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ON THE HARARY INDEX OF TI'(Z,)

ARIF GURSOY || ALPER ULKER || AND NECLA KIRCALI GURSOY *

ABSTRACT. In this work, the Harary index of zero-divisor graphs of rings Z,, are calculated
when n is a member of the set {2p,p2,pk,pq,p2q,pqr} where p, ¢ and r are distinct prime
numbers and A is an integer number . We give the formulas for computing the Harary index
of I'(Z,). Moreover, the Harary index of graphs for products of rings were computed.
Keywords: Graph theory, Topological indeces, Harary index, Zero-divisor graph, Distance
in graph.

2010 Mathematics Subject Classification: 05C09, 05C25, 05C12.

1. INTRODUCTION AND PRELIMINARIES

The numerical invariants of chemical graphs are used to characterize some properties of the
graph of a molecule [35]. These invariants are named in the chemical literature as topologi-
cal indices also known as molecular descriptors, which are a single number [21]. Topological
indices have found application in various areas of chemistry, physics, mathematics, infor-
matics, biology, etc. [1I, 2l 20, 28, 29]. Topological indices have found some applications in
theoretical chemistry, Chemical graph theory is a branch of mathematical chemistry that
has a significant impact on the development of the chemical sciences. This study, due to its

mathematical convergence, will attract many researchers.
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Many times, nearby atoms affect each other more than distant atoms. Ivanciuc et al.
defined a new molecular graph matrix for researching this interaction, namely the Harary
matrix [22]. It was also called initially the reciprocal distance matrix [24]. The Harary index
has been introduced independently by Plavsi¢ et al. [3I]. The Harary index is derived from
the Harary matrix and has a number of exciting properties. For this reason, many researchers
have studied this notion for many years [3], 10}, 111 12} 13|, 14} [16, [36] 37, B38].

Graphs are a powerful tool for exploring algebraic structures, and their use has become a
prominent area of research. By mapping a graph to a ring or other algebraic structures, many
academics have investigated the algebraic properties of these structures using the associated
graphs [4], [6], [7, 15, 17, 19, 26, 27, 30].

Let G = (V, E) be a connected graph with vertex set V(G) = {v1,v2, ..., vn} and edge set
E(G) such that |V(G)| = n and |E(G)| = m. Let d;; denote by the distance between the
vertices v; and v; in G. The Harary matrix of G denoted by RD(G) is an n x n matrix

(RD; ;) such that [23] 31]

1 . .
a5 17

0, i=j.

RD;; =

The Harary index of the graph G, denoted by HI(G), is defined as

n n

HHG):%EZE:RDM

i=1 j=1

=> RD;;.

1<j

Zero-divisor graph of a commutative ring was introduced by Beck [7]. In that study,
Beck constitutes a connection between graph theory and commutative ring theory. Then,
Anderson and Livingston modified the definition of the zero-divisor graph of a commutative
ring [4]. They defined the zero-divisor graph of a commutative ring on nonzero zero-divisor
elements of the ring as follows:

Let Z, be the ring of integers modulo n. The zero-divisor graph I'(Z,) is the simple
undirected graph without loops which has its vertex set coincides with the nonzero zero-
divisors of Z,, and two distinct vertices v and v in I'(Z,,) are adjacent whenever vv = 0 in
Z,,. Zero-divisor graphs have been a topic of interest to many researchers for many years
[8, 9] 32, [34].

Throughout this paper, we study Harary index of zero-divisor graphs of Z,, and find some

formulas for computing the Harary index of I'(Z,) which are examined. In Section 2, we



124 A. GURSOY, A. ULKER, AND N. KIRCALI GURSOY

calculate Harary index of zero-divisor graphs of Z,, for n € {2p, p%, p*, pq, p?q, pqr} where p, q
and r are distinct prime numbers and A > 2 is an integer number. Moreover, we arrive at the
Harary index of the Cartesian product of these graphs. Finally, we provide some examples

to support these theorems.

2. HARARY INDEX OF I'(Z,,)

Lately, the zero-divisor graph of the ring 7Z, is popular research in spectral graph and
chemical graph theory. Many researchers have examined some topological indices of zero-

divisor graph of the Z, [5] 17, [18] 25] B33].

Theorem 2.1. Let p > 2 be a prime number, then

HI(T(Zy) = =0 +2),

Proof. Since I'(Zgyp) is a star graph it is isomorphic to Kj ,—1. In this graph, the vertex set
V(I'(Zap)) is divided into two distinct subsets as follow:

S1 ={p},

So={2z|xz=1,...,p—1},

where |S1] = @(%’) =1 and |S2| = @(27”) =p—1. d(v,v) =1 for Vv € S1,Vv € Sy, and
d(v,v) = 2 for Yu,v € Sy. Therefore,

1
HI(F(ZQP)) = Z d(’U V)
v,vEV (T(Zap)) ’

1 1
- Z (v,v) + Z d(v,v)

d(v,
vES,VESS v,VESs
_ 1 52| (1S2] —1) 1
N ‘52‘d(v,1/) + 2 d(v,v)
_(-1D+2)
1 )

Theorem 2.2. Let p > 2 be a prime number, then

(P-1p-2)

HI(T(Z,)) = 5
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Proof. Since F(sz) is a complete graph having p — 1 vertices, so

I'(Z,2) = Kp_1. In a complete graph, d(v,v) = 1 for Vu,v € V(I'(Z,2)). Therefore,

HIT(Zp) = > !

d(v,v)
vveV(I'(Z,2))

_(=Dp-2)

Theorem 2.3. Let p be a prime number and A > 2 be an integer, then

A
HI(T(Z ()‘ 1) A ()‘ 3) A—1 pLQJ p2()\ b
( ( p)‘)) 1 p 1 p | +

+ 1.

Proof. Firstly, we suppose that A is even.

Case 1. In the first case, there are two subpart to be considered. In the first subpart, it is

considered the distance between a vertex from S; and a vertex from S; where ¢ = 2, ..., % -1

and j =1,2,...,i—1lis 2 as d(v,v) =2, v € S;,v € S;. So,

Zsusy ) veS,vesS;

=2 j=1

>

The next subpart is related to the distance between a vertex from S; and a vertex from S
A
where ¢ = 5,...,)\—2 and j=1,...,A—7—1

A—2 A —i—1

> 2 ISillSigE s ) veSiveSs;.

i=3 J=1

Case 2. We consider vertex set S; and S; where 7 = % +1,..,A—1and

j=XA—1,..,i— 1. The distance between a vertex from S; and a vertex from S; is 1. From

this,
A—1 i—1
> Zysnsy ) veS,veS;
7,—7+13 A—i

Case 3. In this case, we take into account vertices in S; where
i=1,...,A—1. When considering vertices v,v € S; for ¢ > 5, the distance is 1, otherwise 2.

Hence, we get

|S|!5|—1 1 [Sil(1Sil =1) 1 , ,
Zz; d(v,v) Z 2 d(v,v) v €Sy € 5.
i=3

A
2
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Using above three cases, when A is even, the Harary index of I'(Z,) is as follows:

>

E* — A—2 A—i—1

) = SIS 5+ T 2 SIS
i=2 j=1 /\]1
A—-1 -1 S S—]_ 1
i=3+1J=A—0

— [Si|(1Si| - 1) 1
; 2 d(v,v)’

Now, we suppose that A is odd.

Case 1. In this case, we consider vertex sets S; and S; where 7 = 2, ..., % andj=1,..,i—1.

The distance from S; to S; is 2 as d(v,v) = 2, where v € S; and v € S;. Hence, we get

ZZ|S\|S| ) vESiveES;

=2 j=1

Also, in other part of this case, it is considered vertex sets S; and S; where ¢ = %, o A—2

and j =1,..., XA —4¢— 1. The distance between these vertices is also 2. So, we have

A=2 A—i—1
> sl Sil G ) veS,veS,
i?)\-&-l ] 1

Case 2. In this case, we are interested in vertex sets S; and S; where
= >‘+1 sA—land j = A—i,...,i—1. The distance is d(v,v) =1 where v € S; and v € Sj.

Then, we have

Zernsr ) veESiveSs;.

=2 j=A—i

Case 3. In this case, we are interested in vertex sets S; and S; where
1= >‘+1 sA—land j = A—i,...,i—1. The distance is d(v,v) =1 where v € S; and v € Sj.

Then, we have

Z Zysn Sil gt ) veS,veS,

i_>\+1 Jj=A—1

Case 4. In the last case, it is considered vertices in S; where

i =1,...,A— 1. When considering vertices v,v € 5; for ¢ > %, the distance is 1, otherwise
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2. So, we attain

d(v,v) 2 d(v,v)

A—1

< |Si|(|Si] — 1 1 = Si|(1S;] — 1 1

SISISI=)_ 1 3 isisi- Vesives
i—1

At
="

When A is odd, using above three cases, the Harary index of I'(Z,) is as follows:

A—2 A—i—1

o> S s S s

=2 j=1 i/\+1]1

|S||S!—1 1
Z d(v, 1/)+

’i>‘+1j)‘7‘

z_: [Si[([Si] —=1) 1 .
Sh 2 d(v,v)
- 2

Therefore, Harary index of I'(Z,x) in a single form is as follows:

1252t A—2 A—i—1
ZZ\SHS\ S+ 5114127 )
=2 j=t i ’.;\] j=1
A-1 i-1 1252 ]
Sl (1S - 1) 1
|5 + n
i= %ﬂg;z ) ; 2 d(v,v)
SEA \Slfl) 1
e d(v,v)’
2
Note that |S;| = qj(%) — pA—i _ pA—i—l.
1251
Z IR |
HI(L(Zp) = Y > 0 = HeM 7 =)o+
=2 j=1
A—2 A—i—1 )
D e e [ G R
i=[3] =1
A—1 i—1
S =M - pr T+
i=[Ap1] j=A—i
23 5 i1 i
3 (p P = -1
5 -

127

(2.1)
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After reducing and simplifying Equation [2.1] we get

A—1 A+3) 4, plel pO-D
HI(F(ZP)\)):( )p)\_( )p)\ 1_p +p

1.
4 4 4 4 +

g

Example 2.1. Given I'(Zy7) where p = 2 and A = 7 as in Figure . We consider Harary
index of I'(Zy7) according to Theorem while X is odd.

A
A=1) v (A+3) plz)  p2O-1)
HI(Z.»)) = - - 1
(L(Zp)) == P Tt
6 10 23 9l2
e ) N |
4 4 1Tt
=1055
@34 100
®36 ?92/
@28 g44 / ‘8 172

058
032
2
46
®74
@098
114
o122
o386
@38
102 ®90
®42
50
® 66
®126 'Y
®14 @70 54
©106
®110
@6 094
®78 ®118 ®10
@138 ®34 oo ®30
022 @26

FIGURE 1. T'(Zy7)
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Example 2.2. Given I'(Zss) where p = 3 and A = 6 as in Figure @ In this example, we

consider Harary index of I'(Zss) according to Theorem when X is even.

A
A1)y (A H3) sy phl pA
HI(D(Z,)) =~ T e
5.6 9.5 33 310
—13 Z3 Z—FT—FI
=15121.

\

=
=7

=

FIGURE 2. T'(Zss)

Theorem 2.4. Let I'(Zy,) be a zero divisor graph and p and q be distinct prime numbers,

then

(r—2) , (¢g—2)
Mg-1) Tap-n)

HI((Zpg)) = (p—1)(g—1) |1+
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Proof. Note that the graph I'(Z,,) is isomorphic to K,_1 41 which is a complete bipartite

graph. The vertex set of this graph can be partitioned into two distinct subsets as

Si={pzx|x=1,..,q— 1},

So={qzr|xz=1,...p—1},

where [S1| = ®(51) = g — 1 and [S| = ®(E!) = p— 1. It is clear that we have two cases to

calculate the Harary Index.

Case 1. d(v,v) =1 for Vv € 51 and Vv € Sy where S1 U Sy = V(I'(Zpq)). Then

1
Z d(U,I/) - |Sl| : |52|

vES1,VES?

={@-1D(g-1).

Case 2. d(v,v) = 2 for Yu,v € S; where i = 1,2. Then

22: 2 d(;,y):@l)';*(‘?‘)é

i=1 veS,,vESy

(p=Dp—-2)+(¢—1)(q—2)].

NG

According to these cases, we attain that

(p—2) n (q—2)

Theorem 2.5. Let p and q be two distinct prime numbers, then Harary index of zero divisor

graph T'(Z,2,) is

HI(F(szq)) = (p - 1)((] - 1) |:p(p; 5) + (p+ 1)(2 1) -1

pP+p’—p—4  q-2 ]
4(g - 1) 4(p-1)
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Proof. In zero divisor graph I'(Z,2,), the vertex set is split four subsets as

Si={pzx|xz=1,..,pg— 1L, ptx,qtz},
ng{q:):]le,...,pQ—l,pJ(x},
Ss={p*x|z=1,..q—1},
Sy={pgzr |x=1,....p— 1},

where U Si = V(I'(Zy,)) and S;NS; =0 ford,j =1,...,4,1 # j.

=1
Using these four distinct subsets, there are three possible cases to evaluate Harary index

of I'(Zy2,).

Case 1. In this case, we consider (v,v) vertex couples where Vv € S; and Vv € S; for

i=1,...,3 and j > 4. Then

3 4 1 3 4 1
Z Z Z d(v,v) - ; :Z: d(v,v)lves;ves,

i=1 j=1+1 UGS»;,I/GS]'

= ’51||52|§ + \51||53’§ + 51|54

1
+ |S2|S3] + |52|’54|§ + |S3][S4]

p—1 g¢-1 p-1
= —1)(g—1) (2

Case 2. This case takes into account two distinct vertices v and v where Yu,v € S; for

i=1,...,3. Then

w

zzd =114 70

1%
i=1 v,VES; i=1 v )
3

SERCREE
— 1= D= D] D1 -1+

q—2
+p—J

v,VES;

p(plp—1)—1)
qg—1
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Case 3. In the last case, we consider the vertices from the S; which forms a complete

subgraph in I'(Z,2,). Then

L [Saf([Sa = 1)
) d(v,v) 2
_ (=D -2)
5 :

Evaluating above three cases, Harary index of I'(Z,2,) is

HI(F(Zp2q)) = (p— 1)((]— 1) |:p(p;_ 5) + (p+ 1)(%1_ 1) -1
p3+p2—p—4 q—2
i 4(¢-1) 4(p—1)]'

g

Theorem 2.6. Let p, q and r be three distinct prime numbers, then Harary index of zero

divisor graph T'(Zypqy) is

3 3 3 2 2 4 4

a v oy 3 By By 3
ay<2+2+4+4>+ﬁv<2+2+4+4 +

HI(T (Zpgr)) Zaﬁfy(3+a+6+7> +af <a+ﬂ+0‘ﬁ+3>+

(@+8+7—a—B—7)

=

wherea=p—1,8=q—1, andy=r—1.

Proof. V(I'(Zpg)) is divided into six separate subsets such as

Si=A{pzr|x=1,...,qr —1,qfx, 71z},
So=A{qr|xz=1,..,pr—Lpta,riz}
Sy={rx|z=1,...,pg - 1,ptz,qfz},
Sy=A{pgz |x=1,..,r—1},
Ss={prz|x=1,..,q— 1},
Se={qrz|z=1,..,p—1}.

6
where |J S; = V(I'(Zpgr)) and S; N S; =0 for 4,5 = 1,...,6, i # j. Using these six distinct
i=1
vertex subsets, there are three possible cases to evaluate Harary index of I'(Zyqy).
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Case 1. In this case, we consider (v,v) vertex couples where Vv € S; and Vv € S; for

i=1,..,2and j =i+ 1,...,3, and d(v,v) = 3 according to the graph. Then

2 3 ] 2 3
; Z Z d(v,v) - Z Z [9il - 1551 - d(v,v) lves;ves;

—i+1veS; veS;

= [S11Sa15 + 1151 + 191151
3 [@ ~ D=0 =1+ @-1e-D*r-1)

- 12— 1) — 1>]

SRS U T A

Case 2. This case takes into account two distinct vertex set couples S; and S; v where

d(v,v) =2,v € S; and v € Sj. Then

T2 ot 2 2

je{4,5} veS, j€{4,6} vES?, je{b,6} vES3,
VGS] vES; veS;

( v)

= I51]- 15l % EANCE % 12l 181]- 2 + 1900 -1 - 1
1851151+ 18511851

= 2= =12+ (= D26 = )+ (- D~ 1%

(p=1*r =)+ p-@-1)*+{p-1)%—1)].

Case 3. In this case, it is considered the vertex set couples such as S; and S; where d(v,v) =

1,veS;and v e S;in I'(Zpgr). Then

5 6
>y e
i=1 veS;, =4 j=i+1veS;,
1/657 i VES

= |S1| - |Se| + |S2| - |S5| + |S3| - [Sa| + [Sa| - |S5] + |Sa| - |Se| + |S5] - |S6]
=(@@-Dr-Dp-D+@-Dr-@-1)+@-1-1)-1)+

(r=D@-D+0r-)pE-1)+(@-1{E-1).



134 A. GURSOY, A. ULKER, AND N. KIRCALI GURSOY

Case 4. In the last case, we consider the remaining vertex couples such as d(v, v) = 2 where

v,v € S;and i =1,...,6 in I'(Zpg,). Then

. 1 lSil(sil -1 1
Z Z WZZ 2 d(v,v)lvves;

i=1 v,vES; =1
1 [(q (=1 [(g—1(r—-1)—1]
2 2
n (p—1(r—1) [(J;— D(r—1)—1]
n (p—1(g—1) [(1;— D(g—1)—1]
n (7“—1)2(7"—2)
N (q—l)z(q—2) N (p—1)2(p—2) '

Evaluating above all four cases, Harary index of I'(Z,q;) is

(P—D@—1)(r—1)

HI(F(quT)) = 3

p+q+r-3)

p-D@-)(r-1)[r—-1 ¢g—1 r—1 p-—1
+ 2 {pl—i_pl—'_ql q—1
g—1 p-1
+7‘—1+r—1}

1 1 1
—i—(p—l)(q—l)(r—l)[?)—i—p_l—&-q_l-i-r_l
NEEE (RIEE A

4 p—1 q—1
(p—1(g-1) -1 r—2 q—2
= T I )[R ) R o} [ )
p—2
+<q—1><r—1>}
:a67<3+§+§+g>+aﬁ g+§+of+z>
a, v,ay 3 By By 3
+a7<2+2+4+4>+5’y<2+2+4+4>
+%(a2+52+72—a—6—7).
wherea=p—1,6=qgq—1,and y=7—1. O

Theorem 2.7. Let I'(Zy, X Zy), T'(Zp X Zq X L), T'(Zypq), and I'(Zpqr) be zero-divisor graphs

where p, q, and r are distinct prime numbers. The followings hold:

1) HI(U(Zyp % Zq)) = HI(T(Zpq))
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i) HI(T(Zy x Zg X Z)) = HI(T(Zypgy))

Proof. If R = Ry, then I'(R;) = I'(R2) [18]. Therefore proof of this theorem is clear. O

3. CONCLUSION

Topological indices is very important in chemical graph theory since they are one of these

methods of studying graphs and obtaining new applications of them. We computed Harary

index of the zero-divisor graphs of Zn this article. Some formulas was found for computing

the Harary index of Z,, for n € {2p,p?, p*, pq, p*q, pgr} where p,q and r are distinct prime

numbers and A > 2 is an integer number. Finally, some examples were given support to the

Theorems in this article.
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1. INTRODUCTION

On the tangent bundle of a Riemannian manifold one can define natural Riemannian
metrics. Their construction makes use of the Levi-Civita connection. Among them, the so
called Sasaki metric [15] is of particular interest. That is why the geometry of tangent bundle
equipped with this metric has been studied by many authors. The rigidity of Sasaki metric
has incited some researchers to construct and study other metrics on tangent bundle. Among
them, we mention [20] 22]. The geometry of tangent bundle remains a rich area of research
in differential geometry to this day.

Geodesics on the tangent bundle has been studied by many authors. In particular the
oblique geodesics, non-vertical geodesics and their projections onto the base manifold. Sasaki
[16] and Sato [I7] gave a complete description of the curves and vector fields along them
which generated non-vertical geodesics on the tangent bundle and unit the tangent bundle
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respectively. They proved that the projected curves have constant geodesic curvatures (Frenet
curvatures). Nagy [9] generalized these results to the case of locally symmetric base manifold.
Yampolsky [18] also did the same studies on the tangent bundle and unit the tangent bundle
with the Berger-type deformed Sasaki metric over Kéhlerian manifold, in the cases of locally
symmetric base manifold and of the constant holomorphic curvature base manifold. Also,
we refer to [2), [1T], 13| 21].

The notion of F-planar curves generalizes the magnetic curves and implicitly the geodesics
(see [5], [8]), but the notion of F-geodesic, which is slightly different from that of F-planar
curve [I]. Recently, a number of articles on magnetic curves, F-planar curves and F-geodesics
have been published in the mathematical literature (see [3] 4, [10]).

In previous works, [20, 22], we proposed the p-Sasaki metric on the tangent bundle over
para-Kéhler-Norden manifold (M?™, ¢, g), where we studied the para-Kihler-Norden prop-
erties on the tangent bundle and the geometry of p-Sasaki metric on tangent bundle re-
spectively. In this paper, after the introduction and generalities, in Section [3| we study the
geodesics on @-unit tangent bundle with respect to the p-Sasaki metric, where we establish
necessary and sufficient conditions under which a curve be a geodesic with respect to this
metric (Theorem Corollar and Corollar, then we discuss the Frenet curvatures
of the projected of the non-vertical geodesic (Theorem Theorem Corollar and
Theorem . In section 4| we investigate the F-geodesics and F-planar curves on tangent
bundle with respect to the p-Sasaki metric (Theorem Theorem and Theorem . In
the last section, we study the F-geodesics and F-planar curves on the ¢-unit tangent bundle

with respect to the p-Sasaki metric (Theorem m Theorem and Theorem [5.4)).

2. GENERALITIES ON THE ¢-SASAKI METRIC

Let T'M be the tangent bundle over an m-dimensional Riemannian manifold (M™, g) and

the natural (bundle) projection m : TM — M. A local chart (U,z"),_i— on M induces a

i=1,m
local chart (ﬂfl(U),mi,fi)izlfm on TM. Denote by Ff'j the Christoffel symbols of g and by

V the Levi-Civita connection of g.

The Levi Civita connection V defines a direct sum decomposition
T yTM = Vige) TM & Hy yTM.
of the tangent bundle to TM at any (x,£) € TM into vertical subspace

Ve TM = Ker(dn(.g) = {a'- w0, a' € R},

s
o
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and the horizontal subspace

i 0 icipk O i
H(Ivf)TM = {a %kw,{) —a gjrij@kx,g), a' € R}.

Let Z = Z° B(Zi be a local vector field on M. The vertical and the horizontal lifts of Z are
defined by

-0
Vv 7
Z = Z'—
ogr’
9 9
H ) k
Z = Z - — OITE —).
(axl é. Z]agk;)
We have H(aii) = 32,2' - 5]FZ% and V(a(zz‘) = 5(21'7 then (H(aii)7v(aii))i:m is a local

adapted frame on TTM.

An almost product structure ¢ on a manifold M is a (1,1)-tensor field on M such that
©? =idyr, ¢ # Fidys (idyy is the identity tensor field of type (1,1) on M). The pair (M, )
is called an almost product manifold.

An almost para-complex manifold is an almost product manifold (M, ), such that the
two eigenbundles TM ™ and T M~ associated to the two eigenvalues +1 and —1 of ¢, respec-
tively, have the same rank. Note that the dimension of an almost para-complex manifold is
necessarily even.

An almost para-complex structure ¢ is integrable if the Nijenhuis tensor:
No(X,Y) = [pX, oY ] = o[ X, oY ] — p[pX, Y] + [X, Y]

vanishes identically on M. On the other hand, in order that an almost para-complex struc-
ture be integrable, it is necessary and sufficient that we can introduce a torsion free linear
connection V such that Vi = 0 [14].

An almost para-complex Norden manifold (M?™, ¢, g) is a 2m-dimensional differentiable

manifold M with an almost para-complex structure ¢ and a Riemannian metric g such that:
g(@X,)Y) = g(X,0Y) < g(eX,0Y)=g(X,Y),

for any vector fields X and Y on M, in this case g is called a pure metric with respect to ¢
or para-Norden metric (B-metric)[14].

Also note that

G(X,Y) =g(eX,Y), (2.1)
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is a bilinear, symmetric tensor field of type (0,2) on (M, ) and pure with respect to the
paracomplex structure ¢, which is called the twin (or dual) metric of g, and it plays a role
similar to the Kéahler form in Hermitian Geometry. Some properties of twin Norden metric
are investigated in [0, [14].
A para-Kihler-Norden manifold is an almost para-complex Norden manifold (M?™, ¢, g)
such that ¢ is integrable i.e. Vo = 0, where V is the Levi-Civita connection of ¢ [12] [14].
It is well known that if (M>?™, ¢, g) is a para-Kihler-Norden manifold, the Riemannian

curvature tensor is pure [14].

Definition 2.1. [20] Let (M?™,¢,g) be a para-Kdihler-Norden manifold. On the tangent
bundle TM, we define a p-Sasaki metric noted g¥ by

(1) g?("X, 1Y) ()

92(X,Y),

2) ("X, "YV) ey = 0O,

(3) gcp(VX7 VY)(:E,&) 9z (X7 SOY) = GJC(Xv Y)?

for any vector fields X andY on M and (x,&) € TM, where G is the twin Norden metric of
g defined by (2.1)).

Theorem 2.1. [20] Let (M*™,¢,g) be a para-Kdihler-Norden manifold and TM its tangent
bundle equipped with the @-Sasaki metric g%. If V (resp %) denote the Levi-Civita connection
of (M?™,,q) (resp (T'M, g*®) ), then we have

SV (R(X, 7)),

(1) (Vax)we = VXY )@ —
@) Vg = T3V + 5 (R0t V)X),
() Toxeg = 5 (Ral, X)),

@) Vg = 0,

for all vector fields X and Y on M and (z,§) € TM, where R denote the curvature tensor
of (M?™, 0, 9).

The @-unit tangent sphere bundle over a para-Kihler-Norden manifold (M?™, ¢, g), is the

hypersurface

TEM = {(z,€) € TM, g(€, ) = 1}.
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The unit normal vector field to T M is given by
N ="V

The tangential lift 7X with respect to g¥ of a vector X € T, M to (z,€) € TY M as the

tangential projection of the vertical lift of X to (z,&) with respect to N, that is

X =VX = gf o (X, Niwe)Nwe) = X — g2(X, 09)"€.

(x7
The tangent space T(x,g)TfM of TY M at (z,&) is given by
TooTfM ={"X +7Y /X e T,M,Y € {" C T, M}.

where ¢+ = {Y € T, M, g(Y, p€) = 0}, see [22].

Theorem 2.2. [22] Let (M?™,p,g) be a para-Kihler-Norden manifold and Tf M its p-unit
tangent bundle equipped with the p-Sasaki metric. If@ denote the Levi-Civita connection of

p-Sasaki metric on Ty M, then we have the following formulas.

LOn = H(VxY) - REYE),
29 Y = T(VxY)+ 27 (R(gE V)X)

~ 1
3.Vix™y = SH(R(e€, X)Y),
1.9y = —g(Y,08)"X,

for all vector fields X and Y on M, where V is the Levi-Civita connection and R is its

curvature tensor of (MZm, ©,q).

3. GEODESICS ON @-UNIT TANGENT BUNDLE WITH THE QD—SASAKI METRIC

Let I' = (y(¢),£(t)) be a naturally parameterized curve on the tangent bundle TM (i.e. ¢
is an arc length parameter on I'), where v is a curve on M and £ is a vector field along this

d
curve. Denote v = G, 71 = Voyof, & = V&, & = Voy&f and T = 4. Then
="+ (3.2)

Lemma 3.1. Let (M?™,,g) be a para-Kdihler-Norden manifold, T M its o-unit tangent
bundle equipped with the p-Sasaki metric and T' = (v(t),£(t)) be a curve on TY M. Then we

have

F:ﬁ = H’Yz{ + Té{&a (33)
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Proof. Using , we have

Uy = M+ ="+ 76 + g, 00) e
Since I' = ((t),£(t)) € TY M then g(&, €) = 1, on the other hand

0 = 7g(8 €)= 29(&, %),
ie.
9(&. &) = 0.
Hence, the proof of the lemma is completed.
From , we have
1= yl? + g(&, v&0),

where |.| mean the norm of vectors with respect to the (M?™, ¢, g).

143

(3.4)

Theorem 3.1. Let (M?™,p,g) be a para-Kdhler-Norden manifold, TY M its -unit tangent

bundle equipped with the p-Sasaki metric and T = (y(t),£(t)) be a curve on TY M. Then T

is a geodesic on TY M if and only if

v = R(&, 98

7 =0
Moreover,

vl =1

1&)| = Kk =const

i.e. t is an arc length parameter on ~y.
Proof. Using formula (3.3))and Theorem we compute the derivative @FQFQ.
@ T = @ H /+T/
it (H’Yé + T&)( Ve + &)
T H_ /1 | < Ter | o Ho | o Ter
= VH%{/ Y + VH% &+ VT& Y+ VT& &
= M+ T(R(eg, &)v) + 77

If we put @FQFQ equal to zero, we find (3.6)).
From (3.4) we have, 0 = v;9(&, p€) = g(&', ¥§) + g(&;, ¥&}) then,

9(&, 0&) = —g(&f, 8),

(3.6)

(3.7)
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using the second equation of the formula (3.6)), we get g(&;, ¢&,) = 0, then, by (3.5]), we find,

Iy = 1.

On the other hand, as well

W€ = i9(81.€) = 20(&1 &) =0,
then [£]| = k = const, O

A curve T' = (y(t),£&(t)) on TM is said to be a horizontal lift of the curve v on M if and
only if §, = 0 [19]. In general, the horizontal lift I' = (y(t),&(¢)) of the curve v on M does not
belong to T} M, we have & = 0, then 0 = 2g(&], 0€) = 719(&, p€), hence g(&, &) = const # 1

(in general). Then, we have the following corollary.

Corollary 3.1. Let (M*™, ¢, g) be a para-Kdihler-Norden manifold and T{ M its p-unit
tangent bundle equipped with the @-Sasaki metric. If T' = (y(t),£(t)) is a horizontal lift of
and T' € TY M, then T is a geodesic on T{ M if and only if v is a geodesic on M.

The curve I' = (y(¢),v;(t)) is called a natural lift of the curve v on TM [19]. Likewise

as for the natural lift, in the general case it does not belong to T7 M. If v is a geodesic on

M. we have 7' = 0, then 0 = 29(7/, ¥v;) = 19(, ¢1), hence g(v;, py;) = const # 1 (in

general). Then, we get the following corollary.

Corollary 3.2. Let (M>™,¢,q) be a para-Kdihler-Norden manifold and TYM its p-unit
tangent bundle equipped with the p-Sasaki metric. If T = (y(t),v(t)) is a natural lift of
and T' € TY M, then T is a geodesic on T{ M if and only if v is a geodesic on M.

Remark 3.1. As a reminder, note that locally we have:

2m 2m i ;
R dry" dry? 0
"n_ z 2T by 2
=2 a2 2 aa Zj)axl’ (38)
=1 4,j=1
and
2m 2m ;
de! dvi .9
I 2 : § : il
=1 ij=1

Example 3.1. Let (R?, ¢, g) be a para-Kdihler-Norden manifold such that

1 0
g =e*da® + eMdy?, o=
0 -1
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The non-null Christoffel symbols of the Riemannian connection are:
Iy, =I%=1

1) Let v be a curve on R?, such that v(t) = (x(t),y(t)), from [B.8), v is a geodesic if and

only if v/ = 0 or equivalently -y satisfies the system of differential equations,

(d? d
' @ G =0
& KA ALR VRN
d? " e dt di Y P
e Yy By
\dit? + (dt) 0
x(t) = In(ert + ¢2)
=
y(t) = In(cst + c4)

where ¢y, co, cgand cq are real constants, hence

C1 2 + C3 ﬁ
cit+co 0 cst+cy Oy

y(t) = (In(crt + c2), In(est + ca)), n(t) =

On the other hand we have

9 e) =1e a=+/1+d,

become Ty = (y(t),v,(t)) € TYR?. Hence from C’orollary the curve T'y is a geodesic on

T/ R2.
2) If Ty = (v(t),&(t)) is horizontal lift of v, such that £(t) = (u(t),v(t)), from (3.9), we have,
du  dx Cs5
dél = dxji I 7+7UZO u(t)201t+62
dt+‘z—:1dtgrij_0@ £+—yv:0 - v(t) = N
v dt = dt cst + ¢

where c5 and cg are real constants, hence

Cy 8 + Cg 8
cit+co0x  c3t+cey 8y’

§(t) =

but when

9, 98) =1 5 = /1 4+,

become Ty = (y(t),£(t)) € TfR%. Hence from C’omllary the curve I's is a geodesic on
T/ R2.

Let I’ be a curve on 7Y M, the cure 7o I' is called the projection (projected curve) of the

curve I on M, where 7 : T M — M is a bundle projection.
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Theorem 3.2. Let (M?™,,g) be a locally symmetric para-Kdhler-Norden manifold, T{ M
its @-unit tangent bundle equipped with the p-Sasaki metric and T' = (y(t),&(t)) be a geodesic

on T M, then all Frenet curvatures of the projected curve w oI are constants.

Proof. Using the first equation of (3.7), we have |vy;| = 1 = const.
On the other hand we have

' = (Vo R)(&, 0€)v + R(E!, 0€)v; + R(&, o&)v + R(EL €)Y,

= R(&, ).
Since
Y9 ) =29(" ) = 29(R(&LL )V, ) = 0,

hence, |y/| = const.

Continuing the process, by recurrence we obtain the following

v = R, 060, p>1 (3.10)
and
19 ") = 290170 4P) = 29(R(E, 0" 1) = 0.
Thus, we get
"] = const, p>1. (3.11)
Let v1 = v, be the first vector in the Frenet frame v1, ..., vo,,—1 along v and let &y, ..., kom—1

the Frenet curvatures of . Then from the Frenet formulas

(1)t = ki
(v3); = —kiwi1+ kv, 2<i<2m-—2
(Vam—1); = —kom—2V2m—2
we obtain
v = () = kive. (3.12)

Now (3.11]) implies k1 = const. Next, in a similar way, we have
’)/g/, = ki (VQ); = —k%l/l + k1kovs. (313)

and again (3.11]) implies ko = const.

By continuing the process, we finish the proof. O
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Proposition 3.1. Let (M?™ p,g) be a para-Kdihler-Norden manifold and T M its p-unit
tangent bundle equipped with the @-Sasaki metric. If T' = (y(t),£(t)) is a curve on TY M,
then we have

(1) @ = (y(¢), p&(t)) is a curve on Ty M.

(2) @ is a geodesic on Ty M if and only if T is a geodesic on Ty M.

Proof. (1) We put u(t) = p&(t), since T' = ((t),£(t)) € TY M, then g(&, ) = 1.
On the other hand, g(u, pp) = (€, p(¥§)) = g(¢€,§) =1 ie.
8(1) = (+(8), (1)) € TFM.
(2) In a similar way proof of (3.6), and using u; = ¢, and pf = g/, we have
Vo, @, = 4/ + Rlop, p)vh) + i
= (0 + R(E& w€)) + (080,

Since the Riemannian curvature tensor is pure, we get

Var® = (v + R, &)v) + T(v€)),

hence,
R i — _R 7/ /
Vq>;<1>2:0 o Vt (905 gt)'Yt
& = 0
v = R(& 9
=
Po= 0

From Theorem and Proposition [3.1] we have the following theorem

Theorem 3.3. Let (M?™, ¢, q) be a locally symmetric para-Kdihler-Norden manifold, M
its p-unit tangent bundle equipped with the p-Sasaki metric and T' = (v(t),&(t)) be a geodesic

on TY M then, all Frenet curvatures of the projected curve ™o ® are constants, where ® =

(v(2), ¥5(1))-

Now we study the geodesics on p-unit tangent bundle with the p-Sasaki metric over para-
Kéahler-Norden manifold of constant sectional curvature. From Theorem (3.1 we have the

following
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Corollary 3.3. Let (M?™, ¢, g) be a para-Kdhler-Norden manifold of constant curvature
c# 0, TY M its p-unit tangent bundle equipped with the p-Sasaki metric and T = (y(t),&(t))

be a curve on TY M. Then T is a geodesic on T M if and only if

o= cg(pé ) — ca(&r, ) e
i =0

(3.14)

Theorem 3.4. Let (R?™, p, <,>) be a para-Kdihler-Norden real euclidean space Tf]R2m its
p-unit tangent bundle equipped with the @-Sasaki metric. Any geodesics T' = (y(t),&(t)) on
TYR?™ is the following form

Yi(t) = a't+b

gty = dt+d
where y(t) = (YL(t),...,v*™(t)),E(t) = (EX(t), ..., 2™ Y(t)) and oa',b',c',d" are real con-

(3.15)

stants.

4. F-GEODESICS ON TANGENT BUNDLE WITH THE QO—SASAKI METRIC

Let (M™,g) be an Riemannian manifold and F' be a (1,1)-tensor field on (M™, g). A
curve v on M is called F-planar if its speed remains, under parallel translation along the
curve 7, in the distribution generated by the vector 7, and Fy; along «. This is equivalent

to the fact that the tangent vector ~; satisfies

Vi = o1(t)y; + 02 F, (4.16)

where g1 and gy are some functions of the parameter ¢, see [5, [7, [§].

We say that a curve v on M is an F-geodesic if v satisfies:
W = P, (4.17)

One can see that an F-geodesic is an F-planar curve, but in general an F-planar curve is
not always an F-geodesic, the F-geodesic generalize the geodesics, see [I], [3].
Let V be the Levi-Civita connection of p-Sasaki metric on tangent bundle 7'M, given in

the Theorem 211

Theorem 4.1. Let (M*™,¢,g) be a para-Kihler-Norden manifold, TM its tangent bun-
dle equipped with the p-Sasaki metric and F be a (1,1)-tensor field on M. A curve I' =
(v(t),&(t)) on TM is an "F-planar with respect to V if and only if the

v = 017 + 02F ) + R(&, 06)v;
V=08 + 02FE,
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Proof. Using Theorem and (3.2)), we find

- /IO H. | Ve
vy = V(H% 4 Vg)( Y+ &)
= %H /H% + 6H /Véé + %v%H’yé + %v&VEQ
Yt Yt
= 0/ + R(e€, €)v) + €/ (4.18)

On the other hand,
Vp I = ol + o"FT}
= (" + V&) + e"F (T + 7€)
= o™+ e"F™ + 01V¢ + 0"'FYE

= Moy + 02F ) + V(1€ + 02F8)). (4.19)

From (4.18)) and (4.19), the result immediately follows. O

Corollary 4.1. Let (M?™, p, g) be a para-Kdhler-Norden manifold and TM its tangent bun-
dle equipped with the @-Sasaki metric. A curve I' = (y(t),&(t)) on TM is an Pp-planar with
respect to \Y if and only if the

v = 017 + 0297i + R(&L, 0€)i
7= 01§, + 0208

In the particular case when g; = 0 and g2 = 1 in the Theorem [4.1] we obtain the following

result.

Theorem 4.2. Let (M?*™,¢,q) be a para-Kihler-Norden manifold, TM its tangent bun-
dle equipped with the p-Sasaki metric and F be a (1,1)-tensor field on M. A curve I' =
(v(t),£(t)) on TM is an PF-geodesic with respect to ¥V if and only if the

Vi = Fryp + R(&, 98

v = Fg

Corollary 4.2. Let (M?™, ¢, g) be a para-Kdhler-Norden manifold and TM its tangent bun-
dle equipped with the @-Sasaki metric. A curve T = (y(t),£&(t)) on TM is an Hp-geodesic
with respect to v if and only if the

Vi = ey + R(& 9€)
=t
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Theorem 4.3. Let (M?™, ¢, g) be a para-Kdihler-Norden manifold, TM its tangent bundle
equipped with the p-Sasaki metric and F be a (1,1)-tensor field on M. IfT' = (y(t),&(t)) is
a horizontal lift of a curve v, then I' is an "F-planar curve (resp. "F-geodesic) if and only

if v is an F-planar curve (resp. F-geodesic).
Proof. Let v be an F-planar with respect to V on M, i.e. v satisfies

W% =017+ 2P,

where g1 and g2 are some functions of the parameter ¢. Since I' = (y(t),£(t)) is a horizontal

lift of a curve y then ¢, = 0 and from (3.2)), we have T, = fly]. Using (4.18)), we get,

61“;112 = H%g,
o1, + 02F})
= o™+ e"F™,

= ol + 0"FT.

i.e. T be an HF-planar with respect to V. In the case of o1 =0 and g2 = 1, we get that I" is

an #F-geodesic if and only ~ is an F-geodesic. O

Corollary 4.3. Let (M?™,p,g) be a para-Kihler-Norden manifold, TM its tangent bundle
equipped with the p-Sasaki metric. If T' = (y(t),&(t)) is a horizontal lift of a curve v, then
I' is an Hp-planar curve (resp., fp-geodesic) if and only if v is an @-planar curve (resp.,

p-geodesic).
Example 4.1. Let (R?, ¢, g) be a para-Kdihler-Norden manifold such that

1 0
0 -1

g=da® +dy’, o=

Let I' = (y(t),&(t)) such that y(t) = (z(t), y(t)) and £(t) = (u(t),v(t))
1) From the Corollary I' is an Hp-geodesic if and only if the

(= z(t) = are’ + ag
wW=en ) vi=—y ) v = aze”" +ay
Y = & u = u(t) = bie’ + by

v == v(t) = bze™! + by
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where a; and b;, i = 1,4 are real constants.

2) From the C’omllary I is an Ho-planar if and only if the

z" = (01 + 02)2
W=eamteen ) v =(a-e)y
& = o1& + 029§ u" = (01 + 02)u’
V" = (01 — 02)v'
([ 2(t) = £ [(el(@r+e)dtygy
y(t) = = [(eJ@—eit) gy
- u(t) = + [(ef(erte2)dt) gy
v(t) = + [(efler—e2)dtygy
For example: 01(t) = and 02(t) = L, we find
t+1 t—1
x(t) = c1t3 — 3eit + o
y(t) =cgln(t — 1)% + cst + ¢4
u(t) = dit3 — 3dit + da
v(t) = dsIn(t — 1)% + dst + d4

where ¢; and d;, i = 1,4 are real constants.

