factors.

3. PROPERTIES OF DIVISOR PRIME GRAPH

The divisior prime graph presents a pictorial view of the relation between the positive
divisors of a natural number n. We expect that the investigation of the theoretical properties

of these graphs can help to determine some number theoretic properties of these numbers.
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In this section, we discuss some properties of the divisor prime graph PGp(n) for n € Z*
like diameter, girth, radius, clique number, planarity, etc.

Let us start the with the formal definition of the divisor prime graph PGp,,.

Definition 3.1. (Divisor Prime Graph)[12]
Let n € Z* and D(n) = {m € Z" : m|n}. The divisor prime graph PGp(n) is defined
as a graph with the vertex set D(n) and any two vertices x and y are adjacent in PGp(n) if

ged(@,y) = 1.

Example 3.1. The divisor prime graphs for n =10,11,12 are shown in figure [1]

10
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(a) (b) (c)

Ficure 1. (a) PGp(10) (b) PGp(11) (c) PGp(12)

Theorem 3.1. [12] For alln € Z*, PGp(n) is connected.

Proof. Since for every n € Z*, 1 € D(n) and ged(1,d) =1 for all d € D(n), so the vertex 1

is adjacent to every vertex d in D(n). Hence PGp(n) is connected for all n. O

Theorem 3.2. [12] For alln € Z7,
A(PGp(n))=71(n)—1 and 06(PGp(n)) = 1.
Moreover, A(PGp(n)) = 06(PGp(n)) if n =1 orn is a prime.

Proof. For every n € Z*, let 7(n) is the number of divisor of n. The vertex 1 is adjacent to
all the vertices d # 1 of PGp(n) and we have deg(1) = 7(n) — 1, which is maximum possible
degree for any graph with 7(n) vertices. Thus A(PGp(n)) =7(n) — 1.

Also ged(n,d) # 1 for all divisors d # 1 of n and ged(n, 1) = 1, so n is adjacent only to 1
and since PGp(n) is connected so there is no isolated vertex. Thus §(PGp(n)) = 1.

Since for n prime PGp(n) = Ks, thus A(PGp(n)) = 6(PGp(n)). O

Theorem 3.3. [12] PGp(n) is non-eulerian for all n.
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Theorem 3.4. For alln € Z*, Diam(PGp(n)) < 2.

Proof. If n =1 then PGp(n) = K; and Diam(PGp(n)) = 0.

If n is prime then PGp(n) = Ky and Diam(PGp(n)) = 1.

It is clear from theorem that for composite n, any two non adjacent vertices v and v in
PGp(n), u—1—v is always the shortest u — v-path. So Diam(PGp(n)) = 2.

So we can conclude that Diam(PGp(n)) < 2. O
Theorem 3.5. For alln € Z*, rad(PGp(n)) = 1.

Proof. Since PGp(n) is connected and Diam(PGp(n)) < 2 by theorems and the
ecentricity 1 < e(v) < 2, Vv € V(PGp(n)), therefore rad(PGp(n)) = min{e(v) : v €
V(PGp(n))} = 1. O

Theorem 3.6. For all n € ZT, let k be the number of distinct prime divisors of n, then

cd(PGp(n)) =k +1.

Proof. Let p;, i = 1,2,...,k be the distinct prime divisors of n.  Since for distinct 7 and
J, ged(pi, pj) = 1, so p; adjacent p; . Thus the vertices 1, p1,pa,...,p; induced a complete
subgraph of order k + 1.

Let v = p;p; be a vertex of PGp(n), then ged(v,p;) # 1, ged(v,pj) # 1 but ged(v,p,) =
1, Vr # 4,7 which implies that the vertex v adjacent to all p,, r # i,j. So the vertices
1,p1,p2,.. ., Pi=1,Pi+1,-- - Pj—1,Pj+1,- - -, Pk» v Will induce a complete subgraph of order k.
That is any set of vertices more than k£ 4+ 1 cannot induce a complete graph. Thus the
complete subgraph induced by the vertices 1, p1, po, ..., pi is the maximal clique in PGp(n).
Hence cl(PGp(n)) =k + 1. O

Theorem 3.7. For alln € Z™, girth(PGp(n)) = 3 or cc.

Proof. If n =1 then girth(PGp(n)) = cc.

If n is prime then PGp(n) = Ky and girth(PGp(n)) = co.

If n = p* where k € Z*, then PGp(n) = K\ +(ny—1 and so girth(PGp(n)) = oo.

If n has more than one prime divisors, it is clear from theorem that PGp(n) always
contain a cycle of length 3. So girth(PGp(n)) = 3.

So we can conclude that girth(PGp(n)) =3 or cc. O
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We obtained some counter examples to the statement in Theorem 2.5 given by Nair and
Kapur in [12]. So we modified the theorem and provided a proof and an example supporting

our result.

Theorem 3.8. For any k € Z", if n = p1p2 - - - pg, then PGp(n) —n can not be a complete

graph.

Proof. For n = pips- - pg,

D(n) =A{1,p1,p2, s Pks P1D2, " * * P1Pks P1D2 - - - s P15 P1D2:, P1P2 - - - Pk }-
So V(PGD(TL)) —n= {17p17p27 cc 3 PkyDP1P2s " P1Pk,P1P2 - - - s Pk—15"""DP2,D2 - - pk}

The vertices 1, p1,p2,- -+ ,pr will induce a complete subgraph. But the vertex set of the
graph contains more vertices in the form of product of primes. These vertices are adjacent to
vertex 1 as well as to some of the vertices of p1,ps, -+, pr but not to all. Hence PGp(n) —n

is not a complete graph. O

FIGURE 2. (a) PGp(30) (b) PGp(30)—30

Following the theorems and finally we can give the following result.

aq 02 al Q2

Theorem 3.9. Let ny = p{'ps?---pp* and ny = ¢{"¢5% - - ¢, ", then PGp(n1) = PGp(ny).

aq 02

Proof. Since ny = p{*pg? - --pi*

— 401 02 Ak
and ng = ¢7'qy” -+ q. ", S0

7(n1) = 7(ng) = (a1 + 1)(az +1) - (a + 1).

That is |V(PGp(n1))| = |V(PGp(n2))|.
Let us consider the mapping f : D(n1) — D(ng2) defined by

T1 T2

fOrpy ---pf) = aq'ay? - qpf
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where 0 < r; < o; for each i =1,2,...,k.
So f is a one-one correspondence from D(ny) onto D(n3), i.e. f is a one-one correspondence
from V(PGp(ny)) onto V(PGp(n2)).
It is now sufficient to prove that f preserves the adjacency from PGp(ni) to PGp(ns)
i.e. (a,b) € E(PGp(ny)) < (f(a), f(b)) € E(PGp(n2)).
If possible, let (a,b) € E(PGp(ny)) but (f(a), f(b)) ¢ E(PGp(n2)).
Then there exists at least one ¢; such that ¢;| ged(f(a), f(b))
= gi|f(a) and g;| f(b)
= 3 p; such that f(p;) = q; and p;la and p;|b
= pi|ged(a,b)
which is a contradiction to the fact that (a,b) € E(PGp(ny)).
Thus (a,b) € E(PGp(n1)) < (f(a), f(b)) € E(PGp(n2)) for all a,b € V(PGp(ny)). Hence
PGp(ny) = PGp(ne). O

Theorem 3.10. Let n € Z* then PGp(n) is planar if n is any one of the following form

p*, p*q, p?¢® or pqr, where p, q, r are primes and k is nonzero positive integer.

Proof. If n =1 then PGp(n) is trivial and so is planar.
If n is prime then PGp(n) = Ky and PGp(n) is planar.
If n = p¥ where k € ZT, then PGp(n) = K +(n)—1 and so PGp(n) is planar as shown in
figure [3|(a).
k

If n = p¥q, the vertices are 1,p, p?, p3, - p*= 1 p¥ q, pq, p?q, p3q, - - - D"

~1¢,p"q and the graph
PGp(n) which is clearly a planar graph as shown in figure 3|(b).
If n = p%¢%, 1,p,9%, q,¢%, pq, p>q, g, p>q* are the only vertices and from the figure (a) it is
clear that the graph PGp(n) is planar graph.
If n = pqr, the vertices are 1, p, q, r, pq, qr, pr, and pgr and the graph PGp(n) which is
clearly a planar graph as shown in figure [4(b).
If n = p3¢?, then the vertices 1,p,p?, p?,q,q> together give K33 as a induced subgraph of
PGp(p3q?) because of which we can conclude that the graph PG p(p3q?) is not a planar
graph. Thus for all n = p'q’ Vi, j > 2 the graph PGp(p'q’) is not a planar graph.

If n = p%qr, then the vertices 1, p, p?, ¢, 7 together give the induce subgraph K5 of PG p(p?qr)
and so the graph PGp(p?qr) is not a planar graph. Thus for all n = pi¢?r* Vi, j, k > 1 the

graph PGp(p'¢?r*) is not a planar graph.
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FIGURE 3. (a) PGp(p*) (b) PGp(p*q)
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FIGURE 4. (a) PGp(p*¢?) (b) PGp(pqr)

It is clear from theorem that if n has more than 3 distinct prime factors than PGp(n)
has a clique of order greater than 4. Which implies that PGp(n) for n with more than 3
prime factors is not planar.

Hence we can conclude that PGp(n) is planar only for the values n = 1, PF, pFq, pPg?

and pqr, where p, ¢, r are distinct primes and k is a nonzero positive integer. O
Theorem 3.11. For any n = p{'p3? -+ pp*, x(PGp(n)) = k+ 1 where o; >0 .

Proof. We know that for any graph G, cl(G) < x(G). From theorem it is clear that
k+1=c(PGp(n)) < x(PGp(n)).

Let us assign k + 1 colors to the vertices 1,p1,p2,- - - pr of the maximal clique. Any of the
remaining vertices, say d, will have at least one of the primes pi,po,- - pr as a factor, say
pi. Then ged(d, p;) = p; and so (d,p;) ¢ E(PGp(n)). Thus d can be assigned with the same

color assigned to p;. Let d; and d; be any two vertices such that p;|d; and p;|d;,then they can
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be assigned the colors of p; and p; respectively. Now let d be a vertex such that p;p;|d then d
is not adjacent to any of p;, p;, d; and d;, so we can assign any one color from these vertices
to the vertex d. Proceeding with the same argument we can have a proper (k + 1)- coloring

of PGp(n). Thus x(PGp(n)) < k+1. Hence we can conclude that x(PGp(n)) =k+1. O
Theorem 3.12. Let n = p{'py? -+ pi* and o = maz{ce;: 1 <i <k}. Then
Bo(PGp(n)) = (T(p;") — )(7(n/pi"))-

Proof. Here n = p{'p3*---pp* and o, = maz{a; : 1 <@ < k}.
It is easy to see that each of the sets I; = {pid: 1< s < ay,d|Iljp;} is an independent set
of PGp(n). The number of elements in I; is given by
|Li| = 7(n) = ((n/p{")) = ((pf") — V)7 (n/p;").
To prove the result it is sufficient to show that
L] = maa{|L] : 1< <k} = (1) — Dr(n/o).
Now for 1 <i <k andi#r, 7(pj") < 7(por)
= 7(py'n’) < 7(p2rn'), whhere n' = 1I;.; ,p;
= 7(n) —7(p{n’) > 7(n) — 7(p2n’)
= 7(n) —7(n/ps) > 7(n) — 7(n/p")
= (T(p2r) = D (n/pi) > (r(pi") — 1)7(n/pi")
= |L| > |Li]forall 1 <i<kandi#r
= |I;| = max{|L;] : 1 <i <k}

Hence fo(PGp(n)) = (T(p7) = 7 (n/pir). m
Theorem 3.13. PGp(n) is non-hamiltonian for all n.

Proof. PGp(n) is non-hamiltonian as deg(n) = 1 in PGp(n) and there can not exists any

hamiltonian cycle in PGp(n). O

A subset D of V is a dominating set for a graph G = (V| E) if every vertex in V — D is
adjacent to at least one member of D. The domination number v(G) is the size of a smallest

dominating set for G.
Theorem 3.14. Domination number of PGp(n) is 1 for all n.

Proof. Tt is clear from the definition that for the set D = 1 C V(PGp(n)), every vertex
v € V(PGp(n)) — 1 is adjacent to 1. That is 1 is a dominating set for PGp(n) and is the

smallest dominating set. Hence v(PGp(n)) = 1. O
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A subset C of V' is a dominating cut vertex set for a graph G = (V, E) if G — C is either a
disconnected graph or a trivial graph. The point connectivity x(G) is the size of a smallest
cut vertex set for G. A subset C’ of F is a cut set for a graph G = (V,E) if G — C' is a

disconnected graph. The line connectivity A(G) is the size of a smallest cut set for G.
Theorem 3.15. Both point and line connectivity of PGp(n) is 1 for all n.

Proof. Tt is clear from the definition of PGp(n) that PGp(n) — 1 is a disconnected graph,
so k(PGp(n)) = 1. Also PGp(n) — (1,n) is always disconnected, so A(PGp(n)) = 1. O

Theorem 3.16. For all prime p, Den(PGp(p)) = 1.

Proof. Since for every prime p, PGp(p) = K3 so Den(PGp(p)) = 1. O
2
Theorem 3.17. For all prime p and k € Z, k >0, Den(PGp(p*)) = E+1°
k
Proof. For n = p*, PGp(p*) has k + 1 vertices and k edges. So Den(PGp(p*)) = FIC, —
2
k _ 2 -
{(k+Dk}2  k+1
oy, Qo o Zd,JnT(dﬂ)
Theorem 3.18. Let n = py'py* ---p* then Den(PGp(n)) = 2.0y
. . 1 n
Proof. For each divisor d; of n, deg(d;) = T(dﬂi)' So o(E(PGp(n))) = 2 ZT <d>
d7;|7l ¢
Hence Den(PGp(n)) = 9Ty -

4. CONCLUSION

In this study, we have investigated the nature and characteristics of the divisor prime graph.
The adjacency, diameter, radius, clique number, chromatic number, planarity, connectivity,
independence number, and domination number features of the divisor prime graph have also
been investigated. Since this is a preliminary investigation of divisor prime graphs, the reader
may be thinking about various issues. Studying the energy and distance eigenvalues of the

divisor prime graph can reveal some potential problems.
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ABSTRACT. In this paper, we study bi-f-harmonic curves and helices along the Riemannian
map. We find that, if a totally umbilical Riemannian map takes a horizontal bi-f-harmonic
curve to bi-f-harmonic curve, then the map is totally geodesic. Then, we discuss the mean
curvature vector field for horizontal bi-harmonic curves through Riemannian maps. In ad-
dition, we obtain the condition for the curvature of helix along isotropic Riemannian map.
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1. INTRODUCTION

In 1964, J. Eells and J. H. Sampson [5], introduced the concept of bi-harmonic maps by
generalizing the harmonic maps. Harmonic maps are the generalization of geodesics, minimal
surfaces and harmonic functions. Harmonic maps have important applications in different
fields of mathematics and physics with nonlinear partial differential equations. A harmonic
map « : (M,gn) — (N, gn) between the Riemannian manifolds (M, gas) and (N, gn) is a

critical point of the energy functional,
1 2
E(O‘) = 9 |d04| Vgnr»
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where I'y; is some compact domain of M and 7(a) = Traceg,,Vda is tension field of
«. The harmonic map equation is an Euler-Lagrange equation of the functional 7(p) =
Traceg,,Vdp = 0, where 7(p) = Traceg,,Vdy is a tension field of ¢ [5]. A bi-harmonic
map « between the Riemannian manifolds (M, gys) and (N, gn) is a critical point of the
bi-energy functional, Fs(a) = %er |7(a)?vg,,, where I'p is a compact domain of M. The

bi-harmonic map equation is an Euler-Lagrange equation of the functional,
(o) = Tracey,,(VOV* = Vou)T(a) — Traceg,, RN (da, 7(a))de = 0,

where RN = [V¥,V¥]Z — Vfg(’y}Z, is a Riemann curvature tensor (N, gy) [10]. In 1991
[4], the author introduced the bi-harmonic submanifolds of Euclidean space and stated a

“ any bi-harmonic submanifold of Euclidean space is harmonic, thus minimal”.

conjecture
If the definition of bi-harmonic maps for Riemannian immersion in Euclidean space is used,
then the Chen’s definition of a bi-harmonic submanifold coincides with the definition given
by the bi-energy functional.

Bi-f-harmonic maps are the generalization of harmonic maps, f-harmonic maps and bi-
harmonic maps. There are two methods to formalize the link between bi-harmonic maps
and f-harmonic maps. For the first type of formalization, the authors extended the bi-energy
functional in [20, 26] to the bi-f-energy functional and obtained bi-f-harmonic maps. For the
second formalization, the f-energy functional is extended to the f-bi-energy functional. In
[13], the author introduced the f-bi-harmonic maps by generalizing the bi-harmonic maps. A
smooth map between Riemannian manifolds is an f-bi-harmonic map if it is a critical point
of the f-bi-energy function defined by the integral of f-times the square norm of the tension
field, where f is a smooth function on the domain.

In 1992 [7], the author introduced the Riemannian maps between Riemannian manifolds.
Isometric immersions and Riemannian submersions are particular cases of Riemannian maps.
The theory of isometric immersions is one of the active research areas in differential geometry
[1,22,13]. In [6], authors studied the characterization of submanifold by taking the hyperelastic
curves along an immersion. The basic properties of Riemannian submersions were studied
in [8 I5]. Let ¥ : (M,gn) — (N,gn) be a smooth map between Riemannian manifolds
such that 0 < ranky < min{m,n}, where dimM = m and dimN = n. Then kernel
space (Kerv,) of differential map ¥, and gjs-orthogonal component ((Kerd,)*) at a point
p € M, are known as horizontal and vertical spaces, respectively. Thus, the tangent space

T,M of M at point p can be decomposed as T,M = Kerd,, ® (Kerﬁ*p)J- . The range of
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¥, and go—orthogonal component at F(p) on N, are denoted by ranged, and (ranged,)=*,

respectively. Hence, the tangent space at F(p) on N, follows the decomposition
Trp) N = Ranged., ® (Rangeﬁ*p)J‘.
A Riemannian map at a point p € M is a horizontal restriction

Oy ((Kerdu)™ o0 )l (scera.pyr ) = (ranged.y)

of smooth map ¥ : (M, gpr) — (N, gn), such that gy (9,5, 9.K) = gn(S, K), where S and K
are smooth sections of I'(Kerd,,)* [7]. In [L1} 12} 14} I8, 19, 22 25], authors studied various
types of curves such as circles, hyperelastic curves and proper curves with various maps such
as immersion, embedding, Riemannian map and Clairaut Riemannian map.

We organize our paper as follows: Section 2 of this paper contains basic concepts about
bi-f-harmonic curves and Riemannian maps. In section 3, we study the bi-f-harmonic curves
and bi-harmonic curves through the Riemannian maps. We show that, if a totally umbilical
Riemannian map takes a horizontal bi-f-harmonic curve to bi-f-harmonic curves, then the
map is totally geodesic. In the same section, conditions for the mean curvature vector field
are obtained by taking horizontal bi-harmonic curves through Riemannian maps. In the final

section, we study helix along the Riemannian maps.

2. PRELIMINARIES

A bi-f-harmonic map « : (M, gar) — (N, gn) between Riemannian manifolds (M, gps) and
(N,gn) is a critical point of bi-f-energy functional, Fs f(a) = %fFM |7f(c) [Pvg,,, where 'y

is a compact domain of M and an Euler-Lagrange equation of the functional is defined by

TJ%(O‘> = fJa(Tf(a)) - ngdan(a) =0,
where 7¢(a) is the f—tension field of a and J® is the Jacobi operator of the map defined by
JHX) = —(Tracey,, VOVIX =V, X — RN (da, X)da) [17, 20]. A curve a : [ — M on
(M, gar) is a bi-f-harmonic curve if and only if « satisfies the condition
(P17 4 1) X0+ BF "+ 2f2)Vx, X +AF V%, X
+2V%, X1+ fPR(Vx, X1, X1) X1 = 0, (2.1)

where f : I — (0,00) is a smooth function, V is a Levi-Civita connection and R is a

Riemannian curvature tensor on M.
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Let ¢ : (M, gpn) — (N, gn) be a Riemannian map between Riemannian manifolds (M, gas)
and (N,gn). Then a curve a on M is a horizontal curve if &(t) € (kerd,)* for every
t € I. If V¥ is the Levi-Civita connection on (N, gyn) and ps = 9(p1) € N, then the second

fundamental form of ¥ is given by

(V9,)(X,Y) = V]%(ﬂ*(Y) —9.(VXY), VXY eD(TM), (2.2)

N
where V7 is the pullback connection of VV [I6]. The second fundamental form of a Riemann-

ian map is symmetric and has no components in ranged,, that is (V.)(X,Y) € (ranged.)*,

V X, Y € T'((kerd,)*t) [23]. The scalar product of the second fundamental form is
gn((VI)(X,Y),0.(2)) = 0, (2.3)
for all X,Y,Z € I'((kerd,)*). Now, if X,Y € I'((kerVi)*) and V € I'((ranged,)" ), then
VY 0V = =Syiu(X) + VKV, (2.4)

where Sy,(X) is the tangential component of Vgi(X)V. Since (V¥,) is symmetric and Sy

is a symmetric linear transformation of ranged,, therefore
gN (Sv 0+ (X), 0.(Y)) = gy (V, (VI4)(X,Y)). (2.5)

From equations (2.2)) and (2.4)), we get

RN(9.(X), 0.(Y))04(Z) = =Svo.)(v,2)9«X + S(wo.)(x,2)0+Y

+ 9 (RM(X,Y)Z) + (Vx (VI))(Y. Z) = (Vy (V) (X, 2), (2.6)

where V is the covariant derivative of the second fundamental form. The covariant derivative

of Vi, and S are, respectively

(Vx(VI)(Y, Z) =V (VI)(Y, Z) — (VI.)(VYY, Z) — (V0.)(Y, VY 2), (2.7)
and
N
(VxS i (Y) = 0,(VY *9,(Sy9,(Y))) — SgptyOu(Y) = SyQV%9.(Y), (2.8)

where @ is a projection morphism on ranged, and *¥, is an adjoint map of ¥.. From (2.7)
and (12.8]), we obtain

gn(Vx(V9))(Y, 2),V) = gn((VxS)vdi(Y), 9.(2)). (2.9)
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Let ¢ : (M, gn) — (N, gn) be a Riemannian map between Riemannian manifolds (M, gas)

and (N, gn). Then ¢ is an umbilical Riemannian map if and only if
(VI )(X,Y) = gu (X, Y) Ho, (2.10)

where X,Y € TI'((kerd,)') and Hj is non zero vector field on (ranged,)* [21]. The Rie-

mannian map ¢ : (M, gyr) — (N, gn) is h-isotropic at p € M if

[[(VI:)(X, X)I|

1) = T X

(2.11)

If the map is h-isotropic at every point, then the map is called h-isotropic. The map 9 is

h-isotropic at p € M if and only if V¥, satisfies the condition

for all orthogonal pair X,Y € T'((kerd.)™b).

3. Characterization of bi-f~-harmonic curves

Let o : I — M be a curve in an m-dimensional Riemannian manifold M with an orthonor-
mal frame {Wy, W1, ... Wy, 1} in TT My, where Wy =T, Wi = N and Wy = U are the unit
tangent vector, the unit normal vector and the unit binormal vector of «;, respectively. Then

the Frenet equations are given by
VeWj = —kjWj_1 + kjp1Wip,  0<j<m—1, (3.13)

where kg = ki, = 0, k1 = k = ||V7T|| is curvature and 7 = kg = —(Vp Wi, Wa) is torsion of
a on M, respectively.

Next, we introduce the concept horizontal bi-f-harmonic curve

Definition 3.1. Let ¢ : (M,gn) — (N,gn) be a Riemannian map between Riemannian
manifolds (M, gnr) and (N,gn). Then a horizontal curve on M with is said to be a

horizontal bi-f-harmonic curve on M.

Lemma 3.1. : Let ¥ : (M,gn) — (N,gn) be a Riemannian map between Riemannian

manifolds (M, grr) and (N, gn). If @ = 9o« is a curve on N, where « is a horizontal curve
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on M, then
(1) v139*()(1)19*(X1) = —(V)(X1, "0 (S(vo.)(x1,x1) 0= (X1))) + 0.(V, X1)
=0 (Vx, "0 (S(vo,)(x1,x1)9+(X1))) — Svgi(w*)(xl,xl)ﬁ*(Xl)
—=S(v9.)(X1,7x, X1) U (X1) + V?(t (V9,)(X1,Vx, X1)

+ (V%)2(V9) (X1, X1) + (V) (X1, Vi, X1), (3.14)

() R(0.(Vx, X1), 94(X1))04(X1) = =S(wo.)(x1,x0)9%(Vx, X1)
F8(90.)(Vx, X1,x0) U5 (X1) + 04 (R(Vx, X1, X1) X1)

+(Vyx,x (V0.)) (X1, X1) = (Vix, (V9.)) (Vx, X1, X)), (3.15)
where V and V are the Levi-Civita connections of M and N.

Proof. Let a be a horizontal curve with curvature x on Riemannian manifold M and & = Yo«

is a curve with curvature & on N. Then a vector field 9,(X;) along & is defined by
U4 (X1) = Vs X1, (3.16)

for all vector field X;(s) = X; along a(s) = a.

(i) From (2.2)) and (£2.4)), we have

V.o ¥+(X1) = Vo x)(V0)(X1, X1) + 9.(Vx, X1)) (3.17)
= _S(Vﬂ*)(Xl,Xl)ﬁ*(Xl)+V1)9(L1(V79*)(X1>X1)

+(V9:) (X1, Vx, X1) + 9.(VX, X1). (3.18)

Taking covariant derivative of ([3.18)) and using (2.2)) and (2.4]), we get the required condition.
(7)) From (2.6) and (2.2), we get the required equation. O

Lemma 3.2. Let 9 : (M,gy) — (N,gn) be a Riemannian map between Riemannian man-
ifolds (M,gnrr) and (N,gn). If @ = ¥ o « is a bi-f-harmonic curve on N, where o is a

horizontal curve on M, then (V9,)(X1,U1) =0 and

FI7 45 =3 2= AL = AFFT92) (5, X0l + 5 P95 199.) (X, X0)



INT. J. MAPS MATH. (2025) 8(1):55-73 / BI-F-HARMONIC CURVES ALONG RIEMANNIAN MAP 61

Proof. Let ¥ : (M, gn) — (N, gn) be a Riemannian map such that « is a horizontal curve

on M and & is a bi-f-harmonic curve on NV, then we have

(P17 4 8 F)04(X0) + B+ 2) V.0, 00(X0) 41 V3 (3,y94(5X0)

H2V5, (x)0(X1) + ROV ix, X1), 04(X1)) 04 (X1) = 0. (3.19)

From Lemma [3.1] and (3.19), we have

(FF" + f1f)0:(X0) + BF 7+ 2f2) (V) (X1, X1) + BF "+ 2f)0.(Vx, X1)
+ (V)2 (VI (X1, X1) = F2S(wo.)(x0,vx, x0) P+ (K1) + F2VE (V) (X3, Vx, X1)
—4f 'S(w0.) 06,30V (X1) + AL VR (VO.)(X1, X1) + 41 f/ (V) (X1, Vix, X1)
+4 £ f10.(V%, X1) = [2(VO) (X1, 0 (Swo.)(x1,x0)9x(X1)))
— 20 (Vx, 04 (S(w0.) (X1, x1) 9% (X1))) — fQSv% (9. X2 x0T (X1)
+ (V) (X1, Vi, X1) + F20.(V%, X1) = F2S(v9.)(x1,x0)9(Vx; X1)
+125v0.) (v, 31,5195 (X1) + [P (R(V x, X1, X1) X71)

+2(Voy, x, (V) (X1, X1) = f2(Vx, (VI.))(Vx, X1, X1) = 0. (3.20)
The ranged,, component of is

fzﬁ*(vg(lxl) - f219*(VXl*ﬂ*(S(Vﬁ*)(Xth)F*(Xl))) - fQSV?l‘(Vﬁ*)(Xl,Xl)ﬁ*(XI)
+ 20 (R(Vx, X1, X1)X1) + Bf " 4+ 2f)0.(Vx, X1) + (ff" + ' f)0.(X1)

—4f f'S(vo.)(x1,x0) 0+ (X1) + 4 f9(VE, X1) — F2S(wo.)(x1,x0) 9+ (Vx, X1) = 0. (3.21)
From ([2.8) and , we get

D5 (V x, D (S(w9.) (x50 9% (X1))) = (Vx,9) (w9 (x1.,51) I (X1)

TS99 (w50 7+ (K1) + 590,00, x0) @V, 9 (K1), (3.22)

and

(Vax, (V9.))(X1, X1) = VY, (V9 (X1, X1) — 2(V9,) (X1, Vi, X1). (3.23)
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Substituting (3.22)) and (3.23)) in (3.21]), we have

F9(V3,X1) = P (V9000300 9+(K1) = 2728001 (5., 0y 9(KD)
— 28w,y (x1,x0)QV K, 04(X1) + [20(R(Vx, X1, X1) X1) + BF f" + 2f?)0.(Vx, X1)
F(f L+ F)0(X0) = A F'S(v9.)(x1,x0) 0= (X1) + 4f 19.(V, X1)

—f2S(vo.) 1, x0) 0(Vx, X1) = 0. (3.24)
Using (2.7)) in (3.24)), we obtain

POV, X0) = PV, ) (won cxaxn (K1) = 2F%8(9, (v, (xx0) (K1)
—4128(570.)(x1,V x, X0) 0 (X1) = F2S(v0.)(x2,x1) QV %, 9+ (X1) + [P0 (R(V x, X1, X1) X1)
+@BLF +2f)0.(Vx, X1) + (ff" 4+ f11)0(X1) — Af F'S(w0.)(x1, 1) 0 (X1)

HAfF9.(Vi, X1) = F2S(wo.)(x0.x0) 0+ (Vx, X1) = 0. (3.25)
Using Serret-Frenet equations of « in (3.25)), we have

(FI" + " = 36! f2 = A ['s2)0.(X1) + (K" f2 = 632 — 672 2 4 3f [
1212k + AL FE)O (W) + f20.(R(6W1, X1)X1) — A4 /S(vo.)(x1,x1) 9+ (X1)
— 128 (w0 xr.x) Ox (W) + (267 f2 + K7/ f2 + Af f 7). (U1) + K7 f k30, (W3)
—F(Vx:8) (w0 (x50 (K1) = 2F2 85 (993030 (X7)

—4128(99.)(x1 0w 95 (X1) — F2S(v9.)(x1,x) @V, P(X1) = 0. (3.26)
Taking inner product of (3.26) with ¥,(X1), we get

I+ 111" =36k f2 = Af ['K* — 65 f2gn (V) (X1, W), (VI.)(X1, X1))
—4f f gn((VI,)(X1, X1), (V04) (X1, X1)) = 2f29N(Svgl(w*)(xh)(l)ﬁ*()(l)’19*(X1))

—4 125N (S(vo.) e, P (X1), 92(X1)) + F2an (Vi S) (v, (x1,x0) 9% (X1), 04 (X1)). (3.27)
From equations (2.5), (2.7) and (2.9), we have

FF" 4 7 = Bhn! f2 — Af 12 = A flgn (V0.)(X1, X1), (V9.) (X1, X1))
+3 298 (VE (V0.)(X1, X1), (V9.) (X1, X1))

= 41 FI(VO.) (X1, X1)[2 4+ 3295, (V9. (X1, X0)| 2. (3.28)
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The (ranged,)*, component of is
BLS" 4+ 22 (V0. (X1, X1) 4+ 4f 'V, (V0.) (X1, X1) + 4f f/(V.) (X1, Vi, X1)
- fZV“;(W*)(Xl, Vx, X1) + f2(V9.) (X1, VE, X1) + 2 (Vv x, (V) (X1, X1)
— V) (X1, 0 (S (v (0,200 (X1)) + FHVR)A(VI) (X, Xo)

—f2(Vx, (V9.))(Vx, X1, X1) = 0. (3.29)
Also from ([2.7)), we get
(V5 2(V0) (X1, X1) = (V& (V9.)) (X1, X1) + 4V, (V9.) (X1, Vi, X1)
—2(V9.)(Vx, X1, Vx, X1) — 2(V9,) (X1, Vi, X1)). (3.30)
Substituting in and using (2.7), we obtain
(BFf+2f2) (VI (X1, X1) + 4 F(Vx, (VI.)) (X1, X1) + 12 f/(VI.) (X1, Vi, X1)
HAL2(Vx, (VI)) (X1, Vx, X1) 4 3f2(V0.)(Vx, X1, Vx, X1) + 4f2(V0.) (X1, Vi, X1)
—FAV0.)(X1, 0u(S(w0.)(x1,x0)04(X1))) + F2(VE, (V0.)) (X1, X1)
+FA(Vx, x, (V) (X1, X1) = 0. (3.31)
Using Frenet equations in (3.31)), we get
(126f f' + 4K’ 2) (V) (X1, W1) + 4wT f2(VD,) (X1, Ur) + 4k f2(Vx, (V) (X1, W)
+362 f2(VI.) (W1, W) + £ 2V, (V9.)) (X1, X1) + 4F (Vi (V9.)) (X1, X))
= P2V (X1 D (Sia.) oxa,x0) 95 (X)) = F2(V2x, (V9)) (X1, X1)
+(4r2f2 = 3f " = 2f)(VI.) (X1, X1). (3.32)
Replacing Uy with —U; in equation (3.32), we have
(126f ' 4 4" f2)(VO.)(X1, W1) — 4k7 f2(V0.) (X1, Ur) + 4k f2(Vx, (VI.)) (X1, Wh)
+3R2F2(VI,) (We, Wh) + 5 f2(Vw, (V9)) (X1, X1) + Af F/(Vx, (V0,)) (X1, X1)
= V) (X1, 0 (S(vo. ), x0) 0 (X1))) — FA(VE, (VD) (X1, X1)
+(4r2f2 = 3f " = 272) (V) (X1, X1). (3.33)
Subtracting equation from equation (3.32), we have

(V9,) (X1, Up) = 0. (3.34)
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g

Theorem 3.1. Let ¥ : (M, gpn) — (N,gn) be a totally geodesic Riemannian map between
Riemannian manifolds (M, gyr) and (N,gn). If @ = ¥ o « is a bi-f-harmonic curve on N

and o 1s a horizontal curve with curvature k on M, then
FF"+ 1" =3k f2—Aff'k? = 0. (3.35)

Proof. Using the fact that ¢ is a totally geodesic Riemannian map in equation (3.28]), we get

the required condition. O

Corollary 3.1. Let ¥ : (M,gyn) — (N,gn) be an isotropic Riemannian map between Rie-
mannian manifolds (M, gyr) and (N, gn). If @ = Yo is a bi-f-harmonic curve on N, where
a is horizontal curve with curvature xk and constant f on M, then « is a curve of constant

curvature on M .

Proof. Since 9 is an isotropic Riemannian map, therefore from (3.28]), we have

FI" A+ F " =36k 2 — AL f62 = Af F|[(V9.) (X1, X1 (3.36)
Also, f is a constant, therefore from (3.36)), we get k = C'(constant). O

Theorem 3.2. Let 9 : (M, gy) — (N, gn) be a Riemannian map between Riemannian man-
ifolds (M, gar) and (N, gn). If O is a totally umbilical Riemannian map taking a horizontal
bi-f-harmonic curve a on M to a bi-f-harmonic curve & = ¥ oa on N, then ¥ is a totally
geodesic Riemannian map.

Conversely, a totally geodesic Riemannian map takes a horizontal bi-f-harmonic curve a on

M to a bi-f-harmonic curve @ =Yoo on N.

Proof. Let ¥ : (M, gnr) — (N, gn) be a totally umbilical Riemannian map taking a horizontal
bi-f-harmonic curve @ on M to a bi-f-harmonic curve @ = ¥ o @ on N, then from (3.31)), we

have
FAVO) (X1, 0 (Sivo.yx0,x0)9x(X1)) = (Bff” + 2f%)Ha + 4ff'V§(l1H2
PV Hy — 822 Hy + £2(Voy, x, (V92) (X1, X1). (3.37)
Substituting (3.37)) in (3.20]), we have

S0 (Vx, 04 (S(wo.y (x1,x0)94(X1))) = =4F 'S (w9 (x1,x1) 9+ (X1)

—fszi,;HQm(Xl) — Kf2||Ha|[20.(W7). (3.38)
1
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Since S(vy,)(x1.x1)9%(Vx, X1) = &|[Ha||*0,(W1), therefore from (3.22) and (3.38), we have

FAVx,9) (wo)(x1,x0) 0+ (X1) + 2f25v§§(w*)(xl,xl)19*(Xl) + 2S99, x1.x0)QV %, P (X1)

+4£ F'Sv9.)(x1,x0) 0% (X1) + K2 Ha|[*9.(W1) = 0, (3.39)
where
= |- 2
(VX1 9) (wo)(x1,x0)0(X1) = §VX1||H2H . (X1),
Loyt 2
Sv%Hﬁ*(Xl) = 5 Vx| H[["0:(X1),
and

Swo.)(x1,x0) 0 (X1) = |[Ha||*0.(X1).
Thus from , we have
S PTRERI P9 (X0) 4+ 2P P9,V X0) + AF £ | *9.(X2) = 0. (3.40)
Taking the inner product of with 9,(Vx, X1), we have
[|Ha|| =0 = Hy=0. (3.41)

Hence ¢ is a totally geodesic Riemannian map.

Conversely, suppose that 9 is a totally geodesic Riemannian map, then we have

(£ 4 £/ £7)94(X0) + B £ 4 20 ™) V. 0x00)P(X0) + 4V (3, 04(X0)
+2V5, ey P (X1) + ROV x, X1), 0(X1)) 04 (X1) = (fF7 + f/f")9:(X1)
FBL +2f2) Vo (x0)0(X1) +AF VG 50 0(X1) + F2V5 () 9+(X1)

+f2R(9.(Vx, X1),04(X1)) 0. (X1). (3.42)
Since « is a horizontal bi-f-harmonic curve on M, therefore

(LI + f1f)0:(X1) + B+ 2f2) Vo (x1)0(X1) + 4F V5 x)0x(X1)

+12V5, ) 9+ (X1) + FPR(9(V x, X1), 94(X1))9:(X71) = 0. (3.43)

Hence @ = 9 o « is a bi-f-harmonic curve on V. O
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3.1. Characterization of bi-harmonic curves. A bi-harmonic curve (bi-1-harmonic curve)
is a special case of bi-f-harmonic curve for f = 1. Let ¢ : (M, gy) — (N, gn) be a Riemann-
ian map between Riemannian manifolds (M, gps) and (N, gn) such that & is a bi-harmonic

curve on NN, then

V3. e Y+ (X1) + R(92(Vx, X1), 0.(X1))0x(X1) = 0,

Taking f =1 in (3.26) and (3.32]), we have

=36k (X1) + (K — &% — KT2) 0 (W1) + 9. (R(KW1, X1) X1)
_S(Vﬂ*)(Xl,Xl)ﬁ*(HWI) + (2/43’7’ + IiT’)ﬁ*(Ul) + /-CTK/319*(W3)

~(Vx,8) (v 1, x0) 05 (X1) = 285 (wa.)) (x50 V(K1)

4899,y (x1.0m1) Ix(X1) = Sivo.)(x1,x1) QV %, 9 (X1) = 0, (3.44)
and
4K/ (V9,) (X1, W1) + 467 (V0,) (X1, Ur) + 46(Vx, (V) (X1, W)
+362(VO.) (Wi, Wh) + 6(Vi, (V) (X1, X1) = 46%(V9,) (X1, X1)
—(V4, (V9)) (X1, X1) 4+ (VO (X1, 0u(Siwa, ) (x1,x0) 95 (X1))) (3.45)
respectively.

Theorem 3.3. Let ¥ : (M,gyn) — (N,gn) be a totally umbilical Riemannian map between
Riemannian manifolds (M, gar) and (N,gn). If @ =9 o« is a bi-harmonic curve on N and
« s a horizontal bi-harmonic curve on M, then the mean curvature vector field satisfies the

relations
(V%2 Hy = ||Hy||*Hy + 52 Ho, (3.46)
and

26||Ha||> = & — k3 — k72 + kg (R(OW1, X1) X1, Wh). (3.47)

Conversely, let 9 : (M, gn) — (N, gn) be a totally umbilical Riemannian map and mean

curvature vector field satisfies the following conditions
1 1
(V%,)?Hy = ||Ha||*Hs + k2 Ho, Vi, H = 2||Ha||*9. W1, (3.48)

and ||Hs||> = constant. Then ¥ maps a horizontal bi-harmonic curve o on M to a bi-

harmonic curve @ = Yoo on N.
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Proof. Let ¥ : (M,gn) — (N,gn) be a totally umbilical bi-harmonic Riemannian map
between M and N, then from (3.45)), we have

4k(Vx, (VO)) (X1, W) — K2Hy + k(V, (V) (X1, X1)
= —(VZ, (V.))(X1, X1) + (V) (X1, 04 (S(w9.) (x1,x0) P (X1))).- (3.49)
Replacing W7 with —W7 in equation , we get
—4k(Vx, (VO,)) (X1, W1) — k2Hy — &(Viy, (V) (X1, X1)
= —(V&, (VI.))(X1, X1) + (V) (X1, *Du(S(w9.) (1,30 P+ (X1)))- (3.50)
Subtracting from (B.50), we obtain

4K (V x, (VI (X1, W) + (Vi (V9,))(X1, X1) = 0. (3.51)

From equations (3.49)) and (3.51)), we get

(VX, (V9.))(X1, X1) — (V) (X1, "0 (S(wo.)(x1,x0) P (X1))) — 2 Ha = 0. (3.52)
From and , we have
(V3, (V0.))(X1, X1) = (V)2 Ho, (3.53)
and
(V) (X1, 04 (S(wo.)(x0x0) 0 (X1))) = || Ha||* Ha. (3.54)

Equations (3.52)), (3.53) and (3.54)), gives the first condition.

Now, taking the inner product of (3.44) with ¥.(W7), we have
IN((Vx,9) (o) (x1,x0) P (X1), 9 (W) + gn (48 (w9, ) (x1 e ) 95 (X1), 0 (W)
—gN (x(R(W1, X1)X1), 0(W1)) + N (S(v9.)(x1,x1) 0% (KW1), 0 (W1))
7’{” + [{3 + K/T2 + gN(2S(@X1(Vﬁ*))(Xth)'l?*(Xl), ﬂ*(Wl))
9N (S(vo.)(x1,x) @V %, 94 (X1), 94 (W1)) = 0. (3.55)
Since 9 is a totally umbilical Riemannian map, therefore

In(Vx19) (. (x1.x0) 9+(X1), (W) = 0,

IN(S(vo.)(x1,x1) 0 (EW), 0 (W1)) = k|| Ha||?, (3.56)

QN(S(Vﬁ*)(Xl,Xl)Qvggl79*(X1)a19*(W1)) = k||Ha| [
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From equation (3.55)) and (3.56]), we get the required condition.

Conversely, suppose that 9 is a totally umbilical Riemannian map, then for a curve & = Joa

on N, where « is a curve on M, we have

V3. e 9+ (X1) + R(9+(Vx, X1), 04 (X1))0u(X1) = — || Ha|[ H2
—9 % (Vx, "0 (|| Ha||294(X1))) — (V% || Hal[?)0.(X1)
(V)2 Hy — &2Hs — k|| Ha|[20,.(Wh) + £V, Ho

+79*(V§(1X1) +19*(R(VX1X1,X1)X1). (357)
Taking ||H||> = constant in equation (3.57), we have

V3, ey U (X1) + R(9:(Vx, X1), 9 (X1))04(X1) = —[| Ha| [P H2
+(V)2Hy — k2 Hy — 2| | Ho|[*9.(W1) + V5, Hy

+0.(V, X1) + 9(R(Vx, X1, X1) X1). (3.58)

Using equation (3.48]) in (3.58)), we get
V. ey 0 (X1) + R(9:(Vx, X1), 04(X1)) 9 (X1)
=9, (V%, X1) + 9 (R(Vx, X1, X1) X1). (3.59)

Hence, from equation (3.59)), we can say that the curve & = ¥ o« on N is bi-harmonic curve

on N iff «is a horizontal bi-harmonic curve on M. |

4. HELICES ALONG THE RIEMANNIAN MAP

A regular curve a@ = «(s) parametrized by arc length s is an ordinary helix if their exist

unit vector fields W and U; along « and constants £ and 7 (k,7 > 0) such that

Vx, X1 =Wy,
Vx, Wi = —kX| + 71U, (4.60)
Vx, U =—-7Wri,

where & is known as the curvature of the helix and 7 is known as the torsion of the helix
[9]. If 7 =0, then « reduces to the circle and if both k = 0 and 7 = 0, then « reduces to the

geodesic. Hence for a proper ordinary helix x and 7 both are positive constants.
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Theorem 4.1. Let ¥ : (M,gy) — (N,gn) be an Riemannian map between Riemannian
manifolds (M, gar) and (N,gn). If @ =9 o a is a heliz on N, where « is a horizontal curve

on M, then (V9.)(X1,U1) = 0 and V%, ||(V9.) (X1, X1)|]? + 26K = 0.

Proof. Let ¥ : (M, gn) — (N, gn) be a Riemannian map such that « is a horizontal curve

on M and & = ¥ o « is a helix on N, then
V3. )P (X1) + AV, (x,)9+(X1) = 0. (4.61)

From Lemma [3.1] and ([4.61), we have

— (V) (X1, 04 (S(w9.,)(x1,x1) 0 (X1))) — (VX D (S(w9.) (x1,x1)V(X1)))

1L
_Svlgi(Vﬁ*)(Xth)ﬁ*(Xl) + (VQI)Q(Vﬁ*)(XlaXl) - S(Vﬂ*)(Xl,VxlXﬂﬁ*(Xl)

+V (VI)(X1, Vg X1) + (V9.)(X1, Vi, X1) + A2(V9.) (X7, X7)

+0.(V, X1) + X0, (Vx, X1) = 0. (4.62)
The ranged, and (rangeﬁ*)J-, components of (4.62)) are

=04 (Vx, "0 (S(vo,)(x1,x1)9+(X1))) — Svy(w*)(xl,xl)ﬁ*(Xl)
1

_S(Vﬁ*)(Xl,Vxle)ﬂ*(Xl) + ﬁ*(vj}le) + /\219*(VX1X1) =0, (4.63)
and

— (V) (X1, D (S(wa.) (1,500 (X1)) + (VE)H(VO) (X1, X1)

FVE (V) (X1, Ve, X1) + (V0 (X1, Vi, X1) + A2(VA) (X1, X1) =0, (4.64)
respectively. From ([2.8) and , we get

D5 (Vx, 05 (S(w9.) (x50 9% (X1))) = (Vx,9) (w9 (x1,51) I (X1)

+SV§JI- (Vﬂ*)(Xl,Xl)ﬁ*(Xﬁ + S(Vﬂ*)(Xl,Xl)Qvilﬁ*(Xl)ﬂ (465)

and

(VE)2(V0.) (X1, X1) = (VE, (V0.0) (X1, X1) + 4V, (V9,)(X1, Vi, X1)

—2(VI.)(Vx, X1, Vi, X1) — 2(V9.) (X1, Vi, X1). (4.66)
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Substituting (4.66)) in (4.64)), we get

— (V) (X1, 04 (S (w9, (x1,x1)9+(X1))) + (V, (V0.)) (X1, X7)
5V (V9.)(X1, Vi X1) — 2(V9.) (Vi X1, Vi, X1)

—(V,) (X1, v?,(lxl) + A2(VY,) (X1, X1) = 0.

Using (2.7)) in (4.67)), we obtain

—(V)(X1, *0u(S(wo.)(x1,x0) 04 (X1))) + (V, (V) (X1, X1)
+5(Vx, (V9.) (X1, Vi, X1) + 3(V9,)(Vx, X1, Vx, X1)

+4(VI.) (X1, Vi, X1) + X2(V.)(X1, X1) = 0.
Using Serret-Frenet equations in (4.68)), we get

— (V) (X1, *0u(S(wa.)(x1.x1) 9+ (X1))) + (V, (VD)) (X1, X1)
+56(Vx, (V) (X1, W) + 362(V,) (W1, Wh)
+4k! (V) (X1, W) — 4r2(VY4) (X1, X1)

+4r7 (V) (X1, Ur) + A2(VI) (X1, X1) = 0.

From (4.69), we have

i { = (V0K 0 (S 0,309+ (X)) + (V, (V9.) (X2, X))

AkT

+56(Vx, (V9,))(X1, W1) + 362(V0,) (W1, Wh)
+4K" (V) (X1, W1) — 4x2(V0,) (X1, X1)

FAX(T9,)(X1, X1) f = (Vi) (X1, U).
Changing U; into —U; in (4.69)), we get

—(V0.)(X1, 0u (w9, (x1,x0)0%(X1))) + (V, (VI4)) (X1, X7)
+56(Vx, (V9,))(X1, W1) + 362(V0,) (W1, Wh)
+4K' (VI,)(X1, W1) — 462 (V9,) (X1, X1)

+4rT (V) (X1, Ur) + N2(VI,) (X1, X1) =0,

(4.67)

(4.68)

(4.69)

(4.70)

(4.71)
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and then subtracting from (4.69)), we have

(V9,)(X1,U1) = 0. (4.72)

Now, for second condition substituting (4.65)) and (4.66]) in (4.63), we have

9

—(Vx18)(wo.) (1, x0) 9 (X1) — 25(@X1(W*))(X17X1) «(X1),

—=55(90.)(x1, 7 x, x1)Ux(X1) — Swo.)(x1,x1) QV %, 94(X1),

ﬁ*(VﬁﬁXl) + )\219*(VX1X1) =0. (4.73)
Using Frenet-Serret equations in (4.73)), we get

~(Vxi9) o a.x0) P (X1) = 29(¢  09.)) (x, x0T+ (K)
—56S(v9.)(x1,wn) I(X1) = Sivo.)(x1,x1) QV %, P4 (X1)
+(K" — K% — k72)0.(Wh) + k7R3 (W3) + A2k0, (W)

=3k 0(X1) + (26'T + k7")0.(U1) = 0. (4.74)
Taking the inner product of equation with 9, (X7), we have
3kK + gN <(@X1S)(Vﬁ*)(Xl,Xl)ﬁ*(Xl)aﬂ*(Xl))
+2gn (S(@Xl (vﬁ*))(leXl)ﬁ*(Xl), 19*(X1)) + 59N <KZS(V19*)(X1’W1)’19*(X1), 19*(X1))
+9n <5(w*)(xl,X1)Qv“§<ﬁ*(X1)7 19*(X1)> =0. (4.75)
Using and equation in , we get
Vaox (7206, X0, (900061, 0) ) + 2eay (99,0060, 1), (70.)(x1, 30) )
+3kk" + gn ((@Xl S)(vo.)(x1,x1) 9+ (X1), ﬁ*(X1)> =0. (4.76)
Using and equation in , we obtain
o (98w, (X0, 9230 ) = =2 (99.) (X, W), (99.) (32, X))
50w (99060, X0), (793, %0 ). (@)

Equation (4.76]) and (4.77) together provides the required condition. d
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Corollary 4.1. Let ¥ : (M,gpn) — (N,gn) be a isotropic Riemannian map between Rie-
mannian manifolds (M, gnr) and (N, gn). If a(s) = ¢ o «(s) is a helix on N, where v is a

horizontal curve on M, then curvature of o is constant.
Proof. Taking ||(V9.)(X1, X1)||? = constant, in a Theorem [4.1] we get x = constant. O

Theorem 4.2. [24] Let ¥ : (M, gn) — (N,gn) be a Riemannian map between Riemannian
manifolds (M, gnr), dimM > 2 and (N,gn). Then ¥ maps a horizontal helix o on M to a
heliz & = Yo on N iff ¥ is totally umbilical and the mean curvature vector field H satisfies
the following equation

(V?{LlyHg = —TQHQ.
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PRINCIPAL NORMAL INDICATRIX (N) OF CURVES ACCORDING TO
THEIR ALTERNATIVE FRAMES IN EUCLIDEAN 3-SPACE

HUSEYIN KOCAYIGIT * CANAN ADSOY “ | AND MEHMET AYDINALP

ABSTRACT. In this paper, we define a new family of curves called principal normal indica-
trix (briefly, PNI) of space curves with unit speed in 3-dimensional Euclidean space. During
the definition, we use alternative frames and we give some conditions for space curves to be
general helix, slant helix, plane curve or involute curve.

Keywords: Spherical indicatrix, Alternative frame
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1. INTRODUCTION

Curve theory is a fascinating area of differential geometry and therefore, attracts many
researchers. Curve theory investigates the properties and classifications of curves. On the
other hand, curves contain some special curves within themselves. Special curves are such
curves that satisfy certain conditions or exhibit interesting geometric behaviors. Special
curves are studied in different spaces and different frames and are closely related to many
application areas such as physics, engineering, computer aided design, robotics and medicine.
Helices, involute-evolute, Bertrand and Mannheim curve pairs are some examples of well-

known special curves.
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In curve theory, one of the most attractive special curves are combined curves. If there
exists a mathematical relationship between two or more curves, these curves are called com-
bined curves. Spherical indicatrix of curves are also combined curves in curve theory. Izumiya
and Takeuchi [I] defined a new kind of slant helix in Euclidean 3-space. They showed that
is a slant helix iff the geodesic curvature of spherical image of principal normal indicatrix (N)

® (%), Kula and Yayls [2] studied the spherical indicatrix

o 1Q — B .
of a space curve v is 0 = (i)l (ﬂ

curves of slant helices. They showed that their spherical indicatrices were spherical helices.
They [3] also gave the characterizations of slant helices via certain differential equations ver-
ified for each one of spherical indicatrix in Euclidean 3-space. In [4], Uzunoglu et al. studied
a curve whose spherical images (the tangent and binormal indicatrices) are spherical slant
helices by using alternative frame and called it as a C—slant helix.

In this paper, we firstly define the principal normal indicatrix (PNI) of space curves with
unit speed in 3-dimensional Euclidean space by using alternative frame. Then, we investigate
the geometric properties of PNI of space curves and give some relationships between these
space curves and special well-known curves such as general helix, slant helix, plane curves

and involute curves.

2. PRELIMINARIES

A regular curve v(s) : I € R — R? has three orthonormal vectors denoted by f(s),
N (s) and B (s) which are the tangent, the principal normal and the binormal unit vectors,
respectively. The set {f(s), N (s), B (s)} is called Frenet frame of vy and the unit vectors are
calculated by T'(s) = HLEZ;II’ B(s) = %, N(s) = B(s) x T(s). The orthonormal
frame {f(s), N(s),B(s) } has the Frenet-Serret formulas as

T'(s) = vk(s)N(s),
N'(s) = —v <r€(5)f(s) v r(s)é(s)), (2.1)
B'(s) = —vr(s)N(s),

where v = ||7/(s)]], k(s) is the first and 7(s) is the second curvature functions of . Besides,

the second curvature 7(s) is also known as torsion. The curvature functions are calculated

— I (&xy" (sl (s) = (G'(8)x7" ()" (5))
Iy @)I° 7 I () %7 (s)II”

vector & of the Frenet frame of a point moving with unit speed along a curve which enables

as k(s) . A Darboux vector is the angular velocity

us to interpret the curvature and torsion geometrically. The Darboux vector & is defined by



76 H. KOCAYIGIT, C. ADSOY, AND M. AYDINALP

& = 7T + kB [5] and the unit Darboux vector is given by

6l VK2 + 72

Because WJ_N, a new unit vector C is obtained as C = W x N. In this case, a new

T+ né) . (2.2)

orthonormal frame can be constructed along ~. This frame is called as alternative frame and

is denoted by {]\7 , é, W} The derivative formulas of the frame {N , C_", W} is presented by

N’ 0 f 0 N
' |=|-f 0 g||C|: (2.3)
w’ 0 -—g W
where
K2 '
_ 2 2 _ z
f=VRH 9= (D) (2.4)

The curve 7 is a slant helix iff g/f is constant [4]. Moreover, the relationship between these

frames is as follows:

(2.5)
where k* = k/f and 7 = 7/f [0].
3. PRINCIPAL NORMAL INDICATRIX (N) OF CURVES

In this section, we firstly define a new spherical image by translating the unit principal
normal vector N of a space curve with unit speed to the center of the unit sphere. Then,
we will give the following definitions, theorems and propositions by using similar ideas in

2, @, 7).

Definition 3.1. Let v : I C R3 and vy : [ C R® — Sg be unit speed curves. Then vy is

called principal normal indicatriz (PNI) of the curve v and satisfies the equation as
In(sn) = N(s)

where S3 denotes a unit sphere and, s and sy are arc length parameters of v and 7y,

respectively.

Now, let calculate the ratio ds/dsy.

sN:/SH'%VHdu:/s“fé“du:/s\f|du
0 0 0

The differential of sy yields
dsy = fds.
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where f > 0. Then, we get
ds 1

dsy — f
Theorem 3.1. Let vy be the PNI of a unit speed curve v in Fuclidean 3-space. Then the

Frenet frame of yn is computed with regards to the alternative frame of v as follows:

—

T;N = Ca
NN = —mﬁ + TLW, (36)
EN = TZN + mW

where m = \/]”;ch? and n = \/nggz, and the sets {N,G,W} and {TN,NN,EN} are

alternative frame of v and Frenet frame of yn, respectively.