Example 4.2. Let (R?, ¢, g) be a para-Kihler-Norden manifold such that

1 0

a 0
g = eXdx® + e¥dy?, o= and F = , a,beR".

0 -1 0 b

The non-null Christoffel symbols of the Riemannian connection are:
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Let T' = (v(t),&(t)) be a horizontal lift of a curve vy, such that y(t) = (z(t),y(t)) and £(t) =

(u(t),v(t)) then & =0, from we have,

d{h 2 v 4 2'u =0 u(t) = A
+ E =0 & ef\(t)

/ I,y — 2
ij=1 v +yv=0 v(t)——ey(t)

where A1, Ay are real constants.

v is an F-geodesic if and only if v, = F~y,, from (3.8) we have

2"+ (2")? = ax’ x(t) = In(Ee™ + )
4

'+ ()7 = by y(t) = (e’ + pua)
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where i1, W2, W3, g are real constants.
A1 A2
» 1 at » W3 bt
e e et 4 g

The horizontal lift T = (In(2e®™ + po), In(42e + puy) ) is an HF-

a
geodesic on TR?.
v is an F-planar if and only if v, = 017, + 02Fy,, where o1 and g2 are some functions of

the parameter t, from (3.8) we have

—

n(i f(ef(91+092)dt)dt)
n(+ [(ef(ertbe2)dty gy

2"+ (2')? = (e1 + ag)a’ a(t)
&

v+ (v)? = (02 + bo2)y/ y(t) =

—_

—1 1
For example: If 01(t) = - and 02(t) = ) we find

A1
2
v(t) =
L (> b 4 oy

where o, i = 1,4 are real constants, then T = (z(t),y(t),u(t),v(t)) is an Tp-planar on TR2.

5. F-GEODESICS ON @-UNIT TANGENT BUNDLE WITH THE (p-SASAKI METRIC

Let V be the Levi-Civita connection of ¢-Sasaki metric on -unit tangent bundle T7 M,

given in the Theorem

Theorem 5.1. Let (M?™,p,g) be a para-Kdihler-Norden manifold and T M its p-unit tan-
gent bundle equipped with the @-Sasaki metric and F be a (1,1)-tensor field on M. A curve
[ = (y(t),&(t)) on TY M is an HF-planar with respect to v if and only if the

v = 017 + 02Fv; + R(&, 0€)v;
7= 0§, + 02F&,

Proof. From the proof of Theorem |3.1] we find

- ! Hyn N T

VF,@Ft = (% + R($E )0 + & (5.20)
On the other hand,

Vil = ol}+ o"Fr}

= o™ +78) + 02"F (P + 7€)).



INT. J. MAPS MATH. (2024) 7(2):138-155 / ON GEODESICS AND F-GEODESICS ... 153

From (3.4)), we have 7¢, = V¢!, then

Vil = o™+ 0" "Fhy) + 01Y€ + 02"'F Y]
= Moy + 02F ) + V(1€ + 02FE))

o1y + 02Fp) + (01€) + 02FE)) (5.21)

From ((5.20)) and (5.21)), the result immediately follows. 0

Corollary 5.1. Let (M?>™,¢,g) be a para-Kdihler-Norden manifold and TYM its @-unit
tangent bundle equipped with the @-Sasaki metric. A curve I = (y(t),£(t)) on TY M is an
Hep_planar with respect to v if and only if the

v = o1 + o207; + R(&, 06
! = o1& + 0206}

In the particular case when p; = 0 and g2 = 1 in the Theorem [5.1], we obtain the following

result.

Theorem 5.2. Let (M?™, ¢, g) be a para-Kdhler-Norden manifold and T M its @-unit tan-
gent bundle equipped with the p-Sasaki metric and F be a (1,1)-tensor field on M. A curve
I' = (y(t),&(t)) on TM is an "F-geodesic with respect to v if and only if the

v = Fry+ R(&, o)y
i =F&

Corollary 5.2. Let (M?™,¢,q) be a para-Kihler-Norden manifold and TYM its @-unit
tangent bundle equipped with the ¢-Sasaki metric. A curve T = (y(t),£(t)) on TY M is an
Hp_geodesic with respect to v if and only if the

v = v+ R(& 9€)
! =t

Theorem 5.3. Let (M?™,p,g) be a para-Kdihler-Norden manifold and T M its p-unit tan-
gent bundle equipped with the p-Sasaki metric. A curve T = (y(t),&(t)) on TY M is an
H(R(&], p€))-geodesic with respect to v if and only if the

v = 2R(&, 0&);
= R(&, pE)E;
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Corollary 5.3. Let (M*™,¢,g) be a para-Kihler-Norden manifold of constant sectional
curvature ¢ # 0 and TY M its @-unit tangent bundle equipped with the @-Sasaki metric. A
curve T' = (y(t),£(t)) on TY M is an H(R(&], o€))-geodesic with respect to V if and only if

the

v = 2c(9(0€ )6 — 9(8t: 70 #8)

i =—cg(& &)k
Theorem 5.4. Let (M?™, p,g) be a para-Kihler-Norden manifold and TY M its @-unit
tangent bundle equipped with the @-Sasaki metric and F' be a (1,1)-tensor field on M. If
[ = (y(t),&(t)) is a horizontal lift of v and T € TY M, then T is an "F-planar curve (resp.,

HE_geodesic) if and only if v is an F-planar curve (resp., F-geodesic).

Proof. Let v be an F-planar with respect to V on M, i.e. y satisfies

7

v = o1+ 02F g,

where g1 and pg are some functions of the parameter ¢t. Since I' = ((¢),£(t)) is a horizontal

lift of a curve 7 then & = 0 and from ([5.20)), we have,

< / H_n
Vil = "

Ho17] + 02 F})

= o™, + 02"'F,
= ol + 0"FT.

i.e. T be an F-planar with respect to V. In the case of 01 =0 and g2 = 1, we get that I" is

an “F-geodesic if and only 7 is an F-geodesic. O
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ABSTRACT. As a generalization of pointwise slant submersions, we investigate pointwise
semi-slant conformal submersions from almost Hermitian manifolds onto Riemannian man-
ifolds in the present work. With the investigation of the distributions’ leaves geometry, we
explore integrability conditions for distributions. In this study, we additionally explore the
notion of pluriharminicty.
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1. INTRODUCTION

The theory of submersions and immersions had originally been developed and proposed
by B. O’Neill [27] and A. Gray [14]. They studied the geometrical properties of Riemann-
ian manifolds and discovered certain Riemannian equations for them. When discussing the
characteristics between differentiable structures in differential geometry, submersions theory
becomes an intriguing subject. Mathematics and physics identically study Riemannian sub-
mersions because of their many applications, most prominent among them being Yang-Mills
and Kaluza-Klein theories.(see [9], [42], [25], [21]). In 1976, B. Watson [41] glanced into
Riemannian submersions from almost Hermitian manifolds onto Riemannian manifolds. Af-
terwards, B. Sahin [34] investigated the geometry of Riemannian submersions and geometric

properties. He defined anti-invariant Riemannian submersions onto Riemannian manifolds
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by using an almost Hermitian manifold. He establishes that their vertical distribution is
anti-invariant under the almost complex structure of the total manifold. Numerous writers
examined and developed this work by examining anti-invariant submersions [4], [34], semi-
invariant submersions [35], slant submersions [12], [36], and semi-slant submersions [I§], [28],
among other topics. Tastan, Sahin, and Yanan [40] defined and examined hemi-slant sub-
mersions from almost Hermitian manifolds as a generalization case of semi-invariant and
semi-slant submersions.

In this contribution, T. W. Lee and B. Sahin [24] extended their concept of slant sub-
mersion a step further by expanding it to include pointwise slant submersions from almost
Hermitian manifolds onto Riemannian manifolds. In doing so, they discovered a technique
for illustrating examples for this kind of submersions. Additionally, they established charac-
terizations for pointwise slant submersions. B. Fuglede [15] and T. Ishihara [22] introduced
the concept of conformal submersion as a generalisation of Riemannian submersions and
talked about some of their geometric characteristics. It is clear that conformal submersion
with dilation A = 1 is a Riemannian submersion. Gudmundsson and Wood [17] investigated
conformal holomorphic submersion as a generalisation of holomorphic submersion. The neces-
sary and sufficient conditions for harmonic morphisms of conformal holomorphic submersions
have been established. Later on, conformal anti-invariant submersions , [37], [31], conformal
semi-invariant submersions [5], conformal slant submersions [3], and conformal semi-slant
submersions [2] have been studied and defined by Akyol and Sahin. Conformal hemi-slant
submersions [38], [39], conformal bi-slant submersions [6], and quasi bi-slant conformal sub-
mersions [7] have all been studied geometrically recently, and several decomposition theorems
have been covered. They also extended the notion of pluriharmonicity to almost contact met-
ric manifolds, from almost Hermitian manifolds.

In this paper, we investigate pointwise semi-slant conformal submersions from Almost
Hermtian manifold onto a Riemannian manifold. The structure of the paper is as follows.
Section 2 introduces almost contact manifolds, precisely Kaehler manifold with the properties
required for this study. In the third section of our paper, we define pointwise semi-slant
conformal submersion and report a few intriguing findings. The prerequisites for distribution
integrability and the totally geodesicness of its leaves were covered in detail in Section 4.

Lastly, the notion of J-pluriharmonicity is discussed at the end of the study.
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Note: In this paper, we will use abbreviation as follows:
Pointwise semi-slant conformal submersion- PWSSCS
Almost Hermitian manifold- AHM
Kaehler manifold- KM
Riemannian manifold- RM

Horizontal conformal submersion -HCS

2. PRELIMINARIES

We shall provide a few fundamental ideas and consequences that are highly productive for

our paper.

Definition 2.1. [§] Let II be a Riemannian submersions between two Riemannian manifolds.
Then 11 is called a horizontally conformal submersion (HCS), if there is a positive function
A such that

(01, 1) = 35021101, TLTA) 2.1)

for any Uy, Vi € ['(ker IT, )L, If the dilation function X = 1 then, HCS become RS.

Let IT : (©1,91,J) — (©2,92) be a Riemannian submersion. A vector field X on O is
called a basic vector field if X e I'(kerIL,)* and Il-related with a vector field X on O, i.e
IL.(X(¢)) = XII(q) for ¢ € ©;.

The formulae given by B . O'Neill of two (1,2) tensor fields 7 and 2 are

Q[ElFl ijVﬁEqu/Fl +”//VﬁE15§F1, (2.2)

T F1 =9Vyp, VEL+ VN yp HF, (2.3)

for any Fy,Fy € T(T©;) and V is Levi-Civita connection of g;. From equations (2.2)) and
(2.3), we can deduce

Vo Vi=Tp Vi+ ¥V Vi (2.4)
Vi, X1 = Fp X1+ 9V X (2.5)
Vg, Ui =5 U + 1V 5, Uh (2.6)
Ve 1 =9V i+ 2 1 (2.7)

for any vector fields Ul, Vi € I'(kerIL,) and Xl, Y, € I'(ker IL,)* [13].

It is obvious that 7 and 2l are skew-symmetric, that is

g(QlXElaFl) = —g(El,QlXFl), g(ﬁvEl,Fl) = —g(El, 9‘7F1), (28)
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for any vector fields E1,Fy € I'(T,01). Since 7, is skew-symmetric, we say that II has

totally geodesic fibres if and only if 7 = 0. For the special case when IT is HCS, we have

Proposition 2.1. Let IT : (01, gx;) — (02, 92) be a HCS with dilation X\ and X,Y be the
horizontal vectors, then
.1 FN 9 1o 1
AQY = SV, V] - Xg(X, V)grady(5)) (29)

measures the obstruction integrability of the horizontal distribution

The second fundamental form of smooth map II is provided by the formula
(VIL) (U, V1) = vglﬂ*ffl — LV Vi, (2.10)
if (VH*)(Ul,Vl) = 0 for all Ul,f/l € I'(T,01), then II is said to be a totally geodesic map

where V and V!!* are Levi-Civita and pullback connections.

Lemma 2.1. Let I1: O — Oy be a HCS. Then, we have
(i) (VIL)(X1, Y1) = X1 (In\IL (Y1) + Yi(InIL(X1) — g1(X1, V1)L (grad InA,
(i) (VIL)(U1, V1) = —TL.(F;;, Vi)
(iif) (VIL)(X1,0h) = ~TL(V, U1) = —IL(Ag U1)

for any horizontal vector fields X1,Y1 and vertical vector fields U, Vi [8].

Let (O, g) be an AHM. This means that © admits a tensor field J of type (1,1) on © such
that
JP=—1, g(JX,JY)=g(X,Y) for all X,Y € ['(TO). (2.11)

An AHM O is called KM if
(Vg J)Y =0, for all X,Y € I(TO) (2.12)
where V is the Levi-Civita connection on ©. The covariant derivative of J is defined by
(Vi)Y =VgJY —JVY (2.13)

for all vector fields X,Y in ©.

Here, we recall the definitions which will be helpful for our text.

Definition 2.2. LetII be a Riemannian submersion from AHM (01, g1, J) onto RM (O3, g2).
If for any non-zero vector X € [(kerII,), the angle G(X') between JX and the space kerIL,

is constant,i.e., it is independent of the choice of point p € ©1, and choice of tangent vector
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X in ker 1L, then we said I1 is slant submersion. In this case, the angle 6 is called the slant

angle of submersion.

Now, we recall the definition of pointwise slant submersion defined by T.W. Lee and B.

Sahin [24]

Definition 2.3. LetII be a Riemannian submersion from AHM (01, g1, J) onto RM (O3, g2).
If at each given point q € O, the wirtinger angle O(X) between JX and the space ker I, is
independent of choice of the non-zero vector X € [(kerIL,), then we say that I1 is a pointwise
slant submersion. In this case, the angle @ can be regarded as a function on ©1, which is

called slant function of the pointwise slant submersion.

3. POINTWISE SEMI-SLANT CONFORMAL SUBMERSIONS (PWSSCS)

In this section, we will review the definition that will aid us in discussing and investigating
the concept of pointwise semi-slant conformal submersions PWSSCS from almost Hermitian

manifolds.

Definition 3.1. Let IT : (©1,¢91,J) — (O2,92) be a HCS where (01, ¢91,J) is a AHM and
(©2,92) is a RM. A HCS 11 is called a PWSSCS if there exists a distribution ® such
that kerII, = © @ DY, J(D) = © and for any given point ¢ € ©1 and X e (D%),, the
angle § = 0(X) between JX and space (D7), is independent of choice of non-zero vector
Xe (@9)(1, where ©Y is the orthogonal complement of ® in kerIL,. In this case, the angle 0

can be regarded as a slant function and called pointwise semi-slant function of submersion.

If we suppose m; and ms are the dimensions of ® and ©?, then we have the following:
(i) If m1 =0, ma # 0 and 0 < 0 < 7, then II is a pointwise slant submersion.
(i) If m1 # 0 and mg = 0, then II is a invariant submersion
(ii) If my # 0, ma #0 and 0 < 6 < 5, then II is a pointwise semi-slant submersion.
We are providing the example of PWSSCS for support of our study.
Let IT be a PWSSCS from an AHM (©1,g1,J) onto a RM (O3, g2). Then, for any
W e (ker IT,.), we have
W =PW + QW (3.14)
where P and Q are the projections morphism onto ® and ©. Now, for any W e (ker I1,,),

we have

JW =W + (W (3.15)
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where YW € T'(kerIL,) and (W € I'(ker II,)*. From equations and , we have
JU =J(PW) + J(QW)
=0(PW) + (W) + »(QW) + ((QW).
Since JD =D and ((PW) = 0, we have
JU = p(BW) +4(QW) + ((QW).
Now, we have the following decomposition
(ker IL)* = ¢@% @ p, (3.16)

where p is the orthogonal complement to ¢ in (ker IT,)* such that g is invariant with

respect to .J. Now, for any X € I'(ker IT, )+, we have
JX =BX +e¢X (3.17)

where BX € I'(kerIL,) and ¢X € I'(kerIL,)*.

Lemma 3.1. Let (01,91, J) be an KM and (O, g2) be a RM. If 11 : ©1 — O is a PWSSCS,

then we have
—W = *W + BCW, (oW + €W =0, —Y = (BY + €2V, »BY + BEY,
for any vector field W € T'(kerIL,) and Y € T'(kerII,)*.

Proof. On considering the equations (2.11)), (3.15)) and (3.17)), the proof of Lemma exists. O

Since I1 : ©; — O4 is a PWSSCS, let us present some helpful investigations that will be

applied in this paper.

Lemma 3.2. Let II be a PWSSCS from an AHM (©1,g1,J) onto a RM (Os, g2), then we

have

YW = (= cos?0)W, (3.18)

for any vector fields W e T(D?).

Lemma 3.3. Let IT be a PWSSCS from an AHM (©1,g1,.J) onto a RM (O3, g2), then we

have
(1) 91(¥Z,9W) = cos® 0 1 (2, W),
(ii) g1 (CZ, CW) = operatornamesin?f gl(Z, W),

for any vector fields Z, W e T(9?).
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Proof. The proof of the preceding Lemmas is identical to the proof of Theorem (2.2) of [11].

As a result, we omit the proofs. O

Let us suppose that (O3, g2) be a RM and (01, g1, J) be an AHM. We now analyse how the
Hermitian structure on © influences the tensor fields .7 and 2l of PWSSCS 11 : (©1,¢1,J) —

(@2,92)-

Lemma 3.4. Let I1 : ©; — Oy be PWSSCS with semi-slant function 6 where, (@1,91, J)
KM and (©2,g2) be a RM, then we have

ALCY + V'V BY = BHV YV + A,V (3.19)
OV 4CV + A BY = EHV Y + (ALY (3.20)
YV bV + A5V = BALYV + ¥V iV (3.21)
APV + OV 3V = CALV + (F ViV (3.22)
YV BX + T€X =T X + BHV X (3.23)
ToBX + 9V CX = (T X + €AV X (3.24)
VNGV + ToCV =¥V V = BTV (3.25)
TV + 9V 5V = CTV + (VY V, (3.26)

for any vector fields U,V € T(kerIL,) and X,Y € I'(kerIT,)*.

Proof. By using (2.12)), (2.13) and (2.7) (3.17]), we get first two relations (3.19)) and (3.20)).
Similarly, by considering equations (2.12), (2.13)) (2.7), (2.4)-(2.7) and (3.15) (3.17), the

desired results holds good. O

We will now go through some key conclusions that can be utilised to examine the geometry

of PWSSCS I1: ©1 — O,. From the direct calculations, we can conclude the following:

(Vh)V = YNV — ¥V V (3.27)
(VQV =9V CV = (VY (3.28)
(ViB)Y = ¥V BY - BHV YV (3.29)
(V2Q)Y =9V €Y —HV Y, (3.30)

for any vector fields U,V € I'(kerIL,) and X,Y € I'(kerIL,)*.
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Lemma 3.5. Let (©1,91,J) be a KM and (©2,¢92) be a RM. IfI1: ©1 — O3 is a PWSSCS

with semi-slant function 0, then we have

(V)V =BTV — Tp(V

for all vector fields U,V € T'(kerII,) and X,Y € D(kerIL,)*.

Proof. By using equations (2.13)), (2.4)- (2.7) and equations (3.27)-(3.30), we can obtain the

results. O

The tensor fields v and (, if they are parallel with regard to the Levi- Civita connection

V of ©1, then we obtain
BTV = TV, €TV = TpypV
for any vector fields U,V € T'(T©,).

4. CONDITIONS FOR INTEGRABILITY AND TOTALLY GEODESICNESS

In this section, we discuss the geometry of PWSSCS 11 : (©1,¢1,J) — (O2,¢2) from
KM onto RM in terms of integrability of invariant and slant distribution. Apart from this,
we also examine the necessary and sufficient conditions for the leaves of distribution to be
define totally geodesic foliation on ©1. We start the condition for integrability for invariant

distribution as follows :

Theorem 4.1. Let I1: ©1 — Oy be PWSSCS with semi-slant function 0 where, (01,41, J)
is a KM and (O, g2) be a RM. Then the invariant distribution ® is integrable if and only if

VYN Z + T5CZ € (D) and ¥V Z + T (Z € T(DY), (4.31)
for any vector fields U,V € T(D) and Z € T'(D?).
Proof. For all vector fields U, V € T'(D) and Z € I'(®?) and by using equations ,
and , we have
g(UV),2)=q(VyIV,JZ) — g1(V JU, T Z)

=—q1(VpJZ,IV) + (VI Z,JU).



164 M. SHUAIB

Taking account the fact from equations (2.4) and (2.5)) in both part of the above equation in

right hand side, takes the form
9n(VV.2Z) = —q1 (Ve Z,9V) = 01(VgC 2 0V).
By using equation in above relation, we have
n(VgV,2) = (VN Z,4V) = q1( T 2.4V,
In above equation, change the role of U and V, we may yield
(U V. 2) = - (Vb Z + Ty Z, V) — i (VN o0 Z + Ty CZ,9U).
O

Theorem 4.2. Let IT be PWSSCS with semi-slant function 6 from KM (©1,¢1,J) onto a
RM (©3,g2). Then ®° is integrable if and only if

WTHW = 3 C2) = (T (U Z — TCuW), (4.32)
for any vector fields Z,W € T(D?) and U € T(D).
Proof. By using equation , and , we may yield

(2, W),0) = 1 (V zIW, JU) = 91(V . 2, T0),
for every vector fields Z, W € '(®?% and Ue I'(D). By using equation , we can write
0 ([Z,W),U0) = —g1(V oW, JU) — g1 (V30 Z, JU) + g1(V ,CW, JU) — g1(V 3¢ Z, JU).

Now, considering the equation (2.11)) and equation in third and fourth terms, above
equation takes the form

9 ([Z,W),0) = g1(V 5 JYW, U) + g1 (Vi3 JOZ, U) + g1 (TyCW, JU) — g1(F5,C Z, JU). (4.33)

Taking account the fact from 1) in first term, we get 91(V2J¢W, U) = —gl(VZwQW, ﬁ)—
gl(VZCwI/TC U). By using Lemma gl(VZJz/JW, U) = cos? Hgl(VZW, U)—gl(VZCz/JW, U).
The same calculation in second term, we get —gl(VWsz, U) = —cos? Hgl(VWZ, U) +
gl(VWC¢Z , U ). On combining these calculations, finally equation 1} takes the form
91([Z,W),U) = cos® 091 (|2, W], U) — g1(V 4, W, U) + 91(V 43¢ Z, U)

+ g1(THCW, JU) — g1(Fy,¢Z, JU).
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Finally, by using equation ([2.5)), we can write
sin® 091([Z, W), U) = g1( 4,02, U) — g1(TyCoW, U) + g1(TCW — F.¢Z, JU).
From which, we can conclude the result. O

Since II : (©1,91,J) — (O2,92) be a PWSSCS which ensure the availability of slant
distributions. After discussing the integrability conditions of distributions, we are going to
examine the necessary and sufficient condition for which the leaves of distributions defined

totally geodesic foliation on O;.

Theorem 4.3. Let IT be PWSSCS with semi-slant function 6§ from KM (01, ¢g1,.J) onto a
RM (©3,g2). Then ® is defines totally geodesic foliation on ©1 if and only if

TgCvZ = —(F5CZ) and g1 (Y VgV, BX) + 1 (FgoV,€X) =0, (4.34)
for any vector fields U,V € T(D),Z € T(®?) and X € I'(kerIL,)*.

Proof. By considering gl(VUV, Z), for any vector fields U,V € T(®) and Z € T'(D?). Since,
V and Z are orthogonal to each other, this can be write as gl(VUV, Z) = —gl(VUZ, V).

Operating almost complex structure J on both side and using equations (2.11)), (2.12)), (2.13)

and (3.15)), we have

G0(VV,2) = —qi(VpZ,JV) — g1(VCZ, V).
Further, in the light of equations (3.15)) and ({2.5)), we get
B (VeV, Z) = g (Vg Z,V) + g1 (Ve (b 2, V) — g1(FpC 2, TV).

Since, II is a PWSSCS with semi-slant function 6, then by using Lemma [3.2]in first term of

above equation, finally this will takes the form
sin® 091(VV, 2) = g1 (Vb Z,V) — g1(F3C 2, TV).

From this we can get the first part of theorem. For next one, we consider gl(VUV,X ) for
any vector fields U,V € I'(®) and X € T'(kerII,)*. By using equation (2.11)), (2.12), (2.13)

and (3.17), (3.15), this term will takes the form as g;(VyV,X) = g1(VyV, BX + €X).
Finally, considering equation ([2.4), we can write

0 (VeV, X) = (¥ VgV, BX) + g1 ( TV, €X).

From which the second part of theorem holds good. O
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Since, II is PWSSCS with semi-slant function 0 from (01, g1, J) onto (B2, g2). The slant
distribution is mutually othogonal to invariant distribution. After discussion geometry of
leaves of invariant distribution, it is quite interesting to study the leaves of slant distribution

geometrical point of view in following manner.

Theorem 4.4. Let I1: ©1 — Oy be PWSSCS with semi-slant function 6 where, (01, g1, J)
o KM and (©2,g2) a RM. Then ®° is defines totally geodesic foliation on © if and only if
WYV J)PW + T,(PW + T,(WQ) € T(DY) (4.35)
and
D (VY UPZ W) = 91 (TP Z, (W) + g1 (V cPUQZ, W)
= 91(9)2(@2, YW) — sin?0g,([Z, X], W) — 2sin 6 cos 0X (0)g1(QZ, W)
+91(X, gradn \)g1 (CQZ, (W) + 91(CQZ, gradIn Mgy (X, (W) -

— g1(CW, gradIn \) g1 (CQZ, W),

for any vector fields Z,W € T(D%),U € I'(®) and X € T'(ker IL,)*.

Proof. Let us consider for any vector fields Z, W € I'(®?) and U € T(®). In light of equations
(2.11)), (2.12)) and (2.13)) after operating almost complex structure J on both side, we have
91(V,W,0) = g1(V W, JU).

By using decomposition |i gl(VZW,(?) = gl(VZJ(PW +QW), JU) Taking account

the fact from equation (3.15]), we have
g1(V W, 0) = gi(V 20BW, JU) + g1(V ,¢PW, JU)
+91(V,0QW, JU) + g1(V z6QW, JU).
Considering the equations (2.4]) and (2.5)) and since © is invariant under almost structure J,
ie., J® =29, we may yields
G (V W, 0) =g1 (V'Y pPW, JU) + g1 (:T5(PW, JU)
(4.37)
— 1(V40°QW,U) + g1(V 5¢QW, JU).
By using Lemmain third term of above equation, which can be write as —g; (VZ@ZJQQW, U) =
gl(VZ(cos2 H)QW, (7) Then the equation 1) will takes the form as
g1 (V W, 0) =g1 (¥ V PW, JU) + g1(F,CPW, JU)

+ 91(V 5 (cos® )QW, U) + g1(V ,¢QW, JU).
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Since, IT is a PWSSCS with semi-slant function 6, then we can write the above equation as:
g (V,W,0) =g1(¥V ,PW, JU) + g1(T5CPW, JU)
+ gl(VZA(cos2 0)QW,U) + g1(VZCQW, JU).
With simple steps of calculations, finally we get
g(V,W,0) =g1(¥V ,pPW, JU) + g1(T,CPW, JU) + g1(V ,¢QW, JU)
+ 2sin6 cos 0Z(0) g1 (QW, U) + cos? 0g, (VZQW, ).

From which the first part of theorem holds good. For the other part of theorem, let us
suppose for any vector fields Z, W € T'(®?) and X € I'(kerIL,)*. We start with considering

the term gl(VZW, X), by using basic calcaltions, this term can be write as gl(VZW, X) =

—g([2,X], W) — gl(VXZ, W). By using equation ( , 1D and 1) this term takes

the form as
(VW X) = —g(12, X, W) —a1(V T Z, JW).
In the light of equations and since ® is invariant under J, we get
9 (V W, X) = —g(12, X, W) = 1 (V¥ PZ, JW) = g1 (V 0QZ, JW) = g1(V 3¢QZ, TW).
By using equations , and , we have
g(VzW. X) = = (2. X, W) = 1 (A yPZ, W) — 1 (VV xdBZ,0W) + 91(V 3 0*QZ, W)

+ g1(VCQZ, W) — g1 (A CQZ, W) — g1(HV 3 CQZ, (W).
(4.38)

Since, IT is a PWSSCS with semi-slant function 6, then with simple steps of calculations,

the fourth term of above equation take place as
a1 (V*QZ, W) = — g1(V ¢ (= cos® 0)QZ, W)
= 2sin 6 cos 0X (0)g1(QZ, W) — cos® O (VXQZ, W).
By using the above equation in , we may write as
B (VW X) == g([Z,X],W) = (A PZ, (W) — 1 (V'Y gy PZ, W)
+01(V ¢ CYQZ, W) — g1 (A CQZ, W) — g1(HV £ CQZ, (W) (4.39)
+ 2sin 6 cos X (0)g1(QZ, W) — cos? Hgl(VXQZ, w).

Now, the first and last term can be write as:

—g([Z, X], W) — cos? 091 (V QZ, W) = sin® 0g1 ([Z, X], W) — cos® 0g1(V ;. X, W).  (4.40)
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Since, Il is a PWSSCS, then by using equation in , we can write
gl(VZW, X) =2sin0cos0X (0)g1(QZ, W) + sin®0g,([Z, X], W) — cos® 991(VZX, W)
— 1 (AP Z, (W) = g1(VV g¥PZ, W) + 91(V 3 CUQZ, W)
— (A CQZ, YW) — g1 (HV 3 (QZ, (W),
(4.41)

Now, using the horizontal conformality of II from Lemma and equations (2.1)), (2.10) in

the last term of above equation, can be written as
OV £CQZ, (W) =5501(VETL(COZ), TL(CW)) — 1501 (VIL)(X, €Q2), TL ()
+ 10 (VTL(CQ2), TL(CW)) — 01X, gradIn N}y (CQZ, ()
— 91(¢QZ, gradIn \)g1 (X, (W) + g1(CW, gradIn N)g1 (X, (QZ).
Now, by using the above relation, equation finally turns into
91(V, W, X) =2sin6 cos 0X (0)g1(QZ, W) + sin? g1 ([Z, X], W) — cos? 0g1(V , X, W)
— L (AZYPZ, (W) — g1 (VY YPZ, W) + g1 (V 1 (QZ, W)
— 91 (A (QZ, W) — g1(X, gradln N) g1 ((QZ, (W)
— 91(¢QZ, gradIn \)gi (X, (W) + g1 (CW, gradIn \)g1 (X, (QZ)
+ 101 (VIIL(CQZ), TL(CTH).

Hence, this proves the theorem completely. O

The study of geometry of leaves of horizontal and vertical distributions of PWSSCS is
very important. We start our discussion with necessary and sufficient conditions for vertical

distribution kerII, is totally geodesic.

Theorem 4.5. Let us suppose that I1 be a PWSSCS with semi-slant function 0 from KM

(©1,91,J) onto a RM (O3, g2). Then kerIl, is defines totally geodesic foliation if and only if

%m(@rl*@@t?),m(cv)) + g1 (A YPU, (V) + 1 (VY ) PU, V)

= coszﬁgl(VXQﬁ, V) — 2sinf cos 0X(0)g1(QU, V) + g1([U, X], V)

(4.42)
+ g1(X, gradIn A)g1(CQU, ¢V) + g1(CQU, gradIn M) g1 (X, ¢V)
— g1(¢V, gradIn \)g1 (X, (QU) — g1 (A ¢ CQU, V),

for any vector fields U,V € T'(kerIl,) and X € I'(ker IT,)*.
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Proof. We start the proof of theorem with considering the term gl(VUV, X ). From simple
steps of calculations with basic definition, this turns into gl(VUV,X ) = —q1([U, X],V) —
(Vg U, V) Operating J, which is a almost complex structure with using equation ,

(2.12)) and (2.13) on second term, this will take place

A A~ ~ A

gl(VUV,X) = _gl([U,X],V) - gl(vXJUa JV)a

for any vertical vector fields U,V and horizontal vector field X. In the light of decomposition

(3.14) and (3.15) the second term of above equation, we can write

A

VgV, X) = =q1([0, X],V) = 2(VPU, JV) = g1(V g QU JV) = 1 (V QU TV).

(4.43)
In the light of equation and , second term of above equation become
~g1(V g ¥PU, JV) = g1 (A ¥PU, (V) — g1(#'V ¢ PU, V). Similarly, from equation (2.11),
and |D third term turns as —g; (VXwQU, JV) = gl(VX¢2QU, V)-i-gl(VXCwQU, V)
In last term, taking account the fact from decomposition and equation , this will
take place as —g1(V xCQU, JV) = —g1(HV ¢CQU, (V) — g1(ACQU, V). Put the values of
all these terms in equation , we get

n1(VgV, X) == qi([U, X], V) + 1 (A yPU, V) — g1 (¥ V g PU, §V) + g1 (V 5 9°QU, V)
+91(V 3 0QU, V) = 1(HV ¢QU,CV) — 1 (A3 (QU, V).

Since, II is a PWSSCS with semi-slant function 6, using Lemma [3.2] above equation turns

into

g1 (VV, X) == g1([0, X], V) + g1 (A PU, V) — g1 (¥'V c$PU, V) — g1 (V g (cos> §)QU, V)
+ 91(V £ C¥QU, V) = g1 (HV £ CQU, CV) — g1 (A (QU, ¢V)
= —g1([U, X],V) + g1 g 0PU, (V) — g1 (V'V g bPU, V) + g1(V 4 (VQU, V)
+2sinf cos X (0)g1(QU, V) — cos? 0g1(V ¢ QU, V)
— 919V CQU, (V) — 1 (A (QU, yV).

(4.44)

Considering equations ([2.1) and (2.10]), second last term of the above equation will be

OV £CQU, V) = 1502(VITL(CQD), TL(CV)) — 5502((VIL) (X, QD). TL(CV)).
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By using the definition of horizontal conformality of II from Lemma [3.2] we can write
N N 1 A N 1 A A
—91(HV QU (V) =502(VTL(CQU), I (CV) = 1502((X (In ML (CQU)

+ ¢QU (In M)IL(X) — g1(X, CQU)IL(gradIn \), IL(¢V)).

Now, by using above two equations in (4.44]), finally we have

g(VV,X) = gi([U,X],V) + 1A PU,CV) — g1 (P V g 0PU, V) + g1 (V ¢ CYQU, V)
+ 2sin 6 cos 0X (0)g1(QU, V) — cos? 9g1(VXQ(7, V)—q1 (QIXQQ(}, YV)
— g1(X, gradIn \)g1((QU, (V) — g1(CQU, gradIn A)g1 (X, (V)

+ 91(X,CQU) g1 (CV, gradn \).

This completes the proof.

Theorem 4.6. Let 11 be PWSSCS from a KM (©1,g1,J) onto a RM (©2,g2). Then the
map I is totally geodesic map if and only if

~

(i) 3=g2(Z(In NILCYW + (Z(In ML Z — g1(Z, W)L (gradIn A), IL(X))
= (T W, X) + 3292 VAL (YW, TL(X))
(ii) cos?091(Tx Y, 2) + 3z {g2(VRIL(UY  T1(Z) — go(VEILLY  T1(€2))} = 0
(iii) cosec? g1 (A,PU, W) + cot? 0 cos® g1 (HV ,QU, W)
= — 2 {92(VIILGYQU, IL(W)) + g2(VIILCQU, L (€W))
for any U,V e D(®),X,Y e (DY) and Z € T'(kerI1,)*, U1 € T'(kerIL,).

Proof. Let us consider go((VIL)(Z,W),1,(X)), for any Z,W € I'(®) and X e T'(kerII,)*.
On using equations (2.10) with definition we may obtain gy((VIL)(Z, W),IL(X)) =
—A2gl(VZW, X). This relation can be turn into

1

FQQ(WH*)(Z, W), IL(X)) = g1(V, W, X).

Taking account the fact that JW = ¢® if W € I'(®) and from equations (2.11)), (3.15)) in
the right hand side of above equation, we get
1 A A ~ ~ N
pgz((VH*)(Za W), IL(X)) = —g1(V 39 W, JX).
By using equations ([2.4)), (2.5) with (3.15)), we can get

0 (VIL)(Z, 1), TL(X)) = g1(Z,0W, X) — (99,00, X). (4.45)
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Since II is PWSSCS, by using definition the second term in the right hand side
of above equation can be turn into —g; (5V2C¢W,X) = %gg((VH*)(ZA,CwVAV),H*(X)) -
$92(VEH*C¢W,H*(X)). By using this in , we may have

{92 (VIL)(Z, ), T (X)) =91 (217, X) 4 3502((VIL)(Z, o), TL (X))
- ﬁgwgmcwmn*()& ))-

Finally with using Lemma we get

%gg((vn*)(z W), L (X)) :%ng(m MILCOW + CoW (In A)TLZ

— gl(Z, {1/1W)H*(gradln A)) + g1(,72¢2W,X)
— 5o (VLU L (X)),

which is part (i). For part (ii), take into consideration go((VIL.)(X,Y),I1,(Z)), for any
X,V eT(®%) and Z € D(kerIL,)*. From equations (2.10) with definition we can write

g2 ((VIL)(X,Y),1L(2)) = ~\2g1(V4Y, Z). In the light of relation (2.11), (2.12) and (3.15),

we get,

3202(VIL)(X,Y), 1(2)) = —g1(V 0¥, T Z) = 1(V (Y, T 2).

By using equations (2.11)), (2.12]), (3.17)), above equations turn into

12 2((VIL)(X, Y), 1L(2)) = g1 (V JYY, Z) — q1(V 3 (Y, BZ + €2).
By using equation (2.5)), we can write
1 A N A A A A
ﬁg2((VH*)(X, V), 1(2)) = 1 (V¥®Y, Z) + g1(V ¢ (UY, Z)
— OV (Y, €2) — g1 (T (Y, B2).
Taking account the fact from equation (2.5) with Lemma we may have

F((VIL)(X, V), TL(2)) = 1(T ¢ (cos* OF , 2) + 1(9V 0, 2)
(4.46)

— OV (Y, €2) — g1(T4 (Y, B2).
Since IT is a PWSSCS from a KM O;, the the first term of equation (4.46) turn into
as g1(V g (cos? 0)Y,Z) = 2sinfcos0X(0)g1(Y,Z) + cos? Ggl(VXY,Z), where the second
term as g1(AV ¢V, Z) = $zgo(VEILCYY T * Z)) — 35 ga((VIL)(X, (yY), 1.(Z)) and
third term as g1(HV (VY Z) = —3592(VEILCY TL(€2)) + 3292 ((VIL)(X, (Y), I1.(€2))
by using equation and definition O



172 M. SHUAIB

With all these facts using in equation (4.46[), we can write

(VIL)(X,Y),IL(Z))

FQQ

— 2sin0cos0X ()91 (Y, Z) + cos? 09, (V oV, Z) + %gg(vgﬂ*ﬁb}}, (IL.2))
3 (VIL)(X, C¥). IL(2) ~ 1ye(VEILCY 11 = €2)
+ %gg((VH*)(X, CY),IL(C2)) — g1(Tx (Y, B2).

Finally, by using the Lemma in fourth and fifth terms, the above equations takes the

form
3292 ((VIL)(X,Y), IL(2))
- %gg()z(ln MILCY + (Y (InMILX — g1(X, (V)L (gradIn \), TL,(€2))
_ %gg(f((ln MILCYY + Co¥ (In VL X — gy (X, Co¥)IL (gradIn A), TL.(2))
- %gg(VgH*CY,H( «€2)) — g1(T4CY,BZ)
4 cos 01 (V oV, 2) + égﬂvgn*cw, IL(2)).
This is the proof of part (ii). For (iii) part, we consider

1 ~ A ~ ~ ~
FgZ((VH*)(Z7 Ul)7H*W) - _gl(H*vZU17H*W)J

for any U} € T'(kerIL,) and Z, W e I'(kerIL,)L. By using equations (2.11)), (2.12), (3.14) and
(3.15), we can write

1 ~ A « PN A A A
ﬁgz((VH*)(Z, 01),ILW) = — g1(V4,PU, W) + g1 (V ,02QU, W) — g1(V ,¢QU, W)

~ 919V 50QU, W) — g1 (A,¢QU, BW).
Since PWSSCS, then by using Lemma [3.3] and definition of horizontal conformality the
above equation turn into

pgg((VH*)(Z, Up),ILW) = — g1 (A,PU, W) —sin202(0)g:(QU, W) + cos? 091 (V,QU, W)

— 5 (L9Y ,C6Q0), L (1)) — 550 (Y 1(Q0), T (€17))
~ 1 (A5CQU, BIV).

(4.47)

The second term on right hand side of above equations become 0 since Qﬁ and W both are

orthogonal, whereas the third term reduces with equations (2.11)), (2.12)) and Lemma as,
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— cos? H(gl(VZwQQU, W) + cos? Hgl(VZC@ZJQU, W)) + cos? Hgl(VZCQU, BW + €W). With
this value equation (4.47) reduces to

1 . A .
FQQ((VH*)(Z7 Ul)v H*W>
= gl(QLZIPﬁ, W) — cos? Bgl(VZwZQU', W) + cos? Ggl(VZCwQU, W)
+ cos? Ggl(VZCQU, BW + QﬁW) + cos? Hgl(VZQU, W) (4.48)

A A 1 N A
— L9V ,C0Q0), 1L (1)) = £V 2(Q0), T (€17))

— g1(AL,LQU, BW).