Proof. The derivative of ¥x(sn) = N(s) with respect to s is obtained as

dﬁ?’N - ~
=T = fC (3.7)

From here, we have

ﬁ dy dyn d -
Ty = 'YN: YN Qs — ¢

dsn ds dsy =

On the other hand, the second derivative of v with respect to s yields
T =—f*N+ f'C+ fgW. (3.8)

The cross product of (3.7) and (3.8)) gives Binormal vector of vy as

=/ =/
=5 YN X IN

g v [
By = ——= = N + W. (3.9)
1ix <l VPP+e VP
From (3.7) and (3.9)), we get
Ny = By x Ty = ——d Ny 9 7. (3.10)
/f2 + 92 /f2 + 92
Thus, we complete the proof. O

We should note that since f > 0, we obtain m > 0. Then, the following theorem is given:

Theorem 3.2. Let vy be the PNI of a unit speed curve v. Then the following invariants

are given:
1
R S <9> (3.11)

where ky and Ty are curvature and torsion of vy, respectively and Ky > 0.
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Proof. From the cross product of (3.7) and (3.8)), we get

|7 x 7% = 2V 2 + g2

limivaasesdl]

Since the curvature function of vy is computed by ky = & || , we have
TN
1
KN = —.
m
The torsion of ~yy is also computed by 7n = <ﬁ]f/mﬁ’,’7’1|\’ ) Then, we get
X
f\f
Lastly, since m > 0, then xky > 0. O

Theorem 3.3. The unit speed curve v is a general heliz iff the curve yn is a circle or a part

of a circle.

Proof. Let 7 be a general helix. Then from (2.4), we have that 7/k is constant, i.e., g = 0.
Thus, we have ky = 1 and 7y = 0 which means 7 is a circle or a part of a circle. Conversely,
assume that vy is a circle or a part of a circle. Then, ky is a non-zero constant and 7y = 0.

Since f > 0 and m > 0, we get g = 0. Therefore, v is a general helix. O
Theorem 3.4. The unit speed curve 7y is a slant helix iff the curve vy is planar.

Proof. Let 7 be a slant helix. We know that the curve v is a slant helix iff g/f is constant
[4]. Then, from ({3.11)), we obtain 7, = 0 which means ~yy is planar. Conversely, assume that

~n is planar. Thus, we get 7 = 0 and it implies that g/f is constant. g

Now we will take p = W (%) to simplify the equations further. Then, we can

give the following theorem:

Theorem 3.5. Let vy be the PNI of a unit speed curve v. Then the Darboux-like vector of
Frenet frame {T’N, NN, EN} s given by
Gy =—N+

Proof. We know that the Darboux vector of the Frenet frame {f ,N,B } is given by & =
T + kB. Similarly, the Darboux vector of the Frenet frame {TN,N N,EN} is given by
N = TNTN + KNBN. Substituting the equalities in (3.6 and (3.11)) into &y, we get by =

&1l

g_) g/_’ T . o f . g PR
?N m<?) C+ W. Since m = Wandn— NGIvEL we see that? = L and
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2 2 _ ; 1 L : 1 " tu
= 1. Tak f <ﬂ>_ t (ﬂ)_ . Th let
m*+n aking e \7 b, We write o \F o en, we complete
the proof. O

From ([3.6)), we see that there exists an orthonormal frame such as {]\7 N, c N, WN} . In this

case, we give the following corollary:

Corollary 3.1. Let vy be the PNI of a unit speed curve v in Euclidean 3-space. Then the

alternative frame of yn is computed with regards to the alternative frame of v as follows:

_’N = —m]\_f + nW,
g pnf _ m 3 pmf W
N = \/m2+#2f2N \/m2+,u2f2C+ \/mz_i_#zfz w, (3'12)
o mn N uf ~ m?2 Y,
WN - \/WWN + \/m2+u2f20 + \/m2+u2f2 W)

where the sets {]\7, G,W} and {NN,GN,WN} are alternative frames of v and vy, respec-
tively.
/m2 2 f2
m?2

xH’ Since éN = WN X ]\7N, we satisfy the desired result. [

Proof. The norm of &y in Theorem 3.5 is obtained as ||[dn|| = . So, we get the

€1

Darboux unit vector Wy =

&1

Theorem 3.6. Let vy be the PNI of a unit speed curve v. Then the following invariants

are given:
/

= 1 +,um4 B 3 pm?®
N = 2T IN T m L e s

m
where fy and gy are curvatures of yn, and fn > 0.

/

2
Proof. From (2.4), we can write fy = \/k% + 7% and gy = Hzﬂﬁ (%) . Substituting
N N
An =&y =% (4) in BID) into fy and gy, we get (BI3). O

=

Theorem 3.7. Let that 4 be an involute of the unit speed curve v and the set {i N, 5} de-
notes the Frenet frame of . Then the relationship between the Frenet frames {TN, ]\71\/, EN}
and {ﬁ ]\_7, E} of ynv and 7, respectively is computed as
Ty = N,
Ny = —mf—{—né, (3.13)
EN = nf + mé.

Proof. Since 7 is an involute of the unit speed curve 7, we know that

N,

B, (3.14)

oy =, M
[
3 |

Nl <=

+ N
<z +

S ~m
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where f = vk2+ 72 [2, 5, 6]. From (2.4) and (2.5)), we can rewrite (3.14]) as follows:

=

T=N, N=C, B=W. (3.15)
Substituting the last three equalities into (3.6)), we complete the proof. O

Remark 3.1. The alternative frame {1\7, 5, W} of the unit speed curve v and the Frenet

frame {i N, E} of its involute 4 coincide with each other at any moment.

Proposition 3.1. Let & and T be the curvature and torsion functions of involute 5 of the
unit speed curve vy, respectively. Then, PNI vy of the curve v is an involute of ¥ iff f = &

and g = T.

Proof. If vy is an involute of the curve 7, we get

Ty = N,

Vo — _ET L IR 3.16
Ny fT—i—fB, ( )
— _ij ij

By=7%T+5%B

where f = VR2 + 72 [2, 5, 6]. When we compare (3.16) with ([3.13)), we complete the proof.
O

3.1. Relationships Between Principal Normal Indicatrix (N) and Tangent Indi-

catrix (T) of Curves.

Definition 3.2. Let v : I C R3 and v7 : I C R® — Sg be unit speed curves in Fuclidean

3-space. Then vyr is called tangent indicatriz of the curve v and satisfies the equation as
Fr(sr) =T(s)

where S(Q) denotes a unit sphere and, s and st are arc length parameters of v and vyr, respec-

tively.

Now, let calculate the ratio ds/dsr.

sT:/SH’S/"THdu:/s“mﬁl‘du:/s|n|du
0 0 0

The differential of sy gives

dst = kds.

where k > 0. Then, we get
ds 1
dst K
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Theorem 3.8. Let yr be the tangent indicatriz of a unit speed curve v in Fuclidean 3-space.
Then the Frenet frame {fT, NT, ET} of yr is computed with regards to the alternative frame
{]\7,6, W} of v as follows:

_'T = ]\77
S s 1A
T
T = fT—|— fB
where f = VK2 + 72,
Proof. The derivative of p(s7) = T(s) is obtained as
d~v —
% =7 =kN.
From here, we have
= d’?T d’?T ds =1 =
T dsr ds dst " K
The second derivative of v also gives
Y = —k*T + k'N + k7B.
The cross product of 47, and 7/, gives binormal vector of v7 as
=/ =
- Fp X Y T —» K ~
Br = = = = T+
17 x V| VeE T2 VRZ o2
Thus, we have
_ - - K - T -
Ny =BpxTp=— T+ B
Y/ NV s
Thus, we complete the proof. O
From (2.5, we can rewrite the equations in (3.17)) as follows:
Tr=N, Np=C, Br=W. (3.18)

Therefore, from (3.15)), the following corollary is given:

Corollary 3.2. The Frenet frame {ﬁ ]\jf, é} of involute curve ¥ of the unit speed curve ~y

coincide with the Frenet frame {fT, NT, ET} of tangent indicatriz yr of the curve ~.
Corollary 3.3. The tangent indicatriz curve vyp is an involute of the unit speed curve 7.

Proof. From (|3.17)) the proof is satisfied clearly. O

Now, from (3.6 and (3.17)), we can give the following proposition:
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Proposition 3.2. Let that vy and yr be principal normal and tangent indicatrices of the
unit speed curve v in Euclidean 3-space with regards to the Frenet frames {fN, ]\71\/, EN} and

{fT,ﬁT,éT}, respectively. Then, we have

Ty = Nr,
NN = —me + néT, (319)

EN = ’nfT —|—m§T

/ — g

d .
g T e

Proposition 3.3. PNI vy of the unit speed curve v is an involute of the tangent indicatrix

where m =

yr of the curve v iff f =k and g =T.

3.2. Relationships Between Principal Normal Indicatrix (N) and Binormal Indi-

catrix (B) of Curves.

Definition 3.3. Let v: I C R3 and vp : I C R® — S2 be unit speed curves in Euclidean

3-space. Then vp is called binormal indicatriz of the curve v and satisfies the equation as
8(sp) = B(s)

where Sg denotes a unit sphere and, s and sg are arc length parameters of v and yg, respec-

tively.

Now, let calculate the ratio ds/dsp.

S S 5 S
sB—/ ||'_y’§3||du—/ H—TNHdu—/ |7| du
0 0 0

The differential of sg gives

dsp = 71ds.
where 7 > 0. Then, we get
ds 1
dsg T

Theorem 3.9. Let vp be the binormal indicatriz of a unit speed curve v in Euclidean 3-
space. Then the Frenet frame {T}g, ]\73, BB} of yr is computed with regards to the alternative
frame {N, 6_", W} of v as follows:

Ty = —N,

L

p=4T - 1B, (3.20)
Bp = ;THL ?é
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where f = VK2 + 72,

Proof. The derivative of 75(sp) = B(s) is obtained as

d’?B / 7
2 = A, = — N
ds B T
From here, we have
- dyp dip ds -1 -
B dsp ds dsp T T

The second derivative of vp also gives
¥ = k7T — 7' N — 72B.

The cross product of ¥ and 4 gives binormal vector of v as

=/ =
- X T - K -
B B X B

N AT Y o

Thus, we have

NBZEBXfB:

T T__B
VK2 + 72 VEZ+ 12

Thus, we complete the proof. O
From , we can rewrite the equations in as follows:
Tz =-N, Ng=-C, Bg=W. (3.21)
Therefore, from , the following corollary is given:

Corollary 3.4. The Frenet frame {ﬁ ]\_7, é} of involute curve 4 of the unit speed curve =y

coincide with the Frenet frame {TB, ]\73, EB} of binormal indicatriz v of the curve v, i.e.,

-

T=-Tg, N=-Ng, B=DBp.

Corollary 3.5. The binormal indicatrix curve vg is an involute of the unit speed curve .

Proof. From the proof is satisfied clearly. O
Now, from and , we can give the following proposition:

Proposition 3.4. Let that vy and g be principal normal and binormal indicatrices of the
unit speed curve v in Fuclidean 3-space with regards to the Frenet frames {fN, NN, EN} and

{fB,NB,EB}, respectively. Then, we have

TN - _NB)
NN = me —+ nEB, (3.22)

EN = —nT’B —l—mEB
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where m =

(1]

2]

(3]

(4]

(6]

(7l

H. KOCAYIGIT, C. ADSOY, AND M. AYDINALP

and n = ——2

2442 /f2 +g2 .
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NULL HYPERSURFACE NORMALIZED BY THE STRUCTURE
VECTOR FIELD IN A PARASASAKIAN MANIFOLD

THEOPHILE KEMAJOU MBIAKOP * AND FERDINAND NGAKEU

ABSTRACT. We examine the geometry of a null hypersurface M of a para-Sasakian manifold
(M, ¢, K,7,5) transversal to the structure vector field K. The later is then a rigging ¢ for
M, and M is called K-normalized null hypersurface. We characterize the geometry of such
a null hypersurface and prove under some conditions that there exist leaves of an integrable
distribution of the screen distribution admitting an almost para complex structure. Also, we
derive certain non-existence results and discuss some properties of semi-symmetric(resp. lo-
cally symmetric) K-normalized null hypersurfaces of para-Sasakian manifolds, for instance,
we demonstrate that any para-Sasakian manifold admitting a semi-symmetric totally geo-
desic K-normalized null hypersurface is of constant negative curvature along the null hy-
persurface.

Keywords: Almost paracontact manifold, Para-Sasakian manifold, K-Normalized null hy-
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in physics and mainly in general relativity. The principal differences between null and non-
degenerate hypersurfaces stand up because of the absence of natural projections on the
former. This prevents the usual geometric objects from being induced on null hypersurfaces.

The rigging technique introduced in [6] has shown to be an efficient tool to study a null
hypersurface. Briefly, the main idea consists of choosing a vector field (, called a rigging,
such that ¢, ¢ T,M for all p € M. From this unique arbitrary choice, we derive all the
geometric objects needed to handle a null hypersurface: a null section of Rad(T'M), a screen
distribution in T'M, a transversal null section, and all the associated tensors.

Several authors have studied the geometry of null submanifolds of para-Sasakian manifolds
tangent to the structure vector field [1, [, |. In [§], the authors considered the case where the
null hypersurface is transversal to the structure vector field K. The later is then a rigging
¢ for M, and M will be called K-normalized null hypersurface in this work. The question
now arise of knowing wether it is always possible to select a structure vector field with
specific geometric properties (closedness, quasi-conformality, etc. ) but also with prescribed
geometric properties for the null hypersurface (curvature condition, umbilicity, geodesibility,
etc.). The goal of this paper is to provide a few answers to the above questions by studying
the geometry of K-normalized null hypersurfaces in para-Sasakian manifolds.

The organization of this paper is the following. Section [2| contains all the preliminar-
ies needed. In Section [3| we give an example, characterize the underlined null hypersurface
(Theorem, and prove under some condition that there exist leaves of an integrable distri-
bution of the screen distribution admitting an almost para-complex structure (Theorem [3.2)).
We establish sufficient conditions to guarantee that the Ricci type tensor Ric is an induced
symmetric Ricci tensor of M (Theorem [3.3). We also show that there is no screen invariant
K-normalized null hypersurface in an almost para-contact metric manifold M (Theorem [3.4])
, and we establish obstruction results involving the geometric conditions on the structure
vector field (Theorem (Theorem and Theorem [3.7)). In Section [4] we discuss some
properties of a semi-symmetric (resp. locally symmetric) normalized null hypersurfaces of
para-Sasakian manifolds. We show that a K-normalized null hypersurface is totally geodesic
if and only if it is locally symmetric (Theorem and that any para-Sasakian manifold
admitting a semi-symmetric totally geodesic K-normalized null hypersurface is of constant

negative curvature along the null hypersurface (Theorem {4.2]).
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2. PRELIMINARIES

In this section, we give a brief review about rigging tectnique and Para-sasakian manifolds.

2.1. Rigging technique for null hypersurface. Let (Mn+2,§) be a Lorentzian manifold
and (M, g) a null hypersurface of (M,g). Due to Gutiérrez and Olea; see [6]. A rigging for
M is a vector field ¢ defined on some open set of M containing M such that for each p € M
(p & T,M. Given arigging ¢ for M, weset @ = g((,-), w = i*D, g = g+we@w and §=1i*g,
where i : M < M is the canonical inclusion map. It is well known that g is a Riemannian
metric on M. The rigged vector field on M is the unique null vector field £ given by g(&,.) = w
and it satisfies g(¢,&) = 1. A rigging ¢ defines a screen distribution .(¢) given by .7({) =

TM N ¢+ = kerw. The null transversal vector field on M is

N == 53606, (2.1)

which is the unique null vector field such that g(N, &) = 1. Moreover, it is worth noting that

TM admits the following splitting
TM|y = TM @ span(N)
={7(¢) @ span(&)} @ span(N). (2.2)

According to the decomposition (2.2)), the Gauss and Weingarten equations of M and
() are the following ( see[dl, p. 82-85]):

VyY = VxY + B(X,Y)N, VyPY = VxPY + C(X,PY)t, (2.3)
ViN = —AyX + 1(X)N, Vxé = —AX —7(X)6, 7(X) =5(VxN,8), (2.4)

VX,Y tangent to M. Here, V and 6 are induced linear connction on TM and . (T'M), re-
spectively, B and C' are the second fundamental forms on T'M and .¥(() respectively. More-
over, Ay and ;15 are the shape operators on T'M and . (T'M ), respectively, connected with
the second fundamental forms by B(X,Y) = g(;ng, Y) and C(X,PY) = g(AnX,PY),
and 7 is a 1-form on T'M. The induced linear connection V is not a metric connection. In

fact, using the fact that Vg = 0, we have
VX,Y,Z e T'(TM). Also C is not symmetric since

C(X,Y) = C(Y,X) =g(VxY — VyX,N) = w([X,Y]),VX,Y € .7(C). (2.6)
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Let us denote by R and R the Riemannian curvature tensors of V and V, respectively.

Using and (2.4)), we get the so called Gauss-Codazzi equations [4]
J(R(X,Y)Z,§) = (VxB)(Y,Z) — (VyB)(X, Z) + 7(X)B(Y, Z) — 7(Y)B(X, Z), (2.7)
G(R(X,Y)Z,PW) =G(R(X,Y)Z,PW) + B(X, Z)C(Y, PW) — B(Y, Z)C(X, PW), (2.8)
GR(X,Y)E,N) = G(R(X,Y)E,N) = C(Y, A X) — C( A¢ Y, X) — 2d7(X,Y), (2.9)
VX,Y,Z and W € T(TM).

We say that the rigging vector field ¢ has a quasi-conformal screen distribution if there

exists ¢ and o in C*°(M) such that
*
AnvX = pAgX +oPX, (2.10)
for any X € I'(T'M). For o = 0, we simply say that ¢ has conformal screen distribution.
We say that the rigging vector field is distinguished if the one-form 7 vanishes. A null

hypersuface M is said to be totally umbilical (resp. totally geodesic) in M if there exists a

smooth function k£ on M such that
B(X,Y)=Fkg(X,Y) (2.11)

(resp. B vanishes identically on M). Remembering that ;155 = 0, M is totally umbilical
(resp. totally geodesic) in M if zng = kX for any X € I'(S(T'M)) (resp. ;15 =0).

Also the screen distribution .#(¢) is totally umbilical (resp. totally geodesic) in M if there
is a smooth function A such that C(X,PY) = A\g(X,Y) for all X,Y € I'(T'M) (resp. C
vanishes identically)([4],[2]).

2.2. Para-Sasakian Manifolds. A (2n + 1) dimensional manifold M s said to be an
almost paracontact metric manifold, if it admits a tensor field ¢ of type (1,1), a struc-
ture vector field K, a 1-form 77 and a pseudo-Riemannian metric g satisfying the following

conditions[7][11]:
F=1-TOK, 7[K)=1 §K)=0, 7Fop=0 (2.12)
§(oX,9Y) = —g(X,Y) + n(X)7(Y), X, Y € I(TM), (2.13)
where I denotes the identity transformation. From , we deduce
9(X,9Y) = —7(pX,Y) (2.14)

?(Xv K) :ﬁ(X)? (2'15)
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for X, Y e I'(T'M). From ([2.15)), we get

(K, K)=1.

An almost para-contact metric manifold (M, ¢, K,7,7) is called a para-Sasakian manifold if
1]

(Vx@)Y = —g(X,Y)K +7(Y)X, VX,Y € T(TM).

(2.16)
From (2.16)), we have
VxK =—¢X. (2.17)

Example 2.1. [I] Let M = R?"*! be the (2n + 1)-dimensional real space with standard

coordinate system (L1, Y1, T2, Y2y -y Tn, Yn, 2). Defining

0 0 -0 0 -0
- - 2 — =0
¢8xa e’ ¢8ya 0xe’ ¢6z ’
1o}
n=d K=—
n 2, 92’
=00+ dre®dre— Y dya ® dys,
a=1 a=1

where a = 1,2, ...,n. The set (R%”‘H,& K,n,9) is an almost paracontact metric manifold.

If the paraholomorphic sectional curvature denoted by c¢ is constant on the para-Sasakian

manifold (M, ¢, K,7,q), then the later is a para-Sasakian space form. Moreover, the curva-
ture tensor R of M satisfies [9, Theorem 2.2]

— c—3
(c+1)

+ 2 ACOn2)g(v. W) — Y 2)g(X, W)

+9(X, Z2)n(Y)n(W) —g(v, Z)n(X)n(W)

+ 6V, Z)g(6X, W) - §(6X, Z)5(8Y, W) - 25(6X, V)g(62, W) }, (2.18)

V X,Y,Z € T(TM). We refer to M (c) as a para-Sasakian space form.

3. NORMALIZED NULL HYPERSURFACES OF A PARA-SASAKIAN MANIFOLD

Let (M, ¢) be a normalized null hypersurface of a para-Sasakian manifold (M, ¢, K, 7,9).

K has the following pointwise decomposition along M:

K =Ky +~§+ BN,
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where v and 8 are smooth functions on M defined by 8 = 7(¢), v = 7(N), and Ky €
I'(.#(¢)). Consider a global vector field U on .#(¢) and its corresponding 1-form u defined
by

U = —3€, p(X) = §(X,U),¥X € D(TM). (3.19)
From (2.2)), we have

X = X + u(X)N,VX € T(TM), (3.20)

where ¢ is a (1, 1)-tensor field on M. From (2.17) and (3.20]), we obtain the following result,
which is similar to the one given in [3, Proposition 3.1]

—(2n+1) —

Proposition 3.1. Let (M 0, K,7,9) be a para-Sasakian manifold and M a null hy-
persurface of M. Then, VX € T'(TM) we get

VK = vA¢X + BANX = P(9(X)),
Xy =77(X) - C(X, Ky) — w(¢(X)), (3.21)
X - =—pr(X) - B(X, Ky) — n(X),
where P is the projection morphism of I'(TM) onto I'(.7(()) associated to the decomposi-

tion(2.2)).

Proof. On one hand, VX € T'(T'M), we get

VxK —0X

= —¢X — p(X)N = —P(¢X) — w(¢X){ — u(X))N.
On the other hand, VX € T'(TM), we get
VK = VxKy —yAcX — BANX
+(C(X,Ky)+ X -y —77(X)) €
+(X-p+67(X)+ B(X,K<))N.

Matching the tangential, radical and transversal components of the expressions above we get

the result. 0

Now, we suppose that the structure vector field K never belongs to the tangent space of
the null hypersurface M. In this case K can be taken as a rigging ¢ for M. Thus, we have

the following.
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Definition 3.1. A null hypersurface M of an almost para-contact metric manifold
(M, ¢, K,m,q) such that the structure vector field K is a rigging for M is said to be K-

normalized.
This leads to the following direct consequence of our Proposition 3.1}

Corollary 3.1. Let (M(2n+1), ¢, K,7,9) be a para-Sasakian manifold and M a K -normalized
null hypersurface of M. Then for all X € T(TM), we have

AnX = —%Agx + P($(X)), (3.22)
T(X) = 2w(¢(X)) = —u(X). (3.23)

Proof. Since K = (, then Eq.(2.1) leads to 5 =1, v = %g({, () = % Using this in ((3.21))
together with the fact that (& = 0, we get the result. O

Let (M, ¢, K,7,3) be a (2n41)-dimensional para-Sasakian manifold and M a K-normalized

null hypersurface of M. It is worth noting that

7O =1, AN) = 5. (324
Applying ¢ to the first equation of (3.19)), we get
oU —N + %g. (3.25)
Also, from (2.14), it is obvious that
GON. &) = ~59(36,6) =0, FEN,N) = ~g(3¢, N) =0, (3.26)
Then,
2(N) = ~4(6) = U € #(0) (3.27)

since the components of both ¢N and ¢¢ with respect to & and N vanish.
From (3.23)) and ([3.26)), the following Corollary holds:

Corollary 3.2. Let (M(MH), ¢, K,7,9) be a para-Sasakian manifold and M a K -normalized
null hypersurface of M. Setting W = N — %5, we have

7(§) = —p(§) = 2w(P€) =0, (3.28)

X = P(¢X) +7(X)W, VX,Y € [(TM). (3.29)
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Definition 3.2. [I] Let (M%H,a, K,7,9) be an almost paracontact metric manifold and M

a null hypersurface of M. M is said to be screen invariant (resp screen semi-invariant) if

d(X) (resp. both ¢N and ¢¢) belong(s) to the screen distribution for all X € .7(C).
From equation (3.27)), we get the following proposition given in [8, Proposition 3.1].

Proposition 3.2. [8] A K-normalized null hypersurface of an almost para-contact metric

manifold M is rather a screen semi-invariant null hypersurface of M.

The following Theorem proves the converse of this proposition. Namely, a rigged screen
semi-invariant null hypersurface in an almost paracontact metric manifold is transversal to

the structure vector field.

Theorem 3.1. Let M be a null hypersurface of an almost paracontact metric manifold
(M, ¢,K,7,39) and (M,¢) a normalized null hypersurface. Let & and N¢ be the rigged vector
field and the null transversal vector field associated to . If ¢(span{€}) = ¢(span{N}) then
K is transversal to M. If in addition g(¢,¢) = 1 and ¢N = —%55, then M is a K-normaized

null hypersurface.

Proof. In this proof, N stands for N;. Assume that ¢span{¢} = ¢span{N}. Then, there
exists a non vanishing function 6 such that ¢¢ = §¢N. The inner product of this relation with
respect to ¢¢ and ¢N give (7(€))* = O(—1+7(§)7(N)) and —1+7(§)7(N) = 0(77(N))?. Since
0 # 0, we get (€) # 0and 7(N) # 0 and (7(€))? = (#7(N))2. The later gives (&) = +07(N).
The case 7(¢) = O7(N) implies that 7(£)? = 7(EH(N) = —0 + 07(£)R(N), which is a
contradiction. Thus 7(§) = —07(N), from which 7(£)? = —07(&)R(N) = —0 + 07(€)R(N),
that is

nENN) = 5. (3.30)

Since 0 = —Z& £ 0 and ¢¢ = 6N, it is worth noting that 7(N)$& +7(€)¢N = 0. Applying
¢ to this equation to get (N)¢ —n(N)R(&)K +n(&)N —n(€)n(N)K = 0. This together with
give K = (N)§ +1(§)N = v + BN. Thus K is transversal to M, which gives the
first claim.

Now,

N =386 = BN+ 36 =0 = & =0.
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Operating ¢ to the last equation of above relation and using the first equation of (2.13)), we
have ¢ = 77(¢) K. This leads to ( = +K as §((,() = 1. Therefore, K is a rigging for M and

M is K-normalized. Which completes the proof.
O

Example 3.1. Let M = R® be a 5-dimensional almost paracontact metric manifold with the

structure (¢, K,7,9) given in Evample .
Consider a submanifold M of (RS, $,(,7,9) given by

M = {(x1,y1, T2, Y2, 2) € RO|zy + 29 — V3y1 + 2 = 0}.

It worth noting that T M 1is spanned by

0 0 0 0

d
{Vl—aia?l*&a ‘/2_87:17275

0 0

Since K = % 1s a spacelike vector field, then we may use it as a rigging ¢ for M. Then, the

corresponding rigged vector field is

The associated screen distribution is

) B B 9 P
y(C)_{Ul_aixlfaima UQ—aialerQaixQJr\/gaiyl, U3—87y2}.
Next,
0 0 0
% 8yl 3y2 o0x1
3
= {(2U1 +Us) + Us.

From which we have N = f%aﬁ € S(€). Thus M is screen semi-invariant.

Now, using (3.19) in (2.13) leads to g(U,U) = 1, thus the distribution ¢((U)) is nonde-

generate. Then we are able to define the unique nondegenerate distribution Dy by

Definition 3.3.

S () = Do L (U).
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This ends in the subsequent decomposition:
TM ={Do L ({U)} L5, (3.31)
TM ={Do L (U)} L {(§) & (N)}.
Proposition 3.3. [8] Dy is ¢- invariant.
Setting
D={() L Dy and D' = (U),

it follows that

TM=D®D.

Let M be a K-normalized null hypersurface, and S be the projection morphism of TM on Dg
with respect to the decomposition (3.31)). From this, any vector field X on M is expressed

as follows

X =5X +w(X)¢+ u(X)U. (3.32)
Applying ¢ to (3.32) and using (3.19)), (3.25) and the fact 7(X) = w(X), we have
_ 1 ~ ~
¢X =9 X — Spu(X)E =XV + p(X)N =y X —=7(X)U + u(X)W, (3.33)
where 9 is a globally defined tensor field of type (1, 1) on TM by

WYX = $SX, VX € T(TM). (3.34)

Applying ¢ to (3.33) and using (2.12)), (3.25), (3.19) and 7(X) = w(X), we have

X Sw(X)E ~ QXN = 8°X = (X) + gu(X)U + Jw(X)e~HXN + Ju(X)U

= X — Sp(X)E -~ A X)U
FRWXON + p(X)U + Sw(X)€ = 7X)N
= X (XU + o(X)E — XN,
This leads to
YAX = X — w(X) - u(X)U, (3.35)
which implies that

2 X = SX.
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Substituting into , we have
—g(X,Y) +7(X)7(Y) = (X, ¢Y) = (X, 9Y) — p(X)u(Y) — HX)7(Y).
This gives
g X, 9Y) = —g(X,Y) + 20(X)w(Y) + p(X)pu(Y). (3.36)

(2n+1),$, K,7,9) be a para-Sasakian manifold and M o K-normalized

Theorem 3.2. Let (M
null hypersurface of M such that C(X,Y) = C(Y,X), B(X,¢Y) = B(¢X,Y), VX,Y €
I'(Dg). Then (Mo, g,v) is an almost paracomplex manifold, where My is a leaf of the almost

paracontact complex distribution Dy.

Proof. Under the hypothesis together with [8, Theorem 6.2], we have that Dy is integrable.

From (3.35)) and (3.36)), we have

WX = X, g(X,9Y) = —g(X,Y) VX,Y € T(Dy). (3.37)

From (3.37)), the claim follows. O
Proposition 3.4. If M is a K-normalized in (M%H,a, K,7,7), then for X, Y € T'(T M),

we have
(Vx§)Y = —%g(X, Y)E +w(Y)X + u(Y)An X + %B(X, Y)U, (3.38)
(Vxp)(Y) = —g(X,Y) = B(X,¢Y) — 7(X)u(Y),
VU = —X — 7(X)U + ¢(4e X), (3.39)
B(X,U) = p(4¢ X), (3.40)

Vpx U= —PX +7(X)3¢ + P(¢(A¢ X)),
C(X,U) = w(9(Ae X)) — w(X). (3.41)
Proof. Let X,Y € T(TM), we get
—g(X.Y)C (V)X = (Vx)Y = VxdY — §(VxY)
= Vx(9Y + p(Y)N) — $(VxY + B(X,Y)N)
= VxoY + Vxp(Y)N — §(VxY) ~ B(X,Y)ON
= (Vx0)Y + (Vxp)(Y)N + B(X,6Y)N — u(Y)Ax X

+u(Y)T(X)N — B(X,Y)oN. (3.42)
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Also,
VxU+ B(X,UN = VxU
= —(Vxot)
= —((Vxd)6+6(Vx9))
= X+ 7(X)8E + BA¢ X)
= X +7(X)3E + ¢(A¢ X) + (A X)N. (3.43)
Next, it is worth noting that
Vx U+ C(X,U) + B(X,U)N = —PX — w(X)¢ + 7(X)$¢ + P(¢(Ae X))

+ w(g(Ae X))E + p(Ae X)N. (3.44)

When we equate tangential and normal parts in (3.42)(resp, (3.43), (3.44)), we get the
result. O

The following result is a direct consequence of Proposition [3.4]

Corollary 3.3. Let (M(ZHH),a, K,7,9) be a para-Sasakian manifold and M a null hyper-
surface of M. Then there is no K-normalization such that V¢ =0 or VU = 0.

Proof. (i) Replacing X and Y with £ in (3.38) and X by £ in (3.39) give (Ve¢)§ = £ and
VU = &, which completes the proof. O
Proposition 3.5. Let (M(%H),a, K,7,9) be a para-Sasakian manifold and M a K-normalized
null hypersurface of M. Then VX € T'(TM), we have

S(ANX) = —d(Ae X) +2X + 2r(X)U — %w(X)f.
Moreover, $(An€) and € are linearly related.
Proof. Since U = 26N, we have
VxU + B(X,U)N =VxU = 2(Vx¢N)
- Q(WXa)N + a(?XND
EI_BID _(x)e — 2(X)N + X — 20(An X) + 27(X)N

= —w(X)§+7(X)U — 2¢0(ANX) — 2u(ANX)N — 2w(X)N,
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that is
VxU = —w(X)¢ + 7(X)U — 26(AxX) + X. (3.45)
By equating (3:39) and (345), we have
S(ANX) = —%(b(;lg X)+ X + 71(X)U — %W(X)f, (3.46)

which gives the first claim. Now, setting X = £ in (3.46]), we have ¢p(AnE) = —%f , which

completes the proof. O

It is known that the Ricci type tensor Ric is an induced symmetric Ricci tensor of M if

and only if the one form 7 is closed on M [4, Theorem 3.2]. Using this, we get the following.

Theorem 3.3. Let M be a K-normalized null hypersurface of a para-Sasakian manifold M.
Then Ric is an induced symmetric Ricci tensor of M if and only if B(¢X,Y) = B(X, ¢Y).

Proof. From (3.23), we have 7(X) = —u(X). Differentiating this and using (3.43)), we get
YT(X) = _g(ﬁyXa U) - g(X? ﬁYU)
— %
EVLD 0y X) 49X Y) + 7V )u(X) ~ g(X. 5 (ke V)

ERCID 9y X) 4 g(X,Y) - 7(Y)r(X) + GB(X), A )

B2 (Y X) 4 g(X.Y) — 7(Y)r(X) + B(&(X),Y).YX,Y €T(TM).  (3.47)

Interchanging X and Y in , we get
X7(Y)=-Y7(X)=—u(X,Y])+ B(¢Y,X) — B(¢X,Y). (3.48)
On the other hand, gives
(X, Y]) = —p([X, Y]). (3.49)
Then, by , and the definition of dr, we have

2d7(X,Y) = [X7(Y) = Y7(X) - 7([X, Y])]

= B(¢Y, X) — B(¢X,Y). (3.50)

Thus d7(X,Y) = 0 if and only if B(¢X,Y) = B(X, ¢Y). Therefore, the claim follows from
[4, Theorem 3.2]. O
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Corollary 3.4. Let M be a K-normalized null hypersurface of a para-Sasakian manifold
M. If M is totally geodesic, then the one form T is closed. Moreover, Ric is an induced

symmetric Ricci tensor of M.

The presence of transversal structure vector field K in para-Sasakian manifolds prevents
the existence of invariant null hypersurfaces. However, it is not the case when M is tangent
to K (see [Il, Theorem 10 and 14 |). In the following, we obtain some non-existence results

for K-normalized null hypersurfaces of a para-Sasakian manifolds.

Theorem 3.4. There is no screen-invariant K-normalized null hypersurface in an almost

para-contact metric manifold M.

Proof. If ¢(X) € .7(¢), VX € .#(¢), then using and (3.27), we will get g(¢¢, ¢&) =
—g(&,6(¢€)) = 0, which is absurd since from ([2.13)) g(¢¢, ¢¢) = 1. O

Theorem 3.5. Let (M, $, K,7,5) be a para-Sasakian manifold and M a K-normalized null
hypersurface of M. Then,

(i) K cannot be screen quasi-conformal.
(ii) L(C) cannot be totally umbilical in M.

(iii) M cannot be distinguished.

Proof. Since from of Corollary 7(§) = —p(§) = 0, then we have from that
o€ = P().

(i) If K is screen quasi-conformal, then from (2.10]), we will have Ax& = 0, which is a
contracdition since from ANE = P(¢€) = ¢& # 0. Indeed, if ¢¢ = 0, then we will get
from that 0 = G(¢¢, ¢¢) = —g(&,€) +7(§)7(€) = 1, which is absurd.

(71) If () is totally umbilical, then using of Proposition[3.4] we have 1 = C(¢,U) =
~vg(&,U) = 0, which is absurd.

(7i1) f 7(X) = 0 VX € .#((), we will have from that p(U) = 0as U = —¢¢ € L (),
which is absurd since from 1 = g(¢¢, #¢) = u(U). This completes the proof. O

Now, VX e I'(TM), VY € /((), we have
=g(VxY,N)

= —g(Y,VxN). (3.51)
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From item (7i7) of Theorem together with (3.51)) and (3.51), we have the following

corollary.

Corollary 3.5. Let (M, ¢, K,7,9) be a para-Sasakian manifold and M a K-normalized null
hypersurface of M. Then,

(a) Z(C) cannot be a parallel distribution.

(b) N cannot be a closed conformal vector field.

Theorem 3.6. Let (M%H,E, K,7,9)(n > 1) be a para-Sasakian manifold. Then the struc-

ture vector field K cannot be a closed normalization for any null hypersurface M.

Proof. Suppose that K = ( is a closed normalization for any null hypersurface M, then
7 =79(¢,.) is a closed 1-form on M which implies that .#(¢) is integrable. This implies from
(2.6) that C' is symmetric on .#({). From (3.22)), we have

— 1
—g(@X.Y) + 5 B(X,Y) + C(X,Y) =0, VX,Y € Z(0). (3.52)
Using (3.52) together with the fact that B and C' are symmetric, we have
§(0X,Y) - g(¢Y,X) =0, VXY € Z((). (3.53)

Since G(¢X,Y) —g9(X,9Y), leads to g(¢X,Y) = 0. This together with
give

JYX,Y)=0, VXY € .7((). (3.54)

From together with the fact that .#(¢) is non-degenerate, we have X = 0 for all

X € .#(¢). This and (3.35), give X = 0 for all X € .(¢). Which is absurd since .#(¢) is of

rank 2n — 1 with n > 1. Thus ¢ cannot be closed. (]

Theorem 3.7. Let (M, ¢, K,7,9) be a para-Sasakian Lorentzian manifold . Then the struc-
ture vector field K cannot be a normalization for any flat null hypersurface M with parallel

screen shape operator Ae.
Proof. Let X € S(C), we have
FR(X, )8, X) = g(Vx Ve&, X) — G(VeVx&, X) — §(Vix g, X)
= 7()g(A¢ (X), X) — G(Ve(~r(X)E~ A¢ (X)), X) +7(A¢ ([X.€]), X)

=Y G(Ve Ae (X), X) +3(Ae (VxE) — G(Ae (VeX), X)

<
)

= 5((Ve A)(X), X) — (A (X), A¢ (X)). (3.55)
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*
If M were flat and A¢ parallel then (3.55) will imply that
9(Ag (X), A¢ (X)) =0

which means that M is totally geodesic as the screen distribution is positive definite. By
using this we will get

VX,Y € T(TM),

0=R(X,Y)U=VxVyU - VyVxU - Vxy)U

ED) _Tyy = Xr(V)U + 7(Y)X + 7(Y)r(X)U

+Vy X +Y7r(X)U —7(X)Y —7(X)7(Y)U

+ [ X, Y]+ 7Y, X)U

= (V)X ~ 7(X)Y + Ldr(¥, X)U

L v)X - r(X)Y. (3.56)
Setting X = £ in and using , we will have 0 = 7(Y)& VX € I'(T'M), that is

7(X) = 0 VX € I'(TM), which contradicts item (éi7) of Theorem and completes the

proof of the Theorem. O

Theorem 3.8. Let M be a totally umbilical K-normalized null hypersurface of a para-
Sasakian space form (M(c),, K,7n,g). Then the umbilical factor k satisfies the partial dif-

ferential equation
(c+1)

¢(k) — k% — 3 0. (3.57)

Moreover, if M is totally geodesic, then ¢ = —1.

Setting X = W = ¢ in (2.18)) together with the fact that 77(£) = 1, we have

(c+1)
4

From (2.11))-(2.5)), it is worth noting that

G(R(EY)2,6) = = { —9(V. 2) + 3u(Z)u(Y) }. (3.58)

(VxB)(Y,Z) = XB(Y,Z) — B(VxY,Z) — B(VxZ,Y)
= X(k)g(Y,2) + kXg(Y,Z) — kg(VxY, Z) — kg(Vx Z,Y)
= X(k)g(Y,2) + k(Vxg)(Y, Z)

= X(k)g(Y, Z) + K*{g(X,Y)n(Z) + g(X, Z)n(Y)}.
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This leads to

(VxB)(Y, Z) = (VyB)(X, 2) + 7(X)B(Y, Z) — 7(Y) B(X, Z)

= {X (k) = k*(X) + k7(X)}g(Y, Z) = {Y (k) = K*n(Y) + kn(Y)}g(X, Z).

Replacing X by ¢ in this equation and using (2.7) and (3.58)), we have

@{ —g(PY.PZ) + 3(PZ)(PX)} = go(PY. PZ){e(k) ~ K + kr(©)}.

Choosing PX = PZ = U € .(¢) together with the fact that u(U) = g(U,U) = 1 and

7(£) = 0, the previous equation becomes

Which gives item (3.57). Setting & = 0 in this equation, we have ¢ = —1, which completes

the proof.

Theorem 3.9. There is no K-normalized null hypersurface of para-Sasakian space form

M (c)(c # —1) such that the second fundamental form B is parallel.

Proof. From (2.7) and (3.58)), we have

#{ —9(Y.2) + 3“(2)”(’/)} = (VeB)(Y, Z) — (VyB)(€,Z) + 1(§)B(Y, Z).

Being B parallel, choosing PY = PZ = U € %(() together with the fact that 7(£§) = 0,
w(U) =1 = g(U,U), the previous equation becomes % = 0, that is ¢ = —1, which is a

contradiction. Hence, the claim holds. O

4. K-NORMALIZED NULL HYPERSURFACES WITH CERTAIN SYMMETRIES

This section deals with locally symmetric and semi-symmetric K-normalized null hyper-
surfaces of para-Sasakian space forms.

We say that a null hypersurface M is locally symmetric [5], if the following holds

(VwR)(X,Y)Z =0 VX,Y,Z,W eT(TM).
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Using Lemma 3.2 in [5], VX, Y, Z, W T € .#((), we have,
g((ﬁwﬁ)(){, Y)Z7 T) = §(<VWR)(X3 Y)Z7 T) + (VWB)(Xa Z)C(Ya T)
+ B(X, Z2)g(Vw An)Y, T) — (Vi B)(Y, 2)C(X, T)
~ B(Y, 2)g((Vw An) X, T) — B(Y, Z)r(X)C(W, T)
+ (VyB)(X, 2)C(W,T) — (VxB)(Y, Z)C(W.T), (4.59)
and
J(VwR)(X,Y)Z,N) = g(VwR)(X,Y)Z,N) + B(X, Z)g((Vw (ANY ), N)
— B(Y,2)g((Vw(ANX),N) = B(W,X)R(N,Y, Z,N)
—~ B(W,Y)R(X,N,Z,N). (4.60)

Lemma 4.1. Let M(c) be a para-Sasakian space form and R the Riemannian curvature

tensor of Levi-Civita connection V. Then we have for any X,Y,Z,W € T'(TM),

g(Y, 2)g(X,oW)¢ —g(X, Z)g(Y, oW )¢ + g(Y, Z)7(X) oW

(VwR)(X,Y)Z = CI | g, 2 W + gV, IWZ)X — g(X, IW(Z)Y
+9(Z, oW)(Y)X —g(Z, oW )(X)Y
(4.61)
Proof. Proof of the Lemma here [9]. O

The following result is a transversal version of Theorem 4.2 of [9], where it was assumed

that the structure vector field is tangent to the null hypersurface.

Theorem 4.1. Let M be K-normalized null hypersurfaces of a para-Sasakian space form
M(c). If M is locally symmetric, then ¢ = —1. If ¢ = —1, then M s locally symmetric if
and only if it is totally geodesic.

Proof. Let M(c) be a para-Sasakian space form and M a locally symmetric K-normalized

null hypersurface of M(c). From (4.61]), we have

c+1
4

J(VwR)(,Y)§,N) = g(Y.¢W), VW eI(TM) andY € .7(¢). (4.62)

From (2.18)), we have
EZ-EMc—3 (c+1)

g(R(¢,N)E,N) 1 1= -1 (4.63)



INT. J. MAPS MATH. (2025) 8(1):85-105 / NULL HYPERSURFACE NORMALIZED... 103

By taking X = ¢ and Z = ¢ in (4.60]) and using (4.63))-(4.62)), we obtain
c+1

BW,Y) = g(Y,oW), (4.64)

forany W e I'(TM) and Y € .7(().

Taking Y = U and W = ¢ in this equation together with the fact that g(U,U) = 1, we
have ¢ = —1. Hence, the first claim holds. Now, let (M,¢) K-normalized in M (c) with
¢ = —1. If M is locally symmetric, we get B = 0, due to . Conversely if (M, () is

totally geodesic, using (4.59), (4.60) and (3.48)), we get
J(VwR)(X.Y)Z,PT) =0 and g((ViwR)(X,Y)Z,N) = 0.

Which completes the proof. O

Definition 4.1. [10] We say that M is semi-symmetric if R satisfies R(X,Y)R=0VX,Y €

I(TM), where R(X,Y') operates on R as a derivation of the tensor algebra at each point.

Theorem 4.2. Let (M, ¢, K,7,9) be a para-Sasakian manifold and M be a totally geodesic
K -normalized null hypersurface of M. If M is semi-symmetric, then M is of constant neg-

ative curvature along the null hypersurface.

Proof. VX,Y,Z € I'(TM), we have
(VZR)(X,Y)U — R(X,Y)Z =Vz(R(X,Y)U) - R(VzX,Y)U — R(X,VzY)U
- R(X,Y)VzU - R(X,Y)Z. (4.65)
But, from , we have
VzR(X,Y)U =Vz(7(Y)X) - Vz(r(X)Y) (4.66)
=(Z - TY)X +7(Y)VzX —(Z - 7(X))Y = 7(X)V2Y
~UVY)X +g(Z,Y)X —T(Z)7(Y)X +7(Y)V,X
+u(VzX)Y —g(Z, X)Y +17(Z)1(X)Y —7(X)VzY
“R(VX,Y)U - RX,Y)VU B V)V, X 4 7(VX)Y — 7(VV)X + 1(X)V Y
—-R(X,Y)VzU - R(X,Y)Z +R(X.VZ+71(Z)r(Y)X —7(2)7(X)Y — R(X,Y)Z.
Substituting the above equations in , we have

(VZR)(X,Y)U — R(X,Y)Z = g(Y, 2)X — g(X, Z2)Y. (4.67)
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Setting Z = U in (4.67) and using (3.56)), we get VX,Y € I'(T'M)

(VuR)(X,Y)U = R(X,Y)U + g(Y, U)X — g(x,v)y EB=ZE3D

(4.68)

Next, VX,Y, Z,W € I(TM)

0 B2¥ (R(W, Z2)R)(X,Y)U = ROW, Z)R(X,Y)U — R(X,Y)R(W, Z)U
— R(R(W, Z)X,Y)U — R(X, R(W, Z)Y)U
— 7(Y)R(W, 2)X — 7(X)R(W, Z)Y — 7(Z)R(X, Y)W + r(W)R(X,Y)Z
—7(Y)R(W, 2)X + 7(R(W, 2)X)Y — 7(R(W, Z)Y)X + 7(X)R(W, Z)Y

—7(Z)R(X, Y)W + 7(W)R(X,Y)Z + 7(R(W, Z)X)Y — 7(R(W, Z)Y) X

N
)

—7(Z)R(X, Y)W + 7(W)R(X,Y)Z + g(R(W, Z)U, X)Y —g(R(W, Z)U,Y)X

.DJ
o8]

) F (W g(Z,Y)X — g(Z, X)Y + R(X,Y)Z}

—7(Z2){g(W, V)X —g(W, X)Y + R(X, Y)W}

o]

22 (W (Vw R) (X, Y)U — 7(Z2)(V2R)(X,Y)U. (4.69)

Setting W = U in (4.69)) and using (4.68), we have (VzR)(X,Y)U = 0. From this and
(4.67)), we have R(X,Y)Z = —g(Y,Z)X + g(X, 2)Y, for all X,Y,Z € I'(TM). From this to-
gether with (27) and (), we have g(R(X, V) Z, W) = —{g(¥, Z)g(X, W)—g(X, 2)3(¥, W)}
for all X, Y, Z, W € I'(TM). Which completes the proof. O
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ABSTRACT. The primary objective of this paper is to examine the *-Yamabe conformal soli-
ton, which exhibits a potential vector field that is torse-forming on a Lorentzian Para(LP)-
Kenmotsu manifold. Next, we examine the characteristics of the scalar curvature for *-
Yamabe conformal soliton on the LP-Kenmotsu manifold. The development of the descrip-
tion of the vector field in the context of the *-Yamabe conformal soliton has been undertaken.
Furthermore, we have improved multiple applications of vector fields, specifically the for-
mation of torse on a LP-Kenmotsu manifold, by utilizing a *-Yamabe conformal soliton.
At last, we also provide an example for *-Yamabe conformal soliton on three-dimensional
LP-Kenmotsu manifold.
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1. INTRODUCTION

In subsequent years, para-kenmotsu manifolds gaining significant values for scholarly in-
terest to, prompting numerous authors to elucidate the manifold’s obtaining intresting prop-
erties. The introduction of LP-Kenmotsu manifolds, also referred to as Lorentzian almost
paracontact metric manifolds in [12].

The idea of Ricci flow, which is an evolution equation for metrics on a Riemannian manifold
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was presented in 1982 [10]. The equation governing the Ricci flow is as follows:

0

a—i = —28, (1.1)
on a compact Riemannian manifold M equipped with a Riemannian metric g, where S denote
the Ricci tensor on M.

A generalization of an Einstein metric is referred to as a Ricci soliton. A Ricci soliton on
the manifold M is defined as a triple (g, 2, ), where the symbol g represents a Riemannian

or semi-Riemannian metric, {2 denotes a vector field known as the potential vector, and real

scalar 9 is such that

£ag+ 25+ 2ag =0, (1.2)

where £q represents the Lie derivative operator acting on the vector field 2, S denotes the
Ricci tensor, g represents the Riemannian metric, €2 is a vector field, and « is a scalar.
The Ricci soliton exhibits three distinct behaviors, namely shrinking, steady, and expanding,
which correspond to the values of a being negative, zero, and positive, respectively. Ricci
solitons have been the subject of investigation by multiple researchers, as evidenced by the
works of various authors [, [8 16l (17, 18] 19, 24].

The Yamabe flow was first proposed by Hamilton [II] as a method for producing Yam-
abe metrics on compact Riemannian manifolds. The Yamabe flow is a process by which a
time-dependent metric g(-,¢t) on a Riemannian or pseudo-Riemannian manifold M evolves

according to a specific equation,

o alt) = ~79(t), 9(0) = g0 (1.3

where 7 is the scalar curvature of the manifold M.

In the context of two-dimensional spaces, it has been established that the Yamabe flow is
mathematically equivalent to the Ricci flow, as stated in [I0]. The Ricci flow, characterized
by the equation %g(t) = —25(g(t)), involves the Ricci tensor denoted by S. Nevertheless, it
is important to acknowledge that in dimension beyond two, the Ricci and Yamabe flow have
distinct characteristics. This is due to the fact that, whereas the Yamabe flow preserves the
conformal class of the metric, the Ricci flow does not necessarily possess this property.

On a Riemannian or pseudo-Riemannian manifold (M, g), the definition of a Yamabe soliton

may be found. This soliton corresponds to a self-similar solution of the Yamabe flow [2]

1

ifﬂg = (r —a)g, (14)
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where the symbol £qg represents the Lie derivative of the metric g with respect to the vector
field 2. In this context, r refers to the scalar curvature, and « is a constant. Furthermore, it
is stated that a Yamabe soliton exhibits expanding, steady behavior, or shrinking depending
on the sign of a, which can be positive, zero, or negative, respectively. If « is a smooth
function, the equation is referred to as an almost Yamabe soliton according to the [2].
Numerous researchers have examined the solitons on contact manifolds following the emer-
gence of Ricci soliton as well as the Yamabe soliton [6] [7, 9] 21].

The concept of conformal Ricci soliton [20, 21] was introduced by Basu and Bhattacharyya

[3] in 2015 as
2
Lag+2S = {Qa (q+n>]g. (1.5)

In the above context, the symbol S is employed to designate the Ricci tensor, g represents a
scalar non-dynamical field that exhibits temporal variation, a symbolizes a constant, and n
signifies the dimension of the manifold.

The earliest proposals for the *-Ricci tensor on almost Hermitian manifolds and the *-Ricci
tensor on real hypersurfaces in non-flat complex space were put forward by Tachibana [23]
and Hamada [I3], respectively. In their works, the %-Ricci tensor is precisely defined as

follows:
SU(X,Y) = L(Trlp o RIX,¢V))), (1.6)

for any vector fields X and Y defined on a manifold M", let ¢ be a (1,1)-tensor field and
the trace operator is denoted by Tr.

If the equation S*(X,Y) = 9g(X,Y) + on(X)n(Y) holds for all vector fields X and Y, where
¥ and ¢ are smooth functions, then the manifold is referred to as a #-n-Einstein manifold.
Moreover, if p = 0, that is, if S*(X,Y) = ¥g(X,Y) for every vector fields X and Y, and thus
the manifold can be characterized as x-Einstein.

In 2014, Kaimakamis and Panagiotidou [14] proposed the notion of a *-Ricci soliton, which

can be precisely characterized as
£ag+2R" +2ag =0, (1.7)

where X and Y are vector fields defined on the manifold M™, and for any constant a.
By utilizing equations ([1.4)), (1.5)), and (1.7]) as references, we proceed to establish the concept

of a *-Yamabe conformal soliton as follows:



INT. J. MAPS MATH. (2025) 8(1):106-124 / INVESTIGATION OF #YAMABE ... 109

Definition 1.1. A manifold (M, g) of dimension n that is Riemannian or pseudo-Riemannian

is considered to admit a x-Yamabe conformal soliton if

(£a9)(X,Y) + [m — o — <q + i)]g(X, Y) =0, (1.8)

for any vector fields X and Y, the Lie derivative of the metric g along the wvector field
Q is denoted by £qg. Here, v* = Tr(S*) represents the x-scalar curvature, and « is a
constant. The classification of x-Yamabe conformal solitons to be as either shrinking, steady,
or shrinking depending on the sign of o, which can be positive, zero, or negative, respectively.
If the vector field ) can be expressed as the gradient of a smooth function h (i.e., Q =
grad(h)) on the manifold M, then the equation @ 18 referred to as a x- Yamabe conformal

gradient soliton.

In contrast, in the context of a Riemannian or pseudo-Riemannian manifold (M, g), a
vector field v is said to be torse-forming if it does not have any points where it vanishes [27].

Then,

Vxv=xX+¢(X)v, (1.9)

where V denotes the Levi-Civita connection associated with the metric g, x is a smooth
function while ¢ is a 1-form. Furthermore, the vector field v is referred to as concircular (see
[4, 26]) if the 1-form ¢ disappears in the same way, in the equation (1.9). The vector field
denoted by the symbol v is known as the concurrent [22], 28] if, in equation , the 1-form
¢ vanishes identically and the function x is equal to 1. The vector field v is referred to as
recurrent if the function x in equation is equal to zero. Finally, when x = ¢ = 0 in
, the vector field v is often known as a parallel vector field.

In 2017, Chen [5] introduced an innovative vector field known as the torque-vector field. A
vector field v is referred to as a torqued vector field if it satisfies equation with ¢(v) = 0.
In the present scenario, the function x is commonly referred to as the torqued function, while
the 1-form ¢ is regarded as the torqued form of v.

The framework of the article is as follows:

In the second section, following a concise introduction, we have presented several essential
findings that will be utilized in subsequent sections. In Section 3, we have constructed a
*-Yamabe conformal soliton that admits a LP-Kenmotsu manifold. The properties of the
soliton, specifically the Laplacian of the smooth function, have also been established. The

manifold has been characterized in cases where the vector field exhibits conformal killing
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properties. In the subsequent section, we have presented a demonstration of various proper-
ties pertaining to vector fields on *-Yamabe conformal soliton. Section 4 presents a series of
results that establish the existence of torse producing vector fields and *-Yamabe conformal
solitons on manifolds with a given metric. Section 5 of this study focuses on the practical
implementation of the Laplace equation within the fields of gravity and physics. Section 6
presents the construction of an exemplary scenario to provide evidence for the presence of a
*-Yamabe conformal soliton on a three-dimensional LP-Kenmotsu manifold. Let M be an

n-dimensional Lorentzian metric manifold.

2. PRELIMINARIES

In this section, we recall some fundamental notations and formulas of almost para contact
metric manifolds.
Let M be an (2n+1)-dimensional Lorentzian metric manifold. This means that it is endowed
with a structure (M, ¢,&,n,g), where ¢ is a (1,1)-type tensor field, £ is a Reeb vector field,

n is a 1-form on M and g is a Lorentzian metric tensor satisfying [25]

¢*(X) = X +0(X)&, n(€) =-1, no¢=0, ¢&=0, (2.10)
9(¢X,9Y) = g(X,Y) + n(X)n(Y), (2.11)
9(X,0Y) = g(¢X,Y), (2.12)

9(X, &) = n(X), (2.13)

for all vector fields X,Y . Then (M, ¢,&,n,g) is said to be Lorentzian almost paracontact

metric manifold.

Theorem 2.1. [12, I5] A Lorentzian almost paracontact metric manifold (M, $,&,n,g) is

called Lorentzian para-Kenmotsu manifold if and only if
(Vx@)Y = —g(¢X,Y)§ — n(Y)oX, (2.14)

for all vector fields X,Y € I'(T'M), where V and I'(T'M) denote the Levi-Civita connection

and differentiable vector fields set on M respectively.