Since II is a PWSSCS from KM onto RM, by using the formula of second fundamental
form of II and Lemma [3.3] sixth term in the right hand side of above equations reduces to
592(Z (I MILLYQU + QU (In MIL.Z — g1 (Z, (¥QU)IL.(grad In \), ILW) and the seventh
term as %gg(?(ln MILCQU + ¢CQU(In MIL.Z — g1(Z,({QU)IL(gradln \), ILLEW). Putting
these values in equation , we have

S29((VIL)(Z,Th), TLW)

%gz(?(ln MILCYQU + QU (In MILZ — g1(Z, (YQU)IL (gradIn X), ILW)

+ %QQ(Z(IH MILCQU + ¢QU (In ML Z — g1(Z, CQU)L, (gradin \), IL.CW)
— I(ALPU, W) — cos® 01 (V ,0°QU, W) + cos® g1 (V ,CQU, W) — g1 (A,(QU, BW)
+ cos? 091(VZCQU, BW + (’lW) + cos? Hgl(VZQU, W)

1 A o 1 A B
- F92(VEH*C1¢@U7H*W) - FQQ(VEH*CQUv ILEW).

Finally, by using definition of horizontal conformality with Lemma and equation ([2.7)),

we can write

1 AoA N
FgQ((VH*)(Zv U1)> H*W)

1

= sin® O{FQQ(Z(IH MILCYQU + QU (In MILZ — g1 (Z, (pQU) L, (gradIn X), ILW)

+ %gﬂ(ln MILCQU + CQU(In MIL.Z — g1(Z, CQU)IL(gradn \), IL.EW)}

1

1
)\2 92 NG}

— sin® 0 go(VIIL(YQU, ILW) — sin® 6 " 92(VIILCQU, ILEW)

— g1 (ALPU, W) + cos” g1 (V ,QU, W),

from which we can get part (iii) of Theorem.



174 M. SHUAIB

5. PLURIHARMONICITY

In this section, we discussed the concept of J-pluriharmonicity on AHMs which was once
studied and defined by Y. Ohnita [26]. Let II be a PWSSCS from KM (01, g1, J) onto a RM
(02, g2). Then PWSSCS is J-pluriharmonic, ©-J-pluriharmonic, ®-.J-pluriharmonic, (D —

©9)-¢ pluriharmonic, ker IT,-J-pluriharmonic, (ker IT,)*-J-pluriharmonic and ((ker IT,)* —

ker IT, )-¢-pluriharmonic if

(VIL)(X,Y) + (VIL)(JX,JY) = 0,

(5.49)

for any X,Y € I'(®), for any X,Y € T'(DY), for any X € I(D),Y € (DY), for any

X,V e ['(kerIL,), for any X,V e I'(kerIT,)* and for any Xe F(kerH*)J—,ff € I'(kerIL,).

Theorem 5.1. Let II be a PWSSCS from KM (©1,g1,J) onto a RM (O, g2). Suppose that

I is ©0-J-pluriharmonic. Then ©Y defines totally geodesic foliation on ©1 if and only if

Ve ILIY1 + V?Xlﬂ*cfﬁ =TL(HV ¢, (V1 + A ¢, WY1 + T ¢ PPPYYT + OV ¢ CYPPYT)

IL (4, 0°QUY1 + 9V, ¢ (VQUY1)

— cos? HH*(%Xlw(waﬁ + %XleY/l)v
for any )é'l,Yl e T'(DY).

Proof. For any X 1s Vi e I'(®?%) and using the pluriharmonicity of J with equation
get
0 = (VIL)(X1, V1) + (VIL)(J X1, JY7)
. I . .
= —H*V)élYl + VJXIH*JYl —ILV ;% JY1.

Now, from the above equation, we can write

- . X
LV Y1 = Vg LIV —ILV, ¢ JY1.

2.10

, We

The second term in the right hand side of above equation with using equation (3.15)), takes
the form as H*nglwl}l + H*wal Cfﬁ + H*VCX1¢Y1 + H*legfﬁ. Now, equation can

be write as
N R o e
1.V :lYl —VJX1H*JY1 — H*V¢X1¢Y1 H*VWQCYl

—ILV ¢ V1 — ILV ¢ (V1.
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Taking account the fact that II is PWSSCS with using equations (2.5)), (2.6)), (2.10) and
(3.14), we have

H*V)élyl =— H*(%chyl + vawXICYi + Q[CXll/Jyl + chxlwyl)
+ {¢X1(In MITLCYL + ¢Vi(In MIT.C Xy — g1(¢ X1, (V1)L (gradIn \)}
= Ve LTV = Vi TLOY) + TL(JV ¢ J(PYY + QUY7)).
Operating J in the last term in the right hand side of above equation with Lemma [3.2] and
equations ([2.5) and , we may have
ILYV ¢ Y1 ={¢X1 (I A)ILGY: + (Vi (In MILCX = g1(CXq, (V1)L (grad In A)}
+TL( T, ¢ WP PYYL + V'V g O PYYL + T ¢ CUPYYL + SV ¢ CPPYYY)
(T, QUYL + V'V o QUYL + T CYQUYL + OV ¢ (YQuyY1)
= cos” 1L (7,5, YCQUYL + ¥V 5 CQUY1 + T3 QUY1 + ¥V ¢ QUY1)
H*(%Xlgyl + OV, Y1+ Apg, ¥Y1 + “VVgxl@Wl)
I Y 0] Y
— VJXIH*JYl - VCX1H*CY1.

O

Theorem 5.2. Let II be a PWSSCS from KM (©1,¢1,J) onto a RM (O2,g2). Suppose
that 11 is ((ker IT,)* — ker I1,.)-J-pluriharmonic. Then the horizontal distribution (ker IT,)*

defines totally geodesic foliation on ©1 if and only if
LV W = VI TL(JW) + cos* 011 RAgg, QW — cos® OT1.( Ry, CQW
= sin? 0{€Y1 (In MIL (CYQW) + CYQW (In MIL.(€V1) — g1 (CYQW, €V1) L gradIn A}
+ cos? 0J{€V1 (In MIL, (CQW) + CQW (In )T, (€Y1) — g1 (CQW, €¥1)IL,gradIn A}
T ( Ty PUW + Ty QUW + U YPW + HV g1 (V)
— sin? evgﬁn*(w@ﬁ/) + cos? erlgyl IL.(CQW),

for any Y1 € D(kerIL,)* and W e I'(kerIL,).

Proof. For any Y, € T'(kerIL,)t, W e D'(kerIl,) and using equations (2.10), (3.14), (3.15)

with considering the fact that the pluriharminicity of J, we can write

X i . . o .
MLV g, (W = ~TL(Vyg, ¥W + Vg (W + Vg, ¥ W) — ILV g W+ VL TLTT
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Now, by using equations (2.4)), (2.6), (3.14), (3.15) and from the Lemma above equation

can takes the form as
LV gy (W = = Il (T (W + 9V, (W) = ILV g, W+ VI TLIW — LV oy CYQW
+ L (JV gy JUW + TV o5 JOW) — cos® 0T (T V 5 JQW)
+ L (— Ty, PUW — ¥V gy PYW — T QUIT)
+ I (=7 Vi QUW — Ay YPW — ¥V o ¢PW).

By using the horizontal conformality of II, Lemma[3.2] equations (3.15]) and (2.10] with some

simple steps of calculations, we may have
TLV gy (W = — cos™ 011, (. QW) + cos® 0L ((Agy CQW) + sin® 6(VIL,) (€Y7, QW)
— sin? evgﬂn*(w@m + cos? 0.J (VIL) (€Y1, CQW) + cos? 0V 5. IL, (CQW)
TL(Zg9, CW + 9V 5, (W) = ILVy W+ VI TLIW
T ( Ty, PUW + ¥ Vo POW + Ty QUIV + ¥ V. QuIV)
— I (Ugy, YPW — ¥V oy $PW).
Finally, by using the Lemma the above equation takes the form
LV € W
=sin? 0{&Y] (In ML (CYQW) + CpQW (In MIL, (€Y7) — g1 (€Y1, CYpQW)IL, (gradln )}
cos? 0J{€Y1 (In MIL(CQW) + (CQW (In MIL.(€Y1) — g1 (€Y7, CQW)IL(grad In \)}
— TL(Fagg, (W + 9V g9 (W) = TLV o, W 4 VI TLIW — cos” 011 (2yy, QW)
— T ( Ty, POW + ¥ V. POW + Ty QU + ¥V QUIV) + cos® 1L ((Agy, CQW)
— L% Uy, YPW — V'V PW) — sin® OV (5 TL(CDQW) + cos® 0TV . TL(CQW).
From the above equation, we can get the proof of Theorem O
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RULED SURFACES WITH 11 N,B;-SMARANDACHE BASE CURVE
OBTAINED FROM THE SUCCESSOR FRAME

GULSAH UZUN || SULEYMAN SENYURT * AND KUBRA AKDAG

ABSTRACT. In this study, ruled surfaces formed by the movement of the Frenet vectors of
the successor curve along the Smarandache curve obtained from the tangent and principal
normal vectors of the successor curve of a curve are definened. Then, the Gaussian and
mean curvatures of each ruled surface were calculated. It has been shown that the ruled
surface formed by the tangent vector of the successor curve moving along the Smarandache
curve is a developable ruled surface. In addition, it was found that the surface formed by
the principal normal vector of the succesor curve along the Smarandache curve is a minimal
developable ruled surface if the principal curve is planar. Conditions are given for other
surfaces to be developable or minimal surfaces.

Keywords: Smarandache ruled surfaces, Sucessor curve, mean curvature, Gaussian curva-
ture.
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1. INTRODUCTION

The image of a function with two real variables in three-dimensional space is a surface.
Surfaces are used in many fields, such as architecture and engineering [26]. In 1795, Monge
defined the ruled surface as the surface formed by the movement of the line along the curve.
Any ruled surface is formed as a result of the continuous movement of a line along any curve.
These curves are called the base curve and the director curve, respectively. The curvature
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of surfaces was defined by Gauss in the 19th century, and therefore it was named Gaussian
curvature [19]. Gaussian curvatures are related to the dimensions of the surface [27]. Since
the average curvature of the surface is a ratio, it is independent of the size of the surface.
Thus far, many studies [II, Bl [6, [7, &, 9, 10) 12], 3] on the Gaussian curvatures of surfaces
have been conducted.

There are many special curves in differential geometry. One of them is the successor curve.
This curve is defined as, there is a new curve, such that the tangent of one curve the principal
normal of the other curve, by Menninger [14] in 2014. Later, Masal [I1] investigated the
relationships between the position vectors of this curve and defined Successor planes. Thus
far, many studies have been conducted on this concept [5, B0]. Another special curve is the
Smarandache curve defined in Minkowski space [2], 211 28], 29].

In recent years, many studies have been carried out on ruled surfaces whose base curve is
Smarandache curve. Some of these studies can be accessed from [4] [16} 17, 18| 22], 23, 24] 25].

In this paper, we present some special ruled surfaces with 77Ny Bi-Smarandache curves
obtained from their successor frames. We then investigate the properties of these ruled
surfaces by means of Gaussian and mean curvatures. We obtain the conditions that which
of these surfaces developable and which of these minimal. At the end, we visualise the main

idea by providing four examples.

2. PRELIMINARIES

This section provides some basic notions needed to be the following sections. Throughout
this paper, let & = a(s) and 8 = B(s) be two differentiable unit speed curve in E? and their
Frenet aparatus be {T, N, B, k, 7} and {11, N1, B1, k1, 71}, respectively. Then,

"
T = o, N:HZ—HH, B=TAN, r=|[a"||, 7=(N,B),

T" = kN, N=—-xT+71B, B'=—71N.

The surface formed by a line moving depending on the parameter of a curve is called a ruled
surface, and its parametric expression is X (s,v) = a(s) + vr(s). Here, v is a constant.
Besides, a and r are referred to as the base curve and the director curve of X, respectively.
The normal vector field Ny, the Gaussian curvature Ky, and the mean curvature Hx of

X (s,v) are as follows:

X AN Xy

Nx = i1
1 X A X

(2.1)
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B eqg — f? _Eg—2fF +eG
Kx=g6=F X7 T2(EG-F?) (22)
Here,
E - <XS7X$>7 F = <XS7XV>7 G - <XV7XV>7 (23)
€= <X357NX>’ f = <XszX>a g = <XI/V7NX> . (24)

Definition 2.1. [T}, 14] If the unit tangent vector of a is the principal normal vector of 3,

then 3 is called Successor curve of a.

Theorem 2.1. [T} [14] Let 8 be the Successor curve of o. Frenet apparatus of 5 curve is as

follows:
Ti = —cosON +sinfB, Ny =1, B;=sindN +cosfB, k1 =krcosl, 71 = ksinf.
where, 0 is the angle between binormal vectors B and By and 0(s) = 6y + [ 7(s)ds.

Definition 2.2. [29] A regular curve in Minkowski space, whose position vector is obtained

by Frenet frame vectors on another reqular curve, is called a Smarandache Curve.

Let 8 be the Successor curve of a. It can be observed that the unit curve ~, inspired in
[11], produces Smarandache curves, for all s € I C R, such that

al +bN + cB
Va2 + b2+ 2’

Here, if a, b, and ¢ are nonzero the Smarandache curves produced by v(s) are denoted by

V(s) =

a,b,ceR.

{T N B}-Smarandache Curves. This paper consider {T'N B}-Smarandache Curves.

3. RULED SURFACES WITH 17 N1 B1-SMARANDACHE BASE CURVE OBTAINED FROM THE

SUCCESSOR FRAME

In this section, firstly we define some special ruled surfaces with T} N1 Bi-Smarandache
base curve obtained from the successor frame. Then we examine the properties of these
ruled surfaces by means of Gaussian and mean curvatures. And we give the conditions of

being developable or minimal surface.

Definition 3.1. Let the successor curve of the o curve be B. The ruled surface formed
by targent vector T the vector along the Ty N1By Smarandache curve obtained from the T

targent vector, N1 principal normal vector and By binormal vector of the 8 curve as follows:

®(s,0) = —(Ti+Ni+ Bi)+oT

3l

(3.5)

= 13 (T + (sin® — cos O)N + (siné + cos§)B) + v(—cos N + sin6B).

|
5
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Theorem 3.1. Let the successor curve of the curve a be 8. The Gaussian and mean curva-
ture of the ®(s,v) ruled surface are as follows:

—3cos? sin? 0(((1 + vv/3) cos f — sin )% + sin? 6)

Ko = 1
(sin2 0+ ((1+vV3)cosf —sin 6)2> :

)

ﬁmsin&(?cosQO - (((1 +vV/3) cos ) — sin9)2 + 1)) — V371 +vV3)

3
2

Hg =

2k(sin? 0 + ((1 + vv/3)% cos  — sin §)?)

Proof. Partial derivatives of equation (3.5) are,

P, = %(((1 —i—’l)\/g)COSQ — sin9)T+N>, ®, = —cosON +sinfB, & = kcosdT,
(/i/((l +vv/3) cosf —sinf) — k? — k7 ((1 4 vv/3)sinf + COSG))T
+(/{’+ﬁ2(sin9— (1—vv3) COSH))N—I—/WB

q)ss = ; cI)v’u =0

V3
Thus, from equation ([2.1)) the normal of the surface Ng is given as

sin @7 — sin 6((1 + vv/3) cos§ — sin ) N — cos0((1 + vv/3) cos § — sin§) B
P = 1 .
(sin29 + ((1+vv/3) cosd — sin9)2) ?

Moreover, in equations ([2.3)) and (2.4)) the coefficients of fundamental forms are

K2 K cos 6
Ey = —(((1 —sing)? +1), Fp=— =1
o= ((( + vV/3) cos @ — sin)? + ), @ 7 Go )
k?sinf(sinf — (1+vv/3) cosf + 1) + k7(1 + vV/3)

\/§<sin2 0+ ((1 + vV/3) cos ) — Si1f19)2>é

K cos 0 sin @
fo = , 95 =0

T
(sin2 0+ ((1+vV3)cosf —sin 9)2> :

Ep = —

respectively. Thus, by using equation (2.2)) the Gaussian and mean curvatures are found. O

Corollary 3.1. Let the successor curve of the a curve be 8. If a curve is planar and

0 =7+ kr (k €N), the ruled surface ®(s,v) is the minimal developable surface.

Definition 3.2. Let the successor curve of the o curve be B. The ruled surface formed
by principal normal normal vector N1 along the Ty N1B1 Smarandache curve obtained from

the T1 targent vector, N1 principal normal vector and By binormal vector of the 8 curve as
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follows:

Q(S,U) = %(T1+N1+Bl)+v]\f1
(3.6)

= %(T + (sinf — cos O)N + (sin 6 + cos 0)B) + vT.

Theorem 3.2. Let the successor curve of the a curve be 3. The Gaussian and mean curva-

ture of the Q(s,v) ruled surface are as follows:

V37T

Ko=0, Hp= .
Q 7 2k(1 + 0V3)

Proof. Partial derivatives of equation (3.6|) are,

Qs = %((COS@—SinQ)T—F(l-FU\/g)N), Qv =T, Qs = kN Qup =0,

(k' (cos @ — sin @) — k7(cos O + sin0) — k2(1 + vVv/3))T + (k%(cos 0 — sin 0) + £’ (1 + vV/3))N + k(1 +vV3)B

st =
V3

Thus, from equation (2.1 the normal of the surface N is given as Ng = —B. Moreover, in

equaitons (2.3)) and (2.4) the coefficients of fundamental forms are

2

Eq = %((cos@ —sinf)? + (1 + v\/g)z), Fg =

e — _5T
T3

respectively. Thus, by using equation (2.2)) the Gaussian and mean curvatures are found. O

%(cos@ —sinf), Gg =1,
(1+vV3), fo=g9=0.

Corollary 3.2. Let the successor curve of the a curve be 8. If a curve is planar, the ruled

surface Q(s,v) is the minimal developable surface.

Definition 3.3. Let the successor curve of the o curve be 5. The ruled surface formed by
binormal vector By the vector along the Ty N1B1 Smarandache curve obtained from the Ty

targent vector, N1 principal normal vector and By binormal vector of the 3 curve as follows:

M(s,v) = %(T1+N1+B1)+v31 5.7
3.7

= %(T + (sin® — cos )N + (sinf + cos0)B) + v(sin N + cos 0B).
Theorem 3.3. Let the successor curve of the a curve be 5. The Gaussian and mean curva-
ture of the M (s,v) ruled surface are as follows:

—3sin? 0 cos? 0
(C082 0+ (cos@ — (1 +vV3) sin0)2)2,
B —V/3k cos0(2sin? +(cos§ — (1 + vv/3)sinf)? + 1) — V37(1 + vV/3)
= S .

2/@((:0529—1— (cosf — (1 +U\/§)sin0)>§

Ky =

Hyy
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Proof. Partial derivatives of equation (3.7)) are,

M, = %((COSQ— (1+vV3)sind)T + N), M, =sinN + cosfB,

My, = —ksin0T, M,, =0,
(K'(cos @ — (1 4+ vv/3)sin6) — k7(sinf + (1 — vv/3) cos ) — k)T
+ (K" + Kk*(cos 0 — (1 +vV/3)sin6))N + k7B
V3

Thus, from equation ([2.1) the normal of the surface N, is given as

Mss =

cos 0T — cos 0 cosf — (14 v/3)sin @) N + sin( cos 6 — (1 +vV/3)sin ) B
M= ; :

(et (o1 0500

Moreover, equations (2.3) and (2.4) the coefficients of fundamental forms are

K2 Ksin 6
Ey = — 0—(1 3)sinf)’> +1), Fy=-—-, Gu=1
M= ((cos® — (1 +vV3)sinh)> +1), Fu 50 oM=L
—k7(1+vV3) — k2 cos O((cos§ — (1 + vV/3)sin6)? + 1)
EM = 1 ’
\/g(coszﬂ—i—(COSG—(1+U\/§)Sin9)2)2
—ksinfcosf
v = s gu =0.

ol

(cos29 + (COSG — (1 +vV3) sin9)2>

respectively. Thus, by using equation ({2.2)) the Gaussian and mean curvatures are found. [J
Corollary 3.3. If the 0 = m+kn (k € N), the ruled surface M(s,v) is a developable surface.

Definition 3.4. Let the successor curve of the o curve be 5. The ruled surface formed by
T1 Ny the vector along the T1 N1 By Smarandache curve obtained from the Ty targent vector,

Ny principal normal vector and By binormal vector of the B curve as follows:

u(s,v) %(T1+N1+B1)+L2(T1+Nl)

S

(3.8)

= L (T + (sinf — cos )N + (sinf + cos §) B)

e (T — cosN +sindB).

+ %
Theorem 3.4. Let the successor curve of the o curve be 5. The Gaussian and mean curva-

ture of the u(s,v) ruled surface are as follows:

K= —6sint @

)

((\/5 + v\/§)2 sinZ @ + ( —v/25sin2 0 + (\/5—}- 'U\/g) cos@sin9)2 (\/icosesim? — (\/§+ v\/g)(cos2 0+ 1))2)‘
(((\/i—i— v\/g) cosf — v/2sin 9)2 + (\/5 + v\/§)2 — sin? 9)
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2v/6k sin3 0 — /6K SinG(((\/i + v\/g) cosf — /2sin 0)2) - 2\/g'r(\/§ + v\/§)2

H, =

[NE

((\/§ +vv/3)2sin? 0 + ((\/§+ v\/g) cos 0 sin 6 — v/2sin? 6’)2 + ((\/§+ vv/3) cos 0 sin @ — /2 cos? 9)2) .
25(((\/5 +vv/3) cosf — \/ﬁsin0)2 + (V2 4+ vV/3)? — sin? 0)

Proof. Partial derivatives of equation (3.8) are,

s = %(((\@—i—v\/g) cos — V2sinO)T + (V2 +vV3)N), ps = E(COSGT—F N),
1 .

Ly = E(T —cosON +sinfB), py =0,
((\/§+U\/§)(/€/C080 — kTsinf — k?) — ﬂ(m’sin@—l—;wcos@))T
+</€2((\/§+ vV/3) cos ) — \/ﬁsinﬁ) + (V2 + U\/g)H/)N + (V24 vV3)kTB

Hss = .

V6
Thus, from equation ([2.1) the normal of the surface IV, is given as

(\/5—5— v\/g) sin 0T — ((\/5—1— v\/g) cos0sin — /2 sin? 9)N - ((\/5—1— U\/g)(COS2 0+1)— V2 cos 0sin G)B

Ny = 1-
((\/5+ vv/3)2sin? 0 + ((\/§+ vV/3) cos O sin § — +/2sin? 9)2 + ((\/§+v\/§)(0052 6+ 1) — v/2cosfsin 9)2> 2

Moreover, in equations (2.3) and (2.4) the coefficients of fundamental forms are

2 .
B = " (V2 + 0/3) cos — V3sin0)® + (V2 + uV/3)%), FH:—HT;%G, Cu=1, g.=0,

267(V2 + vV/3)? + K2 sin@(((\/ﬁ—‘r vV/3) cos @ — +/2sin 9)2 + (V2 + v\/§)2)

ey = — )

\/é((\/ﬁ +vv3)%sin? 0 + ((v/2 + vV/3) cos 'sin 0 — /2 sin? 49)2 + ((v2 + vV/3) cos 05in § — /2 cos? 9)2)

N

sin? @

((\/5 + v\/§)2 sin2 6 + ((\/§+ v\/g) cos 0sin @ — v/2sin? 9)2 + ((\/i + v\/?:) cos0sin @ — /2 cos? 6‘)2) %

f,u =
respectively. Thus, by using equation (2.2)) the Gaussian and mean curvatures are found. [
Corollary 3.4. If the 0 = kn (k € N), the ruled surface u(s,v) is a developable surface.

Definition 3.5. Let the successor curve of the o curve be 5. The ruled surface formed by
T1B1 the vector along the Ty N1 By Smarandache curve obtained from the Ty targent vector,

Ny principal normal vector and By binormal vector of the B curve as follows:

P(s,v) = 13(T1+N1+Bl)+%(T1+BI)

Sl

(3.9)

= 13 (T + (sin 6 — cos )N + (sinf + cos0) B) + 7 ((sin@ — cos )N + (sinf + cos 0)B).

!
&l
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Theorem 3.5. Let the successor curve of the a curve be 3. The Gaussian and mean curva-

ture of the ¥(s,v) ruled surface are as follows:

K - —6(cos? 0 — sin? 9)?

=
(2(sin0 + cos 0)% + (V2 + vv/3)%((sin? 6 — cos? )2 + (sin 20 — 1)2)).
(1 —sin20)((vV2+vv3)2 — 1) +2)

Y

3k(sin 6 + cos0) (V2 + vv/3)?(sin 20 — 1) + 2(sin 6 — cos §)? — 2)
—37(V2 +vV3)

Hy =

1 -

\/é(Q(Siné? + cos )% 4+ (V2 + vv/3)?((sin? 6 — cos® §) + (sin 20 — 1)2).) :
(1 —sin20)((vV2+vv3)2 — 1) +2)

Proof. Partial derivatives of equation (3.8|) are,

g = (V2 + vV3)(cos § — sin )T + \@N), gy = —=(cos @ —sin )T,

5

6 V2
1 . .

Uy = %(smﬁ —cosO)N + (sinf + cos0)B, 1, =0,

(((ﬂ + vV/3)(k/(cosf — sin @) — k7 (sinf + cos b)) — \/§H2>T

+(ﬁl€/ + k2(v/2 + vv/3)(cos  — sin 9))]\7 +V2kTB

V6

wss =

Thus, from equation (2.1)) the normal of the surface Ny, is given as

N, = V2(sin 6 4 cos )T + (/2 + vv/3)(sin? @ — cos? )N + (v/2 + vv/3)(sin 20 — 1)B

1

(2(sin9 +cos )2 + (V2 + v\/§)2((sin2 6 — cos? )2 + (sin 26 — 1)2)> 2

Moreover, in equations ([2.3)) and (2.4) the coefficients of fundamental forms are

Ly = 22((\/5+v\/§)2(1 —sin26) +2), F,=

\%(sin& —cosfl), Gy =1,

KT(4 — 20V/6) + K% (sin 6 + cos ) (2 + (V2 + vv/3)?(1 — sin 26))

\/6<2(sin0 + cos )2 + (V2 + vv/3)2((sin? 6 — cos? 6)2 + (sin 20 — 1)2))

€y = —

)

NI

—#(cos? @ — sin? 6)
fo=— 1
(2(sin9 + c0s6)? + (V2 + vv/3)?((sin? 6 — cos? 0)2 + (sin 20 — 1)2)> ’

) 91/):0

respectively. Thus, by using equation (2.2)) the Gaussian and mean curvatures are found. O

Corollary 3.5. If the § = T + %ﬂ (k € Z), the ruled surface ¥(s,v) is a developable surface.
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Definition 3.6. Let the successor curve of the a curve be 8. The ruled surface formed by
N1 By the vector along the Ty N1B1 Smarandache curve obtained from the T4 targent vector,

Ny principal normal vector and By binormal vector of the B curve as follows:

n(s,v) = %(Tl + N1+ Bi) + (N1 + Bi)

(3.10)

= %(T + (sin® — cos O)N + (sin 6 + cos ) B) + %(T +sinON + cos0B).

Theorem 3.6. Let the successor curve of the a curve be 8. The Gaussian and mean curva-

ture of the n(s,v) ruled surface are as follows:
—6cos? 0

((\/Q + v\/g) cos 0)2 — (\/50052 0 — (\/5 + ’U\/g) sin § cos 9)2
—i—(\/icosesinﬁ — (V2 4+ vV3)(sin? 0 + 1))2
((ﬂcosG — (V24 v/3) sin 49)2 + (v2 + vV/3)? — cos? 0)

K, =

NI

67(V2+vV3)2 + 3k cos@((\@ +vv3)? + (V2cos0 — (V2 +vV/3) sin 9)2 — 2cos? 9)
H. — _

n =

[N

((ﬂ + vV/3) cos 9)2 — (\/icos2 6 — (v/2 4 vV/3) sin 6 cos 9)2
+(V2cosOsing — (vV2 4+ vv/3)(sin® 6 + 1))2
((\/QCOSQ — (\/§ + v\/g) sin 0)2 + (\/§ + 11\/5)2 — cos? 9)

V6r

Proof. Partial derivatives of equation (3.10|) are,

K K
s = —((V2cos8 — (V2 +vvV3)sinO)T + (V2 +vV3)N), ng = ——=(sindT — N),
0 \/6(( (V2+0v3)sin )T + (VZ+uVB)N), 5 tsin )
1
My = E(T+sin0N+cos0B), Mo = 0,

(/ﬁ’(\/ﬁcose — (\/§+ v\/g) sin@) — m'((\/i + v\/g) cos 0 + \/isine) — /<c2(\/§+ v\/g))T
+(I€/(\/§+ vV/3) + k% (V2cosf — (V2 + vv/3) sin 9)>N + k7(V2 +vV3)B
V6

Thus, from equation ([2.1)) the normal of the surface NNV, is given as

Nss =

((\@ + vV/3) cos 9)T — (\/§c052 0 — (v/2 +vv/3)sinf cos G)N
+(V2cosfsinf — (V2 + vv/3)(sin?6 + 1)) B

3
=

((\@ + vV/3) cos 9)2 + (\@cos2 0 — (V2 + v/3) sin @ cos 9)2
+(V2cosfsinf — (V2 + vv/3)(sin? 6 + 1))2
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Moreover, in equations ([2.3)) and (2.4)) the coefficients of fundamental forms are

E, =

fn:

/{62((\/5%89—(\/§+v\/§)sin0)2+(\/§+vx/§)2), F:LOSH G, =1,

\/6 )
—2r7(V2 + vV/3)% — K? 0089((\@ +0V3)* + (V20080 — (V24 vV/3) sin 0)2>

((\/i + v/3) cos 9)2 + (\/icos2 0 — (v/2 4+ vv/3)sin 6 cos 9)2

V6
+(V2cosfsinf — (v2 +vv/3)(sin? 6 + 1))2

—Kkcos 0

10 gnzo
2

(V2 4 vV/3) cos 0)2 + (V2cos? 6 — (V2 4 v/3) sin 6 cos 0)2
+(V2cosfsind — (V2 + vv/3)(sin? 6 + 1))2

respectively. Thus, by using equation (2.2)) the Gaussian and mean curvatures are found. [OJ

Corollary 3.6. If the 0 = § +kn (k € N), the ruled surface n(s,v) is a minimal developable

surface.

Definition 3.7. Let 3 be the Successor curve of a. The ruled surface formed by T1N1By

the vector along the T1N1B1 Smarandache curve obtained from the Ty targent vector, Ny

principal normal vector and By binormal vector of the B curve as follows:

I'(s,v)

= 13(T1+N1+Bl)+%(T1+N1+Bl)

Sl

= 13 (T + (sin@ — cos@)N + (sin@ + cos0)B) + %(T + (sin@ — cos @) N + (sin 6 + cos 0) B)
(3.11)

Sl

Theorem 3.7. Let 8 be the Successor curve of a. The Gaussian and mean curvature of the

['(s,v) ruled surface are as follows:

V37 + V3k((sin 6 + cos ) (sin 6 — cos 0) cos 20
2k(1 4 v)(2 — sin 20)v/2 + sin 20 '

Kr =0, Hp=

Proof. Partial derivatives of equation (3.11)) are,

1
I, = H(\/—g?})((COSQ—SiHG)T—FN), Igy = —=((cosf — sin )T + N),

1

V3

(14 v) (' (cosf —sin6) — k7(sin 6 + cos ) — k)T + (K’ + K£*(sinf — cos0)) N + KTB

5 gl

r, (T + (sin@ — cos )N + (sin6 + cos ) B), Ty, =0,

Fss =

V3

Thus, from equation (2.1) the normal of the surface Nr is given as

(sin® + cos 0)T — cos 20N + sin 20B

Np —
r V2 +sin 20
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Moreover, in equations ([2.3)) and (2.4)) the coefficients of fundamental forms are

?(14+v)?*(2 —sin20
B = J”’)é n20) g0 Gp=1,
7(1+v) + £2(1 4 v)((sin @ + cos §)(cos § — sin §) cos 26)

K
er = —
V6 + /3sin 26

respectively. Thus, by using equation (2.2)) the Gaussian and mean curvatures are found. [

fr=0, gr=0

)

Example 3.1. Let § Salkowski curve [15] be the Successor curve of a. The equation of this

— 1, .
curve for m = 5 is as follows:

3 —4‘/\%)0118 (sin( ‘(1%40'2)5) - 4‘[\}100_18(sin( \(1}62)8) — 1sins,

Bls) = -
V10 | _ Vio-1 (Cos(ﬁo+2)s) + 4\/\/1100_—18((:08(\(}02)8) + = 2 Ccos s, f’l cos(\;fo)

44/10+8 V10

The Successor frames of B curve {T1, N1, B1} are as follows:

Ti(s) = ( —cosscos £ — fosmssmﬁo, —sinscosﬁ—i—ﬁcosssinﬁ, %Sinﬁ )7

N1(8)= ( \/310 sin s, \[0 CoS S, ﬁ >a

in
— S111 § COS fO fO COS § COS —= fo’ \fO COS fO )

Bi(s) = < —cos ssin fo fo sin s cos = ﬁo’

The graphs of the ruled surfaces obtained from these frames for s € [—m, ] and v € [—1,1]

are shown figures[1}[7;

1.5—]
1—]
0.5—]
o—]
—o_sli
1
_0_5— l _=u T T L | l T L T T l L L] T T ' T T T L I T ¥ T T l T L T L
; —0.s5 o 0. 1

\d — 1.5 ~—=1

s

FIGURE 1. The ruled surface ®(s,v) = %(Tl + N1+ By) +vTh
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FIGURE 2. The ruled surface Q(s,v) = %(Tl + N1+ By) +vVy

FIGURE 3. The ruled surface M(s,v) = %(Tl + N1+ By) +vB;
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FIGURE 4. The ruled surface p(s,v) = 5=(T1 + N1 + B1) + Z5(T1+ M)

&l
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FIGURE 5. The ruled surface ¥(s,v) = %(Tl + N1+ By) + %(Tl + By)
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FI1GURE 7. The ruled

surface T'(s,v) = %(Tl + N1+ By) + %(Tl + N1+ By)
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Example 3.2. Let the Salkowski curve in Example be the main curve. From [15] and
Theorem [2.1) the Successor frames are as follows:

—cos ([ tan \/S’Iods) (ﬁ sin s) + sin (ftanﬁds) (— cosssin V.o ﬁ sin s cos ﬁ),

Ti(s) = cos(ftanﬁds) (ﬁ coss) —sin(ftanﬁds)(—sinssinﬁ + ﬁcosscos ﬁ), )

cos (ftan\/siods)ﬁ + sin (ftcm\/siods) (ﬁ cos \/Sio)

Ni(s) = _— s 1 g in —S_ i s 1 g in S 3 gin S
(s) COS 5 COS 5 — 7 sinssin 2o, —sin s cos ﬁo+ﬁo sin s sin %, —A= sin % )

sin (ftanﬁds) (% sins) — cos (ftan\/siods) (cosssin \/5‘10 + ﬁ sin s cos ﬁ),

Bi(s) = —sin (ftanﬁds) (ﬁ cos s) — cos ([ tan \/Siods)(sinssin A5 ﬁ oS S cos \/‘}O),

—sin ([ tan \/Siods)ﬁ + cos (ftanﬁds) (ﬁ cos ﬁ)

The graphs of the ruled surfaces obtained from these frames for s € [—m, 7| and v € [—1,1]
are shown figures [§{14);

|
o o
P GO

llllllllllllll

FIGURE 8. The ruled surface ®(s,v) = %(Tl + N1+ By) +vTh
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FIGURE 11. The ruled surface pu(s,v) = %(Tl + N1+ B1) + 5(Ty + M)
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FIGURE 12. The ruled surface 9(s,v) = L(T1 + N1+ By) + %= (Th + By)
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— 0.6

FIGURE 13. The ruled surface n(s,v) = %(T1 + N1+ By) + %(Nl + By)

FIGURE 14. The ruled
surface T'(s,v) = == (T} + Ny + By) + % (T} + N1 + By)
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Example 3.3. Let 5* anti Salkowski curve [I5] be the Successor curve of a. The equation

of this curve for m = % s as follows:

B*(s) = @ _2fo (% cos(5 + COS(%)«S)) + S sin ssin %5,
40 .
_2\%0 (% sin(% + COS(%)S)) + g cos s sin —— fo __Q\QO(\}OS + Sm(\/zio)s)

The Successor frames of B* curve {1}, Ny, B} are as follows:

Ti(s)=( — ain eain S s
() COSSS]H\F +f0 Sll’lSCOS\f7 Sin S SIin —=— Ji0 fO COS S COS fO’ \fO COS /10 ’

N7 (s) (\/‘}Osms —ﬁcoss, ﬁ ),

*
By (5) = — COS S COS —2 sin s sin — sin s cos + Cos s sin sin .
Vio fo ﬁo’ f fo ﬁo’ fo fo

The graphs of the ruled surfaces obtained from these frames for s € [—m, 7| and v € [—1,1]

are shown figure {{15121]};

I
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FIGURE 15. The ruled surface ®(s,v) = %(Tl + N1+ By) +vTh



G. UZUN, S. SENYURT, AND K. AKDAG

£ 3
+ +
) )
+ +
= =
+ +
= )
-2 -2

FIGURE 16. The ruled surface Q(s,v) =
F1GURE 17. The ruled surface M (s,v) =

198

5- e
) (< |
_

_
dJ.I_‘.--C—J--%--—--—--




INT. J. MAPS MATH. (2024) 7(2):179-206 / RULED SURFACES WITH T} Ny B;- SUCCESSOR... 199

-llll'Illll TyrT T ¥ Ml
_l_s_l_lo-s | | |-|||-|rnl' 0_0-5

0 0.5 1 1.5 1 0.5

FIGURE 18. The ruled surface u(s,v) = \%(Tl + N1+ By) + \%(Tl + Ny)

FIGURE 19. The ruled surface 1(s,v) = \%(Tl + N1+ B1) + 55(Ty + By)
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FIGURE 20. The ruled surface 7(s, v)\/ig(Tl + N1+ By) + \%(Nl + By)
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F1GURE 21. The ruled

surface I'(s,v) = \/L??(TI + N1+ By) + \/Lg(Tl + N1+ By)
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Example 3.4. Let the Salkowski curve in Example be the main curve. From [15] and

Theorem [2.1) the Successor frames are as follows:

—cos(s + C)(\/STO sin s) + sin(s + ¢)( — cos s cos \/STO \}0 sin s sin ﬁ),
Ty (s) = cos(s + c)(\/?’IO cos s) + sin(s + ¢) ( — sin s cos ﬁ + \TO Cos s sin fo) )

—cos(s + c)ﬁ + sin(s + ¢) (% sin W)

. . . s 3
Ni(s) = cosssmf \[0 sin s cos \/Io —sinssin —% — \[0 COS § COS o, ,
3
— g cos
3 _ S
sin(s + )(fo sin s) + cos(s + ¢)( — cos s cos 70 fo sin s sin \/Io)’

Bi(s) =] sin(s+c )(\TO cos s) + cos(s + ¢)( — cos s cos \/‘}0 \[0 sin s sin \ﬁO)’

)

sin(s + c)ﬁ + cos(s + c)(ﬁ sin ﬁo

The graphs of the ruled surfaces obtained from these frames for s € [—m, 7] and v € [—1,1]

are shown figures @-@};

FIGURE 22. The ruled surface ®(s,v) = T(TI + N1+ By) + 0T
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FIGURE 23. The ruled surface Q(s,v) = 13 (Th + N1 + B1) + vINy

S

FIGURE 24. The ruled surface M (s,v) = %(Tl + N1+ By) +vBy
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> 4

FIGURE 25. The ruled surface p(s,v) T1+ N1+ By) + %= (Th + N1)

_ 1
V3 NG

FIGURE 26. The ruled surface 9 (s,v) = J=(T1 + Ni + B1) + 55 (T + By)
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FIGURE 27. The ruled surface n(s,v)L(Tl + N1+ By) + (N1 + By)
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4. CONCLUSION

This study defined ruled surfaces which one their base curve are 177 N;Bi-Smarandache
curve. There base curves targent vector, normal vector and binormal vector is successor
curves Frenet aparatus. The Gaussian and mean curvatures of the surfaces were obatined
using the coefficients of the first and the second fundamental forms. The conditions for the
surfaces to be developable and minimal were given. These surfaces were drawn. This paper
can be studied in Euclidean, Lorentz and dual space. New ruled surfaces can be defined and
similar work can be done, by changing the base curve. Also, the singularity of surfaces can

be examined.
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1. INTRODUCTION

Projective invariants and projective-permutation invariants have an important role in com-
puter vision for recognition of shapes (see books [6, (13 14} 17, [I8] and papers [2] [4] [5, [7, [8], L0
11, [16] ). The projectively invariant descriptors of objects in the object recognition problems
can be computed from relations between points, lines and conics that are coplanar on object
surfaces in 3D. (see [4]). By [I, Corollary 6.1.4] and [0, Lemma 5.8.2], the cross-ratio is a
complete system of projective invariants of a regular point shape of size 4. The volume cross
ratios of points and theirs invariants in the projective space are introduced in [23], Section
27].

An extension of the cross-ratio (an harmonic ratio) to n-space is given in the paper [2]. In
the paper Burns, Weiss and Riseman [3], it is proved that there is no a non-trivial function

that is view-invariant for all possible (non-degenerate) 3D point sets of size n for any n. The
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non-existence of such a general-case view invariant is shown for the true perspective, weak
perspective and orthographic models. Moreover, complete classifications of joint invariants
of points for the groups in the Euclidean,affine and projective spaces are given in [15].

Let n, m be natural numbers such that n < m. In the present paper, we give a definition
of a regular nD point set of size m and obtain a complete system of projective invariants
for the system of all regular nD point sets of size m. We investigate fundamental relations
between elements of the complete system of projective invariants. Similar results have ob-
tained for the complete system of invariants under simultaneous projective and permutation

2_invariants, for short) of a 2D and 3D point set of size m. The problem

transformations (p
on complete systems of p?-invariants of a nD point set of size m in computer vision is con-
sidered in papers ([Bl [7, 12} 211 22]). This problem investigated also in projective geometry,
algebraic geometry (theory of hyperelliptic curves) and the invariant theory of binary forms
(see [25]).

Our paper is organized as follows. In section 2, we give the definition of a regular nD
point of size m and obtain the complete system of projectively invariants for the system of
all regular n.D points of size m (Theorem 1). We describe the system of fundamental relations
between elements of the complete system of projectively invariants (Theorem 2). We prove
that the complete system is a minimal complete system of projectively invariants. In section

3, we obtain the complete system of p’-invariants for the system of all regular n.D points of

size m (Theorem 3).

2. PROJECTIVELY INVARIANTS OF A POINT SHAPE AND THEIR COMPLETE AND THE

MINIMAL COMPLETE SYSTEMS

Let R be the field of real numbers, n and m are natural numbers, n > 2, m > n + 1. The
general linear group GL(n,R) is the set n x n invertible matrices with elements in R. The
special linear group SL(n,R) is the set n X n matrices with determinant 1. R, be a group
with respect to the multiplication in R. Let (R,)™ be the m time direct product of the group
R,. We denote the direct product of groups (R,)™ and GL(n,R) by P(m,n). Let (R™)™ be
the m time direct sum of the n-dimensional real linear space R™. We define an action ¥ of the
group P(m,n) on the space (R™)™ by the following: for ¢ = ((r1,72,...,7m),9) € P(m,n),
ri € R,g € GL(n,R), and X = (21, x9,...,2y) € (R™)™, we put

(g, X) = ((r1,72,---,7m), 9), X) = (r1g21, 72972, - - -, TmgTm).-
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The following definitions 1-5 and proposition 2 are known in the literature. (See some

papers ([9, 19], [20, p.11] ). Proposition 1 is given in [I8].

Definition 2.1. Let I',Q € (R™)™. If there exists ¢ € P(m,n) such that Q = ¥(q,T),

then the elements I' and Q are called P(m,n)-equivalent, a relationship which is written

symbolically in this paper as I’ Plmm) Q.

Definition 2.2. A real rational function f(x1,x2,...,x) of elements X = (x1,22,...,Tm) €

(R™)™ s called projectively invariant if
f(¥(g, X)) = f(X).
for all g € P(m,n).

Definition 2.3. A set M C (R™)™ is P(m,n)-invariant if ¥(q,X) € M for all X € M and
for all ¢ € P(m,n).

Definition 2.4. Let M be a P(m,n)-invariant subset of (R™)™. Let f; : M — R for

1=1,2,...,k be the projectively invariant rational functions.
A system {f1, fa,..., fx} of is called a complete system of P(m,n)-invariants on the set
M if fi(T) = fi(Q) for alli € {1,2,...,k} and for T,Qx € M imply T Pin) g,

Proposition 2.1. Let M be a P(m,n)-invariant set of (R™)™. Then every projectively

invariant rational function on M if a function of the system {f1, fa, ..., fi}-

Definition 2.5. A complete system of projectively invariant rational functions
W ={f1, fa,-.., fx} is called a minimal complete system of projectively invariant rational

functions if W\ {fi} is not complete for any i € {1,2,...,k}.

Proposition 2.2. W = {fy, fa,..., fx} is a minimal complete system iff f; is not function

of the subsystem {f1, fo,..., fi—1, fit1,---s fm} foralli=1,2,... k.

Let [z1x2 - - - 2] be the determinant of vectors z1, 9, - - - , 2, € R™. Assume that z1,x9,- -,
Ty Tpt1, Tny2 € R™ vectors such that [z1xe - zp_q12k] # 0 for all ¢ = n,n + 1,n + 2 and
[xox3 - xpx;] # 0 for j = n+1,n+ 2. Consider the following cross-invariant of vectors
T1,22, " y T, Tntl, Tnto € R™:

[T122 - Tp—1Tpt1][T223 - - TpTpo)
(122 - - Tp_1@pqo][Toms - TpTnpr]

We denote it by (z1x223 - nTpt1Tnt2). 1t is known that it is projectively invariant.
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Definition 2.6. X = (z1,22,...,2y) € (R™)™ is called reqular if [xp, xp, - - xp, Tp,| # 0

for all natural numbers p1,pa,...,pn such that 1 < p; <py < --- < pp <M.

If X = (x1,x9,...,2y) is regular, from X Plmm) Y, we have Y = (y1,v2,...,ym) € (R™)™

Hence Y = (y1,%2,...,Ym) is also regular. Hence the set of all regular elements is a
P(m,n)-invariant subset of (R™)™.

The cross-ratio obtained from (z1xox3 - - - T Tp412Tn42) by transposition of elements 1 and

xj, where 1 < j <n — 1, will be denoted by Tj (x12223 - - - pZp41Tn+2). Thus
Tj <x1x2x3 cee xj_lxjxj+1 e xnxn+1xn+2) = <J;j:c2x3 cee l’j_lx1l’j+1 e xnxn+1xn+2>

forall j =1,2,...,n—1.
If X = (x1,22,...,2m) is regular, then T} (z 12223 . .. £pTpi1Zn42) # 0 and

Tj (x12223 . . . TnTpy1Znq2) # 00 forall j=1,2,...,n—1.

Theorem 2.1. Regular elements X = (z1,%2,...,2m),Y = (Y1,¥2,...,ym) € (R®™ are
P(m,n)-equivalent if and only if

T (12273 . . . Tp 1T Tn1Zk) = T (V19273 - - - Yn—1YnYn+1Yk) (2.1)
forallj=1,2,...n—1 and for allk=n—+2,...,m.
Proof. Since the function (z1zox3 - - - £pTpt12k) is projectively invariant, P(m, n)-equivalence

of X = (z1,29,...,2m) and Y = (y1,92, ..., ym) implies (2.1). Prove the converse assertion.
Assume that (2.1) holds. We consider vectors ey, ea, ..., ey, ent1 € R, where

er = (1,0,0,...,0),e2 = (0,1,0,...,0),...en = (0,0,...,1),ens1 = (1,1,...,1).

By the fundamental theorem of projective geometry ([I, p.97]), elements g € GL(n,R) and
71,72, .+, Tn, Tnt1 € Ry exist such that r;gz; = e€;,1 = 1,2,...n,n + 1. Similarly, elements
h € GL(n,R) and q1,q2,...,qn,qn+1 € Ry exist such that g;hy; = e;,1 = 1,2,...,n,n+ 1.

Since the function (z1x9z3. .. Tn_1TpTn12k) IS projectively invariant, we have
((r1gz1)(rage2) -+ (rngzn) (rnt19n+1)(92k)) = (€162 - eneny1(9ak)) = (122 -+ - TpTpi12k) =
(Y1ye - YnYnr1yk) = (@1hy1)(q2hy2) - - (@nhyn) (@nr1hyns1) (hyr)) = (e1e2 - - - enent1(hy))

for all k =n+2,...m. Hence (ejez---epenti1(gzr)) = (e1€2 - enent1(hyy)). Similarly, we

obtain

Tj(e1eze3 - - en—1€nent1(9rk)) = Tj (ereze3 - - - en—1eneni1(hyr)) (2.2)
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forall j =1,2,...n—1landforall k=n+2,...,m.

Let gz = (a1k, a2k - - - ank), hyr = (b1k, bok, - . . buk), k = n+2...,m. Using regularity of
(r1gT1, . Tn19%n41s 9Tnt2y - - - 9Tm) and (qrhyr, - - - gnts1hYn+1, PYnt2, - - -, AYm ), we obtain
[e1€2 ... en_19Tk] = anx 7 0 and [erea...en—19yr] = b, # 0 for all k = n+2,...m. It is

easy to see that
ik

Tj <€1€263 T enflenenJrl(gxk» = Ak (2'3)
n
and
b.
Tj(e1eze3 -+ en_1enent1(gyr)) = ﬁa (2.4)
n

forall j =1,2,...n—1land forall k=n+2,...,m.

. : - b; .
Equations 1' 1) and QD imply Z]TZ = ﬁ for all j = 1,2,...n — 1;k = n +
2,...m. Put dj, = gj—z = ZJ—"Z for all j = 1,2,...n — 1;k = n+2,...m. Then gz =

ank(dlku dgk, e 7dn—lk7 1) and hyk = bnk(dlk) Clgk, ey dn—lkv 1) forall k=n+ 2, Loom.

This means that

P(m,n)
(1,€2, ... €n,enil, GTnt2, ., gTm) ~  (€1,€2,...€n,eni1, RYnta, ... hym).
. P(m,n)
USlng ($1,SU2,...xn,$n+1,$n+2,...,l’m) ~ (61,627...en,€n+1,g$n+2,...,gl‘m),
P(m,n)
(e1,€2, - €ny€nt1,dTn+2,s -« GTm) ~  (€1,€2,...€n,nt1, MYnia, ..., hyn) and
P(m,n) .
(e1,€2, ... nyenit, hynto, o hym)  ~ " (Y1,92, -« - Yns YUnt1, Ynt2s - - - s Ym ), We obtain
P(m,n
x Py 0

Remark 2.1. Theorem means that the system of projectively invariants
Tj (x12223 . . . Ty 1 T Tpt1Tk) (2.5)

forall 3 = 1,2,...n—1 and for allk = n+2,...m is a complete system of projectively

invariants on the set of all regular elements of (R™)™.

Corollary 2.1. Every projectively invariant function f(x1,x2,...,2y) on the set of all reg-

ular elements X = (x1,x2,...,Tm) € (R™)™ is a function of elements of the system (]2.5))

Proof. 1t follows from ([20, Theorem 1 and 1.1]). O

Now we find all fundamental relations between elements of the complete system (2.5 If

X = (z1,22,...,Tm) € (R™)™ is regular, then
Tj (x12223 . . . Tp—1TnTpsr12g) 7 0 (2.6)

forall 7=1,2,...n—1and forall k=n+2,...m.
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Theorem 2.2. Let {cj;,j=1,2,...n—1L;k=n+2,...,m} be a system of real numbers
such that cjp, # 0 for all 5 = 1,2,...n — 1;k = n+2,....,m. Then a regular element

X = (z1,22,...,2m) € (R™M)™ exists such that
Tj (212223 . . . -1 TnTp1Tk) = Cjk (2.7)
forallj=1,2,...n—1 and forallk=n+2,...m

Proof. Let e1,ea,...,en,enr1 € R™ be vectors in Theorem . Consider the element X =
(1,22, Ty Tpt1y - - - Tim) € (R™)™, where

x1 = e = (1,0,0,...,0),22 = ea = (0,1,0,...0),..., 2, = €, = (0,0,0,...1), 41 =
en+1 = (1,1,1,...,1), z = (C1k, Coky - - -, Cn—1k, 1) for all k = n+2,...m. It is easy to see
that hold for X. Since ¢j;, #0 for all j =1,2,...n—Lik=n+2,...,m, implies
that X is regular. O

Corollary 2.2. The system (2.5)) is a system of functionally independent projectively invari-

ants on the set of of all reqular elements X = (x1,x2,...,Tm) € (R™)™.
Proof. Tt follows from Theorem O

Corollary 2.3. The system (2.5 is a minimal complete system of projectively invariants on

the set of of all regular elements X = (x1,22,...,2m) € (R™)™.
Proof. Tt follows from Proposition [2.1] and Corollary [2.2] O

3. PROJECTIVE-PERMUTATION INVARIANTS OF A POINT SHAPE

Let S(n,m) be the group of all permutations of the numbers n + 2,n 4+ 3,...,m and
P(m,n) x S(n,m) is a direct product of groups P(m,n) and S(n,m). We define an action
of the group P(m,n)x.S(n, m) on the space (R™)™ as follows: for ¢ = ((r1,72,...,7m),9,h) €
P(m,n) x S(n,m), X = (x1,22,...,Tm) € (R")™, h € S(n,m),

1 2 ... n+1 n4+2... m
h= : (3.8)
1 2 ... n+1 h(n+2)... h(m)
we put B(qa X) = ((7’1, R Tm)vg7 h)7X) = (T’lgl'h(l),?"le’h(g), s 7rmgxh(m))7 where h(]) =]

forj=1,2,...,n+ 1.

Definition 3.1. Elements A, B € (R™)™ is called P(m,n) x S(n, m)-equivalent if there exists

(m,n)xS(n,m)

q € P(m,n) x S(n,m) such that B = [3(q,A). In this case, we write A Plmmz B.
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Definition 3.2. A rational function f(x1,...,zmy) of X = (x1,...,2m) € (R™)™ is called
P(m,n) x S(n,m)-invariant if f(a(q, X)) = f(X) for all ¢ € P(m,n) x S(n,m).

Forj=1,2,...n—1k=n+2,...m, we put Tj3(X) =T (x12223 . . . Tp_1ZnTp+12k). We
denote the algebra of polynomials of all Tj,(X) by A(n,m). Let {z;:j=1,2,...n—1} be
independent variables. We consider the following function

m—n—1 n—1
H (1 + Tk(X)Zi>
= =1

k=1

and define the polynomials Uy, y,. ., ,(X) € A(n,m) by the following equality

m—n—1 n—1
<1+ZTk(X)Zi>:1+ S Unmena (020 (39)

1< <m—n—1

It is obvious that every function Uy py. r, ,(X) is P(m,n) x S(n, m)-invariant.

Theorem 3.1. Regular elements X = (x1,22,...,Zm),Y = (Y1,¥2,---,Ym) € (R™)™ are

P(m,n) x S(n,m)-equivalent if and only if
UTlrz...rn_l(X) = Unrz...rn_l(y) (310)

forlSZ?_llngm—n—l.

Proof. Since Uy, ry..r, ,(X) is P(m,n) x S(n, m)-invariant, P(m,n) x S(n, m)-equivalence of
X = (x1,29,...,%m) and Y = (y1,¥2, - .., Ym) implies (3.10). Prove the converse assertion.
Assume that (3.10)) holds. Then (3.9) and (3.10)) imply the equation

m—n—1 m—n—1

n—1 n—1
T 0+> 7))z = [ O+ Tu(¥)z). (3.11)
i=1 k=1 i=1

k=1

By the theorem on the unique factorization in the algebra A(n,m) (see [24, p.91-94]), a
permutation (3.8)) exists such that

n—1 n—1
i=1 =1

forallk=n+2,...,m.
This equality implies
Ty (w12023 . .. 2p1&nTny12k) = Tj (Y19293 - - - Yn1YnYnt1Un(k) )
j=12..n—Lk=n+2,...,m.
By Theorem 1, these equalities imply P(m, n)-equivalence of elements X = (z1, x2,. ..,z )and
RY = (Yn(1),Yn@): - - > Yn(m))> where h(j) = j for j = 1,2,...... ,n + 1. This means

P(m,n)xS(n,m)-equivalence of elements X = (z1,%2,...,%y) and Y = (y1,%2,...,Ym). 0O
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Let S(m) be the group of all permutations of the numbers 1,2, ..., m and P(m,n)xS(m) is
a direct product of groups P(m,n) and S(m). We define an action § of the group P(m,n) x
S(m) on the space (R™)™ as follows: for ¢ = ((r1,72,...,7m),g,h) € P(m,n) x S(m),

X = (z1,22,...,%,) € (R™M)™, where

1 2 - m
h = , (3.12)
h(1) h(2) ... h(m)

we put
5(Qa X) = ((T17T27 cee 7rm)7ga h)aX) = (T‘lgl'h(l),rzgl'h(g), s 7rmg$h(m))'

Definition 3.3. Elements A, B € (R")™ is called P(m,n) x S(m)-equivalent if there exists

q € P(m,n) x S(m) such that B = ((q, A). In this case, we write A Plmnlxstm) g,

Definition 3.4. A rational function f(x1,xa,...,Tm) of elements X = (x1,x9,...,Tm) €

(R™)™ s called P(m,n) x S(m)-invariant if f(a(q, X)) = f(X) for all ¢ € P(m,n) x S(m).

Definition 3.5. X = (z1,22,...,2m) € (R™)™ is called strongly regular if [xp, xp, - - - xp, ] # 0

for all natural numbers p1,pa,...,pn such that 1 < p; <ps < - < pp <M.

If X = (x1,29,...,2y) is strongly regular, Y = (y1,y2,...,ym) € (R™)™ and X Playm) Y
then Y = (y1,92,...,ym) is also strongly regular. Hence the set of all strongly regular
elements is a P(m,n)-invariant subset in (R™)™.

For j =1,2,...n—1L;k =n+2,...m, we put Tj,(X) = T} (x12223 . . . Tn—1ZnTr41Tk),
where X = (x1,22,...,2y,). We denote by A, the algebra of real polynomials of T, (X); j =
L,2,...n—=1;k=n+2,...m. Let tand {z;,[j = 1,2,...n — 1;k =n+2,...m} be indepen-
dent variables. We consider the following function

m  n—1
I |e- 3 & rneoam)|
hes(m) k=n+2 i=1

We define the polynomials Uy, p,.. . (X) € Appm by the following equality

m n—1
I1 [t— > (Zm(h(X))zm)] = (3.13)
)

heS(m k=n+2 i=1
ml—1 m
Y (e > Ur,(X) - T Gritam 20,
=1 TSRS =) k=n+2
where m!=1-2.-...-mandi=1,...,n—1;5=1,...,m —n — 1. It is obvious that every

function Uy, (X) is P(m,n) x S(m)-invariant.
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Theorem 3.2. Strongly reqular elements X = (x1,z2,...,2m), Y = (Y1,Y2,- -, Ym) € (R™)™
are P(m,n) x S(m)-equivalent if and only if

U, (X) = U, (Y),

rz]( ) T’L]( ) (3'14)
1<r+4+r---4+rpa1<m-n—-1:=1,....n—1;5=1,..., m—n— 1.

Proof. A proof is similar to the proof of Theorem [3.1] O
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ABSTRACT. In this paper, we study Ricci-Yamabe and gradient Yamabe solitons on the Lie
group H2 X R with a left-invariant metric. We prove that the kind of the Ricci-Yamabe
soliton is only related with one variable existing in the definition.
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1. INTRODUCTION

Homogenous geometries play crucial role in the theory of manifolds. Their importance
come from the well-known Thurston conjecture. This conjecture says that every com-
pact orientable 3-dimensional manifold has a canonical decomposition into parts, each of
which involves a canonical geometric structure from among the eight maximal simple con-

nected homogenous Riemannian three-dimensional geometries [§]. These model spaces are

E3, H3, S3, 82 xR, Nil, SLyR, Sol and Hy x R. In this paper, we deal with the latter
one.

The geometry of different types of solitons on manifolds has been the focus of attention
of many mathematicians during the last years (see for examples [1],[2],[3]). Yamabe flow
was introduced by Hamilton and Yamabe solitons are special solutions of the Yamabe flow,
[5]. Given an n(n > 2), dimensional Riemannian manifold (M, g) such that {g(¢)} is the

1-parameter family of metrics and r(t) is its scalar curvature. In this case, the equation of
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Yamabe flow is defined by

) — —r(t)g(0).

Similarly, the equation of Ricci flow is given by

‘9(99?) — —2Ric(t)g(t),

where Ric(t) is the Ricci tensor [6]. In 2019, scalar combination of the Yamabe and Ricci
flow was introduced by Giiler and Crasmareanu as follows:

) _ bor(t)g(t) 261 Riclt)olt).
This equation is known as Ricci-Yamabe flow and special solutions of the Ricci-Yamabe
flow are famous as Ricci-Yamabe solitons [7]. Due to the sign of the scalars 51 and 2 the
Ricci-Yamabe flow becomes a Riemannian, a semi-Riemannian or a singular Riemannian
flow.

In this paper, we show that the Lie group Hs X R involves a vector field satisfying a Ricci-
Yamabe soliton. We also prove that there does not exist a gradient Ricci-Yamabe soliton.

Throughout the paper, all geometric objects (curves, manifolds, vector fields, functions etc.)

are assumed to be smooth.

2. PRELIMINARIES

2.1. Ricci-Yamabe and Gradient Ricci-Yamabe Solitons. A connected Riemannian
manifold (M, g, 1, B2, B3) of dimension n (n > 2) is said to be a Ricci-Yamabe soliton if it

satisfies
Lxg+2B81Ric = —(2B3 — Par)g, (2.1)

where Lx g is the Lie derivative of the metric g in the direction of the vector field X, 51, 52, 83 €
R, Ric and r denote the Ricci tensor and the scalar curvature of M, respectively. A Ricci-
Yamabe soliton (M, g, 31, P2, 53) is said to be steady, expanding or shrinking and Ricci-
Yamabe soliton if 3 =0, 83 > 0 and 3 < 0 respectively. If a function f : M — R satisfies

X = gradf, then we say that the Ricci-Yamabe soliton is a gradient Ricci-Yamabe soliton.

2.2. The Lie group Hs xR. We recall fundamental information about the Lie group Hy xR
from [4]. Let Hy = {(u,v) € R? | v > 0} denotes the upper half model of the hyperbolic

plane equipped with the metric gg, = v%(du2 + dv?). The hyperbolic space Hy with the
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group structure occured by the composition of proper affine maps is a Lie group with the

left invariant metric

1
g= p(alu2 + dv®) + dw?. (2.2)

A left-invariant orthonormal frame field (e, ez, e3) is given by

2 €9 = 2 eq = 8
au7 Z_U I 3=

ov

ow

el =
The Levi-Civita connection V with respect to the this orthonormal frame is given by

Ve €1 = €2, Ve g = —e1, Ve ez =0,
vezel - 07 vezeQ - 07 v6263 = 07 (23)
Vese1 =0,Veea =0,Ve,e3 =0.

The Lie brackets are obtained as
[62763] = 07 [61763] = 07 [61762] = —eq.
The non-zero components of the curvature tensor field R and the Ricci tensor Ric are

R(e1,e2)er = ea, R(e1,e2)ea = —eq,

Ric(e1,e1) = Ric(ez,ez) = —1.

The scalar curvature r of Hy x R is

3. MAIN RESULTS

We start this section by considering

X =tieq + toeg + t3e3 (3.4)

is a potential vector field on M, where t1, to and t3 are differentiable functions of w,v and

w. We label the coordinate basis by {9y, Oy, Oy}

Theorem 3.1. Let us consider the Lie group Ho X R with the metric . Then the
space Ho X R admits an expanding, steady or shrinking Ricci Yamabe soliton if and only if

B1>0, B1 <0 or By =0.
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Proof. From (2.2), (2.3) and (3.4]) the Lie derivative of the metric tensor g is computed as

Lxg(er,e1) = —2(ta — dut1),
Lxg(e1,e2) = t1+ Oyt1 + Oyto,
Lxg(er,e3) = 0Owt1+ Outs,
Lxg(ea,e2) = 20yta,
Lxg(ea,e3) = Owta + Oyts,
Lxg(es,e3) = 20uts3.

Putting 2:2). £3) and (34) in (%), we have

—(ta = Out1) = B — (B3 + B), (3.5)

t1 + Opt1 + Outa = 209, (3.6)
Out1 + Outs = 2B, (3.7)
Ota = B1— (B3 + P2), (3.8)

Duts + Doty = 2Bs, (3.9)
Owts = —(Ps+ B2). (3.10)

Equation (3.10) gives 0,,0,t3 = 0. Using this equation and deriving (3.7)) with respect to w,

we get
92t = 0. (3.11)
From , we occur
tr = o(u, v)w + ¢(u,v),

where ¢ and v are functions. Equation (3.5)) gives —0,ts + 0,0,t1 = 0. Having in mind this
relation and taking derivative in (3.5)) with respect to v and using (3.8]), we obtain

O0uOut1 = B1 — (B3 + f2). (3.12)

Taking derivative in (3.6) with respect to v, we find d,t; + 0%t; + 9,0,t2 = 0. Using this
relation in (3.12), we find

Opt1 + 02ty = 0. (3.13)
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Substituting ¢; in equations (3.12)) and (3.13)), we get
auavgpw + 8uav¢ = /81 - (53 + 52)7
(Buip + O2p)w + Oyt + 02 = 0.
Taking derivative in (3.14) with respect to w, we get
dup + D0 = 0,
31;1/1 + 812;¢ =0,
8uav80 =0,
OuOuth = 1 — (B3 + B2).

Now, if we take derivative in (3.15))2 with respect to u and use in (3.15))4, we find

B1 = B3 + Ba.

Integrating (3.15)); and (3.15))2 give us

o(u,v) = y1e”" + @1 (u),
1/1(% 1)) = 726_1) + 7/]1 (u)7

where 7v; € R and 1, 91 are functions. Therefore,

tr = (ye™" + pr(u))w +y2e™" + b1 (u).
Substituting ¢1 in , we deduce

(pr(w) + @ (w)w + Y1 (u) + ¥ (u) = 26

Deriving equation (3.19)) with respect to w, we find

p1(u) + @ (u)
Y1 (u) + 9y (u)
Integrating (3.20) with respect to u, we find

)

0
0.

v1(u) = y3cosu + vy sinu,
Y1(u) = 5 cos u + yg sin u,

where 7; € R. Hence,

t1 = (me” " +y3cosu + ygsinu)w + e~ ¥ 4+ 5 cos u + 6 Sin u.

From (3.5)), we have

to = (—7y3sinu + 4 cos u)w — 5 sinu + g COS u.

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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Equation (3.10) yields
ts = —(Bs + B2)w + §(u,v),

where ¢ is a function. Substituting t1, ta, t3 in (3.7) and (3.9) lead to

Oué = 2P2 — (e Y 4+ y3cosu + 4 sinu)

(3.24)
Ov€ = 2P9 — (y3sinu + 4 cosu).
Integrating (3.24]); with respect to u, we obtain
&(u,v) = 2Pou — yyue™ ¥ — yzsinu + y4 cosu + 7,
and putting £ in (3.24))2, we see that
yiue ¥ = 285 — y3sinu — y4 cos u.
This gives us
N=73=7=P0=0.
Finally, we find
11 = ye” Y + y5cosu + Y sin v,
ty = —5sinu + g cos u, (3.25)

ty = —Bzw + 7,
where v; € R.
This shows that X = t1eq + taes + tges given by satisfies . We also found that
81 = B3 + B2 and [y = 0. Therefore we proved the theorem. O

Theorem 3.2. Let us consider the Lie group Ha X R with the metric . Then the space

Hy x R does not admit a gradient Ricci- Yamabe soliton.

Proof. Suppose that X = grady is a gradient vector field on M with potential function y.

Then X is given by
grady = v20,y0y + v20yy0y + OOy

From (3.25)), we see that the Lie group Hy X R is a gradient Yamabe soliton if and only if

the function y fulfills the following equations:
Ouy = Ze™ + B cosu + 2 sinw,
Ovy = =L sinu + 2 cos u, (3.26)

8wy = _B3w + 7.
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Integrating above system we find

2
y(u,v,w) = Inwv[yssinu — v cos u] — %77102 + 78, Vi € R.
But the function y does not fulfill (3.26));. This ends the proof. O

4. CONCLUSION

Ricci and Yamabe solitons have many applications for several sciences such as differential

geometry and theoretical physics. Similar to these solitons, their scalar combinations, which

are called Ricci-Yamabe solitons, have been studied increasingly since the work of Giiler

and Crasmareanu [7]. In this paper, we investigate Ricci-Yamabe solitons in the Lie group

Hy x R. Our calculations in this paper may provide an insight for further studies about

Ricci-Yamabe solitons on other Thurston geometries.

2]

8l
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ON THE OPERATOR EQUATION ABA = ACA AND ITS
GENERALIZATION ON NON-ARCHIMEDEAN BANACH SPACES
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ABSTRACT. Let X and Y be non-Archimedean Banach spaces over a non-Archimedean val-
ued field K. In this paper, we study some properties of A € £(X,Y) and B,C € L(Y, X)
such that ABA = ACA and many basic operator properties in common of AC' — Iy and
BA - Ix are given. In particular, N(Iy — AC) is a complemented subspace of Y if and only
if N(Ix — BD) is a complemented subspace of X. Moreover, the approach is generalized for
considering relationships between the properties of Iy — AC and Ix — BD. Finally, several
illustrative examples are provided.
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1. INTRODUCTION

In classical operators theory, the operator equations ABA = A? and BAB = B? were
studied by sereval researchers, for more details see [10, 11l 12, 14]. Recently, Barnes estab-
lished some consequences on common operator properties of continuous linear operators AB
and BA on complex Banach spaces, for more details, we refer to [I]. Moreover, Corach et al.
[2] established some common properties of AC' —Iy and BA—Ix when ABA = ACA. In [17],
Zeng and Zhong proceeded to examine common properties of AC' and BA from the attitude
of classical spectral theory considering A € £(X,Y), B,C € L(Y, X) such that ABA = ACA,
where X and Y were assumed to be Banach spaces over C. In particular, they gave an af-
firmative answer to one question raised by the authors [2], by showing that AC' — Iy is of
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closed range if and only if BA — I'x is of closed range. Yan and Fang [16] examined the joint
properties of BD and AC in terms of regularity when A, D € L(X,Y) and B,C € L(Y, X)
such that ACD = DBD and DBA = AC'A. In non-Archimedean operators theory, Ettayb
[4] studied specific properties of operator equations ABA = A% and BAB = B? on a non-
Archimedean Banach space X and many basic operator properties in common of Ix — AB
and Ix — BA were described. In particular, if X, Y are non-Archimedean Banach spaces over
a spherically complete field K, A € £(X,Y) and B € L(Y, X), then N(Iy — AB) is a comple-
mented subspace of Y if and only if N(Ix — BA) is a complemented subspace of X. Recently,
Ettayb [6] examined the common properties of AC and BD whenever A, D € £(X,Y) and
B,C € L(Y, X) such that ACD = DBD and DBA = ACA where X and Y were supposed
to be non-Archimedean Banach spaces over a non-Archimedean valued field K.
Non-Archimedean spectral theory played a crucial role in non-Archimedean functional
analysis which has had numerous applications in non-Archimedean applied mathematics and
physics, including non-Archimedean differential, pseudo-differential equations and quantum
physics. For additional details see [7, 8, [15]. This work is motivated by many studies on
non-Archimedean operators theory and spectral theory of continuous linear operators, e.g.
[4, 16, 5L 7, 8, [15]. Throughout this paper, K is a complete non-Archimedean valued field with
a non-trivial valuation |- |, X and Y are non-Archimedean Banach spaces over K and £(X,Y)
will denote the collection of all continuous linear operators from X into Y. For X =Y, we
put L(X,X) = L(X). (Qp,|.]p) is the field of p-adic numbers. For more details, we refer to
[3, 9L 13]. Let A € L(X), R(A), N(A), A*, 0(A), 0,(A) and p(A) denote the range, the
kernel, the adjoint, the spectrum, the point spectrum and the resolvent set of A respectively.
The goal of this work is to develop the theory of some operator equations of continuous

linear operators in non-Archimedean Banach spaces.

2. PRELIMINARIES

We continue with the following preliminaries.

Definition 2.1. [3] A field K is said to be non-Archimedean if it is endowed with an absolute
value | - | : K — RT such that:
(i) |a| = 0 if, and only if, « = 0;
(ii) For all a,pp € K, |ap| = |of|ul;
(iii) For each a,p € K, |av + p| < max{|al, |p|}-
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Definition 2.2. [9] K is said to be spherically complete if each sequence of balls (Bp)p>1 of

K such that Bp+1 C By for every n > 1, we have ﬂ B, # 0.
n>1

Definition 2.3. [3] Let X be a vector space over K. A function || - || : X — Ry is called a

non-Archimedean norm if:
(i) For each u € X, ||u|| = 0 if and only if u = 0;
(ii) For allu € X and A € K, || ul| = |Al]jull;

(iii) For each u,y € X, ||Ju+ y|| < max(||u|, ||y]])-

Definition 2.4. [3] A non-Archimedean Banach space is a complete non-Archimedean normed

space.

Example 2.1. [3] The space co(K) is the space of all sequences (x;);cry in K such that
zliglo x; = 0. Hence (co(K), || - ||) is a non-Archimedean Banach space where for any (z;)ien €
co(K), || (i)ien || = sup |-

€N
Definition 2.5. [I3] Let P € L(X). P is said to be a projection if P?> = P.
Remark 2.1. [13] If P is a projection on X, then R(P) is the kernel of I — P so that R(P)

is a closed linear subspace of X.
The following lemma holds.

Lemma 2.1. [13] Let P € L(X) be a projection. Hence, we have the following:
(i) Ix — P is a projection;

(ii) If P # 0, then ||P|| > 1;

(iii) If P #0 and P # Ix, then |P|| = || Ix — P|[;

(iv) If Q is projection such that PQ = QP, then PQ is projection.
We have the following definition.

Definition 2.6. [9] A subspace D of X is said to be complemented if there is a continuous
projection P € L(X) such that R(P) = D. In such case, D = R(P) and Dy = N(P) are
closed subspaces and X = D & D;.

Remark 2.2. [9] If D, Dy are closed subspaces of X such that X = D @ Dy, then D is

complemented in X and Dy is a complement of D.

For more details, see [9} 13].
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Proposition 2.1. [6] Let A € L(X,Y) and B € L(Y, X), we have:

(i) N(B)NN(Iy — AB) = {0};
(ii) B(N(Iy — AB)) = N(Ix — BA).

The following theorem is valid.

Theorem 2.1. [6] Let A € L(X,Y) and B € L(Y,X). Hence R(Iy — AB) is closed if and
only if R(Ix — BA) is closed.

Theorem 2.2. [4] Let X andY be non-Archimedean Banach spaces over a spherically com-
plete field K and let A € L(X,Y) and B € L(Y,X), hence N(Iy — AB) is a complemented

subspace of Y if and only if N(Ix — BA) is a complemented subspace of X.

3. MAIN RESULTS

We have the following results.

Lemma 3.1. Let A € L(X,Y), B,C € L(Y,X) with ABA = ACA. Hence R(AC — Iy) is
closed in'Y if and only if R(BA — Ix) is closed in X.

Proof. If R(AC — Iy) is closed in Y, hence let (z,,)neny C R(BA — Ix) with z,, — x for some
x € X as n — oo. Then there is a sequence (zp)peny C X with x,, = (BA — Ix)z, for any

n € N. Thus

Azx = lim Az,

n—oo

= lim A((BA—1Ix)zy,)

n—oo

= lim (ABA — A)z,

n—oo

= lim (ACA — A)z,

n—o0

= lim (AC — Iy)Az,.

n—oo
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From R(AC —Iy) is closed in Y, there is y € X with (AC — Iy)y = Az. Thus y = ACy — Ax.

x = BAx— (BA-—1Ix)x

= B(AC —Iy)y— (BA—Ix)z

= (BAC — B)(ACy — Az) — (BA —Ix)z

= BACACy - BACAx — BACy+ BAx — (BA— Ix)x

= BABACy—- BABAx — BACy+ BAx — (BA —Ix)z

= (BA-1Ix)(BACy— BAxz —x).
Consequently, © € R(BA — Ix). Then R(BA — Ix) is closed in X. Conversely, assume that
R(BA —Ix) is closed in X. Then, from Theorem R(BA —Ix) is closed in X if and only
if R(AB —Iy) is closed in Y. Thus R(C A — Ix) is closed in X. By Theorem 2.1, R(AC — Iy)

is closed in Y. Consequently, R(AC — Iy) is closed in Y if and only if R(BA — Ix) is closed
in X. g

Lemma 3.2. If A € L(X,Y), B,C € L(Y,X) such that ABA = ACA. Hence for each
n €N, R((AC — Iy)") is closed in'Y if and only if R((BA — Ix)") is closed in X.

Proof. Set
n+1 1
(¥n €N) By = (~1)¥! (” * >B(AB)k1
k=1
and
n+1 +1
(¥n €N) Cy =Y (~1)F! (” . )(J(AC)“.
k=1

Since ABA = ACA, for each n € N, AB,A = AC, A. Moreover, for each n € N,

_ _ _ 1\k—1 k—1
I—AC, I kzl( 1) N )AC(AC)

n+1
_ _k(ntl k-1
= I+;( 1)( . )(AC)(AC)

n+1

_I4 ; <”Z 1)(—A0)k
_ nf <”‘£ 1) (—AC)*

k=0
= (I-AC)™.
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Similarly, we have for all n € N, (I — BA)"*! = I — B, A. By Lemma for each n € N,
R((AC — Iy)™) is closed in Y if and only if R((BA — Ix)") is closed in X. O

Lemma 3.3. If Ac L(X,Y), B,C € L(Y,X) with ABA = ACA. Hence for each n € N,
() AR((BA— I)") € R((AC — Iy)");
(i) AN((BA— Lx)") € N((AC — Iy)");
(ili) BACN((AC — Iy)") C N((BA —Ix)™);
(iv) BACR((AC — Iy)™) C R((BA —Ix)").
Proof. (i) If z € R((BA — Ix)"), hence there is u € X with © = (BA — Ix)"u. Then
Ar = A(BA — Ix)"u= (AC — Iy)"Au € R((AC — Iy)").

Thus AR((BA — Ix)") C R((AC — Iy)"™).
(ii) Let z € N((BA — Ix)"), then (BA — Ix)"x = 0. Hence

(AC — Iy)" Az = A(BA — Ix)"z = 0.

Consequently, Az € N((AC — Iy)"). Thus AN((BA — Ix)") C N((AC — Iy)").
(iii) Let y € N((AC — Iy)™), then (AC — Iy)"y = 0. Hence

(BA — Ix)"BACY = BAC(AC — Iy)"y = 0.
Consequently, BACy € N((BA — Ix)"). Then
BACN((AC —Iy)") C N((BA—Ix)").
(iv) If z € R((AC — Iy)"). Hence there is y € Y with z = (AC — Iy)"y. Then
BACz = BAC(AC — Iy)"y = (BA—Ix)"BACy € R((BA — Ix)").

Consequently, BACR((AC — Iy)") C R((BA —Ix)").
O

Lemma 3.4. If A € L(X,Y) and B,C € L(Y,X) with ABA = ACA. Hence for each
neN, R(AC—Iy)+N((AC—Iy)") is closed in Y if and only if R(BA—Ix)+N((BA—Ix)")

1s closed in X.

Proof. Assume that R(AC — Iy) + N((AC — Iy)") is closed in Y. Let (z,,)neny C R(BA —

Ix)+ N((BA — Ix)") with x,, — = for some = € X as n — oco. Hence there are sequences
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(zn)nen € R(BA — Ix) and (wp,)peny € N((BA — Ix)") with z,, = z, + w, for any n € N.

Thus

Arx = lim Az,

n—o0

= lim A(z, + wy).

n—oo
From (7) and (i) of Lemma3.3] we get Az, € R(AC —Iy) and Aw, € N((AC —Iy)"). From
R(AC — Iy) 4+ N((AC — Iy)") is closed in Y, there are z € Y and w € N((AC — Iy)") with
(AC — Iy)z +w = Ax. Thus z = ACz — Az + w. Consequently,

x = BAx— (BA-1Ix)x
= B((AC - Iy)z+w) — (BA—Ix)x
= (BAC —B)z+ Bw — (BA—Ix)x
= (BAC - B)(ACz— Az +w) + Bw — (BA—Ix)x
= BACACz— BACAz + BACw — BACz + BAx — Bw+ Bw — (BA — Ix)x
= BACACz— BACAz + BACw — BACz + BAx — (BA — Ix)x
= BABACz— BABAx + BACw — BACz + BAz — (BA —Ix)x

= (BA-1Ix)(BACz — BAx — x) + BACw.

Since w € N((AC — Iy)") and from (i7i) of Lemma we have z € R(BA — Ix) +
N((BA—1Ix)"). Then R(BA—Ix)+ N((BA—1Ix)") is closed in X. Conversely, assume that
R(BA—1Ix)+N((BA—1Ix)")is closed in X. By Theorem R(AB—Iy)+N((AB—Iy)")
is closed in Y. Then R(CA — Ix) + N((CA — Ix)") is closed in X. From Theorem [2.1
R(AC — Iy) + N((AC — Iy)™) is closed in Y. O

The following theorem holds.

Theorem 3.1. Let X and Y be non-Archimedean Banach spaces over a spherically complete
field K. If A, D € L(X,Y), B,C € L(Y,X) with ACD = DBD and DBA = ACA. Hence
N(Iy — AC) is complemented in' Y if and only if N(Ix — BD) is complemented in X.

Proof. Assume that N(Iy — AC) is a complemented subspace of Y, hence there is a bounded
projection @ € L(Y') with R(Q) = N(Iy — AC), thus (Iy — AC)Q = 0, hence Q = ACQ.
Set P =BQACD € L(X). By DBQ = DBACQ = ACACQ = ACQ = @, hence

P? = (BQACD)(BQACD) = BQACQACD = BQACD = P.
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Note that

(Ix — BD)P = (Ix — BD)(BQACD) = BQACD — BDBQACD = 0.

Then R(P) € N(Ix — BD). If z € N(Iy — BD). Thus Dz = DBDx = ACDz, hence
Dz € N(Iy — AC) = R(Q). Thus QDx = Dz, then

Px = BQACDz = BQACQDx = BQDxr = BDzx = «x,

hence N(Ix — BD) C R(P). Then P is a projection with R(P) = N(Ix — BD). Conversely,
suppose that W is a projection with R(W) = N(Ix — BD). Put Z = ACDW BACAC. By
BDW = W, it follows that

7Z? = (ACDWBACAC)(ACDW BACAC)
— ACDWB(ACA)CACDW BACAC
— ACDWB(DBA)C(ACD)WBACAC from ACA = DBA and ACD = DBD
= ACDWBDB(ACD)BDW BACAC
— ACDWBDB(DBD)BDW BACAC
= ACDWBDBDBDBDW BACAC
— ACDWBACAC

= Z.

From

(Iy — AC)Z = (Iy — AC)(ACDW BACAC)
— ACDWBACAC — ACACDW BACAC
— ACDWBACAC — ACDBDW BAC AC
— ACDWBACAC — ACDWBACAC

= 0,
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R(Z) C N(Iy — AC). Let © € N(Iy — AC). Hence © = ACx. By BACx = BACACz =
BDBACz and BACxz € N(Ix — BD) = R(W), we get WBACz = BACxz. Thus
Zx = ACDWBACACz
= ACDWBACz
= ACDBACx

= ACACACxz

= x,
hence N(Iy — AC) C R(Z). Then Z is the projection onto N(Iy — AC). O

Theorem 3.2. Let X and Y be non-Archimedean Banach spaces over a spherically complete
field K. Let A, D € L(X,Y), B,C € L(Y,X) such that ACD = DBD and DBA = ACA.
Hence R(Iy — AC) is complemented in Y if and only if R(Ix — BD) is complemented in X.

Proof. Suppose that @ is the projection with R(Q) = R(Iy — AC). Put P = Ix — BAC(Iy —
Q)D. From (Iy — Q)(Iy — AC) =0 and (Iy — Q)AC = Iy — Q, we get
P? = [Ix — BAC(Iy — Q)D][Ix — BAC(Iy — Q)D)]
= Ix — BAC(Iy — Q)D — BAC(Iy — Q)D + BAC(Iy — Q)DBAC(Iy — Q)D
= Ix — BAC(Iy — Q)D — BAC(Iy — Q)D + BAC(Iy — Q)ACAC(ly — Q)D
= Ix — BAC(ly —Q)D — BAC(Iy — Q)D + BAC(Iy — Q)D
= Ix —BAC(ly —Q)D
= P
Thus P? = P. From R(Q) = R(Iy — AC), we get
R(BACQD) C R(BAC(Iy — AC)) = R((Ix — BD)BAC) C R(Ix — BD).
Moreover,
P = Ix—BAC(Iy —Q)D
= Ix — BACD+ BACQD
= Ix —BDBD + BACQD

— (Ix — BD)(Ix + BD) + BACQD,
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and thus R(P) C R(Ix—BD).If x € R(Ix—BD), hence there isu € X with z = (Ix—BD)u.
From Dx = D(Ix — BD)u = (Iy — AC)Du € R(Q), we get

Pz =[Ix — BAC(Iy — Q)D]z =z,

hence R(Ix — BD) C R(P). Then R(Ix — BD) is complemented in X. Conversely, suppose
that @ is a projection with R(Q) = R(Ix — BD). Set W = Iy — ACD(Ix — Q)BAC. We
demonstrate that W is a projection such that R(W) = R(Iy — AC). From (Ix — Q)(Ix —
BD)=0and (Ix — Q)BD = Ix — @, hence
W? = [Iy — ACD(Ix — Q)BAC)?