Corollary 2.1. Let (M, $,&,1n,9) be a Lorentzian para-Kenmotsu manifold. Then, we have

Vx§=—-X—n(X)§. (2.15)
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In a LP-Kenmotsu manifold, the following relations are hold,
n(R(X,Y)Z) = g(R(X,Y)Z,§) = g(Y, Z)n(X) — g(X, Z)n(Y),
R(X,Y)§ =n(Y)X —n(X)Y,
R(X, Y =n(YV)X —g(X,Y)§,

where R denotes the Riemannian Curvature tensor.

S(X7 5) = 27“7(X)7

S(6X,9Y) = S(X,Y) + 2nn(X)n(Y),

(Vxn)Y = —g(X,Y) = n(X)n(Y),

for any vector fields X, Y, Z € T'(M).

It is now understood,

for any vector fields X, Y, Z € T'(M).

Subsequently, by employing equations (2.15) and (2.22)), we obtain

£eg(X,Y) = =2[g(X,Y) + n(X)n(Y)].

111

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

Proposition 2.1. The *-Ricci tensor on a (2n+1)-dimensional LP-Kenmotsu manifold is

expressed as

S*(X,Y) = S(X,Y) + 2ng(X,Y).

(2.24)

Furthermore, by selecting X = ¢ and Y = ¢* in the aforementioned equation, where o’

governs the elements of a local orthonormal frame and doing a summation across the range

of ¢ from 1 to 2n + 1, we may get the following result
r* =71+ 4n® + 2n,

where r* represents the x-scalar curvature of the manifold M.

(2.25)
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3. MAIN RESULTS

Proposition 3.1. If the metric g of a LP-Kenmotsu manifold with (2n + 1) dimension
satisfies the x-Yamabe conformal soliton (g,&, ), where the reeb vector field &, subsequently
the soliton can be put into distinct categories as either expanding, steady, or shrinking, the

outcome is contingent upon the inequality r + 4n’ + é(q + 2712-5-1> § 0.

Proof. Let us consider a manifold M of the dimension (2n + 1) that is equipped with a
LP- Kenmotsu structure. When we substitute 2 = ¢ into the equation of the % - Yamabe

conformal soliton (2.15) on the manifold M, we obtain

(£e9)(X,Y) + [m . <q + )] g(X,Y) =0, (3.26)

2n+1
for every vector fields X and Y belonging to the set of vector fields on M.
From (2.23) and ([2.25)), the above equation can be rewritten

1
{a—r—4n2—2n—2(q+

2n + 1) - 1]9()(’ Y)—n(X)n(¥Y)=0.  (3.27)

Substituting Y = £ into the above equation and referring to equation ([2.10)), we obtain

[a—r—4n2—2n—;<q—|—2n2+1>]17(X):0. (3.28)
Since 1(X)#0, the equation presented above can be expressed as
a:r+4n2+2n+1<q+ 2 ) (3.29)
2 2n+1
The proof is concluded. O

Corollary 3.1. If the metric g of a flat para-Kenmotsu manifold with (2n + 1) dimension
satisfies the x-Yamabe conformal soliton, then, the soliton exhibits expanding, steady, or
shrinking behavior depending on the expression value 4n® + 2n + %(q + Tzﬂ) § 0, for the
reeb vector field .

Proof. Considering the fact that the manifold has a flat, denoted by r = 0, we can deduce
from equation 1' that « is equal to 4n? + 2n + %(q + 2n2ﬁ)

Therefore, the evidence presented substantiates the claim. O

Proposition 3.2. If the metric g of a LP-Kenmotsu manifold with (2n + 1) dimension sat-
isfies the x-Yamabe conformal soliton (g, o), where Q is the gradient of a smooth function

h, then the Laplacian equation satisfied by h is

_ r—an?—on Lt 2
A(h) =—2n+1)|a—r—4n" —2n 5 Q+2n—|—1 .
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Proof. In this investigation, we will take into account a %-Yamabe conformal soliton (g, 2, a)

that is defined on a (2n + 1)-dimensional LP-Kenmotsu manifold M as

(£0g9)(X,Y) + [2a — ot — (q + )]g(X, Y)=0 (3.30)

2n+1

for each vector fields X, Y € I'(M).
By substituting X = Y = ¢! into the aforementioned equation, where o denotes a local
orthonormal frame, and a summation from i = 1 to 2n + 1, with the aid of equation (2.25)),

we obtain

1 2
din+(2n+l)[a—r—4n2—2n—2(q—|— )] = 0. (3.31)

Given that the vector field €2 can be expressed as the gradient of a smooth function A on the

manifold M, we can rewrite equation (3.31]) as follows:

A(h):—(2n+1)[a—r—4n2—2n—;<q+2n2+1>}. (3.32)

The symbol A(h) denotes the Laplacian equation, which is satisfied by the function h.

The proof is concluded. O

Based on the aforementioned theorem, it is possible to assert

Remark 3.1. Consider a (2n + 1)-dimensional LP-Kenmotsu manifold with metric g. Let
this metric satisfy the x-Yamabe conformal soliton (g,Q,«). The vector field Q0 exhibits

solenoidal behavior if and only if the scalar curvature becomes o — 4n? — 2n — %(q + %ﬂ)

Proof. Given the vector field €2 is solenoidal, meaning that its divergence is zero, i.e., div§) =

0, equation ([3.31)) yields

2

1
2
r=oa—4n 72n—7(q+2n+1

2

). (3.33)

On the other hand, let us consider the scalar curvature of the manifold, denoted as r. It can
_ 2 1 2

be expressed as r = a —4n” —2n — 5 (q—i— m)

Subsequently, by referencing equation (3.31)), it can be deduced that the divergence of vector

field 2 is zero, thereby indicating that ) possesses solenoidal characteristics. Therefore, the

evidence provided confirms the claim. U

Definition 3.1. If the following relation holds,

(£09)(X,Y) =20¢(X,Y), (3.34)
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then the vector field & is called as a conformal Killing vector field. Where ® represents a
function of the coordinates, specifically a conformal scalar.

Furthermore, in the case where ® is not always the same, the conformal killing vector field
Q is often denoted as proper. Furthermore, in the case where ® remains constant, the vector
field € is referred to as a homothetic vector field. Conversely, when the constant ® takes
on a non-zero value, § is characterized as a proper homothetic vector field. If ® is equal to
zero in the aforementioned equation, the symbol € is commonly used to denote a vector field

known as a killing vector field.
Based on the aforementioned definition, it is possible to assert

Proposition 3.3. If the metric g of a LP-Kenmotsu manifold with (2n + 1) dimension
conforms to the x-Yamabe conformal soliton (g, «). Subsequently,  is

(i) proper vector field if the expression r + 4n? — o+ 2n + %(q + Qfﬁ) 1§ not constant,

(ii) homothetic vector field if the expression r + 4n? — a + 2n + %(q + %ﬂ) 18 constant,
(iii) proper homothetic vector field if the expression r + 4n? — o + 2n + %(q + ﬁ) has a
non-zero value,

(iv) killing vector field if the expression o = r + 4n® + 2n + %(q + %ﬂ)

where ) represents a conformal Killing vector field.

Proof. Consider a (2n+1)-dimensional LP-Kenmotsu manifold M equipped with a x-Yamabe

conformal soliton (g, 2, a), where Q2 represents a conformal killing vector field. When utilizing

equations (1.8)), (2.25)), and (3.34) and substituting Y = £, the following result is obtained

1 2
<I>+a—r—4n2—2n—2<q+2n+1>}77(X):0- (3.35)

Given that n(X) # 0, we can deduce that

1 2
<I>:r+4n2a+2n+2<q+2n+1). (3.36)

The proof is concluded. O

Proposition 3.4. If the metric g of a LP-Kenmotsu manifold with (2n + 1) dimension
conforms to the x-Yamabe conformal soliton (g,9, «), then we have the vector Q0 and its

metric dual 1-form ¢ fulfills the given relation,

(divH)Q + S(Y,Q) =0,
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and
Vx[QP429(FX, Q) - (£09)(X, Q) =0,
where S stands for the Ricci tensor.

Proof. By utilizing the Lie derivative property, we are able to express
(Lag)(X,Y) = g(VxQ,Y) +g(VyQ, X), (3.37)

for arbitrary vector fields X and Y.

Subsequently, by utilizing (2.25)) and (3.37)), (1.8)) can be expressed as

g(VxQY) + g(VyQ, X) + |2a — 2(r + 4n® + 2n) — <q + )] g(X,Y)=0. (3.38)

2n +1
The symbol ¢ represents a 1-form, which possesses a metric equivalence to the vector field
Q. Consequently, it can be expressed as ¢(X) = ¢g(X, ), where X denotes any vector field.
The mathematical representation of the exterior derivative dg may be stated in the following
manner

2(do)(X,Y) = g(VxQ,Y) — g(VyQ, X). (3.39)
Given that dg¢ is skew-symmetric, we can proceed to define a tensor field H of type (1,1) by
(do)(X,Y) = g(X, HY), (3.40)

then H is skew self-adjoint, it satisfies the property of g(X, HY) = —g(HX,Y).

Equation (3.40)) can be expressed as
(do)(X,Y)=—g(HX,Y). (3.41)
By utilizing (3.41), can be transformed
g(VxQ,Y) = g(VyQ, X) = —2¢(HX,Y). (3.42)

By combining equations (3.42)) and (3.38)) in simultaneously performing a common factoriza-

tion of the variable Y, we obtain

1 2
S i P 2 !
VxQ=—HX — |a— (r+4n® + 2n) 2<q—|— 2n—|—1>}X' (3.43)

By substituting the aforementioned equation into the expression R(X,Y)Q = VxVyQ —
VyVxQ — V(xyQ2, we obtain

R(X,Y)Q = (VyH)X — (VxH)Y. (3.44)
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Upon observing that dg is closed, we can derive
9(X, (VzH)Y) +g(Y,(VxH)Z) + 9(Z,(VyH)X) = 0. (3.45)
By taking the inner product of equation with respect to Z, we obtain
J(R(X, YY), Z2)=9g(VyH)X,Z)—g(VxH)Y, Z). (3.46)

Given that H is skew-adjoint, it follows that Vx H is also skew-adjoint. Subsequently, by

employing (3.45)), (3.46) can be expressed as
g(R(X,Y)Q, Z) = g(X,(VzH)Y). (3.47)

By substituting X = Z = o¢° into the given equation, where o governs the elements of a
local orthonormal frame and doing a summation across the range of ¢ from 1 to 2n + 1, we

may get the following result
div(H)YY — S(Y,Q) =0, (3.48)

where divH refers to the a divergence of the tensor field denoted by H.

In this step, we will calculate the covariant derivative of the squared g-norm of €2 utilizing

(3.43)) in the following manner:

Vx|QP=29(VxQ,Q)

= —29(HX,Q) — [za —2(r +4n” + 2n) — (q + )]g(X, Q). (3.49)

2n+1

Once again, employing equations ([1.8) and (2.25)), we obtain

- _ 9% — 812 — 4n —
(£09)(X,Y) = [204 2r —8n” —4n (Q+2n+1

)} g(X.,Y). (3.50)
Subsequently, by employing (3.50)), (3.49) can be transformed
Y |01229 (X, 9) — (£ag)(X,2) = 0. (3.51)

And thus, the evidence is presented. O
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4. SOME RESULTS ON THE LP-KENMOTSU MANIFOLD FOR THE %- YAMABE CONFORMAL

SOLITON WITH TORSE-FORMING VECTOR FIELD

By utilizing the equation ([1.9)) that describes the torse forming vector field, it is possible

to assert

Proposition 4.1. If the metric g of a LP-Kenmotsu manifold with (2n + 1) dimension

satisfies the x-Yamabe conformal soliton (g,), «), where a torse forming vector field v, we

2 )_ s(v)
2n+1 (@n+1)

can express a = r +4n% — x + 2n + %(q + and the soliton exhibits expanding,

2 ) s(v) SO.

steady, shrinking according as v + 4n* — x + 2n + %(q * o) T @D =

Proof. Given that (g, v, a) be a - Yamabe conformal soliton defined on a (2n+1)-dimensional

LP-Kenmotsu manifold M, where a torse-forming vector field v, we can derive the following

equations from (1.8) and (2.25)):

(£.9)(X,Y) + |20 — 2r — 8n% — 4n — (p + )}Q(X, Y) =0. (4.52)

2n+1
The notation (£,9)(X,Y) represents the Lie derivative of the metric g with respect to the

vector field v.

Now, utilizing (2.15]), we obtain
(£09)(X,Y) = g(Vxv,Y) + g(X, Vyv)
=2x9(X,Y) + <(X)g(v,Y) +<(Y)g(v, X), (4.53)

for every X, Y € M.
Subsequently, by referring to equations (4.52)) and (4.53)), we obtain.

r+ 4n? —a—x+2n+;<q—|— )}g(X,Y) _1 [g(X)g(v,Y) +<s(Y)g(X,v)|. (4.54)

2n+1 2

By contracting the above equation throughout X and Y, we obtain

1 2 s(v)
=r+4n? — o+ = — . 4.55
a=rhdnt X n+2<(1+2n+1> 2n+1) (4.55)

The proof is now concluded. O

Based on the aforementioned theorem, it is possible to assert that,

Corollary 4.1. If the metric g of a LP-Kenmotsu manifold with (2n+1) dimension satisfies
the x-Yamabe conformal soliton (g, 2, ), where a torse forming vector field v, Consequently,
if v is

(i) concircular, the equation becomes o = r + 4n? — x + 2n + %(q + %ﬂ) The soliton is
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either expanding, steady, shrinking depending on the value of the expression r 4+ 4n®> — x +
2n+ 3(q+ 527) 0.
(ii) concurrent, the equation becomes o = r + 4n? — 1 + 2n + %(q + TZH) The soliton 1is
either expanding, steady, shrinking depending on the value of the expression r + 4n® — 1 +
2n+ 3(q+ 527) 0.

s(v)

(iii) recurrent, the equation may be written as o = r + 4n? + 2n + %(q + TQH) ~ @t

The soliton is either expanding, steady, shrinking depending on the value of the expression

r+4n2+2n+%(q+72n2+1) s(v) =0.

T @ntl) >
(iv) parallel, the equation becomes a = r + 4n® + 2n + %(q + ﬁ) The soliton is either

expanding, steady, shrinking depending on the value of the expression r + 4n® + 2n + %(q +
2 \ =

2n+1) > 0.

(v) torqued, the equation becomes o = 1+ 4n? — x + 2n + %(q + 2n2ﬁ) The soliton is either

expanding, steady, shrinking depending on the value of the expression r + 4n® — x + 2n +
1 2 \ =
30+ 557) S0

Proof. In (4.55)), if the 1-form ¢ disappears the same way, meaning that v becomes concircular,
2 1 2

then o can be expressed as a =r +4n° — x + 2n + j(q + m)

In the given equation (4.55)), if the 1-form ¢ disappears the same way and the function x is

equal to 1, then v becomes concurrent. Consequently, the expression for o can be simplified

to r+4n® —1+2n+ 3 (¢ + 527)-

In equation (4.55)), when the function y is equal to zero, meaning that v becomes recurrent,

2 )_ s(v)
2n+1 (2n+1)"

When x = ¢ = 0 in equation (4.55), which means that v becomes parallel, the expression for

the expression for « is given by 7 + 4n? + 2n + %(q +

« simplifies to r + 4n? + 2n + %(q + 2n2+1)~

Lastly, in equation (4.55)), when ¢(v) = 0, In this context, the symbol v can be interpreted

as a torqued vector field. Consequently, the expression a = r +4n? — x + 2n + 3 (g + 2n2+1)
can be derived.

Thus, the evidence is provided. O

5. APPLICATIONS OF LAPLACE EQUATION IN PHYSICS AND GRAVITY

The Laplace equation is a second-order partial differential equation that finds extensive
application in physics due to its solution, known as harmonic functions. These functions
arise in various contexts, including the determination of electrical, magnetic, and gravita-

tional potentials, steady-state temperatures, and hydrodynamics problems.
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e Both the real and imaginary components of a complex analytic function satisfy the Laplace
equation. That is if z = x + iy and f(z,y) = u(x,y) + iv(x,y), the essential requirement
for the function f(z) to possess analyticity is that the real part w and the imaginary part
v satisfy the C-R equation, u, = vy, uy = —v;, the symbols u, and u, represent the first
partial derivatives of the function u with respect to the variables x and y, respectively and
v, and v, represent the first partial derivatives of the function v with respect to the variables
x and y, respectively. Consequently, uyy = (—vz)y = —(vy)z = —(uz). Hence, the function
u fulfills the Laplace equation.

e In the given situation, whereby a specific area demonstrates a charge density of zero,
while allowing for non-zero charge densities at its limits, the electric potential V inside that
zone conforms to the Laplace equation. By solving the Laplace equation, we can determine
the electric potential, a crucial quantity that allows us to easily calculate the electric field
using the equation £ = VV. Consequently, we can determine the force experienced by a
charge using the equation F' = ¢F. In the field of physics, numerous intriguing scenarios
arise wherein our focus lies on the potential within regions characterized by a zero charge
density. Conventional examples include both the inside and outside regions of a charged
hollow sphere, as well as the exterior portion of charged metal plates. The fact that each
of the situations has a unique combination of boundary conditions is one of the things that
makes the Laplace equation so intriguing.

In a broad context, the gravitational and electric potentials, represented by the symbol V|
adhere to Poisson’s equation, which is expressed as V2V = L(z,y, z), where L(z,y, ) rep-
resents the given charged density. The equation of Laplace and the equation of Poisson are
two of the simplest examples of a type of partial differential equations known as elliptical
PDEs.Laplace was the pioneer in introducing a multitude of intriguing mathematical tech-
niques that have been employed to solve electrical partial differential equations (PDEs).

e In the field of electrostatics, as per Maxwell’s equation, a two-dimensional electric fluid

(u1,u2), which is not dependent on time, fulfills the following conditions:

V x (u1,u2,0) = ((uz)z — (u1)y)k

where /51 is the standard unit vector and

V- (ul,u2) = Q
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The symbol @ is used to denote the charge density.

The equation of Laplace is applicable to three-dimensional scenarios in the fields of electro-
statics and fluid dynamics, similar to its utilization in two-dimensional contexts.

e Furthermore, it is worth noting that this phenomenon also finds applications in the field
of gravity. Let g, p, and G denote the gravitational field, mass density, and gravitational
constant, respectively. The differential expression representing Gauss’s law for gravity may

be stated as follows:
V.§=—-4nGp.

Furthermore, the equation V2V = 4w Gp represents Poisson’s gravitational field equations.
The physical significance of this scenario can be understood by considering Proposition 3.2
and the equation . This equation represents a Laplace equation with a potential vector
field of gradient type.

The Laplace equation for gravitational fields, V2V = 0, is true in empty space with p = 0.

6. EXAMPLE

We examine the 3-dimensional manifold M = {(I1,ls,13) € R3, (I1,12,13) # (0,0,0)}, in the
context of R3, the coordinates (I1,ls,13) are referred to as standard coordinates. The vector

fields referred to in the context are

1 2
7780 7 TRy 7 T Bl

are linearly independent at every point of M.

Let g denote the Riemannian metric that is defined by
g(ot,0?) = g(6%,03) = g(c3,0') =0,
1 2

g(o ,01) =g(o ,(72) =1, 9(03,03) =—1.

Let 1-form 7 that is defined by n(Z) = ¢g(Z,03), for any Z € I'(M), Let T'(M) denote the
collection of all differentiable vector fields on the manifold M and ¢ denote the (1, 1)-tensor
field that is defined by

(;501 = 701, ¢02 = 702, ¢03 =0.
By utilizing the property of linearity for both ¢ and g, we can deduce that

n(o?) =—1, ¢*X =X +n(X)o®, g(¢X,0Y) = g(X,Y) +n(X)n(Y),
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for every X, Y€ x(M). Therefore, when 0% = £, the tuple (¢, &, 7, g) establishes a Lorentzian
almost paracontact metric structure on the manifold M.
Consider the Levi-Civita connection denoted by V, which is associated with the Riemannian

metric g. Subsequently, we possess
[0_170_2]:0’ [01’0_3]:_0_1, [ 2 3]: 2.
The connection V associated with the metric g is defined in the following manner

QQ(VXY, Z) = Xg(Y7 Z) +Yg(Z,X) - Zg(X7 Y) _g(X7 [Yv Z]) _g(Y7 [X7 Z]) +g(Z7 [X7 Y])’

which is referred to as Koszul’s formula.

Using Koszul’s formula, it is straightforward to compute

Vool =03 V,ao?=0, Vjo®=—0!,
1 _ _ 3 _
Vseoo =0, Vy0"=0°, Vy0° =—-07

Vool =0, Vy02=0, Vgso® =

Based on the aforementioned, it can be deduced that the manifold fulfills the equation V x& =
—X —n(X)¢&, where € = 03, Therefore, the manifold under consideration can be classified as
a LP-Kenmotsu manifold.

In addition to this, the Riemannian curvature tensor, denoted by R, can be represented as
R(X,Y)Z =VxVyZ -VyVxZ7 — V[Xy]Z.
Hence,

R(c',0%)0% = —o', R(c',0%)0% = -0, R(c? o')o! = —0?,

R(c?,0%)0% = —0%, R(c%,0')0! = —03, R(03 0%)0” = -3,

Next, the Ricci tensor S is expressed as
S(ot, ') = -2, S(0? 0% =-2, S(c3 %) =-2. (6.56)

Furthermore, the scalar curvature transforms

r= Z S(oy,0;) = —2. (6.57)
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By utilizing equations (2.24)) and (6.56)),

S* (o', o) =0, S*(0%,0%) =0, S*(c3, 0% =—4. (6.58)

Hence,
r*=Tr(S*) =4. (6.59)

Let us consider the potential vector field as 2 = 2l18il1 + QZZ% + 13%.
Then (£qg)(c!,0t) = —2g(£qot,ot) = 2.
similarly, (£qg)(c!,0t) =2, (£qg)(03,03) =0.

Therefore, we have

3

> (£ag)(o',0') = 4. (6.60)

i=1

Now putting X =Y = ¢ in the (1.8)), by performing a summation across the range of i from

1 to 3 and using equations (6.59)) and (6.60]), the resulting expression is derived.

3q+ 14
o=
6

(6.61)

The aforementioned «, as defined, fulfills equation ([3.31)), therefore it can be deduced that g

sets up an *-Yamabe conformal soliton on the 3-dimensional LP-Kenmotsu manifold M.

7. CONCLUSION

In this study, we examine intriguing findings regarding the Lorentzian Para-Kenmotsu
metric, specifically its characterization as a x-conformal soliton with a torse forming vector
field. Additionally, we provide an illustrative example of such a manifold. In this study,
we also present derived outcomes concerning *-Yamabe conformal solitons featuring a torse-
forming vector field on the respective manifold. In addition, we explore various applications

of the Laplace equation in the fields of Physics and Gravity.
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ABSTRACT. In this paper, we consider a one-dimensional porous-elastic system with a non-
linear dissipation and a nonlinear distributed delay subjected to microtemperatures effects.
We establish an energy decay rate by using a perturbed energy method and some properties
of convex functions, but regardless of the wave speeds of the system. Our result is new and
extends some previous results to nonlinearity case.
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1. INTRODUCTION

In this present work, we aim to study the following nonlinear damped porous elastic system

having a nonlinear distributed delay

PUtt — [lgy — by + vh (ug) + f:f p(s)he (ur(xz,t —s))ds =0, in (0,1) x Ry,

Joi — 0@y + kiwsy + bug + & =0, in (0,1) x Ry, (1.1)

Twy + kow + k1@iy — kawze = 0, in (0,1) x R4
subjected to microtemperature effects and nonlinear damping, with the mixed boundary
conditions

u(0,t) = o(1,t) = w(0,t) = uzx(1,t) = ¢.(0,t) = wy(1,t) = 0. (1.2)
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The evolution equations for one-dimensional theories of porous materials with temperature

and microtemperature is given by

pup =Ty, Jou = Hy + G,

P =qo, pEr=PFPr+q-Q.
Here G is the equilibrated body force, T is the stress, H is the equilibrated stress, 7 is the
entropy, ¢ is the heat flux, P is the first heat flux moment, ) is the mean heat flux and FE is
the first moment of energy. The variables u and ¢ are, respectively, the displacement of the

solid elastic material and the volume fraction. The constitutive equations are

G=—buz —Edp+mb — oy, 1= Luy+ cl+mo,

q = Kb + k1w, P = —kowy,

Q = k3w + k40, pE = —aw — do,.

Where p, J, 1, b,v,9,d, &, m, 1,8, ¢, K, K1, K2, k3, kg and « are the constitutive coefficients whose
physical meaning is well known. It is worth noting that 6 and w are the temperature and
microtemperatures, respectively.

The coefficients of the system, in one-dimensional case, satisfy
£€>0, >0, pu>0, p>0, J>0, and pu&>10b%

where b is a real number different from zero. On the other hand, we assume that the thermal
conductivity x and the thermal capacity ¢ are positive, which means that thermal effects are
present. While, if microtemperatures are considered, parameters «, ko and k are positive. y
and o are nonnegative. If o > 0 and v > 0, it means that the system is subjected to porous
dissipation and viscoelastic dissipation, respectively.

In the absence of thermal effect (i.e k = 0), Dridi and Djebabla [I7] considered the following
system
PU = [y + by — Y0z, in (0,1) x Ry,
Jprt = 00ze — buy — Ep — dwy +mb — By, in (0,1) x Ry,

Oy = —yupe — mpr — kjwg, in (0,1) x Ry,

awy = kowgy — kaw — k10, — dpgs, in (0,1) x Ry,
with Neumann (on ¢, #)-Dirichlet (on u,w) boundary conditions. In which they proved that
the combination of porous-viscosity and microtemperature stabilized the system exponen-

tially regardless of the coefficients of system. In [36], Saci and Djebabla are concerned with
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the following system
pUtt = fly + bpz — 0z, in (0,1) x (0,00),

Jgptt = (5Q0zz - buw - 580 - dwr + me; in (07 1) X (07 00)7
chy = —yure — mpr — kjwg, in (0,1) x (0, 00),

awy = kowyy — ksw — k10, — dpys, in (0,1) x (0, 00),

they improved the result obtained in Dridi and Djebabla [I7] by proving that a unique
dissipation given by microtemperatures is sufficiently strong enough to produce exponential
stability in absence of both thermal conductivity and the porous dissipation (i.e K = 8 = 0),

under a new stability number given by

By neglecting the nonlinear damping (i.e. v = 0) and the nonlinear distributed delay, we

obtain the system

PUt — PUze — by =0, in (0, L) x (0,00),
JSDtt - 5@1;8 + klwx + b’LL:c + {90 = 07 in (07 L) X (O? OO)) (14)
Tw + kow + k1piy — kswge = 0, in (0, L) x (0, 00).

This system has been studied by Santos et al. [37] with fractional dissipation damping
(op¢) in the second equaton, they concluded that the case (i.e 0 = 0) is an interesting open
problem. Apalara [4] provided a solution to this last by considered the system ([1.4]) under

the following Neumann (on ¢)-Dirichlet (on u,w) boundary conditions
u(0,t) = u(1,t) = ©z(0,t) = pz(1,t) = w(0,t) = w(1,t) = 0,t > 0,

and established the same results of Santos et al. [37] in the absence of porous dissipation
(i.e 0 = 0), he showed that the unique dissipation given by microtemperature damping is

strong enough to exponentially stabilize the system if and only if the wave speeds of the

-4

Now, let us recall some results about the effect of nonlinear damping mechanisms on similar

system are equal

problems, Apalara [3] considered the following porous system:

putt — PlUgy — b¢x = 07 S (07 1))t > Oa
J¢tt - 6¢mx + bUm + §¢ + a(t)g ((bt) - Oa HAS (07 1))t > Oa

(1.5)
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the term «(t)g (¢¢) is the nonlinear damping, which subjected on the second equation. He
established a general and an explicit decay rate result for the energy of system (1.5 with the

condition of same speed of propagation, that is

[T}
- =—. 1.6
P (1.6)
It is worth mentioning that in the case of = b = £, the system (1.5)) becomes
U — W (Ug + =0, xz € (0,1),t>0,

SOt = 6uz + 1 (uz + ¢) + a(t)g (¢r) =0, 2 € (0,1),¢ >0,
which is a Timoshenko system with nonlinear damping. Alabau-Boussouira [2] studied
with «(t) = 1 and proved a general semi-explicit formula for the decay rate of the energy
at infinity with the condition (L.6). Mustafa and Messaoudi [28] considered with all
the coefficients p = 4 = J = § = 1 and obtained a general and an explicit decay result,
depending on « and g.

Among the most important property of a physical system is the time delay by which the
response to a subjected force is delayed in its effect (see [38]). The original study of this
effect on a system was first introduced by Datko et al. [I5] in 1986 when they showed that
the presence of the delay may not only destabilize a system which is asymptotically stable
in the absence of the delay but may also lead to ill-posedness (see also [30] and [32]). On
the other hand, it has been established that voluntary introduction of delay can benefit
the control (see [I]). Choucha et al. [I3] considered a porous thermoelastic system with
microtemperature effect, temperatures and distributed delay terms. they proved the well
posedness of the system, and established an exponential stability of its solution. Moumen et
al. [29] are concerned with one-dimensional porous—elastic systems with nonlinear damping,
infinite memory and distributed delay terms, they proved that the solution energy has an
explicit and optimal decay for the cases of equal and nonequal speeds of wave propagation.
We refer the interested readers to [3, B, [7, [0, 16} (I8, 19 20, 21, 22, 25, 27, 33, [34] 40, 41]
and references therein for details discussion on the subject.

According to these observations and results above, one can ask the following questions:

1) Is it possible to stabilize system with nonlinear damping and nonlinear distributed
delay (nonlinearity case) sebjected in the first equation? If so, does the stabilization of the
system depend on a relationship between the coefficients of the system?

2) What assumptions can be made about h; and hs to ensure the stabilization of the

system?
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In the present work, we shall give an answers to these questions by considering under
appropriate assumptions on the weight of the delay and without imposing any restrictive
growth assumption on the damping term at the origin, we establish an energy decay rate by
using a perturbed energy method and some properties of convex functions. These arguments
of convexity were introduced and developed by Cavalcanti et al. [12], Daoulatli et al. [14],
Lasiecka [23], and used by Liu and Zuazua [20] and others. We obtain our results regardless
of the wave speeds x of the system which was mentioned in [4, 37]. Our result then extends

some previous results to nonlinearity case.

2. PRELIMINARIES

In this section, we shall present some definitions and preliminaries for well study of our
problem (|1.1]). Throughout this paper, c or ¢;, ¢ = 1,2 represent a positive constant and C),
is used to denote the Poincaré-type constant.

Concerning the delay term, we introduce the following variable:
ug(x, t —rs) =¥z, t,s), x €(0,1), r€(0,1), s € (11,72), t >0,
which satisfies
sO¢(z, 7 t,8) + 9 (x, 7, t,8) =0, x € (0,1),r € (0,1),s € (11,72),t > 0.
Consequently, system (1.4) becomes

pury — Ptz — by + vhi(w) + [72 p(s)ha(9(x, 1,t, 5))ds = 0, in (0,1) x Ry,

Jptr — 0Que + krwy + bugy + Ep =0, in (0,1) x Ry,

Twy + kow + k1piy — kswgze =0, in (0,1) x Ry,

sO¢(z, 7 t,8) + Op(z,7,t,8) =0, in (0,1) x (0,1) x Ry X (11, 72), (2.8)
u(z,0) = uo(x), u(z,0) = u1(x), o(x,0) = @o(x), ¢e(x,0) = p1(),

ug(x, t — ps) :=Hx,rt,s), re(0,1),s € (11,72),

Ha,r,0,8) = fo(z,—7rs), z € (0,1),s € (11, 72) .

With the mixed boundary conditions
u(0,t) = o(1,t) = w(0,t) = uz(1,t) = p.(0,t) = w,(1,t) = 0. (2.9)

Next, we suppose that h; and hs satisfy the following assumptions:
(Al). h; : R — R is a continuous and non-decreasing function with h (0) = 0 such that

there exist positive constants ki, k2 and [ and a convex, continuous and increasing function
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h:R, — R, of class C! (Ry) N C? (]0, +o0|) satisfying: h” = 0 on [0,1] or ( A’ (0) = 0 and
h” > 0 on (0,1]) such that
h(s* + ki (s))
k1s? < hi(s)s

< hi(s)s for |s| <I,

(2.10)
< kos? for |s| > 1.
(A2). hg : R — R is an odd non-decreasing Lipschitz function such that there exist

positive constants aq, as, ¢ satisfying
aysha(s) < Ta(s) < asshi(s), (2.11)

where Iy(s) = [3 ho(r)dr.
In addition, for address the case of nonlinear delay, we assume there exists a positive

constant o such that

1—041

T2
le(8)] oo <cand 0 <vy—oag(m—71)— az/ w(s)ds. (2.12)

T1
Remark 2.1. 1) Hypothesis (A1) implies that shy(s) > 0, for all s # 0.
2) The hypothesis (A1) with | =1 was first introduced by Lasiecka and Tataru [24].

3) By the mean value Theorem for integrals and the monotonicity of ha, it follows that

Iy(s) = /Os ha(r)dr < sha(s), (2.13)

consequently, ap < ag < 1.
Let us now give an example for functions h; and hs.

Example 2.1. Let the function hi(r) = r,r € (0,1] (i.e l = 1), and k > 1. B|(r) = krr=1

which is strictly positive. In the neighborhood of 0 , let us set the function h defined by

Kt

where ¢,; = (2kK) i So, for k = 1,h is linear on [0, 1], otherwise strictly convex on (0, 1],

R'(0) =0 and " > 0 on (0,1]. In addition, we have
2
h(r) = 2rrF,

Now, let r be near 0, can be deduced from fact that v + r?% < 2kr?. Next, suppose
we set the non-decreasing odd function ho(r) = 37%r3(hh > 0), then rha(r) < rhi(r) on
(0,1]. Then, follows automatically, that is To(r) = 3-1* < rhe(r) = 3751, since

To(r) < rhy(r), taking oy < % and ag > aq, (2.11|) is deduced.
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3. WELL POSSEDNESS

In this section, we shall study the well-posedness of solutions to problem (1.1))-(1.2). We
give existence and uniqueness results for our system using the semigroup theory. First, let us
denote by 9(.) to d(z,rt,s), 9(1) to I(z, 1,t,s) and ¥(0) to I(x,0,t,s). Next, if we denote

U= (u,v,p,9%,w,9)T, where v = u;, and ¥ = ¢y, then, system can be rewritten as follows:

Ui+ AU =0,t > 0,

U(x,0) = Up(z) = (ug,u1, o, p1,wo, fo)" -

The operators A : D(A) C H — H is given by

—v
7%’“:&3 - %‘Pz + %hl(ut) + % f‘r? 1(s)h2(9(1))ds
-
*%@m + %ux + %90 + %wx

k3

T

AU =

k k

lgr

S

and H is the energy space given by

H = H(0,1) x L*(0,1) x H}(0,1) x L*(0,1) x H}(0,1) x L*((0,1) x (0,1) x (1, 72)),
such that

H}(0,1) = {ue H'(0,1):u(0) =0},

H{(0,1) = {peH'(0,1):¢(1)=0}.
The domain of A is given by

U= (wv,¢¢,w) |

u,w € H?(0,1) N HL0,1),v € H}(0,1),
D(A) =14 @€ H*0,1)N HL(0,1),9 € HL(0,1),
¥ € Hg((0,1); H'(0,1)),

Uz (1) = we(1) = ¢ (0) = 0
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For any U = (u,v, ¢, 1, w,9)T € H,U = (d,ﬁ,@,i@,ﬁ),ﬁ)T € H, we equip H with the inner

product defined by

1 1 1 1
(U,Uy = ,u/ uzﬁmdaz—i—p/ vodr + & go@da:—l—é/ OrPrdx
0 0 0 0
1

1 1
—|—b/ (UgP + Ugp) dx + J @M/de + T/ wwdz
0

+a/// s 1u(s)] D)D) dsdrda. (3.14)

Remark 3.1. Under the condition of > b2, it is easy to see that defines an inner
product.
Note that

§0° + 2bugp + = — [(u€ — 0%)0% + (pug + bp)?] > 0. (3.15)

=l

For any U,U € D(A), we have

(A+mI)U — (A+mI)U
—(v—2v)+m(u—u)
( B (g — Tig) — L <sox —F0) + 2 (h(v) — (@) )
+m (v =) + 5 [T pls) [h2(9(1)) — ha(3(1))] ds
- —(w—w)+m<so—@ ,
3 (Pax = Pao) + 3 (e — o) + 5 (0= &)+ 5 (we = 02) +m (4= 9)
8 (g — B) + 82 (w0~ D)+ 2 (s~ ) w0 — )
%(ﬁr—ﬁT)+m(19—5)

then, using (3.15) and the fact that h; is a non-decreasing function, we get for Lj,the

Lipschitz constant for hs,

(A+mI)U — (A+mI)U, (U—ﬁ)m

A e R A AT K
>0

+m/01 (‘] (v-9) +e6o 5 + 66 g - @;)2) d

Jr/ol (kg (W — We)? 4 (T + k) (w — G)2> dx

(oo ) [
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1
T /0 (ha(v) — by () (v — )

>0

to /01 (v —7D) /T () (2 (9() — bz ((1)) ) dsdis
+% /01 /:2 1(s) (0(1) - 5(1))2dsdx

1 1 T2 N2
—|—am/ / / sp(s) (19 - 19) dsdrdz.
0 0 T1

Then, by using Young’s inequality, then for small ¢ and sufficiently large m, we obtain

(A+mI)U — (A+mI)U, (U— 0)>H

1
> m/ 1ty — )2 4 € (p— B+ 2b(up — ) (9 — 3) | da
0

>0
v [ (0(6-0)" 4o -0 + 88 (ou— 52" )
+ /01 (k:g (W — Wa)? + (Tm + ko) (w — 117)2) dx

+(m—406—;/nm,u(s)ds) /Ol(v—m?dx

T /O (ha(v) — 1 (7)) (v — D)da

>0
(5 -ear) [ we) (o) - 500

1 1 To N2
—I—am/ / / sp(s) <19—19> dsdrdzx
0 0 T1
0,

>

which implies that A is a m-accretive operator. One can prove that A+ ml is a maximal
monotone operator. for this latter, it is sufficient to demonstrate that R(A + A) = H for
a large constant A. From the fact that D(.A) is dense in H (see Proposition 7.1 in [I1]) and

the nonlinear semigroup theory [8, 9l B89], we can give the following well-posedness result.

Proposition 3.1. Assume (A1l)-(A2) hold and let Uy € H, then there exists a unique
solution U € C (R4, H) of problem (2.8). Moreover, if Uy € D(A), then

UeCRy,DA))NC (R, H).
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Now, let us recall few of some known algebraic and integral inequalities.

Lemma 3.1. ([I1], Hoélder’s Inequality ) Let 1 < p < oo, assume that f € LP(Q) and
g € L1(Q) then, fg € L' () and

/Q Folde < £, llgll, (3.16)

Lemma 3.2. [I1] (Poincaré’s inequality) Suppose I is a bounded interval. Then there exists

a constant C' (depending on |I| < co) such that
lull oy < C HU/HLP(I) , for all u € WyP (I). (3.17)

Lemma 3.3. ([I1], Cauchy-Schwarz Inequality) Every inner product satisfies the Cauchy-

Schwarz inequality

(1, 29) < [l ]| [l2] - (3.18)
The equality sign holds if and only if 7 and x5 are dependent.

Lemma 3.4. [I1](Young’s Inequality) For all a,b € RT, we have

b2
ab < ea® + —, (3.19)
4e

where € is any positive constant.

Next, Let us denote by h* the conjugate function in the sense of Young of a convex function

h (see [6], p. 64), that is,
h* (p) = sup (pt — h(t)).
teRy

Assume that h” > 0, then for p > 0 a given number, h* is the Legendre transform of h (see

Liu and Zuazua [26]), which is given by
X -1 -1
h*(p) =p[h] " () = ([W] " (p)), (3-20)
and which satisfies the following inequality

Lemma 3.5. [31](Young’s Inequality for the convex functions) Let h a convex function, h*

its conjugate in the sense of Young, we have

pr < h(z) + h*(p) Vp,x > 0. (3.21)
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Remark 3.2. Thanks to , along with (-) we write

h*(h2 (9(1))) = F(1)ha(I(1) — h(I(1)) (3.22)
< (T —ap)d(1)ha(9(1).

Next, for ¢y > 0 we define the functions J and K as below

t, if B/ =0on [0,]
J(t) == (3.23)
th'(eot), if B'(0) =0 and A" >0 on (0,!]

and

K(t):/tl Jl ds (3.24)

respectively.

Remark 3.3. The relation and the fact that h(0) = 0 and (h')~!, h are increasing

functions yield

h*(p) <p[W] " (p) Vp>o0. (3.25)

4. GENERAL DECAY

In this section, we give some lemmas allow us to prove the stability result o the solution.

We define the functional energy of solutions of problem (|1.1)-(1.2) as follows:

1 /1
Et) : = 3 / pu + JF + 592 + 9 + 2bugp + pul + Tw? | da
0

>0

/ / / (.))dsdrdz. (4.26)

Lemma 4.1. Let (u,p,w) be a solution of (@)-@ Then the energy functional E(t),

satisfies

E'(t)

IN

k:g/lw dxkg/lw dx
—c [/ urhy (ug d:B+/ / 1)ha(9(1))dsdx

0. (4.27)

IN
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Proof. We multiply (2.8)1 by u¢, (2.8))2 by ¢, and (2.8))3 by w and then integrate over (0,1),

we get

1
/ pus? + JOF + 002 + €2 + 2bugp + pu’ + Tw? | dr (4.28)
0

>0

+’y/ uthy (ug dx+/ / s)uthe(¥(1))dsdx

= —k2/ 2da:—k3/ w2dz.
0 0

Now, by multiplying the fourth equation in (2.8]) by o |u(s)| ho(d(x,r,t,s)), and integrating

N =
&l

over (0,1) x (11, 72) x (0, 1), using integration by parts, the definition of 'y, and the boundary

conditions, gives

[ [ oniais = —a [ [ [ oo
AL [ ety ~ o [ [ /E i
o[ omo
o [ om0
R

+a/ / s)Ta (ur) dsdx. (4.29)
The combination of (4.28)- (4.29)) gives us

Et) = 'y/ uthy (ut)da:// s)ucho (¥(1))dsdx

1
—O’/ / )dsdx—k‘g/ w?da
0
1
—|—U/ / $)T (uy) dsd:r—k‘g/ w?dz. (4.30)
0

So, by return to the convex conjugate of I'y, taking p = ha(¥(1)) and = = uy, we get

wtha(9(1)) < T3 (ha(9(1))) + Lo (ur) (4.31)

where, T3 (ho(9(1)) = 9(1)ha(9(1)) — Ta(9(1)). (4.32)



INT. J. MAPS MATH. (2025) 8(1):125-149 / GENERAL DECAY FOR A NONLINEAR DELAYED...

Using (4.30)- (4.32)) and (A2), we obtain

BEl) < — / wehy (ug) da + / / o (9(1))dsda

+o+1) // 1(5)T (ug) dsda — ( a+1)// 1)) dsdz

—kg/ wdaz—kg/ w2 dx
0 0

- {y—aza(m—ﬁ)—ag/

T1

T2

IN

u(s)ds} /01 uthy (ug) da

Lo oo
_/0 /ﬁ s~ (4~ elu(e)?(Dhe(d(1) dsdz

1 1
—k2/ de:c—kg/ w2dz.
0 0
Finally, by using (2.12)) we obtain (4.27)).

Lemma 4.2. Let (u,,w) be a solution of (@-(@/ Then, the functional

d 1 1 T
Ii(t) = 4/0 upudr — T/O w (/0 ut(y)dy> dx,t >0,

satisfies, for n,d >0 and Vt > 0

pd\ ! 1 1
It < (cn—g)/ 2dm+d/ dm+(3c1—|—2077)/ w?dx
p 0

—|—(31/0 (97 + ¢* +w?) do + — / / 5)9(1)ho(9(1))dsdx

c
+— hud.
57 Jo T (ue)

Proof. Differentiating I;(t) and integrating by parts, we get

1 1 1
It = d/ u%daj—ud/ uidm—w/ ouzdr
/ hi (uy uda:—/ / $)ho(¥(1))dsdx
1
—|—k3/ wmutd:ﬂ—&—kg/ w (/ ut(y)dy> dx—kl/ prugde
0 0 0 0

1 1
b
-|-M wuxd:c—i—T/ wpdz
P Jo

137

(4.33)

(4.34)

/ </ ha () dy) dz + ;/Olw/n72 p(s) (/Ofﬂ ha(9(y, 1))dy> dsdz.
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By using Cauchy-Schwarz inequality (3.18)), we obtain

(/Om Ut(y)dy>2 <
([os)
([ mwoi 1>>dy>2

IN

IN

(/)
(/01 hy (uz) d:c)Q dx < /01 h3 (ug) dz,
(/01 ha(9(1)) dx)

2

1
s/ ui dr,
0

2

dr < /1 h2(9(1))dz
0

Next, On account of (2.13]), (3.21]), and (3.22)), we obtain

h%(ﬁ(x, 1,t,8)) <29(x,1,t,8)he(F(x,1,t,8)).

(4.35)

Then, using Young’s inequality (3.19)), Cauchnychwarz inequality and (4.35)), we get

bd
dp Jo

TH

» Jo

1 T
k‘z/ w </ ut(y)dy> dx
0 0
1
k:l/ prudr
0

1
k3/ WeUrdr
0
'_ d

1
— h d
4,0/0 1 (ug) udz

d 1 T2
_ U 1
‘ 4p /0 /T1

puzdr

wuzdx

(s)he(¥(1)dsdx

b
e wedz
P Jo

2 o[ s
L

IN

IN

IN

IN

IN

IN

IN

IN

IN

IN

(/ ha (0 y,l)dy)dsdx < //

dp u?
6y [, Wty / (4.36)
dp ! 2
4.

16 /. uxdx—i-cl/o wdzx, (4.37)
d 1 1
/ u%dw—i—cl/ wdz, (4.38)
4 Jo 0
d 1 1
/ ufdercl/ Qidr, (4.39)
4 Jo 0
d 1 1
/ u?dm—kcl/ w2dz, (4.40)
4 Jo 0
c [ 1
/ h? (uy) d:c—i—cn/ ulder, (4.41)
4n Jo 0

T2 1
- / u(s)ds / udz

/ / ))dsdz,

/ / (9(1))dsda
—|—c77/ ulde, (4.42)

/ wldz + 2 / (4.43)
- / 2 (ug) dz + 1 / w2dz, (4.44)
4n 0
(9(1))dsdx
—|—cn/ w?dz. (4.45)
0



INT. J. MAPS MATH. (2025) 8(1):125-149 / GENERAL DECAY FOR A NONLINEAR DELAYED... 139

By substituting (4.36] into , we get ([4.33] - (]

Lemma 4.3. Let (u, p,w) be a solution of (2.8)-(2.9). Then the functional

1 1 T
Ir(t) := J/ prpdr — bp/ ug (/ cp(y)dy) dzr,t >0,
0 K Jo 0

satisfies, for any €1 > 0, the following estimate

5 1 1 1 1
IL(t) < —2/ o2dx — /\/ O?dx + 51/ uldx + 02/ w2dx (4.46)
0 0 0 0

<J+302>/ dx—i—el/ h? (uy) dz
0

ey / / I(1)ha(9(1))dsdz,

where A = (§ — %)

Proof. By differentiating I>(t), we obtain

1 1 1 T
b
L) = J/ ‘Ptt‘de‘f'J/ w?dﬂt—p/ g </ sot(y)dy> dx
0 0 mJo 0
—/ [m (/ dy> dzx.

Next, using integrating by parts together with the boundary conditions, we get

I(t) = —5/ dx—(&—li)/o 2da:+J/01<pt2da:
—k:l/o wmgodx—/ ” </ t(y)dy) do
—7;) ; h (u) </0:c @(y)dy) dz

_’Y;b 01 </Ox gp(y)dy> /T:Q (1(s)ha(9(1))dsda.

Thanks to Young’s, Poincaré (3.17) and Cauchy-Schwarz’s inequalities and (4.35]), we obtain

1 s 1 1
kl/ wypdr < / goidm+02/ wzdm,
0 2 /o 0
b 1 z 1 c 1
—'0/ Ut (/ got(y)dy) de < 51/ u?dw+2/ go?da:
BoJo 0 0 €1 Jo
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’y1b 1 x L o 1,
—— | hi(w) oi(y)dy ) de < & hl (ut)dx—i—— prde,
0 0 0
’ylb// </ wt(y)dy> dsdx < 51// (1))dsdx
0
—|—02 Oidx
0
< 251/ / w(s)d (9(1))dsdx
—1-62 id.
€1 Jo

Then, we find that

5 [ 1 1 1
It) < —2/ @idx—)\/ ¢2da:+51/ ufdac—kcz/ w2dx
0 0 0 0
1 1
<J+ >/ @tdx+51/ h3 (uy) dz

426, / / 1(8)9(V)ha(9(1))dsda,
which is (1.46) with A =€ — £ > 0. 0

Lemma 4.4. Let (u,p,w) be a solution of @-@ Then, the functional

I3(t) = —T/O1 w </Ox wt(y)dy> dz,

satisfies, for any €2,€3,e4 > 0, the following estimate
1 1 1
IL(t) < (—k1+252)/ <pt2dx+520p/ u?ﬂdx+s4/ 2dx (4.47)
0 0
(b7)? & /1 )
— 4+ — 4+ = +k d
te ( 482 + 42’;‘3 + 484 + 482 + 0 war

1
+63/ ©2dx.
0

Proof. By differentiating I3(t), integrating by parts and using ([2.8]), we obtain

1 1 1
I(t) = —Jkl/ <pt2dx+k1/ ’UJQd.%‘-f—Tb/ wudx (4.48)
0 0 0

1 1 x
—Jk3/ wepprdr —§ [ w </ go(y)dy) dx
0 0 0
1 T 1
—l—sz/ w (/ cpt(y)dy) dx — 5/ wd.
0 0 0
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Using Young’s, Cauchy-Schwarz’s and Poincaré inequalities, we find

1 1 (Tb)2 1
Tb/ wudr < 820p/ uldr + / w?dz, (4.49)
0 0 de2 Jo
1 1 52 !
—5/ wegdr < 53/ p2dr + — de:Jc, (4.50)
0 0 463
1 T 1 62
€| w (/ go(y)dy) de < 54/ O?dr + > / w?dz, (4.51)
0 0 0 deq
1 x 1 K21
Jk:g/ w </ @t(y)dy) dr < 82/ 2dr + 2 w2d3:, (4.52)
0 0 0 der
1 1 K[!
Jk:g/ Weprdr < 52/ dx+— idm. (4.53)
0 0 deg
Estimate (4.47)) follows by substituting (4.49)-(4.53)) into(4.48]). O

Lemma 4.5. Let (u, ¢, w) be a solution of (2.8)-(2.9), then, the functional

() = / / / §)e=" Ty (9(.))dsdrda, (4.54)

satisfies the estimate

L) < —are / / (9(1))dsda
+as (/n w(s )ds>/0 uthy (ug) dx
e /0 1 /0 1 /T su(s)Da(9(1))dsdrdz. (4.55)

Proof. Differentiating Iy, using the fourth equation in (2.8)), (42), and the fact that ¥(0) =

u, we obtain

wo = [ [ [ s a0 s
- / / / e hy(9(.)) dsdrda
- - / / / pls) - [ Ta(0())] drsd
/ / / 5 To(9(.))dsdrdz
_ / / ))dsdz + / / 9T (ur) dsda



142 M. HOUASNI AND A. KELLECHE

_ / 1 / 1 / " su(s)e="TTo(0(.) )dsdrda
—aje” // 1)ho(¥(1))dsdx
—e” /// (.))dsdrdx

+an /n (s )ds/o uthy (ug) de.

Using the fact that —e™" < —e™* for all r € [0, 1], we then obtain (4.55). O

IN

Now, we define the Lyapunov functional £(t) by
L(t) = NE(t Z NiLi(t) + I4(t (4.56)
here, N, N1, Ny and N3 are positive constants.

Lemma 4.6. Let (u, @, w) be a solution of (@—(@ Then, there exist two positive con-
stants p1 and po such that the Lyapunov functional satisfies

mEB(t) < L(t) < poB(t), vt > 0. (4.57)
Proof. From ({4.56)), we have

N- 1
o) - NE@)| < ° 1/ |utu|d$+TN1/
0

w</0$ut(y)dy> du
v [loceldr + 22 [ ([ oty
o [ o

/ / / se=°" | To(0(.))dsdrda.

By using Young’s, Poincaré and Cauchy-Schwarz inequalities, we obtain

dzx

[£(t) = NE(t)] < ~vE(t),

which yields
(N =) E(t) < L(t) < (N +7)E(1), (4.58)

this completes the proof. O
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Theorem 4.1. Let (¢o,¢1,%0,%1,00,q0, fo)T € H be given. Assume that Al — A2 are
satisfied, then there exist c¢1,c2,c3 > 0 for which the (weak) solution of problem (@—
satisfies

E(t) <K' (eat +c3), V> 0. (4.59)

Proof. By differentiating equation (4.56)), then recalling Eqs. (4.27), (4.33]), (4.46), (4.47)
and (4.55)), we have

1 1
L'(t) < (—ksN +c1Ny+ CQNQ)/ w2dx + (—kaN + (3¢1 + 2¢n) Nl)/ w?dx
0 0

o) & & K /1 2
N. — >+ 2 4 d
+ INgca ( 1y + 1es + 15, + 1y + K1 ) w-ax

1 T2 1
+(dN1 + Naer) / uldx + (ag/ p(s)ds + ﬁ - Nco> / ughy (uy) do
0 T 0

d ! N !
+ <<c77 - gp) Ny + EngN3> /0 uZda+ <2177C + N251> /0 h3 (up) dx

1 1
é
+(—/\N2 +c1 N1+ N3€4)/ Q02d$ + <_2N2 + N353) / gDidiL'
0 0

3co

1
+ <N101 -+ (J+ 5) Ny + NS (_kl + 252)) / (p?dﬂ?
1 0

N 1 T2
+ ((251N2 + 1c> — Ne¢g — 0416_7—2) / / w(8)3(1)ha(9(1))dsdx
n 0 1
1 1 T2
e / / / su(s)Do(9(.))dsdrda. (4.60)
0 0 T1
At this point, we set £1 = 1, g9 = N%, and choose n small enough so that
b
< —.
= 8cp
Next, take N; large enough so that,
ud
<c17—8p) N1+ C, <0.
Let us fix Ny and select e3 = ¢4 = N%,v choose Ny large enough so that

]
—§N2—|—1<0and —AN2+c1N1+1<0.

Fix N5 and select €5 so small that

choose N3 large enough so that

Nicy + (J+ 3CQ)N2 + N3 (—kl + 262) <0.
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Finally, we choose N large enough so that

—k3N + c1 N1 + coNa < 0,
2 k2
ko + (3¢1 + 20m) N+ Naea (U2 + 2 4+ £ 4+ 8 44y <0
(2€1N2 + %) — Ncyg —a1e™ ™ <0,
ap [ p(s)ds + 4 — Neg < 0.

All these choices with the relation (4.60]) leads to

L(t) <=\ fol (ui Fu2 + 0% + @2 4 02+ w? + o'fol f:f su(s)Fg(ﬁ(.))dsdr> dx (461)
Dz Jy (w2 +w?) do+ e (3 ubde + [y B2 (w)dw), ¢, A0 > 0.

On the other hand, from (4.26]) and by using Young’s inequality, we obtain

Bt) < g Jy (puf + Tt + (u + [pl)u? + 092 + (& + [b])p? + Tw?) da
+5 Jo Jo J72 su(s)Ta(9(.))dsdrda
< ([0 (u2 + o7 +u$+303;+<p2+w2)d:c)
+uvi0 fol fol [ su(s)Ta(9(.))dsdrdz, v1 > 0,

which implies that

1 1 T2
- / <uf + @2 +uZ + o2+ o w? + O'/ / su(s)Fg(ﬂ(.))dsdr) dx
0 0 T1

< —vaE(t),vg > 0. (4.62)
The combination of (4.61) and (4.62)) gives
T2

1 1
L't < —c / (ut2 + go? +w? + (ug + g0)2 + 4,02 + a/ / s,u(s)FQ(ﬂ(.))dsdr> dx
0 0 T1

1 1
+c (/ uldx + / h? (uz) d:c)
0 0

< —qB(t)+c < /O S 4 12 () da;) . (4.63)

Let us define the following sets
={x € (0,1): |ut (z,t)| > 1} and ©, = (0,1)\X,
Now, we estimate the last term in the right-hand side of (4.63)). First, we have

1
/ (uf +hi () dz = / (uf + hi (w)) dz
0

u

+ /@u (uf + h% (ut)) dx.
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Using A1 and (4.27)), we easily show that

/ (uf + h% (ut)) de < (kl_l + k2) uthy (uy) dz
u 2y
1
< (kl_1 + k:g)/ ughy (ug) dz
0
< —cE(t)

145

(4.64)

If b =0 on [0,!]: This implies that there exist k], k} > 0 such that k}s? < hy (s) s < kjs?

for all s € R4, and then (4.64]) is also satisfied for |u; (z,t)| < I, then on all (0,1).
(4.63), (4.64), we arrive at

(L(t) + cE(t)) < —cJ (E(t)), Vt>0,

where J is defined in (3.23]).