= Iy — QACD(IX - Q)BAC + ACD(IX — Q)BACACD(IX — Q)BAC

— Iy —2ACD(Ix — Q)BAC + ACD(Ix — Q) BDBACD(Ix — Q)BAC

= Iy —2ACD(Ix — Q)BAC + ACD(Ix — Q)BDBDBD(Ix — Q)BAC

= Iy — ACD(Ix — Q)BAC

= W.
Thus W2 = W. One can see that

W = Iy —ACD(Ix — Q)BAC
= Iy — ACDBAC + ACDQBAC

= Iy — ACACAC + ACDQBAC,
and

R(W) C R(Iy — ACACAC + ACDQBAC)

N

R[(Iy — AC)(Iy + AC + ACAC)] + R[ACD(Ix — BD)|

N

R(Iy — AC) + R[(Iy — AC)ACD]

C R(Iy — AC).

For each y € R(Iy — AC), there is w € Y with y = (Iy — AC)w. Hence BACy = BAC(Iy —
AC)w = (Ix — BD)BACw € R(Q), then

Wy =[ly — ACD(Ix — Q)BACly =y.

Thus R(Iy — AC) C R(W). Hence R(Iy — AC) is complemented in Y. O
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We finish with the following examples.

Example 3.1. Let A, B,C € L(co(K)) be given respectively by
A(iUl,IQ,.T?,, T4y ) - (07$270)I4) et )7

B<$1,$2,$3,3’:4,‘ ' ) = (0,1’1,1’2,1’4,' )

and

C(x1,x2,x3,$4, o ) - (0,0,3’:1,.%'4, e )

It is easy to see that ABA = ACA.

Example 3.2.
(i) Let
11 1 0 0 -1
A= B = and C = € Ma(Qy).
11 -1 0 0 1
It 1s easy to see that ABA = ACA = Opq,(q,)-
(ii) Let

1 0 1 1
A= , B= and C = € M3(Qp).

—_
—_
o
|
[\
o
|
—_

Then ABA = ACA.
(iii) Let a,b,c € Qp. Let

1 0 a b ¢

[an}

01 1
A=10 0 1 ,B=11 0 1 andC =11 0 1 € M3(Qy).

0 00 110 110
One can see that ifa =c=0,b=1, then B=C and ABA = ACA.
Moreover in the case B # C, we have ABA = ACA.
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ABSTRACT. In this article, we study bi-f-harmonic curves, hyperelastic curves, helices and
circles along conformal Riemannian submersion. We investigate the behavior of an arbitrary
horizontal curve on the total manifold under the conformal submersion. Moreover, we show
that a totally geodesic Riemannian submersion takes a horizontal bi-f-harmonic curve, helix
and circle to a bi-f-harmonic curve, helix and circle on target manifold, respectively. In
addition, we also find the conditions for which Riemannian submersion takes a horizontal
bi-f-harmonic curve, helix and circle to a bi-f-harmonic curve, helix and circle on target
manifold, respectively.
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1. INTRODUCTION

In 1964, J. Eells and J. H. Sampson [6], introduced the concept of bi-harmonic maps by
generalizing the harmonic maps. Harmonic maps have important applications in various
areas of mathematics and physics with nonlinear partial differential equations. A harmonic

map « : (N,gn) — (N,gy) between the Riemannian manifolds (N, gy) and (N,gy) is a
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critical point of the energy functional,

1
E(a):Q/F |da|?vgy
N

where I'y is some compact domain of N and 7(c) = Traceg, Vda is the tension field of

a. The harmonic map equation is an Euler-Lagrange equation of the functional 7(p) =

Tracegy, Vdp = 0, where 7(p) = Traceg, Vdy is the tension field of ¢ [6]. The bi-harmonic

map « between the Riemannian manifolds (N, gy) and (N,gy) is a critical point of the
1

bi-energy functional, Fa(a) = 3 fFN |7(a)|?vgy, where Ty is a compact domain of N. The

bi-harmonic map equation is an Euler-Lagrange equation of the functional,
(o) = Tracegy (VEV® = Vo )T(ar) — TmcegNRN(da, 7(ar))da = 0,

where RN = [V¥, Vg]Z - V&’Y]Z, is a Riemann curvature tensor of (N, gy) [16]. In 1991
[5], the author introduced the bi-harmonic submanifolds of Euclidean space and stated a

¢

conjecture “ any bi-harmonic submanifold of Euclidean space is harmonic, thus minimal”.
If the definition of bi-harmonic maps for Riemannian immersion in Euclidean space is used,
then the Chen’s definition of a bi-harmonic submanifold coincides with the definition given
by the bi-energy functional.
Bi-f-harmonic maps are the generalization of harmonic maps and f~-harmonic maps. There are
two methods to formalize the link between bi-harmonic maps and f-harmonic maps. In the
first method of formalization, the authors extended the bi-energy functional in [32] 39] to the
bi-f-energy functional and got bi-f-harmonic maps. Further, for the second formalization, the
f-energy functional is extended to the f-bi-energy functional. In [22], the author introduced
the f-bi-harmonic maps by generalizing the bi-harmonic maps. The bi-f-harmonic equation
for curves in Euclidean space, hyperbolic space, sphere and hypersurfaces of manifolds were
studied in [30].
In [34], authors studied the charcterization of submanifold by taking the hyperelastic curves
along an immersion. The following properties of Riemannian submersions were studied in
[10, 25, 19]. In 1974, the authors proved that if a circle is mapped by immersion from a
submanifold to the ambient manifold, then the submanifold is said to be totally umbilical
with a parallel mean curvature vector field [26].

In the sixties O’ Neill and Gray introduced the concept of Riemannian submersions between
Riemannian manifolds [I1], 25]. A differential map G between two Riemannian manifolds

(N,gn) and (N, gy) is known as a submersion if the rank of G, is equal to the dimension
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of the targeted manifold. Also, if the submersion is isometry between (N, gn) and (N, gy),
then G is called a Riemannian submersion. Conformal submersion and the fundamental
equations of conformal submersion were studied in [28, 12]. In [37, [38], authors study the
totally umbilical, geodesic and minimal fibers by using conformal submersions. Horizontally
conformal submersion is a generalization of the Riemannian submersion [9, [14]. Horizontally
conformal map is useful for the characterization of harmonic morphisms [4] and has many
applications in medical imaging (brain imaging) and computer graphics.

Hyperelastic curves in a Riemannian manifold are solutions to a constrained variable prob-
lem and are characterized by Euler-Lagrange equations. A parametrized curve by its ar-
clength is said to be a hyperelastic curve if it is a critical point of the following curvature

energy action defined on a suitable space of curves in a Riemannian manifold

Fr= /(Ff + )ds, (1.1)

where k denotes the curvature of ~ [3, 36, B1]. If x = 0, then these curves are called
free hyperelastic curves. In 2021, B. Sahin, G. O. Tukel and T. Turhan, studied the effect of
hyperelastic curves on the geometry of isometric immersions in [33]. The functional F7 is the
classical Euler-Bernoulli’s bending (or elastic) energy functional for » = 2. Immersed curves
which are critical for the bending energy functional satisfying some boundary conditions are
said to be elastic curves (or elastica) [20]. The existence, classification or stability problems
of elastic curves or their generalizations in Riemannian manifolds attracted the attention of
many researchers. There are the following examples in the literature worked by D. Singer et
al. [15] 211 20 B35]. In 1984, J. Langer and D. Singer proved that there exist closed elastic
curves of a fixed length in a compact Riemannian manifold [20].

A smooth curve parametrized by its arc-length on a Riemannian manifold IV is said to be
circle if it satisfies Véﬁ — — k2, where k is a non-negative constant curvature of 5 and V 3
is the covariant differentiation along 8 with respect to the Riemannian connection V on N.

In [26], Nomizu-Yano proved that S is a circle iff the following is satisfies
V3B +9(V 8,V 358)8 =0,

where ¢ is the Riemannian metric on N and V;B = VBV BB Many authors studied circles
on Riemannian manifolds and they showed that it is possible to obtain certain properties of
a submanifolds by observing the extrinsic structure of circles on this submanifold, [34} 2, [7]

13, 17, 23, 24], 27, 29]. In 1963, S. Kobayashi and K. Nomizu showed that an ordinary helix
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¢ = c(s) satisfies the following equation, V%B—i—K?Vﬁ-B =0, where K? = k%2472 is a positive
constant. Conversely, if a curve ¢ = ¢(s) satisfies the above condition, then it is an ordinary
helix or a geodesic, [1§].

The structure of the article is as follows: In Section 2, we recall some basic concepts about
conformal Riemannian submersion, totally geodesic fibers and the second fundamental form
of Riemannian submersion. In Section 3, some conditions are derived for the case where
the curve either in the base manifold or in the target manifold is a bi-f-harmonic curve. In
section 3, we show that a totally geodesic conformal submersion between two Riemannian
manifolds takes a bi-harmonic curve to a bi-harmonic curve. In section 4, we prove that the
conformal submersion takes a curve to a helix iff the curve is of constant curvature. In the
same section, we also find the conditions for a curve to become a circle in a targeted manifold
by conformal submersion. In the final section, we study the hyperelastic curves along the

conformal submersions.

2. PRELIMINARIES

Let G : (N,gn) — (N,gy) be a differentiable map between the Riemannian manifolds
(N,gn) and (N, gy) of dimensions ny and na, respectively such that ny > ny. Then G is
said to be a Riemannian submersion if rank of G is maximal and differential G, preserves
the lengths of horizontal vectors. A Riemannian submersion G : (N, gn) — (N, gy) is said

to be a conformal submersion if the restriction of Gy to the horizontal distribution of G is a

conformal map, i.e. there exist a smooth function X : N — R™ such that

for all X,Y € I'(kerG,)* and p € N.
A curve 5 : I — N on (N,g) is said to be a bi-f-harmonic curve if and only if § satisfies

the condition [30],

(FF"+ 1B+ BEf" +2f*)V 38+ 4F VA6 + f2V45
LR85 =0, (2.9
where f : I — (0,00) is a smooth function, V is a Levi-Civita connection and R is a
Riemannian curvature tensor on N. Let G : (N,g) — (N, g) be a Riemannian submersion

between (N,g) and (N,g). Then j is said to be a horizontal curve if 5(t) € (kerG,)';

Vte I If VY is the Levi-Civita connection on (N, g), then the second fundamental form of
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G is given by

(VG,)(X,Y) = VN%;G*(Y) —G.(VYY), VXY e (TN), (2.3)

N .
where V& is the pullback connection of V. Now, if X,Y € T'((kerG,)*), then the second

fundamental form of Riemannian submersion is

(VG,)(X,Y) =0. (2.4)
Also, if X,Y € T((kerG,)*) and V € T'((rangeG,)"), then
VY )V = —SvGu(X) +V§ V. (2.5)

where Sy G4 (X) is the tangential component of Vg*(X)V. Since (VG,) is symmetric and Sy

is a symmetric linear transformation of rangeG,, therefore
IN(SVvG(X),G(Y)) = gn (V. (VG (X, Y)). (2.6)

From equations (2.3)) and (2.4), we get

RN(Gu(X), Gu(Y))Gul(Z) = =556 (v,2)G«(X) + Sva.)x,2)G+(Y)
+GL(RY(X,Y)2) + (Vx(VGI))(Y, Z) = (Vy(VG.))(X, 2), (2.7)
where V is the covariant derivative of the second fundamental form. The O’ Neill tensors
[34] A and T are given by
ApP' = hVpvP' + vVyphP’, (2.8)
TpP' = hV,pvP" + vV,phP’, (2.9)
for all P,P’ € T(T'N), where V is the Levi-civita connection on N. For P € T'(T'N), T

is vertical such that Tp = T,p and A is horizontal such that Ap = A;p. Also, if U W €
I'(kerGy), then we have TyW = Ty U.

From equations (2.8)) and (2.9)), we get
VW =TyV +oVy W, (2.10)
VxV =AxV +0VxV, (2.11)

VyZ =AyZ + HVy Z, (2.12)
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for all V,W € I'(kerG,) and Y, Z € I'(kerG.)*. The covariant derivative of VG, and S are
(VX(VG)(Y, Z) = V§ (VG)(Y, Z) = (VG)(VYY, Z) = (VG.)(Y, VX Z),  (2.13)
and
N

(VxS)yGa(Y) = G (VY *G.(Sy G (Y))) — Sgety Ge(Y) = SyQVSG.(Y),  (2.14)

respectively. Here @) is a projection morphism on rangeG, and *G, is an adjoint map of G,.

From equations (2.13]) and (2.14)), we obtain

In(Vx(VG))(Y, 2),V) = gy (VxS)vGu(Y ), G(2)). (2.15)

Let G : (N,gn) — (N,gy) be a conformal submersion between Riemannian manifolds
(N,gn) and (N, gy). Then G is called a conformal submersion with totally geodesic fibers

if and only if T" vanishes identically.

3. CHARACTERIZATION OF BI-F-HARMONIC CURVES

Let 8 : I — N be a curve in an nj-dimensional Riemannian manifold N with an orthonor-
mal frame {Wy, Wy,...W,,, 1} in TN, where Wy =T, W7 = N and Wy = U are the unit
tangent vector, the unit normal vector and the unit binormal vector of «, respectively. Then

the Frenet equations are given by
VTWj = —Hjo_l + Hj+1Wj+1, 0<73<m—1, (3.16)

where kg = kp, =0, k1 = k = ||VT] is curvature and 7 = kg = —(V W7, W3) is torsion of

B on N, respectively. Next, we introduce the concept horizontal bi-f-harmonic curve.

Definition 3.1. Let G : (N, g) — (N, g) be a conformal submersion between the Riemannian
manifolds (N, g) and (N,g). Then a horizontal curve on (N,g) with is said to be a

horizontal bi-f-harmonic curve on (N, g).

Lemma 3.1. Let G : (N, g) — (N,g) be a conformal submersion between (N, g) and (N, ).

Now, if =G o is a curve on (N, g) and B is a horizontal curve on (N,g), then

A3

() V% (5G(8) =Gu(VsP), (3.17)
() R(GL(V36).GUP)G.() = C.(R(T36,0)5) — 209G, Ay )
B
(VG AV 38, B) + (VG)(V b, Az, (3.18)

A _ _
where V and V are the Levi-Civita connections of N and N, respectively.
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Proof. Let B be a horizontal curve with curvature x on Riemannian manifold (NV,g) and
B = Gopis a curve with curvature & on (N, g). Then a vector field G, () along 3 is defined
by

where 3(s) = 3 is a vector field along (s) = 8.
(i) From equations (12.3), and , we have

/\2

Vi C(B8) = Gu(Vh). (3.19)

Taking the covariant derivative of (3.22)) and using (2.3, (2.4) and (2.5)), we get the required

condition.

(i) From equations ([2.3)), (2.4) and ({2.5)), we get the required equation. O

Definition 3.2. A Riemannian submersion G : (N,g) — (N,g) between Riemannian man-
ifolds (N, g) and (N, g) is said to be totally geodesic conformal submersion if second funda-

mental form of G is identically zero. i.e.
(VG,)(X,Y)=0,VX,Y e '(TN). (3.20)

Lemma 3.2. Let G : (N,g) — (N,g) be a totally geodesic conformal submersion between
Riemannian manifolds (N,g) and (N,g). If B is a horizontal curve with curvature k on

(N,g) and B = G o B is a bi-f-harmonic curve on (N, g), then the curvature of B is given by
12 2 " I en 1
mszé(g P37+ 1 f7)ds + )z, (3.21)
3
where C' is some constant.

Proof. Let G : (N,g) — (N,g) be a conformal submersion between Riemannian manifolds
(N, g) and (N, g). Then for any horizontal curve 8 on (N, ¢) and bi-f-harmonic curve 3 = Gop3
on (N, g), we have

(FF"+ ' G(B) + BF "+ 2f*)V g (3G (B) + 4L VT, 5 Gu(B)
+FAVE, 5, Ge(B) + FPR(GA(V3), G+ (8))G+(8) = 0. (3.22)
From Lemma and equation , we have
. . 2 .
(FF" + P ")G(B) + BFS" +202)Ca(V ) + AF /G (V35)

A3, _ A ) .
+ PG (VgB) + FPR(GL(V48), G4 (B))Gx(B) = 0. (3.23)
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Now using second part of Lemma (3.1]) in equation (3.23)), we get

2

(P17 + FFIGAB) + BIF" + 20 )Ga(V ) + Af ' G(V 3)

3 . . . . . .
HGUT48) + FPGLR(V36.0)8) — 22(VG.) (3, Ay )
B

AL A .
+AVG)(AV 8, 8) + [F(VGL)(V 38, AyB) = 0. (3.24)
Taking inner-product of equation 1} with G, (5) both sides, we obtain

3 . . . . . . . . .
X g (Vih B) + X Pan (BT 36.5)5.8) — 295 (VG5 Ay 8).G.(5)
B
2 . .
NEFF™ + F1F7) 4 N2BE 7+ 20)gn (9 56, 8) + N24F Fgn (V58, 6)

P25 ((VG)(AY 38,8), Gu(B)) + [2ax (VG 46, ), Gu(B) = 0. (3.25)
2
Substituting the values of gN(%BB, 5) = —gN(ABB,B), gN(%BB,B) = —k2 _9N<UV5ABB;B)
. . 3 . . . . . .
— gn(A5V58.8) and gn(V38,8) = —3kK — gn (0¥ 0V 5448, ) — g (vV 345V 48, ) —
2

A2
gN(ABVBﬁ,ﬁ) in equation ([3.25)), we obtain

(LS4 f )~ N3 £+ 2f)gn (A8, B) — N2Af f'gn (07 5448, )

AL — N gn (A59 38, B) — N3l £2 — N2 f2gn vV 50V 5 Ag, B)
. . 2 . . . . .
NP0V A9 56.5) ~ Pax (A3V36.8) - 295(VG (B, Ay 6).G.(9)
B

P25 (VG AV, B), GulB)) + FPax(VG(V 48, A35),Gu(B) = 0. (3.26)
Using the orthogonal condition in equation , we have
(FF" 4+ ") = 4F 6% = 3k 2 = 2295 (VG)(B, Ay 5), G (8))
]

P25 (VG AV a8, 8), GulB)) + Frax(VG(V 46, A38),Gu(B) = 0. (3.27)

Since G is totally geodesic, then equation (3.27)) reduces to (by using mapple),

h= flé / PR+ 7 ") ds + C)3. (3.28)

O

Theorem 3.1. Let G : (N,gn) — (N,gy) be a totally geodesic conformal submersion be-
tween Riemannian manifolds (N, gn) and (N, gy). Then G maps horizontal bi-f-harmonic

curve on (N, gn) to bi-f-harmonic curve on (N, gy).
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_ ) AL . A2,
Proof. Substituting the values of VG*(B)G*W) = G*(Vﬂﬂ), Vé (B)G*(B) = G*(VBB) and
) A3
. B N .
VG*(B)G*(B) = G4(Vgp) in equation (3.22), we get

(FF" + FIG(B) + BFF" + 2f)V g, (5 G=(B) + AL FVE, (5 Ge(B) + F2VE, 5 G (B)
FF2R(GV 38), Ca(B)Cu(B) = (FF" + FF1)GL(B) + (BF " + 2£2)C.(V 4)
FAFFG.00) 1 PG50 + FRIG(V 3), GG (5. (329)
Then using second part of Lemma [3.1]in the equation ([3.29), we obtain
(FF7"+ S I)G(B) + BIS" +2)V g (4 G(B) + AL I'VE, 5 Ga(B) + [PV, 5 Gu(B)
FF2R(GV 38), C(B)Gu(B) = (FF" + FF1)GL(B) + (BFF" + 2f2)G(V 4)
PGV 38) + PCV3H) + PCARE 45.5)5) — 2/2(VG)( 4 )
2AVEBHY, B+ FAVG)(A5958,8) + VGV 35, Az8).  (3.30)
Now from equations and (3.30)), we get
(FI" + P FG(B) + BFS" + 2V 5, G(B) + AL 'V, (5 G(8) + F2V, 5 G(B)
FPRGUV38), Cu(B)Gu(B) = GA(FF" + F ") (B) + BF "+ 2£7)(V 48)
HTE0) + P83 + PREH89) - 2056, )
FFVE) AV 5, B) + FAVG)(V 4, Agh). (3.31)
Using the fact that 3 is a horizontal bi-f-harmonic curve on (N, gy ), equation reduces
to
(£F" + F1F)G(B) + BFF" +2f)V g, 3G (B) + 4F IV, 5 G+(B) +
12V, 5G+(B) + FPR(GA(V35), Go(8))Ga(B) = G4(0) = 3f*(VG.)(B, 4y )
FFAVG.) (V8 A,0). (3.32)

Since G is a totally geodesic conformal submersion, therefore

(F17 4+ £'F)GLB) + BF1" +20™)V 6, Go(B) + 41 £V, 5, G(5)

+2VE, 5, G+(8) + FPR(GA(V35), Gu(3)G(B) = 0. (3.33)
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Theorem 3.2. Let G : (N,gn) — (N, gx) be a conformal submersion between Riemannian
manifolds (N, gn) and (N, gy). Now, if 3 is a bi-f-harmonic curve on (N, gy) and 3 = Goj3

is a bi-f-harmonic curve on (N, gy), then either
A .
FI"+ 1" = AL 'R = 3rK' <0 0r gy (VG )(V 38, H'), Gu(8)) > 0. (3.34)

Proof. Let 3 be a bi-f-harmonic curve on (N, gy), then

(I + £ 1Go(B) + BL " + 2 )V g, (5, Go(B) + A1V, 15, G-(B)

FIEV 4 GuB) + PRV 56), G (A CL() = 0. (3.35)
o _ : A ) A2,
Substituting the valuis of Vi (5G+(B) = Go(VP), VG*(B)G*(B) = G«(V3p) and
) A3,
_3 _ . . .
VG*(B)G*(/B) = G«(V3p) in equation (3.35), we get

2

(P74 179G B) + B+ 28G9 35) 1 4F £ Cu(9 35)

A3, _ A . .
+f2G*(vﬁB) + fQR(G* (v56)7 G (B))G* (ﬁ) =0. (3'36)

Then substituting R(G. (V35), G.(5)G.(3) = Gu(R(V4H. 5)8) — 2VG)(E, Ay )
B

AL A A
+ (VG )(AzV B, B) + (VGA)(V B, Agp) in equation (3.36), we have

. 2 . 3 @
(774 )G () + (3117 + 21 GV 36) + AF'Go(V ) + P*Gu(3)

+PGUR(T38.5)5) ~ 20HVG(B, Ay B)+ PHVG)(A935,6)
B

/AN .
+AVG)(V B, AgB) = 0. (3.37)
Taking the inner-product of equation (3.37) with G*(ﬁ) both sides, we obtain

(F" + ' g5 (G (B), G (B)) + (Bff" + 2f’2)gN(G*(%BB), G.(B))
N2 . A3 . AL :
FAFF05(CulV35), GolB) + 2an(Cu(V38), GulB) + Fox(Go(R(V 36, 6)B), Gul)

“2g5((VG)(B Ay B).Ga() + Pox((VG)(A3V55,8), G (9)
B8

Pax((VG)(V 38, A,8),G.(8)) = 0. (3.39)
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Using the definition of conformal submersion in equation (3.38), we obtain
AL AZ .
(F1" + F 102 + BFS" +2f)X20n (Y 38, 8) + AF F 02w (V 55, B)
AS L AL . . .
+2Ngn (V3B, B) + PN (R(V 38, 8)8, 8) — 2295 (VG (B, Az .55)’ G«(B))
B

P2 (VG AV, B), GulB) + FPax(VG(V 48, A35), Gu(B) = 0. (3.39)

AL A2 A3
Substituting gN(VBB,ﬁ, gn(VB,8) and gn(Vp, 8) in equation (3.39), we obtain

(L7 + FL N2 = Af f1R2N2 = 36K/ f20% = 2295 (VG (B, Ay BB)’ G.(8))

B
P25 (VG (A 35, 3), Gu(B)) + a5 (VG)(V 38, A38), GulB) = 0. (3.40)

) AL
Then using the definition of totally umbilical i.e. Ae Bﬁ = gN(VBﬂ, B)H',

B
A

DA i .
ABVBB = gN(B,VBﬂ)H’ and Aﬁﬁ = gn(B8,8)H’ in equation (3.40]), we have

(" + )N = 4F RN = 3rk! D2 + F2gx((VG)(V g, H), Gul(B) = 0. (3.41)

Since equation (3.41)) is a quadratic equation in A, therefore

0+ \/—4(ff’” + fIf—AffIR2 — 3mn’f2)fng((VG*)($B,5’, H'),G.(B))

= 42
A 2(ff’”+f/f,,—4ff,:‘€2 —3I€/€’f2) (3 )
Since A is a positive real valued function, therefore
A .
ALI"+ L 1" = ALF'R? = 36K f2) Pan (VG)(V 8, H'), G.(B)) < 0. (3.43)

Thus from equations (3.42)) and (3.43)), we can conclude that either (ff"” + f'f" —4ff'k? —
A .
3! £2) < 0 and g((VG.)(V 46, H'), Go(3) > 0 or (Ff" + f'f" — AFf'i? — 3rn'f2) > 0
A A
and gy ((VGL)(VB8,H'), Gi(B)) < 0, to make A always positive. O

3.1. Characterization of bi-harmonic curves. A bi-harmonic curve (bi-1-harmonic curve)
is a special case of bi-f-harmonic curve for f = 1. Let G : (N,gn) — (N,gy) be a con-
formal submersion between Riemannian manifolds (N, gy) and (N, gy) such that 3 is the

bi-harmonic curve on (N, gy), then

V2, 5, Ge(B) + R(GL(V38), G.(8)G.(8) = 0.

Theorem 3.3. Let G : (N,gn) — (N, gy) be a conformal submersion between Riemannian
manifolds (N, gn) and (N,gx). If B is a horizontal curve with curvature  on (N,g) and

B = Gopis a bi-harmonic curve on (N, g), then k is constant.
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Proof. Let 3 is a bi-harmonic curve on (N, gy), then taking f = 1 in equation (3.23)), we
have

A3, )

G (V) + R(GL(V ), Gu(B))Gul(B) = 0. (3.44)

Using second part of Lemma [3.1] in equation (3.44), we get

6.(96) + Gu(R(Y56.5)0) - 2A9C.) (5. 46 )
+(VG*)(AB$BB, B) + (VG*)(QBB, A;8) =0. (3.45)
Taking inner-product of equation with G,(3), we obtain
05(GF ), Gul) + ax(Go(RIY 36, 7)B). () — 205((VG) Ag 9.G-(3)
a5 (VG (A5938.8), GulB)) + gx(VG)(Va AgB). Gu(B) = 0. (3.46)

A
Using the definition of conformal submersion and gy (R(V 4B, B)B, ) = 0 in equation (3.46)),

we get

A3 L . ) )
Ngn(VB,8) — 29N((VG*)(5,A6‘35), G.(B))
3

For((VG)(A5938,8), Cu(B)) + gx(VG)(V 38, Agh), Gu(B) = 0. (3.47)

A3 . .
Substituting gn(V83, 8) = —3kk’ — gN(vV%B,ﬂ) and gN(vV%ﬁ,B) = 0 in equation (3.47)),

we obtain

—N3nr = 295 (VG (B, Ay B),G(8)) + a5 (VG (A 45.5), CL(B))
B

o (VG)(V 48, Ayh), Gu(B) = 0. (3.48)

Since G be a totally geodesic conformal submersion i.e. second fundamental form is identi-

cally zero, therefore equation (3.48]) reduces to
—M3kK' =0, = Kk = constant. (3.49)
Il

Theorem 3.4. Let G : (N,gn) — (N,gy) be a totally geodesic conformal submersion be-
tween Riemannian manifolds (N,gn) and (N,gy). Then G maps horizontal bi-harmonic

curve on (N, gn) to bi-harmonic curve on (N, gy)-



248 B. PAL, M. KUMAR, AND S. KUMAR

3
Proof. Taking f = 1 and substituting ?é*(ﬁ)G* (B) = G*(%ﬁﬁ) in equation (3.33)), we get
_ . _ . . A3 .
+R(GA(V ), Gu(8))Gu(B). (3.50)

Using the second part of Lemma in equation (3.50)), we get

_ A3

2 5, CelB) + RG.(V ), CU)CL(D) = Gl
AL . ) A .
RV 46.8)8) = 3(VG)(B. Ay ) +(VG)(V 46, 446). (3.51)
B
Using the fact that g is a horizontal bi-harmonic curve on (N, gn), equation (3.51)) reduces

to

VGV 48, A0, (3.52)

Since G is a totally geodesic conformal submersion map, therefore

Ve G+(8) + R(Gu(V5), Gu(8)Gu(B) = 0 (3.53)

Hence 3 is a bi-harmonic curve on (N, gx).

4. HELICES AND CIRCLES ALONG THE CONFORMAL SUBMERSION

Let 8: 1 — N be a curve, then f is said to be a general helix if it satisfies the condition
34 2.3 —
v 55 + K*°V Bﬁ =0,

where K? = k2 + 72 is a positive constant. Conversely, if the curve 8 = ((s) satisfies the

above condition, then it is an ordinary helix or a geodesic [18].

Theorem 4.1. Let G : (N,gn) — (N, gx) be a conformal submersion between Riemannian
manifolds (N, gn) and (N,gy). Then, B = G o f3 is a heliz on (N, gy) iff B is a horizontal

curve of constant curvature on (N, gn).
Proof. Let B be a helix on (NN, gy ), then

Ve, 5 Gr(8) + (7 + 7V (4G (B) = 0. (4.54)
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_ . A3
Using V2, . G.(8) = G«(Vp) in equation (4.54)), we get
G (B)
A3, 5 g A
Gi(VpB) + (k7 4+ 77)G(VgP) = 0. (4.55)

Taking inner-product of equation 1} with G, (B), we obtain
A3, ) 9 ) A .
In(G(V3P), G(B)) + (k" + 77)gn (G(VgB), G(B)) = 0. (4.56)
Using the definition of conformal submersion in equation (4.56)), we have

) AS L. 9 or o AL
AN (VB,B) + (k7 + 77)A%gn (V38, 8) = 0. (4.57)

AS L . AL A2
Substituting gn (V 38, 8) = =3k —gn (vVV 50V s A58, B)—gn (VV 3 AV 58, B)—gn (A5 V 38, B)

AL ..
and gN(VBB,ﬁ) = —gN(ABB,B) in equation (4.57)), we get

.. AL
—\23kK — )\ng(UVBUVBABB, B) — Ang(vVBABVBﬁ, B)
A2, ..
—Ngn(AzV g8, B) — (* + 7)Ngn (A8, B) = 0. (4.58)
Using the condition of orthogonality in equation (4.58]), we have

M3kK' =0 = k = C(constant).

Conversely, assume that 3 be a curve of constant curvature on (N,gy) and 3 = G o 3 is

a curve on (N,gy), where G : (N,gn) — (N,gy) be a conformal submersion and using

equation (3.17). Then, we have

V3 G. (6 2 2\ G-_G/\%- 9 2G/\.
Ve nG+B) + (" + 79V g, (5G(8) = Gu(V3B) + (57 + 77)G(V3).

(4.59)

Taking inner-product of equation (4.59) with G.(8) both sides, we have

. _ . . A3 A
05(V3, 5 Cu(B) + (475 5 Ga(B). Cul) = ay(Gal(V38) + (5 + 7)CulV 45, Cu())

— g5 (G (V). Gul(B)) + (52 + 7)g5(Gu(V38), G (8)
A3 L AL
= Ngn(V3B,8) + (K> + 7'2))\29N(V55, B)
= —\23kK — )\QgN(vVBvVﬂ-ABB,B) - /\2gN(UV5A3655‘76)

/\2

= —Ngn(A3V 38, 8) — (5° + )Ny (A48, 5) = 0.
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Therefore

Hence 3 is a helix. O

Theorem 4.2. Let G : (N,gn) — (N,gy) be a totally geodesic conformal submersion be-
tween Riemannian manifolds (N, gn) and (N, gy). Then G maps horizontal heliz on (N, gn)

to a heliz on (N, gy).

_ . A3,
Proof. From equation (4.54]) and using relation V?(’; (B)G*(B) = G (Vyp), we get
s . 5 g ) A3, o oD
VG*(B)G*(B) + (K7 + 7))V, (5 G+(8) = G (VB + (7 +77)Vy ). (4.60)

Since 3 is a horizontal helix on (N, gn ), therefore equation (4.60) reduces to

vg*(B)G*(B) + (’@'2 + TQ)vG*(B)G*(B) = 0.

Hence, 3 is a helix on (N, gx). O

Corollary 4.1. Let G : (N,gn) — (N,gy) be a conformal submersion map between two
Riemannian manifolds (N, gn) and (N, gy) such that B is a heliz on (N,gn). If 3= G o3

is a helir on (N, gy), then 8 is a heliz of constant curvature on (N, gy).

Ve (5G(B) + (5* + TV, 5G=(8) = 0. (4.61)

A3, . A

. A

. . — 3 _ . . _ . . .
Substituting the values of VG*(,B)G* (B) = G«(Vyp) and VG*(B)G*(ﬁ) = G+(V ;) in equation
(4.61), we have

G*(%Zﬁ) + (k% + TQ)G*(%BB) =0. (4.62)

Taking the inner-product of equation li with G*(B) both sides, we get
A3, . ) ) A .
In(G«(V5B), G(B)) + (k" + 77)gn (G+(VB), G+(B)) = 0. (4.63)
Using the definition of conformal submersion in equation (4.63), we obtain

A3

2 A G 2 2\2 . oA Ay
A+ gn (VB B) + (k7 + 79)Agn (VgB, 8) = 0. (4.64)

A3 AL
Substituting the values of gn (V48, ) and QN(V/357 B) in equation (|4.64)), we get the required

result. O
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Theorem 4.3. Let G : (N,gn) — (N,gx) be a conformal submersion map between two
Riemannian manifolds (N, gy) and (N, gy) such that B is a circle on (N,gy). If B = Go

is a circle on (N, gy), then curvature k = +1, where K is curvature of 3.

Proof. Let B is a circle on (N, gy), then

V2, 5, GulB) + 05 (Vs 3G (), ¥ 3 G D) (B) = 0. (4.65)
o _, . A2, _ . AL ]
Substituting the values of VG*(B)G* (B) = G+«(Vyp) and VG*(B)G*(B) = G+(VB) in equation
, we get,
A2 A A .
G 58) + a5(Gu(S ). GV 48 Cul) = 0. (4.66)

Using the definition of conformal submersion in equation (4.66f), we get

A2 AN
G.(Vgh) + N (p)gn (V8 V8)G.(8) = 0. (4.67)

AN
Substituting gN(VBB, Vﬁﬂ) =1 in equation (4.67]), we obtain

G (¥ 48) + NG (B) — 0. (4.68)

Taking inner-product of equation (4.68) with G, (6), gives us
A2 .

95 (Gu(V35), G(8)) + g5 (G (8), Gu(8)) = 0. (4.69)

Again using the definition of conformal submersion in equation (4.69), we have

2
Ngn (Vb B) + Ny (B.7) = 0. (4.70)

A2, .. AL
Substituting the values of gn(V 03, 8) = e gN(UVBABﬁ,B) - gN(ABVBﬁ,B) and

gN(B,B) =1 in equation () we get

.o /AN
—\2k2 — )\QQN(UVBABB,ﬁ) — )\QQN(ABVBB,ﬁ) +A2=0. (4.71)

. AL
Since gN(vVBABﬁ,B) = 0 and gN(ABVBﬁ,B) = 0. Thus from equation (4.71), we get the

required result.

O

Theorem 4.4. Let G : (N,g) — (N,gy) be a conformal submersion map between two
Riemannian manifolds (N, g) and (N, gx). If B is a circle on (N, g) and 3 = Gof is a circle

on (N,g]\-,), then either A = £k or A = 0, where k is curvature of  on N.
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Proof. Considering the definition of conformal submersion in equation (4.66)), we get

A2, A LA, )
G.(V3B) + N (V 38,V 36)G.(8) = 0. (4.72)

Taking inner-product of equation (4.72|) with G, (), gives us

/\2

05 (Go(V 3), Gu(B)) + A2 (V 48,V 38)95 (G(B), Gu(A)) = 0. (4.73)

AN, .
Since, gN(VBﬂ, VBB) =1 and gn(f, 8) = 1, therefore equation (4.73) reduces to

) A2 59
N gn(VgB, B) + A°A° = 0. (4.74)

AZ L .. AL
Taking gn(V38,8) = N — gN(vVBAB,B,ﬁ) — gN(ABVBB,B) in equation (4.74]), then we

have

—N (K% + gn (vV A48, B) + gN(Agegﬁ, B)) +A2\? = 0. (4.75)

.. AL
Substituting gN(vVBABﬁ, B) =0 and gN(ABVBﬂ, B) = 0 in equation (4.75)), we get

—k2AZ 4+ N2\ = 0. (4.76)

As equation (4.76)) is quadratic in A2, therefore

2 + /4l
=D EVE (4.77)
2
Thus, from equation (4.77)), we can say that either A = £k or A = 0.
Il

5. HYPERELASTIC CURVE ALONG THE CONFORMAL SUBMERSION

In this section, we study the hyperelastic curve along the conformal submersion.

Theorem 5.1. Let G : (N,gn) — (N, gx) be a conformal submersion between Riemannian
manifolds (N,gn) and (N,gx). If B is a hyperelastic curve on (N,gn) and B = G o B is a

hyperelastic curve on (N, gy), then

(—2(r — 2)r" 71K — 3" I)AZ + A2 (B(ZLRT + 1))

R 29 (VG (-2 (B5h), B), G+ (8)) = 0, (5.78)

where r > 2 is a natural number.
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Proof. Let B is a hyperelastic curve on (N, gy ), then from [33], we have

Ve ) Ve, 5 G(8)) + Ve, (5 (1G-(5))

+i2R(V g, 3G (B), G (8)) G (B) = 0. (5.79)

_ . AL _ : A3,
Substituting VG*(,B)G*(/B) = G.(V;B), VQG*(B)(M_QVG*(B)G*(/})) = ,@T—QG*(Vﬁ-Qﬂ) +
A A AN
(r—2)(r— 3)HT*4(H’)2G*(V6~B) + (r — 2)/<;T*3/<5”G*(Vﬁﬂ) + (r = 2)r" PR G (V3B) +
A2, _ . .
(r —2)s" 3K G.(Vp) and V. (HG«(B)) = G«(Vgup) in equation (5.79), we have

2
(r = 2)(r = B R2CL(V48) + (r — D3RG (Y ) + 2(r — 273G (V 38)

A3, ) .
772G, (§48) + 2 R(G.(V 4), GG (D) + Cul(V ) = 0. (550

Taking inner-product of equation (5.80) with G, (6) both sides, we get

((r=2)(r = 3)" "> + (r = 2)w" k") gy (G4 (V Bﬁ) «(9))
A2, A3

+2(r = 2)8" W g (Gu(V35), Gu(B)) + 17295 (Gi(V 35), G4 (5))
172 (R(GL (V). G (B)Ga(B), Go(B)) + 95 (G=(V ), Go(B) = 0. (5.81)

Substituting gy (R(G+(V ﬁﬁ) (5))G*(5),G*(5)) = _QQN((VG*)(A%‘B@B%G*(B)) +
8

. ) DA .
gN((VG*)(ABVB,B, B), G« (8))+9n ((VG:) (A8, V8), Gx(B)) and using the definition of con-
formal submersion in equation , we get

3
205 (9 3, (1 = 2)(r — )82 + =2 X2 (V3, B) + (r — 2)s7 ")
2 . . . . .
+2(r — 2)%’“‘3/4}\29]\/(%5@ B) — 2/€T_29N((VG*)(A% -Bﬁ’ B),G«(B))
B
TR 200 (VG)(A5V 38, B), Gu(B) + Nan (Y g, B)
1205 (VL) (A8, ¥ 58), G (B) = 0. (5.82)
Substituting the values of

2
on(V 50 8) = ~an(438.9), gn (V38,8) = —2 — gn (09 34483, 8) — gn(AV 38, B) and
2
gN(Vﬁﬁ B) = =3k —gn(vV oV Agﬁ,B)—QN(’UVBABQBB,B)—QN(ABGBB,B) in equation
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(5.82), we obtain

—2(r — 2)k" T R/AZ — 3T TIRINZ — 2/€T_29N((VG*)(A% -BB)’ G.(B))
B

1205 (VG A5V 58, 8), Cu(B)) + K295 (VG (Ag81, V 5), Gu(B))
XN (V g0, ) = 0. (5:83)

A i ) A
Since VBuﬁ = (ﬂ(@n’“ +b))8 + (27%1/17" + b)Vﬁﬂ, where pu = ?KT + b, therefore from
equation ([5.83]),

~2(r = DTN — 30T - 22 (VG (A, 85.6),G.(9)
B
2 (VG (A8, 9 38), Gu(B) + A2gn (22w +b))A
(2L 4 B)Y 46, 8) = O, (5.84)

X AL AL
Using the totally umbilical conditions Ae ﬁﬂ = gN(Vﬁﬂ,B)H’, \ VBB, B € T(kerG,)™*,

B
2

A LA
where H' = —%(Vﬁ-%) and AV 8 = gN(ﬁ,VBB)H’ in equation (5.84)), we get

(=2(r — 21 = 372 — 7 2gn (48, A (VG B), G(B)
17 2gn (8, )95 (VG) (H', ¥ 58), Gu(B)) + X(B(Z=Ln + ))gn (8, 6)

2021 A o
FA(F=R" 4 b)gn (V, 8) = 0. (5.85)

Substituting H' = —’\2—2(5$) and gN(ABB,B) = 0 in equation ([5.85)), we obtain

—A2(2(r — 2)k" 7 K 4+ 35" R + AQ(B(@H’" +b))
+h 295 (VGO (=4 (B5h), B), GL(B)) = 0. (5.86)

Hence the proof. O

Corollary 5.1. Let G : (N,gn) — (N, gx) be a conformal submersion between Riemannian
manifolds (N, gn) and (N,gy) such that B is a elastic curve on (N,gn). If B=Go B is a
elastic curve on (N, gy), then

A1

95((VG)(=5 (3p), BIG-(8) = 0. (587)

Proof. Substituting » = 2 in equation ([5.78)), we have

A o.1 . . . 3

5 (B53):8), Gu(B) + N (B(GR> + b)) = 0. (5.89)

—3rK' N+ gr (VG (— 5

Substituting the value of 3 (%/4;2 +b) = 3kk’ in equation 1’ we get the required result. [
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ABSTRACT. This research paper aims to study the postulates of the generalized Tanaka-
Webster connection (briefly, gT'Wc) on S-Kenmotsu manifolds. We find the curvature prop-
erties of a (B-Kenmotsu manifold concerning gTWc, and studied the conditions for the
¢-projectively flat, ¢-conformally flat and ¢-concirculary flat S-Kenmotsu manifolds along
with the same connection. Also, we have discussed the £-flat properties on same curvatures
for the S-Kenmotsu manifold admitting gTWec. At the end we provide an example to verify
some of our results.
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1. INTRODUCTION

The generalized Tanaka-Webster connection (gTWe) is a canonical affine connection de-
fined on a non-degenerated pseudo-Hermitian CR-manifold. The gT'Wc¢ was introduced by
Tanno [23] as a generalization of the connections defined at the end of 1976 by Tanaka in [22]
and Webster in [25]. These connections coincide with the Tanaka-Webster connection (TWc)
if the associated CR-structure is integrable. Many geometers studied some characterizations

of the gTWc on various manifolds. Recently, S.Y. Perktas et al. [I8], Ghosh and De [5] [7],
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Gautam et al. [6], Ayar and Cavusoglu [2], and many others have studied the properties of
this connection on distinct structures. Also, see [12, [16].