From

(4.65)

If B'(0) = 0 and A" > 0 on (0,I]: Since h is convex and increasing, h~! is concave and

increasing, by using A1, the reversed Jensen’s inequality for concave function (see [35], p.

61), and (4.27), we obtain,

IN

/ (u? + 13 (ug)) d / L (uhy (up)) de
Oy Oy

IN

/ L (ushy (up)) dx
Oy

0, h! </@¢ elmuthl (ue) dx)
ch™! (/@w urhy (uy) da?)
ch™1 (/01 ughy (ut)) da

ch™1 (—cE (1)) .

IN

IN

IN

IN

Therefore, from (4.63)), (4.64) and (4.66[), we find that

L'(t) < —cE(t) +ch Y (—cF (t)) — cE (t), Vt>0.

By using Young’s inequality (3.21)), (3.25) and the fact that

E' <0, and " > 0,

(4.66)
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we get for £g > 0 small enough and ¢y > 0 large enough,
(W (0B (1)) [L(t) + cE(t)] + o E(t)]
= eoB(t)h" (0B (1)) [L(t) + cE(t)]

+h' (0B (t) [L'(t) + cE (t)] + o E ()

< —cl (20E(t)) E(t) + ch! (c0E () b (—cE (1)) + ¢y E(t)

< —ch (c0B(t) E(t) + ch* (W (e0E (1)) — cE () + chE(#)

< —cl! (20E(t)) E(t) + c=oh! (0 E (1)) E(t)

< el (20B(t) B(t) = —cJ (E(t)). (4.67)

Now, let us define the following functional:

G(t) = L(t) + cE(t) if ¥ =0on [0,]],
h' (eoE (1)) [L(t) + cE(t)] + coE(t) if h'(0) =0 and A” > 0 on (0,1].

Using (4.57)), we have
g ~ E7

and exploiting (4.65) and (4.67)), we easily deduce that
G (t) < —cJ(E(t)), Vt>O0.

Next, let us set

where 0 < € < £ and ¢ is a positive constant satisfying

G(t) < éE(t), vt > 0.
We also have
M~ E, (4.68)
and for t > 0
M (t) < —ced (M (t)). (4.69)

Noting that K’ = —1/J (see (3.24])), we get from (4.69))
M (t) K" (M (t)) > ce, Vt>0.
A simple integration over (0,¢) then yields

K (M (t)) > K (M(0)) + cet.
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Then, since K ! is decreasing , we deduce that

M) < K (cet + K (M(0)))

< K 7' (cot +¢3).

From this latter inequality and (4.68]) we obtain easily (4.59). Then the proof is completed.
O
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ABSTRACT. In this study we research inextensible flows of curves in 3-dimensional Galilean
space (G3 with a new aspect. For this research we use a new adapted frame which called
quasi-frame in 3-dimensional Galilean space G3. From this perspective, inextensible curve
flows are examined with the help of this frame then important characterizations and results
are obtained.
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1. INTRODUCTION

The theory of curves is one of the most intriguing and thoroughly studied topics in differen-
tial geometry. Additionally, curve flows, which determine the evolution of curves or surfaces,
are crucial to this theory. In this case, the curve’s flow can be used to analyze the change in
the curve. It is argued that a curve has an inextensible flow if the arc length is preserved. In
addition to structural mechanics [19], computer vision [9, [14], and computer animation [3]
all use the inextensible flows of curves and surfaces. The techniques researched in this paper
are produced by Gage and Hamilton [7] and Grayson [§]. Kwon and Park offered a thorough
description of the differences between heat flows and inextensible flows of planar curves [12].
Furthermore, in R3, Kwon et al. reveals a general formulation for developable surfaces and
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inextensible flows of curves [I1]. Latifi and Razavi examined inextensible flows of curves in
Minkowski 3-space [I3]. Inextensible flows of curves were analyzed by Ogrenmis and Yen-
eroglu [I5] in the three-dimensional Galilean space G and by Oztekin and Giin Bozok [16]

in the four-dimensional Galilean space.

In the literature, computations have often been performed using the Frenet frame. Never-
theless, in certain situations, the Frenet frame has drawbacks. For instance, it is impossible
to define the Frenet frame when the second derivative is zero. An alternative frame can
therefore be defined in this situation. The frame known as quasi frame or g-frame is one of
these alternative frames. Using the quasi-normal vector established by Coquillart in 1987 [1],
a g-frame was obtained. This frame’s principal concept is that the projection and tangent
vectors are multiplied to obtain the vector known as the quasi-normal vector. Using a quasi-
normal vector along a space curve, Dede et al. defined a new frame known as the g-frame [2].
With the help of these definitions, the quasi frame has been examined for different curves in

many different spaces [5 [6], 10, [18].

In this research paper, with the help of the quasi frame inextensible flows of curves are
researched in 3-dimensional Galilean space G3. In this regards, new characterizations and

important results have been obtained for inextensible curve flows.

2. PRELIMINARIES

The Galilean space is one of the Cayley-Klein spaces with the projective metric with the
signature (0,0,4,+). In 3-dimensional Galilean space denoted as G3 the scalar product is

descripted by

122 Jif v #0Vag #0
(Wi, ws) = (2.1)
Y1y2 + 2122 Jf 1 =0Az2 =0
where wy = (x1,y1,21) and we = (x2, Y2, 22) . Consideringly for a vector w = (x,y, z) the

Galilean norm can be expressed by

T , ifx#0
ol = , . (2.2)
VY2 + 22 yife=0

For an admissible curve C' of the class C" (r > 3) in G3 the following characterization can

be defined

r=r(s,y(s),z(s)), (2.3)
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here s is the arc length on C. Also for this curve the curvature and torsion can be represented

as

1
K (s)=Vy"?+ 2" and 7 (s) = —

Z(5) det (r' (s), 7" (s), 7" (s)) . (2.4)

The orthonormal trihedron is expressed by

T(s) = (Ly/ (). (5),
NG = s (09,2 (9). (2.5)
1

B = 5 (0.0 (0).

where ¢, n, b are the tangent, principal normal and binormal vectors, respectively. Moreover,

&

x

the Frenet formulas can be given by,

T'(s) = K(s)N(s),
N'(s) = 7(s)B(s), (2.6)

B'(s) = —7(s)N(s).

For detailed information about Galilean space we refer to [20, [17].
In 3-dimensional Galilean space the quasi-frame, which is crucial to a variety of geometric

computations is derived from Frenet-Serret frame of the curve and can be described by

{T'(s), Nq(s), Bg(s)} as;

o Txz
T—— N,=—" B =TxN, 2.7
o M T BTN 27

where z is the projection vector given by either (1,0,0), (0,1,0) or (0,0,1) . The parallelism
respect to unit tangent vector T' determines the choice of the projection vector z. Here it is
selected z = (1,0,0). Let 0(s) is an angle between N and N, then the quasi-frame, known
as {T'(s), Nq(s), By(s)} can be written

Ny = cosON +sinéB, (2.8)
B, = —sin@N + cos 0B, (2.9)

and
N = cosN, —sin 0By, (2.10)

B =sinfN, + cos0B,. (2.11)
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Also using the equations and , it is obtained that
T' = kN = kcos 0N, — rsin0B,. (2.12)
By using the replacement K1 = k cosf and Ko = ksin 6, the following equation can be found,
T = K\N, — K»2B,. (2.13)
In the same way considering the equations and , it is determined that
Né = K3B,, B; = —K3N,, (2.14)
where ¢’ + 7 = K3. Therefore, the quasi-formulas are given by
T'" = K;N,— KB4,
Né = K3B,, (2.15)
B; = —K3N,.
Consequently the quasi-curvatures Ki, Ko and K3 can be represented as
K| =kcosl, Ky=rksinf, K3=0 47, (2.16)
where k, T are curvature and torsion, respectively [4].

Corollary 2.1. Let a(s) be a curve in Gs. The quasi-curvatures Ky, Ko and Ks can be

given, respectively, by [4]
Ky = g(T’,Nq),KQ = *Q(T/qu)aKB = g(Néan) = *Q(B:]aNq)' (2.17)

Corollary 2.2. The quasi-frame in the value of G3, is a generalization of the Frenet frame.

To be more precise, the quasi-frame and the Frenet frame are equal when Ko equals zero [4].
Example 2.1. Let §: I — G3 be a curve defined as
B(s) = (s,sin3s,cos 3s) .
Then the quasi frame of 8 is
T = (1,3cos3s,—3sin3s),
N, = (0,—sin3s,—cos3s),
B, = (0,cos3s,—sin3s),

and quasi-curvatures are

Ki=9Ky=0Kz=-3.
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3. INEXTENSIBLE FLOWS OF CURVES ACCORDING TO QUASI-FRAME IN Gg
According to this research, 3 : [0,1] x [0, w) — G73 is considered as a one parameter family

of smooth curves in 3-dimensional Galilean space G3 where [ is the arc length of the initial

curve. Moreover, u is the curve parameterization variable where 0 < u < [. If the speed of

the curve 3 is denoted as v = g—'B , then the arc length of 8 can be represented as
U
98| .
= 3.18
sw=["52]d (3.18)
1o}
and s can be expressed by
S
6_19
ds wvou’

here the arc length parameter is ds = vdu. For any flow in G5 the following equation can be
written
op

5 T + faNg + f3By, (3.19)

where {T', Ny, B,} is quasi-frame in G3. The arc length variation is given by

s (u,t) :/ vdu .
0

In G'3, the requirement that the curve not be subject to either elongation or compression can

be given as the following condition

s(u t) / —du (3.20)

for w € [0,1] [15].

0
Definition 3.1. A curve evolution (3 (u,t) and its flow 95 in Gz are called inextensible if

ot
the following equation is satisfied [15],
9198 _
ot [ou|
op
Lemma 3.1. Let i 1T+ faNg+ f3Bg be a smooth flow of the curve 8 where {T, Ny, B4}

is a quasi-frame in Gs. The flow is inextensible then

v Of

% on (3.21)

Proof. Let aa—f be a smooth flow of the curve § in GG3. Using the definition of £, we reach

2 _ /OB OB
v _<au’au>‘ (3.22)
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. 0
Since — and — are commute, we get

ou ot

Yor ~ \ou' ou
Substituting (2.15)) in (3.23)) we reach
0 0 0
A <T< f1>T+< f2 + fivKy — fgvK3> N,

v _ <86 O (AT + foN, + fsB, )> (3.23)

ot 0 Ju
0
+ (6f3 J1vKo +f2UK3> B > :
If necessary calculations are done then the equation ([3.21)) can be obtained easily. O
ap :

Theorem 3.1. Let i fiT + faNg + f3Bg be a smooth flow of the curve B in G3. The
flow is inextensible if and only if

of1

— =0. 3.24

s (3.24)

Proof. Considering the equations (3.20) and (3.21]) we have

0 “ v “Of
t —du — =0. 3.25
at =] 5 , Ou (3:25)
The proof can be finished by reversing the argument to demonstrate sufficiency. Therefore,

the desired result is obtained. O

We now limit ourselves to parametrized curves with arc length. In other words, v =1 and
the local coordinate u corresponds to s which is the arc length of the curve. Therefore the

following lemma can be given;

0
Lemma 3.2. Let a—f = fiT + folNg + f3By be a smooth flow of the curve 8 in Gs. If the

flow is inextensible then,

oT 0
5 = <8f?+f1K1 f3K3> Ny + (8ﬁ))+f2K3_f1K2>B
0N,
— B 2
S = B, (3.26)
0B,
724 N
ot i
where ¢ = <8££",B >
Proof. Since g and — are commute we get
' ot " s mewes
or 0908 0

5t 9tos  Bs (fiT + faNg + f3By) .
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Thus, it can be seen that

oT df1 df2
o = <8S>T+<8+flK1 f3K3>N

+

<aaf3 + fo K3 — f1K2> (3.27)

Substitute the equation ([3.24) in (3.27)), we find

%—1; = (%fz + K — f3K3> Ng + (%‘fd + foK3 — f1K2>

Let us differentiate the quasi-frame with respect to ¢ as

B of N,
0 = at<T7Nq>:<32+f1K1 f3K3>+<T,atq>7
0 dfs

0B
= T,B K3 — fi K T,
0 8t< q) = <8 + foKs — f1 2) <’8t>’
0 ON, 0B
- Ny, B B Ny, —2 ).
0 8t<q’ @) = <8t > <q’8t>
Considering the above equation and the following equations
ON, 0B,
—, N, ,B
< ot’ q> < ot '’ > 0

then, we obtain

ON,
e~ yB
ot By,
0B,
24— _yN,
ot ¥l
where ¢ = (231, B, ). 0

0
Theorem 3.2. Let a—f = fiT + folNg + f3B, be a smooth flow of the curve B in Gs. If the

flow is inextensible, the following partial differential equation holds:

0K 1o} 0
a—tl = 3 (;2 + f1Ky — f3K3> - ( 8f3 + foK3 — f1K2) K3 — Ko,
0K 0
87752 = K11/)—*8 <8fg+f2K3—f1K2> K3 — (f2+f1K1 f3K3> K,
oK, _ o

ot 09s’

where ¢ = <8§£",B >
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Proof.
0 oT 0 dfo Ofs
%500 ~ s (8 + fiKy — faKs) Ny + <8 + foK3 — f1K2) B ]
0 0
= (an + fiKi — szs)} Ng + <8J;2 + fiKi - f3K3> K3B,
0 0
+ 5 (;3 + 2K —flKg)} B,
1o}
- < af?’ + foK3 — flKQ) K3N,. (3.28)
Also, we have
0 oT d
o = o (KN, = [3B,), (3.29)
0K K.
= = N, + KB, — 823 + Koo N,
where 1) = < i By > Hence from (|3.28]) and (3.29)), we get
0K 0 0
aitl 75 ( afz + fiKy — f3K3> - ( afg + foK3 — f1K2> K3 — Ko,
0K 0 0
= = K- O + foK3 — fiKa | — 012 + iK1 — f3K3 ) K
ot Os Os
Also,
9 N, B
9% 9t~ s (¥By)
0
= B, KN, (3.30)
Also, we have
9ON, 0
o as o Kb
= 8;(33 — K3, (3.31)
Hence from and (3.31] -, we get
0Ky 0
L= (3.32)
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STUDY OF SOME HARMONICITY PROBLEMS CONCERNING THE
RESCALED SASAKI METRIC

ABDERRAHIM ZAGANE * AND FETHI LATTI

ABSTRACT. This paper introduces the concept of harmonicity on the tangent bundle en-
dowed with a rescaled Sasaki metric. Firstly, we study the harmonicity of a vector field on
the tangent bundle. Secondly, we investigate the harmonicity of the composition of a vector
field and mapping between Riemannian manifolds. Afterwards, we explore the harmonicity
of composition between the natural projection of a Riemannian manifold and a map of this
manifold to another. Finally, we investigate the harmonicity of the tangent map.
Keywords:Riemannian manifold, tangent bundle, rescaled Sasaki metric, harmonicity.
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1. INTRODUCTION

The tangent bundle of a Riemannian manifold can be endowed with Riemannian metrics
defined from the Riemannian metric of the base manifold. The most famous of these is
the Sasaki metric [19]. Several authors have studied the geometry of the tangent bundle
endowed with the Sasaki metric (see [2I) 4, I8]). Some authors have constructed other
metrics on tangent bundles, which represent deformations of the Sasaki metric on tangent
bundles (see [2, 11} [16]). The rescaled metric is between the deformations of the Sasaki metric
on the tangent bundle, which have been studied and developed in several recent studies (see

[10, 20, 22).
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The main objective of this research is to investigate the harmonicity concerning the
Rescaled Sasaki metric on the tangent bundle. After stating the introduction, we describe
the preliminary results of the tangent bundle and basic properties of the Rescaled Sasaki
metric. In section |3, We give certain harmonic problems of a vector field concerning this
metric. (Theorem [3.2] Theorem and Theorem [3.6]). In section [} we investigate the har-
monicity of the composition of a vector field and mapping between Riemannian manifolds
(Theorem and Theorem [4.2). Next, in section [§| we explore the harmonicity of compo-
sition between the natural projection of a Riemannian manifold and a map of this manifold
to another (Theorem and Theorem . In the last section, we examine the harmonicity
of the tangent map (Theorem [6.1] Theorem [6.2] and Theorem [6.3).

2. PRELIMINARY RESULTS

Consider the k-dimensional Riemannian manifold M* endowed with the Riemannian
metric g and the bundle projection (natural projection) = : TM* — MF¥. The local
coordinates (U, LUi), i = 1,...,k on M* induces on TM* a system of local coordinates
(x=Y(U), 2% v = xg), i =1,....,k on TM*. Denote by V the Levi-Civita connection of
g and by I'}; the Christoffel symbols of V. Let 33(M*) be the module of C™ vector fields on
MP* over the ring of real-valued C*° functions on M*. There is a direct sum decomposition

defined by the Levi Civita connection V.
Tioy TM* = Vi, yTM* & H, ,\ TM"
of the tangent bundle to TM* at all (z,v) € TMP into the vertical distribution
9 )
V(LU)TMk = Ker(dr,) = {alw\(zﬂ,), o' € R}
and the horizontal distribution
.0 o ) ,
H(x,v)TMk = {a’@kx’v) — a’vjffj%\(ww), o' € R}

Given a vector field Z = Zi-2 on M¥*. The vertical and horizontal lifts of Z are defined

Ox*
by:
0
1% %
v’
0 ; 0
H _ 1 s
Z = Z<8xi - ij@vs)'
We have H(aii) = 8(372' — vjf‘fj% and v(aii) = 8‘2“ then (H(aii)av(a(zi))iily---,k is a local

adapted frame on TTMP¥.
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Definition 2.1. [20] Given a Riemannian manifold (M*,g) and a strictly positive smooth
functions f : M* —]0; +oo[. The Rescaled Sasaki metric on the tangent bundle TMF* of M*
is defined by:

Gf(HXa HY)(:t,v) = f(x)gz(Xv Y),

Gf(VXa HY) = Gf(HX7 VY)(x,v) =0,

()

Gf(VX7 VY) = gw(va)a

()

for all vector fields X and Y on M* and (x,v) € TM*. Note that, if f = 1, then G is the

Sasaki metric[19].

Theorem 2.1. [20] Given a Riemannian manifold (MF¥,g) and the Levi-Civita connection
V of the tangent bundle (TM*,G') endowed with the Rescaled Sasaki metric. Then we have

the following formulas:

LVuyly = H(VxY + ;f(X(f)Y +Y(f)X — g(X,Y)gradf)) 1V(R(X, Y)v),

2
~ 1
2.Vuy'Y = ﬁH(R(U,Y)X)—i—V(VXY),
~ 1
3.Vvxy = EH(R(U,X)Y),
4.6VXVY — 0,

for all vector fields X andY on M*, where R is the curvature tensor of V on (MF¥,g).

Now, we will introduce some basic concepts concerning harmonic maps. Given a smooth
map ¢ : (M*,g) — (N™,h) between two Riemannian manifolds. If 9 is a critical point of

the energy functional,
B(w) = [ etw)u, (21)

the map 1 is called harmonic. for all compact domain K C M*. Here

o) 1= 5\ = 5 Tr, h(dy, dy) (22)

is the energy density of v, |d1| is the Hilbert-Schmitd norm of d(v’) and v, is the Riemannian

volume form on M¥. The first variation of the energy [13] is expressed by:

d

GEW0],_ == [ ), Vv 9
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d
for all smooth 1-parameter variation {t¢;}1er of ¥ and V = T Uy .
t=

Then, 1 is to be harmonic if and only if 7(¢) = 0, where
() := TryVdy, (2.4)

is called the tension field of ¥, see [6, [7, [, 12} [14]. Recently, numerous authors have exten-

sively explored this topic, including its application to the tangent bundle [1I 23].

3. HARMONICITY OF SECTION X : (MF¥, g) — (TM*,G¥)
Lemma 3.1. [14,[15] Consider a Riemannian manifold (M*, g). Then the following equation

holds:

doY (Xz) = "X () + V(VxY) (3.5)

(z,v)

for all vector fields X, Y on M* and (x,v) € TMF, where Y, = v.

Lemma 3.2. [24] Consider a Riemannian manifold (MF*,g). Then the following equation

holds:
A 2 1 2

for all vector field Z on M*, where AZ := —TTQVZZ = —Try(ViVy —Vvy,«)Z denotes the

rough Laplacian of Z.

Lemma 3.3. [24] Consider a Riemannian manifold (MF,g). Then the following equation
holds:

A(pZ) = pAZ — (Ap)Z — 2V grqapZ, (3.7)
for all vector field Z on MP*, where p is a smooth function of MF¥.

Lemma 3.4. Given a Riemannian manifold (M*,g) and its tangent bundle (TM* G7) en-
dowed with the Rescaled Sasaki metric. If Z is a vector field on M*, its corresponding energy

density is expressed by:

eo(2) = %+%|VZ|2. (3.8)
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Proof. Given a local orthonormal frame field {E;}i=1__ 5 on MP* and (z,v) € TMP* such that
Z, = v, from ([2.2)), we have:

(2) = Sld.7P
1
= 5T G(dZ,dZ) (.0
Lk
= 92 Z Gf(dZ(Ez)v dZ(Ez))(:c,v)
i=1
Using (3.5]), we obtain:

e(Z2) = G (MEi + (V£ 2),"Ei + V(VE, Z))

N =
INgks

1

-
Il

(GI B, 1B + GT("(VE2),Y(VEZ)))

Il
N =
M=

-
I
—

(f9(Ei, Ei) + 9(V 5,2,V E,2))

~
Il
—

Il
E I R

= +-|VZP2

2

N

g

Theorem 3.1. Given a Riemannian manifold (M*,g) and its tangent bundle (TM*,G7)
endowed with the Rescaled Sasaki metric. If Z is a vector field on MF, its associated tension

field is expressed by:

_k _
22f gradf + chTrg(R(Z, V.Z)x)) - VAZ. (3.9)

Proof. Given a local orthonormal frame field {E;}i=1 5 on MPF and (z,v) € TMP such that
(VE,Ei)y =0 and Z; = v. From (2.4) and (3.5, we have:

T(Z) = H(

T(Z)e = (TryVdZ),

(VEdZ(Ey)),

Il

s
I
—

[
M=

1

-
Il

(Vepvivs,2)("Bi + (VB 2)) )

I

&
Il
—_

(%HEZHEZ + ﬁHEiV(in Z) + ﬁv(inZ)HEi + 6V(inz)V(VEi Z))

(z.v)

Il

-
Il
—
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Using Theorem 2.1}, we obtain:

k

> (H(VEiEi + i(in(f)Ei — 9(Ei, Ei)gradf)) — 1V(R(Ei, E)Z)

7(2) 2 2f 5

+21fH(R(Z VuZ)E) + (Ve Ve Z) + 21fH(R(Z, Vi, Z)Ei)
k
= Z (;fH(2E'L(f)E7, —gradf) + ;H(R(Zy Vi, 2)E;) + V(ininZ)).
i=1

To simplify the last statement, we use the following equations:

k
1 1
> ZR(ZNEZ)E; = —Try(R(Z,V.2Z)%),
i=1 f f
k —
Y Ve VgZ = -AZ
i=1
Then, we find (3.9)). O

From Theorem [3.1] we get the following:

Theorem 3.2. Given a Riemannian manifold (MF,g) and its tangent bundle (TMF*,G¥)
endowed with the Rescaled Sasaki metric. A vector field Z on M* is a harmonic map if and

only if the following conditions hold:

Try(R(Z,V.Z)%) = gradf and AZ =0.

Corollary 3.1. Given a Riemannian manifold (M*, g) and its tangent bundle (TM* GT)
endowed with the Rescaled Sasaki metric. If k = 2 or f = constant, then every vector field

that is parallel on M* is harmonic map.

Given a compact oriented Riemannian manifold (M*, g) and its tangent bundle (T M*, G7)
endowed with the Rescaled Sasaki metric. Let Z a vector field on M*. The energy E(Z) of
Z is defined to be the energy of the corresponding map Z : (M*, g) — (TM*,G')[5]. More

precisely, from ({3.8]), we get
E(Z)=— fug+ = |V Z|“vy. (3.10)
2 Mk 2 Mk

Definition 3.1. [5, 7] Given a Riemannian manifold (M*,g) and its tangent bundle
(TM*,GY) endowed with the Rescaled Sasaki metric. A wvector field Z on MF is called
harmonic vector field if the corresponding map Z : (M*, g) — (TM* ,GY) is a critical point

for the energy functional E, only considering variations between maps defined by vector fields.
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Theorem 3.3. Given a Riemannian manifold (M*, g) and its tangent bundle (TM*,GT)
endowed with the Rescaled Sasaki metric. Let Z a vector field on M* and E : S§(M*) —
[0, +00) the energy functional restricted to the space of all vector fields. Then the following

condition holds:

%E(Zt)itzo = /Mk 9(AZ, Vv, (3.11)

for all smooth 1-parameter variation ¥ : M* x (—e,€) — TM* of Z i.e. 9(x,0) = Z(x),
Zy(x) = 9(x,t) € T,M* for all (z,t) € M* x (—¢,¢€), (€ > 0) and V € I§(MF) is the vector
field on MP* expressed by:

.1
= aZz(t) =0 = }g}% ;(19(&?,75) - 19(£70))7

where Zy(t) = 9(z,t), (x,t) € M* x (—¢,¢€).

Proof. Given a smooth 1-parameter variation 9 : M* x (—¢,¢) — TMF* of Z, such that

Zi(x) = 9(x,t) € T,MF for all (x,t) € M* x (—¢,€) and ¥(z,0) = Z(z). From (2.1]), we have
E(Zt) :/ C(Zt)’l)g.
Mk

Using ([2.3]), we get:

d

GE@| == [ v, (3.12)

where V is the infinitesimal variation induced by ¥, i.e.,

d

d
V(CE) = d(m,O)'ﬁ(Oa &)L}:o = @Zt(x)h:g'

It is well known that
V="Voz, (3.13)

see [5, p.58]. Finally, by (3.9)), (3.12) and (3.13)), we find:

Bz)|_ =~ &Vir(@)e,

% t=0 Mk

= - G (v, -YAZ)v,
Mk

_ / o(AZ, V),
Mk
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If (M*,g) is a non-compact oriented Riemannian manifold, then Theorem holds. In
fact, if M* is non-compact, we can choose V € %é(M k) which support is contained in an

open subset W in M* whose closure is compact. Then (3.11)) is as follows:

d ~
%E(Zt)h:o = /W 9(AZ,V)vg.

We derive from this a necessary and sufficient condition for a vector field is a harmonic

vector field or harmonic map, respectively.

Theorem 3.4. Given a Riemannian manifold (MF*,g) and its tangent bundle (TMF*,G¥)
endowed with the Rescaled Sasaki metric. A vector field Z on M* is harmonic vector field if

and only if AZ = 0.
Using Theorem [3.2] and Theorem [3.4] we obtain the following:

Theorem 3.5. Given a Riemannian manifold (M*,g) and its tangent bundle (TM*, GT)
endowed with the Rescaled Sasaki metric. A vector field Z on MP* is harmonic map if and

only if Z is harmonic vector field and

Try(R(Z,V.2)%) =

gradf.

It is clear that, all parallel vector field on MF* is harmonic vector field. Conversely, we

have:

Theorem 3.6. Given a compact oriented Riemannian manifold (MF*,g) and its tangent
bundle (TM*,G¥) endowed with the Rescaled Sasaki metric. A wvector field Z on MF is

harmonic vector field if and only if Z is parallel.

Proof. We suppose that Z is a harmonic vector field on M*, from Theorem we find
_ 1
AZ = 0. By (3.6)), we obtain |[VZ|? = §A]Z\2. Applying the divergence Theorem, we get

/ IVZ[*09 = 0.
Mk
Since |VZ|? is a positive function, hence VZ = 0. O

Theorem 3.7. Given a compact oriented Riemannian manifold (MF*,g) and its tangent
bundle (TM*, G endowed with the Rescaled Sasaki metric. If k = 2 or f = constant, a

vector field Z on M* is harmonic map if and only if Z is parallel.
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Example 3.1. Let R? endowed with the Riemannian metric in polar coordinate defined by:
g = dr? + r2db>.

Relatively to the orthonormal frame

1
El - 87‘7 E2 = 789
T

we have,
1 1
Ve, By =VEgFEy=0, Vg,E = ;E% Vi, FEy = —;El,
R(E1, E2)Ey = R(Ey, Es)Es = 0.

Let Z = a(r)Ey be a vector field, where « is a smooth real function. Using simple calculations,

we find:

Using (3.7), we obtain:
AZ = (=o' — 1o/ + la)E1
r r2 '
i) From Theorem we conclude that Z is harmonic vector field equivalently AZ =0, then

1 1
—a’ — ;o/ +opa= 0. (3.14)

The general solution of differential equation (3.14]) is

c
a(r) =er+ 72,

where, c1 and co be real constants.

ii) Since k =2 and Try(R(Z,V.Z)*) =0, from Theorem [3.8, the vector fields

Z = (c1r + %)El are also harmonic maps.

iii) However the vector field Y = (r — %)El is harmonic but non parallel, because Vg, Y =

1
(1+ ﬁ)El #0.
Example 3.2. Consider R? with the Riemannian metric

g = e¥da? + dy?.
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Relatively to the orthonormal frame {Ey = e Y0y, Eo = 0y} with respect to g, we have:

Vg E1=—FEy Vg Ey=FE, Vg, F1 = Vg, FEy =0,

Let Z = p(y)E2 be a vector field, where p is a smooth non-zero real function. According to

simple calculations, we find:

Try(R(Z,V . Z)x) = —p*En,

AZ = (=p" = p' +p)Es.
i) From Theorem we conclude that Z = p(y)Esy is harmonic vector field if and only if
—p" = +p=0. (3.15)
The general solution of differential equation 18

—1-5 —14+v5
ply) =acz Ypbe Y,

where a and b be non-zero real constants at the same time.

ii) Since k =2 and Try(R(Z,V.Z)%) # 0, from Theorem [3.8, the vector fields

—1-5 —1+V5 .
Z =(ae” 2z Y+4be =z Y)Ey are never harmonic maps.

On the other hand,we have Vg, Z = pE, = (aeilg\/gy + beilgﬁy)El # 0, then the vector

fields Z is non parallel, i.e. the vector fields Z are harmonic vector fields but neither harmonic

maps nor parallel vector fields.

Example 3.3. The torus T? = S' x S! ( 2-dimensional compact oriented Riemannian
manifold) endowed with the metric:

4 ) 4

- = 2
9= 022 ™ T s

Let Z = fi(x,y)0 + fa(z,y)0y be a vector field, where fi and fa are smooth functions.

According to simple calculations, we find:

—2x _9
Vo, 00 = 1= 50 Vo.0y = Vo,00 =0, Vo,0y = ﬁi?ay’

Try(R(X,V.X)x) =0.
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i) From Theorem we conclude that Z is harmonic vector field < VZ =0

Vo, Z =0
<
VayZZO
0f1 2z Ofa
N (833_1+x2f1)ax+8906y_0
Ohy, 08w
3y8x+(8y 1+y2f2)8y_0

We conclude that the function fi is only dependent on x, while the function fy is only

dependent on y, so we find the following system:

afl 2x

5 1120
Ofr 2y . _
Oy 1492 2

The general solution for this system is

file) = ei(1 +2%), foly) = e2(1 +97)

where, c1 and co be real constants.
it) Since k =2 and Trq(R(Z,V.Z)x) =0, from Theorem we deduce that

Z =c1(1+ 220y + c2(1 4+ y?)9y are also harmonic maps.

4. HARMONICITY OF THE COMPOSITION OF A VECTOR FIELD AND MAPPING BETWEEN

RIEMANNIAN MANIFOLDS

Lemma 4.1. [23] Given a smooth map ¢ : (M* g) — (N, h) between two Riemannian

manifolds, a vector field Y on N™ and the smooth map & defined by £ :==Y o). Then
dg(X) = My (X)) + (V9 (4.16)

for all vector field X on MF, where VY is the pull-back connection on the pull-back bundle
Yy~ ITN™.

Theorem 4.1. Given a smooth map ¢ : (M*, g) — (N™, h) between two Riemannian man-
ifolds and the tangent bundle (TN™, HT) of N endowed with the Rescaled Sasaki metric.
Then the tension field of the map £ :==Y o1 is expressed by:

1

Ty (Y (6, VIO ()

() = H(T(W + chdw(gmde(f o1))) — 21f|d¢|297“adan n

_V(Aw£)7

where AVE := —Tr,(V¥)%¢ = —Trg(Vipr—V@**)ﬁ is the rough Laplacian of € on 1y 1TN™.
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Proof. Given a local orthonormal frame field {F;};—1 . 1 on M* such that (Vg, F;), = 0 and
§(x) = (V(2), Yy(a))s Yo) = v € Ty N™
Using (4.16)), we have:

7€)z = (TryVde),
k

= D (VR dE(E)).

Il
<.
Mk |
—_

Vi ) € (Ei) () 0)

<.
Il
—

|

-
Il
ﬂ

TN™ H, A VoY
(Virtasevwg, on A ED + VB )0

[
M=

(Vi (0 (B)) + Vi ey (Vi O+ Vigy o (A(E)

Il
—

i

+VINT

Yve o' (VE9)

W(=z),0)’
From Theorem we obtain:

k
6 = 3 (Ve (B) + 5 (A E) (1) (B:) ~ h(db(B), db(E))grad™ )

i=1

RV OIE) + (V5 VES))

k
= ; <H<V7]§Zd¢(Ez) + 21f(2EZ(f o)dy(E;) — h(dy(E;), di/)(Ei))gradan))

i=1
+]{RN"(5, VO (E)) + Y (V5 V56))

L0y (RY'(€, Y€)d(+)))

= Hr(w) + Fdvlgrad(f 0v)) — 5-|dvgrad'f +

_V(Awf)‘

From Theorem [M.1] we obtain:

Theorem 4.2. Given a smooth map 1) : (M*,g) — (N™, h) between two Riemannian mani-
folds and (TN™, HY) be the tangent bundle of N™ endowed with the Rescaled Sasaki metric.

Then the map £ :=Y o1 is harmonic if and only if the following conditions hold:

() = = Try(RN'(6, VYD) = 5 dblgrad (£ o) + 5|0 Pgrad"s.

AYE =0.
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5. HARMONICITY OF COMPOSITION BETWEEN THE NATURAL PROJECTION AND A SMOOTH

MAP

Lemma 5.1. Given a Riemannian manifold (M*,g) and its tangent bundle (TM*,Gf) en-

dowed with the Rescaled Sasaki metric. Then The tension field of the canonical projection

7 (TM*,GT) — (M, g) is expressed by:

7(

3

)= ];];(gmdf) oT. (5.17)

..... 2 JSi5=1,. .k
forms a local orthonormal frame field on the tangent bundle TMF. From Theorem we

find:

T(W)(x,v) = (TTGdeW)(x,v)

k
Lougy_ S R
Z(vdﬂ(#HEi)dﬁ(\/f E) dﬂ(v\/l?HEi\/f El))w(x;u)

=1

JFZ(VdW(VE)dTF( J) — dn(Vvg, " j))

71'(36‘,1})'
j=1
But because dr(VZ) = 0 and dr(#Z) = Z o 7, for each vector field Z on M*, we find:
u 1 1
= —FEjom) —dr((V 1 . —E;
rm) = (Vi mon( 7pEiem ~ (Y s 75 50)
| 1
_—d (*(2 NG Ei(f )\/7 g(\f 5 fEi)gradf)))ow
. 1 1 1
-y (V 5 7B =V B g BB g(Ei,Ei)gradf)ow) o
=1
k—
= 2f22(g7“adf)o7r.

O

Theorem 5.1. Given a smooth map between Riemannian manifolds v : (M*, g) — (N™, h).
The tension field of the map ¢ := 1 o7 is expressed by:

1 k—
Frl) + S du(grad ) o (518)

Proof. Given a local orthonormal frame field {E;};=; _ ; on MF then {\ﬁHE VE J}

m(¢) =

4,j=1,.
forms a local orthonormal frame field on the tangent bundle TM*. Then the tension field of

the map ¢ := v o is given by [6l §]

7(¢) = 7(¢om) = dip(7(7)) + Trgs Vdy (dr, dr),
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then, we have:

Tras Vdip(dr, dr) = Z

/N

Vs L Ei))dw(d”(\/lf Ei)) = d¢(vdw(1HE>d”(\/17H ) e

+
‘Q

Viap(an(ve,y 2 (dr(VE;)) — d¢(vdw(VEj)d7T(VEj))> om

7=1
- Y 1 1
= ; (V(ﬂEi)OTr w((WEz) o 7T) - dw(v(%Ez)Oﬂ(WEl) o 71')) o
=3 (V4 g B — (Vg g 2 B) ) o
=1
- —Ei(—=)d VY d
;(ﬂ (7 M6(B:) + V5, dv(E)
1 1 1
_ dw(ﬁEz(ﬁ)El + ?vElEz)) o
k
_ J - N N
B ; (?indw(El) fdlb(inEz)) T
= }T(’(ﬁ) oT
Using (5.17), we obtain (5.18). ]

Theorem 5.2. Given a smooth map v : (M* g) — (N™, h) between two Riemannian mani-

folds. Then the map ¢ := v o w is harmonic if and only if

2 —

() = Tdiﬁ(gmdf)

6. HARMONICITY OF THE TANGENT MAP

Given Riemannian manifolds (M¥,g), (N™ h) and their tangent bundles (TMF¥ G),
(TN", H f2) respectively, equipped with the Rescaled Sasaki metrics, such that fi, fo are

strictly positive smooth functions on M¥, N™ respectively.

Lemma 6.1. [9] Given a smooth map ¢ : (MF,g) — (N™ h) between two Riemannian

manifolds and its tangent map

U =dy: TM* — TN

(z,0) — (b(x),dip(v))
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we have:

{ dv (VX) =V(dy(X)),
¥ ("X) = H(dy (X)) +Y(Vdy(z,v)),

for all vector field X on MF.

Theorem 6.1. Given a smooth map between Riemannian manifolds < : (M*,g) — (N™, h),
then the tension field associated to the tangent map W : (TM* G/') — (TN™ H?) is given
by:

(¥) = H<;T<w>+’“2;;dw<gmd )+ du(grad (2 00)

-3 f a7 7, [ WlParad™ fo + —— STy (RN (), Vg (e, u))di(+)))
k —
T

2y (grad™fy,u) + fllTrgwf(ww, w)).

-----

then { L HEl, VEj} forms a local orthonormal frame field on TM*, we have:

ij=1,....k
k 1 k 1
_ Hpy TMk H
e = 2 (Vo VB = AUV L, ) o)
- v TMkv
+§; 1, AV E)) = dU (Vg E)) sy apu)
=
k 1 1 n
H " H TNn 174
— E; AV (B + =V, v ("E;) + a0 (VE;
(20 ("B ) () + 2 (Vo M ('E)
1 1 k
—dv Hp, Hp, 4 VTM HE, :
(\/T (\/fl) fi ))>(w<x>,dw<u>>

Using Theorem and Lemma we obtain:

k n
1 n n
() = 3 (Vi d¥ (") - v (VR ) ) + 3 (Vi v (VE))
i=1 j=1

1 n n n
= 5 2o (T D) + T ) (T0E0) + E 5,0 00 9)

AV Ry | (VA (Eiyu)) — d¥ (H(2;(2Ei(f1)Ei —9(E;, Ei)gmdefl))))

+Z (Vi@ (@(E))
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_ J}li( (Vibe 2B + 5 (2d¢( D (f2)d(Er) — h(dy(E;), dip(E;))grad™” f))
RN (@ (), Vi (Er ) () + (T Vo (Er))
k2f1 dv (H(grad™" 1))
- H(;lr(@u) kQ 7 d@b(gmdefl)—Fﬁdw(deM (f201))
2f T 2grad™" f, + T L Trg (RN (d(u), Vdip(, u))di(x)))
+V(k2f1 Vi (grad™"f, )+;1Trg(vf(Vd¢(*vu))))-

O

Theorem 6.2. Given a smooth map between Riemannian manifolds ¢ : (M*, g) — (N™, h),

then the tangent map W : (TM*, G') — (TN, H/2) is harmonic if and only if

() = 22fdw<gmdM f) - 7d¢<gradM (f2o9)) + ;huz/}FgmdN"fQ

_ETTg(RNn (do(u), Vdip(x, u))d(x))),

and

TryV¥(Vdip(u,*)) = 2dew(gmd “fru).

Theorem 6.3. If ¢ : (M* g) — (N™, h) is totally geodesic, then the tangent map ¥ :
(TMF*,GfYy — (TN™, H?) is harmonic if and only if

2 —

)= S5 2 R a(graa f1>—fdw<gmdM (f2o1)) + }2|dw|29mdN"f2.
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EXPLORING THE RECIPROCAL FUNCTIONAL EQUATIONS:
APPROXIMATIONS IN DIVERSE SPACES

IDIR SADANI *

ABSTRACT. In this study, we explore the generalized Hyers-Ulam-Rassias stability of a
specific reciprocal-type functional equation. The equation is given by

20w Yy, 27 (,i)ﬂ(uﬂﬂ(v)”’“

Q2u+v)+Q2u —v) = k(ii;;?’(en)z o )g)l

and we consider its behavior in both non-zero real and non-Archimedean spaces. Addition-

ally, an appropriate counter-example is provided to demonstrate the failure of the stability
result in the singular case.

Keywords: Reciprocal functional equation, non-Archimedean space, non-zero real space,
approximations, Cauchy sequence, functional inequality, generalized Hyers-Ulam stability,
convergence.
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1. INTRODUCTION

The exploration of the stability of functional equations began with Ulam’s [20] famous
question at a Mathematical Colloquium held at the University of Wisconsin in 1940. In
the following year, Hyers [9] presented a partial solution to Ulam’s question. Subsequently,
Th.M. Rassias [11], Aoki [I], J.M. Rassias [12], and Gavruta [§] expanded and generalized
Hyers’s findings to include the Cauchy functional equation in various adaptations.
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In 2010, Ravi and Senthil Kumar [I3] studied the stability of the reciprocal type functional

equation

_ _f@)[)
T =56+ sy

where f: X — R is a mapping with X as the space of non-zero real numbers.
In 2014, Kim and Bodaghi [2] introduced and studied the stability of the quadratic reciprocal

functional equation

2f (@) f(W)Af(y) + f(x)]
(4f(y) = f(=))*

In 2017, Kim et al. [10] introduced and studied the stability of the reciprocal-cubic functional

fRr+y)+ f2r—y) =

equation

9c(x)e(y)[e(x) + cly) + 2c(z)c(y)s
[20(:}0)% + 20(y)% + 5c(x)%

and the reciprocal-quartic functional equation

25 +9) + (22 — y) = 2q($)q(y)[6fiaf) q—:;)b‘g(y) ;25)4]14 q(r)q(y)]

in non-Archimedean fields.

c(2r +y) +c(z +2y) =

In the same year, Bodaghi and Senthil Kumar [4] introduced and obtained the stability of

the following reciprocal-quintic functional equation

_ 4g(2)q(y)[16q(y) + 40q(x)3(y)
[dg(y)7 — q(x)3]5

q(2z +y) + q(2z —y)

and reciprocal-sextic functional equation
2s(z)s(y)[s(x) + 605(37)%5(3/)% + 2408(.%)% + 64s(y)]
[4s(y)s — s(x)3]° |

In 2020, Bodaghi et al [6] considered the following reciprocal-nonic functional equation

s(2z +y) +s(2z —y) =

4n(z)n(y)
(4n(y)5 — n(z)5)°

7
9

n(2x+y)+n2x—y) = + 201671(33)%71(3/)g

[256n(y) +2304n(z) 3 n(y)

+336n(z) gn(y)% + n(x)gn(y)%

and the reciprocal-decic functional equation

d(22+y)+d(2x—y) = ot — [1024d(y) + 11520d(z)5d(y)s + 13440d(z)5 d(y) 5
TRy

3

+3360d(x)3d(y)5 + 180d(z)5d(y)5 + d(x)}

and obtained various stability results in non-Archimedean fields and some proper examples

for their non-stabilities.
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The other results pertaining to the stability of different reciprocal-type functional equations
can be found, for instance, in [5], 19} 14} [15] 3], 16, 17, 18].
In this study, we introduce the following [—power reciprocal functional equation
! l k 1=k
20(u)Qv) Y 2F <k>ﬂ(u)lﬁ(v)z

k=0
Q(2u+v) + Q2u —v) = kis even , (1.1)

(1001 - Q(u)%)l

then, we examine the general solution and its various stability results in non-zero real numbers

and in non-Archimedean fields with a proper example for their non-stability.

2. GENERAL SOLUTION OF ([1.1])

This section provides the solution for the functional equation (1.1)). Assume R* denotes
the set of non-zero real numbers.

We begin with the following lemma.

Lemma 2.1. Let a € N*. Then, we have

(—D)!(a —2?)1; (a+2)' _ zl: <2>lk (i) (2.2)

k=0
k is even

Proof. Let us prove it by mathematical induction. First, for [ = 0, we get

(a2 rer2 _1r1_ 5 (2)” (2) _ (8) Y

=0
k even

The statement is true for [ = 0. Next, we assume that for [ = n, it is true, i.e.

(—1)"(a — ;()Z:+ (a+2)" _ i <z>"_k (Z) (2.3)

k=0

k even

We must now prove that the formula holds for [ =n + 1, i.e.

(_1)n+1(a _ 2)n+1 +(a+ 2)n+1 B n+1 2 ntl—k /. 11 2.4)
2an+1 N a k) ’
kkglgn

To do this, we use the binomial theorem to obtain

B k

(—1)" @ —2)" 4 (a+ 27T (—) R 1
2qnt1 2qn+1

> ak(_l)n+l—k2n+1—k

n+1

1 n+1 _

+WE ( k} )ak2”+1 k. (25)
k=0
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Next, by simplifications, we get

(=) F+1). (2.6)

(_1)n+1(a . 2)n+1 +(a+ 2)n+1 n+1 (n + 1) gkon+i-k

2qnt1 =\ k 2qntl

Finally, since k is even, we obtain

—1)ntl(g — 2\t a n+1 n+1n n+l—k
(=)™ 2)++<+2)+:H< +1)<2> |

2qnt1 k a

(2.7)

The statement is true when [ = n 4+ 1. Hence, by the principle of mathematical induction,

the statement is true for all [ > 0. O

Theorem 2.1. Let f : R* — R be a continuous function fulfilling the equation . As-
suming Q(u) # 0 and 49(0)% — Q(u)% %0 for all u,v € R*. Then f takes the form

Qu) = %, for all uw € R*,
U
where ¢ # 0.

Proof. Assuming f : R* — R satisfies the functional equation (1.1)). Substituting (u,v) by

(u,u) in (L.1), yields

Q(3u) + Q(u) = — ke

Setting a = 1 in (2.2)), gives

zl: ik (li) _3 2+ L (2.8)

Hence
1 *
Q(3u) = gﬁ(u), for all u € R*. (2.9)

By induction, we prove that for all k € N*,
1
Q(ku) = EQ(U) (2.10)
Assuming this is true for k € {1,2,...,n — 1} we prove it for & = n. To do this, replacing

(u,v) with (u, (n — 2)u) in (1.1]), we get

l
20(u)Q((n —2)u) Y 2F (i)ﬂ(u)’m((n — )T
k=0
Q(nu) + Q(—(n — 4)u) = his even . (2.11)
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Using the recurrence hypothesis:

Q( )+ 1 ( ) kiI;:ogen
nu A —Uu) = 7

(n—4) (4@ _ 1)
then,

: o=k /]
2(n — 2)'Q(u) kzo R (k:)
o k is even
By taking a =n — 2 in , we get
(=Dl (n — 0)'Q(nu) + (—1)'n!Q(—u) = ((—1)l(n — 4t 4 nl) Q(u). (2.12)

Now, replacing (u,v) by (u, (n — 3)u) in (1.1)),

Ll 1
2 ey Uw) > o k(k)(n—?;)l—k

k=
Q(n — Du) + Q(—(n — 5u) = ki oven . (2.13)

(45 1)

Using the recurrence hypothesis and by taking a = n — 3 in (2.2)), a simple calculation gives

(=1)'(n = 5)'Qu) + (1) (n = D'2(=u) = ((~1'(n = 5)" + (n — 1)') Q(w).
This implies that
(—1)'Q(—u) = Q(u). (2.14)
By using in ([2.12), we get
(1) (n — 4)'Q(nu) + nlQ(u) = ((—1)l(n )y nl) Q).
Then,
Qnu) = %Q(u).

Thus, the formula (2.10)) is true for k = n. Therefore  is of the form 7. O
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3. STABILITY OF (1.1)) IN R*

For convenience, we introduce the operator A : R* — R as

l

20(u)Q(v) > 2F <;>Q(u)lf ()T
k=0
A(u, ’U) = Q(QU + 'U) + Q(2u — U) _ k is even

(49(1})% - Q(u)%)l

for all u,v € R*. We are now ready to present our first main result, as follows.
Theorem 3.1. Let @ : R* x R* = R be a function fulfilling
=1 U v
Z %Q (3s+1’ 3s+1> < 00 (315)
s=0
for all u,v e R*. If Q: R* = R fulfilling
|A(u,v)| < Q(u,v) (3.16)

for allu,v € R*, then there is a uniquely defined reciprocal function G : R* — R that fulfilling
and the inequality

=1 U U *
|Q(u Z I (@’ @> , for all u € R*. (3.17)
5=0

Proof. We substitute (u,v) by (u,u) in (3.16)) and using (2.8)) we get
’ (3u) — ( )

for all u € R*. Substituting u by § in (3.18)), we obtain

- 2(3) <

for all u € R*. Now, by setting u = 5 in , dividing by 3!, and then adding the resulting
inequality to (3.19)), we obtain

< Q(u,u) (3.18)

o2 o

‘Q(u) — %Q (;‘2)‘ <Q (% g) 3ZQ (32, 32) for all u € R*. (3.20)

Similarly, by continuing this process and applying induction on a positive integer m, we

- o )]

obtain

>_n

'— 1 U ¥
> 3 (3s+1,3s+1), for all u € R*. (3.21)
s=



INT. J. MAPS MATH. (2025) 8(1):177-191 / ON A NEW RECIPROCAL FUNCTIONAL EQUATION 183

Thereafter, if we choose any integers m’ and m such that m’ > m > 0, we obtain
1 U 1 U 1 U 1 U
EUTAL (37) ~ gt (371) '— EUTAL <37> ~ S (3z(m/_1)) to

+ 3z<ml/—1>Q (3105—”) Tt 3l(ri+1)Q (37:“) - ?)limQ (3%) '

U 1 U U
= Sitw— 1>Q< m' 3m’) ot g @ (3m+1’ 3m+1>
m/—1
1 U U
Z 3l (3j+1’ 3j+1) (3.22)

:m

for all u € R*. Letting m’ — oo in 1) and we use 1} the sequence {g%m ()} is

Cauchy for each u € R*. We know that R is Banach, we can introduce G : R* — R by g(u) =
limy, 00 31 Q( ) To prove that g fulfilling 1} substituting (u,v) by (37™wu,37™v) in
and dividing by 3"™, we arrive
137IMA(3™ ™, 37™)| < 37MQ(37™u, 37™),Yu,v € R* and m € N*. (3.23)
Taking m — oo in (3.23)) and by (3.15)), we find that G fulfilling (1.1]) for all u,v € R*. One
more, setting m — oo in (3.21]), we arrive at (3.17). Now, we need to demonstrate that G
is unique. Suppose G’ : R* — R is another reciprocal mapping that also fulfilling (1.1]) and
(3.17). Clearly, we have G'(3~™u) = 3" G'(u), G(37™u) = 3G (u) and utilizing (3.17), we
obtain
|G/ (u) — G(u)] = 37Im |G' (37" u) — G(37™u)| (3.24)

<37 (|G'(37™u) — QB3| + |3 ™) — G(37™u)])

oo
1 U U
<2 Z 3l(m+j) Q (3m+j+1’ 3m+j+1)
j=0

<1 U U
=2 Z @Q <3J‘+1’ 3J‘+1)

Jj=m

for all v € R*. Letting m — oo in , we obtain the unicity of G. O
The following corollaries are immediate consequences of Theorem
Corollary 3.1. Let Q) : R* — R be a mapping for which there exists € > 0 such that
[A(u,v)| <e

holds for all uw,v € R*. Then,
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for all u € R*m € N and G : R* — R is the unique mapping satisfying the reciprocal
functional equation such that

!
9(u) - Glu)| < 5o
for every u € R*.
Proof. By taking Q(u,v) = € in Theorem we arrive at the desired result. O

Corollary 3.2. Let € > 0 and o # —l be real numbers, and  : R* — R be a mapping

satisfying the functional inequality
A, v)] < €l + |v]®)

for all u,v € R*. Then, there exists a unique reciprocal mapping G : R* — R satisfying the

functional equation and

236’P

Q) — G(u)| < 3o+ _1 U

for all u € R*.

Proof. By letting Q(u,v) = e(|u|* + |v]|®) for all u,v € R* in Theorem [3.1| we get the desired

result. O

Corollary 3.3. Let € > 0 and a # —1 be real numbers, and  : R* — R be a mapping
satisfying

[A(u, v)] < e(lul2[o]2 + |ul® + [0]%)

for all u,v € R*. Then, there exists a unique reciprocal mapping G : R* — R satisfying the

functional equation and

63H—1
Q) — G(u)| < WMQ

for all u € R*.

Proof. By taking Q(u,v) = €(|u|2 [v|? + |u|® + [v|*) for all u,v € R* in Theoremwe get
the desired result. O

Corollary 3.4. Let Q : R* — R be a mapping and there exist p,q with p+ q # —1. If there

exists € > 0 such that

[A(u, v)| < eufPlof?
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for all u,v € R*, then there exists a unique reciprocal mapping G : R* — R satisfying the

functional equation and

l
9(u) — G e

Wl < gy

for all u € R*.

Proof. Letting Q(u,v) = €|u|P|v|? for all u,v € R* in Theorem we obtain the required
result. O

4. STABILITY OF (/1.1]) IN NON-ARCHIMEDEAN FIELD

In this section, A and B denote a non-Archimedean field and a complete non-Archimedean
field, respectively. For any non-Archimedean field A, let A* = A\ {0}. Familiarity with non-
Archimedean fields’ properties is assumed.

The second main result can be stated as follows.

Theorem 4.1. Let Y : A* x A* — [0, oo[ be a mapping such that

m

u v .
T (W’ W) =0, forallu,ve A", (4.25)

3l

lim
m—00

Assuming that g : A* — B is a mapping fulfilling the following
|A(u,v)| < Y(u,v), for allu,ve A" (4.26)

Then, there is a uniquely defined reciprocal function g : A* — B such that

k+1

3l

maO—gwnsme{

u U i
T(W,Sk“):kGNU{O}},forallueA. (4.27)

Proof. Changing (u,v) to (u,u) in (4.26)), one finds
1 U . U u
- — < - =
‘Q(u) 3ZQ<3)‘_]3 ]T(3,3> (4.28)

for all u € A*. Now, considering u as 5 in 1' and multiplying by |%|m, we get

?)leQ (3%) - 31(7;1+1)Q <3(r:f+l)>‘ = Y (%7 %) (4.29)

for all uw € A*. Tt is easy to obtain from the inequalities (4.25) and (4.29) that the sequence

1
3l

{3%,1(2 (3%)} is Cauchy and converges to a well defined function g since B is complete. Then,
put g: A* — B as

() = lim — o (). (4.30)

m—o0 3lm 3m
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Furthermore, for every element v € A* and each nonnegative integers m, we have the follow-

ing

m—1
> [3l(kl+1) « (3(13%1)) B ?JLWQ <321)} '

e (3] ot
k=0

1 U 1 U
< I ) -
< o { || @ () - g ()| 0 < b))
1™ u u

As m — oo in the inequality (4.31)) and by using (4.30]), we observe that the inequality (|4.27))
is valid. By applying inequalities (4.25)), (4.26)), and (4.30)), for all u,v € A*, we arrive at the

following

. " u v
A(u,v)| = lim | ‘A (—, —)’
m—oo | 3 3m’ 3m
< tm [27r (2 )
M—00 3l 3m’ 3m
=0.

Therefore, the mapping ¢ fulfills (4.25)), making it a reciprocal mapping. To establish the
uniqueness of g, suppose that ¢’ : A* — B is another reciprocal mapping that also fulfills

(4.27)). Then

n

o)~ gl = Jim |5 o (55) ~ o (5]
< tim | mae{lo () -2 (5)] 2 (5) -7 (5[}

1
3l

<nli_>Hgon%i_1>noomax{maX{ k+nT(3Mﬁﬁl,3kﬁﬂ_l) :n<k‘<m+n}}
=0
for all w € A*. This shows that g is the only such mapping, thereby concluding the proof. [
As a direct consequence of Theorem we have the following corollaries.
Corollary 4.1. Let u > 0 be a constant. If Q@ : A* — B satisfies

[Au, v)] < p

for all u,v € A*, then there exists a unique reciprocal mapping g : A* — B satisfying

and

Q(u) — g(u)] < p
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for all uw € A*.
Proof. Taking Y (u,v) = p in Theorem we get the required result. O
Corollary 4.2. Let > 0 and a # —I, be fized constants. If Q : A* — B satisfies

[A(w,v)| < p(ful® +[v]?)

for all u,v € A*, then there exists a unique reciprocal mapping g : A* — B satisfying

and

|2‘ﬁf|u\“, a > —lI,
Qu) — g(u)] < ¢ P
12][3]'ul®, @ < —,

for all u € A*.
Proof. Considering Y(u,v) = pu(Ju|*+ |v|*) in Theorem we obtain the desired result. [

Corollary 4.3. Let Q : A* — B be a mapping and let there exist real numbers p,q,a =
p+q# —l and u > 0 such that

[A(u, v)| < plufPlo]?
for all u,v € A*. Then, there exists a unique reciprocal mapping g : A* — B satisfying

and
%M‘Z a> —lI,

w3 flul®, a < =1
for all uw € A*.

Proof. Letting Y (u,v) = p|ulP|v|?, for all u,v € A* in Theorem 4.1} we acquire the requisite

result. O

Corollary 4.4. Let p > 0 and a # —1 be real numbers, and Q : A* — B be a mapping

satisfying the functional inequality
|A(u, )] < p(lul?[o]2 + [u]® + [0]*)

for all u,v € A* Then, there exists a unique reciprocal mapping g : A* — B satisfying

and

l3‘ff|u\“, a > —lI,
Qu) — g(u)] < ¢ P
3|3 ul®, a < L,

for all u € A*.

Proof. Letting Y(u,v) = u(Ju|2 |[v|2 + |[u|* + [v|*) in Theorem the result follows directly.
O
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5. COUNTER-EXAMPLES
In this section, using the well-known counter-example provided by Gajda [7], we demon-

strate that the equation ([1.1)) is not applicable for &« = —l in Corollary within the context

of non-zero real numbers. Let’s define the function

<, forue (1,00
() =4 © (o) (5.32)

c, elsewhere

where ( : R* — R. Let 2 : R* — R be a function defined as

Qu) = i 37lme(37ma) (5.33)
m=0
for all u € R. Assume the mapping 2 : R* — R defined in fulfills the following
inequality
A, )] < c?’;l_*ll (jul =+ 1ol ) (5.34)

for all u,v € R*. We prove that there do not exist a reciprocal mapping G : R* — R and a
constant 0 > 0 such that

Q) — G(u)| < 8 u] ™ (5.35)

for all u € R*. Initially, we show that Q fullfils (5.34]). Using (5.32]), we have
e l
c 3
< Z 317m - 3l — 10'
m=0

We can see that € is bounded by -2- on R. If |u| =t + |v|=! > 1, then the left hand side of

3l—1
c(3t141)
3l-1

Q)| =

i 3flm<(37mu)
m=0

5.34) is less than

. Now, assume that 0 < |u|~! + |v|~! < 1. Therefore, there exists

a positive integer m such that

1

-1 -1
Wﬁhﬂ -|-|U| <

i (5.36)

Thus, the inequality (5.36)) yields 3im (|u|_l—|— |v|_l) < 1, or equivalently: 3"u~! < 1,

3yt < 1. So,
l l

v
> 1, 3Tm>1'

u
3lm

Hence, the last inequalities imply 31(},‘17!_1) >3l > 1, 3”},171_1) > 3! > 1 and thus we find

1 1 1 1

W(u) > 1, W(U) > 1, W@u—l—v) > 1, W(Qu—v) > 1.
Hence, for every value of m =0,1,2,...,n— 1, we get
1

1 1 1
(u) > 1, 37(1)) > 1, 37(2u—|—v) >1, —2u-—v)>1,

3n 3n
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and A(37"u,37"v) = 0 for m = 0,1,2,...,n — 1. Applying (5.32)) and the definition of €,

we get
> ¢ ¢ 31X e
AWl <D sm+ D gt T 2 3m

3411 1\ !
Ser gm \L Ty
- 3l+1 +1 . 1
sl 37 3U(m+1)
3l+1 +1 B B
<e (%) (e r)

for all u,v € R*. This means that the inequality ([5.34)) holds. We claim that the [—power

reciprocal functional equation ([1.1)) is not stable for « = —I in Corollary Suppose that
there exists a reciprocal mapping €2 : R* — R satisfying ([5.35]). So, we have

|Q(u)] < (8 + 1)]u| ™. (5.37)

Furthermore, a positive integer m can be choosen with the condition me¢ > § + 1. If u €

(1,3™1), then 3 "u € (1,00) for all m = 0,1,2,...,n — 1 and therefore

00 n—1
C(37™u) 3me me _
Q)= = 2> g = > 0+ Du!

which contradicts (5.37). Thus, the [—power functional equation (|1.1)) is not stable for « = —I
in Corollary

6. CONCLUSION

In this paper, we have successfully explored the generalized Hyers-Ulam-Rassias stability
of a reciprocal-type functional equation, focusing on its behavior in non-zero real and non-
Archimedean spaces with suitable counter-examples.

Through detailed analysis, we derived a general solution for the functional equation in the real
number space and established the conditions for stability using various inequality techniques.
Furthermore, our study extends these findings to non-Archimedean fields, highlighting the
unique characteristics and behaviors of solutions in such spaces.

Further research could explore additional types of functional equations and their stability
across various mathematical fields, enhancing the framework established in this study.

Acknowledgments. I would like to thank the referees for useful comments and their

helpful suggestions that have improved the quality of this paper.
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ABSTRACT. In this paper, we introduce the concepts of pseudospectra, condition pseu-
dospectra, determinant spectra and trace pseudospectra of the direct sum of bounded linear
operator pencils on ultrametric Banach spaces. We prove numerous results about them and
we give some examples to illustrate our work.
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1. INTRODUCTION AND PRELIMINARIES

In ultrametric operator theory, Ammar et al. [I] introduced and studied the concept of
pseudospectra of closed linear operators on ultrametric Banach spaces. The notion of ultra-
metric condition pseudospectra of bounded linear operators was introduced by the authors
[2].

Throughout this paper, F' is an ultrametric Banach space over an ultrametric complete
valued field K with a non-trivial valuation |- |, L(F') denotes the collection of each continuous
linear operators on F' and M,,(K) is the collection of any n x n matrices with coefficients in K.
If S e L(F), R(S) and N(S) denote the range and the kernel of S respectively. Remember
that, an unbounded linear operator S : D(S) C F — F will be called closed if for each
(xn) C D(S) with nhﬁngo |zn — 2| = 0 and nl;ngo |Azy, — y|| = 0 for some z € F and y € F,
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hence x € D(A) with y = Sz. C(F) is the set of all closed linear operators on F. If A € L(F)
and B is an unbounded operator, hence S + B is closed if and only if B is closed [4]. For
more details on ultrametric pseudospectra and condition pseudospectra of linear operators,
we refer to [1], [2], [6], [8], [9], [10], [11], [12], [13] and [14]. We continue by recalling some

preliminaries.

Definition 1.1. [4] Let F' be a vector space over K. A function || - || : F — Ry is an
ultrametric norm if:
(i) For each v € F, ||v|| =0 if and only if v =0,
(ii) For each v € F and X € K, ||[Av|| = [A|||v]l,
(iii) For all v,y € F, [lv +yl| < max([|v]], ly[]).

Definition 1.2. [4] An ultrametric normed space is a pair (F, | - ||) where F is a vector space

over K and || - || is an ultrametric norm on F.
Definition 1.3. [4] An ultrametric Banach space is a complete ultrametric normed space.

Proposition 1.1. [4] The direct sum of two ultrametric Banach spaces is an ultrametric

Banach space.

Definition 1.4. [4] An ultrametric Banach space F is said to be a free Banach space if there
is a set (v;)ier of F indexed by a set I such that all element v € F can be written uniquely

as follows v = Z)‘ivi and ||v]] = sup |A|||vil-
icl iel
The family (v;)icr is called an orthogonal basis for F. If, for each i € I, ||v;|]| = 1, hence

(vi)ier is called an orthonormal basis of F.

Definition 1.5. [4] Let S € L(F). The resolvent set p(S) of S is
p(S)={NeK:(S—-\)"'eL(F)) (1.1)

The spectrum o(S) of S is K\p(S).

Lemma 1.1. [5] Let F' be an ultrametric Banach space over a spherically complete field K.

If S € ®(F) and C € C.(F), then S+ C € ®(F).

Lemma 1.2. [2] Let F be an ultrametric Banach space over a spherically complete field K.

If S € ®(F), hence for each C € C.(F), we get S+ C € ®(F) and ind(S + K) = ind(S).

We have the following definition.
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Definition 1.6. [1] Let F' be an ultrametric Banach space over K, let S € L(F') and £ > 0.
The pseudospectrum o.(S) of S is

0-(S)=a(S)U{NeK: ||(S—=A)7 >},

with the convention ||(S — AI)7Y| = oo if A € o(9).

Theorem 1.1. [I] Let F be an ultrametric Banach space over a spherically complete field K
such that ||F|| C |K|, let S € L(F) and € > 0. Then

0.(8) = U o(S+C).
CeL(F):||C|<e

Theorem 1.2. [2] Let F be an ultrametric Banach space over a spherically complete field K

and let S € L(F). Then

oe(8)= (] o(S+0).
CeCc(F)

We generalise the Definition 3.7 of [I]: this definition remains valid for any ultrametric

Banach spaces over a non-trivally complete ultrametric valued field K not only E,,.

Definition 1.7. Let S € L(F) and € > 0. The essential pseudospectrum of S is
Oee(S) =K\{N e K: S+ M — A\ € &y(F) forall M € L(F), || M| < e},

where ©o(F) is the set of each bounded Fredholm operators on F' of indez 0.
We generalise the Theorem 3.8 of [I] as follows.
Theorem 1.3. Let S € L(F) and ¢ > 0. Hence

Oee(S) = U oo(S + M).
MeL(F):|M||<e

We have the following:

Theorem 1.4. Let F' be an ultrametric Banach space over a spherically complete field K.

Let S € L(F) and e > 0. Hence,

Oec(S) =0eo(S+K) foreach K € Cu(F).
Proof. Let S € L(F) and € > 0, let A & 0. -(5), hence for any C € L(F) with ||C]| < e,
S+C— A € ®(F)and ind(S+ C — \I) =0.
From Lemma[[.2] for each K € C.(F) and C € L(F) such that ||C|| < &, we have

S+C+ K — A € ®(F) and ind(S + C + K — \I) = 0. (1.2)
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By , we get
Agoee(S+ K).
Then

Oeec(S+ K) Coce(S).

The opposite inclusion follows from symmetry. 0

Remark 1.1. The Theorem showed that the essential pseudospectra of bounded linear
operators is invariant under perturbation of completely continuous linear operators on ultra-

metric Banach space over a spherically complete field K.

Theorem 1.5. Let F' be an ultrametric Banach space over a spherically complete field K

such that ||F|| C |K|. Let S € L(F) and € > 0. Then

vec(S)= () 0e(S+K).
KeC.(F)

Proof. Let S € L(F) and € > 0, let X\ ¢ ﬂ 0:(S + K), hence there exists K € C.(F)

KeC.(F)
such that A € 0.(S+ K). By Theorem [L.1] we have A € p(S+ K + C), for all C € L(F) such

that ||C|| < e. We have

S+C+ K — M € ®(F) and ind(S + C + K — ) = 0. (1.3)

By Lemma and Lemma (1.2 we have

S+C -\ € ®(F)and ind(S+C — \I) = 0. (1.4)
We get
A& 0ce(9).
Then,
oee(S) S () oe(S+K). (1.5)
KeC.(F)

Conversely, if A € o¢.(5). Using Theorem we have for all C € L(F') such that ||C|| < ¢,
A & 0.(S + C). By Theorem there is K € C.(F') with A & o(S + K + (), hence for all
C € L(F) such that ||C|| < e, A € p(S + K + C). Hence

\e (  PS+KE+C). (1.6)
CeL(F):||Cl<e
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From Theorem A & 0.(S + K). Consequently,

Ag () o(S+K).

KeC.(F)

Thus

Oee(S) = ﬂ oe(S+ K).
KeC.(F)

We generalise the Proposition 3.13 of [I] as follows.

Proposition 1.2. Let F' be an ultrametric Banach space over a spherically complete field K
such that |F|| C |K|. If S € L(F) and € > 0, then
(i) 0e:(S) C o:(9).

(ii) For each g1 and g3 with 0 < €1 < €2, 0c(S) C e ey (5) C Te ey (S5).
Similarly to the proof of Proposition 3.14 of [I], we have the following:

Proposition 1.3. Let F' be an ultrametric Banach space over a spherically complete field K

such that |F|| C |K|. Let S € L(F) and € > 0. Hence

7e(S) = () e ().

e>0

Definition 1.8. [6] Let S € L(F) and € > 0, the condition pseudospectrum A-(S) of S is
_ 1
A(S) = a(S)U P €K (S = ADIIIS = AD~H| > -3,
with the convention ||(S — AI)||||(S — A)7Y| = oo if X € o(S).

We generalise the results of [14] as follows.

Definition 1.9. Let S € C(F), B € L(F) and e > 0. The pseudospectrum o-(S, B) of (S, B)
on F is defined by

0:(S,B)=0(S,B)U{N e K:|[(S—AB)7|| >e1}.
The pseudoresolvent p-(S, B) of (S, B) is defined by

pe(S,B) = p(S,B)N{A € K: (S —AB) | <71},
by convention ||(S — AB)7!|| = oo if A € o(S, B).

Proposition 1.4. Let S € C(F'), B € L(F) and ¢ > 0, we get
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(i) o(S,B) = () o=(S. B).
e>0
(ii) For any 1 and €2 such that 0 < €1 < €2, 0(S, B) C 0., (S, B) C 0,(S5, B).

Theorem 1.6. Let F' be an ultrametric Banach space over a spherically complete field K

such that ||F|| C |K|, let S € C(F'),B € L(F) and € > 0. Hence

0.(S,B) = U es+c.B).
CEeL(F):||C]l<e

The condition pseudospectra of operator pencils is defined as follows:

Definition 1.10. [8] Let F' be an ultrametric Banach space over K, let B, S € L(F) and

e > 0. The pseudospectrum o-(S, B) of the linear operator pencil (S, B) on F is
A:(S,B) = o(S, B)U{A e K: [|(S = AB)[[[(S = AB)~!|| > 71},
with the convention ||(S — AB)||||(S — AB)7!|| = o0 if A € o(S, B).

Proposition 1.5. [§] Let B, S € L(F) and € > 0, we get
(S, B) = () A(S, B).

e>0
(ii) For any €1 and €2 such that 0 < €1 < €2, 0(S, B) C A, (S, B) C A, (S, B).

Theorem 1.7. [8] Let F be an ultrametric Banach space over a spherically complete field K
such that ||F|| C |K|, let B,S € L(F) and € > 0. Hence,

A.(S,B) = U o(S +C,B).
CeL(F):||C||<e|lS—AB]

2. MAIN RESULTS

Let (X;)1<i<n be a sequence of ultrametric Banach spaces over K. The space X = @' | X;

endowed by for all i € {1,--- ,n}, z; € Xj, [|[z1 P x2® - Dy = ﬁlax lz:|| is an
i€{l,n
ultrametric Banach space over K [4]. One can see that if for each i € {1,--- ,n}, A; € L(X;),

hence A=A @ As®--- D A, € L(X). We get the following definition.

Definition 2.1. Let A;,T; € L(X;). The spectrum o(A,T) of (A, T) is given by
0(A,T)={N € K:A— AT is not invertible in L(®]" 1 X;)},

where A = @& | A; and T = &} T;. The resolvent set of (A, T) is

p(A,T)={AeK:(A—\)"! e L(ar, X))}

For ¢ = 2, we obtain the following proposition.



198 J. ETTAYB

Proposition 2.1. Let X,Y be two ultrametric Banach spaces over K. Let A, S € L(X),
B, T € L(Y). The spectrum of (A@ B) = ANS&T) e LXBY) is given by

oc(A®B,S®T)=0(A,S)Uc(B,T).

Proof. It A € c(A®B,S®T), hence (A® B) — A(S@®T) is not invertible, then A — AS is not
invertible in £(X) or B — AT is not invertible in £(Y), consequently A € 0(A,S)Uo(B,T).
Hence 0(A® B,S®T) C 0(A,S)Uo(B,T). Similarly, we obtain that o(A,S)Uo(B,T) C
oc(A® B,S ®T). Consequently,

c(A®B,SeT)=0(A,S)Uo(B,T).

More generally, one can see that.

Proposition 2.2. Let A;, B; € L(X;). Set A =&} | A; and B = @' B;, then

n

o(A,B) = Jo(4i, By)

=1

and
ﬂ (A;, B;)

Now, we define the pseudospectra of the operator pencil (A, B) on @} ;X; where A =
@, Ai, B=@&} Bjand forallie {1,--- ,n}, A;, B; € L(X;), we have the following:

Definition 2.2. Let A;, B; € L(X;) and € > 0. The pseudospectrum o.(®]_; Ai, ®}—, B;) of
the bounded linear operator pencil (&), A;, ®]1 B;) on & 1 X; is given by
n
0=(A, B) = o(@}_; Ai, ®=1 B;) U{\ € () p(Ai, By) : {Sup } [(A; — AB;) 7Y > 71},
=1 ie{l,n

where A = @} A; and B = ©]_, B;.
n
Remark 2.1. It is easy to check that o (B} | Ai, &7 B;) U (Ai, B;)

Proposition 2.3. Let (X;)i<i<n be a sequence of ultrametric Banach spaces over K, let
A;,B; € L(X;) and e > 0. Set S = @} | A; and B = @} B;, then
(i) o(S, B) = () o=(®=1 Ai, =y Bi).

e>0
(ii) If 0 < &1 < €2, hence o(S, B) C 0-,(S, B) C 0.,(S, B).
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Proof. (i) From Definition for each ¢ > 0, o(S,B) C 0.(S,B), hence o(S,B) C
ﬂ oe(S, B). Conversely, if A € ﬂ oe(S, B), since

e>0 e>0

(o:(S,B)=0a(S,B)U[ A€ [)p(Ai,Bi):  sup [[(A;—AB) Y| > '}
i=1

e>0 e>0 {1, n}

n

and ﬂ{)\ € ﬂ p(A;, By):  sup ||(A; —AB;)7Y| > 7'} = 0 because of for all i €
e>0 i=1 i€{l, - ,n}

{1,---,n}, (A4 — /\Bi)’l are bounded linear operators, hence we get a contradiction,

thus A € o(S5, B).
(ii) If0 < &1 < eg and A € 0., (S, B), consequently, sup ||(A; —AB;) Y| > e > 5%,

Ze{lzzn}
hence A € 0., (S, B).

Lemma 2.1. Let A;, B; € L(X;) and & > 0, hence

sup Al < sup Al
AGU(@?:lAi,@?:lBi) /\605(@?:1*42'7@?:132')

Proof. Set S = @' {A; and B = @], B;, since o(S, B) C 0.(5, B), we get

sup [A| < sup  [A|.
A€o (S,B) A€o (S,B)

Put ro (@7, A;, @7, B;) = sup [A|, we have the following:
Neow (@7, A8, By)

Lemma 2.2. Let A;, B; € L(X;) and € > 0, hence ro(®]_ A;, &1 B;) = sup r:(4;, By).
7‘6{17771}

n
Proof. By Remark o (B Ai, B B;) = U oe(A;, B;). It is easy to see that
i=1
re(®is1 A, Bi) = sup 1:(4;, By).

i€l n}

We get the following examples.

Example 2.1. Let (A;)1<k<n and (Bg)i<k<n be two linear operators defined on K2 by

M O
A= 7"

0 pk
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and

« 0
Bk:: g s

0 B
where A\, pi € K, ag, B € K\{0} for each k € {1,--- ,n}. Then

n

A
(D1 Ars B Br) = {OTZ %}

and

n

A
o0 S = U {0 U e s = A > 2

Example 2.2. Let F be an ultrametric free Banach space over K with an orthogonal basis
(ém)men. Consider the linear operators (Ag)i1<k<n and (By)i<k<n given by for allz € F and
for each k € {1,--- ,n}, Arx = A\px and Brr = ugx where N\, € K and py, € K\{0}. Put
A=®}_A, and B = ®}_, By. One can see that

9= Ul

and for all k € {1,--- ,n} and for each \ € p(Ay, By), ||(Ar — ABg) || = m, then

i
Lk

g

Ug(AkaBk):{ o %k ]

—)-

Consequently,
n

U{A’“} oy s

Definition 2.3. Let (X;)i1<i<n be a sequence of ultrametric Banach spaces over K and let

|/va|

A;,B; € L(X;) and € > 0. The condition pseudospectrum of the bounded linear operator

pencil (D7 A;, B B;) on @} X; is

A(S,B)=0(S,B)U{A€K: sup |[(A—AB;)| sup [(Ai—AB;)7 ' >e"},
ie{l,- n} ie{l, n}

where S = @ 1 A; and B = @}, B;. With the convention sup |[(A;—AB;)|| sup |(A4i—
e{1,-,n} i€{l,-,n}
AB;) ! =00 if A € o(@], Ai, O By).

Remark 2.2. It is easy to see that U A(Ai, Bi) CA(B A, @71 B)).
i=1

Proposition 2.4. Let A;, B; € L(X;) and € > 0, then

(i) o (@) Ai, By By) = () Ac(@y Ar, 1, By).
e>0
(ii) If0 < &1 < &2, then U(@?:lAi’ @?:130 CAgy( 1 A @?:131') C Aey( 14, @?:131‘)-
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Proof. Put S = @} |A; and B = @] B;.

(i) From Deﬁnition foreache > 0, o(S, B) C A:(S, B). Conversely, if A € ﬂ A (S, B)
e>0
and A & o(S, B). Using lim  sup ||(A; —AB;)|| sup ||(4; —AB;)™!| = oo, we
e==04e(1 . n} i€{l, n}
get a contradiction.

(ii) f0 < ey <egand X € A, (S, B),thus sup |[(A;—AB;)|| sup ||(Ai_)\Bi)_1H >
et > 5!, then \ € A, (B, A;, ®1, B;).

d
We conclude the following;:
Lemma 2.3. Let A;, B; € L(X;) and € > 0, hence
sup Al < sup Al
A€o (O] Ai @] Bi) AEA:(B], Ai @] Bi)
Proof. Since o(®}_1A;, @1 B;) C A (DI A;, B} B;), then
sup Al < sup Al
AEa (D] Ay, @] Bi) AEAC (B Ai @7 Bi)
d

Now, we introduce a new definition of condition pseudospectra of the direct sum of the

operator pencil (&}, A;, ®},B;) as follows.

Definition 2.4. Let (X;)1<i<n be a sequence of ultrametric Banach spaces over K and let
Ai,B; € L(X;) and € > 0. The condition pseudospectrum of the bounded linear operator
pencil (B, A;, &7 B;) on @}, X; is

AL(S,B)=0o(S,B)U{reK: {Slup } 1(As = AB)||[[(Ai = ABy) ™| > &'},
ie{l,,n

where S = @} A; and B = @], B;.

n
Remark 2.3. (1) It is easy to see that AL(®I | A;, ' B;) = U AL(A;i, B;).
i=1
(i) o(@f,Ai, &1, By) = [| AL(BI_1 A, &1, By).
e>0
(iii) If0 < &1 < &9, then O‘(@?:lAi, @?:1Bi) C Aél (GB?ZIAZ‘, @?ZlBi) C A;z( ;—L:lAZ’, @?:131‘)-
(iv) For any e > 0, hence sup A < sup |A].
NEo (@7, Ai @7 Bi) NEAL(S7_, Ay @7, Bi)
(v) The condition pseudospectrum AL(®I ,A;, & B;) of the pencil (B, A;, & 1B;)

gives nice properties than A (@], Ai, ®] 1 B;).
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We obtain the following examples.

Example 2.3. Let (Ag)i1<k<n and (By)i<k<n be two linear operators defined on K? by

and

where oy, € K, A\, € K\{0} for any k € {1,--- ,n}. Set A= @} _| Ay and B = @}_, By, then
o (@f_y A, B}, By) = U{ ok
and
U{ T SEPUN K swp Ax - ABi) swp (A~ B > ),

where for all k € {1,--- ,n}, ||[Ax — ABg|| = max{|ax|, |[A\Mx|} and for each X € p(Ay, By),

|a| [ Ak

A — A\By, 1 = max ,
It Vol = maxr e a2l O — ]

}.
We begin with the following:

Definition 2.5. [3] Let S, B € M, (K),e > 0, the e-determinant spectrum d.(S, B) of the

matrixz pencil (S, B) is
d.(S,B) ={X € K: |det(S — A\B)| < e}.
We get the following:

Proposition 2.5. Let S, B € M, (K),e > 0, then
0.,(8) N doy(B) C d(S ® B),

where ¢ = g1€9.

Proof. Let A € dg,(S) Ndey(B), thus A € dg, (S) and A € d.,(B), hence |det(S — A\I)| < &1
and | det(B — A\I)| < 9. Consequently,
|det(S® B—-AXI @) = |det(S—A)det(B— \)]
= |det(S — A\I)||det(B — AI)|

< €9,



INT. J. MAPS MATH. (2025) 8(1):192-207 / ON ULTRAMETRIC PSEUDOSPECTRA 203

thus A € d.(S @ B) where € = €1e3, hence d., (S) Nd.,(B) C d-(S ® B) where € = g169. O

Proposition 2.6. Let S, B € M,,(K) and € > 0, hence
(i) For all 0 < 1 < g2, we have d, (S & B) C d.,(S & B),
(i) For each p €K, de(p(I & I),I®I)={AeK:|]A—p| < eﬁ},
(iii) If det(B) # 0 and for each pn € K, then de(u(I @ B),I ® B) ={A € K: A —p| <
e L
(rasmyn) " -
Proof. (i) Forall0 < g1 <e9,let A € d., (S®B), hence |det(SEB—-AI@1))| < e1 < &9,
thus A € d, (S @ B).
(ii) Let p € K hence |det(ul — AI)| = |\ — p|™, then
de(pIeI),Ial) = {NeK:|det(u(I®I)—AXI@I))| <e}
= DeK:|A\—p<e}

= AeK:A—py|<em}

(iii) We have

d.(u(I ® B),I ® B)

{AeK:|det(u(I ® B) — A\I @ B))| < e}

A€ K : |det((s — NI)]| det((u— \)B)| < &}

(AEK: |\ — p*|det(B)| < e}

e A= pl < (o)™

Example 2.4. If

a 0 c 0
S = ( ) and B = ( ) € Ma(Qp),
0 b 0 d

where a,b,c,d € Q,. Hence for any € > 0,

d.(S @ B) (NeQ,:|det(S®B-\I®I))| <e}
= {AeQ,:|det(S — A)||det(B — )| < &}

= {AeQy:l(a=AN)Db-=N(c=AN)(d—-N)|<e}.
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Example 2.5. If

Hence for each & > 0,
d(S®B) = {AeQ,:|det(S®B-XI®I))| <e}
= {AeQ,:|det(S — AI)||det(B — \I)| < &}

Ae@: M1 -=N2-N1+N)|<e)

We obtain the following proposition.

Proposition 2.7. Let D1, Dy € E(Qg) be two diagonal operators with for eachi € {1,---

Die; = Nie; and Dae; = pie; with i, s € Qp, Ni # Nip1 and p; # piv1. Hence
de(D1 & D) ={A € Qp: A = Al [An = Al[A = | -+ [A = | < €}
Proof. We have
for each i € {1,--- ,n}, (D1 —AN)e; = (N — Ve
and
foreachi € {1,--- ,n}, (D2 — Ne; = (i — Ney,

where (ex)1<k<n is a basis of Q).

Thus |det(Dy —AI)| = [A1 = Al -+ [An — A and | det(Dg — XI)| = |1 — A| - - - |t — A|. Hence

for any € > 0,
d-(Dy ® Dy) = {N€Q,:|det(D1® Dy — NI @) <e}
= {AeQ,:|det(D; — AI)det(Dy — A)| < &}

= (A€ A= Ml A= Aallin = Al — A < ).

We have:

Definition 2.6. [3] Let S, B € M, (K),e > 0, the trace pseudospectrum Tr.(S, B) of the

matrixz pencil (S, B) is

Tr.(S, B) = o(S,B) U{\ € K : |tr(S — AB)| < €}.
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As the classical setting, we have.

Proposition 2.8. Let (A;)i<i<n € Myu(K), then the trace of the diagonal block matriz
EB?:lAi 8

®i 1 Ai) Ztr
We conclude the following;:
Proposition 2.9. Let (A;)1<i<n € Mp(K) and e1,e2,--- ,, > 0. Then
ﬂ Tre,(Ai) C Tre(®i=, 4i),

where € = max ¢;.
1<i<n

n
Proof. It X\ € ﬁTTEi(Ai), then for each i € {1;--- ,n}, A\ € Tr,(A;), hence for all i €

i=1
n n
{L;---,nh, A€ o(A)U{X e K: |tr(4; — M)| < &}, since X € ﬂ ) C Ua A;) and
=1 =1
from Proposition we have
n
tr(@i Ai = M@ D)) = IZ“‘(A:'—M)I
< max [tr(A; — AI)]
1<i<n
< max &,
1<i<n

hence A € Tr.(®}_,A;), where € = max &;.
1<i<n

Theorem 2.1. Let S, B € M, (K) and ¢ > 0. Hence

(i) If0<e; <ey, Tre,(S® B) C Tre, (S @ B),
(ii) For all B € K and A is invertible and Tr(A) # 0, we get

Tro(B(A® A),A® A) = {/\GK: A — Bl < M}'

Proof. (i) Tt follows from Definition
(iii) If 8, A € K, hence

tr(B(A® A) = MA@ A))| = [A—B|2tr(A)| <e.
Thus

£
Tr-(B(A® A),A® A) = {/\GK: A= Bl < W}'
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We finish with the following example.

1 2 2 5
Example 2.6. Lete > 0. If A = and B = € M2(Qz). Then
0 3 0 1

Tro(A® B) = ({1,3} U{1,2)) U{A € Q, : |7 — 4\| < €}

REFERENCES

[1] Ammar, A., Bouchekoua, A., & Jeribi, A. (2019). Pseudospectra in a non-Archimedean Banach space and
essential pseudospectra in F,. Filomat, 33(12), 3961-3976.

[2] Ammar, A., Bouchekoua, A., & Lazrag, N. (2022). The condition e-pseudospectra on non-Archimedean
Banach space. Boletin de la Sociedad Matemdtica Mexicana, 28(2), 29.

[3] Blali, A., El Amrani, A., & Ettayb, J. (2022). Some spectral sets of linear operators pencils on non-
archimedean Banach spaces. Bulletin of the Transilvania University of Brasov. Series III: Mathematics
and Computer Science, 41-56.

[4] Diagana, T., & Ramaroson, F. (2016). Non-Archimedean operator theory. Cham, Switzerland: Springer.

[5] Diarra, B. (2018). Ultrametric Calkin algebras, Advances in Ultrametric Analysis, Contemp. Math., vol.
704, 111-125.

[6] El Amrani, A., Ettayb, J., & Blali, A. (2022). Pseudospectrum and condition pseudospectrum of non-
archimedean matrices. Journal of Prime Research in Mathematics, 18(1), 75-82.

[7] El Amrani, A., Ettayb, J., & Blali, A. (2024). On Pencil of Bounded Linear Operators on Non-archimedean
Banach Spaces. Bol. Soc. Paran. Mat., 42, 1-10.

[8] Ettayb, J. (2023). Condition pseudospectrum of operator pencils on non-archimedean Banach spaces.
arXiv preprint arXiv:2305.18401.

[9] Ettayb, J. (2024). (N, e)-pseudospectra of bounded linear operators on ultrametric Banach spaces. Gulf
Journal of Mathematics, 17(1), 12-28.

[10] Ettayb, J. (2024). Structured pseudospectrum and structured essential pseudospectrum of closed linear
operator pencils on ultrametric Banach spaces. Mathematical notes of NEFU, 31(1), 70-80.

[11] Ettayb, J. (2024). Characterization of the structured pseudospectrum in non-Archimedean Banach spaces.
Journal of the Iranian Mathematical Society, 5(2), 79-93.

[12] Ettayb, J. (2024). Condition pseudospectra of multivalued linear operator pencils on non-Archimedean
Banach spaces. Rendiconti del Circolo Matematico di Palermo Series 2, 1-11.

[13] Ettayb, J. (2024). Pseudo-spectrum of non-Archimedean matrix pencils. Bulletin of the Transilvania
University of Brasov. Series III: Mathematics and Computer Science, 73-86.

[14] Ettayb, J. (2025). Pseudospectrum and essential Pseudospectrum of linear operator pencils on ultrametric
Banach spaces, Bol. Soc. Paran. Mat., 43, 1-10.

[15] Ipek, Al P., & Ismailov Z.I. (2021). S-Spectra and S-Essential Pseudospectra of the Diagonal Block
Operator Matrices. Hacettepe Journal of Mathematics and Statistics. 50(2), 433-443.

[16] Ismailov, Z. I., & Ipek, Al P. (2020). Spectra and Pseudospectra of the Direct Sum Operators. Sigma
Journal of Engineering and Natural Sciences. 38(3), 1251-1259.



INT. J. MAPS MATH. (2025) 8(1):192-207 / ON ULTRAMETRIC PSEUDOSPECTRA 207

[17] Ismailov, Z. 1., & Ipek Al P. (2022). e-Condition Pseudospectra of the Direct Sum Operators. Lobachevskii
Journal of Mathematics, 43(11), 3161-3166.

[18] Nadathur, K. S. (1973). Linear Operators between Nonarchimedean Banach Spaces, Dissertations, West-
ern Michigan University.

[19] Rooij, A. C. M. V. (1978). Non-Archimedean functional analysis. Monographs and Textbooks in Pure
and Applied Math., 51. Marcel Dekker, Inc., New York.

[20] Trefethen, L. N., & Embree, M. (2005). Spectra and pseudospectra. The behavior of nonnormal matrices

and operators. Princeton University Press, Princeton.

REGIONAL ACADEMY OF EDUCATION AND TRAINING OF CASABLANCA SETTAT HAMMAM AL FATAWAKI

COLLEGIATE HiGH ScHoOL, HAD SOUALEM, MOROCCO



International Journal of Maps in Mathematics
Volume 8, Issue 1, 2025, Pages:208-226
E-ISSN: 2636-7467

www.simadp.com/journalmim

ON LACUNARY AZ-STATISTICAL CONVERGENCE OF FUZZY TRIPLE
SEQUENCES OF ORDER ~

ISIL ACIK DEMIRCI , OMER KISI *, AND MEHMET GURDAL

ABSTRACT. In this study, we propose the concepts of f-lacunary AZ-statistical convergence
of order « and strongly f-lacunary AZ-summability of order + for triple sequences of fuzzy
numbers. Additionally, we explore fundamental connections between these convergence no-
tions. As a practical application, we apply this newly defined convergence to establish a
fuzzy Korovkin-type approximation theorem concerning triple sequences of fuzzy positive
linear operators. To highlight the effectiveness of our result, we provide an example that
demonstrates the superiority of the established theorem over its classical counterpart.
Keywords: Fuzzy sequence, ideal, fuzzy type Korovkin-theorem, lacunary sequence, regu-
lar matrix, triple sequence, A-statistical convergence.
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1. INTRODUCTION

The concept of statistical convergence for sequences, an extension of the usual notion of
convergence, was initially introduced in [7, [39]. This concept has spurred extensive research
across various spaces and has been influential in the fields of summability theory, functional
analysis, and measure theory, among others (see [5], 6], [9], [14], [I7], [20], [25], [26], [29]).
In their 2008 study [40], Sahiner et al. investigated statistical convergence within the con-
text of triple sequences. For a comprehensive understanding of optimal convergence in triple
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sequences, see [42] and other related sources. A significant advancement in convergence the-
ory, including statistical convergence, was made by Kostyrko et al. [22], who introduced the
notions of Z-convergence and Z*-convergence in metric spaces using ideals based on natural
numbers. Following Kostyrko et al.’s work, similar investigations have been conducted for
function sequences in random 2-normed spaces [37] and other areas. Further studies have ex-
plored these concepts in metric spaces [28], 2-normed spaces [41], and for localized sequences
in metric spaces [30], with additional references provided in [11], 121 [13] 19} 36, 45].

Recently, Aizpuru et al. [I] extended the concept of natural density by introducing the
f-density of a subset of positive integers using an unbounded modulus function. In 2015,
Bhardwaj and Dhawan [3] introduced the definitions of f-density and f-statistical conver-
gence of order . Furthermore, Sengiil and Et [44] advanced the field by proposing the concept
of lacunary statistical convergence of order 7 in 2018, employing the modulus function.

To address uncertainty and vagueness, Zadeh [46] introduced the concepts of fuzzy sets,
fuzzy logic, and fuzzy numbers in 1965. Since then, fuzzy logic has found applications in
various fields such as artificial intelligence, control systems, and decision-making processes. In
1986, Matloka [24] extended these ideas to sequence space theory. The concept of statistical
convergence for sequences of fuzzy numbers was later explored by Savas [34]. For additional
details on fuzzy sequence spaces, see [4], [15], [18], [38], and the associated references.

Building on the previous research, we develop and examine the properties of f-lacunary
Al statistical convergence of order v and strongly f-lacunary AZ-summability of order v for
triple sequences of fuzzy numbers. We also explore the interrelationship between these newly
defined concepts. Finally, we utilize lacunary triple sequences, the modulus function, and
a regular matrix to establish a fuzzy Korovkin-type theorem for triple sequences of fuzzy

numbers. As a result, our findings become specific cases of the results presented in [32].

2. PRELIMINARIES

The sets of all natural numbers, all real numbers, and all complex numbers are represented
by the letters N, R and C, respectively, throughout the text. Let E C N and E (r) =

{i € E:i<r}. Recall that the natural or asymptotic density of E is defined by 0 (FE) =

lim, oo |E(r)]

-, if the limit exists.

1
lim —[{j:j<r:lyj—yl>e} =0, foralle >0

T—00 T
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indicates that the sequence (y;) statistically converges to y [8]. Since then, the idea of ideal
of subsets of N has been used to expand the concept of statistical convergence to include the
idea of Z-convergence [22]. Let Z be a non-empty set and P(Z) be the family of all subsets
of Z. An ideal, denoted as Z (C P(Z)) is a family of subsets of Z satisfying the following
conditions: (a) E, R € Zimply EUR € Z (b) R€ Z, E C Rimply E € Z, while an admissible
ideal Z of Z covers Z. If Z ¢ T, T # (), the family of sets F(Z) = {M C Z : Z\M € I}
forms a filter of Z. By Zy;, and Zs, respectively, we indicate the ideal that is composed of all
finite subsets and density zero subsets of N. A sequence a = (ay) is said to be Z-convergent
to b € R provided for every € > 0, the set A(¢) = {n € N : |ay — b| > €} belongs to Z [22].
When considering Z = Z;,, Z-convergence of the sequence aligns with ordinary convergence,
and when considering 7 = Z;, it aligns with statistical convergence. Furthermore, it is worth
noting that [35] delves into the concept of Z-statistically convergence. A sequence (ay) is
deemed Z-statistically convergent to a if {n € N:1/n|{k <n:|ax —a| >e}| >} belongs
to Z for each £,6 > 0. Then, a is the Z-statistical limit of the sequence (ay) and Z-st-
limg_ oo ar = a.

The lacunary sequence 6 = (k,), r — oo, is a nonnegative integers sequence that in-
creases where kg = 0, h, = (k. —k,—1) and h, — oo (and r — o0). If the following

limit holds for every ¢ > 0, then a sequence (yx) is lacunary statistically convergent to

y o limy oo 1/he [{k € I ¢ lyr —y| > €}| = 0, where I, = (ky—1,k,] and ¢, = kf_l. If the
following limit holds for every € > 0, then a sequence (yj) is lacunary statistically convergent
to y of order v : lim, o0 1/h7 [{k € I, : |yx — y| > €}| = 0, where (h)) = (h],h3,... ki, ...)
[43].

A modulus function g : [0,00) — [0,00) such that (i) z =0 < g (x) = 0; (ii) the function
g is increasing; (iii) for all z,y € [0,00), g(z+y) < g(y) + g(x); (iv) the function g is
continuous from the right at point 0 [31]. Therefore, the function g needs be continuous
throughout the the interval [0, co).

If the following limit holds for every e > 0, a sequence (yi), is f-lacunary statistically
convergent to y of order v : lim, oo 1/f (k) f ({k € I, : |yx — y| > €}|) = 0, where (b)) =
(R, hg, ... ¢, ...) [44].

Lemma 2.1 ([24]). lim; @ = inf {@ it > 0} for any modulus function f.

We now recall the following definitions which were given in [10] [16] 23] 24] [46].
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A fuzzy number, denoted as a, is characterized as a fuzzy set of real numbers spanning
the interval from R to [0, 1] and fulfilling the following properties:

F1. there is such a ¢ in R such that a (t) = 1 i.e., @ is normal,

F2. a(t) >min{a(d),a(c)} = a(d) Aa(c) where ¢ < t < d, that is a is fuzzy convex

F3. a is upper semi continuous,

F4. supp(a) = {t € R:a(t) > 0} is compact.
Also, for a € (0,1], the a-level cut of @ can be defined as [a], = {teR:a(t) > a} =
[a;,,at], the lower and upper boundaries of the a-level cut of the fuzzy number a are demon-

strated by a; and a

-, respectively. Fr represents the set of all fuzzy numbers. For any

A € R and a,b € Fg, the scalar multiplication A ® @ and the sum @ @ b are defined in that :
(a ® 5) — G @b and (A ® @), = M. Now, d is the Hausdorff metric and d : F x Fa — R

is given by

~— 71— ~+ 7+
Ao — ba ) | — ba

d(d, 5) = sup max{

0<a<l1

= (1,

For every @,b,¢,d € Fr, we get
d1. the space (Fg,d) is a metric space that is complete [33],
2. d (pa, pi)) = Ip|d (a, z}) :p € C (the set of all complex scalars),
ds. d(d,E) - d(a@é,é@a) ,
ad. d(a@é,b@J < d(a,B) +d(5,(i) ,
ds. ‘d (a,0) — d (b, 0)‘ <d (a, B) < d(a0)+d (6, 6) . where 0 is the additive identity

[\)

element of Fg.

Let a = (ay) be a sequence of fuzzy real numbers and if
1i_>m 1/ri{n:n <r:d(an,ap) > €}| =0

for every € > 0, then (a,,) is statistically convergent to fuzzy number ay.

Definition 2.1. If there is a positive number M such that d(ank;,0) < M for all n, k, 1, then
the triple sequence a = (ank) of fuzzy numbers is said to be bounded. 013 s the set that

represents all bounded triple sequences of fuzzy numbers.

Assume that A = (apkolpm) i a summability matrix with six-dimensions. If the series
converges in the sense of Pringsheim for every (n, 0, p) € N3, the A-transform of a given triple
sequence, = (Tgyn), is given by Az := {(Aa:)

nop} . Recall that a six dimensional matrix
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A = (ankolpm) is said to be Robinson-Hamilton (RH)-regular if it maps every bounded P-
convergent sequence with the same P-limit. The RH-conditions state that a six dimensional
matrix A = (apkoipm) is RH-regular iff

RH1. For each (k,I,m) € N3, P-limy, o Gnkotpm = 0,

RH2. P-limpop Y pen Gnkolpm = 0 for every I € Nym € N,

RH3. P-limp,op Y ey Gnkotpm = 0 for every k € N,;m € N,

RH4. P-limp,op Y en Gnkolpm = 0 for every k € NI € N,

RH5. 31 1.m)ens [@nkotpm| is P-convergent for all (n, 0, p) € N3,

RH6. There exist finite positive integers B and C' such that > klm>C Ankolpm| < B holds
for all (n,0,p) € N3,

RHT. P-lithy o 3 o myenst Grnkolpm = 1.

Now, assume that K’ C N* and A = (ankoipm) is non-negative RH-regular summability
matrix. When the limit on the right-hand side exists in the sense of Pringsheim, the A-
density of K’ is then given by 64" (K’) := P — lim,,, Z(k’l’m)eK, Unkolpm, Where K' :=
{(k,1,m) € N’ : |@pym, — €] > €} . A real triple sequence & = () is said to be A-statistically
convergent to a number ¢ if 65" (K’) = 0 for every £ > 0. (A3-stat)-limpepz = € in this

instance.

3. MAIN RESULTS

This section introduces and investigates the concepts of strongly f-lacunary AZ-summability
of order v and f-lacunary AZ-statistical convergence of order ~ for triple sequences of fuzzy
numbers. Throughout this study, unless specified otherwise, we assume 0 < v < 1 and that

f is an unbounded modulus function.

Definition 3.1. Let f be an unbounded modulus function, 03 = {(k,,ls,m)} be a lacunary
sequence and vy € (0,1]. A sequence @ = (Apim) of fuzzy numbers is f-lacunary A3 -statistical
convergent of order v (v € (0,1]) (or AT stat, g,-convergent) to a fuzzy number aooo if for

every e >0, ( >0,

{(rvs,w eNe f(,;t)fu{(k,l,m € Tpuy  d((Ad) gy, »Go00) > £}]) > <}

. . f . ~ ~ f
belongs to Is. In this case we write (AIs -stat%93>-hmk717m_>oo Akl = Q000 - (AIS —stat%%)

represents the set of all f-lacunary AT -statistically convergent sequences of order .
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Definition 3.2. A triple sequence a = (agim) of fuzzy numbers is strongly f-lacunary AT

f
summable of order ~(or A%s W, 6, -summable) if there exists a fuzzy number agoo such that

1 - -
(r,s,t) € N> T > F(d((Ad)y, don)) > € p € T
rst (k»lvm)elr,&t
f
for each € > 0. <AIS W%gs) represents the set of all strongly f-lacunary AT summable

sequences of order 7.

Remark 3.1. (AISf —statmg?))—convergence is well defined for v € (0,1]. It is not necessary

to define it for v > 1. To illustrate this, consider (gnop) to be a sequence of fuzzy numbers

defined as

~ t—3, if n,o,p are odd,
Gnop (t) = ;
1—(t-3), otherwise

fort € [3,4], and the matriz A = (apkoipm) defined as

. if n,o,p are a cube and

k=n31=0%m=p3,
Ankolpm = ) if n,o0,p are a non cube and
k=n3+1,l=0>+1,m=p3+1,
0, otherwise.
One can easily verify that
oo
(Af] (t))nop = Z ankolpmgklm
k=1,l=1,m=1
_ n,o0,p is even non cube or
t—3=(a),

n,o0,p is odd cube,

n,o,p is an even cube or

1= (t-3) = (b),

n,0,p is odd non cube.

Therefore, we have

n,o0,p are odd cubes or
0;
~ _ n,o,p are even non cubes,
4((AG (1))0p2) 1=
n,o,p are even cubes or
L
n,0,p are odd non cubes,
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and
. n,o0,p are odd cubes or
~ - n,o0,p are even non cubes,
4 ((AG (1) -0) =
0 n,0,p are even cubes or
n,0,p are odd non cubes.

Assume that v > 1, f (z) = 2 and 03 = {(jr, ks, ls)} = r2s*t2. For e >0, ¢ > 0 we have

{(T737t) € N3 : 17 f(H(kvl?m) € IT,S,t : d((Ag)klm?d) > 5}‘) > C}
f(hrst)
C {(T,s,t) eN?: h,TYSt > C} €13
hrst
and
1 ~ -
{(r,s,t) N G ({ktm) € I d (A3 B) 2 }) = g}
C {(r, s,t) e N3 hfﬁt g} € Ts.
rst

Thus, (Gnop) is f-lacunary AT _statistically convergent to both & and b, which is impossible.

Theorem 3.1. Let y = (Jim) and g = (Jrim) be two triple fuzzy sequences and v € (0,1].
Then, the subsequent statements are valid:
f
(a) If ( ° -stats, 93> -limg, i, Yrim = Yooo and z € C, then (AIS —stat%93> iy g 2Gkim =

2%000-
/

(b) If ( -stat., 93> My j 1 Gim = Yooo and <AI3 —stat%93> — limy, j m Grim = Gooo, then
(Azg -Stat7,93> -limyg g m (Jkim + Grim) = Po0o + Jooo-
Proof. (a) For z = 0, the result holds trivially. Let z # 0, for given € > 0, we obtain
[0 ) € Tyt 5 d (A=) » Zo00) = ©)}
={((k,1,m) € L5 : |2 d ((AG) g, » Yo00) =€)}
< {((htm) € s 2D o) = ) |

and, so we have

{5000 €04 s (1) € B (A 200) 2 1) 2 ¢
< {tes.ty e s ([{tom) € Doas s d (A o) = 5] = ¢}

€ I?n
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for all ¢ > 0.
(b) Tt is derived from the fact that

{(k7l7m) € Ir,s,t : d((A (?j + g))klm’gOOO + gOOO) > 5}
C {(k,l,m) € L5z : d(((A(9)) i, » Yooo) + ((A(9)) i » Gooo)) = €}
(k,1.m) € L d (A (5))ggr - Tooo) 2 5

{k,z,mezrst 4 (A )i Go00) > 5 -

r—’H

Additionally,
{(r,s,t) eN3: 7 (;Lly ) f(H(k,L,m) € L st o d((A(F+ G))pim > Yooo + Gooo) = €}]) = C}
rst
1
et (im0 00> 5)) >
U {(r 5,1) €N f(hm)f ({ktm) € I : (A @) - Go00) = 5 }|) 2 <}
€ I?n
is a consequence of this. Therefore, (b) follows. O

Theorem 3.2. Let f be an unbounded modulus function such that f(xy) > cf ) f(y

for some positive constant c¢,xz,y > 0 and 0 < v < § < 1. Then, we have A% W, 93> C
5
<AI3 —stat%(ys) .

Proof. Let § € (AIS W%93_f). Then, for ¢ > 0 and ¢ > 0

(r,s,t) € N® . Z f(d((AD) i > Yo00)) = € ¢ € I3, (3.1)

(k,l,;m)Elr st

1
f (hZSt)
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and, so we get

(’I“, Svt) € N3 : f(hlv s Z f (d((Ag)klm 73]000)) Z €
" (el m)EL s

(7", Sat) € NS : f(hlz ) Z f (d((Ag)klm )QOOO)) > €
(ke Lm) el ot

2 {(T737t) € N3 : f(hlw )f Z d((Ag)klm 7?]000)) Z 5}

(kvlvm)elr,s,t

~—

2 (T,S,t) S N3 : f(hl‘s )f Z d((Ag)klm’gUOO)
" (koL m)ELy 50
d((A(Q))kzm:gO)Zﬁ

+ Z d ((Ag)klm ,Tooo) | > €
(kybym) el s 4

A((A@)) i sG0) <e

D (r,s,t) e N3 f(h15 )f Z d (A7), »dio00) | = €
" (Kl m)Elr st
d((A(g))klmng)ZE

2 (T,S,t) € NS : qu{(kalvm) € IT,S,t : d((A (Q))klmvgooo) Z 6}|€) Z {}
2 (T‘,S,t) eN3: (f(hcf—st)f (|{(k7lam> € Ir,s,t : d((A (Zj))kzlm7g000) > 8}') f (€)> > C}

This implies

{(r05,0) €80 S0 P01 ) € Lt (A @) one) 2 1 £ 6)) 2 ¢

(&
&
rst

- (7'7 S,t) eN3: f(hlw t) Z f (d((A?j)klma?jOOO)) > e
" (ke m)€ET

f
Using 1' we obtain ¢ € (AIS -stat%ga) O

Using Lemma we can give the following theorem.

Theorem 3.3. Let f be an unbounded modulus function such that lim;_ @ > 0,

lim, s 100 f(hg‘“) =1and 0 <~y <6 <1. Then,
f(hrst)

7t zf
(A s -statw?,) Ne(A) c (A : W5,03> ne (A).

Proof. Assume that lim,Hoom = L. Then, by Lemma ﬂ, L < @, for all t > 0.

¢
! .
Let y € (AI3 —stat%93> N ¢3, (A). Then, there exists positive real number M such that
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d ((A9) im > Yooo) < M, for any k,I,m € N, and

1
f (h;"yst

supplies for every ¢ > 0 and ¢ > 0.

{(T787t) € NB : (|{(k7l7m) € L",S,t : d((A (g))klm 7@000) > 5}|) > C} € 137

Now,
(r,s,t) e N3 1 > FA((AD) gy - Tiooo)) >
k)€l st

- (’I“,S,t) € N3 : L ) Z f(d((Ag)klm 7@000)) > €
(klm)GIrst

%
|
>
<o

En
N

=< (r,s,t) € N3 g) Z F(d((AD) gy, » Jo00))
ot (kylym)Elrs s
A((A@)) yim-T0) e

+

Z f(d ((A9) iy - Yooo)) | = €

(kvlvm)elr s, t
((A@)) g -F0) <e

d
= {(r,s t) € N3 : f(hl‘*st) Z [ (M) + Z f(e)

(kvlvm)elr,s,t (k:J:m)EIr,s,i
d((A(ﬂ))Mm,z?ooo)EE d((A(g))klmngOO><6

(ros,t) N3 : L <M>|{<k,z,m>efr,s,t:d<<A@>>klm,gooo>zs}rzc}

|
+{(rs t) e N3: f(hhr;t)f(a)zg}
A

(r,s,t) € N3 L

(M) f({(k,1,m) € L e d((A(Y)) g » Yoo0) = €}]) = C}

{(k’,l,m) €Ly %f(a) zg}.

(3.2)

i
Using limy s 100 JJ:EZQ“)) =1, we have g € (AIS W5793> Nls (A). O
rst

3.1. Fuzzy Korovkin-type theorems. One notable theorem in mathematics is Korovkin’s
theorem, named after the mathematician Korovkin [2I]. This theorem addresses how a
sequence of positive linear operators can uniformly approximate continuous functions defined
on compact metric spaces. Over time, the theorem’s importance has grown across various
mathematical disciplines. Researchers have explored its applications in numerous settings

and have proposed several extensions in areas such as functional analysis, measure theory,
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probability theory, and summability theory (see [2], [16], [27], [32]). In this section, we
apply lacunary triple sequences, modulus functions, and regular matrices to establish a fuzzy
Korovkin-type theorem specifically for triple fuzzy number sequences.

A fuzzy valued function f : [a, b] x [a, b] X [a, b] — Fg is fuzzy continuous at (100, Y000, 2000)
in ([a,b])* = [a,b] x [a,b] x [a, b] i (Wi, Ykt Zkim) — (4000, Y0005 Z000), then

d (f (Wkim > Ykims Zkim) ,f(uooo,yooo,zooo)> — 0, as k,l,m — oo,

where

d* (f (Wkim > Ykims Zkim,) ,f(uooo,yooo,zooo)>

= sup d (f (Uk;lm, Yklm» Zklm) ,JE (Uooo, Y000, Zooo)) .
(u,y,2)€([a,b])?

If f is fuzzy continuous at every point in [a, b], then f is fuzzy continuous on ([a,b])®. The
set of all fuzzy continuous functions on the interval ([a, b])” is denoted by Cr (([a, b])3>, and
C (([a, b])3) represents the space of all continuous functions on ([a, b])*.