Kenmotsu [13], introduced a new class of almost contact Riemannian manifolds, known
as the Kenmotsu manifold. As it is well known, odd-dimensional spheres permit Sasakian
structures, but odd-dimensional hyperbolic spaces do not admit Sasakian structures but do
have Kenmotsu structures. Kenmotsu manifolds are normal almost contact Riemannian
manifolds. The basic fundamental properties of the local structure of such manifolds were
investigated by many geometers. In general, the Kenmotsu manifolds are locally isometric
to warped product spaces with one-dimensional bases. Oubina [I7] introduced the notion of
trans-Sasakian manifolds of type (a, ), which is the generalization of Kenmotsu manifolds
and Sasakian manifolds, and are closely related to the locally conformal Kahler manifolds.
A trans-Sasakian manifold of type (0,0), («,0) and (0, 3) are, respectively called, the cosym-
pletic, a-Sasakian and S-Kenmotsu manifold, where o and § be some scalar functions. In
particular, if « = 0, 8 = 1; @ = 0, f is non-zero constant and o = 1, § = 0 then a trans
Sasakian manifold will be a Kenmotsu; homothetic Kenmotsu manifold and Sasakian mani-
fold, respectively. S-Kenmotsu manifolds have been studied by several authors, like Bozdag
et al. [3], Hui and Chakraborty [11], Kumar [I5], Shaikh and Hui [19] and Mobin et al.[I].

We recommend the papers [8, 9} [10] 20, 2], 24] for more related stidies and references therein.

2. PRELIMINARIES

In this section, we review basic definitions and results that are needed to state and prove
our results.
A (2n + 1)-dimensional smooth differentiable manifold M is said to be an almost contact

metric structure (¢,&,n, g) if the following conditions are satisfying

¢*X = X +n(X)E, n(€) =1, ¢¢=0, no¢=0, (2.1)
9(X,Y) = g(¢X, oY) + n(X)n(Y), (2.2)
9(X,9Y) = —g(¢X,Y), (2.3)

9(X, &) = n(X) (2.4)

for all X,Y,Z on M, where ¢ is a (1, 1)-tensor field, £ is a vector field and 7 is a 1-form. An

almost metric manifold M is said to be a -Kenmotsu manifold if it satisfies

(Vx@)Y = Blg(¢X,Y)§ —n(Y)oX], (2.5)
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(Vxn)Y = Blg(X,Y) = n(X)n(Y)], (2.6)
Vx¢§ = BX —n(X)E], (2.7)
where V is a Levi-Civita connection.
If 5 =1, then M is called a Kenmotsu manifold, and if £ is constant then M are named

homothetic Kenmotsu manifolds and provide a large variety of Kenmotsu manifolds. In a

B-Kenmotsu manifold M, the following relations hold:
R(X,Y)E = =B*[n(Y)X = n(X)Y] + (XB{Y —n(Y)E} — (YB{X —n(X)¢},
R(EX)Y = {87 +£8}n(YV)X — g(X,Y)E],
Ric(X,€) = —{2n8* + £8}n(X) — (2n — 1)(XB),
Ric(¢X,¢Y) = Ric(X,Y) + {2n8% + £8}n(X)n(Y) + (2n — )(XB)n(Y),  (2.8)
where X (8) = g(X, Dp), D is the gradient operator of g.
An M is said to be n-Einstein if its Ricci tensor Ric(# 0) satisfies

Ric(X,Y) = ag(X,Y) + bn(X)n(Y),

for any vector fields X and Y on M, where a and b are smooth functions on M.

The gTWe V for a contact metric manifold M is given by [23],
VXY = VxY — g(¥)Vxé + (Vam)(V)E + n(X)oY (2.9

for all X, Y on M.

3. B-KENMOTSU MANIFOLDS CONCERNING V

In this section, we prove that the gT'Wc V is a metric connection; and moreover, we obtain
an expression of the torsion tensor T on the manifold.
Let M be a (2n + 1)-dimensional S-Kenmotsu manifold. The gTWc V on an M is given
by
VxY = VxY = Bn(Y)X + Bg(X,Y)¢ + n(X)eY, (3.10)

where (2.6)),(2.7) and (2.9)) being used.
Now putting Y = ¢ in (3.10) and using (2.1]), (2.2) and (2.4]), we get

Vx&=0. (3.11)

From (2.9)) and (2.3)), we find

(Vxn)Y =0. (3.12)
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Also, from (2.9) and (22.5)), we find

(Vx9)(Y, Z) =0. (3.13)
Thus, in the view of (3.11)), (3.12)) and (3.13)), we can state the following:

Proposition 3.1. In an M, £ and n are parallel with respect to @, which is a metric

connection.

Proposition 3.2. In an M, the integral curves of a vector field & are geodesic concerning

A

the gTWe V.

Now, since the connection V is metric, so the torsion tensor 1" of V is given by

T(X,Y)=VxY — VyX. (3.14)
From (3.10) and (3.14), we get
T(X,Y) = BE(OY = n(Y) X} +(X)6Y = (V). (3.15)
Since, we know
oVxY,2) = g(Vx¥,2)+ 3 o(T(X, V), 2) —o(F(X,2)Y)  (3.16)
~g(T(¥, 2), X)),

Using (3.15)) in (3.16)), we get (3.10). Hence, we can state:

Theorem 3.1. The gTWc V associated with the connection V is a unique affine connection,
which is metric and its torsion is of the form T(X,Y) = B{n(X)Y —n(Y)X} + n(X)pY —
n(Y)pX.

4. CURVATURE PROPERTIES OF 3-KENMOTSU MANIFOLDS CONCERNING V

In the currect section, we establish the relationships between R and 7@; Ric and RAic; and
s and § with respect to V and V.

The Riemannian curvature tensor with respect to V on M is given by

R(X,Y)Z =VxVyZ - VyVxZ—VxyZ. (4.17)
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By using (3.10)), (4.17) takes the form

RIX,Y)Z = R(X,Y)Z+X(B){g(Y.2)¢ - n(Z)Y) (4.18)
—Y(B){g(X. Z)¢ —n(2)X} + B{g(Y, Z)X — g(X, Z)Y},

where R(X,Y)Z =VxVyZ —VyVxZ — V[X,Y]Z.
The inner product of (4.18]) with W yields

A~

R(X,)Y,Z,W) = R(X,Y,Z,W)+ X(B{g(Y, Z)n(W) —n(Z2)g(Y, W)}
—Y(B){9(X, 2)n(W) —n(Z)g(X, W)} (4.19)
+82{9(Y, 2)9(X, W) — (X, Z)g(Y. W)},
where R(X,Y, Z,W) = g(R(X,Y)Z,W).

Let {e;, & }?ﬁfl be the set of orthonormal basis of tangent space at each point of the manifold,

then contracting (4.19) over X and W, we get
Ric(Y,Z) = Ric(Y, Z) + 2n5%9(Y, Z). (4.20)
From (4.20)) it follows that
QZ = QZ + 2np2Z, (4.21)
where Ric(Y, Z) = g(QY, Z).
Also, the scalar curvature § is given by,
§=1s5+2n(2n+1)6°% (4.22)

Hence, we can state:

Lemma 4.1. In an M admitting V and B=constant, we have
e The curvature tensor R is given by (£.18),
e The Ricci tensor Ric is given by (4.20) and it is symmetric,

e The Ricci operator Q is giwen by (4.21]),
e The scalar curvature § is given by (4.22)).

Lemma 4.2. In an M admitting V, we have

e R(X,Y)E=0,
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e Ric(Y,€) = 0 if B is constant. Otherwise, Ric(Y,€) = —(£8)n(Y) — (2n — 1)(X ),
for all X,Y,Z € x(M).

5. PROJECTIVE CURVATURE TENSOR IN S-KENMOTSU MANIFOLDS CONCERNING V

Let M be a (2n + 1)-dimensional Riemannain manifold. If there exists a one to one
correspondence between each coordinate neighbourhood of M and a domain in Euclidean
space such that any geodesic of the Riemannian manifold corresponds to a straight line
in the Euclidean space, then M is said to be locally projectively flat. For n > 1, M is
locally projectively flat if and only if the projective curvature tensor vanishes. The projective

curvature tensor P; with respect to the Levi-Civita connection V is defined by [2§]
1
PI(X,Y)Z = R(X,Y)Z = o{Ric(Y, Z)X — Ric(X, Z)Y}, (5.23)
n

for all X, Y on M, where R are Ric are the Riemannian curvature tensor and the Ricci

tensor, respectively.

Definition 5.1. A g-Kenmotsu manifold M is said to be &-projectively flat with respect to

v if

Pl(Xay)f =0,

where Py(X,Y)Z is the projective curvature tensor of dimension (2n+ 1) concerning V and
s given by

A A 1 ~ ~
PI(X.Y)Z =R(X.Y)Z — 5 {Rie(Y. Z)X — Rie(X, Z)Y }, (5.24)

for all X,Y,Z € x(M).

Theorem 5.1. An M of dimension (2n + 1) is {-projectively flat with respect to \Y, if and

only if it is £-projectively flat with respect to V, provided B is constant.

Proof. From (4.18)), (4.20) and (5.24), we have

P(X,Y)Z = PX,Y)Z+X(B)H{g(Y,2)§ —n(2)Y} (5.25)
—Y(B){9(X, 2)§ —n(2)X},

where P;(X,Y)Z is defined in (5.23). Now, putting Z = £ in (5.25)), and considering /3 as a

constant, we get

N

P (X, V) =P (X, Y).



264 S. SUNDRIYAL AND A. HASEEB

Definition 5.2. A §-Kenmotsu manifold M satisfying the condition
0*(P1(¢X, 0Y)0Z) =0
is called ¢-projectively flat with respect to V. As we know that
0*(PL(¢X, 0Y)0Z) = 0 <= g(P(6X,6Y)$Z,¢W) = 0 (5.26)
for all XY, Z, W € x(M).

Theorem 5.2. Let M be a (2n + 1)-dimensional ¢-projectively flat 3-Kenmotsu manifold

with respect to V and B is constant. Then M is an n-Einstein manifold.

Proof. Let M be a ¢-projectively flat S-Kenmotsu manifold with respect to V, then (15.26)
holds. Thus, from (5.24]) and (5.26|), we have

GR(OX, 6Y)6Z,6W) = 5 {RiclgY,02)g(6X, 6W) ~ Ric(9X, 6Z)g(6Y,6W)},

which by using (4.18) and (4.20]) turns to

GR(OX,6V)OZ,0W) = —F{g(6Y,62)g(6X, 6W) 46X, 02)g(6Y,0W)}  (5.27)
+ 5 (RiclgY, 02)g(6X, 6W) + 2mBg (6, 67)g(0 X, 61V

~Ric(0X,0Z)g(¢Y, ¢W) — 205°g(¢ X, 9Z)g(4Y, oW )}.

Now choosing a set {e;, ¢e;, £}(1 < i < 2n) as an orthogonal basis of M, by contracting
(5.27) over X and W, we obtain

Ric(¢Y,¢Z) = —(2nf*+£B)g(¢Y,02)

45 {(20 — DRic(6Y, 67) + 2n(2n — 1)59(6Y, 62)}.
This implies

Ric(¢Y, ¢Z) = —(B* + £B)g(6Y, 6 2). (5.28)
By using and in , we have

Ric(Y,Z) = —(B* + €8)9(Y, Z) — (2n = )B*n(Y)n(Z) — (2n = )Y (B)n(Z).  (5.29)
Now, if 3 is constant, then reduces to
Rie(Y, Z) = =B%9(Y, Z) — (2n = 1)8*n(Y)n(Z).

Thus M is an n-Einstein manifold. O
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6. CONCIRCULAR CURVATURE TENSOR IN -KENMOTSU MANIFOLDS CONCERNING v

A transformation of a (2n + 1)-dimensional Riemannian manifold M, which transforms
every geodesic circle of M into a geodesic circle, is called a concircular transformation [14}[27].
A concircular transformation is always a conformal transformation [14]. Here geodesic circle
means a curve in M whose first curvature is constant and second curvature is identically
zero. Thus the geometry of concircular transformations, i.e., the concircular geometry, is
generalization of inversive geometry in the sense that the change of metric is more general
than induced by a circle preserving diffeomorphism. An interesting invariant of a concircular
transformation is the concircular curvature tensor with respect to the Levi-Civita connection

and is defined by

S

Py (X, Y)Z =R(X,Y)Z — 7 =T

{9(YV,2)X —g(X,Z2)Y}, (6.30)

for all X, Y and Z on M, where s is the the scalar curvature with respect to the Levi-Civita

connection.
Definition 6.1. A §-Kenmotsu manifold M satisfying the condition

P*(Pa(¢X,9Y)pZ) =0

is called ¢-concircularly flat with respect to V, where PQ(X, Y)Z is the concircular curvature

tensor of dimension (2n + 1) with respect to V and is given by

~

S

Py(X,Y)Z =R(X,Y)Z - Sn(an 1) W D)X — g(X, 2)Y). (6.31)
As we know that
O*(Pa(¢X,9Y)9Z) = 0 <= g(Po(¢pX, ¢Y )9 Z, W) = O, (6.32)

for all X, Y, Z, W on M.

Theorem 6.1. Let M be a (2n + 1)-dimensional ¢-concircularly flat B-Kenmotsu manifold

with respect to V and B is constant. Then M is an n-FEinstein manifold.

Proof. If M is a ¢-concircularly flat with respect to V, then (6.32) holds. Thus, from (6.31))
and (/6.32)), we have

S

9(R(6X, ¢Y)$Z,oW) = m{g(qﬂ’mbz)g(sﬁ(,is) (6.33)

—9(¢X,02)g(¢Y, oW)}.
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By using (4.18) and (2.2)) in (6.33)), we have

9(R(6X,0Y)0Z,oW) = —B*{g(oY,92)g(¢X, W) — g(¢X, 6 Z)g(6Y, oW)}

s+ 2n(2n + 1)3?

= )9OV, 0290 X, W) (6.34)

—9(0X,92)g(¢Y, oW)}.

Now choosing {e;, pe;, (1 < i < 2n) as a set of orthogonal basis of M and contracting
(6.34) over X and W, we obtain

Ric(oY. 9Z) = (5 + (5 — €8))g(6Y. 62). (6.35)

By using (2.2)) and (2.8) in , we have

S

Ric(Y,Z) = (%+(ﬁ2—fﬁ))g(Y,Z)—(

—(2n = )Y (B)n(Z).

S

5 T @t DY )n(Z)  (6.36)

Now, if 3 is constant, then (6.36)) reduces to

. 5 s
RiclY, 2) = (5= + 5)9(Y, 2) — (5= + (20 + DE)B(Y In(2).
The above equation shows that M is an n-Einstein manifold. O

7. CONFORMAL CURVATURE TENSOR IN -KENMOTSU MANIFOLDS CONCERNING \Y,

If the Riemannian metric g on a manifold M is conformally related with a flat Euclidean
metric, then g is called conformally flat. A Riemannian manifold equipped with a confor-
mally flat Riemannian metric is named a conformally flat manifold. By using conformal
transformation, Weyl [26] introduced a generalized curvature tensor which vanishes when-
ever the metric is conformally flat. Due to this reason it is called confomal curvature tensor.
It is well-known that a Riemannian manifold M of dimension (2n + 1) is conformally flat if
and only if the Weyl conformal curvature tensor field P; vanishes for the dimension > 3. The

conformal curvature tensor P3 in a (2n + 1)-dimensional Riemannian manifold is defined by

P(X,Y)Z = R(X,Y)Z-— ﬁ{Ric(Y, Z)X — Ric(X, Z)Y +g(Y, Z)QX

- g(X, Z)QY} + m {g(Y, Z)X - g(X, Z)Y}’ (737)

5
(2n—1)
for all vector fields X,Y,Z on M, where R, Ric, Q, and s be the Riemannian curvature

tensor, the Ricci tensor, the Ricci operator, and the scalar curvature, respectively.
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Definition 7.1. A 3-Kenmotsu manifold M is &-conformally flat with respect to v if

P3(X7 Y)g = 07
where P3(X,Y)Z is the conformal curvature tensor of dimension (2n+ 1) with respect to V

and is given by

N A~

P(X,Y)Z = R(X,Y)Z - {Rice(X,Z)X — Rie(X, 2)Y + g(Y, Z) QX

1
(2n—1)

~g(X.2)QV} + 5o {g(Y, 2)X — g(X. 2)Y) (7.3

5
(2n—1)
for all X,Y,Z on M.

Theorem 7.1. A (2n+1)-dimensional 5-Kenmotsu manifold with respect to V is &-conformally

flat iff it is £-conformally flat with respect to V, provided B is constant.

Proof. From (4.18)), (4.20) and ([7.38]), we have

A

B(X,Y)Z = P(X,Y)Z+ X(B){g(Y, 2)§ —n(2)Y} (7.39)

—Y(B){9(X, 2)§ —n(2)X},

where P3(X,Y)Z is defined by (7.37). By putting Z = £ in (7.39)), and considering 5 as a

constant, we get

N

P3(X,Y)§ = B3(X, Y)E.
This completes the proof. O
Definition 7.2. A g-Kenmotsu manifold M is called ¢-conformally flat with respect to \Y, if
0*(P3(¢X, 0Y)0Z) = 0 <= g(P3(¢X, 6Y )0 Z,6W) =0, (7.40)
for all X,Y, Z. W € x(M).

Theorem 7.2. Let M be a (2n + 1)-dimensional ¢-conformally flat f-Kenmotsu manifold

with respect to V and B is constant. Then M is an n-FEinstein manifold.

Proof. If M is a ¢-conformaly flat, then in the view of equation ([7.38]) and ([7.40)), we have

GR(GX,6V)OZ,0W) = o {Hic(6Y,62)g(6X, 6W) ~ Fic(6X, 62)(6Y, 6W)

+9(6Y, 0Z)Ric(pX, W) — g(¢ X, dZ)Ric(¢Y,oW)}  (7.41)

S

~ Zan —T) 9O 02)9(6X, 6W) - 96X, 92)g(6Y, oW}
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By using and ([4.20)), takes the form
GR(OX, 6Y)0Z,0W) = —F{g(0Y.02)9(6X,6W) — (60X, 6Z)g(Y, 6W)}
b5 {RIc(6Y,02)g(9X, 6W) + 2n9(0Y, 67)g(6X, 617)
~Rie(6X, 62)g(6Y, 6W) — Fg(6X , 62)g(6Y, W) (7.42)
+g(6Y, 7) Ricl¢X, 61 + 20g(8Y, 62)g (6 X, oW)

~9(¢X, Z)Ric(¢Y, ¢W) — 2n5°g(¢X, 9Z)9(6Y, oW )}

sk onCr t DF 4y, 2).

Now choosing {e;, pe;, (1 < i < 2n) as a set of orthogonal basis of M and contracting
(7.42) over X and W, we obtain

s
2n

Now using (2.2)) and (2.8)) in ([7.43)), we have

Ric(¢Y, 92) = ( (2n = 1)(8% +£8))9(¢Y, 62). (7.43)

Rie(Y.2) = (5.~ (@n—1)(8+£B))g(Y.2)
~(5 + 8 = 2= 1)(EBMYIN(Z) = (2n = DY (Bn(2).  (7.44)
Now, if 3 is constant, then reduces to
Ric(Y. Z) = (5 = (2n = DB)g(Y. Z) = (5 + Bn(Y )n(2).

The above equation shows that M is an n-Einstein manifold. O

8. EXAMPLE

In this section, an example has been stated to verify some results of the paper.

We assume a 3-dimensional manifold M = {(u,v,w) € R?}, where (u,v,w) are the usual
coordinates in R3. We choose the linearly independent vector fields at each point of M as
[20]

0 0 0

€1 = ’U)Qf, €2 = w2—, €3 = —.

ou ov ow

Let the Riemannian metric g is defined by

1 if i=3j
g(eivej): 717]:17233
0 if i#£j
Let the 1-form 7 is defined by

n(X) = g(X, e3),
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for any X on M. Let the (1, 1)-tensor field ¢ is defined by
p(e1) = —€2, P(e2) = €1, ¢(e3) = 0.
Using the linearity of ¢ and g, we have
X = —X +n(X)es, nes) =1, g(¢X,9Y) = g(X,Y) —n(X)n(Y)

for any X,Y on M. Thus for €3 = &, the structure (¢,&,n,¢g) defines an almost contact

metric structure on M. For the connection V, we have

2
[e1,€2] =0, [e1, €3] = _Eel’ [€2, €3] = —Eeg.
By using the Koszul’s formula, we find
qu = %63, V61€2 = 0, qug = —%61,
Vee1 =0, Ve =2e3, Veez=—2e, (8.45)

V€1 =0, V€2 =0, Vese3 = 0.

From the above values, it is clear that (¢,£,n,¢9) is a f-Kenmotsu structure on M, hence

M(p,&,m,g) is a 3-dimensional S-Kenmotsu manifold satisfying the conditions ([2.5))-(2.7]),
where § = —%. Using the results from equation (8.45]), we can obtain the non-vanishing

components of the Riemannian curvature tensor with respect to V as follows:

Rle1, e2)e1 = —zea,  Rlen,e2)er = —ze1, R(er,e3)er = Sges, (3.46)
R(e1,es)es = ——ze1, Rz, €3)e3 = —hea, R(ea, e3)ea = —ges.
The Ricci tensor concerning to V are
_%7 L= 17 21 3a
Ric(ei, 62') = (847)
0, otherwise.
Thus, the scalar curvature s with respect to the V given by
24
By using the values of (8.45)) in (3.10]), we obtain
—€2, 1=3, j =1,
Ve =qe, i=3, j=2, (8.49)

0, otherwise.
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From the above results given in (8.49)), we can easily calculate

A~

Rei €j)ex =0, Ric(ese5) =0, Q=0, §=0, for 1<i,jk<3. (8.50)

In view of (8.50)), it can be easily seen from (5.24)) and ((7.38) that

A~

Pi(e1,e2)e3 = Py(e1,e3)e3 = Pi(ea, e3)e3 = 0,

. A . (8.51)
Ps(e1,€2)e3 = Ps(e1,€3)e3 = Ps(ea, €3)e3 = 0,

respectively.

Also by using (8.46), (8.47) and (8.48|) from (5.23|) and (7.37)), we find
Pi(e1,e2)e3 = Pi(e1, e3)e3 = Pi(eg, e3)e3 = 0, (8.52)

Ps(e1,€2)e3 = P3(€1,€3)e3 = P3(€2,€3)e3 =0,

respectively.

Thus, the first relations of the equations (8.51) and (8.52)) and the second relations of the

equations (8.51) and (8.52) verifies Theorem 5.1 and Theorem 7.1, respectively.
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ABSTRACT. This paper presents the introduction of the concept of g-H-regularity within
the context of hereditary spaces. It delves into an exploration of various properties asso-
ciated with g-H-normality, offering proofs for some of these properties. Additionally, the
paper investigates the characterization of g-H-normality through the application of modified
versions of Urysohn’s lemma and the famous Tietze Extension Theorem.
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1. INTRODUCTION

The separation axioms play a pivotal role in the examination of topological spaces by
enabling us to use topological methods to distinguish between disjoint sets and distinct
points. In 2002, A Csészér [7] introduced the concept of generalized topology, which expands
upon this framework. For a non-empty set X, a family u of subsets of X is designated as
a generalized topology on X if it satisfies two fundamental properties: it must include the
empty set () and remain closed under arbitrary unions [6]. The pair (X, u) is referred to as
a generalized topological space, where the elements of p are known as p-open sets, and their
complements are designated as p-closed sets. We define the closure of a set A in this context
as cl,(A), given by "{F' C X : X — F € u, A C F'}, and the interior of A as int,(A), defined
as U{GC X :GepuGC A}
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In 2004, Csaszér [§] introduced a modified framework for separation axioms (u — Tp,
w—"Ty, u— Ty p— 51, u— S2) tailored specifically for generalized topologies, where the
conventional open sets are substituted with p-open sets. In 2007, he introduced the concept
of normality for generalized topological spaces and demonstrated several properties of normal
spaces. These properties were characterized using an adapted version of Urysohn’s lemma
[10]. Sarsak [I7] expanded the study of separation axioms by introducing p — Do, u — Dy,
u — Dy generalized topological spaces. Xun et al. [I8] conducted research on generalized
topological spaces and provided characterizations for p—T; spaces, for ¢ = 0,1,2, 3,4, as well
as u — Tp spaces and u — Ry spaces. Additionally, Min conducted a study on separation
axioms within generalized topological spaces in [14].

Also hereditary classes, initially introduced by Csaszér [9], have been a subject of ongoing
exploration by numerous researchers over time. A non-empty family H consisting of subsets of
X is termed a hereditary class on X if, whenever A is a subset of B and B is a member of H, A
must also belong to . The triple (X, u, H) is denoted as a hereditary generalized topological
space, or simply a hereditary space. Cséaszar [9] defined an operator c/*(A) = AU A*, where
A*={r e X:UNA¢Hforeach U € p,z € U} for A C X. This operator induces another
generalized topology, denoted as p*, which is finer than p, and it is referred to as the *-
generalized topology. The constituents of u* are known as *-open sets and their complements
are designated as x-closed sets. Additionally, int*(A) = U{G C X : G € pu*,G C A}. The
exploration of hereditary spaces has been a subject of ongoing research by various authors
[12,[I]. In a separate study, the author investigated some generalized separation axioms, such
as Hausdorff modulo H and #H-regularity, as outlined in [5].

In 2009, Navaneethakrishnan et al. [16] introduced and examined the notions of Z,;-normal
and Z,-regular ideal topological spaces, utilizing the concepts of Z,-open and Z4-closed sets
[15]. The author later extended these concepts to Hg-normal and Hg-regular hereditary
spaces in [4]. Furthermore, the author also introduced and investigated the concept of g-H-
normal spaces in the same study [4].

Recently, in 2024, Mesfer H. Algahtani et al. [2] introduced a category of N-open sets
in topological spaces and discussed its relationships with many different classes of open
sets. Additionally, the concepts of continuity of functions and separation axioms have been
investigated.

Many authors introduced modified separation axioms for generalized topologies in differ-

ent set-ups, which motivates the author to investigate further on separation axioms and find
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the generalizations of well known results for the same. This paper builds upon the previ-
ous research to provide further characterizations and a modified version of the well-known
Urysohn lemma and Tietze Extension Theorem specifically tailored for g-H-normal spaces.
Additionally, the concept of g-H-regular space is introduced and various properties of this

space are investigated.

2. PRELIMINARIES

In our study, we will make reference to the following definitions and theorems:

Definition 2.1. [5] The generalized topological space (X, p) is said to be p-regular if, for
every point x within X and for every u-closed set F' that does not include x, there exist two
disjoint p-open sets denoted as U and V in X, satisfying the conditions that x is an element

of U and F is entirely contained within V.

Definition 2.2. [3] In the context of a generalized topological space (X, ) and any subset
Y of X, the collection {Y NG : G € u} is a generalized topology on Y, which particularly
s referred to as the subspace generalized topology or relative generalized topology and it is
denoted by py. Consequently, when we equip the set Y with this generalized topology py, it

is described as a generalized subspace (or simply subspace) of X.

Definition 2.3. [4] A subset A of a generalized topological space X is said to be Hg-closed
when it satisfies the condition that if U is a p-open set containing A, then A* must be entirely

contained within U. A is said to be Hg-open if X — A is Hgy-closed.
Remark 2.1. [4] Each p-open set is also Hq-open and each p-closed set is also Hgy-closed.

Definition 2.4. [4] A subset A of a generalized topological space X is called g-pi-closed when
it satisfies the condition that if U is p-open set cotaining A, then cl, (A), the u-closure of A,
must be entirely contained within U. A is said to be g-u-open if X — A is g-u-closed.

Definition 2.5. [4] A hereditary space (X, pu, H) is considered to be Hgq-reqular when, for
any point x and a p-closed set B C X, provided that B does not contain x, there exist two

disjoint Hy-open sets U and V', within X satisfyingx € U and B C V.

Definition 2.6. [4] A hereditary space (X, u,H) is Hg-normal if, for any two disjoint -
closed sets A and B in X, there exist two disjoint Hg-open sets U and V' within X, such that

A is entirely contained in U and B is entirely contained in V.
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Definition 2.7. [4] A hereditary space (X, u, H) is g-H-normal if, for any two disjoint Hq-
closed sets A and B in X, there exist two disjoint p-open sets U and V within X such that

A is entirely contained in U and B is entirely contained in V.

Theorem 2.1. [9] For any two subsets A and B of a hereditary space (X, pu, H), the following
properties hold.

(1) A* C el (A).

(2) A* is p-closed set, and therefore A* = cl,(A*) = cl,(A).
(3) el*(A) = A% = el (A) = cl,,(A*), whenever A C A*.
(4) If H = {0}, then A* = cl,(A) = cl*(A).

(5)

5) (AN B)* C A*N B*.

Lemma 2.1. [I0] Let 8 be any family of subsets of the space X. The family v of subsets of
X consists of the O and all sets N that can be expressed as the union of sets Uicr Bi, where
B; € 8 and I is a non-empty index set, is a generalized topology on X, which is referred to

as the generalized topology generated by the base (.

Example 2.1. [10] Consider X = R and the family of subsets B = {(—o0,t) : t € R} |J{(¢, +00) :
t € R}. Then the generalized topology on R generated by /3, denoted by v, is known as the

usual generalized topology.

Lemma 2.2. [10] Suppose p is a generalized topology on the space X and the generalized
topology v on another space Y is generated by the base 8. Then a mapping f: X — Y is
considered (p,v)-continuous if and only if the inverse image of each set B € [ under the

map f, denoted as f~1(B), belongs to the generalized topology .

Theorem 2.2. [4] A hereditary space (X, pu, H) is g-H-normal if and only if, for every Hgy-
closed set A within X and an Hg-open set B that contains A, there exists a p-open set V

satisfying ACV Ccl, (V) C B.

3. g-H-REGULAR AND g-H-NORMAL SPACES

g-H-regular Spaces. This section will provide an introduction to the concept of g-H-regular
hereditary spaces and delve into an exploration of the different properties related to these

spaces.
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Definition 3.1. A hereditary space (X, u, H) is defined to be g-H-regular if when, for a point
x in X and an Hy-closed set A that does not contain x, there exist two disjoint p-open sets

U and V' such that x is an element of U and A is entirely contained within V.

Definition 3.2. A generalized topological space (X, p) is termed g-p-regular if, for a point
x within X and a g-p-closed set A that does not include x, there exist two disjoint p-open

sets U and V such that x is a member of U and A is entirely contained within V.

Remark 3.1. Every hereditary space that is g-H-reqular is also p-reqular because each set

that is p-closed is also Hy-closed, however the converse does not necessarily hold, as illustrated

in Ezample[3.1]

Example 3.1. Let X = {p,q,7}, pn = {0,{p},{q, 7}, X} and H = {0}. This space is p-
reqular, but not g-H-regular, since {r} is Hqy-closed set that does not contain q and there are

no disjoint p-open sets that contain q and {r}.
The following Theorems and give characterizations of g-H-regular spaces.

Theorem 3.1. A hereditary space (X, u, H) is g-H-regular if, and only if, for every point
x € X and each Hg-open set A in X that includes x, there is a p-open set V' satisfying that
zxeV Ccu(V)CA.

Proof. In a g-H-regular space X, consider a point x and an Hg-open set A containing z.
Then X — A is H4-closed set that does not contain x. Since X is g-H-regular, there exist two
disjoint p-open sets, V and W, such that x belongs to V and (X — A) is a subset of W. The
fact VNW = (0 implies that ¢l,(V) C X —W. Consequently, z € V C ¢, (V) C X —W C A.
Conversely, suppose z is an element of X and A is any H4-closed sets in X that does not
contain x. In this case, X — A is Hg-open set containing x. Then there exists a pi-open set V'
such that z € V C ¢l,(V) C X — A. By defining W = X — ¢l,,(V), there will be two disjoint
p-open sets V' and W with the properties that z € V and A C W. Therefore (X, u, H) is

g-H-regular. O

By setting H = {0} in the above Theorem [3.1], we can derive the following characterization

of g-p-regular generalized topological spaces.

Corollary 3.1. A generalized topological space (X, ) is g-pu-regular if and only if, for every
point x € X and each g-u-open set A that contains x, there exists a p-open set U satisfying

rxeUCclyU)CA.
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Theorem 3.2. A hereditary space (X, u, H) is g-H-regular if and only if, for every x € X
and any Hy-closed set A that does not contain x, there exists a p-open set V' that contains x

such that cl, (V') is disjoint from A.

Proof. The proof of the theorem is straightforward and follows directly from Theorem[3.1] [

The following Corollary provides a way to characterize g-u-regular spaces when we
take H = {0} in the Theorem

Corollary 3.2. A generalized topological space (X, ) is g-pu-regular if and only if, for every
point x € X and for any g-u-closed set A that does not include x, there exists a p-open set

V' containing x such that cl,,(V') does not intersect with A.

We have defined H4-regular hereditary spaces in [4]. Now we establish a relationship

between g-H-regularity and Hg-regularity of hereditary spaces in the Theorem
Theorem 3.3. A hereditary space (X, p, H), which is g-H-regular, is also H4-regular.

Proof. The straightforward proof lies in the fact that every p-open set is H4-open and every

p-closed set is H4-closed. O

Remark 3.2. Every g-H-regular hereditary space is Hg-reqular, as shown in the Theo-

rem[3.3, however the converse does not necessarily hold, as illustrated in Example [3.2

Example 3.2. Let X = {p,q,v}, p = {0,{p},{p,q},{p,v}, X} and H = {0,{p}}. Ewvery

p-open subset of X is x-closed, therefore every subset of X is Hg4-open, which makes the space
(X, 1, H), Hg-regular. {r} is Hy-closed set that does not contain q and there are no disjoint

p-open sets that contain q and {r}. Therefore (X, u, H) is not g-H-regular.

g-H-normal Spaces. The notion of g-H-normal hereditary spaces was originally introduced
in the reference [4]. In this context, we will explore a range of properties and characterizations

of these g-H-normal hereditary spaces.
Theorem 3.4. Let X be g-H-normal space. Then a pu-closed subspace of X is g-H-normal.

Proof. In a p-closed subspace Y of X, if A and B be two disjoint H4-closed sets, then, by
Theorem@ A and B are disjoint H4-closed subsets of the space X. Since X is g-H-normal,
there exist two disjoint p-open sets U and V in X such that A is contained in U and B
is contained in V. Then UNY and V NY are two disjoint uy-open sets in Y such that
A=(ANnY)c (UNnY)and B=(BNY)C(VNY). Hence Y is g-H-normal space. O
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The Theorem discussed below establishes a relationship between the notions of g-H-

normality and Hg-normality within the context of hereditary spaces.
Theorem 3.5. If a hereditary space (X, u, H) is g-H-normal, then it is Hgy-normal.

Proof. The proof can be immediately established by the fact that every p-open set is H4-open

and every p-closed set is H4-closed. O

Remark 3.3. Every g-H-normal hereditary space is Hg-normal, as shown in the Theo-

rem [3.5, however the converse does not necessarily hold, as illustrated in Example[3.3

Example 3.3. Consider the hereditary space X = {p,q,r}, u = {0,{p}, {p,q}, {p,r}, X}
and H = {0,{p}}. In this space, every p-open set is essentially x-closed, making every
subset of X, Hg-open. Consequently, (X,u, H) is Hg-normal. However, {q} and {r} are
two disjoint Hg-closed sets which can not be separated by disjoint p-open sets and therefore

(X, u,H) is not g-H-normal.

Theorem 3.6. Consider a generalized subspace Y of the space X. If a subset A C Y is
Hg-closed within Y, then A is Hy-closed in X.

Proof. Let U be a p-open set containing A. Then (UNY) € puy and A C (UNY). Since A
is Hg-closed in Y, A* C (UNY) C U. Therefore A is Hq-closed in X. O

Corollary 3.3. Consider a generalized subspace Y of the space X. If a subset A C Y is
py -closed within' Y then A is Hgy-closed in X.

Theorem 3.7. Let Y be a generalized subspace of X. If a set A is Hy-closed within the
space X andY is p-closed within X, then the intersection ANY is Hy-closed within Y.

Proof. Consider (ANY) C U with U € py. Then U can be expressed as U = (GNY) for some
G € pu. Then A = (ANY)U(AN(X-Y)) C (UU(X-Y)) = (GNY)U(X-Y) = (GU(X-Y)) €
i, since Y is p-closed in X. Also, A is Hg-closed set within X, A* C (GU (X —Y)). Then
ANY)*Cc (A*NY" ) Cc(A"NY)C (GUX -Y))NY)=GNY =U. Therefore A is
Hg-closed in Y. O

Theorem 3.8. If a set A is Hy-closed and set B is p-closed, then their intersection AN B

is Hq-closed.

Proof. The proof can be deduced from the Theorems [3.6] and [3.7] O
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Urysohn’s Lemma. We will now provide a proof for the following variation of Urysohn’s

Lemma adapted for g-H-normal hereditary spaces:

Theorem 3.9. Necessary Condition for g-H-Normality in Hereditary Space: Let (X, pu, H)
be a g-H-normal hereditary space and let A, B be disjoint Hg-closed subsets of X. Then there
exist a function f: X — [0,1] that is (u,v)-continuous where v is the standard generalized

topology on the interval [0, 1], such that f(x) =0 for x € A and f(x) =1 for x € B.

Proof. Consider the collection D of dyadic fractions in the interval [0,1], defined as g5, where
m=0,1,2,....2" and n = 0,1,2,3, ..... For each » € D, we construct p-open sets U, and

p-closed sets F). in such a way that:

(1) U, C F, for each r € D.
(2) If r and s are in D and r < s, then F, C Us.

Start by setting Fp = A and U; = X — B. As A and B are disjoint, A C (X — B). Using
Theorem since A is Hy-closed and X — B is Hg-open, there exists a p-open set and
therefore H4-open U% such that A C U% C clu(U%) C X — B. Continuing this construction,
we can obtain U, and F;. for each r € D, ensuring that U, C F,. and F, C U, for r < s.

Define a function f : X — [0,1] as f(z) = inf{r € D : x € F,}. Then f(z) = 0 for
x € Fp = A and f(x) =1 for x € B. To show that f is (u,v)-continuous, it is sufficient
to prove that f=1([0,a)) and f~1((b,1]) are p-open sets in X. f~1([0,a)) = U{U, : r < a}
and f71((b,1]) = U{X — F, : r > b}, ensuring that both sets are u-open, making f, (u,v)-

continuous. O

The following Theorem [3.10] provides a sufficient condition for g-H-normality in hereditary

spaces.

Theorem 3.10. Sufficient Condition for g-H-Normality in Hereditary Space: If (X, pu, H)
is a hereditary space with the property that for any two disjoint Hy-closed subsets A and B
of X, there exist a function f: X — [0,1] that is (u, v)-continuous, where v is the standard
generalized topology on the interval [0,1], such that f(z) =0 for x € A and f(x) = 1 for
x € B, then X is g-H-normal.

Proof. Consider the sets f~1([0,1/2)) and f~!((1/2,1]). These sets are disjoint u-open sets

in X containing A and B, respectively. Consequently, X is g-H-normal. O
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Tietze Extension Theorem. A modified version of the Tietze Extension Theorem has been

established for g-H-normal hereditary spaces, as outlined in Theorem [3.11}

Theorem 3.11. Let (X, u,H) be a g-H-normal hereditary space and let f : F — R be a
(up, v)-continuous mapping, where F' is an Hg-closed subset of X. Then there exist a (p1,v)-
continuous mapping g : X — R such that g(xz) = f(z) for all x € F, where v is usual

generalized topology on R.

Proof. We first assume that f is bounded function with ¢ = sup{|f(y)| : y € F'}. We define
sets Ag ={y € F: f(y) < —c¢/3} and By = {y € F : f(y) > ¢/3}. These sets are disjoint
v-closed sets in the interval [—c,¢c]. Since f is (ur,v)-continuous mapping, f~'(Ag) and
F7Y(Bo) are disjoint pp-closed sets and consequently H -closed sets in X. By Theorem [3.9
there exists a (u, v)-continuous function go : X — [—¢/3,¢/3] such that go(Ao) = —¢/3 and
go(Bo) = ¢/3. This function satisfies |go| < ¢/3 and |f — go| < 2¢/3 on F. We then define
sets Ay ={y e F:(f—g0)(y) <—2¢/9} and By ={y € F:(f —go)(y) > 2¢/9}. These sets
are again disjoint v-closed sets in [—¢,c| and therefore (f — go) (A1) and (f — go) " (B1)
are disjoint p-closed sets in X, making them H,-closed sets in X. By applying Theorem [3.9
we obtain a (u,v)-continuous function ¢; : X — [—2¢/9,2¢/9] such that g1(A41) = —2¢/9
and g1(B1) = 2¢/9 and |g1] < 2¢/9, |f — g0 — 91| < 4¢/9 on F. This process is continued,
producing a sequence {g,} of (i, v)-continuous functions defined on X such that |g,| < %
and [f —go— g1.e.. —gnlgz;n—ffonF.

We define by, = go+91 + -..... + gn for n > 1. This is a sequence of (u,v)-continuous
functions on X. For n > m, |h, — hp| is bounded by (%)™ *1c. Therefore, {h,} is a Cauchy
sequence and converges uniformly to a real valued function A on X. This limit function
h =1limy, 00 by, = lim(go + g1 + ... + gn) = Y prp gn and therefore h(z) = f(z) on F.

To complete the proof, we prove that h is (u, v)-continuous function. Let 2 € X and V be a
v-open set in R containing h(z). Since h,(x) converges uniformly to h, for any given € > 0,
there exists an integer N such that h,(z) € V for all n > N. Since h,, is (u, v)-continuous,
there exists a p-open set U in X containing x such that h,(U) C V. Therefore, h(U) =
limy, 00 i (U) C V. Thus, we have established that h is (i, v)-continuous, concluding the

proof. O
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4. CONCLUSION

This research primarily delves into two distinct areas within the realm of hereditary gener-

alized topological spaces. The first area explores the concept of g-H-regularity in hereditary

spaces, which provides generalized versions of fundamental properties typically associated

with regular topological spaces. In the second area, the focus shifts to the generalization of

renowned results such as Urysohn’s lemma and the Tietze Extension Theorem, specifically

within the context of g-H-normal hereditary spaces.
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ABSTRACT. In this study, a Sheffer stroke BH-algebra is introduced and its features are
examined. After showing that the axioms of a Sheffer stroke BH-algebra are independent,
the connection between a Sheffer stroke BH-algebra and a BH-algebra is stated. After de-
scribing a subalgebra and a normal subset of a Sheffer stroke BH-algebra, the relationship
between these structures is shown. A filter of a Sheffer stroke BH-algebra is defined and
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1. INTRODUCTION

The notion of BCK-algebras was first formulated in 1966 [9] by Y. Imai and K. Iséki as a
generalization of the notation of set-theoretic difference and propositional calculus, where this
notion was originated from two different ways: one of the motivation was set theory, another
motivation was classical and theory, the other from classical and non-classical propositional
calculus. In the same year, K. Iséki introduced the notion of a BCI-algebra [10]. It is known

that the BCl-algebra is a generalization of a BCK-algebra. Q. P. Hu and X. Li introduced a
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large class of abstract algebras: BCH-algebras [7, [§]. The class of BCI-algebras is a proper
subclass of the class of BCH-algebras. In 1998, Y. B. Jun, E. H. Roh and H.S. Kim introduced
a new concept, called a BH-algebra, which is generalization of BCH/BCI/BCK-algebras [11].
They argued further properties of BH-algebras. In 2011, H. H. Abbass and H. M. Saeed
introduced the notions of (a closed ideal and closed BCH-algebra) with respect to an element
of a BCH-algebra[3]. In 2012, H. H. Abbass and H. A. Dahham introduced the notion
of completely closed ideal of a BH-algebra [2]. In 2014, H. H. Abbass and S. A. Neamah
introduced the notion of a fuzzy implicative ideal with respect to an element of a BH-algebra
[4].

The Sheffer stroke operation was originally introduced by H. M. Sheffer [20]. Since any
Boolean function or operation can be stated by only this operation [12], it attracts the at-
tention of many researchers. It also leads to reduction of axiom systems of many structures.
Also, some applications of this operation have appeared in algebraic structures such as Shef-
fer stroke BG-algebras [13], Sheffer stroke BCK-algebras [14], the Sheffer stroke operation
reducts of basic algebra [I5], a construction of very true operator on Sheffer stroke MLT-
algebras [17], congruences of Sheffer Stroke Basic Algebras [16], a view on state operators in
Sheffer stroke basic algebras [I8] and Bosbach state operators on Sheffer stroke MTL-algebras
[19].

After giving main definitions and concepts of a Sheffer stroke and a BH-algebra, a Sheffer
stroke BH-algebra is defined. It is proved that the axiom system of a Sheffer stroke BH-
algebra is independent. By presenting fundamental notions about this algebraic structure,
the connection between a Sheffer stroke BH-algebras is a BH-algebra is given. It is shown
that Cartesian product of two Sheffer stroke BH-algebras is a Sheffer stroke BH-algebra.
After defining a subalgebra and a normal subset, the relationship between a subalgebra and
a normal subset on a Sheffer stroke BH-algebra is shown. A filter in a Sheffer stroke BH-
algebra is defined. It is proved that the family of all filters of a Sheffer stroke BH-algebra
forms a complete lattice. Then a homomorphism on a Sheffer stroke BH-algebra is defined
and it is shown that the notion of a filter on a Sheffer stroke BH-algebra is preserved under
the homomorphism. It is presented that a quotient of a Sheffer stroke BH-algebra is a Sheffer
stroke BH-algebra. furthermore, a kernel of a homomorphism is constructed and proved that

the kernel is a filter under a condition.
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2. PRELIMINARIES

In this part, we give the basic definitions and notions about a Sheffer stroke and a BH-

algebra.

Definition 2.1. [5] Let A = (A,|) be a groupoid. The operation | is said to be a Sheffer
stroke if it satisfies the following conditions:

(S1) ailaz = ag|as,

(52) (a1]a1)|(a1laz) = a,

(53) al(
(54) (aa

(dz|as)|(azlas)) = ((ailaz)|(ailaz))las,

((a1]@r)[(azlaz)))|(ax|((alas)|(az|az))) = a.

Definition 2.2. [I1] A BH-algebra is an algebra (A, x,0) of type (2, 0) satisfying the following
conditions:

(BH.1) &y * 41 =0,

(BH.2) a1 xas =0 and ag * a1 = 0 imply a1 = ae,

(BH.3) 41 %0 = iy

for all ay,a2 € A.
A BH-algebra is called bounded if it has the greatest element.

Definition 2.3. [I1] A nonempty subset S of a BH-algebra A is called a BH-subalgebra if

a1 *xag €8, for all a;,as € 5.

Definition 2.4. [I] Let A be a BH-algebra. A nonempty subset N of A is said to be normal

if (a1 * x) * (a2 xy) € N, for any ay x ag, xr*y € N.

Definition 2.5. [I] A filter of a BH-algebra A is a non-empty subset F of A satisfying the
following conditions:
(F1) If a1 € F and ay € F, then ag * (a2 * a1) € F and a1 * (a1 * az) € F,

(Fg) If&l € F and a1 xag =0 then ay € F.

Definition 2.6. [6] A BH-algebra A is called an associative BH-algebra if (a1 * ag2) * a3 =

ay * (ag * ag), for all ay,as,as € A.

Definition 2.7. [3] Let A be a BH-algebra. Then the set Ay = {a1 € A|0*xa; = 0} is called
the BCA-part of A.
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3. SHEFFER STROKE BH-ALGEBRAS

In this section, we provide fundamental definitions and concepts regarding a Sheffer stroke

and a BH-algebra.

Definition 3.1. A Sheffer stroke BH-algebra is a structure (A, |,0) of type (2,0), where 0 is
the constant on A and the following azioms hold for all a1,as € A:

(sBH.1) (a1[(a1|a1))[(@[(@ilar)) =0,

(sBH.2) (a1|(azlaz))|(a1|(az|az)) = 0 and (az|(a1]@1))|(az|(a1]d1)) = 0 imply a1 = as.

Let A be a Sheffer stroke BH-algebra unless otherwise stated.
Lemma 3.1. The azioms (sBH.1) and (sBH.2) are independent:

Proof. Consider the groupoid ({0, 1},]p).
(1) Independence of (sBH.1):

TABLE 1. Operation table for independence of (sBH.1)

lp |0 1
01 1
110 0

Then |, satisfies (sBH.2) but not (sBH.1) since (1],(1],1))[p(1]p(1|p1)) = (0],0) =1 # 0.

(2) Independence of (sBH.2):

TABLE 2. Operation table for independence of (sBH.2)

g0 1
010 1
171 0

Then |, satisfies (sBH.1) but not (sBH.2) since (0[4(1]41))|4(0[4(1]41)) = 0|0 = 0 and
(11¢(0[40))[q(1l4(0l40)) = 1[¢g1 = 0 but 1 # 0.
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Example 3.1. Consider a set A = {0,z,y,1}, and define a Sheffer stroke | by Table 3 and

its Hasse diagram is given in Figure 1.

TABLE 3
|10 =z y 1
01 1 1 1
z|1l y 1 y
y|l T T
1 y = 0
1

FIGURE 1. Hasse diagram

Then (A, |) is a Sheffer stroke BH-algebra.

Lemma 3.2. Let A be a Sheffer stroke BH-algebra. Then the following features hold for all

a1, 09,03 € A:

(1) (a1](@ilar))l(alar) = a,

(2) (0l0)|(a1lar) = ax,

(3) (a1/(0[0))[(@1[(0]0)) = a1,

(4) a0 = 00,

(5) a1|((azl(aslas))|(az|(aslas))) = az|((a1l(aslas))l(a|(aslas))),

(6) (ax|((az|(aslas))l(azl(as|as))))|((az|(a1l(aslas))|(a|(as|as)))|(az|(a1|(as|as))|(a:|(ds|
az)))) = 0[0,

(7) ai|(((a1|(azlaz))|(azlaz))|((a1l(azlaz))|(azlaz))) = 00,

(8) ((a1l(az|az))|(a1l(azlaz)))l(asld1) = 0[0,

(9) ((@1](a1|(azlaz)))l(@l(as|(azlaz))))|(azlaz) = 0|0

Proof. (1) Substituting [a2 := (ai|a1)] in (S2), we obtain
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Then we have (ai|(a1]ai))|(ai]a1) = a; from (S1).

(2) By (sBH.1), (S2) and (1), we obtain

(0j0)[(@r]ar) = (((@il(ailar))l(as|(arlar)))l((a|(alar))l(ail(ailas))))l(ala)
= (a1|(a1lai))|(@rlar)

v

= aj.

(3) By (S1), (S2) and (2), we have

(a11(0[0))[(a1|(0]0)) = (((@](d1)[(d1]d1))](0]0))]((@1](d1)](d1]ad1))](0]0)))
= ((0[0)[((@1]a)|(a1la1)))I((0]0)|((a1la1)l(a1]a)))
= (ala1)l(aslar)

= aj.

(4) By (S1), (S2) and (2), it is implied that

|0 = a:[((0[0)[(0]0))
= ((0]0)[(@1a1))[((0]0)|(0]0))
= ((00)[(0]0))[((0[0)[(ax]a1))

= (0]0).

(5) By (S1) and (S3), we have

ai|((az|(aslas))|(azl(aslas))) = (((ailaz)l(ailaz))|(aslas))
= (((azlai)|(azla1))l(aslas))

= az|((a1|(aslas))|(a1|(aslas)))-

(6) It is obtained from (sBH.1) and (5).
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(7) In (S3), by substituting [ag := d1|(az]as)] and [as := az]as] and applying (S1), (S3)
and (sBH.1), we obtain
ar|((a1](azlaz))l(az]az))|((d1](az]a2))|(a2]d2)) = da1|(((d2]dz)ar|(az|as))l
((azlaz)|(a1(az|az))))
= ((a1|(az]az))|(ar|(dz|az)))|
(a1](azlaz))
= (a1](azlaz))|((a:[(az|as))|
(a1|(azlaz)))
= 0|0.

(8) By (S1), (S3), (sBH.1) and (4), we have

((a1l(azlaz))|(ail(azlaz)))|(arlar) = (alar)|((a1|(azlaz))l(as|(azlaz)))
= (((a1|a)|as)|((a1|a1)|as))|(az|az)

= ((a1|(a1lar))|(a1|(a1la)))|(azlaz)

= 0|(az|az)
= olo.
(9) By (S1), (S3) and (sBH.1), we get
((a1](a1](azlaz)))l(arl(ar(azlaz))))l(azlaz) = (azlaz)|((a1l(a|(azlaz)))|
(a1](a1|(azlaz))))

= (((a2]az)|ar)|((az|az)|ar))|
(a1](az2]az))

= (a1|(azlaz))|((@1](az]az))l
(a1](az]az)))

= 0)o.

Theorem 3.1. Let (A,[,0) be a Sheffer stroke BH-algebra. If we define

ay * ag = (a|(azlaz))|(asl(azlaz)),
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then (A, x,0) is a BH-algebra.

Proof. By using (sBH.1), (sBH.2), Lemma[3.2] (3), we have

(BH.1) : a1 x a1 = (a1|(a1las))|(asl(alas)) = 0.

(BH.2): ay*ag = (a1](az2|(az))[(a1](az|(d2)) = 0 and ag + a1 = (az|(a1((a1))|(az|(a1/(a1)) = 0
imply a; = ao.

(BH.3): a1 *0 = (a1/(0]0))|(a1|(0]0)) = a;.

Then (A, ,0) is a BH-algebra. O

Example 3.2. Consider the Sheffer stroke BH-algebra (A,|,0) in Example and define

the binary operation x by Table 4.

TABLE 4
*x |0 x y 1
0j0 0 0 O
zlxz 0 a2 0
yly y 00
111 v = 0

Then (A, *,0) is a BH-algebra.

Theorem 3.2. Let (A,%,0,1) be a bounded BH-algebra. If we define a1|as = (a1 * a3)° and
@Y = 1xay, where ay x (1% a1) = a1 and 1% (1% @) = a1, then (A,],0) is a Sheffer stroke

BH-algebra.
Proof. (sBH.1): By using (BH.1), we have

(@] (@r|an))|(an|(aslan)) = (a1 a1)°|(ar * ar)°

(sBH.2): By using (BH.2), we obtain
(a1/(azlaz))|(a|(az|asz)) = ar * as =0

and (d2|(dﬂdﬂ)’(dg’(dl’dl)) = dg * dl =0 imply &1 = Cng.
,0

Then (A, |,0) is a Sheffer stroke BH-algebra. O
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Example 3.3. Consider a set A = {0,x,y,z,t,u,v,1}, and define the binary operation by
Table 5 and the Sheffer stroke ”|” by Table 6. Then (A,*,0,1) is a a bounded BH-algebra
and (A, |,1) is a Sheffer stroke BH-algebra.

TABLE 5

*
)
8

<
N
-~
IS
<
—

8
S
[an} o s}
a)
8

o O o o o o o o

Theorem 3.3. Let (A,|4,04) and (B,|p,0B) be Sheffer stroke BH-algebras. Then, (A x
B, |axB,04axB) is a Sheffer stroke BH-algebra where the set A x B is the Cartesian product
of A and B, the operation |axp is defined by (a1,b1)|axp(az2,b2) = (a1]|adse,b1|pb2) and

Oaxp = (04,0p).

Definition 3.2. A Sheffer stroke BH-algebra A is called an associative Sheffer stroke BH-

algebra if (] (dis]az))| (a1 |(ao]d2)))|(as]ds) = (@1|(a2l(aslas))) holds for all dy,ds, ds € A.



INT. J. MAPS MATH. (2024) 7(2):284-306 / ON SHEFFER STROKE BH-ALGEBRAS 293

Theorem 3.4. Let A be an associative Sheffer stroke BH-algebra. Then the following prop-
erties are hold:

1) (0[(@1]ax))[(0f(ax|a1)) = ax,

ar|(a1](az]az)))l(a1](ar|(az2|d2))) = dz,

ay|(dzlaz))|(a1|(azlaz)) = (az|(d1la1))|(az|(a1la1)),
(

)=
az|(aila1))|(asl(ailar)))|(as|(az|az)) = ai|(azlaz),
)=

1[(@zlaz))))|(azlaz) = 0]0,
(aslas) = ((a1l(aslas))|(ail(aslas)))|(azlaz),

(

(2) (

3) (

(4) (

(5) (dll(d2lé2))!(a1!(a2|a2) = 0 implies a1 = Gz,
(6) (

(7) (

(8) ( |(G2](aslas)) = ((a1](azlaz))|(a1|(az|az)))|(as|(aslas)).

(Ol(@rar))[(Ol(arlar)) = (((@1[(ar|ar))|(ar|(@lar)))l(@lan))|(((a](afar))
(@1](a1]an)))l(aar))
= (@rl(ar|(ar|ar)))|(@|(@|(afar)))
= (@1](0]0))[(a1](0]0))

v

= aj.
(2) By (sBH.1) and (1), we obtain

(ar|(a1](azlaz)))l(arl(ar|(azlaz))) = ((ail(alar))l(asl(aila)))(azlaz)|
((@1](ailar))|(al(alar)))(azlaz)
= (0(az|az2))[(0[(az|az))

= das.

(3) By (82), (sBH.1) and (2),
((az|(ar|ar))|(az|(arlar)))l((@rl(azlaz))|(a|(azlaz))l(a1l(azlaz))l (@] (az|az)))
((@2](a1]a1))[(azl(a1]a1)))|((a1](az|az))|(a1|(dzlaz))| (@] (azla2))l(a1](a2]az2)))

= ((a2[(a1]ar))l(az|(@r|ar)))l(a:l(azlaz)))((azl(@|ar))|(az|(ala)))l (@] (azlaz)))
( ( a1

ag|(@1|(a1](az]a2))))|(az|(a1](a1](az]az2))))

(az|(azlaz))|(az|(az|az))

0.
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Similarly, we get

((a1|(azlaz))l(a1(azlaz)))l(az|(alar)))|((ail(azlaz))|(al(azlaz)))|(az|(ailai))) = 0.
Therefore, we obtain fI"OIIl (SBH.Q) that (dl](dg|dg))|(d1|(&2\é2)) = (CVL2|(CVL1|511))|((V12|((V11|(UZ1))
(4) By (sBH.1), (1) and (3),

((as|(alar))l(as|(a1a1)))l(asl(azlaz)) = ((a1|(aslas))|(ail(aslas)))|(as|(az|az))

= anl(asl(asl(azlaz)))
= a1|(((as|(as|as))|(as|(as|as)))|(azlaz))
= a1/(0[(Gzlaz))
= a1|(az|az).
( ) Let (a1|(a2|a2))|(dl|(d2|dg)) = 0. Then (dg|(dl‘él)”(dﬂ(dﬂdl)) =0 from (3) Thus
a; = ag from (sBH.2).
(6) ((a1](a1|(azlaz)))l(ail(ar|(azlaz))))|(azlaz) = (az|(Gzlaz)) = 0/0 from (2) and (sBH.1).
(7) By (3), we have
((a1l(azlaz))l(a1|(azlaz)))(aslas) = (ai|(az|(aslas)))
= (a1|(as|(az|az)))
= ((a1l(aslas))|(a1|(aslas)))|(az|az).

(8) By (3) and (7), we have

((a1[(aslas))|(a1|(aslas)))|(az|(aalas)) = ((a1](az2](aslas)))l(ar](a2|(aslas))))(@s|as)
= (((@1(azlaz))|(a1|(d2|az)))|(aslas)]
((@1](az|az))|(@1|(a2|az)))l(aslaq))l
(ds]as)
= ((@|(az|az))|(a1|(az2|az)))l(as|(aslas))
= ((@|(az|az))|(a1|(az|az)))l(as|(aslas)).

g

Definition 3.3. A non-empty subset S of a Sheffer stroke BH-algebra A is called a Sheffer
stroke BH-subalgebra of A if (a1](az|az))|(a1|(azlaz)) € S, for all ai,as € S.
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Example 3.4. In Ezample (3.1, S1 = {0,z}, So = {0,y} and S5 = {0,z,y} are subalgebras
of A.

Theorem 3.5. Let (A,|,0) be a Sheffer stroke BH-algebra and ) # S C A. Then the
following are equivalent:

(a) S is a subalgebra of A,

(b) (a1](a2[(0[0)))[(@1[(a2[(0[0))) € S for any a1,az € S.

Proof. (a) = (b): Since S # (), there exists an element a; € S and
0 = (a1[(axlar))l(al(alar)) € S.

Since S is closed under |, (a2/(0]0))|(a2|(0]0)) € S and thus
(@1]((a2](0]0))[(a2|(0]0))[(a2](0]0))[(a2[(0]0))))[ (@] ((a2|(0]0))[(a2|(0]0))[ (a2](0]0))[(a2[(0]0))))
= (a1](a2[(0]0)))[(a1[(a2((0]0))) € S.

(b) = (a): By using Lemma [3.2] (3), we get (a1|(d2]az2))|(d1(a2]d2)) = (a1]((a2|(0]0))|(d2|
(010))|(a2(0[0))[(a2[(0]0))))I(d1]((a2](0]0)) (a2|(0]0))[(az2[(0]0))[(d2|(0]0)))) = (@1[(az2[(0]0)))|
(52’(0’0))) € S for any ap,as € S. O

(a1

Definition 3.4. The set Ay = {a1 € A|(0|(a1]a1))|(0[(ai|a1)) = 0} is called a BCA-part of
A.

Example 3.5. Given the Sheffer stroke BH-algebra in Fxample[3.1. Then it is obvious that
the set Ay ={0,z,y,1} is a BCA-part of A.

Theorem 3.6. Let A be a Sheffer stroke BH-algebra. Then AL is a subalgebra of A.

Proof. Clearly, 0 € Ay and so Ay is nonempty. Let ai,a2 € A;. By (S2) and Lemma
(4), we have

(0[((ax[(az|az))l(a1[(az|az))l(a1](az]az))|(a1](a2]a2)))) (0] ((a1](d2]az))|(d1[(az]a2))|(d1[(az2]az2))|

= (0[((@1|(azla2))))I(0[((a1|(azlaz))))
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Definition 3.5. A non-empty subset N of A is said to be normal subset of A if
(((a1](ala))[(a1|(ala)))[(az](]b)))|(((@1|(ala))|(d1](ala)))|(d2|(b]b)) € N

for any (a:1[(az2|d2))|(d:1](dz2]dz2)), (al(b]b))|(al(b]b)) € N

Example 3.6. In Ezample N = {0,z} is a normal subset of A when [a; := 0], [ag :=

1],[a := z], and [b := y]. Since (a1](az2|az))|(a1|(azlaz)) = (0[(1[1))[(0[(1[1)) = 0 € N and

(al(b[b))|(al(b]b)) = (= )

|
(((@1](ala))[(a1](a]a)))
= (((O[(x]2))|(0](z[x)))

(wly)|(zl(yly)) = v € N, we have
|(@2[(b]6)))|(((a1](ala))|(@1|(ala)))|(az]|(b]b)))
| (L y)DI((O]Cz|2)) (0] (z|2)))|(LI(y]y))) = 1[1 = 0 € N.

Theorem 3.7. FEvery normal subset N of a Sheffer stroke BH-algebra A is a Sheffer stroke

subalgebra of A.

Proof. If a1,a2 € N then (a;((0]0))|(a1/(0]0)), (a2|(0]0))|(az2|(0/0)) € N. Since N is normal ,
then (a1(az|az))[(@1](az|az)) = ((a1](azlaz))|(a1|(azlaz)))[(0[(010))[((a1|(azl|az))|(a:|
(az2|a2)))[(0](0]0)) € N. Therefore, N is a Sheffer stroke subalgebra of A. O

Remark 3.1. The converse of Theorem does not hold. In E:I:ample N ={0,z,y} is
a subalgebra of A, but it is not normal, since (1|(yly))|(1|(y|ly)) =z € N, (0](1|1))|(0[(1]1)) =
0 € N, while (((1](0]0))[(1[(0]0)))[(y[(1[1))(((1](0]0))[(1](0[0)))I(y[(1]1))) = 0]0 =1 & N.

Proposition 3.1. Let N be a Sheffer stroke normal subalgebra of A. If (a1|(az|az))|(a1|(az|az))
€ N foraj,as € N, then (CulQ|(dﬂ&ﬂ)’(flg’(&lml)) € N.

PT’OOf. Let ((V11|(CVLQ|CUL2))’((§1’((Vl2|cvl,2)) € N . Since (CULQ‘(62‘52)”(&2“&2‘&2)) =0&€ N and Nisa
normal subalgebra,

(ag](ar]ar))|(az|(arlar)) = ((az|(arlar))|(azl(a1]a1)))l((az|(az|az))|(az|(az|az))|(a2](a2]dz2))]
(az|(azlaz)))[((az|(a1]ar))l(azl(ailar)))|((azl(azlaz))|(az](az]dz))|(az|(d2]d2)) (2] (a2|az2))) € N
from (sBH.1) and Lemma [3.2] (3). O

4. ON FILTERS OF SHEFFER STROKE BH-ALGEBRAS

We introduce the notion of filter in a Sheffer stroke BH-algebra in this section.

Definition 4.1. A filter of A is a nonempty subset F' C A satisfying
(SF.1) If ay,a9 € F, then

(az|(az|(aila1)))|(az|(az|(a1la1))) € F
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and
(a1|(a1](azlaz)))l(a1](a1|(azlaz))) € F.

(SF2) If a1 € F and (6/1’(62’&2))‘(&1’(62’62)) = 0, then as € F.

Example 4.1. Consider the Sheffer stroke BH-algebra in Example [3.3. Then it is obvious
that {t,1} is a filter of A.

Theorem 4.1. The family K4 of all filters in A forms a complete lattice.

Proof. Let {F;}icr be a family of filters of A. If a1,a2 € ;o7 F3, then ay,az € Fj, for all
1 € 1. Since Fi is a filter of A, then ((U12|(d2|(dﬂdﬂ))‘(&g‘(dg‘(dl‘Cull))), (dﬂ(dﬂ(dﬂ&g)))’(él’
(a1](az|az))) € Fy. Thus,

(a2 (2] (a1]d1)))|(d2] (da] (d11d1))), (é1] (1| (da|d2)))] (1] (d1|(d2]d2))) € (1) Fi.

i€l
(Z) Suppose that a; € ﬂiGIE and (dl‘(dg’dg)”(&ﬂ(&gmg)) S ﬂiel F; hold for a1, a0 € A,
that is a1 € F; and (a1|(az|az))|(a1|(az|a2)) = 0 hold for all ¢ € I. Then it is obtained
from (SF.2) that as € F; for all i € I. Then ap € (,c; F.

(it) Let n be the family of all filters of A containing the union | J;c; ;. Then (7 is a
filter of A from (i). If \,c; Fi = (ies Fi and V,;c; Fi = (7, then (K4, A,V) is a
complete lattice.

O

Corollary 4.1. Let B be a subset of A. Then there is the minimal filter (B) containing the

subset B.

Proof. Let e = {F : F is a filter of A containing B}. Then (B) = {z € A:x € (p. F}

is the minimal filter of A containing B. 0
Theorem 4.2. Let S be a subalgebra of A. If

(a1](azlaz))|(a1](azlaz)) = (as|(azlaz))|(as|(az|az)) implies a1 = as
holds for all ay,as,a3 € A, then S is a filter of A.

Proof. (SF.1) Let S be a subalgebra of A and ay,as € S. Then (a1|(az|az2))|(a1](az|az)) € S
and (az|(ailar))|(az|(ailar)) € S. So (a1|(a1](azlaz)))[(al(ai|(azlaz))) € S and (az|(az|(aila1)

))|(az|(az|(aila1))) € S.
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(SF.2) Let a1 € S, (a1|(az|az))|(a1|(az|dz)) = 0. Then (a1|(az|az))|(d1](dz|d2)) = (a2|(dzlaz))|
(az2|(azlaz)). We obtain a; = ag. Thus, az € S. Therefore, S is a filter of A. O

Corollary 4.2. Let S be a normal subalgebra of A. If
(a1](azlaz))|(a1](azlaz)) = (asl(azlaz))|(asl(azlaz)) implies ay = as
holds for all ay,as,a3 € A, then S is a filter of A.
Proof. It is obtained from Theorem and Theorem O
Theorem 4.3. Let A be a Sheffer stroke BH-algebra. If
(a1](ax|(azlaz)))l(ar|(a1l(azlaz))) = as
holds for all a1,as € A, then every non-empty subset S of A is a filter of A.

Proof. Let S be a non-empty subset of A.

(SF.1) Let ay, a2 € S. Then (az|(az|(ailay)))|(az|(az|(ailar))) = a1 € S. Similarly, (a1|(a1|(az|
ag)))|(@1(a1|(d2]dz))) = az € S.

(SF2) Let ay € S, (a1](az|dz))|(d1](dz|dz2)) = 0. Then ay = (a1|(d1](d2|a2)))|(d1](a1|(dz2]d2))) =
(a1/(0[0))[(@1](0]0)) = @1 from Lemma[3.2](3). Thus, ds € S. Therefore, S is a filter of A. O

Proposition 4.1. Let {F'i,i € A} be a family of Sheffer stroke BH-filters of A. Then (;cy F;
is a Sheffer stroke BH-filter of A.

Proof. Let {F;,i € A} be a family of Sheffer stroke BH-filters of A.
(SF1) If a1, az € ey Fi, then ay, a2 € F;, for all i € A. Since F; is a filter of A, we have

(az|(az2[(@1]a1)))|(az|(az|(a1]ar))), (@1|(arl(azlaz)))|(a:](ar|(azlaz))) € F.

Then (az|(az2|(d1]a1)))|(a2|(a2|(a1|ar))), (ar](ar|(azlaz)))|(a1|(a1](az2]az))) € Niex Fi-
(SF.2) Suppose that a; € ;e F; and (a1|(az|az))|(a1|(az|az)) € ey Fi hold for ay, as € A,
that is a; € F; and (a1|(az|az))|(a1|(az|a2)) = 0 hold for all i € A\. Then as € F; for all i € A.

Then ag € ;¢ Fi. Therefore (., F; is a Sheffer stroke BH-filter of A. O

1EA
The union of Sheffer stroke BH-filters of Sheffer stroke BH-algebras may not be a Sheffer

stroke BH-filter as in the following example.

Example 4.2. Consider the Sheffer stroke BH-algebra in Example[3.3 Then it is obvious
that Fy = {t,1} and F» = {u, 1} are two filters of A. The union of that filters is not a Sheffer
stroke BH-filter of A. Since u,t € Fy|J Fy, but (u|(u|(t]t)))|(u|(u|(t]t)) == ¢ F1 | F>.
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Proposition 4.2. Let {F;,i € A} be a chain of Sheffer stroke BH-filters of A. Then | J;cy Fi
is a Sheffer stroke BH-filter of A.

5. HOMOMORPHISMS ON SHEFFER STROKE BH-ALGEBRAS

In this section, we present some definitions and concepts about homomorphism between

Sheffer stroke BH-algebras.

Definition 5.1. Let (A,|4,04,14) and (B,|p,0p,1p) be Sheffer stroke BH-algebras. A

mapping f: A — B is called a homomorphism if

flar|aaz) = f(a1)|sf(az),

for all ai,as € A.

A Sheffer stroke BH-homomorphism f is called a Sheffer stroke BH-monomorphism if it

is injective.

Lemma 5.1. Let (A,|4,04,14) and (B,|B,0p,1p) be Sheffer stroke BH-algebras and f :
A — B be a monomorphism. Then if F' is a filter of A, f(F) is a filter of B.

Proof. Let (A,|4,04,14) and (B, |p,0p,15) be Sheffer stroke BH-algebras and f: A — B

be a monomorphism.

(i) Let F be a Sheffer stroke BH-filter of A and a1, a2 € f(F'). Then there exist z,y € F
such that a; = f(z),a2 = f(y). Since F is a filter, then (a2|g(az|s(a1|pai)))|s(az|s
(a2|p(a1]par))) = (FWIa(fW)s(f(@)af(@))a(fWIs(fW)|B(f(@)|sf(2)) =
F((ylayla(zlaz)))|alyla(yla(z|ax)))) € f(F). Hence (az|p(az|5(d1]pa1)))| 5 (a2]p (a2
|B(d1]par))) € f(F). Similarly, (d1|p(d1]p(d2|pa2)))|B(a1]5(a1]5(a2]d2))) € f(F).

(7i) Let a1 € f(F) such that (a1|p(az2|pa2))|s(a1|s(az|paz)) = 0p. Then there exist
x,y € Fsuch that a; = f(z) and @ = f(y). In this case, we have (a1|p(a1|p(a2|pa2)))
|B(d1]B(a1]B(d2]BE2))) = (f(2)|B(f(W)|BSfW)IB(f(2)|B(f(Y)|Bf (1Y) = f((2|a(Ylay)
)a(@|a(ylay))) = 0B = f(04). Since f is an injective, then ((z]a(y[ay))|a(z|a(ylay)))
=04. Thus y € F. So, az = f(y) € f(F). Therefore, f(F) is a filter of B.

g

Theorem 5.1. Let (A,|4,04,14) and (B,|B,0p,1p) be Sheffer stroke BH-algebras and f :
A — B be a homomorphism. If F is a filter of B, then f~'(F) is a filter of A.
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Proof. Let (A, |4,04,14) and (B, |5,05,15) be Sheffer stroke BH-algebras and f : A — B

be a homomorphism. Suppose that F' is a filter of A.

o Let dy,dz € f~1(F). Then f(d,), f(d2) € F. Since F is a filter, then (f(d2)|5((f(d2)|5(f (1)
|8f(a1)))))8(f(a2)|B((f(a2)|8(f(a1)|Bf(a1))) = f((a2|a(az|a(ar|ad1)))]a(Gz]a(G2]a(d1]ad

)))) € F. Therefore, (dg|a(d2|a(d1|ad1)))|a(@2]a(a2] (@1 aa1))) € f~(F). Similarly, (@] (@
| 4(2] 42)))|ad1]a(a1]a(a2]ad2))) € f~H(F).

o Let a1 € f~1(F) such that (d|a(dz|ado))|a(dr|a(az|adz)) = 04. Then f(d;) € F and

f((@1]a(az|adz))|al@i]a(az|adz))) = (f(a1)|s(f(a2)lsf(a2)))|s(f(a1)ls(f(az)|Bf(a2))) = f(

04) = 0p. Hence f(a2) € F. Thus Gz € f~1(F). Therefore, f~1(F) is a filter of A. O

Proposition 5.1. Let A and B be Sheffer stroke BH-algebras and f : (A, |4,04) — (B,|5,0B)
be a Sheffer stroke BH-homomorphism. If

(a1](azlaz))|(a1|(az|az)) = (as|(azlaz))|(as|(az|az)) implies a1 = as
holds for all ay,as,as € A, then Ker(f) is a Sheffer stroke BH-filter of A.

Proof. (SF.1) Let aj,as € Ker(f). Then since f(a;) = 0p and f(a2) = 0p, we have
f((az|a(az|a(dr|ad)))]a(Gzla(Gz|a(@i]aar)))) = (f(az)|s(f(a2)|s(f(@1)|sf(a1)))s(f(G2)|B
(f(az)|B(f(a1)|pf(a1))) = 0p. Hence (az|a(az|a(di]ad1)))|a(Gz]a(dz]a(ar|adr))) € Ker(f).
Similarly, (a1]4(a1|a(dz|adz)))|a(@1]a(@i]a(az|aaz))) € Ker(f).

(SF.2) Let a1 € Ker(f) and aa € A such that (ai|a(az|aae))|a(@i]a(az|aaz)) = 04. Then
f(ar) = 0p and f((a1)]a(G2]ad2))|a(@1]a(G2]aG2))) = f(a1)|B(f(a2)|Bf(a2)))f(a1)5(f(a2)
|Bf(a2))) = f(0a). Weget (05|p(f(d2)5(f(a2))))|8(08|B(f(a2)|B(f(d2)))) = (f(a2)|s(f(a2)
|8(f(a2))))8(f(a2)|B(f(a2)|5(f(az)))). We obtain f(az) = 0p. Thus az € Ker(f). There-
fore, Ker(f) is a filter of A. O

Lemma 5.2. Let N be a normal subalgebra of A. Define a relation ~x on A by a1 ~n Q2
if and only if (a1|(az|az))|(a1|(azlaz)) € N, where a1,a2 € A. Then ~y is an equivalence

relation on A.

Proof. . Reflexive: Since 0 € A, we have (a1|(ai|a1))|(a1|(ai1|la1)) =0 € A ie., a; ~n a for
any a; € A. This means that ~p is reflexive.

. Symmetric: Let a1 ~x ds. Then (ai|(az|az))|(a1|(az|az)) € N and (as|(a1]ar))|(az|(a1lar)) €
N by Proposition We obtain as ~x a1 for any aq, ds € A.

. Transitive: Let a1 ~n a9 and as ~pn a3. Then (al|(5LQ|&2))|(5L1|(5L2|&2)) € N and (&2|(&3|d3))‘
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(a2|(aslas)) € N. By Proposition[3.1], we have (&s|(d2|d2))|(as|(a
mal subalgebra, then (((a1|(as|as))|(a1](as|as)))|(az|(azlaz)))|(((a1](as]as))|(a1|(as|as)))|(az]
(azldz))) = (((ax](as|as))|(ar|(as|as)))[(0]0))[(((a1](as|as))|(a1](as]as)))](0]0))=((a1|(as|as))]

(61’(63’63)) € N. We obtain a1 ~n as for any dl,dg,dg e A. ]

as|(az|az)) € N. Since N is a nor-
)

Lemma 5.3. An equivalence relation ~ is a congruence relation if and only if G1 ~x ao and

x ~yy imply (a1|(z]2))|(@1](z]x)) ~« (a2|(yly))l(azl(yly))-

Lemma 5.4. Let N be a normal subalgebra of A and the binary relation defined as Lemma

5.9 Then ~p is a congruence relation on A.

Proof. Let x,y,ay, as be any elements in A such that @y ~n ag and x ~y y, i.e., (a1](az|az))|

(a1](azlaz)) € N and (z|(y|ly))|(z|(y|ly)) € N. Since N is a normal subalgebra, we get

(((ar|(z|2))|(@r|(z|2)))|(az|(yly))I(((@1|(z|2))|(@1|(z|2)))|(a2|(y]y))) € N. Then (a:|(x|z))]
(a1|(z]x)) ~x (azl(yly))|(az2|(y|y)). Therefore, ~y is a congruence relation on A. O

Denote the equivalence class containing a; by [a1]n, i.e., [a1]y = {a2 € N | a1 ~n a2}

and A/N = {[a1]y | & € A}.

Theorem 5.2. Let N be a normal subalgebra of A. Then (A/N,|,[0]n) is a Sheffer stroke

BH-algebra.

Proof. It we define [a1|n|[a2]n := [ai1|a2]n, then the operation | is well-defined, since if
ay ~y p and dz ~n g, then (a1|(plp))|(a:](plp)) € N and (az2[(qlq))l(az2/(qlg)) € N im-
plies (((a1|(azlaz))|(al(azlaz)))|(pl(qlg))I(((a1|(azlaz))|(@1l(azlaz)))l(rl(qlg))) € N by nor-
mality of N. Then we have (((@1](az]az))|(d1](az|az))) ~n (((pl(alg))l(pl(alg))) and so
((a1[(azlaz))(a1l(azlaz)))n = (((pl(qla))|(pl(glg))))n. Note that [0y = {a1 € A [ a1 ~n
0} = {a1 € A (a1](0]0))(@1|(0]0)) € N} = {a1 € A a1 € N} = N. m

(sBH.1) ([a1]n|([ar]n[@1]n)|([ar]n[([@1] v |[aa]n) = [0]w
(sBH.2) ([a1]n|([a2]n|[az]n)|([a1] v [([a2] v |[a2] n) = [0]n and ([a2]n[([a1]n[[a1] )] ([a2] n|([a@1] v
|[a1]n) = [0]n imply [@1]n = [a2]N-

The Sheffer stroke BH-algebra A/N discussed in Theorem is called the quotient Sheffer

stroke BH-algebra of A by N.

Example 5.1. Consider the Sheffer stroke BH-algebra in Example[3.3. For the normal subal-
gebra F = {0,1} of A, Br = {(0,0), (z,2), (y,¥), (2, 2), (£, 1), (u, u), (v,v), (1,1),(0,2), (¢,0), (2,
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1),(1,2)} is a congruence on A defined by F. Then (A/F,|a,,[0s,) is a Sheffer stroke BH-

algebra with the following Hasse diagram in which the quotient set is A/F = {[0]g,, [z]a,,

[W]sp
(e}

0]3,

FIGURE 2. Hasse diagram

The binary operation |z, on A/F has Cayley table in Table 7.

TABLE 7
e | Ol [#]ge [Ylge [Use
[0z | [Ugr [Uge [sr [Use
[Zlgr | Usr Wlsr [Use [Wlse
Wlge | Mgr [Use [#lse  [7]se
(Use | g Wlge [2]ge  [0ls,

Theorem 5.3. Let N be a normal subalgebra of A. Then [0]n is a normal subalgebra of A.

Proof. Since 04 € [0]n, [0]n is non-empty. Let (ai|(ai]ay))|(ai|(ai]ar)), (az|(az]az))|
(a2|(@zlaz)) € [0]n. Then (((a1](azlaz))|(a1|(azlaz)))|(a1l(azlaz)))|(((a1](azlaz))l(al(azlaz)))|
(ai|(azg|az))) = 0 € [0]n. By Theorem [3.7, [0]x is a normal subalgebra of A. O

Theorem 5.4. Let N be a filter of A and (A/N,|’,[0]n) be a Sheffer stroke BH-algebra. If
F is a filter of A such that N C F, then F/N is a Sheffer stroke BH-filter.