An operator T : Cx (([a, b])3) —Cr (([a, b])?’) is fuzzy linear, if
7'()\1 ® fi 69)\2®f2;u,y72> =M\ @f(fl;my,z) @A2®7-<JF2§U7?J72) )

for every A\j,A2 € R and fi, fo € Cr (([a, b])3). Furthermore, 7 is fuzzy positive linear

operator, if it is fuzzy linear and
T(fl;u,y72> < 7ﬁ<f2;uayaz)
for all f~17 .f? € C]: (([a’v b])3)7 and for any (u7 Y, Z) € ([CL, b])d ) and with fl (U, Y, Z) < .]ZZ (U, Y, Z)'

Theorem 3.4. Assume that ('ﬁlm> be a triple sequence of positive linear operators from
Cr (([a, b])3> to Cr (([a, b])3>. Suppose that there is a sequence (Tgim) of positive linear
operators from C (([a, b])g) into C (([a, b])3> such that

i (Frwvw =)} = T (Fw92) . (hlmeN) (33)
for each f € Cr (([a, b])3), a € [0,1] and (u,y, 2) € ([a,b])3. Then, if
{(k,l,m) € Lst : | Tram (95) — gill > €} € I3; (i =0,4), (3.4)
where go =1, g1 =u, o = v, g3 = 2, g4 = u> + y> + 22, we have
{k0,m) € L @ (Tum () . ) 2 2} € T Vi € Crlactl, (3.5)

for every e > 0.
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Theorem 3.5. Consider a fuzzy sequence (ﬁlm) of positive linear operators from
Cr (([a,b])B) into Cr (([a, b])?’), Suppose there ezists a sequence (Tgim) of positive linear
operators from C (([a, b])B) into C (([a, b])?’) such that equation holds. If

zf R
(A 3 —stat%%) | Ttm (9i) — gil| = 0, (z = 0,4) , (3.6)
where go = 1,91 = u, g2 = y, g3 = z and g4 = u> + y> + 22, then we have

(4" stats ) " (Taan (7) . F) =0, ¥F € Cr b, (3.7

Proof. Let f € Cr (([a, b])3) and (u,y,z) € ([a,b])®. Since fF is continuous on ([a, b])*, for

every € > 0 there exists § > 0 such that

fE (e, f,h) — fF (u,y, z)‘ < €, whenever |e —u| <

5 |f -yl < 6,|h—z < 8. Since f is fuzzy bounded, we have |f* (u,y,z)‘ < KE for all

(u,y,2) € ([a,b]). Thus, we get

+
o

P fih)— P )| <et 2o le—wPy (fopPrhi-2?  (38)

2 |

Applying (AT (go; w, Y, 2)) gy O both the sides for a fixed (u,y, z) and by the monotonicity
and linearity of (AT (go;, Y, 2)) i, We have

(a7 (72 <e’f’h>'wz))klm—(”(f3 (wy2)wp.2)), |
<‘s(AT(1uy, I 52 (AT((e—u)2+(f—y)2+(h—z)Q;u,y,z»

klm)
kim 1 2 52 ((AT (€ + 2+ h%uy,2) (3.9)

z))
z))
—2u (AT (&5 1,9, 2)) gm — 2y (AT (f5 4,9, 2)) i
=22 (AT (hiu, Y, 2)) g + (0 + 5+ 2%) (AT (14,95 2)) gy | -
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Using (3.8]) and (| ., we have

(AT (F e g5y 2)) = J iy, 2)|

= (AT (fa (e, f,h)5u,y, 2 ) — [ (uy, 2) (AT (10,9, 2)) g
E 002) (AT (15000 e 75 (00, 2)|

- (AT(fa (e, f,h) 5wy, 2 ) ( ( (. y,2); u’y’z)>klm
0 2) (AT (g D)

(AT (7 e pimyiuy.z)) = (AT (FE oy 2)su,.2))
|, 2) (AT (50,9210 = D)

& (AT (L9, 2))am + 25 [(AT (2 + 24 12) 5u,9,2)) .,

—2u (AT (€34, Y, 2)) g, — 29 (AT (309, 2)) i

=22 (AT (B u, Y, 2)) g + (0% + 32 4 22) (AT (L0, 9, 2)) 1] |

| (s, 2) (AT (1,2 = 1)

< [e (AT (31,9, 2)am + 258 [((AT (2 + £2 4+ 02) 50,3, 2)) g, — (62 + 32 + 22))

—2u (AT (&5 4, Y, 2)) gy, — w) — 2y (AT (f5 4,9, 2)) jgrn, — ¥)

—22 (AT (B3 us 4, 2)) g — 2) + (02 + 4%+ 22) (AT (14,9, 2)) g — 1]

| (s, 2) (AT (1,2 = 1)

< e+ (AT (13,4, 2))jm — €l + 25 [[(AT (2 + f2 4+ 12) 50,9, 2)),,,, — (2 + 2+ 22)|
+[2ul [(AT (e514,9, 2)) g — ul + 1201 (AT (f3,9,2)) g — ¥l

+22] [(AT (hsw,y, 2))gpn — 21+ (02 +y° + 22) [(AT (Lw, 9, 2)) g — 1]

|, 2) (AT (G50,9,2)) g — 1)

S <2 (AT (0 ) - (AT 5570 9) D — (02 07+ 2)
+! 52 = Jul [(AT (e + £ + 1) 54,4, 2)) g — ((e+ £ +h) 51,9, 2)) g — ¥l
+45 |Z| (AT ((e + f 4+ 1) 5w, 45 2)) g, — =2 (“ + 57+ 2%) [(AT (1w, 9, 2)) g, — 1
| i, 2)| AT (15, 2)) g = D)

<t (o4 TR | ) (AT (B g 1

+4’C§B\(AT((6+J”+h) 0,9, 2) g — Ul + BFC (AT (e + £+ 1) 30,8,2)) g — 0l
+455D 52 D (AT ((e+ £ +h)51,9,2)) g — 2|

2 |(AT (2 + 12+ 52) s0,9,2)) = (02 + 5%+ 22)]

< e+ Mg (I(AT (90315 Y5 2)) g, — 9ol + [(AT (9154, 95 2)) g, — 911

+ (AT (925 us Y5 2)) pin, — 921 + [(AT (9350, Y, 2)) g, — 931 + (AT (9434, Y, 2)) gy, — 941)

IN

klm ‘

IN

(
(

(
(
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where
+ (2 2
Mi::max{g+2lc(3;0+D) K=, 4K<B+C+D>’2§i}7
B =max {Jul}, C = max {|y|} and D = max {|z[} .

Then, taking supremum over (u,y, z) € ([a, b])®, we obtain

|(aT (7)), = 7wy 2)| < e+ 2 24; AT (D —gill . (3.10)

Using the definition of d* (.,.) and the relation (3.3), we have

(T d) = s (07 (B, Fes) o)

(uy,2)€([ab])?

= o ma{[{(47 (), b {Few) |

(o7 (Fav) ) - )]

= oo max{[(47 (Friw2)),

(u,y,2)€([a,b])® @€[0,1] Im

(47 (Fts0:2)),,, = 88 w2}
= o max{[[(a7 (4)),,, ~ &

From (3.10) and (3.11)), we have

—f;(u,yvz)’,

|(ar (7)), -7

}

@ (AT (1)), F) <+ Ma ZH (AT (06)) i — ]

where M, = sup,eo,1) max {Mg, M2 }.

For a given ¢t > 0, choose ¢ > 0 such that ¢t > e¢. Then, let

Dyos = {(k:,l,m) € Ly d" <<A7’ (f))klm , f) > e}

and

t—e¢
Dyt = { (61,m) € Do AT (0 = 1 = 1 b

where i = 0,4 and (r,s,t) € N3. Therefore, Dyt Ui:oDns,t;i- This implies

i s () 1), 2

{k;lm ) € Lnst : [(AT () ki — 9|—§M6}
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and using (3.6 for ( > 0 we get

e G o

C {(r,s,t) eN?: hv

rst

{(r,s,t) eN?:

t—e¢
Zf <H kil,m) € Lse : (AT (9i) jim — 9ill = M

belongs to Z3. Therefore, we have

(Azg—stat%%) -d* (’ﬁlm (f) ,f) =0,VYf e Crla,b].

Example 3.1. Let (Jnop) be a triple fuzzy sequence defined by

_ 1, ifn,o,p are squares,
Ynop (t) = Vit € [0, 1] .
0, otherwise,

Also, consider the matriv A = (ankoipm) defined by

1, if klm = (nop)2 ,

Apkolpm =
0, otherwise.
Then
~ s ~ 1, ifn,o,p are squares,
(Ay (t))nop = Z AnkolpmYklm =
k=1,l=1,m=1 0, otherwise, Vt € [0,1].

Now, assume f (z) = x, we have for e >0, > 0

{(r,s,t) e N3 ho‘ H(k,l,m) € Iss - d((AG)ym ,0) > €} > C}

rst

C {(r,s,t) e N3 ha > g} €Ts.

rst

This implies (Ynop) s f-lacunary A-statistical convergent to 0 but it is not convergent to 0.

Let i € Cr ([0,1])3, (a,b,¢) € ([0,1])® and consider the fuzzy Bernstein operators

Bnop (ga a,b, C)

n7o?p ) ]
- B (”) (O> <p) d(1—a)" "W (10T F(1—cPF o (l, 2. k) :
e i)\j) \k nop
1=0,7=0,k=0
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This implies
- B +
{Bnop (y; a,b, C)}
(0%

= Bnop (foa a, bv C)

- nzp (TZL) <j> (2’) a (1—a)" "W (1= & (1— e F gt (:l % I;) :

i=0,j=0,k=0
where g € C ([0, 1])3 and o € [0,1]. We define the sequence of fuzzy positive linear operators
on Cx ([0,1])% as follows:

ATrop (7 () 1a,b, ¢) = ((Agj)mp + 1) © Brop (530, b, ) ,
using these polynomials. Currently,

AToop (Gas a, b, )

— (49,0 +1) ) 3 ) (2‘) (;’) (i) ai (1—a)"™ B (1 — b~ & (1 — e+ g (; ! ]’j) .

(3.13)

liIn'rw;o A go;u, Y,z

nop —

AT -staty g, | — limpep (AT (9151, y, 2

(A% -stat, g, )~ limu (AT (g0:u,9.2)
( ) (AT (91:u.9.))
(A 5 _stat 93> — limyep (AT (9254, 9, 2))
(AT -stat, 0, (AT (g5:u.9.2))

) = litnaop (AT (955, 2))

nop u,

nop =Y

4 -staty g, | — limpep (AT (935 u,y, 2

nop —

(AId -stat. g, limy,op (AT (935w, Y, 2 =u? +y?+ 22

nop

So, by using Theorem[3.5, we have

(Aiﬁif -stat%gg,) ~ limd’ (<A7’ (g))mp : y> =0
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However, since (Ynop) is not convergent, Theorem does not work for operator defined by
. This demonstrates the superiority of our Theorem 3.5 over Theorem [3.4)

4. CONCLUSION

In this study, we explore the concepts of strongly f-lacunary A-summability of order -y
and f-lacunary AZ3-statistical convergence of order v for sequences of fuzzy numbers. We
also establish that for 0 < v < 1, the f-lacunary AZ3-statistical convergence of order -
is well-defined. Moreover, we investigate the relationships between newly defined spaces
and show that, under certain conditions, these spaces are interconnected. As a significant
application, we prove a fuzzy Korovkin-type theorem and provide an example that highlights
the advantages of our result over the classical version. By utilizing f-lacunary AZ3-statistical
convergence, this paper offers a new perspective on the fuzzy Korovkin-type approximation
theorem. Further exploration is needed to fully understand these concepts and the results

pertaining to double sequences of fuzzy numbers.
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1. INTRODUCTION

The semi-Riemannian geometry [29] fascinates the researchers because of its abilities to
determine the several problems of science, technology, medical and their related areas. A
differentiable manifold 9t of dimension (2n + 1) equipped with a semi-Riemannian metric g,
whose signature is (p, q), (p+q = 2n+1), referred to as (2n-+1)-dimensional semi-Riemannian
manifold. In particular, if we replace p by 1 and ¢ by 2n, then the semi-Riemannian manifold
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M reduces into Lorentzian manifold. The basic characterization of the vectors in a Lorentzian
manifold were the starting point to study the geometry of it. As a reason, Lorentzian
manifold 9 is the finest choice for the researchers to study the general theory of relativity
and cosmological models. The material substance of the cosmos is referred to behave like
a perfect fluid space-time in standard cosmological models. In describing the gravity of the
space-time, the Riemannian curvature fR, the Ricci tensor S, and the scalar curvature t play
an essential role.

In the Gray-Hervella classification of almost Hermitian manifolds [7], there appears a class
Wy, of Hermitian manifolds which are closely related to locally conformal Kéahler manifolds
[5]. An almost contact metric structure (¢, (,n,g) on M is referred to as trans-Sasakian
structure [15] if (M x R, J,G) belongs to the class Wy [7], where J is the almost complex
structure on 9t x R defined by

d d
J (ﬂl;{lt> = <80111 —fCaﬁ(ﬂﬁJ(;t)

for all vector fields 4y on 901, smooth functions f on 9t x R and G is the product metric on

9 x R. This can be defined by [4]

(Vi p)the = alg(Uy, U)¢ — n(thz)ih) + B(g(pll, Ua)( — n(tha)pthr) (1.1)

for some smooth functions «, 8 on 91 and we say that the trans-Sasakian structure is of type
(a, B).

The concept of a-Sasakian and S-Kenmotsu manifolds was initiated by Janssens and Van-
hecke in 1981, where « and /3 are non-zero real numbers. We know that [11] trans-Sasakian
structure of type (0,0), (0, 3), and («, 0) are cosymplectic [3,/4], f-Kenmotsu, and a-Sasakian,
respectively. Marrero [I3] proved that a trans-Sasakian manifold of dimension n > 5 is either
cosymplectic or a-Sasakian or S-Kenmotsu manifold.

Tanno [25] studied the generalized Tanaka-Webster connection (GTWC) for contact metric
manifolds by using the canonical connection. This connection coincides with the Tanaka-
Webster connection if the associated CR-structure is integrable. Using this connection, some
characterizations of real hypersurfaces in complex space forms [23] have been studied by few
geometers. Recently, many authors [0, [12] [16], 18] 20, 22] studied generalized Tanaka-Webster
connection (GTWC) in Kenmotsu manifolds.

Hamilton [§] introduced the theory of Ricci flow to establish a canonical metric on a smooth

manifold in 1982. The Ricci flow is an evolution equation for metrics on a Riemannian
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manifold defined by

0
7% (1) = —2%;.

A Ricci soliton (g, V), ©) on a Riemannian manifold (91, ¢g) is a generalization of an Einstein

metric such that it satisfies the following condition [9, [10]:
Lyg+ 28 +20g = 0, (1.2)

where S is the Ricci tensor, £y is the Lie derivative operator along the vector field V on
(M, g) and O is a real number. The Ricci soliton (g, V,©) is said to be shrinking, steady,
and expanding according to © < 0,0 = 0, and © > 0, respectively.

In this paper, we have taken ( as a real constant. Motivated by above studies, the present
work is classified as follows: After the introduction, we give a brief account of Lorentzian
B-Kenmotsu manifold in section 2. In section 3, we study the expressions for curvature
tensor and some results on Lorentzian S-Kenmotsu manifold with respect to GTWC V. In
section 4, we also study extended generalized ¢-recurrent Lorentzian S-Kenmotsu manifold
admitting the GTWC V. In section 5, we investigate the properties of projectively flat,
(-projectively flat and n-parallel ¢-tensor on Lorentzian S-Kenmotsu manifold with respect
to the GTWC V. Moreover, in section 6, we study Ricci soliton on Lorentzian S-Kenmotsu
manifold admitting the GTWC V. In the last section, we give an example of 3-dimensional

Lorentzian S-Kenmotsu manifold with respect to the GTWC v varifying our results.

2. PRELIMINARIES

A differentiable manifold of dimension (2n + 1) is referred to as Lorentzian S-Kenmotsu
manifold if it admits a (1, 1)-tensor field ¢, a contravariant vector field ¢, a covariant vector

field n and Lorentzian metric g which satisfy

77(4) = -1, SDC =0, 77(80111) =0, (23)
©* () = + ()¢, g(8h, Q) = n(th), (2.4)
g(pth, piha) = g(Uy, Us) + n(th)n(U2), glpth,Ua) = g(th, pia) (2.5)

YV, Uy € X(M), where X (M) is a set of all smooth vector fields on M. Then such a quartet
(¢, C,n,g) is known as Lorentzian para-contact quartet and the manifold 9t with a Lorentzian

para-contact quartet is referred to as a Lorentzian para-contact manifold [14. [19] 21].
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On a Lorentzian para-contact manifold, we also have

(Vi) tha = Blg(pth, Uz)C — n(Hha)pih] (2.6)

YV, € X(M), where V is the Levi-Civita connection with respect to the Lorentzian
metric g. Therefore a Lorentzian para-contact manifold satisfying (2.6)) is referred to as a
Lorentzian S-Kenmotsu manifold [27].

On a Lorentzian -Kenmotsu manifold 9, the following relations hold [I}, 2]:

Vi, ¢ = Blth — n(th)d], (2.7)

(Vayma = Blg(th, Uz) — n(th)n()], (2.8)

(R (L, Ua)iz) = B2[g(Lh, Us)n(tz) — g(thz, 8hs)n(th)], (2.9)
R, Up)¢ = B2 (L) e — (Lz)th], (2.10)

R(¢, ey = F2[n(8h2)th — g(th, U2)C], (2.11)
S(81,¢) = —2nn(th), (2.12)

S(tlh, ty) = g(Qth, L), (2.13)

Qi = —2np%4;, (2.14)

0¢ = —2np%¢, (2.15)

S(pth, pily) = g(Qpth, pil). (2.16)

Using (5), (Z13), 1) and Qp = 9, we have

S(psly, psly) = S(Uy, 1) — 2n8%n (8l )n(Ls), (2.17)

S(¢,¢) = 2np° (2.18)

Y Uy, Lo, Us € X(9M). Where R, S, and Q denote the curvature tensor of type (1,3), Ricci

tensor of type (0,2), and Ricci operator, respectively with respect to the connection V.
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Definition 2.1. The projective curvature tensor P in (2n + 1)-dimensional Lorentzian [3-

Kenmotsu manifold M with respect to the connection V is defined by
1
P(ul,ﬂz)ﬂg = m(ul,ﬂg)u - %[g(ﬂz,ﬂg)ﬂﬂl - g(ul,ﬂ3>ﬂﬂ2] (2.19)
V iy, o, s € X (). The manifold is said to be projectively flat if P vanishes identically on

m.

Definition 2.2. A (2n + 1)-dimensional Lorentzian B-Kenmotsu manifold is said to be (-

projectively flat with respect to Levi-Civita connection V if
P(8h, Ug)¢ =0 (2.20)

V iy, 4y € X(OM).

Definition 2.3. If the (1,1) tensor ¢ is n-parallel in a Lorentzian [-Kenmotsu manifold

M2+ then we have
9((Vyy p)Ua, 83) = 0 (2.21)
Vi, o, Hy € X(OMN).
3. THE GENERALIZED TANAKA-WEBSTER CONNECTION (GTWC) V

Tanno defined the generalized Tanaka-Webster connection (GTWC) V for contact metric

manifolds. It is given by[24]
65.111’[2 = Vg, lo + (Vuln)(ib){ - U(uQ)VmC - 77(111)@112 (322)

A ﬂl,ﬂg S 36(93?)
By virtue of (2.7) and (2.8), equation (3.22)) takes the form

Vi dly = Vi, U + Bg(th, 82)C — Bn(gha)th — n(th )ptls. (3.23)
Replacing 4y by ¢ in (3.23) and using , , , we have
Vi, ¢ = 284;. (3.24)
Now
(Vi ) () = Vi (0882) — (Vi ). (325)
Using and in , we have

(Vi ) (L) = Bglpthy, tha)¢ + n(th)8s + n(th)n(ts)C. (3.26)
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Now
(Vi) (8z) = Vi, n(the) — n(Vy, ). (3.27)
Using in , we have
(Vi) (8l2) = 2Bg(th, 8ls). (3.28)
Now
(Vi 9) (8, 3) = Vi, g8, s) — (Vi Lo, s) — gLz, Vi, ). (3:29)
Using in , we have
(Vi 9)(8ha, 3) = 2n(h )g(tly, 8hs) # 0. (3.30)

Thus we can state the following :

Theorem 3.1. The GTWC ¥V on a Lorentzian B-Kenmotsu manifold is a non-metric con-

nection.

Now the torsion tensor 7 of the GTWC V is given as:
T (8, 89) = Vi, g — Vi, 81 — [41, o). (3.31)
Using (3.23)) in (3.31)), we have

T (U, 42) = Bn(thy)Us — Bn(Uz)il — n(Lh) s + n(Ua)pil;. (3.32)

Now we have the following:

Theorem 3.2. The GTWC ¥V on a Lorentzian B-Kenmotsu manifold associated to the con-

nection V of M is just the only one affine connection, which is non-metric and its torsion

has the form
Let % and R denote the curvature tensors of the connections V and 6, respectively. Then
R(8h, )8y = Vg, Vi, s — Vi, Vi, s — Vg, 185 (3.33)
Using (2.3), (2-4), (2.5), (2-6), and in ([3-33), we have
R, )ty = Ry, Up)Us + 352[g(La, Us)tly — g(h, Us)ily)

—28[g (s, U3)n(La)¢ — g(ptha, Uz)n (L )C]. (3.34)
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Contracting (3.34), we have
S(8ly, 3) = S(a, 8h3) + 6n82g(Ls, Us) — 28g(wils, Us).
Using in , we have
Qily = D8y + 61824y — 28(pls).
Contracting , we have
T=rt+46n(2n+1)5% - 267,

where U = trace(yp).
Replacing U3 by ¢ in (3.34) and using (2.3)), (2.4), (2.10), we have

N8, )¢ = —28%[n(th)ths — n(Lo)th] = —29R(8hy, Up)C.
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(3.35)

(3.36)

(3.37)

(3.38)

Replacing U; by ¢, LUs by U and Us by iy in (3.34) and using (2.3), (2.4), (2.11f), we have

R(C, )iy = —2[R(C, )8z + By (pth, 1)C)-
Replacing 43 by ¢ in and using , , , we have
S8y, Q) = 4nBn(tly).
Replacing s by ¢ in and using (2.3)), (2.15)), we have
Q¢ = 4nBC.
Taking the cyclic permutation of 4, s and s in , we have
R, )l = R(hy, Us)ih + 382[g(LUs, )8y — g(Ly, £h)8ls]
—2B[g(pla, Ui)n(Lls)¢ — g(pls, Ui )n(th)(]
and
R(Us, )8y = R8s, 40)Ls + 362[g(L1, ta)8lz — g(8l3, Uo)ih]
—2B[g(ihs, Ua)n(81)¢ — g(pthy, L) (Us)C].
Using Bianchi’s first identity in the addition of , and , we have
R4, o) Us + R(La, s )8l + R(Us, )il = 0.

Hence we give the following;:

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)
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Theorem 3.3. The curvature tensor of a Lorentzian B-Kenmotsu manifold admitting GTWC

v satisfies the equation (M

4. EXTENDED GENERALIZED ¢-RECURRENT LORENTZIAN (3-KENMOTSU MANIFOLD

ADMITTING THE GTWC V

Definition 4.1. A Lorentzian [-Kenmotsu manifold is said to be an extended generalized

p-recurrent Lorentzian B-Kenmotsu manifold if its curvature tensor SR satisfies the relation

S (VwR) (8, )8) = AW)* (R(U1, L) 4s)

+B(W) 2 (g8, U3)8l — g8l $13)8ls) (4.45)

Y Uy, o, Us, W e X(ON). Where A, B are two non-vanishing 1-forms such that g0V, p1) =
AW) and g(W, p2) = BW) for all W € X(IM) with p1 and p2 being the vector fields

associated 1-forms A and B, respectively [17].

Suppose an extended generalized ¢-recurrent Lorentzian S-Kenmotsu manifold admitting

the GTWC V. Then from definition 1) we have

G (VwR) (U, th)ls) = AW)RA (R, Uz)il3)

+B(W)p?[g(8la, Us)8ly — gy, LUz) o). (4.46)
Using in , we have
(VwR) (e, )il = —n((VwHR)(th, Ue)is)¢ + AW)[R(, ) s

+n(R (g, Uo)8hs)C] + BOV)[g(8hs, Us)th
—g (4, Uz)ts + g(thz, Uz)n ()¢

—g(Us, Uz)n(Ua)¢]. (4.47)
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Taking inner product in (4.47) with V and using (2.4)), we have

g(VwR)(th, 4)815, V) = —n((VwR) (g, )ths)n(V)
+AOW)[g(R(8l, Uo) 43, V)
+0(R (8, 2)815)n(V)]
+BV)[g(tl2, Us)g(th, V)
—g(th, 43)g (812, V)
+9(Ha, Ug)n(th)n(V)

—g (8, d3)n(eh2)n(V)].
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(4.48)

Let {<1,52,63,...,5n} be an orthonormal basis for the tangent space of M2+ at a point

p € M?+1, Taking ; = V = ¢; and summation over i € [1,n] in (4.48)), we have

2n+1
(VwS) (8o, 85) = = D n((VwR)(si, tha)ths)n(s:)

=1

FAW)[S (Lo, Us) + 1(R(C, Ua)8l3)]

+B(W)[2ng(Ls, Us) — g(U2, Us) — n(Lhz)n(Us)].

Replacing 843 by ¢ in (I49) and using 23), £4), (39), (3-40), we have

2n+1
(Vd)(tz,¢) = —Z (VW) (si, 42)¢)n(si)

+4n52A(W)n(u2) + 2nBW)n(8la).
Taking second term of (4.50]), we can calculate

(VW) (i, 42)C) = g(ViwR(si, £2)¢, Q) — g(R(Vis, 42)¢, €)

—g(R(si, Vi) ¢, €) — 9(R(si, 82) V¢, €).

Let p € M2+ since ¢; is an orthonormal basis, therefore ﬁwg =0 at p. Also

9(R(si, 42)C, €) = —g(R(C, )l i) = 0.

Since (Vyyg) = 0, we have

I(VWR(si, 42)¢, €) + g(R(si, )¢, V) = 0.

(4.49)

(4.50)

(4.51)

(4.52)

(4.53)
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Using in , we have
g(VWR) (s, 42)¢, )
= —9(R(si, 12)¢, Ve) — 9(R(Vwsi, 42)¢, )
—g(R(si, Viwtlz)(, €) — g(R(si, L) Vi, €).

We also know that

9(R(si, Vi) ¢, Q) = 0 = g(R(Vwsi, t)¢, ).

Using (4.55)) in (4.54) and using the fact that 2R is skew-symmetric, we obtain

n((VwR) (i, 42)¢) = 0.

Therefore second term of (4.50)) is zero, i.e.

2n+1

Z; n((VwR) (s, 42)¢)n(s) = 0.
Using in (4.50), we hav_e
(VwS)(Uz,¢) = 4nSAWV)n(8lz) + 2nB (WV)n(Lhz).
Now we know that
(VwS) (2, ¢) = VS (8, ¢) = S(Vinilz, ¢) — S(8a, V().
Using (3.24), and in (@59), we have
(VwS)(ts,¢) = 4nB*(Vwn)ths — 288 (tha, W)

—12n33g(Ua, W) + 432%g(ptla, W).

Using (3.28)) in (4.60]), we have

(VwS) (8, ¢) = —2BS (Lo, W) — 4nf3g(8la, W) + 452g( 082, W).

By virtue of (4.58]) and (4.61]), we have

_/BS(LLQ? W) - 2”639(1’(2’ W) + 2529(901127 W)
=202 AW)n(th) + nBOWV)n(4).
Replacing s by ¢ in (4.62) and using ([2.3)), , , we have

2nB2AW) + nB(W) = 0.

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)

(4.62)

(4.63)
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By virtue of (4.62)) and (4.63)), we have
S(tho, W) = =209 (U, W) + 289 (ptha, W). (4.64)
Thus we can state the following;:

Theorem 4.1. An extended generalized p-recurrent Lorentzian §-Kenmotsu manifold with
respect to the GTWC V is some class of generalized n-Finstein manifold and the 1-forms A
and B are related as 232 AW) + B(W)] = 0.

5. CERTAIN CONDITIONS ON LORENTZIAN S-KENMOTSU MANIFOLD ADMITTING THE

GTWC V

The projective curvature tensor [28] P on Lorentzian -Kenmotsu manifold admitting the

GTWC V is defined by

~ - 1 ~ ~

P (U, o)ty = R(Lhy, LU )Us — %[S(ilg,ilg)ul — S8y, Us)Ls]. (5.65)
If projective curvature tensor P vanishes, then from 1} we have

- 1 ~ ~
%(Uhﬂz)ﬂg = %[S(uz,ﬂg)ﬂl — S(ﬂl,ﬂg)ﬂg]. (5.66)

Using ([3.34) and (3.35) in (5.66)), we have

R(Ly, o)z — 28[g(etly, Us)n(U2)¢ — g, Us)n(Lh)(]

1
= %[S(ﬂzyﬂ?)ﬂl — S(8h1, Us)thy 4 2Bg(ptly, Uz)ilo

—2Bg(pla, Usz)ih]. (5.67)
Taking inner product in (5.67)) with V and using (2.4)), we have

9(R(th, Ug)iUs, V) = 25[g(pth, U3)n(8h2)n(V) = gl Us)n(th)n (V)]
= %[S(ﬂ%ﬂz)g(ﬂh V) =S4, U3)g(U2, V) + 2B8g(pth, Us)g(Lha, V)

Replacing V by ¢ in (5.68) and using (2.3)), (2.4), we have

n(R (U, Us)s) — 28[g(pa, Us)n(th) — g(pil, Uz)n ()]
= %[5(1127113)77(111) — S(Uy, Uz)n(U2) + 28g(pls, Us)n (L)

—2B8g(pla, Us)n(Lh)]. (5.69)
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Replacing 4 by ¢ in (5:69) and using (23), @11), (Z12), we have

S(Ua, U3) = —2nB%g(8hy, UU3) — 6n8%n(Ls)n(8hs) — 28(2n — 1)g(pils, Us). (5.70)

Thus we have the following:

Theorem 5.1. A projectively flat Lorentzian B-Kenmotsu manifold admitting the GTWC v

is a generalized n-Finstein manifold.

Definition 5.1. A Lorentzian B-Kenmotsu manifold 9"+ with respect to the GTWC V is
said to be (-projectively flat [26] if

Py, U2)¢ =0

V Uy, s € X (M) orthogonal to ¢, where P is the projective curvature tensor of the GTWC

V.

Using (3.34) and (3.35)) in , we have
P, o)ty = P, )tz — g[g(@lhﬂ?,)ﬂz — g(pth, U3)8h]
—2B[g(wth, Us)n(U2)¢ — glwila, Us)n(8h )C], (5.71)

where
1
P(Lhy, Ho)ths = R (L, L) U3 — %[5(1127113)111 — S(8ly, Lz)Lls] (5.72)

is a projective curvature tensor with respect to the connection V.

Putting 43 = ¢ in (5.71)) and using (2.3), (2.4), we have

P (8, )¢ = P(8h, Ua)C. (5.73)

Now we give the following:

Theorem 5.2. A (2n + 1)-dimensional Lorentzian (-Kenmotsu manifold admitting the
GTWC V is C-projectively flat iff the manifold >+ is C-projectively flat with respect to

the connection V.
Now using (Z10), [12) and (5.72) in (5.73), we have
P(th, 4a)¢ = 0. (5.74)

Thus we can state the following;:
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Theorem 5.3. A (2n + 1)-dimensional Lorentzian [-Kenmotsu manifold admitting the

GTWCV is C-projectively flat.
Next if the (1, 1)-tensor ¢ is n-parallel with respect to the GTWC %, then we have
9(Vaty )2, 45) = 0 (5.75)

A ﬂl,ﬂg,ﬂg € %(93?)
By virtue of (3.26) and (5.75)), we have

Ba(pth, ta)n(ts) + g(tha, Us)n(th) + n(th)n(Uz)n(ts) = 0. (5.76)
Taking 43 = ¢ in and using (2.3), (2.4), we have
g(ptly, tp) = 0. (5.77)
Replacing s by ¢ils in and using , we have
g, 82) +n(th)n(Uz) = 0. (5.78)
Replacing 4; by Qi in and using (2.13), (2.14), we have
S(8hy, 8o) = 2n8%n(8h)n(Ls). (5.79)
Hence we have the following;:

Theorem 5.4. If the (1,1)-tensor ¢ is n-parallel on the Lorentzian [-Kenmotsu manifold
M2+l admitting the GTWC 6, then the manifold IM>"*+1 is a special type of n-Einstein

manifold.

6. RIcCI SOLITON ON LORENTZIAN S-KENMOTSU MANIFOLD WITH GTWC v

Let (g,¢,©) be a Ricci soliton on Lorentzian B-Kenmotsu manifold 91271 with respect

to the GTWC V. Then we have
(£c9)(th, o) + 28 (81, 82) 4 20g(84y, Lhs) = 0. (6.80)
Now
(£c9)(th, 2) = (Vi €, o) + g(8h1, Vi, ). (6.81)
Using in , we have

(Lcg)(th, thy) = 4Bg(th, ). (6.82)
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Using (3.35)) and (6.82)) in (6.80)), we have

S8, 4U2) = —(© + 28 + 6n5%)g(Lh, ) + 289 (il Lls). (6.83)

Now we give the following:

Theorem 6.1. If (g,(,0) be a Ricci soliton on a Lorentzian 3-Kenmotsu manifold 927 +1

with the GTWC %, then the manifold M>"+1 is some class of generalized n-Einstein manifold.

Using in , we have
S(y,84) = —(28 + O)g(8ly, 8h). (6.84)
Contracting , we have
t=—(2n+1)(28+ ). (6.85)
Replacing 4y by ¢ in (6.83)) and using , , , we have
O = —25(1 4 2np). (6.86)

Thus we have the following:

Theorem 6.2. A Ricci soliton (g,(,0) in a Lorentzian B-Kenmotsu manifold M>"*+' ad-

mitting the GTWC V is either steady or shrinking.

Let (g,V,0) be the Ricci soliton in a Lorentzian S-Kenmotsu manifold 9t?"*! admitting
the GTWC V such that V is pointwise collinear with (, i.e., V = b({, where b is a function.
Then ([1.2]) holds and follows that

bg(Vauy G, 1z) + (£10)n(8z) + bg(8h, Vi)
+(Lab)n(8ly) + 28 (8, 1) 4 20g(8hy, L) = 0. (6.87)
Replacing s by ¢ in and using , , , , we have
(416) = (20 4 Cb + 4bj3 + 4b3 + 8n %) n(Lhy). (6.88)
Replacing 4; by ¢ in and using (2.3), we have
(Cb) = —(© + 208 + 4n5?). (6.89)
Equations and , yield

(db) = (© + 20 + 4nB*)n. (6.90)
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Applying d on , we have
(© + 208 + 4nB%)dn = 0. (6.91)
Since dn # 0, from , we have
O = —25(b + 2np). (6.92)
Putting in , we obtain db = 0, i.e., b is a constant. Hence we have the following:

Theorem 6.3. If (g,V,0) be the Ricci soliton in a Lorentzian 3-Kenmotsu manifold 9?1
admitting the GTWC V such that V = b, then V is a constant multiple of ¢ and the Ricci

soliton is either steady or shrinking.

7. EXAMPLE OF LORENTZIAN B-KENMOTSU MANIFOLD

Example 7.1. Let M = {(t1,t2,t3) € R3 : t3 > 0} be a 3-dimensional manifold, where
(t1,t2,t3) are the standard coordinates of R®. The vector fields [27]

0 0 0 0
— o3 — o3 —
1Ty 2T (8t1 + 8t2) 8 =g

are linearly independent at each point of M, where 3 is a real constant. Let g be the Lorentzian

metric defined by

9(s1,52) = g(s1,3) = g(s2,53) =0,

g(s1,61) = 9(s2,62) = —g(s3,53) = 1. (7.93)

Let 1 be the 1-form defined by n(y) = g(thi,s3) for any Uy € X(M) and ¢ be the (1,1)-tensor
field defined by

() =—x, ¢(e)=—a, «¢(s)=0. (7.94)
Now using the linearity of ¢ and g, we have
n(ss) = =1, @*(th) = th +n(th)s (7.95)

and

g(pthy, i) = g(Lhy, Ua) + n(U)n(Ls) (7.96)
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YV Uy, 8o € X(OM). Therefore for ¢3 = C, the structure (v, (,n,g) defines a Lorentzian para-

contact structure on M. Let V be the Levi-Civita connection with respect to the Lorentzian

metric g. Then we have
[s1,62] =0, [s1,63] = =1, [s2, 53] = —Bca.
We recall Koszul’s formula as

29(Vy, o, Uz) = Uyg(Us, Uz) + LUag(Usz, thy) — Uzg(Lhy, LUs)
_g(ula [u2)u3]) - g(u% [ulau?)])

+g(ﬂ3, [ﬂl,ﬂg]).

By virtue of , we have

vclgl - _Bgi’n v§1§2 = Oa v§1§3 - _Bgla
v(ggl - Oa v§2§2 - _Bgi’n v§2§3 - _6§25
v<3<1 = Oa v§3§2 = Oa v§3§3 =0.

Now for i) = Ll%q + il%gg + L[?Q?, and { = g3, we have
Vi€ = Vi 4261436, = —B(is1 + i)
and
Blth —n(h)¢] = Bletia + i + 2u4icy),

where 1,42 and 86 are scalars.

Now using (7.100) and (7.101]), we have

26(Uis + Uieo + Uie3) = 0.
Since (Ll%q —|—il%<2 —|—il:%<3) # 0, therefore we have

B =0.

(7.97)

(7.98)

(7.99)

(7.100)

(7.101)

(7.102)

Hence it can be easily see that the structure (93?3,90,§,77,g) 18 a Lorentzian (-Kenmotsu

manifold.
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By using and , we can obtain the components of the curvature tensor R with

respect to the connection V as follows:

R(s1,52)53 =0, R(s1,53)52 =0, R(s2,53)51 =0,
R(s2,3)53 = —B%2, MR(s1,53)53 = —B%1, R(s1,52)50 = B, (7.103)
N(s3,61)51 = B3,  Rls2, 1)1 = B, R(s3,52)5 = B3.

Along with R(s;,si)si = 0, Vi = 1,2,3. By using , we can verify equations @),
(2.10) and (2.11).
Now using (5.23), (7.93), (7.94)) and (7.99), we obtain

Vg1§1 =0, v§1§2 =Y v<1§3 =Y

6c2<1 =0, Ve =0, 6@3 =0, (7.104)

v§3§1 = —Gq2, v§3§2 = —¢1, 6§3§3 = 0
By using and (3.59), we have

(%qg)(g?a%) =0, (%Qg)(g?ngl) =0, (6§3g)(§17§2) =2 7& 0

and also, we have

T(s1,2) =0, T(s1,53) =Bs1 —2, T (s2,3) = B2+ s1.

Along with %(gi,gi) =0;Vi=1,2,3. Hence M> is a 3-dimensional Lorentzian B-Kenmotsu
manifold admitting the GTWC V which is a non-metric connection.

Now wusing , and (7.104]), we can easily obtain the components of curvature
tensor R with respect to the GTWC V as follows:

R(i, )k =0 (7.105)

Vi, g, k=1,2,3. In view of , we can verify equations (3.54]), (3.38), (3-39), (3-42),
(3-45) and (5.44). Therefore it is clear that the Theorem is well satisfied.

The Ricci tensor S(sj,<); j. k = 1,2,3 of the connection V can be calculated as under:

3
S(sjrok) = Y 9(R(si )k 5i)-

i=1

It follows that

S(s1,61) =0, S(s2,52) =0, S(s3,63) = —26% (7.106)
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Along with S(sj,<1) = 0; V (j # k) = 1,2,3. By virtue of , we can verify equations
[7-67), (570) and (5.79).

The Ricci tensor g(gj,gk); j.k=1,2,3 of the connection V can be calculated as under:

S(sjrsn) = Zg (Si> 55)5k» 5i)-

It follows that

S(gj,51) =0 (7.107)

Vi k=1,23.
By wvirtue of , we can verify equations and .

The scalar curvature v is given by

3
t= Zg(% Gi)S(si, i)
i=1
= g(s1,51)8(s1,51) + g(s2, 52)S (52, 52) + 9(53,53)S (53, 3)

=23 (7.108)

Also, the scalar curvature © is given by

9(si,)S (s, i)

I
.
I

= g(s1,51)S (1, 51) 4 9(s2,2)S (52, 2) + (53, 3)S (3, 53)

= 0. (7.109)

If (g,¢,©) be the Ricci soliton on I3 with respect to the GTWC %, then from and
, we have

-2n+1)(264+0©)=0
i.e.
0 =-20. (7.110)

Thus the Ricci soliton (g,¢,0) on a Lorentzian B-Kenmotsu manifold M admitting the
GTWC V s steady, expanding, and shrinking according to B = 0, 8 < 0, and 8 > 0,
respectively. Hence Theorem 18 verified.
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ABSTRACT. This research, we develop a new class of indefinite almost paracontact metric
manifolds, termed (€)-para Kenmotsu manifolds and we obtain some typical identities for the
curvature tensor, scalar curvature and Ricci tensor. Furthermore, in particular, we investi-
gate the curvature features of three-dimensional (€)-para Kenmotsu manifolds. We establish
an essential as well as sufficient condition for an (€)-para Kenmotsu 3-manifold to have an
indefinite space form. Furthermore, we classify and demonstrate that (e)-para Kenmotsu 3-
manifolds, which are either semi-symmetric, Ricci-semi-symmetric or semi-symmetric type,
are n-Einstein. In conclusion, we create a 3-D (e)-para Kenmotsu manifold example.
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1. INTRODUCTION

With an emphasis on Sasakian manifolds, Takahashi [16] introduced almost contact mani-
folds equipped with pseudo-Riemannian metrics in 1969. The terms (e)-almost contact metric
and (e)-Sasakian have also been used to refer to indefinite almost contact metric manifolds

and the indefinite Sasakian manifolds, respectively. The (¢)-Kenmotsu manifold which has
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been introduced by De and Sarkar [1] is based on a class of almost contact Riemannian man-
ifolds called Kenmotsu manifolds [3]. They proved that the curvatures are influenced by the
presence of a new structure with indefinite metrics.

On the other hand, in 1976, Sato [12] defined the notions of an almost paracontact struc-
ture, which is similar to the almost contact structure. By replacing the vector field £ in almost
paracontact manifold with —¢, Matsumoto [4] first proposed the concept of Lorentzian almost
paracontact in 1989. Lorentzian para-Sasakian (L P-Sasakian) manifolds connected to the
Lorentzian metric are the outcome of this. While the structural vector field £ is always time-
like, the semi-Riemannian metric in a Lorentzian almost paracontact manifold has only an
index of 1. Abdul Haseeb along with Rajendra Prasad [2] defined Lorentzian para-Kenmotsu
(also called LP-Kenmotsu) manifolds in 2018. Afterward, numerous geometers, including
[7, 18, ) 10, [1T), 14, [18], have extensively investigated these manifolds.

Inspired by these studies, Tripathi et al., [I7] presented the notion of an indefinite almost
paracontact metric structure, also referred to as an (e)-almost paracontact structure, by
linking an almost paracontact structure with a semi-Riemannian metric, which need not be
Lorentzian. In this instance, ¢ = 1 or ¢ = —1 indicates that the structure vector field & is
either space-like or time-like. In addition, they introduced and examined the characteristics
of (e)-para Sasakian [I7] and (e)-para Sasakian 3-manifolds [6].

Inspired by the prior study, the current paper continues the discussion of indefinite almost
paracontact metric manifolds, introducing the idea of (¢)-para Kenmotsu manifolds based on
para-Kenmotsu manifolds, defined by Sinha and Sai Prasad in 1995 [13].

The format of the paper is as follows: We define an (¢)-para Kenmotsu manifold, investigate
some of its fundamental characteristics and derive some typical identities for the Ricci tensor,
scalar curvature, and curvature tensor in Section-2. Furthermore, we explore the curvature
features of (¢)-para Kenmotsu three-dimensional manifolds. We attained an essential as
well as sufficient condition for an (e)-para Kenmotsu 3-dimensional manifold M3 to have an
indefinite space form. Furthermore, in Sections 3, 4, and 5, we classify and demonstrate that
(e)-para Kenmotsu 3-manifolds, which are either semi-symmetric, Ricci-semi-symmetric, or
semi-symmetric type, are n-Einstein. In conclusion, we create a 3-D (€)-para Kenmotsu

manifold example.
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2. (€)-PARA KENMOTSU MANIFOLDS

A differentiable manifold (M, g) of n-dimension is regarded as an (¢)-almost paracontact
metric manifold [I7] with the structure tensors (¢, &, 1, g, €), where the tensor field (1,1)
is represented by ¢, the vector field by &, the 1-form by 7, the semi-Riemannian metric by

g9(X,Y), not necessarily Lorentzian, such that

n(€) =1, (2.1)

X = X —n(X)¢, where X = ¢X, (2.2)

9 (& & =¢ (2.3)

g9 (X, §) = en(X), (2.4)

g9 (¢X, ¢Y) =g (X, Y) — e n(X) n(Y); (2.5)

for every X,Y € x(M,,), and x(M,) is a collection of differentiable vector fields on M,,. Since
the structure vector field £ which has been vector field that is either space-like or time-like,
and the rank of that tensor filed ¢ is (n — 1), in this case, (€) is either 1 or —1.

If g(X, Y) is positive definite, that is
dn(X, Y) =g(X, ¢Y), (2.6)

then the manifold M, is referred as an almost paracontact metric manifold [12]. Evidently,

on M,,, we have

¢ £=0, n(¢X) =0. (2.7)

Definition 2.1. An (e¢)-paracontact metric structure is referred to as an (€)-para Kenmotsu
structure if

(Vx®)Y =g (X,9Y){ — e n(Y)oX, (2.8)
where, for all vector fields X and Y, the Levi-Civita connection is given by V with regard to

the indefinite metric g(X, Y). An (e)-para Kenmotsu manifold is a manifold M, with the

(€ )-para Kenmotsu structure.

For € = 1 and the Riemannian metric g(X, Y), the manifold M,, is the standard para-
Kenmotsu manifold.

An (e)-almost paracontact metric manifold is an (e)-para Kenmotsu manifold if and only
if

Vx€ =€ ¢*(X) =€ (X —n(X)§). (2.9)
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Furthermore, from , we get
(Vxn) Y =€ g(VxY).
Then by using the above expression and , we have
(Vxm) Y = e g(X, ¥) = n(X) n(Y). (2.10)

Lemma 2.1. Let M, be an (e¢)-para Kenmotsu manifold. Then, the type (1,3) Riemannian
Christoffel curvature tensor R(X,Y) satisfies

R (X, Y)E= n(X)Y —n(Y) X. (2.11)
Consequently,
R X)Y =enY)X — g(X, Y)¢, (2.12)
R (€ X){= X —en(X) ¢, (2.13)
n(R(X,Y) Z) = eg(X, Z) n(Y) —en(X) g(Y, 2), (2.14)
S (Y, &= —(n—1)nY), (2.15)

for all vector fields X,Y and Z, where S(X,Y') denotes the Ricci tensor and Q is known to

be the Ricci operator with regard to V.

Proof. By using the equations , , and in
R(X,Y) &= VxVy{—VyVx{—Vix v,
we obtain . Moreover, we have
R(X,Y,Z W)= g(X, Z) g(Y, W) —g(Y, Z) g(X, W).

Then, by using ([2.4)) and from the above expression, we obtain the results (2.12)), (2.13), and

(2.14). Further, on the contraction of the above expression with respect to X and W, we get

(2.15)), and hence it completes the proof. O

Furthermore, it is recognized that we have in a semi-Riemannian 3-manifold

R (X, Y)Z=g(X, Z)QY —q(Y, Z) QX + S(X, 2)Y
. (2.16)
- S(Y, Z)X—§ 9(X, 2)Y — g(Y, Z)X],

where r is the manifold’s scalar curvature.

By substituting ¢ for Z in (2.16) as well as utilizing the equation (2.11)) for n = 3, we have

re

€ 1Y) QX —n(X) Q¥] = [3+ | n(¥) X = n(x) V1. (2.17)
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Then for Y = ¢ in (2.17)) and utilizing (2.2)) & (2.15), we get
1 1
QX = §(T+6€) X — 5(7"—1— 10¢) n(X) &,

and hence

S(X, Y)=9(QX,Y) = 1[(7"—1-66) 9(X, V) — € (r+10¢) n(X) n(Y)]. (2.18)

O |

Therefore from (2.16]) and (2.18)

RX,Y)Z=[g(X, Z)Y — gV, Z) X] [g + 6]

+ [9¥. 2)n(X) & = g(X, Z)n(Y) € + en(Y) n(Z)X — en(X) n(2)Y] | +5e].
(2.19)

It demonstrates that an (€)-para Kenmotsu manifold with constant scalar curvature is an

indefinite space form.

Lemma 2.2. If the scalar curvature of an (€)-para Kenmotsu manifold of dimension 3 is

—6e, then the manifold has an indefinite space form. Also, the converse.

Proof. Consider a 3-D (e)-para Kenmotsu manifold M3 which has an indefinite space form.
Then

RX,Y)Z=clg(X, 2)Y —g(Y, Z) X], (2.20)
where c represents the manifold’s constant curvature. Using the definition of Ricci curvature

as well as equation , we get
S(X,Y) = 2cg(X, Y). (2.21)
Utilizing in the scalar curvature definition yields
r = 6c. (2.22)
Next, it is evident from and that
S(X, V) = g 9(X, Y). (2.23)

Using (2.23) and entering X = Y = ¢ in ([2.18]), we get

r = —6e. (2.24)
On the other hand, the proof is completed if » = —6¢, in which case the manifold is clearly
an indefinite space form as shown by equation (2.19). O

Theorem 2.1. Fach (¢)-para Kenmotsu manifold of dimension 3 is n-FEinstein.
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Proof. The theorem’s proof is derived from (2.18)) and (2.11]). O

3. SEMI-SYMMETRIC (€)-PARA KENMOTSU 3-MANIFOLDS

Definition 3.1. An (¢)-para Kenmotsu manifold of dimension 3 is semi-symmetric [15] if
R(X,Y) R = 0, (3.25)
holds for all vector fields X and Y.

Theorem 3.1. Mj is an n-Einstein manifold, if it is a semi-symmetric (€ )-para Kenmotsu

3-manifold.

Proof. Consider
for all vector fields X, Y, Z, and U.

The above equation implies that

(R(X, YR (Z, W, U)) — R(R(X, Y, Z), W, U)

(3.27)
—R(Z, R(X, Y, W),U) — R(Z, W,R(X, Y)U)=0.
Afterward, specifically for X = &£, we have
(3.28)

— R(Z, R, Y, W),U) — R(Z, W,R(&, Y)U)=0.
Using the aforementioned equation along with and , we now obtain
'‘R(Z, WU, Y)§= €g(Z, U)yn(W)Y — e g(W, U) n(2)Y — en(Z) R(Y, W, U)
+ 9(Y,2) R(§, W, U) — en(W) R(Z, Y, U)+ g(Y, W) R(Z, £, U)

—enU) R(Z, W, Y) + g(Y, U) R(Z, W, §).
(3.29)

Then by using equations (2.11)), (2.12]), (2.14), and the inner product with &, the above

equation is reduced to
which, when contracted with regard to U and W, results in

S, Z2)= nY)n(Z) —neg(Y,Z). (3.31)
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For Z = ¢in , we obtain
S, & = —(n=1)n). (3.32)

This concludes the proof of the theorem. O

4. RICCI SEMI-SYMMETRIC (€)-PARA KENMOTSU 3-MANIFOLDS

If a semi-Riemannian manifold, M,,, satisfies the following condition, its Ricci tensor, S,

is deemed Ricci-semi-symmetric [5].
R(X,Y)-S= 0, foral X,Y € x(M,), (4.33)

where R(X, Y) serves as a derivation on S.
Let us suppose that M3 be a Ricci-semi-symmetric (€)-para Kenmotsu three-dimensional

manifold. That is

(R(X,Y)-9)(Z, U)= 0. (4.34)
The above equation further implies that
S(R(X, Y)Z, U) + S(U, RX,Y) Z)= 0. (4.35)
For X = ¢in , we have
SR, Y)Z, U) + SU, R&, Y) Z)= 0. (4.36)
Now by using and , we have, from the above equation

en(2) SY, U) + (n—1) g(Y, Z) nU) +en(U) SY, Z)+ (n—1) g(Y, U) n(Z) = 0.
(4.37)
Using equations (2.2)) and (2.4]) and substituting U = Z = £ in (4.37)), we obtain

S(Y, € = —(n— 1) n(Y), (4.38)
Based on this, we could say the following:

Theorem 4.1. Mj is an n-FEinstein manifold, if it is a Ricci-semi-symmetric (€ )-para Ken-

motsu 3-manifold.
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5. SEMI-SYMMETRIC TYPE (€)-PARA KENMOTSU 3-MANIFOLDS

A semi-Riemannian manifold M, is considered semi-symmetric type if
S(X,Y)-R= 0, (5.39)
holds for all vector fields X and Y.

Theorem 5.1. The semi-symmetric type (€)-para Kenmotsu 3-manifold is n-Einstein.

Proof. Let M3 be a semi-symmetric type (€)-para Kenmotsu 3-manifold. Then

for all vector fields X, Y, Z, U, and V.

The above equation implies that
S (Y, R(Z, U, V))X — S(X, R(Z, U, V))Y + S(Y, Z) R(X, U, V)
— 8(Z, X)R(Y, U, V)+ S(Y, U)R(Z, X, V)= S(U, X)R(Z, Y, V)  (5.41)
+ S(V, Y)R(Z, U, X)— S(V, X) R(Z, U, Y) = 0.
For X = ¢ in (5.41), we have
S(Y, R(Z, U, V)¢ — S(¢, R(Z, U, V)Y + S(Y, Z) R(¢, U, V)
— 5(2, &) R(Y, U, V)+ S(Y, U) R(Z, ¢, V) — S(U, €) R(Z, Y, V) (5.42)

+ S(V, Y)R(Z, U, €)— S(V, &) R(Z, U, Y) =0.

Taking the inner product with £ and using equations (2.22)), (2.12)), (2.14)), (2.15) in (5.42)),

we get
S, R(Z,U,V)) +2(n = 1)g(Z,V)n(U)n(Y) = 2(n = 1)g(U,V)n(Y)n(Z)
+en(V)n(U)S(Y, Z2) — g(U,V)S(Y, Z) + g(Z,V)S(Y,U) (5.43)
—eSY,Un(VIn(Z) + (n = 1)g(Z, Y )nU)n(V) — (n = )g(U, Y )n(V)n(Z) = 0.

If we put £ in place of V in and on using , we get

en(2) S(Y, U) —enU) S(Y, Z) + (n—1) g(Y, Z)n(U) — (n—1) g(U, Y) n(Z) = 0.

(5.44)
Put U = Y = ¢in (5.44). Then by using (2.2)), ([2-4), we get

which proves the theorem. O
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6. EXAMPLE OF A 3-DIMENSIONAL (€)-PARA KENMOTSU MANIFOLD

In this section, we create a 3-D (¢)-para Kenmotsu manifold example.

Example 6.1. Let M3 = {(x,y,2) € R3}, where (x,y, z)-represent the standard coordinates
in R3, be a 3-D manifold. Let e1, ea, and es be the vector fields on Ms, given by

0 0 0
e1= —To, €2 = xa—y, €3 = To . (6.46)

Clearly, at any point in Ms, {e1, ea, es} represent a set of linearly independent vectors.
The Riemannian metric g(X, Y) is explained by

6, ifi=j

0, ifi#j; 1, j=123.

g (61‘,6]') =

Let n be the 1-form defined by:
9(X, e1) = e n(X).

Let ¢ be a (1, 1)-tensor field on Ms explained by:

p(e1) =0, de2) = —e ez, Ple3) = —e es.
Then the linearity of ¢ & g(X, Y) yields that

n(er) =1, ¢*(X) = X — n(X)er ;
forall X, Y, Z € Ms.

The structure (¢, &, n, g, €) therefore establishes an (€ )-almost paracontact structure on Ms
fore = €.
Now from (6.46)), we also have

le1, ea] = —€ ea, [e1, e3] = —€ e3, [e2, €3] = 0.

Koszul’s formula provides the Levi-Civita connection V of the metric tensor g(X, Y) as
follows:

(6.47)
-9 (Xa [Y, Z]) -9 (Y’ [X,Z])+g (Z’ [X,Y])
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Utilizing the above formula and e1 = & yields the following result:

Ve, e1=0, Vg, e2=0, V¢, e3=0;
Ve, €1 =€ €3, Ve, €2 = —€c €1, Ve, €3 =0; (6.48)

Ve, €1 =€ €2, Ve, e2 =0, Vg, €3 = —€e1.

The preceding computations show that the manifold Ms under consideration meets the con-
ditions Vx £ =€ (X — n(X) &), for alle; = &.
It can be seen from this that the manifold Ms, that is being studied is a dimension three

(€ )-para Kenmotsu manifold having the structure (¢, &, n, g, €).

7. CONCLUSION

This paper defines a new class of indefinite almost paracontact metric manifolds, termed
(€)-para Kenmotsu manifolds, using a semi-Riemannian metric. When these manifolds are
semi-symmetric or Ricci-semi-symmetric, the metric described by them is both geometrical
and physical in nature. The geometrical features of these manifolds are widely applied in
a variety of physical and geometrical fields, including the construction of super resolution
sensors in electronic and communication systems, in electrical engineering, and in the general
theory of relativity.
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1. INTRODUCTION

According to the famous embedding theory of J. F. Nash, any Riemannian manifold can
be isometrically immersed in a suitable Euclidean space. Thus, one of the most fundamental
problems of Riemannian submanifold theory is to establish relationships between intrinsic and
extrinsic invariants. The Riemannian invariants characterizing a Riemannian manifold have
been studied by several geometers for a long time. We note that the sectional curvature and
the scalar curvature are called the main intrinsic curvatures and the squared mean curvature
is called the main extrinsic curvature of a Riemann manifold. B.Y. Chen introduced some

specific submanifolds which have important intrinsic invariants in [4}, [6l [7].
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Let N be a Riemann manifold and 7(p) is scalar curvature of N. Then inf(K)(p) is defined
as follows

inf(K)(p) = inf{K (ID)}

where K (II) is a plane section of T,N. Thus, a new Riemannian invariant dy for N was

introduced by Chen in [4] as
o = 7(p) — inf(K)(p). (L.1)

In [4] and [3], Chen established the general optimal inequality and a sharp inequality which

named Chen inequality for a submanifold N™ of a real space form R(c), respectively,

n2 n —
by < M [HIP + 3 (n+ 1)(n — 2)2 (1.2)
and
IHIP () > o {Ric(Uh) — (n— 13}, VUL € TN™, (13)

where ||H||? is the squared mean curvature and Ric(U;) is Ricei curvature of N™ at Uy. Using
the above last inequality, many authors established similar inequalities for different kind of
submanifolds in ambient manifolds which have different kind of structures [3], 12} 13, [16], 17,
22, 23] and so on Chen-Ricci inequality was introduced by Hong and Tripathi in [IT]. Later,
Chen inequalities for submanifolds of real space forms admitting a semi-symmetric metric
conection (s-s.m.c.) was studied by Mihai and Ozgiir in [14]. On the other hand, Yiicesan
studied totally real submanifolds of an indefinite Kaehler manifold with a complex s-s.m.c.
in [21].

The study is organized as follows:

In section 2, we present preliminaries which will be used throughout this paper. We give
some basic information about s-s.m.c. and complex s-s.m.c., respectively. In the last section,
we study geometric inequalities for submanifold of complex space forms equipped with a

complex s-s.m.c. and present important characterization theorems.

2. PRELIMINARIES

Let (]V ,g) be a real 2m—dimensional semi-Riemannian manifold and J be an almost

complex structure such that, for any Uy, Us € Tpﬁ ,
(JUL, JU) = g(Uy, Us), J? =1 (2.4)

where TPN is the tangent space of N at p.
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(o}

If complex structure J is parallel according to Levi-Civita connection V of g, that is, the

following equation is satisfied, then (]v ,g,J) will be called an indefinite Kaehler manifold

(Vy, J)Us = 0. (2.5)
For a Kaehler manifold, J is integrable and the index of g is even, say 2v, 0 < v < m.
Note that if v = 0, then N is a positive definite Kaehler manifold (i.e., a classical Kaehler
manifold). Moreover, the opposite —g of an indefinite Kaehler metric g is also Kaehler with
index 2(m — v), where 2v is the index of g. The indefinite Kaehler metric with index v = 2

is a complex version of the Lorentzian metric [1].

2.1. Semi-symmetric metric connections. Let NV be a real n—dimensional semi-Riemannian
o
manifold with a metric tensor g of index v, 0 < v < n, and its Levi-Civita connection V. A
o ~
linear connection V on N is said to be semi-symmetric if the torsion tensor of the connection

(0]
V satisfies

T(Ul,Ug) = TI'(UQ)Ul — 7T(U1)U2, VUl, U, € TpN, (2.6)

[e]
where 7 is a 1—form. A semi-symmetric connection V is called a semi-symmetric metric

connection. [I0] if it further satisfies the equation

o

Vg =0. (2.7)

(o) ~ ~
A relation between a s-s.m.c. V and the Levi-Civita connection V of N, which has been

obtained by Yano [19], is given by
V0,Us = Vi Us + #(Un)Us — §(UL, U) P, (2.8)
where P is the tangent vector on N associated with the 1—form 7 by
7(U1) = (U1, P), (2.9)
for any tangent vector Uj.

2.2. Complex semi-symmetric metric connections. [21] Let N be areal 2m—dimensional

indefinite Kaehler manifold. Now, we consider a linear connection V on N. When
Vi=0, VJ=0 (2.10)
and the torsion tensor T is of the form

T(Uy, Us) = 7(Ua)Uy — 7(Uy)Us — 2§(JU, Us) J P, (2.11)
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the connection V is called a complex semi-symmetric metric connection (complex s-s.m.c.),

where 7 is a 1—form and P is the tangent vector defined by

#(Uh) = §(P,Uh). (2.12)

(e}

Let V and V be a complex s-s.m.c. and the Levi-Civita connection defined on N , respec-

tively. Then

Vi,Us = Vi Us 4+ 7(U)Us — §(Uy, Uz) P+ T(Us) JUy

N " (2.13)
+ I(U1)JU; — g(JUy,Us)J P,
where 7 and T’ are 1—forms with and
L(Uh) = §(JP,Uy), (2.14)

for any tangent vector Uj.
— o
Let N be a n—dimensional submanifold of a Riemannian manifold N and V and V be the
Levi-Civita connection and the complex s-s.m.c. on N induced by the Levi-Civita connection
o

V and the complex s-s.m.c. V of N , respectively. Then the Gauss formulas with V and V,

respectively, are as followings:
Vu,Us = Vi, Uy + b (Uy, Us) (2.15)

and
Vu,Us = Vi, Uy + h (Uy, Usy) (2.16)

() ~
where h is the second fundamental form of N in N and h is a (0, 2)-tensor on N.
o
We denote by R and R the Riemannian curvature tensors of an indefinite Kaehler manifold
~ ~ 2 o
N with respect to V and V, respectively. Also, let R and R be the Riemannian curvature

~ o
tensors of a submanifold N of N with respect to V and V. Then the Gauss equations are

with respect to the Levi-Civita connection and the complex s-s.m.c. can be written as

o
~ [¢]

R(Ula UQ; ‘/17 ‘/2) - R(U17 U27 ‘/17 ‘/2)+§(h(U17 Vl)) h(U27 ‘/2)>_§(h(U27 ‘/1)7 h(U17 VQ)) (217)
and

R(Ula U2; ‘/ia ‘/2) = R(Ula U27 ‘/17 ‘/2)+§(h(U17 V1)7 h(U27 %))_g(h(U% Vvl)a h(Uh VQ)) (218)

respectively, [21].
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Then, by a straightforward computation, we find

[e]

E(Ul, Ug)Vl = R(Ul, Ug)Vl — a(UQ, Vl)Ul + a(Ul, Vl)Uz
— F(U1)§(Uz, Vi) + F(U2)§(Ur, Vi) — B(Uz, V1) JU, (2.19)
+ B(ULVA)JUz — G(U1)G(JU2, Vi) + G(U2)§(J Uy, V1)
+ (UL, Us)JVy — E(V)G(JUy, Us)
where
a(Usz, V1) = (VUQW)Vl —7m(U2)7 (V1) (2.20)
+ T(U)T(V1) + L5(Us, V)7 (P),
BUV1) = (Vu,T)Vi = F(U)T(VA) (2.21)
— T(U)F(V1) + 33(JUs, VI)R(P),
(U, Us) = (%Uj)(h - (%UQF)UI, (2.22)
E(V1) = 2(x(V1)JP — T (V1) P) (2.23)
and
J(F(U1),Uz) = &(Uy,Us),  §(G(Uh),Us) = B(Uy, Us). (2.24)
On the other hand, we have
B(U2, Vi) = —a(Us, JV1),  &(Uz, Vi) = B(Us, JV1), (2.25)
(U, Us) = B(Uy, Us) — B(Us, Uy) — 7(P)G(JU, Us), (2.26)
(U1, Uz) = =3(Us, Un),  G(E(V1), Vo) = — G(E(V2), VA). (2.27)

From now on, in this paper, we assume that v = 0, that is, N is a classical Kaehler
manifold.
Let {e1, ..., e} be an orthonormal basis of the T, N™. Then, following equation can be written

for the mean curvature vector

3

1 n
- Z el e). (2.28)

We note that, N is totally geodesic if h = O; minimal if H = 0 and totally umbilical if
h(Ul, Ug) = g(U]_,U2>H, v Ui,Us € TN.
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If we consider a 2—dimensional non-degenerate plane II = Span{e;, es}, then we can

calculate the sectional curvature of the section II at p € N by

K. = g(R(esael)elaes)
ls —
g(elael)g(e& es) - g(el,es)

5. (2.29)

We denote by K (m) the sectional curvature of N™. For {ey, ..., e, } orthonormal basis and
a k-plane section L of TpN™, the scalar curvature 7 at p and the Ricci curvature (or k-Ricci
curvature) of L at Uy is respectively defined by

Tp)= Y. Ki, (2.30)

1<l<s<n

RiCL(U1) =Ko+ Kiz+ ...+ K (2.31)

where 7 C TpN™ is a plane section and U be a unit vector in L. We note that for {ei, ..., ex}
is an orthonormal basis of L such that e; = Uy, K5 is spanned by e, es [3].

The Riemannian invariant 6, is defined as:

1
k—1

O (p) = Inf Ricr(U), peN (2.32)
U1

where k is a integer such that 2 < k < n, L runs over all s-plane sections in TpN™ and U,
runs over all unit vectors in L.

Let N be a real 2n—dimensional Kaehler manifold and J almost complex structure. The
sectional curvature of N in the direction of an invariant 2-plane section by J is called the
holomorphic sectional curvature. If the holomorphic sectional curvature is constant 4¢ for all
plane sections 7w of Tpﬁ invariant by J for any p € N , then N is called a complex space form
and is denoted by N(4¢). The curvature tensor ;NE with respect to % on N (4¢) is calculated
by

o

R(U.,U3, V1, Vo) = ¢ g(U1,V2) g(Uz, V1) — g(Ua, Va) g(U1, V1) (2.33)

+  g(JUL, Va) g(JU2, Vi) — g(JUL, V1) g(JU2, Va)

2 g(Uy, JUs) g(V1, JVa)}.

3. K-Ricct CURVATURE AND K-SCALAR CURVATURE

Let N be a Kaehler manifold endowed with a complex s-s.m.c.. Then from 1) and
(2.33) we get
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R(ela €s,€s, el) = E(l + @Q(Jela es)) - a(ela el) - a(es, 65) (3 34)
— (29(eg, es) + ﬁ(E(es),el))ﬁ(Jel,es) —m(P)g*(Jey, es).
From (3.34) we derive
E(el, es s, €)= c(1+g*(Jepes)) — ale, e) — ales, es) (3.35)
~7(p)g*(Jer, e5) — Nis.
Thus, taking U; = Vo = ¢; and Uy = V) = es and using ([3.35)), we have
Rlep,es,e5,e) = e(1+g*(Jer,es)) — aler, er) — ales, e5) — m(p)g*(Jer, e5)
2n+2 (3.36)
— Nis+ >, h'(e,er)h”(es,es) — h" (e, es)h" (es, ep).
r=n-+1
Then, we find
2r(p) = n(n-— 1)5+5HTH2 —2(n — DA —7(p) | T
) (3.37)
— Z mij + Z Z hihis — (hiy)”.
l,s=1 l,s=1r=m+1
If we write JU; with its components as JU; = TU; + FUj, then we get
n
ITI? = > 3°(Jer es).
l,s=1
Thus, (3.37) can be written by
21(p) = n(n—1c—-2(n—1)A— 7T(p) ||T||2 +n? | H|?
B ) m (3.38)
— 7" = 32 my — Z Z (his
l,s=1 l,s=1r=m+1

Theorem 3.1. Let N™ be a real n—dimensional submanifold of a real 2m— dimensional
Kaehler manifold of constant holomorphic sectional curvature is constant 4¢ endowed with

complex s-s.m.c.. Then, the followings are true.

(i) For each unit vector U; € T, (N), we have

n n n
Ric(U1) < (n—1)c+¢ Z g*(JUy, es) — % Z — > Nis
= =1 §=2 (3.39)
— 37(p) Z G*(JUL, e5) + n? | H|” = (n — 2)a(Ur, U).
(#1) The equality case of (3.39) is satisfied by unit Uy € T} (N), if and only if (iff)
h(Uy,Usz) =0, for all Us € Tpl(N) orthogonal to Uy, (3.40)

h(Uy,Ur) = 5H(p).
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(7i1) For VU, € T, pl(N ), equality of 1} is satisfied iff either p is a totally geodesic point

or p is a totally umbilical point and n = 2.

Proof. Let {e1,ea, ..., entand {e,41, ..., €2, } be orthonormal basis of Ty, N and T[}IN at Uy €

N, respectively, where e, + 1 is parallel to the mean curvature vector H. Then, from ((3.38|)

we have
n 2m
SN (h)? = nn—1e+e|T)? —2(n—1)A
l,s=1r=n+1
n
— 7@ TI? = Y Nig+n® |H|* = 27(p). (3.41)
l,s=1
From (3.41)) we get
1, 9 1 g 1 <
TP IHIE = (o) = 50— 1)+ TP+ (= DA+ 5 3 My
l,s=1
1 2 1 < r r ro\2
+ 5”(1’) 1T + 1 Z (h11 — hig — .. = hyyyy) (3.42)
r=n+1
2m n 2m
+ Y )= Y Y (hphl, — ().
r=n+1 s=2 r=n+12<l<s<n
Then using (3.36]), we have
2m
(n—1)(n—2)_
> (hihiy—(hi)?) = K ———5——¢
r=n+1 2<l<s<n
— ¢ > g(Jenes) + (n—2)(A—aler,er))
2<l<s<n
+ Z mys + m(p) Z g*(Jer, es). (3.43)
2<l<s<n 2<l<s<n

From ([3.42) and (3.43) we derive

n

Ric(er) = (n—1e+cy g*(Jei,es) /\_izm”_Zle
l 5=2

s=2

3

1 1
— 57(p) Y_g*(Jer ) + o0 | HIP (3.44)
s=2
1 2m
D By — = I
r=n+1
2n+2 n
— Z Z — (n—2)a(er,er).
r=n+1 s=2

By choosing e; = Uj in equation (3.44)), (3.39) is obtained.
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When the equality case of (3.39)), the followings are satisfied:

where 7 € {n +1,...,2n + 2}. Thus, (3.40)) is holded.
Let inequality (3.39)) satisfy case of equality for VU; € T,N". Then, from (3.45)), Vr €
{n+1,....2n+ 2}, we get 1 € {1,...,n},

s = 0, 1#s, (3.46)
Using (3.47)), we derive
(n—2)(hY; + hjy+ ...+ h,) =0.

It is clear that, there are two situations for the last equality. For A, +h5, + ...+ h;,, =0,
if we consider and together, then, we can write hj, = 0 for all I,s € {1,...,n}
and r € {n+1, ...,2n+ 2} which gives that p is a totally geodesic point. On the other hand,
if n = 2, then from 2hT, = 2hiy = hY; + hiy, which completes the proof. The converse

is clear. n

Theorem 3.2. Let N" be a real n—dimensional submanifold of a real 2m— dimensional
Kaehler manifold of constant holomorphic sectional curvature is constant 4¢ endowed with

complex s-s.m.c. Then, we get
1
7(p) < Sn-1)+ IT(1*)e = (n — 1)A
1 1 1
— S ITI =5 S s+ g |, (3.49)
l,s=1

Equality case of [3:48 holds iff N is totally geodesic.

Theorem 3.3. Let N(E) be an m—dimensional real space form of constant holomorphic
sectional curvature 4¢ equipped with complex s-s.m.c. V and N™ be n—dimensional Einstein

submanifold of N(E) Then,

< n(n—1)

) < e+ HIP) + LTI - (0 - 1A (3.49)

1 1 —
— (=)A= 7 @) |TI° = 5 > my
l,s=1
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is satisfied and the equality case of holds at p € N™ iff p is a totally umbilical point.

Proof. The relation (3.38]) at p € N™ is equivalent with

n*|H|> = 2r(p) —n(n—1)e—¢||T|*) +2(n — )X
n 2m n
+ o ITIP+ Y m+ D> ()? (3.50)
l,s=1 r=n+21l,s=1
+ Y (D (hpth)?
=1 I#s

For a choosen orthonormal basis, let {e1, ea, ..., e, } diagonalize the shape operator A, ;.

Then the shape operators take the forms

ail 0 ... 0

0 az . . . 0
Acyy = , (3.51)

0o o0 . . . ap
Ae, = (hiy), l,s=1,.,n; r=n+2,..,n+p, traceA., =D0. (3.52)

From (3.50)), we get
n?||H||* = 27(p) —n(n—1e—¢|T|*) +2(n — 1) (3.53)
2m
£ @) T+ Y my +Z af) + > (hi)*
l,s=1 r=n-42

On the other hand, since

O<Z a —as)® = (n—1) Za?—22alas (3.54)
l

I<s
we obtain

n 2
n?|H|? = (Zal> :Zal +22ala$ SnZal (3.55)
=1

=1 I<s
which implies

n
S >n|H|P. (3.56)
=1
So from (3.53)) and (3.56)), we have
W IHIP = 20(p) —n(n— e —c|TIP +2(n— DA+ (@) [T (3.57)
2n+2 n

Zmls—i—nHHH + Y (hy,

l,s=1 r=n+21[,s=1
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If (3.49) is case of equality, using (3.54)) and (3.57) we obtain

ag=azy=..=ay, and A, =0, r=n+2,...,m.

which gives p is a totally umbilical point. The converse is obvious.

(3.58)

O

Theorem 3.4. Let ]\7(6) be 2m—dimensional real space form of constant holomorphic sec-

tional curvature 4¢ equipped with complex s-s.m.c. V and N™ be n—dimensional submanifold

of N(¢). Then we have

Or(p)

IN

2
— 2 2
e+ [HI? + ——S T - 2

(n—1)

A 1 =
oy 21 M ey D DR

l,s=1

Lemma 3.1. If n >k > 2 and aq, ..., an,a are real numbers such that

(Zal> =n—-k+1) <Za?+a>
=1 =1
then

2 Z ajas > a

1<i<s<k

with equality holding iff

air+az+ ...+ ap = agy1 = ... = ap.

(3.59)

(3.60)

(3.61)

(3.62)

Theorem 3.5. N™ be n—dimensional submanifold of an 2m—dimensional real space form

N(E) of constant holomorphic sectional curvature 4¢ endowed with complex s-s.m.c. V. Then,

for each k-plane section (n >k >2) and p € N™ , we obtain

)~ r(m) < gntk-Dn-ket e Y (e

l,s=k+1
— (n—kAX— (k- l)trace(N‘wé)

n

- Sl Y suae) s S m

l,s=k+1 l,s=k+1
n?(n — k) 2
—||H|".
* Sk

(3.63)

is the equation of equality at p € N™ iff there exist {e1,...,en} and {ept1,...,€am}

orthonormal basis of TpN™ and T;-N", respectively, such that (a) Ily=Span{ei,...,ex} and
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(b) the shape operators Ae,, take the forms

e N ()
0 hnpt ... 0
0
Aeppr = : - ‘ , (3.64)
0 0 . . . Kyt
0 (Z hn+l>
Ae, = (hiy), Lis=1,.,n; r=n+2,..2n+2, traceA. =0. (3.65)

Proof. Let IIj, is a k—plane section and we choose orthonormal basis {eq, ..., e, } and {ep+1, ...,
eam} of TpN™ and T;-N” at p, respectively, such that II; = Span{ey,...,ex}. If we consider
that the mean curvature vector H is in the direction of the normal vector to e, 41 and ey, ..., e,

diagonalize the shape operator A, ,,, then the shape operators take the forms (3.51) and

(3.52)). So, we can rewrite (3.38]) as

n 2 n 2n+2 n
(ZW) =(n—k+) [ D () + D)+ Y D) 4| (366)

=1 =1 l#s r=n+21[,s=1

where
e = 2r(p) —n(n—1De—¢||T|* +2(n — )X

(” k) 2
~(p) |7 +l;mls S I (3.67)

Applying Lemma 1 in (3.66[), we get

9 Z hn+1hn+1>z hn+1 Z Z (368)

1<l<s<k I#s r=n+2[,s=1

From equation (3.36)) it also follows that

k k
27(m,) = )e+ Z g*(Jey,es) — Za e, er)
s=1 =1
k E 2n+2
— 7(p) Z (Jer,es) — Z mys + Z Z — (h},)?)
l,s=1 l,s=1 l,s=1r=n+2
k k
+ Z hn+1 +2 Z hn+1hn+1 Z (thrl) (3.69)
=1 1<l<s<k l,s=1
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Using (3.68) and ([3.69)

k k
2r(mp) > k(k—1)e+c Y g*(Jeyes) — > mug
l,s=1 l,s=1
k k
=2k = 1) alene) —7(p) Y g°(Jey, el (3.70)
=1 ls=1
k 2m k
30N (k= (i) D)
l,s=1r=n+2 =1
n 2m n k
YR DT S e D ()
Is r=n+21s=1 l,s=1
is obtained. From this, we can write that
k k
2r(mi) > k(k—1e+c Y g*(Je,e) —2(k— 1)) ale,e)
l,s=1 =1
k k
— 7w(p) Y g (Jeres) = Y mug (3.71)
l,s=1 l,s=1
2m 2m
+ 3 (B by b)Y Y (B
r=n+2 r=n+21[,s>k

+ )0 N ()2 + (hh)? + o+ (hie)?) + e,

r=n+2 s>k
or
k(k—1)_ 7
T(mg) > 2c+2lzlg2(,]el,es)
k
—(k=1)>_ales,e) (3.72)

=1

(D) o= 1< 1
_ ZZzlg (Jep, es) — 3 lzl mys + 56.

We remark that

afer,e1) + alez, ea) + ... + aleg, ex) = A —trace(| | ). (3.73)

"k
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From (3.67), (3.71) and (3.72)), we get

2r(my) > —(nt+k-1)(n+ke—2 Y g*(Je,es) +2(n—k)A
l,s=k+1

n

+ (k- 1)t7“ace(N‘ﬂkL) —7(p) Z 2(Jep es) — Z mis

l,s=k+1 l,s=1

k)
b oo+ 3 me - e
l,s=1

which completes the proof. O

By Theorem 5 we obtain the following corollary.

Corollary 3.1. Let N™ be n—dimensional submanifold of an 2m—dimensional real space

form N(E) of constant holomorphic sectional curvature 4¢ endowed with complex s-s.m.c. V.

Then, for each k-plane section and p € N™, we get

1 1.«
oy < 2(n—|—1)(n—2)c+QCIZSgZ(Jel,es)
8=

— (n—2)A —trace(N,| )

&

~ S Y P + Y

l,s=3 l,s=3

Gk ) P
2(n+1)
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ABSTRACT. The purpose of this article, we obtain sharp inequalities involving the Ricci
curvature and the scalar curvature on the horizontal and the vertical distributions for quasi-
hemi-slant Riemannian submersions (briefly, OHSS)) from complex space forms onto Rie-
mannian manifolds and debate the equivalence posture the acquired inequality. Lastly, we
adduce some examples for QHSS.
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equality, complex space form, vertical distribution
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1. INTRODUCTION

In 1990, the notion of slant submanifolds of almost Hermitian manifolds was introduced
by [8]. It was a natural generalization of both holomorphic and real submanifolds. Inspired
by this notion, several geometers have worked on several types of slant submanifolds (see:
1, [, [, 71, 1271, [52), (33, [34, [35], [56], [58), [, ).

In the 1960s, O’Neills [53] and Gray [20] studied separately Riemannian submersions. In
1976, Watson studied almost complex types of Riemannian submersions [54] and this in-

vention revealed Hermitian submersions between almost Hermitian manifolds. After these
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studies, Jahin [47] introduced the semi-invariant submersions from almost Hermitian man-
ifolds onto Riemannian manifolds that it was a generalization of holomorphic submersions
and anti-invariant submersions [46] and slant submersions from almost Hermitian manifolds
onto arbitrary Riemannian manifolds in 2013 [48]. Subsequently, different kinds of structures
have been studied in several types of Riemannian submersions(see: [3], [16], [18], [22], [23],
[25], [49]). Prasad, Shukla, and Kumar, as a natural generalization of hemi-slant submer-
sions, semi-slant submersions, and bi-slant submersions, identified the notion of quasi bi-slant
submersions from Kaehler manifold onto a Riemannian manifold [37]. Longwap, Massamba,
and Homti [28]. introduced QHSS as a generalization of slant, semi-slant, and hemi-slant
Riemannian submersions in 2019. On the contrary, Chen established Chen inequalities [9],
[10], [L1], [I4] which as a solution ”one of the basic problems in submanifold theory finds
simple relationships between the extrinsic and intrinsic invariants of a submanifold”. Ac-
cording to Chen [I3], a generalization of this inequality was proved arbitrary submanifolds
of an arbitrary Riemannian manifold in 2005. Subsequently, several authors investigated
Chen-Ricci inequality of submersions and submanifolds (see: [2], [4], [15], [17], [19], [21],
[24], [29], [30], [31], [39], [40], [41], [42], [43], [50], [51], [52], [55]). The main purpose of this
article acquire some inequalities bearing Ricci curvatures and running Chen-Ricci inequality
on the horizontal and the vertical distributions for QHSS from complex space forms onto
Riemannian manifolds.

This article is organized as follows; in Section 2, we recall respectively some basic geometric
properties of Riemannian submersions, O’Neill tensors, curvature relations, complex space
form, and QHSS. In Section 3, we attain Chen-Ricci inequalities on the horizontal the
vertical distributions for QHSS from complex space forms onto Riemannian manifolds and
dispute the equivalence case of the acquired inequality. Eventually, we ensure some examples

for OQHSS.

2. QUASI HEMI-SLANT RIEMANNIAN SUBMERSIONS(QHSS)

In this working, unless stated otherwise, all concepts such as manifolds, maps and so on,

expressed will be considered differentiable. First let’s give the following description.

Definition 2.1. Let (Mj,g1) and (Ma,g2) be Riemannian manifolds, where dim(M) is
greater than dim(Ms). A surjective mapping ¢ : (M1, g1) — (Ma, g2) is called a Riemannian

submersion if
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(i) ¢ has maximal rank, and

(ii) @, restricted to kergy is a linear isometry [53].
Describe the O’Neill’s tensors 7 and A by [53]:
Ten = VVyeHn + HVyeVn, (2.1)

Aen = VVyeHn + HV eV (2.2)

for any vector fields £, € T'(M;), where V is the Levi-Civita connection of g;. Moreover,

from ([2.1) and (2.2)), we have

Vi Va = Ty Vo + Vi, Va, (2.3)
Vi X1 = Toy X1 + HVy, X1, (2.4)
Vx,Vi=Ax,Vi +VVx, W, (2.5)

Vx, Xo =HVx, Xo+ Ax, Xo, (2.6)

for Vi, Vs € D(kerg,) and X1, Xy € T'((kerg,)™) where Vy, Vo = VVy, Va. It is not difficult
to observe that T acts on the fibers as the second fundamental form, while A acts on the
horizontal distribution and measures the obstruction to the integrability of this distribution
[53].

Specify by Ri, Rs, R3 and R4 the Riemannian curvature tensor of Riemannian manifolds
M, Ms, the vertical distribution kerp, and the horizontal distribution (kergo*)J-, seriatim.

Then the Gauss-Codazzi type equivalences are dedicated by

Rl(Ulv U27 ‘/1) VQ) - RB(U17 U27 ‘/15 ‘/2) + gl(TUl‘/Q7TU2‘/1) - gl(TU2V25 %1%) (27)

Ri(X1,X2,Y1,Y2) = Ru(X1, X2,Y1,Y2) — 291 (Ax, X2, Ay, Ya),

+ 91(Ax, Y1, Ax, Y2) — g1(Ax, Y1, Ax, Y2), (2.8)

Ry (X1, V1, Y1,U01) = 1((Vx, T)(V1, Un), Y1) + 1 (Vv A) (X3, Y1), Un),
= 91(Tv X1, To Y1) + 1 (Av Ur, Ax, V1), (2.9)
where
P (Ra(X1, X2)Y1)) = Ro(pu X1, 0 X2)pu Y1 (2.10)

for all Uy, Us, V1, Va € T'(kery,) and X1, Xo,Y1,Ys € I'(kerp,)* [53].
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Conversely, the mean curvature vector field H of any fibre of Riemannian submersion ¢ is
dedicated by
t
N=tH,N=> T,V (2.11)
j=1
where {V1, ..., V;} is an orthonormal basis of the vertical distribution V. Additionally, ¢ has
totally geodesic fibers if 7~ vanishes on kery, and (kery, )" [53].
Let My be an almost Hermitian manifold with an almost complex structure J; and a
Hermitian metric g;. If Jq is parallel as far as concerns the Levi-Civita connection V on My,

that mean
(Vx,J1)X2=0

for all X, Xy € T'(TMy), then (M, J1,g1,V) is yclepted a Kaehler manifold. A Kaehler
manifold M; is named a complex space form if it has fixed holomorphic sectional curvature
represented by Mj(c1). The curvature tensor of the complex space form Mj(c) is dedicated

by

c
R5(X1,X2)Y1 = Zl{gl(XQ;Y1>X1 —g1(X1, Y1) X + g1(J1 X2, Y1) J1 Xy

—g1(N1 X1, Y1) 1 Xo + 291 (X1, J1 X2) 1 Y1} (2.12)
for any X1, Xo,Y; € T'(TM,).

Definition 2.2. Let (M, g1, J1) be an almost Hermitian manifold and (Ma,g2) be a Rie-
mannian manifold. A Riemannian submersion ¢ : (My,g1,J1) = (Ma, g2) is called a QHSS
if there exist three mutually orthogonal distribution D, D+ and D? such that

(i)kerp, = D& D+ @ DY,

(i3)J1(D) = D, JiD+ C (kerg,)*

(iii) for any non-zero vector field Z; € F(Dg), p € M the angle 0 between J1(Z1) and Dg is

constant and independent of the choice of point p and Zy in Dg [28].

We name the angle 6 a quasi hemi-slant angle. In this article, we will presume all horizontal
vector fields as basic vector fields.

Let ¢ : (Mi,91,J1) = (Ma,g2) be a QHSS, at present. Then [28], we have for all
V e T'(kerpy), we get

JVi =YW+ WV (2.13)
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where ¢V € I'(kery,) and wV; € T'(wD? @ wDL). For any X € T'((kerp,)t), we get
J1 X1 = B1X1 + By X, (2.14)

where B1 X, € I'(kery,) and B2 X; € T'(V).

Theorem 2.1. [28] Let M be a 2m-dimensional almost Hermitian manifold with g1 a Rie-
mannian metric on My and almost complex structure Ji, and Ms be a Riemannian manifold
with Riemannian metric ga. Then there is a Riemannian submersion ¢ : (My,g1,J1) —
(Mo, g2) such that its vertical distribution ker ¢, admits three orthogonal distributions D, D?

and D+ which are invariant, slant and anti-invariant respectively, i.e.
kerp, =D& Dt @ DY,

with J1D = D, the angle 0 between JiD? and DY being constant and J, D+ C (ker <,0*)J‘. If
we denote the dimension of D,D? and D+ by mq, ma and ms, respectively, then we easily see

the following particular cases:

(1) If m1 =0, then My is a hemi-slant submersion.
(2) If mg =0, then My is a semi-invariant submersion.

(3) If ms =0, then My is a semi-slant submersion.

The submersion in Theorem 2.1 will be called QHSS and the angle 6 is called the quasi
hemi-slant angle of the submersion. This means that a QHSS is a generalization of hemi-
slant, semi-invariant and semi-slant submersions.

We say that the QHSS ¢ : (My,g1,J1) — (Ma,g2) is proper if D # {0}, D+ # {0}
and 6 # 0,5. From the above items, hemi-slant submersions, semi-invariant submersions,
and semi-slant submersions are all examples of QHSS. The undermentioned theorem is a
characterization for QHSS of a complex space form. The proof of it completely identical

with slant immersions see:[28]. Hence we omit its substantiation.

Theorem 2.2. [28] Let ¢ be a Riemannian submersion from a complex manifold (M, g1, J1)
onto a Riemannian manifold (Ma,g2). Then, ¢ is a QHSS if and only if there ezists a
constant \ € [0,1] such that

®2U, = —\U.
where Uy € T(D?). Furthermore, in such a case, if 0 is the slant angle of @, it satisfies that

\ = cos?6 .
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Lemma 2.1. Let (Mi(c1),91), (Ma, g2) be a complex space form and a Riemannian manifold,

seriatim and @ : Mq(c1) — My a QHSS. Then the undermentioned relations are current,
gl(¢U1> Qb‘/l) = COSZ egl(UIa ‘/1)7
g1(wUy,wV1) = sin? g, (U1, V1),

for any Uy, Vi € T (kerg,) [28].

Lemma 2.2. If ¢ is a QHSS then we have
i) ¢*V = —(cos? )V,

ii) g1(6V1, $V2) = cos? 0g1(V1, Va),

i) g1(wVi,wVa) = sin® g1 (V1, Va)

for all Vi, V5 € T(D?) [2§].

3. CHEN-RICCI INEQUALITY AND CHEN INEQUALITIES

Let (Mi(c1),91), (M2, g2) be a complex space form and a Riemannian manifold, seriatim
and ¢ : My(c1) — My a QHSS. Additionally, let {Vi,...,V;, Y1,...,Y,} be an orthonormal
basis of T,,Mi(c1) such that V = Sp{V1, ..., V;}, H = Sp{Y¥1,....,Y,,} and t = 2¢; + 2t + t3,
where dimD = 2t1, dimD’ = 2ty and dimD' = t3. Then we may consider an adapted quasi

hemi-slant orthonormal frames as follows:
‘/17 V2 = Jl‘/lv aeey ‘/2151—17 ‘/Qtl = Jl‘/2t1—17 V2t1+17
‘/2t1+2 = sec va2t1+17 PR V2t1+2t2—17 ‘/2t1+27’2 = sec 97#%151—&-2152—17
Vaty 12t5415 -5 Vaty 42t 415

Obviously, we obtain

1, for i € {1,...,2t; — 1},
9t (Vi Vig1) =< cos26, fori e {1,.., 2t +2t, — 1},
0, for i e {2t1+2t2—|—1,...,2t1—|—2t2+t3—1},

then
t
Z G (Vi, Vi) = 2(t1 + tg cos® 6).
ij=1
Furthermore, let {Vi,...,V;, Y1,...,Y,} be an orthonormal basis of T,M;(c;) such that
V= Sp{Vi,...Vi}, H = Sp{Y1,....,Y,}. Then Ric; and Ricy are dedicated by

t
Ricy(Vi) = R3(V4,V;, Vi, Vh), (3.15)
i=1
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Ricy(Y1) = Y Ro(V1,Y;,Y;, V1), (3.16)
s=1

Furthermore, scalar curvature 7 and 75 are defined

=Y Rs(Vi,V},V;, V), (3.17)
1<i<j<t

=Y Ra(Y;,Y},Y;Yi) (3.18)
1<i<j<n

Moreover, utilizing ([2.7)), (2.8) and (2.12]), we get
c
Ry(V1, Vo,V Vi) = {1 (Va, Va)on (Vi Va) = 01(Va, Va)ga (Va, V) + 91 (1 Ve, Va)gn (12, Vi)
— 1(N1V1, V3)g1(J1Va, Vi) + 291 (Vi, JiVa) g1 (J1 Vs, Va) }

_gl(TVI‘/;hTVZ‘/}))+91(TV2‘/;15TV1‘/3)7 (319)

C
Ra(Y1,Y2,Y3,Y2) = {01 (Y2, Ya)gn (1, Y2) — 91 (Y2, Ya)gn (Va, Ya) + 1 (J1Y2, Ya)gs (1Y, Y2)
— g1(J1Y1,Y3)g1(1Y2, Ya) + 291 (Y1, J1Y2) g1 (1Y35, Ya) }

+ 291 (Ay, Yo, Ay, Ya) — 91(Ay, Y3, Ay, Ya) + g1 (Ay, Y3, Ay, Yy). (3.20)

Theorem 3.1. Let ¢ : Mi(c1) — My be a QHSS from a complex space form (Mi(c1),g1)
onto a Riemannian manifold (Ms,g2). In that case, the undermentioned expressions are
actual.

i) If Vi € T(D), in that case
Rici(V) > 64—1(1& +2) — tg (T i, H), (3.21)

In case of ’ equality holds for a unit vertical vector Vi € T'(D) if and only if each fiber
18 totally geodesic.
i) If Vi € T(D?), in that case

C1

Ricy(Vi) > £ (t = 1+ 3cos?0) — tg1(Tv, Vi, H), (3.22)

In case of ’s equality holds for a unit vertical vector Vi € T'(D?) if and only if each
fiber is totally geodesic.
ii) If Vi € T(DL), in that case

Ricy (V) > %(t — 1) — tg1 (Ty, Vi, H), (3.23)
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In case of ’5 equality holds for a unit vertical vector Vi € T(DL) if and only if each

fiber is totally geodesic.

Proof. Using (3.15)) and (3.19) we have,

t
. & /
Ricy(V1) = Zl(t —1+3) g (1Vi, V) — tar (T Vi, H) + || Tw Vil (3.24)
i=1

In that case we have

. 1, if v, € I'(D)
> GV, Vi) =< cos?6, if Vi € T(DY)
=1
Z 0,  ifV, (D).
Using last equivalence in (3.24]), we get (3.21)), (3.22) and (3.23]). O

Theorem 3.2. Let ¢ : Mi(c1) — My be a QHSS from a complex space form (Mi(c1), 1)

onto a Riemannian manifold (Ma, g2). In that case
2! 2 2 || 7|7
2ry > “L{t(t = 1) + 6(t1 + t2cos*0)} — t HHH . (3.25)
The equivalence case of holds if and only if each fiber is totally geodesic.

Proof. From (3.17)) and (3.19) we have:

2 <
2ry = St = 1) + 6(t1 + ta c0s70)) — ¢ HHH + 3 a(TV, TvV). (3.26)

5,J=1

Here we have use T is a symmetric operator. Hence from (3.26]) the proof is completed. [

Since ¢ is QHSS and A is an anti-symmetric operator, from (3.18)) and (3.20) we have

c n n
27y = Ln(n 1) +3 3 qu(BaYi Vi)t (BaYin Y1) =3 Y g1(Av Yy AvYy).  (3.27)

i,j=1 i,j=1
If we portray

I1Bal|” =~ g7 (BaY;, Y5), (3.28)
i=1

In that case from (3.27) and (3.28) we get

2r = L(n(n = 1) +3[|Bo[*) =3 Y 91(Av ¥y, Av,Y)). (3.29)

1,7=1

From ([3.29) we have:
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Theorem 3.3. Let ¢ : Mi(c1) — My be a QHSS from a complex space form (Mi(c1), 1)

onto a Riemannian manifold (Ms, g2). In that case
1 2
219 < Z(n(n — 1)+ 3||B2]]7). (3.30)
In case of ’3 equality holds if and only if H(My) is integrable.

Let (Mji(c1),91) be a complex space form and (Ms, ¢g2) a Riemannian manifold. Assume
that ¢ : Myi(c1) — Mz is a QHSS and {V1,...,V;,Y1,...,Y,} is an orthonormal basis of
TpM;i(c1) such that Vp(My) = Sp{V4, ..., Vi}, Hp(M1) = Sp{Y1,...,Yn}. Now, if we denote
Ti5 by

T = a1(Tv;V;, Ys), (3.31)

where 1 <i,j <t and 1 <s <n (see [I7]). The same, if we denote A, by

'Aiaj = gl(AYi§/j>Va)a (332)

where 1 <i4,j <nand 1 <« <t. From [I7], we use

n t
S(N) =" a1 (Vyv, vV, Vi), (3.33)
=1 k=1
n t
S S = A v 5m - T
s=14j=1

n t n
2N ST -2Y] Y (T~ (T (3.34)

s=1 j=2 s=12<i<j<t
The above equations, the Binomial theorem we have like equivalence between the tensor

fields T

Theorem 3.4. Let ¢ : Mi(c1) — My be a QHSS from a complex space form (Mi(c1),91)
onto a Riemannian manifold (Ms,ge). In that case, the undermentioned statements are
actual.

i) If V € T'(D), in that case

Riey(V) > (1 +2) - iﬂ HHH2 (3.35)

i) If V e T(D?), in that case

Ricy(V) > %(t—1+3c0520)—it2HHH2. (3.36)
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i) If V € T(DLY), in that case
. c1 1514112
Riey(V) = SHt 1) - 3¢ HHH . (3.37)

In case of ’s, ’s and ’s equalities hold if and only if
T =T+ + T

1?':0, j:27...,7".

Proof. Let {V1, ..., Vat;, Vat, 11, Vot 425 - Vot 420015 Vot 42805 Vaty 4260415 - Vot 4280126515
Vat, +2t5+2t5 } be an adapted quasi hemi-slant basis of Vp(My).

i) Because in this case one can comprehend the concerted quasi hemi-slant basis such that
V1 =V, it suffices to prove for V.= Vi. Using in and the symmetry of
T, we get

n t
27 = SH(E(t = 1) + 6(t1 + t cos? 6) — HHH2 +N (TR (3.38)

s=14,j=1

Thus using (3.34)) in (3.38]) we have

1 n2 1
27'1:%(t(t—l)—i—G(h—i—thosZH))——t2“HH + 5 (T = Ty — o = Ti)?
n t
ST o0y S TR - (TP (3.39)
s=1j=2 s=12<i<j<t

In that case from (3.39) we get

C1 1 12 g SIS S
2m = SHHE = 1)+ 6(t + trcos?0)) — 52| =230 D0 (BT - (). (340)
s=12<i<j<t
In addition to, letting Vi = Vo =V}, V3 =V =V in (3.19) and using (3.31), we have
2 Y RLVLVEV) =2 Y Re(Vi Vi Vi Vi)+2) . > (TiT5—(T5). (3.41)

2<i<j<t 2<i<j<t s=12<i<j<t
From (3.41)) in , we have
2ry = St 1) + 6(t1 + ta c0s?0)) — 5t HHH

+2 Y Rs(Vi, V3, Vi, Vi) =2 > R(V;, V5,V Vi), (3.42)
2<i<j<t 2<i<j<t
In addition to, we know

t
2m =2 Y Rs(Vi,V;, Vi, Vi) +23  Rs(V4, V5, Vi, Va). (3.43)

2<i<j<t j=1
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Considering (3.43)) in (3.42)), we obtain
2Ric (1) > %(t(t — 1)+ 6(t; + t2cos20))
1 12
-5t HHH ~2 Y RV, VL V). (3.44)
2<i<j<t
Since M is a complex space form, its curvature tensor R satisfies the equality (2.12)), we

have

c (t—=2)(t—1
> mwv =22y s guvi). 6a)
2<i<j<t 2<i<j<t
Taking Vi € I'(D) in (3.45)), we get
t—2)(t—1
S RV VL) = %(()2# +3(t1 — 1+ tgcos? ). (3.46)
2<i<j<t

Using last equation in (3.44) we have (3.35]).
i1) Because in this case one can comprehend the concerted semi-slant basis {V1, ..., Vai, , Var, 41,
V2t1+2,---,V2tl+2t2—17V2t1+2t27V2t1+2t2+1,---,V2t1+2t2+2t3—hV2t1+2t2+2t3} such that V2t1+1 =

V, it suffices to prove (3.37)) for V' = Vo, 41.

With like arguments as in case i), we obtain

1o 2
2Ricy(Var, 41) > %(t(t — 1) +6(t1 + t2c0s>0)) — HHH

-2 > R(Vi, Ve, Vi, Vo). (3.47)
1<k<s<t; k,s#2t1+1
and
c (t=2)(t—-1
Yo RV VeV Va) =Zl(%
1<k<s<t; k,s#2t1+1
+ > 91 (N1 Vi, V). (3.48)

1<k<s<t; k,s#2t1+1

As Vop, 41 € I‘(DG), we acquire immediately

Z G (J1Vie, Vi) = t1 + (to — 1) cos® By
1<k<s<t; k,s#2t1+1

and therefore (3.48]) can be written as

(t—2)(t—-1)

C
Z Rl(Vkv‘/:%‘/Tka) = Zl |: 9

1<k<s<t; k,s#2t1+1

Considering now the last equation in (3.47)), we have

+ 3(t; + (ta — 1) cos? 9)} . (3.49)

1y 2
Rici(Vag 1) > %(t ~1+3c0s”0) — 1 HHH
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which implies (3.36)).
i11) Because in this case one can comprehend the concerted semi-slant basis {V1, ..., Va,, Var, 11

) V2t1+27 ceey ‘/2t1+2t2—17 V2t1+2t27 V2t1+2t2+17 ceey ‘/2t1+2t2+2t3—17 V2t1+2t2+2t3} such that V2t1+2t2+1 =
V, it suffices to prove (3.37) for V' = Vay, 121,41

With similar arguments as in case i), we obtain

. c 1 7||”
2Rict (Vat, otz 1) 2 (Ut = 1) + 6(t1 + £ c0520)) — ¢ HHH

i 3 Ry(Vi Vi, Viu Vo) (3.50)
1<k<s<t; k,s#£2t1+2t2+1
and
c1, (t—=2)(t—1
Z Rl(Vkast‘/Savk) = Zl(%—i_ Z g%(‘]lvkv‘/s))

1<k<s<t; k,s#2t14+2t2+1 1<k<s<t; k,s#2t1+2t2+1
(3.51)

As Vay, 121,41 € ['(D1), we obtain immediately

> i (J1Vi, Vi) = t1 + t2 cos? 0

1<k<s<t; k,s#2t1+2ta+1

and therefore (3.51]) can be written as

Z Rl(VkaVS>V97Vk) =

1<k<s<t; k,s#2t,+2to+1

c1 [(t —-2)(t—1)
4 2

+ 3(t1 + to cos® «9)} . (3.52)
Thinking now the last equation in , we get

Rici(Vay +21,+1) = %l(t -1) - %tQ HHH2
which implies . O

Theorem 3.5. Let ¢ : Mi(c1) — My be a QHSS from a complex space form (Mi(c1),91)

onto a Riemannian manifold (Ma, g2). In that case we have

Ricy(Y1) < %(n— 14 3]BoYi 2. (3.53)
In case of ’s equality holds if and only if

?]:0, ]:2,,n
Proof. Considering (3.29)) and (3.32)), we get

2r = F(n(n—1) +3[Bal) =3 D" (A7) (3.54)

a=14j=1
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In that case (3.54) can be written as
c t n t
1 2 a a
21y = Z(n(n —1)+3|B") -6 Z Z( 1j)2 -6 Z Z (Aij)2~ (3.55)
a=1j=2 a=12<i<j<n
Besides, letting X; = Y5 =Y; Xo =Y; =Y in (3.20) and considering (3.32)), we derive
t
2 > R(Y,Y,Y,Y) =2 > Ra(YiY; YY) 46> > (A% (3.56)
2<i<j<n 2<i<j<n a=12<i<j<n

Using (856) in (3:55), we get

t n
C1
2 = (n(n—1)+3 I1B2]%) =6 > (Af)?
a=1 j=2
+2 > Ra(Yi, Y, YY) -2 ) Ri(Yi,Y5,Y5,Y)). (3.57)
2<i<j<n 2<i<j<n
Moreover, using ((3.20)) we have
c1,(n—2)(n—-1
Y meyyn =20 S ey e
2<i<j<n 2<i<j<n
Taking into account that
IBal* =2 > gi(BaY:Y)) = 2|BaYall”. (3.59)
2<i<j<n
and using (3.57)), (3.58) and (3.59)), we get
c t n
, 1
2Rica(Y1) = T (n— 1+ 3||BaY1|?) —GZZ( )2 (3.60)
a=1j=2
Hence the assertion follows. g

Now, we calculate the Chen-Ricci inequality between horizontal and the vertical distribu-

tions. For the scalar curvature 7 of M;(c1), we provide

n t
2r = Ric(Ys,Y) + Y Ric(Vi, Vi) (3.61)
s=1 k=1
Additionally, we can write
t n t
2r = > Ra(Vi, Vi, Vi, Vi) + D> Ra(Yi, Vi, Vi, Vi)
g k=1 i=1 k=1
n n t
+ 3 RV Y, Y, Vi) + Y ) Ri(V;, Y, Y, V). (3.62)

i,5=1 s=1 j=1
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Next, let us denote as usual (see [17]):

1)) = Zn:i:m(Tvm,TVkK), (3.63)
1=1 k=1

HTHHQ = i g (Tv. Vi, T, Vj), (3.64)
k=1
ij=1

|4%|* = Zn:zt:gl(And,Aka)- (3.66)
1=1 k=1

Theorem 3.6. Let ¢ : Mi(c1) — My be a QHSS from a complex space form (Mi(c1), 1)
onto a Riemannian manifold (Ma, g2).

i) If Vi € I'(D), in that case

%(nt +n+t+3(1+ HB1||2 + ||B2Y1||2)) < Ric1 (V1) + Rice (Y1)

e 8 30 YA - o) + TV (3.61)

a=1 s=2

i) If Vi € T(D?), in that case
%(nt +n+t+ 3(0082 0+ ||81||2 + ||BQY1||2)) < Ricl(Vl) + RiCQ(Yl)

+ %# HHH2 +33° S (AR = 5N + | TP — | A (3.68)
5=2

¢
a=1
i) If Vi € T(DL), in that case

%(nt +n 4t +3(t 4 tacos® 0+ ||Br|® + [|B2Y1]*)) < Rici (Vi) + Rica(Y1)

1 2 t n .
+ 2| H] 3 0 D As)? - o) + | T - A (3.69)
In case of ’s, ’5 and ’s equalties hold if and only if
T =T+ o+ Ti
T5=0, j=2,.,t

Proof. Since M (c1) is a complex space form, from (3.62)) we have

n t

2r = L+ )(n+t = 1) +6(ts +tac05? ) +3(|Ba* +2 D D" gt (BiYi, V). (3.70)
=1 k=1
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Now, we define
n t

I1BL* =" ¢*(B1Y;, Va).

i=1 k=1
Moreover, handling the Gauss-Codazzi type equations (2.7)-(2.9), we have

t
L 112
2r =2m 4+ 2m 4 B = Y (T Vs TRV + 3 3" 01 (Ay o, Ay X,)
k,j=1 i,5=1
t

n t
=) a((VvTwVi Ya) + > > (91(TwYi, T Ya) — 01( Ay, Vi, Ay Vi)
k=1

3

i=1 k= i=1 k=1
n o r n t
=3 a((Vn v Vi Y + ) (01(T, Ye, Ty, Ye) — 1 (Av, Vi, Ay, Vi),
s=1 j=1 s=1 j=1
Thus considering (3.34]) and (3.72)), we get
1 2 || 1 2 1 S S $\2 e $\2
s=1 j=2

2 Y BT ) e UL 6 Y (A

s=12<i<j<t a=1 s=2 a=12<i<s<n
n t
+> > (T Yi, i) — g1(Ay, Vi, Ay, Vi) — 26(N)
i=1 k=1

n t
)0 (01T, Ye, T, Ye) — g1(AvV;, Ay, V).

s=1 j=1

Considering (|3.41]), (3.56]), (3.70)) and (3.71)) in (3.73)), we get

%[(n ) (n -+t = 1)+ 3(2(t1 + t2co8?0) + 2| Bi||* + || B2]|*)] = 2Rie1 (V1)

+ 2Rico (Y1) + t2 ”HH - = Tit) _QZZ(

s=1j5=2
n t
T4 DD (9u(TnYi TinYi) — g1(Ay Vi Ay, Vi)

:2 =1 k=1

M:

o

_25 +Zz gl TV ifs,TVY) gl(AYSijaAYvaj))

s=1 j=1

+ > RV VRV V) Y R, Y5 YY),

2<i<j<t 2<i<j<n

(3.71)

(3.72)

(3.73)

(3.74)

If we take V; € T'(D), considering (3.46)), (3.58)), (3.59)), (3.63]) and (3.66|) in (3.74)) we obtain
(3.67). If we take Vi € I'(D?), considering (3.49), (3.58)), (3.59)), (3.63) and (3.66) in (3.74)

we obtain (3.68). Similarly, if we take V; € T'(D1), considering (3.52)), (3.58)), (3.59), (3.63)

and (3.66) in (3.74) we obtain (3.69)). This completes the proof.

O
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Considering (3.70)), (3.71]) and (3.72) we have

S+ )0+t = 1) +3(2(0 +tacos®0) + 2By + |1 Bol[*)] = 271 +2r

.12 N
2| A= T+ 3 A - 28 + 2|7V - 2 A (3.75)
Considering we get the following theorem.

Theorem 3.7. Let ¢ : Mi(c1) — My be a QHSS from a complex space form (My(c1),91)

onto a Riemannian manifold (Ms, g2). In that case we have

21421 < Czl[(n +t)(n+1t— 1)+ 3(2(t1 + tacos® 0) + 2|1 Be||* + || Bo||*)]
12 .
- HHH + [T+ 288 — 2| TV + 2|4, (3.76)
2 +2n 2 Czl[(n +t)(n+t—1)+3(2(t + tacos* 0) + 2 ||[51||2 + ||[52||2)]
(12 .
e ] T 3P 250 - 2 3.77)

In case of ’s and ’s equalities hold for all p € My if and only if horizontal

distribution H is integrable.
Considering ([3.75) we have the following theorem.

Theorem 3.8. Let ¢ : Mi(c1) — My be a QHSS from a complex space form (My(c1),91)

onto a Riemannian manifold (Ms, g2). In that case we have
c
271 + 275 > Zl[(n +t)(n+t— 1)+ 3(2(t1 + t2 cos? 0) + 2||By | + || B2||*)]

2 HHHQ +25(N) — 2| TV + 2| AM|F - 3 )4V, (3.78)

271 427 < %[(n +t)(n 4t — 1) + 3(2(t1 + tacos® 0) + 2By * + || Bz|)]
.12 N
— e | T+ 280 + 2 A% 3 ) (3.79)

In case of ’5 and ’s equalities hold for all p € M1 if and only if the fiber through
p of  is a totally geodesic submanifold of M.

Lemma 3.1. Let k ve I be non-negative real number, In that case

%zm

with equality iff k = 1.
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Applying Lemma 3.1 in (3.75]), we have.

Theorem 3.9. Let ¢ : Mi(c1) — My be a QHSS from a complex space form (Mi(c1),g1)

onto a Riemannian manifold (Ma,g2). In that case we have

“H(n+ (041 = 1) + 3(2(t +tocos?0) + 2| B> + | Bel|”)] < 271 + 27
+ 1 HHH2 2|7V + 3| AY7 = 26(R) — 2v2 || A% |7 (3.80)

In case of (3.8(])’s equality hold for all p € My if and only if || A*|| = || T]|.

Theorem 3.10. Let ¢ : My(c1) — My be a QHSS from a complex space form (Mi(c1), 1)

onto a Riemannian manifold (Ma, g2). In that case we get

“Hn+ )0+t = 1) + 3(2(t +tocos?0) + 2| B> + | Bol|*)] = 271 + 27
+ 12 HHH 17 = 20(A) — 2 || A%||* + 2v/6 || AY|| || 7] - (3.81)
In case of ’s equality hold for all p € My if and only if H.AVH = HTVH

Lemma 3.2. [50] Let ki, ka,....,k,, be n—real number (n > 1), In that case

with equality iff k1 = ko =....= k.

Theorem 3.11. Let ¢ : Mi(c1) = Ma be a QHSS from a complex space form (Mi(c1), g1)

onto a Riemannian manifold (Ma, g2). In that case we get

%[(n +t)(n+t—1) +3(2(t1 + tacos® 0) + 2| By + [|B2[*)] < 271 + 27

(- 1) HHH2 +3 A7 = 25(N) + 2|7V - 2| A% (3.82)

In case of ’s equality holds for all p € My if and only if we get statements:

i) ¢ is a Riemannian submersion that has a totally umbilical fiber.

it) Tij =0, fori# je€{1,2,..,r}.

Proof. Using (3.75)) we get

%[(n +)(n 4t —1) +3(2(t1 + ta cos® 0) + 21|Bu|* + || B )]

—27-1+272+t2HHH ZZ

Jj=1 i=1 j#k

+ 3|47 = 26(8) + 2| TV - 2|47 (3.83)
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Applying Lemma 3.2 in (3.83)), we have

SHn+ 1)+t = 1) +3(2(t1 +t2cos?0) + 2By + |1B]*)

2 1 i
R L JOSTE = (T
+ 3] A7 - 28(N) + 2| TV - 2| A% (3.84)
From this we have . In case of ’S equality holds for all p € M; if and only if

Ti1 =Tz = ... = Ty and ZZ(T )2 =0.

s=1 j#k

This completes proof of the theorem. O

By compairing the proof of Theorem 3.11, we have

Theorem 3.12. Let ¢ : My(c1) — Ms be a QHSS from a complex space form (Mi(c1), 1)

onto a Riemannian manifold (Ma, g2). In that case we have
%[(n +t)(n+t—1)+ 3(2@1 +tycos?0) + 2| Bi|* + || B2||*)] = 271 + 27
+ 12 HHH T + = A") —25(N) + 2| TV = 2| AM| (3.85)
Equality case of holds for all p € My if and only if A1 = Axp = ... = Aun and
Aij =0, fori#j5€{1,2,...,n}.
4. EXAMPLES

In this section, we provide examples of QHSS, illustrating the main results stated above
and the examples of QHSS satisfying the equality case of all inequalities established in the

above section.

Example 4.1. Let (R®, ggs, J1) be an almost Hermitian manifold which
Ji(x1, ..., x8) = (—36, T5, —27, Ty, —T2, 1,23, —T4) be a complex structure and (R, ggs) be a
Riemanniann manifold.

@ : (RS gps, J1) — (R3, ggs) be a map defined by

— 5, T2, T3COSQ — T7SINA)

o(x1, 19, ..., 08) = (\[ f

where 6 € (0,5). In that case ¢ is a QHSS (where rank ¢« = 3 ) such that
0 1 0 0 0 0 0 0
‘/ _— —_— _— ‘/ = — ‘/ = — ‘/ = —
L f@ ﬂ@xg,’ smo‘a x3 * Cosaam ST Oxy T 0w’ 0 Oxgs
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kerp, =D & Dlo De, where

and

g =22 L0y g osal 2
(kerepy) _<H1_\/§8x1 \/iaxg),Hg—amHg—cosa — sina

Oxs3 0xs3
which D = (V3,Vs) is invariant, D+ = (Vi) is anti-invariant and D’ = (V1,Vz) slant with

slant angle 6 = 7.

Example 4.2. Let (R'° gpio,J1) be an almost Hermitian manifold which
Ji(z1, ..., 10) = (—x7, —T9, —T6, T10, T8, T3, T1, —T5, T2, —T4) be a complexr structure and
(R, grs) be a Riemanniann manifold.

F: (R ggio, J1) — (R, ggs) be a map defined by

F )= ' L Vs Loy
x1,T2,...,T10) = (cosaxr, — sinaxig, — — T, —= ——X9, T4, —=T5 — =T
\f \f \f \f V2 2
where 6 € (0, 5). In that case F is a QHSS (where rank Fy, =5 ) such that
0 1 0 1 0 1 0 1 0
Vi=—-sinaz—+cosa— Vo= —+—+—=—WVs=—Fscgr"-+ —=-,
! ox Tl (91'10 2 ﬂ 8(122 \/§ (9:66 3 \/§ 8:1:3 \/5 6:1:9
1
Lol Ba o
2 0xs 2 Oxg oxry

kerF, =D& DL @ Da, where

P (PR U NP U
a 2_\/§8$2 \/§8$67 5T \/581’3 \/iaxg
19 V30
Dt = =4+ ———
<V4 28x5+ 2 8m8>
0 d 0
0 __ i _ _
D <V1 smaa X cosaaxlo,V 8x7>
and
0 0 1 0 1 0 1 0 1 0
F)‘t = (H =— — H=——-—— H3j=—— + ——
(kerFy) (Hy cosag 1+Sma8x10’ 9 = 3015 V3 0wg 3 \/§8x3+\@8x9’
g V30 10 0

2 0rs  20ws 0 G
which D = (Va,V3) is invariant, D+ = (V4) is anti-invariant and D’ = (V1,Vs) slant with

slant angle 0 = arccos(sina).
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MORPHISMS AND ALGEBRAIC POINTS ON THE QUOTIENTS OF
FERMAT CURVES AND HURWITZ CURVES
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ABSTRACT. In this paper we determine rational morphisms between the Hurwitz curves of
affine equation : u™v' + v™ 4+ u! = 0 and the quotients of Fermat curves of affine equation
v™ = u™(u—1) where the integers n. > [ > 1 are coprime and m = n?—in+1? and A > 1. We
also give a parametrization of the algebraic points of low degree on the quotient of Fermat
curve : v° = u(u—1)2. Using these morphisms, we explicitly determine the algebraic points
of degree at most 3 on the Hurwitz curve uv? 4+ v® + u? = 0 birationally isomorphic to the
quotient of Fermat curve v* = u?(u — 1).
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1. INTRODUCTION

Let C be an algebraic curve defined over the rational number field Q and K an extension
field of Q. We denote by C (K) the set of rational points of C witch coordinates ares in K. A
point P € C(Q) is said to be of degree d over Q if its field of definition L is an extension of
Q of degree d. We denote by C(@ (Q) the set of algebraic points of degree at most d on the
curve C over Q. A famous theorem of Faltings states that the number of rational points on
an algebraic curve defined over a number field K is finite if the genus g of the curve is greater
than 1. Currently, for a curve C of genus g > 2 defined over a number field K, there is no
general method for computing the set C (K) or showing that C (K) is empty. But there are
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several methods for finding C (K) in special cases. These methods include the local method,
the Chabauty elliptic method [4], the descent method [10], the Mordell-Weil Sieves method
[3], the Sall-Fall method [9]. These methods are only applicable if the Mordell-Weil group
Je (Q) is known and is of a finite type. If Je (Q) is finite, it is possible to determine C (Q)
and to generalize to all number fields K and thus deduce C¥ (Q) [7]. If we don’t know the
structure of the Mordell-Weil group, then we need to find a way to working around of it.

The purpose of this paper is to describe explicitly the morphisms between Hurwitz curves
of affine equation u"v! + v 4+ u! = 0 and the Fermat quotient curves of affine equation
v™ = uMu — 1) where n > 1 > 1, ged(n,l) = 1, A > 1 and m = n? — In + [>. Using these
morphisms, we explicitly determine the algebraic points of degree at most 3 on the Hurwitz
curves of affine equation u3v? + v® + «? = 0, birationally isomorphic to the Fermat quotient

curve of affine equation v” = u?(u —1). Our main results are Theorem [3.2] and Theorem [4.1

2. MORPHISMS ON FERMAT CURVES AND HURWITZ CURVES

2.1. Fermat curves and quotients of Fermat curves.

Let p be positive integer and K be an number field.

Definition 2.1. The Fermat curve of degree p over a number field K is given by the projective
equation

F,:UP+VP+ WP =0.

The affine equation of F), is
Fy:uP +9P +1=0.
The Fermat curve F), is smooth when the characteristic car(K) of K does not divide p and

has genus

(p—l)(p—2)'

9= 9

For a pair (r,s) of positive integers such that 1 < r;s,r + s < p and ged(r, s,p) = 1, we

denote by C; s(p) the quotient of F), defined by the equation
P =u"(u—1)°
where the projection Fj, — C, s(p) is defined by

¢ I — Crs(p)

(u,v) — (—uP, (—u)"v®%).
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Lemma 2.1. Let C,. 4(p) and Cyr o(p) be two quotients of Fermat curve Fp. If it exists three

integers k, 1 and j such that :
(r,s) =k(r',s') +p(i,j) and ged(k,p) =1,

then we have the birational equivalences

(1) Crs(p) = Crr o (p),
(2) Cr,s(p) = Cs,r(p),
(3) Cr,s(p) = Cpfsfr,s(p)-

Proof.

(1) Consider the following covering map:
frs : Cr’,s’ (p) — Cr,s (p)
(u,v) — (u, vPui(u—1)7).

We have the following successive equivalences :

(u, vl (u —1)7) € Crs(p) & (VFui(u—1)7)" —u"(u—1)*=0
& vPkuPi(y — 1) — " (u—1)° =0
& uPl(u— 1)PT (PP — " Pi(u — 1)57P7) = 0
& uPi(u— 1)P (vpk b (g — 1)’%') ~0
o P (u— 1)P (vp (- 1)8’) (0?1 4 ..) =0,
So
(u,v) € Co g (p) : 0P — 0" (w—1)" =0,

then C). 4(p) is isomorphic to Cy ¢ (p).
(2) Consider the following covering map:

frs: Crslp) — Csr(p)
(u,v)  +— (1 —wu,(=1)5"v).
We have
(1 —u, (=1)*"v) € Csp(p) = ((-1)"""0)" = (1 —w)*((1 —u) — 1)
= (S1)TSP = (— 1) (u — 1)
— (u,v) € Crs(p).
(3) Consider the following covering map:

frst Crs(@) — Cpr—ss(p)
(u,v)  +— <1,(_1)sv>.

n U
We have
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(355 € Crsslr) = (H2) = ()" (3 -1
— (—1)PoP = (=1)*u"(u — 1)°

< (u,v) € Cr5(p).

The following corollary is the consequence of the lemma [2.1

Corollary 2.1. Let C, 4(p) be the quotient curve of Fermat. We have

(i) Cl,s(p) = Cs,l(p) = Cp—s—l,l(p) = Cl,p—s—l(p)'
(ii) For 2s < p—1, the curves C11(p), C12(p), Ci3(p,)--- ,C’L%(p) form a complete
list (with repetition,).
(ili) Any curve Cy4(7) is birationally isomorphic either to the hyperelliptic curve C11(7),

or to the non-hyperelliptic curve C12(7) which is itself isomorphic to the Klein curve.

2.2. Hurwitz curves.

Let n and [ be positive integers n > 1 > 1 and K be an number field.
Definition 2.2. The Hurwitz curve H, ; over K is given by the projective equation
Hyy : UV + V"W U'W™ = 0.
The affine equation of H,,; is
H,,: u™ol + o™ +ul = 0.

Let m = n? — nl + [?. The Hurwitz curve H,,; has the following genus

m + 2 — 3ged(n, )
5 .

The curve H,,; is smooth when the characteristic car(K) of K is relatively prime to m.

Lemma 2.2. Let n, | be two positive integers such that ged(n,l) = 1. An integer m > 3 of

the form m = n? — nl + 12 is prime if and only if m = 1 (mod 6).
Proof. See Bennama and Carbonne [2]. O

Lemma 2.3. Let n andl be integers satisfying 1 <1 < n. The Hurwitz curve H,, ; is covered

by the Fermat curve F, of degree m where m = n? — nl + 2.
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Proof. Consider the following covering map is provided by [1]
¢n,l N 'S — Hn,l
(u,v) +— (u”v’l, ulv”’l).

The image of the Fermat curve of affine equation F,2_;, ;2 by the morphism ¢,,; include in
Hy ;.
(unv—l, ulvn—l) c Hn,l S (unv—l)n(ulvn—l)l + (ulvn—l)n + (unv—l)l =0

S (ulvn—l)n(unQ—ln—Hz + ,UnQ—ln—}-l2 + 1) =0

- (U, ’U) S Fn2fln+l2'

Therefore the Hurwitz curve H,,; is covered by the Fermat curve F2_;, 2. O

In the Table we have the following correspondence with Hurwitz curve H,,; and Fermat
curve F,, where m = n? — nl + [2.

TABLE 2.1. Covering map ¢, : Fy, — Hp

n l m Hurwitz curve H,,; | Fermat curve Fj, Covering map
3 1 7 Hs 4 Fr (u3v_1, UUQ)
3 2 7 Hso Fy (ugv_Q, uzv)
4 1 13 Hy Fis (u4U’1, uv?’)
4 3 13 Hyz Fi3 (u4v_3, u3v)
5 2 19 Hs o Fig (u5v’2, u2v3)
5 3 19 Hs3 Fig (u5v_3, u3v2)
6 1 31 Hg 1 F3q (uﬁv_l, uv5)
6 5 31 Hg 5 F3 (UGU’E’, u5v)

2.3. Birational maps.

Suppose that 1 <1 < n and ged(n,l) = 1. Then there exist integers § and o verifying
1<6<l, 1<o<n—1 and nd—ol=1.
Put A\=on—0(n—10)=0c(n—10)+06l—1. Wehave 1 <X\ <m —2.

In [2], Bennama and Carbonne show the following proposition :

Proposition 2.1. The Hurwitz curve H, : 2™yt + y" + 2! = 0 is isomorphic to Fermat

quotient curve Cy1(m) : v™ = u (u — 1).
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Proof. The birational transformation is as follows

fng: Caxi(m) —  Hyy

(u,v) —

and

Gni: Hpyp — Cxhi(m)

2l (=120

yrloy
The composition of applications gives (g0 fn1)(u,v) = (u,v) and (frn109n1)(z,y) = (z,y).
|

The following Table shows the correspondence between Hurwitz curve H,,; and Fermat

quotient curve Cy 1(m) where m = n? —nl+1% and A = on — d(n —1).

TABLE 2.2. Birational map f,,; : Cx1(m) — Hy

n l m H,, o ) A Cxi(m) fri(u,v)
1)3 U
3 1 7 Hs, P 1 4 Cu1(7) (F —a)
3 | 2 7 Hs 1 1 2 Coa(n) | (=%, %)
4 1 13 Hia 3 1 9 Co1(13) (—Zi; g)
4 | 3 | 13 | Hig 1 1 3 C3113) | (-4, %)
5 P 19 Hs. P 1 7 C7.1(19) (—5—2, —’;—2)
5 3 19 Hs. P 3 9 C1.1(19) (—Zé ;%)

Remark 2.1. By combining the Lemma[2.1] and Proposition [2.1], we have
C21(7) = C41(7) = H32 = H3 1.

3. ALGEBRAIC POINTS ON THE CURVES Cf 2(7)

3.1. Auxiliary results.
For a divisor D on Cy 2(7), let £(D) denote the Q—vector space of all rational functions f
on Cy 2(7) such that f =0 or div(f) > —D. Let [(D) be the Q—dimension of £(D), u and v

denote the rational functions on C; 2(7) given by

wU, V, W) = and (U, V, W)=

=l=
=l =
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The projective equation of the curve Cy2(7) is
Ci2(7): VI =WUU — W)2

Let Qo = (0,0,1), @1 = (1,0,1), @y = (0,7, 1), Qy = (@, 1, 1), Qe = (1,0, 0) and
Ry = —Q, — @, + 2Q where 7 is a primitive 6—th root of unity in Q and 7 is the complex
conjugate of 1. The Abel-Jacobi map associated to QQ is the embedding
ji Ca(7) — Je,m (Q)
P — [P — Qoo
where [P — Q] denotes the class of the divisor P — Q. The map j extends by linearity to
the divisors of degree 0 : Div°(C12(7)) to Je, ,(7) (Q) where

Din®(C12(7)) = {Zm i

The Abel Jacobi theorem is an important result. A simple version is the following.

Y ni=0,neN, n €z P 601,2(7)}-

i=1

Theorem 3.1. (Abel-Jacobi) The application j is surjective and its kernel is formed by the
divisors of functions on C. In other words, for a divisor D € Div°(C), there exists f € K*(C)
such that div(f) =

Proof. See Griffiths [6] O

Lemma 3.1. Let C1 2(7) be the curve of affine equation v* = u(u — 1)2. We have
(1) Je o) (Q) 2 Z/TZ© Z)27.
(2) Je,om (Q) = {mj(Qo) +pRo |0 <m <6and 0 <p<1}.
(3) div(u) = TQo — TQue, div(u — 1) = TQ1 — TQue and div(v) = Qo + 2Q1 — 3Que.
(4) 7j(Qo) =7j(Q1) =0, j(Qo) +2j(Q1) =0, 2j(Ro) =0.

Proof. See Sall [7] O

Lemma 3.2. The Q—basis of the L(mQs) on the curve C15(7) for 1 <m < 11 are

o L(Qx) = (2Qoo) =<1>, o L(3Qw0) =L(AQx) =<1, v >,

o L(5Qu) =<1, v, L5 >, o L(6Qu) =<1, v, L5 02>,

o L(TQx) =< 1,v, ;5 v u >, e L(8Qx) =<1, v, u”—jl, V2, u, u”—_Sl >,
e L(9Qx) =<1, v, u”_41, V2, u, uv_sl, v3 >,

e L(10Qx) =<1, v, u41, V2, u, ulfl, V3, uv >,

o L(11Qw) =< 1, v, J5, V2, u, ulfl, 03, uw, u”_61 >

Proof. See Sall [7] O
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3.2. The Main result on C; (7).

The main result in the curve C; 2(7) is the following theorem.

Theorem 3.2. The set of algebraic points of degree at most 3 on the quotient of Fermat
curve C1(7) over Q is C12(7)®(Q) = My U My U M3 where
(1) The set of rational points is M1 = {Qo, Q1, Qoo }-
(2) The set of quadratic points is Mg = {an 6777}
(3) The set of cubic points is Ms = Py U Py U Ps U Py with
731:{ u, ) ‘u3—2u2—|—u—0720,9€@*},
= {(1+ 60>t v) |v®72 — @32t > — 92 =0, 6 € Q*, € {0,1}},
:{(1+ow + (a—1)v,v) |3 +0?—1=0,a €{0,1}},
={(av® =+ a,v) [} + (-1)*(2v* +v) + 1 =0, a € {0,1}}.

Proof. Let P be an algebraic point on C; 2(7) of degree d < 3 over Q; if d < 2 these points
are described by Faddeev ([5]) and Sall ([7]), so we can assume that d = 3. Let Py, Ps, Ps
be the Galois conjugates of P. Then none of the points P; is equal to the algebraic points
on Cy2(7) of degree < 2 over Q. We have

[Pl + P+ P3 — 3@00] S J(Cl72(7))((@)
and Lemma gives
[P1 4+ P2+ P3 — 3Qx] = mj(Qo) + pj(Rp) with 0 <m <6and0<p<1. (3.1)

The possible combinations for m and p are given in the Table [3.3]

TABLE 3.3. combinations for m and p

We distinguish 14 cases to study.
Case 1: m=0and p=0.
The formula (3.1) becomes [Py + P> + P3 — 3Q~] = 0. The Abel-Jacobi Theorem [3.1| implies

the existence of a rational function f defined over Q such that

div(f) = Pi + Py + Ps — 3Que.
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So f € L(3Px), hence f = ag + ajv with a; # 0. At points P;, we have ag + ajv = 0 so

v=—2€ Q" By putting v = 0 in the equation v” = u(u —1)? we have
uwd —2u? +u—0"=0.
So we have the set of family cubic points
Pr={(u,0) | v’ —2u*+u—0"=0,0€cQ"}.

Case2: m=1landp=0:
The relation (3.1) becomes [P} + P2 4+ P35 — 3Qo0] = [Q0 — Qoc] = —6[Q0 — Qo). This means

[PL+ P, + P3 + 6Qo — 9Qo] = 0.
There exists a function f such that
div(f) = Pi + P>+ Ps + 6Q0 — 9Qcc.
Therefore f € £(9Q), hence
4 o7

+a3v2+a4u+a5
u—1 u —

3
1+CL6U .

f=ap+ av+ao

The function f is of order 6 at the point Qg, so ag = a1 = a2 = ag = a5 = ag = 0, thus
f = aqu. At points P;, aqu = 0, hence a4 = 0 or v = 0 which is absurd.
Cases 1 to 14 : By similar reasoning to the two previous cases, the results obtained can be

summarized in the Table B.4]

TABLE 3.4. Summary of solutions for all cases

m | p | Set of cubic points m | p | Set of cubic points
010 P1 01 Ps with a =0
110 Absurd 11 P3 with v = 1
210 Po with a =0 2|1 Py with =0
310 Py with aa =1 311 Absurd

410 Absurd 411 Absurd

510 absurd 511 Py with a =1
610 Absurd 6|1 Absurd
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4. ALGEBRAIC POINTS OF LOW DEGREE ON HURWITZ CURVE

In this section we use birational maps to give algebraic points of low degree on Hj .
4.1. Preliminary results.

Lemma 4.1. If two curves X and Y defined over a number field K are birationally equivalent

then X is isomorphic to Y and X (K) = Y(K).
Proof. See Perrin [§]. O

4.2. Main result on the Hurwitz curve Hjs.

Let Py = (0,0), co— = (1,0) and oo = (0,1). The main result is the following theorem :

Theorem 4.1. Let H:)()?Q) (Q) be the set of algebraic points of degree at most 3 on the Hurwitz
curves Hz o over Q, then Hé?z) (Q) = L1 U Ly U L3 where

(1) The set of rational points is L1 = { Py, co_, 0ot}

(2) The set of quadratic points is Lo = {(—n,—7), (=7, —n)}

(3) The set of cubic points is L3 = G UGy UGs U Gy with

glz{(%,;}—fl) |u3—2u2+u—0720,9€(@*},

Go = { (=257, 55" ) |03 72 — g2t — g2 = 0,0 € @7, a € {0,1}},

Gy = {(1_;_2%3,71_&3%3) [P 402 —1=0,a€ {0,1}},

61 = { (s~ marrmams ) [ 02+ (-1)2(20% +0) +1 =0, a € {0,1}}.

Proof.

e The Remarkgives H3 5 = (C51(7) and by using theorem we have #H32(Q) =

3. An elementary search give us the set
El = {P(), 0, OO+}.

e We use birational maps to determine the quadratic and cubic points on the curve
H3o. Let
p: Cia(7) — Co1(7)
(u,v) — (1 —u,—v)
and
P Con(7) Hs o

H
(u,v) — (=%, %),
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Thus, we have

(a) The set of quadratic points on Hso are given by
Ly = (Yop)(My).
We obtain
L2 ={We )., o)} ={(=n -, (~7,-m}.
(b) The set of cubic points on Hs o are given by G U Ga U Gg U Gy with
Gi= o) (P), forie{l,?2, 3, 4}.

We obtain

glz{( 0 A )‘u3—2u2—|—u—0720,9€@*};

l—uw u—1

-« o
92:{ <_U U) |v3—2a_93v2+a_92:0’9€(@*’aE{O,l}};

0 0
g —{( v* — Y )|7J3+7J2—1—0 ae{0 1}}
ST VW1 a—ad 1—a—ad o ’ ’
a1 ={( v v 0?4 (=12 +0) +1 =0, a € {0,1}}
= ,— v — vi 4 v =0, , )
1 l—a+v2—avd 1—a+0v2—avd

O
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1. INTRODUCTION

Over the last twenty years, the study of geometric flow has become the main focus of
many mathematicians as it helps in understanding the geometric structures of manifolds
in Riemannian geometry. In order to better comprehend these structures on Riemannian

manifolds (M, g), Hamilton [15] developed the ‘Ricci flow’ in 1982, which is described by

gt = _255
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where S denotes the Ricci tensor and ¢ is the Riemannian metric on M that satisfies the

Ricci soliton equation

£vg+25+2X\g =0,

where £y denotes the Lie derivative along the vector field V on M, and A is a constant. The
manifolds admitting such type of structures are called Ricci solitons. The nature of these
solitons depends on A, i.e. A = 0 is steady, A > 0 is shrinking and A < 0 is expanding.
Bourguignon [3] gave the generalization of the Ricci flow in 1980s by introducing the notion

of Ricci-Bourguignon flow, which is described by

gt = —25 4 2prg, g(0) = go, (1.1)

where r represents the scalar curvature and p(#£ 0) is a real constant. For specific values of
p, we get certain tensors associated to equation(|1.1)):

1. p = 3, Einstein tensor S — 5g.

Sl N

2. p =, traceless Ricci tensor S — —g.
3. p= m, Schouten tensor S — ﬁg.
4. p =0, Ricci tensor S.

The self-similar solution to the Ricci-Bourguignon flow is the Ricci-Bourguignon soliton (also

called as ‘p-Einstein soliton’) whose equation is
Lyg+2S+20\—pr)g=0. (1.2)

The p-Einstein soliton is steady if A = 0, shrinking if A < 0 and expanding if A > 0.

Recent mathematical research focuses on classifying Ricci solitons in Riemannian mani-
folds under particular geometric conditions. Chen and Deshmukh [5] investigated potential
fields as concurrent fields and provided a classification of Ricci solitons. Sharma [29] studied
gradient Ricci solitons with scalar curvature which is constant and non-homothetic conformal
vector fields on Riemannian manifolds, yielding significant findings. Naik [22] characterized
Ricci solitons and gradient Ricci almost solitons on Riemannian manifolds, specifically those
admitting concurrent recurrent vector fields, known as Riemannian CR manifolds. For fur-
ther studies on Ricci solitons across various classes of Riemannian manifolds, we suggest
7, 24, 36).

Now, let’s recall some concepts on vector fields in Riemannian manifolds. A smooth vec-

tor field £, on M is said to be conformal if 3 a smooth function v (referred to as ‘conformal
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coefficient’) on M such as
Leg = 2g. (1.3)

In specific, ¢ is said to be homothetic (Killing) vector field if ¢ is constant, i.e. dy = 0.
If the dual 1-form 7 is closed, i.e. £ is closed, then (|1.3]) becomes

V2,6 =2 (1.4)

for all Zs, a vector field and V, the Levi-Civita connection on M. From (|1.4)), we observe
that £ is a closed homothetic vector field (parallel) if ¢ is constant, i.e. diy = 0 satisfies. In
particular, £ is said to be concurrent when ¥ = 1 in (1.4). For additional information, we

suggest [4, 8, 35]. In contrast, & is called a recurrent vector field when
VE=n®E.

We recommend [6}, T3] for results on Riemannian manifolds admitting recurrent vector field.

A vector field Zs5 that satisfies the expression
VZ2§ =aZy+ 577(ZQ)§7 a, B € R:

generalizes both closed homothetic (concurrent), as well as recurrent vector fields. Thus, we
observe that £¢g = 2cid+28n®@n. If § is a unit vector field, then (£¢g)(&, &) =0 = 2(a+5),
which implies

V2,§ = a[Zy — n(Z2)¢] (1.5)

for any Zy € x(M) and « € R is a constant. Here, we regard a unit vector field &, which is
non-parallel and satisfies , as a concurrent-recurrent vector field.

The existence of certain vector fields within a Riemannian manifold is a key element
of differential geometry. These vector fields are classified into two types: Killing and con-
formal vector fields [9, [10]. This article highlights Killing vector fields because of their
significant prospects for future applications. Drawing on the works of Ahmad et al [I] on
p-Einstein solitons in Lorentzian para-Kenmotsu manifolds, and inspired by the works of
[8, 12 17, 204 22] 27, [37], it is essential to explore the geometry of p-Einstein solitons in
Riemannian CR manifolds.

The current paper investigates p-Einstein solitons on Riemannian CR manifolds. The
paper is structured as follows: Section 2 describes the preliminary concepts. Section 3 centers
on the analysis of Riemannian CR manifolds admitting p-Einstein solitons. Section 4 exam-

ines p-Einstein solitons on Riemannian CR manifolds with cyclic n-recurrent Ricci tensor.
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Section 5 delves into p-Einstein solitons on Riemannian CR manifolds with a torse-forming
vector field. Section 6 addresses Riemannian CR manifolds admitting p-Einstein solitons that
satisfy R(€, Z1)-S = 0. Section 7 highlights Riemannian CR manifolds admitting p-Einstein
solitons concerning the conharmonic curvature tensor. Section 8 focuses on Riemannian
CR manifolds admitting p-Einstein solitons with respect to the conformal curvature tensor.
Section 9 gives some applications of p-Einstein solitons on various fields. The final section,

section 10, draws the concluding remarks based on the obtained results.

2. PRELIMINARIES

Let M be a Riemannian manifold of dimension n, admitting a concurrent recurrent vector

field £, a 1-form 1 and a Riemannian metric g that satisfies the following relations:

nE = 1, (2.6)
9(21,8) = n(Z1), 9(22,€) = n(Z), (2.7)
V2§ = alzy —n(Z1)g], (2.8)
(Vzin)(Z2) = alg(Z2, Z1) — n(Z1)n(Z2))] (2.9)

for all Z1, Zy € x(M), V denotes the Levi-Civita connection on M, and a € R is a constant.

A Riemannian CR manifold satisfies the following relations [22]:

9(R(Z1,22)23,€) = n(R(Zy,Z2)Z3) = —a®[g(Z2, Z3)n(Z1) — g(Z1, Z3)n(Z2)], (2.10)

R 21)2y = —a®[g(Z1, Z2) — 1(Z2) 2], (2.11)
R(Zy, Z2)¢ = —a®[n(Z2) 71 — n(Z1) Za), (2.12)
R(¢,21)¢ = —a®[n(Z1)¢ - Z4], (2.13)
S(21,€) = —(n—1)a’n(Z1), S(£,€) = —(n— 1)’ (2.14)
Q¢ = —(n—1)a%, (2.15)

where R denotes the Riemannian curvature, S represents the Ricci tensor and @) indicates

the Ricci operator which is given as S(Z1,Z2) = g(QZ1, Z2), Y Z1,Z3 € x(M).

Definition 2.1. [33] A Riemannian CR manifold is said to be an n-Einstein manifold when

its Ricci tensor S satisfies the following relation

S(Zy1, Z) = ag(Zy, Zz) + bn(Z1)n(Z2),
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for smooth functions a and b. If b = 0, then the Riemannian CR manifold reduces to an

FEinstein manifold.

Remark 2.1. [23] In a Riemannian CR manifold, we have
£(r) = —2a(r + n(n — 1)a?). (2.16)
Remark 2.2. From , if an n-dimensional Riemannian CR manifold is of constant
curvature, then
r=—a’n(n—1). (2.17)
3. RIEMANNIAN CR MANIFOLDS ADMITTING p-EINSTEIN SOLITONS

In this section, we examine p-Einstein solitons on a Riemannian CR manifold and we ex-

plore the nature of solitons for various values of p.

Let an n-dimensional Riemannian CR manifold M admit p-Einstein soliton. Then ([1.2)

holds. So we have
(£e9)(Z1, Z2) +25(Z1, Z2) + 2(X — pr)g(Z1, Z2) =0 (3.18)

for all Zy, Zy € x(M).
We know that

(£e9)(Z1, Z2) = g(NV 2., Z2) + 9(Z1,V 2,€) = 2ag(Z1, Z2) — n(Z1)n(Z2)]. (3.19)
Hence, leads to
S(Zv, Zz) = =(\ = pr + )g(Z1, Z2) + an(Z1)n(Z2). (3.20)
Substituting Zo = £ in and making use of and (2.7)), we get
S(Z1,8) = —(A = pr)n(Z1), (3.21)

which implies

Q¢ = —(A—pr)s. (3.22)

From (2.14) and (3.21)), we obtain

A=a?(n—1)+pr (3.23)
Now, if r is constant, then by Remark (2.2)), (3.23]) becomes

A =a?(n—1)(1 - pn). (3.24)
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Therefore, we state:

Theorem 3.1. If a Riemannian CR manifold of dimension n admits p-Finstein soliton then

it is an n-Einstein manifold with the soliton constant A = a?(n — 1)(1 — pn).
Now from the above theorem we obtain the following corollary:

Corollary 3.1. Let an n-dimensional Riemannian CR manifold admit a p-FEinstein soliton,

then we have:

Values of p | Soliton type Soliton constant | Nature of soliton
p=1 Einstein soliton A= —w Shrinking

p= % Traceless Ricci soliton | A = Steady

p= 2(Tl—n Schouten soliton A= 202) Expanding

p= Ricci soliton A=a?(n—1) Expanding

Lemma 3.1. Let an n-dimensional Riemannian CR manifold admit a p-FEinstein soliton
> V =0b&, where b is a function. Then, V is a constant multiple of & and an n-dimensional

Riemannian CR manifold is an n-Einstein manifold of the type
S(Z1,Z2) = —(ba + (A = pr))g(Z1, Z2) + ban(Z1)n(Zs).

Proof. Let (g,V, A, p) be a p-Einstein soliton on an n-dimensional Riemannian CR manifold,

5 V is pointwise collinear with & i.e. V = bf. Then holds. Hence, we have

bg(V 2,8 Z2) + Z1(b)n(Z2) + bg(Z1,V 2,€)

+2Z5(b)n(Z1) +25(Z1, Z2) + 2(\ — pr)g(Z1, Z2) = 0,
which from implies

2bag(Z1, Z2) — 2ban(Z1)n(Z2) + Z1(b)n(Z2)

+n(Z1)Z2(b) + 25(Z1, Z2) + 2(\ — pr)g(Z1, Z2) = 0. (3.25)
Substituting Zs = £ in and making use of , and , we have

Z1(b) + £(b)n(Z1) — 2[aPn(Z1)(n — 1) — (A = pr)n(Z1)] = 0. (3.26)

Now putting Z; = € in and making use of , we get

£(b) —a®(n—1) 4+ (A —pr) = 0. (3.27)
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Using in , we have
db = [o*(n —1) — (A= pr)]n. (3.28)
Applying d on both sides of , we obtain
[@2(n—1)—A=pr)]ldp=0 = A =a?(n—1)+ pr, dy+#D0. (3.29)
Therefore, by and db =0, i.e. bis constant. Thus, becomes

S(Z1, Z3) = —[ba + (A — pr)|g(Z1, Za2) + ban(Z1)n(Z2).

4. p-EINSTEIN SOLITONS ON n-DIMENSIONAL RIEMANNIAN CR MANIFOLDS WITH

RESPECT TO CYCLIC 7-RECURRENT RICCI TENSOR

In this section, we discuss the characteristic of p-Einstein soliton on a Riemannian CR
manifold with respect to cyclic n-recurrent Ricci tensor and explore the nature of solitons for

various values of p.

Definition 4.1. [34] A Riemannian CR manifold M of dimension n is said to have cyclic

n-recurrent Ricci tensor if
(V2,5)(Z2, Z3) + (V2,8)(Z3, Z1) + (V2,5)(Z1, Z2)
=n(21)5(Z2, Z3) + 1(Z2)S(Z3, Z1) + n(Z3)S (21, Z2), (4.30)

for any 2y, Z2, Z3 € x(M).

Now, considering an n-dimensional Riemannian CR manifold M admitting a p-Einstein
soliton with cyclic n-recurrent Ricci tensor, then equation (4.30]) holds.
Applying covariant derivative on ([3.20|) with respect to Z; yields

(V2. 8)(Z2, Z3) = pZi(r)g(Za, Z3) + o*g(Z1, Za)n(Zs)
+a?g(Zy, Z3)n(Za) — 20°0(Z1)1(Z2)n(Z3). (4.31)
Similarly, we get
(V2. 9)(Z3,21) = pZa(r)g(Zs, Z1) + &*g(Za, Z3)n(Z1)

+a?g(Z1, Zo)n(Zs) — 20°0(Z1)n(Za2)n(Zs), (4.32)
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and
(V2,8)(Z1,Z2) = pZs(r)g(Z1, Za) + o*g(Z3, Z1)n(Z)

+a’g(Zs, Zo)n(Z1) — 20*0(Z1)0(Z2)1(Zs). (4.33)

Making use of (4.31))-(4.33)) in (4.30) we get

plZ1(r)g(Za, Z3) + Z2(r)g(Zs, Z1) + Z3(r)g(Z1, Z2)] = 3a(1 + 2a)n(Z1)n(Z2)n(Z3)

—(A = pr + a(l 4 2a))[g(Z2, Z3)n(Z1) + 9(Z1, Z3)n(Z2) + 9(Z1, Z2)n(Z3)],

which on substitution of Zy = Z3 = £ and utilization of and gives

plZ1(r) + &(r)n(Z1) + £(r)n(Z1)] = 3a(1l + 2a)n(Z1) = 3(A — pr + a(1 4 2a))n(Z1). (4.34)
Now taking Z; = £ and making use of gives

3p&(r) = 3a(l + 2a) — 3(A — pr+ a(1 + 2a)). (4.35)
Let r be a constant. Then £(r) = 0. Hence by and (2.17), equation implies
A= —a’pn(n—1).

Thus, we state the following result:

Theorem 4.1. If an n-dimensional Riemannian CR manifold with constant scalar curvature
admitting p-Einstein solitons has cyclic n-recurrent Ricci tensor, then the soliton constant is

given by A = —a?pn(n — 1).
Now we have the following corollary:

Corollary 4.1. Let the metric of n-dimensional Riemannian CR manifold with constant

scalar curvature be a p-Finstein soliton. Then we have:

Values of p | Soliton type Soliton constant | Nature of soliton
p= % FEinstein soliton A= —% Shrinking
= % Traceless Ricci soliton | A = —a?(n — 1) | Shrinking
p= 2(71*1) Schouten soliton = —# Shrinking
p=0 Ricci soliton A=0 Steady
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5. p-EINSTEIN SOLITONS ON 7m-DIMENSIONAL RIEMANNIAN CR MANIFOLDS WITH

RESPECT TO TORSE-FORMING VECTOR FIELD

In this section, we examine the nature of p-Einstein soliton on a Riemannian CR, manifold

with a torse-forming vector field and discuss the nature of solitons for various values of p.

Definition 5.1. [32] On a Riemannian manifold (M, g), a vector field V' is said to be torse-

forming if

Vzlv =fZ1+ w(Zl)V, (5.36)

where f is a smooth function, w is a 1-form and V is the Levi-Civita connection of g.

Considering an n-dimensional Riemannian CR manifold admitting a p-Einstien soliton and

&, the Reeb vector field to be a torse-forming vector field, then implies
V&= fZ1+w(Z1)§ (5.37)
for any Z; € x(M). Taking the inner product on with & gives
n(Vz,&) = fn(Z1) +w(Z1). (5.38)

Using (2.8) in (5.38), we get

w(Z1) = —fn(Z1). (5.39)
It follows from , equation becomes
V2, &= f(Z1 —n(Z1)§). (5.40)
By virtue of , we have
(£eg)(Z1, Z2) = 2f[9(Z1, Z2) — n(Z1)n(Z2)). (5.41)
In view of , equation leads to
S(Z1, Z2) = —=(f + A = pr)g(Z1, Z2) + f(Z1)n(Z2). (5.42)
Substituting Z; = Z3 = ¢ in then utilizing , and we obtain
A=a?(n—1)(1 - pn).

Thus, we have:
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Theorem 5.1. If an n-dimensional Riemannian CR manifold of constant scalar curvature
admit a p-Einstien soliton with torse-forming vector field £, then it is an n-Finstein manifold
with the soliton constant X\ = a(n—1)(1— pn). Further, for particular values of p, the nature

of solitons can be discussed which is same as Corollary [3.1]

6. p-EINSTEIN SOLITONS ON n-DIMENSIONAL RIEMANNIAN CR MANIFOLDS SATISFYING

R(,Z1)-S=0

In this section, we investigate the nature of p-Einstein solitons on Riemannian CR mani-

folds that satisfies Ricci semi-symmetric condition.

Let an n-dimensional Riemannian CR manifold admit a p-Einstein soliton that satisfy the

condition R(§, Z1) - S = 0. Then, we have
S(R(E, Z1) 22, Z3) + 5(Z2, R(&, Z1) Z3) = 0,
which by using yields
—a?9(Z2, 21)S(€, Z3) + a*n(Z2)S(Z1, Z3) — @*9(Z3, 21)S(Za, €) + @*(Z3)S(Z2, Z1) = 0.
Substituting Z3 = £ in the above equation and utilizing and , we obtain
S5(Zv, Z2) = —(A = pr)g(Z1, Zs). (6.43)
Now substituting Zs = £ in and utilizing and we get
A=a?(n—1)(1 - pn).
Now we state:

Theorem 6.1. If an n-dimensional Riemannian CR manifold of constant scalar curvature
tensor admit a p-FEinstein soliton and satisfies the condition R(§,Z1) - S = 0, then it is an
Binstein manifold with the soliton constant A = o?(n — 1)(1 — pn). Further, for particular

values of p, the nature of solitons can be discussed which is same as Corollary[3.1]

7. CONHARMONIC CURVATURE TENSOR ON 7-DIMENSIONAL RIEMANNIAN CR MANIFOLDS

ADMITTING p-EINSTEIN SOLITONS

In this section, we inspect the nature of p-Einstein soliton on Riemannian CR manifolds

with respect to conharmonic curvature tensor.
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On a Riemannian manifold M of dimension n, the conharmonic curvature tensor K is defined

by [18]
1
K(Zl, ZQ)Zg = R(Zl, ZQ)Zg + m |:S(Zl, Z3)Z2 — S(ZQ, Z3)Z1
+9(Z1, Z3)QZ — g(Z2, Z3)QZ1], (7.44)

for all Zy, Zy, Z3 € x(M).
Now, considering a conharmonically flat Riemannian CR manifold of dimension n admitting

a p-Einstein soliton i.e. K(Z1,Z2)Z3 = 0. Then from ([7.44)), we have

1
R(Zl, ZQ)Zg = —m S(Zl, Z3)ZQ — S(ZQ, Zg)Zl + g(Zl, Zg)QZQ — g(ZQ, Zg)Qzl .

Putting Z3 = £ and making use of (2.12)), (3.21)) and (3.22)), the above equation yields

Q)21 020 2] = | (= (2 - (2 )
+1(Z1)QZ2 — H(ZQ)Qzl] : (7.45)
Now substituting Zs = ¢ in , equation yields
QZ1 = [\—pr—a?(n—2)]Z; — 2) = 2pr — a*(n — 2)|n(Z,)E. (7.46)
Applying the inner product on with Z5 leads to
S(Zy, Z) = [\ — pr — a®(n — 2)|g(Z1, Za) — 21 — 2pr — &*(n — 2)|n(Z1)n(Z2).  (7.47)
Now substituting Zs = £ in and utilizing , and , we get
A=a?(n—1)+pr (7.48)
Let r be a constant. Then by , equation ([7.48) turns to
A=a?(n—1)(1 - pn).

Thus, we state:

Theorem 7.1. If the metric of a conharmonically flat Riemannian CR manifold of dimen-
ston n with constant scalar curvature r is a p-FEinstein soliton, then it is n-FEinstein with the

soliton constant A = a?(n — 1)(1 — pn).
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8. CONFORMAL CURVATURE TENSOR ON 71-DIMENSIONAL RIEMANNIAN CR MANIFOLDS

ADMITTING p—EINSTEIN SOLITONS

In this section, we examine the nature of p-Einstein soliton on Riemannian CR manifolds

with respect to conformal curvature tensor.

On a Riemannian manifold M of dimension n, the conformal curvature tensor C' is defined

by [21]
1
C(Z1,22)73 = R(Z1,Z2)Z3 + > [S(Zh Z3) 2y — S(Za, Z3) Z1 + g(Z1, Z3)Q Z,

—9(22723)6221] + [9(22, Z3) 21 — Q(Zl,Z3)Z2] (8.49)

.~
(n—1)(n—-2)
for all Zy, Zs, Z3 € x(M).

Now, considering a conformally flat Riemannian CR manifold of dimension n admitting a

p-Einstein soliton i.e. C(Z1, Z3)Z3 = 0. Then from (8.49)), we have

R(Zy,29)Z3 = —5 [S(Zh Z3)Zy — S(Za, Z3)Z1 + g(Z1, Z3)QZy — g(Za, Z3)Q21]
_m [9(227 Z3)Z1 — g(Z, ZS)ZQ]-

Substituting Zs = ¢ in the above equation and making use of (2.12)), (3.21)) and (3.22)), the

above equation yields

R R A B (OSSR IUICAL T AES

n(Z)QZs — n(Zg)Qzl}

r
RCEC ) [77(22)21 - 77(Z1)Z2} - (8.50)

Now putting Zo = £ in , equation yields
QZy = [\ — pr —2a%(n — 1)]Z1 — [2X\ — 2pr — 2% (n — 1)|n(Z))E. (8.51)

Applying the inner product on (8.51f) with Z5 leads to
S(Z1,Z5) = [\ — pr — 2% (n — 1))g(Z1, Za) — [2X — 2pr — 202 (n — V)|n(Z1)n(Z2).  (8.52)
Now substituting Zs = £ in (8.52)) and utilizing (2.6)), (2.7)) and (2.14), we get

A=a*(n—1)+pr. (8.53)
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Let r be a constant. Then, by (2.17)), equation (8.53|) turns to
A =a?(n—1)(1 - pn).
Thus, we state:

Theorem 8.1. If the metric of a conformally flat Riemannian CR manifold of dimension n
with constant scalar curvature r is a p-Einstein soliton, then it is n-Einstein with the soliton

constant A = o?(n — 1)(1 — pn).

9. APPLICATIONS

As generalized fixed points of Hamilton’s Ricci flow g, = —25 [16], Ricci solitons are a nat-
ural generalization of Einstein metrics on a Riemannian manifold. This evolution equation
permits a metric to smooth out irregularities based on the Ricci curvature of the manifold,
i.e. expands for negative Ricci curvature and shrinks in positive case. It is a nonlinear diffu-
sion equation comparable to the heat equation for metrics. For p-Einstein solitons, we have
obtained the steady, expanding, and shrinking conditions.

Ricci solitons, known as quasi-Einstein metrics in physics literature, are of great interest
to physicists as they have wide applications in the fields of physics [14], biology, chemistry,
[19] and economics [2§]. As Ricci solitons are self-similar solutions to the Ricci flow, they
were instrumental in resolving the century-old Poincaré conjecture [25], 26]. Additionally,
Ricci flow and Ricci solitons play a major role in medical imaging for brain surfaces [31],
illustrating their wide-ranging impact.

The study of p-Einstein solitons aids in comprehending the geometry and topology of
Riemannian manifolds. In general relativity, p-Einstein solitons provide models for space-
time metrics with specific properties, helping to understand solutions to the Einstein field
equations and contributing to cosmological models and the study of gravitational waves [30)].
With respect to Ricci flow, p-Einstein solitons model the formation of singularities and pro-
vides insights on the nature of singularities that form during the flow, leading to a better
understanding of the long-term behaviors in cosmology and the potential fate of the universe.

Further, Dey and Roy [11] discussed some applications of n-Ricci-Bourguignon solitons
to general relativity. According to them, symmetry is a fascinating feature of our universe,
governed by the laws of nature and applicable to various physical phenomena, including
general relativity. Early in the 1800s, Albert Einstein made the discovery of the “Theory

of General Relativity.” In this theory, the gravitational field is defined by the curvature of
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space-time, and its source is the energy-momentum tensor. The most effective tools for
comprehending general relativity in mathematics are differential geometry and relativistic
models. A connected 4-dimensional Lorentzian manifold, a particular subclass of pseudo-
Riemannian manifolds with Lorentzian metric g with signature (-,+,4,4), can be used to
model the spacetime of general relativity and cosmology. The matter content of spacetime
is represented by the energy-momentum tensor and is believed to behave as a fluid with
properties such as pressure, density, dynamical and kinematic quantities like acceleration,
velocity, vorticity, shear, and expansion [2]. These properties can be better understood by
studying the nature of solitons. In this paper, we have examined the soliton constants in
various cases and also have discussed on soliton constants for different values of p.
Moreover, p-Einstein solitons are also useful in classifying compact Riemannian manifolds
with prescribed curvature conditions. The conformal curvature tensor (Weyl tensor in four
dimensions) quantifies the deviation of a manifold from being conformally flat and remains
invariant under conformal transformations of the metric. Studying these solitons in the con-
text of conformal curvature involves examining how they affect the conformal geometry of
the manifold. In this article, we have obtained the soliton constants of p-Einstein solitons
with respect to conformal and conharmonic curvature tensors on Riemannian CR manifold.
In summary, p-Einstein solitons are fundamental in understanding manifold geometry,
contributing to the study of geometric flows, singularity formation, manifold classification,
and various interdisciplinary applications. Their study bridges theoretical mathematics and

practical applications, highlighting their significance in both realms.

10. Conclusion

In this paper, we have systematically explored the behavior of p-Einstein solitons on Rie-
mannian CR manifolds under various geometric conditions. Our analysis demonstrates that
such solitons consistently reveal deep connections to n-Einstein and Einstein manifolds struc-
tures. Key findings from the Theorems [41] [6.1] [71], and [8:I] highlights that, re-
gardless of the specific geometric conditions-whether involving torse-forming vector fields, or
conditions like conharmonic or conformal flatness-these solitons share a common character-
istic. They are invariably associated with n-Einstein manifolds, and their soliton constant

takes the form A\ = a?(n—1)(1—pn), emphasizing the uniformity of their geometric structure.
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Moreover, when additional curvature conditions are imposed, such as the Ricci semi-

symmetric condition R(&,Z1) - S = 0, the manifold transforms into an Einstein manifold,

reinforcing the broader geometric significance of p-Einstein solitons.

This study highlights the rich interplay between p-Einstein solitons and the curvature

properties of Riemannian CR manifolds, contributing to a deeper understanding of their ge-

ometry. Through these results, we gain valuable insights into the solitons behavior across

various curvature contexts, providing a foundation for future investigations in both theoret-

ical mathematics and practical applications in physics and cosmology.
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ABSTRACT. Let (M,g) be an n—dimensional Riemannian manifold and 71 M its tangent
sphere bundle with the contact metric structure (é,n, ¢,&), where G is the Kaluza-Klein
metric. Let S be the Ricci operator and h be the structural operator on 71 M. In this paper,
we find some conditions for the relations Sh = hS and S¢h = ¢hS to be satisfied.
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1. INTRODUCTION

Let (M, g) be a Riemannian manifold and 77 M its tangent sphere bundle. There can be
defined a lot of metrics on 77 M such as the Sasaki metric [9], the Kaluza-Klein metric [10],
the Kaluza-Klein type metric [I] and a general natural metric ([5],[12]). All of these metrics
are sub-classes of the g—natural metric introduced in [2]. These metrics are restrictions of
the metrics on the tangent bundle T'M to T1 M. Remark that the restrictions of the two well-
known metrics on T'M, say the Cheeger-Gromoll metric [I5] and a metric with two parameter
([6], [13]), yield nothing new thank to isometries to the Sasaki metric (see [8] and [14]).

In [I1], Cho and Chun studied the commutativity of the Ricci operator with the structural
operator in (T7M,¢°) by considering the base manifold M is conformally flat. Here, ¢°

denotes the Sasaki metric.
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In this paper, we endow the unit tangent sphere bundle 71 M with the Kaluza-Klein metric
G and give a contact metric structure (7, ¢, &) associated to the metric G. We investigate
the commutative properties of the Ricci operator S with h and ¢h, where h is the structural

operator on T7 M.

2. PRELIMINARIES

The aim of this section is to report some fundamental facts about contact metric manifolds.
Every manifolds are supposed to be smooth and connected. We can refer to [7] for a survey
about contact metric geometry.

Given a (2n—1) dimensional differentiable manifold M. If M acknowledges a global 1-form
n such that n A (dn)™ # 0, then it is called a contact manifold. When 7 is given, there is a
vector field ¢ (so called characteristic vector field) such that 1(¢) = 1 and dn(¢, A) = 0 for
all vector fields A on M. Moreover, a Riemannian metric § is called an associated metric if

there exists a (1, 1)—tensor such that
n(4) = g(4,€), dn(A, B) = 3(X,¢B), ¢*A = —A+n(A), (2.1)
for all vector fields A, B on M. It follows that
¢¢ =0, n0¢ =0, g(¢pA,¢B) = g(A, B) — n(A)n(B).

The quartet (n,g, ¢, &) satisfying is called a contact metric structure and the quintet
(M,n,g,6,€&) a contact metric manifold.

Let M be a contact metric manifold. The structural operator h is defined by h =
%Lgf), where L is the Lie derivative operator. The operator h is self-adjoint and it satis-

fies the following relations:
he =0, ho = —¢h, V1€ = —pA — ¢hA, (Veh)p = —d(Veh),

where V is the Levi-Civita connection of g.

Let (M, g) be an n—Riemannian manifold with the Levi-Civita connection V. The tan-
gent bundle TM of M is a 2n—dimensional manifold with the projection map 7 : TM —
M, 7(p,u) = u. The g—natural metric G on T'M is defined by, [4]

G(A", B") = (a1 + a3)(r®)g(A, B) + (B1 + B5)(r?)g(A, u)g(B, u),

G(Ah, BY) = as(r?)g(A, B) + Ba(r?)g(A, u)g(B, u),
G(AY,B®) = a1(r?)g(A, B) + B1(r*)g(A, u)g(B,u),
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for all vector fields A, B on M, where o;,3; : Rt — R, i = 1,2,3 are smooth functions,
r? = g(u,u) and A" A denote the horizontal lift and the vertical lift of A, respectively.
The unit tangent sphere bundle T7 M is a hypersurface of TM defined by Ty M = {(z,u) €

TM : g(u,u) = 1}. By definition, the g—natural metric on Ty M is the restriction of the
g—natural metric of TM to its hypersurface 71 M. The g—natural metric on 71 M is defined
by

G(A", B") = (a +¢)g(A, B) + B(r*)g(A, u)g(B, ),

G(AM, BY) = bg(A, B),

G(A", BY) = ag(4, B),
where a,b,c € R and 3 : [0,00) — R. The vector field N = \/ﬁ[—buh + (a+c+ d)u’]
is the unit normal vector field, where d = 5(1) and ¢ = a(a + ¢ + d) — b*>. The tangential
lift A" is given by A" = AY — | /-2 g(A, u)N. Inasmuch as the tangent space (T1M) . of
T\ M at (z,u) is produced by vectors of the form A" and B!, the Riemannian metric g on

T1 M, induced from G, is established by

G(A" B") = (a + ¢)g(A, B) + dg(A,u)g(B, u),
G(A", BY) = bg(A, B), (2.2)
G(A", B*) = ag(A, B) — ;7539(A, u)g(B, u),
for all vector fields A, B on M. The particular cases of the metric G are listed below:
i) The Sasaki metricifa =1, b=c=d =0,
ii) The Cheeger-Gromoll type metricif b=d =0, a =1/2™, ¢ =1 — q,
iii) The Kaluza-Klein type metric if b=0 (and a, a +¢ >0, a+c+d > 0),
iv) The Kaluza-Klein metric if b =d =0 (and a, a + ¢ > 0).
In this paper, we deal with the Kaluza-Klein metric. From , the Kaluza-Klein metric
G is defined by
G(Ah, B") = (a +)g(A, B),
G(AM BY) =0, (2.3)
G(A!, BY) = a(g(A, B) — g(A, u)g(B, u).

The Levi-Civita connection V of G is given by, [10]

VB = (VAB)h—%(R(A,B)u)t, (2.4)
VB = (VAB)t+2(a(:_C)(R(u,A)B)h,

= o a w h

VB = 72(a+c)(R( ,A)B)",

VB! = —g(B,u)Al.
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For an orthonormal basis e1, s, ..., e, = u, the Ricci tensor Ric of G is computed as, [3]

Ric(A", B") = Ric(A, B)—ﬁz g(R(u, e;)A, R(u, &) B), (2.5)
Rie(A', BY) = 52 (VuRic)(4, B) = (VaRie) (v, B)),

Ric(AY,BY) = (n—2)(g(A, B) — g(A,u)g(B,u))
2

Tat o 2 IR e Bl Ber),

where Ric denotes the Ricci tensor of g.

From [2], we have a contact metric structure (G, 7, ¢, &) on Ty M satisfying

1 1 1
=2l pAl = —— (A" 4 = Al = — A 2.
g=u", 6A' = o (AN Sg(Aw)0), 4" = LA (2.6
1
We also have
pat = a1 (R,A)! (2.7)
4a 4(a+c) 7 '
pah = —Loang ig(A u)é + #(R Al
4a 8a” 4la+c) 7

where R,, = R(-,u)u is the Jacobi operator related with the unit vector w.

3. T1M SATISFYING SOME COMMUTATIVE CONDITIONS

Let (M, g) be a Riemannian manifold and 77 M be its unit tangent sphere bundle with the
Kaluza-Klein metric G 1} Denote the Ricci operator of G by S. First, we suppose that
Sh = hS. Then, using 1} li and self-adjoint property of the Jacobi operator R,, we

occur

0 = G(ShA'—hSA! B

= Ric(hA', BY) — Ric(A*, hBY) (3.8)

n
a2

= m Z[g(R(u,A)ei, R(u, Ry,B)e;) — g(R(u, B)e;, R(u, R,A)e;)],
i=1
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0 = G(ShA'—hSA! B") (3.9)

= Ric(hA*, B") — Ric(A*, hB")

= 4(a1+ 5 [(VuRic)(A, B) — (V aRic)(u, B)]
~ st 3 o (Vultic) (Rud, B) = (Vn,aRic)(u, B)
- m [(VuRic)(A, RyB) — (V aRic)(u, R, B)]
—8(al+c)g(B, u)[(VyRic)(A,u) — (V,Ric)(u,w)],

0 = G(ShA" — hSAh BM)

= Ric(hA", B") — Ric(A", hB") (3.10)

n
a

1 )
— Eg(A,u)[ch(B,u) — m i_zlg(R(u, ei)u, R(u,e;)B)]

1 . a "
_@g( B, u)[Ric(A,u) — ard ; g(R(u,e;) A, R(u, €;)u)]

n

atd ; g(R(u,e;)RyA, R(u, e;)B)]

[Ric(A, RuB) =Y _ g(R(u, e;) A, R(u, ;) Ry B)].
i=1

+

T s g BiclRuA, B) -

4(a +c)

Thus, Ty M fulfills Sh = hS if and only if M fulfills (3.8)-(3.10).

Let M be a space with constant curvature k. In this case, we observe that it fulfills

(13.8)-(3.10). Therefore, we obtain the following proposition.

Proposition 3.1. Let M be a space with constant curvature k. Then Ty M fulfills the relation
Sh = hS.

If we consider M as a surface (i.e., 2-dimensional manifold), we obtain the following

theorem.

Theorem 3.1. Let M be a 2-dimensional Riemannian manifold. Then ThM fulfills the

relation Sh = hS if and only if M is a space with constant Gaussian curvature.

Proof. The curvature tensor of a 2-dimensional Riemannian manifold is expressed by the
relation R(A, B)C = k(g9(B,C)A — g(A,C)B), where £ is a smooth function on M. This
relation gives us RyA = R(A, u)u = k(A—g(A,u)u) and Ric(A, B) = (n—1)kg(A, B). Using
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these formulas, we see that (3.8) and (3.10) are valid. From (3.9, we deduce

w{(W)[Qg(A,B) — 9(A,u)g(B,u)] — (Ar)g(B,u)} = 0. (3.11)

Taking A = Blu and ||B|| = 1 in (3.11)), we get “ﬂ;fg;gc (ux) = 0. This shows that the

Gaussian curvature ~ is constant. The converse is true from Proposition O

Now, we suppose that the relation S’(bh = (;ShS' holds for (T1M, g). From —, we

obtain

0 = G(SphAl — ¢phSA! BY) (3.12)

= Ric(¢hA!, BY) + Ric(A', h¢ BY)
- m[(VBRiC)(U,fU — (VxRic)(u, B) — (VyRic)(A, R,B)

+(VyRic)(R,A, B) + (VaRic)(u, R,B) — (VpRic)(u, R,A)
+9(A,u)((VyRic)(u, B) — (VpRic)(u,u)

—9(B,u)((VuRic)(u, A) — (VaRic)(u,u))},

0 = G(S¢hA! — ¢phSAt B")

= Ric(¢phA?, B") + Ric(A!, h¢ B (3.13)
2

© S g(R(u, Aei, R(u, B)e;)

= (n—2)(9(4, B) — g(A,u)g(B,u)) + EEED

—(TL - 2)9(A7 RuB) - m Z g(R(u, A)eiv R(uv RuB)ez)

n

—Ric(A, B) + ﬁ Z g(R(u,e;)A, R(u,e;)B)
i=1

n

+9(A, uw)[Ric(B,u) — ﬁ Zg(R(u, ei)u, R(u, e;)B)]

i=1
. a -
+Ric(R,A, B) — o ; g(R(u, e;)RyA, R(u, e;)B),
0 = G(SphA" — phSA" B (3.14)

= Ric(¢phA", B") + Ric(A", h¢B")
- (ai IV aRic(w, B) = (VisRic)(w, A) + (VuRic) (R A, B)

—(VuRic)(A, RyB) — (Vg aRic)(u, B) + (Vr,5Ric)(u, A)}.
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Let’s assume that M is a space with constant curvature k. Then, using the relations
R(A,B)C =k(g9(B,C)A—g(A,C)B), RyA= R(A,u)u = k(A—g(A,u)u) and Ric(A, B) =
(n - 1)kg(A7 B) in " we get

2a2 +ac 5  2¢%+3ac—2n(a+c)

2
B+ (2n — 3)k — 2=0.
2(a+ c)? 2(a+ c)? +(2n =3k —n+

So, we have the following theorem.

Theorem 3.2. Let (M, g) be an n—dimensional space with constant curvature k. Then Ty M

fulfills the relation Séh = ¢hS if and only if the following relation holds:

2a® +ac 5 2¢%+3ac—2n(a+c)
2(a + ¢)? 2(a+ c)?

2
K4+ (2n—3)k—n+2=0.
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