Proof. Let F be a Sheffer stroke BH-filter of A.
o Let [a1]n, [d2]n € F/N, then ([do]n| ([a2]n| ([d1]n] [a1]n)))] ([d2]n] ([a2)n| ([d1] x| [d1]n))) =
[(d2](d2|(d1]d1)))| (2] (a2|(d1]d1)))]n- Hence ([da]n| ([d2)n] ([@1])n] (@] n)| (a2)n | (2] nl ([d1]x

I

[&]n))) € F/N. (Since (da|(d2|(d1d1)))|(d2|(d2](d1)d1))) € F, F is a filter of A).Similarly,

¢
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([ | ([ax]w | ([d2] ] [a2]n)))| ([da] | (@) ([d2)n ] [d2]n))) € F/N.
e Let @1 € F/N such that ([@]n| ([d2]n| [do]n))| ([@]n| ([d2]n| [d2]n)) = [0]n. Then
[(a1(azlaz))[(@1[(az|az))]n = [0]n. Hence ((a1](az|az))|(a1[(azlaz)))[(0[0)[((a1|(az|az))[(a:|(az|
2)))|(0]0) € N. Since ((d1](az|dz))|(a1|(dz]az))) € N, we have a2 € F/N. We obtain
[d2]n = [@1]n, then [do]y € F/N. Therefore, F/N is a filter of A. O

Theorem 5.5. Let N be a normal subalgebra of A. Then the mapping v : A — A/N given
by v(a1) := [a1]n is a surjective Sheffer stroke BH-homomorphism and Kery = N.

The mapping  discussed in above theorem is called the natural(or canonical) homomor-

phism of A onto A/N.

Theorem 5.6. Let ¢ : A — B be a Sheffer stroke BH-homomorphism. If
(a1](dz|az))[(ar|(dzla2)) = (as|(dz|daz))|(as|(az]dz)) implies a1 = a3

hold for all ay,az,as € A, then ¢ is injective if and only if Kero = {04}.

Proof. Let a1, as € Awith p(a1) = ¢(az). Then from (sBH.1), we obtain (p(a1)|(p(az)|e(az2)))|

(p(a1)l(p(az)le(dz))) = Op. So (ail(az]ds))|(ail(azlaz)) € Kerp. Since Kerp = {04},
(&1|(&2|&2))‘(&1‘(&2‘d2)) = OA:((VZ2|(62‘&2))|(&2|(&2|d2)). Then dl = 62. Hence %) 18 injective.

The converse is trivial. g

Theorem 5.7. Let ¢ : A — B be a Sheffer stroke BH-homomorphism. If
(a1](azlaz))|(a1](az|az)) = (as|(azlaz))|(as|(az|az)) implies a1 = as

hold for all a1, a0, as € A, then Kery is a normal subalgebra of A.

Proof. Since 04 € Kerp, Ker ¢ # 0. Let (a1|(az2|az))l(a1](azlaz)), (z|(yly))|(z|(yly)) €

) )
() le(y)

Kerg. Then (p(a1)[(p(a2)lp(az)))l(w(a1)|(p(az)le(dz))) = 0 = (#(z)] DI (@)|((y)
#(y))). Since p(a1) = ¢(az) and p(x) = @(y), we obtain o((((a1)|(z[x))[(a1](x]2)))|(az2|(y[y)))]
((((an)[(zl)) (@ [(x]2))) (@2l (yly)))=(((p(a)|(p()lp(x)] (p(a)[(e(@)e (@) (@) (¢ (y)]
W)INI(((plan)l(e(@)]e(@)))|(ea)| (e ()le())(e(a) (e ()e))=(((pa)] (e (@) e ()
)(p(a)(e(@)e(@))))(w(an)| (e @) le(@)I(((e(an)| (e (@) e @)l (e(a)|(e()]e()] (e (a)|(
¢(x)]¢(x)))) = 0. Then we have ((((a1)|(z|z))|(@1|(z|2)))|((@2](yly)] (@2l (yly))| (a2l (yly))(a2](
yy)))) € Kerg. Hence Kerg is a normal subalgebra of A. O

By Theorem and if ¢ : A — B is a Sheffer stroke BH-homomorphism, then
A/Keryp is a Sheffer stroke BH-algebra.
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Theorem 5.8. Let ¢ : A — B be a Sheffer stroke BH-homomorphism. Then A/Kerp =

Imep. In particular, if ¢ is surjective, then A/Ker = B.

Theorem 5.9. Let N and K be normal subalgebra of A, and K C N. Then A/N =
(4/K)/(N/K).

Theorem 5.10. Let A, B and C be Sheffer stroke BH-algebras, and h : A — B be a
Sheffer stroke BH-epimorphism and g : A — C be a Sheffer stroke BH-homomorphism. If
Ker(h) C Ker(g), then there exists a unique Sheffer stroke BH-homomorphism f : A — B

satisfying f oh = g.

Theorem 5.11. Let A, B and C be Sheffer stroke BH-algebras, and h : B — C be a
Sheffer stroke BH-homomorphism and g : A — C be a Sheffer stroke BH-monomorphism.

If Im(g) € Im(h), then there exists a unique Sheffer stroke BH-homomorphism f: A — B

satisfying ho f = g.

Proof. Foreacha; € A, g(a1) € Im(g) C Im(h). Since h is a Sheffer stroke BH-monomorphism,
there exists a unique ay € B such that h(a2) = g(@1). Define amap f: A — B by f(a1) = as.
Then hof = g. Let a3, as € A, then g((asz|(as|as))|(asl(aslas))) = h(f((a3|(aslas))|(@3|(aslas))))-
Since h is injective, f((as|(aslas))|(@sl(as]as))) = f(as|(aslas))
|f((as](aalas)))=f(as|f(as)| f(aa))|f((a3)| f(as)| f(as)). Therefore, f is a Sheffer stroke BH-
homomorphism. The uniqueness of f follows from the fact that h is a Sheffer stroke BH-

monomorphism. U

Theorem 5.12. Let A and B be Sheffer stroke BH-algebras and f : A — B be a Sheffer
stroke BH-homomorphism. If N is a normal subalgebra of A such that N C Ker(f), then
f : A/IN — B defined by f([a1]n) := f(a1) for all a3 € A is a unique Sheffer stroke
BH-homomorphism such that f o~y = f where v : A — A/N is natural Sheffer stroke BH-

homomorphism.

Corollary 5.1. Let A and B be Sheffer stroke BH-algebras and f : A — B be a Sheffer
stroke BH-homomorphism. If N is a normal subalgebra of A such that N C Ker(f), then
the following are equivalent:

(i) there exists a unique Sheffer stroke BH-homomorphism f : A/N — B such that foy = f
where v : A — A/N is the natural Sheffer stroke BH-homomorphism;

(i) N C Ker(f).

Furthermore, f is a Sheffer stroke BH-monomorphism if and only if N = Ker(f).
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Proof. (it) = (i): It is obtained from Theorem

() = (i) Ty € N, then f(ar) = (Fon)(@r) = F(iinlx) = F(O)w) = F(0) = 0. Thus,
a, € Ker(f).

Furthermore, f is a monomorphism if and only if Kerf = {N} if and only if f(d;) = 0
implies [a@1]y = [0];y = N if and only if Ker(f) C N. O

6. CONCLUSION

In this study, we have given a Sheffer Stroke BH-algebra, and study a Cartesian product,
a filter, a homomorphism between Sheffer stroke BH-algebras, kernel and many features
in Sheffer stroke BH-algebras. After giving basic definitions and concepts about Sheffer
stroke operation and a BH-algebra, we describe a Sheffer stroke BH-algebra and present
basic notions about this algebraic structure. We show that a Sheffer stroke BH-algebra is
a BH-algebra and that a Cartesian product of two Sheffer stroke BH-algebras is a Sheffer
Stroke BH-algebra. After defining a subalgebra and a normal subset, we introduce the
relation between a subalgebra and a normal subset on Sheffer stroke BH-algebra. We define
a filter of a Sheffer stroke BH-algebra. Finally, a homomorphism between two Sheffer stroke
BH-algebras is described and it is stated that mentioned notions are preserved under this
homomorphism. It is shown that a kernel of a homomorphism is a filter of Sheffer stroke
BH-algebra under one condition.

Acknowledgments. The authors are extremely grateful to the editor and the referees
for their valuable comments and helpful suggestions which help to improve the presentation

of this paper.
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ON e*-TOPOLOGICAL RINGS

CAN DALKIRAN AND MURAD OZKOC i

ABSTRACT. The main purpose of this manuscript is to introduce the concept of e*-topological
ring. This class appears as a generalised version of the class of S-topological rings. In ad-
dition, we have discussed the relation between the concept of e*-topological ring and some
other types of topological rings existing in the literature. Also, some fundamental results
about e*-topological rings are revealed. Moreover, we give some counterexamples regarding
our results.

Keywords: topological ring, e*-open, e*-topological ring, e*-continuous
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1. INTRODUCTION

In topology, it is sometimes necessary to use algebra to find solutions to some problems,
such as determining whether two topological spaces are homeomorphic. For instance, if the
fundamental groups of two topological spaces are not isomorphic, then the topological spaces
can not be homeomorphic. Thanks to fundamental groups of topological spaces, we can
decide that two topological spaces are not homeomorphic but not all. This situation leads to
the definition of different concepts in the related field. One of these concepts is the concept
of topological ring. To better understand topological rings, the concept of topological groups
should be well known. A topological group is a group X that is also a topological space such

that the addition and the inversion are continuous as functions ¢ : X — X, — —z and
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v : XxX = X, (z,y) = z +y, where X x X carries the product topology. The concept
of topological ring was first introduced in [4, 5] by Kaplansky. A topological ring is a ring
X that is also a topological space such that both the addition and the multiplication are
continuous as functions ¢ : X x X — X, where X x X carries the product topology. That
means X is an additive topological group and a multiplicative topological semigroup.

The types of open sets in the literature such as a-open [9], semi-open [8], pre-open [10], -
open [I], etc. allow a generalization of the notion of topological ring. Studying the features of
these generalised versions and investigating their relations with topological rings are just some
of the different advances in the literature. Some of the recent advancements in this direction
are [-topological rings [2], irresolute topological rings [12] and a-irresolute topological rings
[11].

In 2021, Billawaria et al. studied S-topological ring which is a more general notion than
the notion of topological ring [2]. They have revealed some fundamental properties of /-
topological rings. Also, the authors gave some other useful results on S-topological rings.

In this paper, we introduce the notion of e*-topological ring by utilizing e*-open sets
defined by Ekici in [3]. Also, we obtain some of its fundamental properties. Moreover, we
compare between this notion and some notions existing in the literature. In addition, we give
some counterexamples regarding our results obtained in the scope of this study. Furthermore,

we provide an example of e*-topological ring which is not a S-topological ring.

2. PRELIMINARIES

Throughout this paper, (X, u) and (Y, p) (or briefly X and Y) always mean topological
spaces. For a subset E of a topological space X, the interior of F and the closure of E are
denoted by int(F) and cl(F), respectively. The family of all open (resp. closed) sets of X will
be denoted by O(X) (resp. C(X)). In addition, the family of all open sets of X containing
a point a of X is denoted by O(X,a). Recall that a subset E of a space X is called regular
open [13] (resp. regular closed [13]) if E = int(cl(E)) (resp. E = cl(int(FE))). The family of
all regular open subsets of X is denoted by RO(X). The family of all regular open sets of X
containing a point a of X is denoted by RO (X, a).

The union of all regular open sets of X contained in E is called the é-interior [14] of E and is
denoted by d-int(E). A subset E of a space X is said to be d-open [14] if A = §-int(A). Also,

a subset I of a space X is said to be d-closed if its complement is §-open. The intersection
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of all regular closed sets of X containing F is called the d-closure [14] of FE and is denoted by
d-cl(E).

A subset E of a space X is called e*-open if E C cl(int(6-cl(F))). The complement of an
e*-open set is called e*-closed. The intersection of all e*-closed sets of X containing FE is
called the e*-closure of E and is denoted by e*-cl(F). Dually, the union of all e*-open sets
of X contained in F is called the e*-interior of E' and is denoted by e*-int(E). The family
of all e*-open subsets (resp. e*-closed) X denoted by e*O(X) (resp. €*C(X)). The family of
all e*-open (resp. e*-closed) sets of X containing a point a of X denoted by e*O (X, a) (resp.
e*C(X,a)).

Definition 2.1. [4] Let (X, +,-) be a ring and p be a topology on X. The quadruple (X, +, -, 1)
is called a topological ring if the following three conditions hold:

i) For every a,b € X and every open set M € O(X,a +b), there exist K € O(X,a) and
L € O(X,b) such that K+ L C M,

i1) For every a € X and every L € O(X, —a), there exists K € O(X,a) such that —K C L,

i1i) For every a,b € X and every M € O(X, ab), there exist K € O(X,a) and L € O(X,b)
such that KL C M.

Definition 2.2. [2] Let (X, +,-) be a ring and p be a topology on X. The quadruple (X, +, -, 1)
s called an B-topological ring if the following three conditions hold:

i) For everya,b € X and every M € O(X, a+b), there exist K € fO(X,a) and L € BO(X,b)
such that K + L C M,

1) For every a € X and every L € O(X, —a), there exists K € fO(X, a) such that —K C L,

ii1) For every a,b € X and every M € O(X, ab), there exist K € fO(X,a) and L € BO(X,b)
such that KL C M.

Definition 2.3. [3] A function f : (X,pu) — (Y, p) is said to be e*-continuous if f~[G] €
e*O(X) for every G € O(Y).

Lemma 2.1. [3] A function f : (X,u) — (Y, p) is e*-continuous if and only if for every
a € X and for every H € O(Y, f(a)), there exists G € e*O(X, a) such that f[G] C H.

Definition 2.4. [3] Let (X, u) be a topological space and E C X. Then, the following state-
ments hold:

a) E is e*-open if and only if E = e*-int(E),

b) E is e*-closed if and only if E = e*-cl(F).
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Lemma 2.2. Let (X, u) and (Y, p) be two topological spaces. If E € e*O(X) and F € e*O(Y),

then E x F € e*O(X x Y, u* p).

Proof. Let E € e*O(X) and F € e*O(Y).
EecO®) =B Cdint@-cdBEN) \ b b ani@-d(B) x dint6-d(F))
Fee'O(Y) = F Ccl(int(o-cl(F)))

(

=ExF C d

This means E x F € e*O(X x Y). O

3. e*-ToPOLOGICAL RINGS
Now, we introduce and study the concept of e*-topological ring by utilizing e*-open sets.

Definition 3.1. Let (X,+,-) be a ring and p be a topology on X. The quadruple (X, +,-, p)
is called an e*-topological ring if the following three conditions hold:

i) For every a,b € X and every open set M € O(X,a +b), there ezxist K € e*O(X,a) and
L € e*O(X,b) such that K+ L C M,

i1) For every a € X and every open set L € O(X, —a), there exists K € e*O(X,a) such
that —K C L,

iii) For every a,b € X and every open set M € O(X,ab), there exist K € e*O(X,a) and
L € e*O(X,b) such that KL C M.

Remark 3.1. It is clear that every [-topological ring is an e*-topological ring since every
B-open set is an e*-open set. Nevertheless, the converse need not always to be true as shown

in the following example.

Example 3.1. Let X = {k,l,m,n} and p = {0,X,{k},{k,l}}. Let the addition and the

multiplication operations on X be as given in the following tables:

+ k|l |m|n k|l |m|n
kElk|l | m|n k|k|k|k|Ek
Ll Im|n|k Llkim|Ek|m
m|m|n| k]|l m|k| k| k|k
n|l|k|l|m nlklml|k|m
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In this topological space, simple calculations show that e*O(X) = 2% and BO(X) =
{0, X, {k}, {k,n}, {k,m},{k,1},{k,I,n},{k,l,m}, {k,m,n}}. Then, it is clear that (X, +, -, u)

is an e*-topological ring but it is not a S-topological ring.

Example 3.2. Let (R,+,-) be the ring of real numbers and let U the usual topology on R.

Then, (R,+,-,U) is an e*-topological ring.

Example 3.3. Let (X, +, ) be any ring and let p the discrete topology on X. Then, (X, +, -, 1)

s an e*-topological Ting.

Theorem 3.1. Let (X,+,-, 1) be an e*-topological ring. Then, the following functions are
e*-continuous.

a) +: X% = X defined by +(z,y) = x +y for all (z,y) € X2,

b) - : X2 = X defined by -(x,y) = xy for all (z,y) € X2,

¢) —: X = X defined by —(x) = —x for all z € X.

Proof. a) Let (z,y) € X2 and W € O(X,z + y).
WeOX,z+y)= (AU €eOX,2)3V e OX,9)U+V W) | LemmaEd
O:=UxV } -
= (0 € e*O(X2, (2,9)))(+[0] = +[U x V] =U +V CW).
b) Let (z,y) € X2 and W € O(X, zy).
WeOX,zy) = (AU € e*OX,2)) 3V € e*OX,y))(UV CW) | LemmaBED
O:=UxV ”
= (0 € e*O(X2, (z,9))(-[0] = -[U x V] =UV CW).
c) Let V € O(X). Our aim is to show that ——1[V] € e*O(X).
—V]={zeX:—(z)eV}={zeX:—z2€V}=-V | TeoremE3
Ve O(X) -

—1[V] € e*O(X).

g

Theorem 3.2. Let (X, +, -, u) be an e*-topological ring. Then, the following properties hold.
a) If G € O(X), then —G € e*O(X),
b) If G € O(X) and a € X, then a + G € e*O(X),
c) If G € O(X) and a € X, then G + a € e*O(X).

Proof. a) Let G € O(X).
GeOX)=-GCX=e"int(-G)C -G...(1)
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Now, let b € —G. Our purpose is to show that b € e*-int(—Q).
be -G=-becd
G € O(X)
= (AU € e*O(X,b))(U C —G)

} befinition B 317 ¢ o+ (X, b)) (~U C @)

= b€ e*-int(—G)
Then, we have —G C e*-int(—G) ... (2)
(1),(2) = e*~int(—G) = -G = —G € " O(X).
b) Let G € O(X) and a € X. Our purpose is to show that a + G € ¢*O(X). For this, we
will show that a + G = e*-int(a+ G). Now, let b € a+ G. If we prove b € e*-int(a+ G), then

the proof complete.

bea+G= (Fce@G)(b=a+c)
G € O(X)

Definition [3.1] % %
onBI 577 ¢ o*O(X, —a))(3V € e*O(X, b)) (—a+V CU +V C @)

}:a+beGeO(X)

= AV e e O(X,b))(—a+V CG)
= 3V e erOX,0)(V Ca+G)
= b e e*int(a+ G).
¢) This follows (b) since the addition is commutative.

g

Corollary 3.1. Let (X,+,-,u) be an e*-topological ring and G C X. Then, the following
statements hold.

a) If G € O(X), then —G C cl(int(d-cl(—G))),

b) If G € O(X), then a + G C cl(int(d-cl(a + G))) for every a € X,

¢) If G € O(X), then G + a C cl(int(5-cl(G + a))) for every a € X.

Theorem 3.3. Let (X,+,-,u) be an e*-topological ring and G C X. Then, the following
properties hold.

a) If G € C(X), then —G € ¢*C(X),

b) If a € X and G € C(X), then a + G € e*C(X),

¢) If a € X and G € C(X), then G+ a € e*C(X).

Proof. a) Let G € C(X). Our purpose is to show that —G € ¢*C(X). Now, let b € e*-cl(—G).
We will show that b € —G, i.e. —b € G. Let W € O(X, —b).
W eOX,-b) = (U € e*O(X,b))(-U C W)

} = U C-W)UN(=G)#0)
b e e*-cl(—QG)
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S 0#UN(=G) C (W) N (=)
=WnNG#0D

Then, we get —b € cl(G). Since G € C(X), we have —b € G, i.e. b € —G. Thus, we have
—G Ce*-cl(—G) C -G, i.e. =G = e*-cl(—G). This means —G € e*C(X).

b) Let b € X and G € C(X). Our purpose is to show that a + G € ¢*C(X). Now, let

b€ e*-cl(a+ G). We will prove that b € a + G, i.e. —a+be G. Let W € O(X, —b+ a).
WeOX,—a+b)= (U €e'OX,—a))TV e OX,y)(U+V CW)
bee*clla+ Q)

=

= U+VCW)VN(at+G)#0D)
=0#(—a+V)NGCU+V)NGCWNG

=WnNG#0D
Then, we have —a + b € cl(G). Since G € C(X), we get —a+ b € G. Hence, b € a + G.

¢) This follows (b) since the addition is commutative. O

Corollary 3.2. Let (X,+,-,u) be an e*-topological ring and G C X. Then, the following

statements hold.
a) If G € C(X), then int(cl(int(—Q))) C
b) If G € C(X), then int(cl(int(a + G))) C a+ G for all a € X,
c) If G € C(X), then int(cl(int(G + a))) C G+ a for all a € X.

4. MAIN RESULTS

In this section, we obtain some basic properties of e*-topological ring. In addition, this

section contains the definition of e*-topological rings with unit and many fundamental results

on this new notion.

Theorem 4.1. Let (X,+,-, 1) be an e*-topological ring. Then, the following functions are
e*-continuous:

a) For a fized a € X, f, : X — X defined by f,(b) =a+b for allb € X

b) f: X = X defined by f(a) = —a for all a € X,

¢) For a fivzed a € X, f, : X — X defined by f,(b) =b+ a for allb € X

d) For a fized a € X, fq : X — X defined by fo(b) =a+b+a for allb e X.
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Proof. a) Let H € O(X). Our aim is to show that f, ![H] € e*O(X).
[ H] ={beX|fo(b)c H ={beXpbe —a+H}=—a+H | tpeoremED
H e O(X) ”
= f1[H] € e*O(X).
b) Let H € O(X). Our purpose is to show that f~[H] € e*O(X).
FH] = o € XIf@) € HY = {a € X|~a € H} = —H | mieomnii2

H e O(X)
c¢) This follows (b) since the addition is commutative.

f7YH] € e*O(X).

d) This follows (b) and (c) since the addition is commutative.

g

Definition 4.1. A bijective function f : (X,pu) — (Y, p) which is e*-continuous and whose

inverse is e*-continuous is called an e*-homeomorphism.

Corollary 4.1. Let (X, +,-, 1) be an e*-topological ring. Then, the following functions are
e*-homeomorphism.

a) For a fired a € X, f, : X — X defined by f,(b) =a+b for allb € X

b) f: X = X defined by f(a) = —a for all a € X,

¢) For a fized a € X, f, : X — X defined by fo(b) = b+ a for allb e X,

d) For a fired a € X, f, : X — X defined by f,(b) =a+b+a for allb e X.

Definition 4.2. Let (X, +,-, 1) be an e*-topological ring. If (X, +,-) is a ring with unit, then
(X, 4+, -, 1) is said to be an e*-topological ring with unit. The notation X* will be used to

denote the set of all invertible elements in (X, +,-).

Theorem 4.2. Let (X,+,-,u) be an e*-topological ring with unit and G C X. Then, the
following properties hold.

a) If G € O(X), then Gs is e*-open in X for each s € X*,

b) If G € O(X), then sG is e*-open in X for each s € X*.

Proof. a) Let G € O(X) and s € X*. We will prove Gs € e*O(X). If we prove Gs C e*-int(Gs),

then the proof complete. Let b € Gs.

beGs= (3k € G)(b=ks) Gk e Q) bst = k)

seT™ =
G € O(X)

= (AU € eO(X, b))V € e*O(X, s ) (Us~L CUV C G)
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= (AU € e*O(X,b))(U C Gs)
=y € e*-int(Gs)
Then, we have Gs C e*-int(Gs) C Gs which means Gs € e*O(X).

b) It is proved similarly to (a). O

Theorem 4.3. Let (X,+,-,u) be an e*-topological ring with unit and G C X. Then, the
following properties hold.

a) If G € C(X), then Gs € e*C(X) for each s € X*,

b) If G € C(X), then sG € e*C(X) for each s € X*.

Proof. Let G € C(X) and s € X*.
b sG> (Ve C)b# sk) } s (Vk € d(G))(b £ 5G)
Hypothesis
= (Vk € cl(G))(s1b # k)
= sy ¢ c(G)
= (AU € O(X, s~ D) (U NG =)
= (AK € ' O(X,s 1))(AM € e*OX, s ))(s I MNGCKMNGCUNG =)
= (IM € e*O(X, b)) (s M NG = 0)
= (3M € e O(X,b))(M N sG = 0)
= b ¢ e*cl(sG)
Then, we have sG C e*-cl(sG) C sG which means sG € e*C(X).

b) It is proved similarly to (a). O

Theorem 4.4. Let (X,+,-, 1) be an e*-topological ring with unit and G C X. Then, the
following properties hold:

a) s-e*-cl(G) C cl(sG) for each s € X,

b) int(sG) C s - e*-int(G) for each s € X.

¢) s-int(G) C e*-int(sG) for each s € X*,

d) e*-cl(sG) C s - cl(G) for each s € X*,

e) €*-cl(G) - s C cl(Gs) for each s € X,

f) int(G) - s C e*-int(Gs) for each s € X*.

Proof. a) Let a € s-e*-cl(G). Our purpose is to show that a € cl(sG). Now, let U € O(X a).
a€ s-e*-cl(G) = (€ e*~cl(G))(a = sb)
=
UeOXa)
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= (bee*-c(Q))(IK € e*O(X,s))3L € e*O(X,b)) (KL C U)
= (3K € e*0(X, s))(3L € e*O(X,b)) (KL CU)(LNG # 0)
=0#KLNsGCUNsG
=0£UnNsG

Then, we have a € cl(sQ).

b) Let a € int(sG). Our purpose is to show that a € s - e*-int(G).
a € sG)(int(sG) € O(X,a))
b € G)(a = sb)(int(sG) € O(X, a))
AU € e*O(X, 9))(TV € e*O(X, b)) (sV C UV Cint(sG) C sG)
IV e e*O(X,0))(V C G)
b € e*-int(Q)

a €int(sG) =

=

(
(
(
(

o4l

= a=sbes-eint(G).
c¢) Let a € s-int(G). Our purpose is to show that a € e*-int(sG).
a€s-int(G) = s lacint(G)
= int(G) € O(X,sa)
=~ (U € e O(X, 5713V € e*0(X,a))(s"'V C UV Cint(G) C G)
= (IV e e*O(X,a))(V C sG)
= a € e*-int(sG).
d) Let a € e*-cl(sG) and W € O(X, s~ 'a).
W e O(X, s 'a) = (U € *O(X, s~ ))(3V € e*O(X,a)) (s 'V C UV C W)
a € e*-cl(sQ) } ~
= (AU € e*O(X, 57 1)) IV € e*O(X,a)) (s~ 1V CUV C W)(V N sG # D)
=0A£UVNACWNG
=WnNG#0D
Then, we have s~'a € ¢l(G) which means a € s - cl(G).
e) Let a € e*-cl(G) - s. Our purpose is to show that a € cl(Gs). Now, let U € O(X, a).
a € e*-cl(G)-s= (Ibee-c(G))(a = bs)
UeOX,a) } -
= (b e e*-c(G))(3K € e*O(X, 1)) (3L € e*O(X, s))(KL C U)
= (IK € e*O(X, b)) (3L € e*O(X, s))(KL C U)K NG % 0)
=0#KLNGs CUNGs

=0#UNGs
Then, we have a € cl(Gs).
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f) Let a € int(G) - s. Our purpose is to show that a € e*-int(Gs).
acint(G)-s = as ! €int(Q)
= int(G) € O(X,as™ 1)
= (AU €e*0(X,a))(AV € e*OX,s 1)) (Us™! CUV Cint(G) C G) O
= (U € e*0(X,a))(U C Gs)
= a € e*int(Gs).
Theorem 4.5. Let (X,+,-, 1) be an e*-topological ring with unit and s € X*. Then, the
following functions are e*-continuous.
a) fs: X = X defined by fs(a) = sa for all a € X,
b) fs: X = X defined by fs(a) = as for all a € X,
¢) fs : X = X defined by fs(a) = sas for all a € X.

Proof. a) Let U € O(X). Our purpose is to show that f;}[U] € e*O(X). For this, we will
prove f; U] = e*-int(f;1[U]). We have always e*-int(f;{U]) C f1[U]... (1)
Now, let b € £, 1[U].

be f;l[U] = silU Theorem E.4]

= bes tint(U) =55 € e*-int(s7IU)
UeOX)=U=intU) =
sT'U = U]
=be f7U]
Then, we have f; U] C e*-int(f;LU)) ... (2)
(1),(2) = fHU] = e*-int(f7LHU)) = f1[U] € e*O(X).
b) This follows Theorem
c¢) This follows (a) and (b). O

Corollary 4.2. Let (X,+,-, 1) be an e*-topological ring with unit and s € X*. Then, the
following functions are e*-homeomorphism.

a) fs: X — X defined by fs(a) = sa for all a € X,

b) fs: X —= X defined by fs(a) = as for all a € X.

¢) fs : X = X defined by fs(a) = sas for all a € X.

Theorem 4.6. Let (X,+,-, ) be an e*-topological ring and G C X. Then, the following
properties hold for each a € X.

a) a+e*-cl(G) Cclla+ G),

b) e*-cl(a+ G) C a+cl(G),

¢) a+int(G) C e*-int(a + G),
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d) int(a + G) C a + e*-int(G).

Proof. a) Let b € a + e*-cl(G). Our purpose is to prove that b € cl(a + G). Now, let U €
O(X,b). If we prove U N (a + G) # 0, then the proof complete.
bea+e*-c(G)= (Fcee*-c(Q))(b=a+c)
UeOX0b) } -
= (3K € e O(X,a))3L € e OX,0)) D #(K+L)N(a+G) CUN(a+G))
=UnN(a+G)#0.

b) Let b € e*-cl(a+G). Our purpose is to show that b € a+cl(G). Now, let U € O(X, —a+b).
UecOX,—a+b)= (3K € e*O(X,—a))(IL € e*OX,b))(—a+ LC K+ L CU)
=0#(-a+L)NGCUNG

Therefore, —a + b € ¢l(G) which means b € a + cl(G).

c¢) Let b € a + int(G). Our purpose is to show that b € e*-int(a + G).
bea+int(G) = —a+beint(G) e OX)

= (U € e*O(X,—a))3V € e*OX,b))(—a+V CU+V Cint(G) C G)
= (Ve e*O(X,b)(V Ca+ Q)
= beeint(a+G).

d) Let b € int(a + G). Our purpose is to show that b € a + e*-int(G).
b € int(a+ Q) = (U € O(X,b))(U Ca+G)
= (3U € OX,b))(—a+U CG)

Theorem B2 (—a+U e e*OX,—a+b))(—a+UC Q) O
= —a+ b € e*-int(Q)
= b € a+ e -int(G).

Theorem 4.7. Let (X,+,-, 1) be an e*-topological ring and G C X. Then, we have the
following properties.

a) —e*-cl(G) C cl(—-G),

b) e*-cl(—G) C —cl(G),

c) —int(G) C e*-int(—QG),

d) int(—G) C —e*-int(G).
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Proof. a) Let b ¢ cl(—G).
b¢cl(—QG) (FU € OX,0)(UN(-G) =10)
(U e e*OX,=b)((-U)NG =0)
—b ¢ e*-cl(G)
b ¢ —e*-cl(G).

A

b) Let b ¢ —cl(G).

b —cl(G) b ¢ cl(Q)
(3U € O(X, —b))(U NG = 0)
(—U € e*O(X, b)) ((~U) N (-G) = 0)

b ¢ e*-cl(—Q).

¢l

c) Let b € —int(G).

b e —int(G) —b € int(Q)
(3U € O(X,-b))(U C G)
(—U € e*O(X, b)) (U C Q)

b € e*-int(—G).

A

d) Let b € int(—GQ).

b € int(—Q) (U € O(X,b))(U C —-G)
(U € e*O(X,-b))(-U C G)
—b € e*-int(G)

be —e*int(G). O

L

Theorem 4.8. Let (X,+,-, 1) be an e*-topological ring and G C X. Then, we have the
following properties for all a € X.

) Cella+ @),

) ) C a+eG),

¢) a+ int(G) C c(int(d-cl(a + @))),
d) int(a + G) C a+ c(6-cl(G)).

a) a+ int(cl(0-int(G)
b) int(cl(d-int(a + G)

Proof. a) Let G C X and a € X.

(G C X)aeX)=dlatq) e Cx) Meognba

—a+cl(a+ Q) € e'C(X)
= int(cl(d-int(e*-cl(G)))) C int(cl(6-int(—a+ cl(a + G)))) € —a+cl(a+ G)
= int(cl(6-int(G))) C int(cl(d-int(e*-cl(G)))) € —a+ cl(a + G)

= a +int(cl(d-int(G))) C cl(a + G).
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b) Let G C X and a € X.

GCX=dG)eCX corem
- (@) &) = ma+cl(G)€e*C(X)
aeX

= int(cl(d-int(a + GQ))) Cint(cl(d-int(a + cl(G)))) C a+ cl(a + G).
¢) Let G C X and a € X.

G CX=int(G) e OX eorem
= (@) €0 }Th B2 L int(G) € e*O(X)
aeX

= a +int(G) C cl(int(6-cl(a + int(Q)))) C cl(int(6-cl(a + G))).
d) Let G C X and a € X.
(G CX)(aeX)=intlat+G) e o) MmmBA_ L inta+ Q) € e*O(X)

= —a+int(a+ G) C cl(int(d-cl(—a + int(a + G)))) C cl(int(d-cl(G))). O

Theorem 4.9. Let (X,+,-, 1) be an e*-topological ring and G C X. Then, we have the
following properties.

a) —int(cl(6-int(Q@))) C cl(—G),
b) int(cl(0-int(—G))) C —cl(G),
) —int(G) C cl(int(d-cl(—Q)))
d) int(—G) C —cl(int(5-cl(G))).

c

Y

Proof. a) Let G C X.

GCX = c(—-G) € C(X)

TheorgmBA_ (@) € e 0(X)
= int(cl(6-int(Q))) C int(cl(d-int(—cl(—Q)))) C —cl(-G)
= —int(cl(9-int(G))) C cl(—G).

GCX = cd(G) € C(X)
TheoremBA_1(G) € e*O(X)
= int(cl(0-int(—Q))) Cint(cl(0-int(—cl(G)))) C —cl(G).

GCX = int(G) € O(X)
Theor:e>m —int(G) € e*0O(X)

= —int(G) C cl(int(o-cl(—int(G)))) C cl(int(6-cl(—G))).
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d) Let G C X.
GCX = int(—G) € O(X)
TheorgmBA it~ @) € e O(X)
= —int(—G) C cl(int(d-cl(—int(—G)))) C cl(int(6-cl(G)))
= nt(=G) C —c(int(6-cl(G))). O

Theorem 4.10. Let (X, +,-, u) be an e*-topological ring and G, H C X. Then, e*-cl(G) +
e*-cl(H) Ccd(G+ H).

Proof. Let ¢ € e*-cl(G) + e*-cl(H). Our purpose is to show that ¢ € cl(G + H). Now, let
W e O(X,e).
¢ € e*-cl(G) + e*-cl(H) = (3a € e*-cl(Q))(3b € e*-cl(H))(c = a + b) } _
W e OXc)
U € O(X,a))(3V € O(X, b)) (U +V C W)U NG #0)(V N H #0)
UNG) +(VAH) #D)U+VCW)

FeX)(te UNG)+(VNH)U+V CW)

uel)(ueG)(veV)(ve H)(U+V CW)
utveU+V) (u+veG+H)(U+V CW)
u+ve(U+V)N(G+H)CWN(G+H))

)

)

)

Y (FueUNG)(FweVNH)(t=u+v)(U+V CW)

)

)

)

YW N(G+H) #0). O

Remark 4.1. The following example shows that the converse of inclusion given in Theorem

need not to be true in general.

Example 4.1. Let X = {k,l,m,n} and p = {0, X, {k},{k,1}}. Let the addition and multipli-
cation operations on X be as given in Example[3.1 For the subsets G = {k} and H = {m},
we have cl(G+ H) = cl({m}) = {m,n} and e*-cl(G) +e*-cl(H) = e*-cl({k}) + e*-cl({m}) =
{k} +{m} = {m}. It is obvious that cl({m}) = {m,n} € {m} = e*-cl(G) + e*-cl(H).

Theorem 4.11. Let (X, +,-, p) be an e*-topological ring and let (Y,+,-, p) be a topological

ring. If f: X =Y is a ring homomorphism and continuous at Ox, then f is e*-continuous.

Proof. Let f be a homomorphism and continuous at Ox. Our purpose is to show that f is

e*-continuous. Now, let V € O(X, f(a)).
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VeOolX f(a) = fla) = fla+0x) e VeO()
f is homomorphism
= fla) + f(0x) € V € OX) = —f(a) +V € O(X, f(0x))
f is continuous in Ox
= (AW € OX, 0x))(f[W] € = f(a) + V) = (AW € O(X, 0x))(f(a) + W] € V)
f is homomorphism
= (IW € O(X, 0x))(fla+ W] C V)
U:=a+W

= (U € e*O(X,a))(f[U] C V).

5. CONCLUSION

The idea of obtaining more general results than those existing in the literature has led
mathematicians to introduce new concepts such as topological groups, topological rings,
topological fields, and topological vector spaces. In this article, we have introduced a new
concept, called e*-topological ring, by utilizing e*-open sets. This new concept comes across
as a more general concept than the concept of S-topological rings. On the other hand, the
results given in this study coincide with the results given [2] in regular topological spaces,
since the collection of all S-open sets is equal to the collection of all e*-open sets in regular
spaces. We obtained not only many results related to this new notion but also gave some
counterexamples. We believe that the results obtained in this study will find an important

place in future research on topological rings.
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1. INTRODUCTION

In 3-dimensional spaces, a regular surface parameterized as ¥(u,v) = (u, v, z(u,v)) is called

a translation surface if usually z(u,v) is of the form

2(u,v) = f(u) +g(v),

where f and g are differentiable functions of u and v, respectively. Scherk [10] discovered
the first non-trivial minimal translation surface in Euclidean 3-space E3, famously known as

the Scherk surface, and is given by

cos (cu)

Z(“)”) = 710g )

cos (cv)
where ¢(# 0) is a constant. Planes and Scherk surfaces are the only minimal translation

surfaces in E3. More than a century later, Liu proved that the circular cylinder is the only
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translation surface with non-zero constant mean curvature [5]. The study of constant mean
curvature translation surfaces has gathered significant attention. For some of the studies,
we refer the reader to see [3, 4, [5, 8, O, 12]. A natural extension of the translation surface
appears in the form of an affine translation surface, which is a surface parameterized by

U(u,v) = (u,v, z(u,v)), where now
2(u,v) = f(u) + glau +v),

and a(# 0) is a constant. Liu and Yu proved that the non-trivial minimal affine translation

surface in E? is given by

1 cos (bv'1 + a?u)
2(t,) = + log | <=0V ,
b cos (b(v + au))

where b(# 0) is a constant. This surface is known as the affine Scherk surface [7]. For other

related works on affine translation surfaces, we refer the reader to see [I, 2] 6], [11].

In connection to the non-zero constant mean curvature of affine translation surfaces, Liu and
Jung [6] obtained the classification results in E3. Now, a Minkowski space is one of the most
trivial indefinite space forms, and it marks its great significance as the trivial solution to the
vacuum Einstein Field Equations without a cosmological constant. Inspired by the previous
developments in the theory of constant mean curvature surfaces, we seek to classify spacelike

affine translation surfaces with constant mean curvature in Minkowski 3-space E3.

Consider W(u,v) to be a regular spacelike surface in Minkowski 3-space E3. The coefficients

of the 1% fundamental form E, F, G of ¥(u,v) are given by
E=(Wy, Uy), F = (Vy, Uy), G = (o, Uy,

and the coefficients of the 2"? fundamental form L, M, N of ¥(u,v) are given by
L= (Wyu, ), M = (Yo, 1), N = (W, 1),

where 7 is the unit normal vector and (x, *) = du? + dv? — dz? is the Minkowski metric. The

mean curvature H of the surface W (u,v) is given by

_ EN-2FM+GL
Hiwv) == Ba—m)

(1.1)

For a spacelike surface ¥(u,v) in E$, we have EG — F? > 0, and for a timelike surfaces
EG — F? < 0. In regards to the regular surface ¥(u,v) embedded in E3, following two types

of affine translation surfaces exist:
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(i) Affine translation surface of type 1:

U(u,v) = (u,v, z(u,v)) (1.2)

such that

z(u,v) = f(u) + glau + v). (1.3)

(ii) Affine translation surface of type 2:

U (u,v) = (u(v, 2),v,2) (1.4)

such that

u(v, z) = h(v) + t(bv + 2), (1.5)

where a(# 0), b(# 0) are constants and f, g, h,t are smooth functions. We note that whenever

a =0 or b= 0, affine translation surfaces reduce simply to translation surfaces.

2. AFFINE TRANSLATION SURFACES WITH NON-ZERO CONSTANT MEAN CURVATURE

Theorem 2.1. Let VU (u,v) = (u,v,z(u,v)) be a spacelike affine translation surface of type 1

in B3, If U(u,v) has a non-zero constant mean curvature, then z(u,v) is given by

Vit+aZ -2
2H(1 + a2)

2(u,v) = £ \/1+a2+4H2(bauv)2+<u_av>c+p

1+a?

such that ¢ < 1+ a?; or

V1—c?

o7 \/1+4H2(b—u)2+q

z(u,v) =cv+
such that ¢* < 1; where a,b, c,p,q are all constants.
Proof. We know that the mean curvature of a spacelike surface ¥ (u,v) = (u, v, z(u,v)) in E3
is given by

H(u,v) = (Zg - 1)ZW Pt © (Zg — 1)zuu, (2.6)

2(1 — 22— ZUQ)%
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where z,, z, denotes partial differentiation of z w.r.t. u and v, respectively. We obtain the

following partial derivatives of z(u,v) from ([1.3)

2y = f, + ag’,
By = g/7
Zyu = f” + CLQQ,/, (27)
Zvy = g//7
Zuy = agll,
\
,_ df ,_ dyg : : .
where [/ = T and ¢’ = e for £ = au + v. Using (2.7) in (2.6)), gives us
u x
_f// _ (1 _|_a2)g// + (g/2f// + f/29//) _ 2HT3, (2.8)

where 7% =1 — (f' + a,g’)2 — ¢'* and H(+0) is a constant. Eqn (2.8)) writes as
—(1=g)f" = (1+a® = f*)g" = 2HT". (2.9)

Now, we have the following two cases:

Case I. When f” = 0, we have f’ = ¢, where ¢ is a constant. Substituting f' = ¢ in (2.9))

gives us

Njw

~(1+a? =) =2H 1= (c+ag)* - g7 (2.10)
Thus, we have

2H (1 +a?)2
C14a2-c2

" __

14 a? —¢? ac \?|?
5 — (g’+ ) . (2.11)
(1+a?)

Making the following substitutions in (2.11]

3
2H (14 a?)? 1+a2—¢2
e L N & it
14+a%—¢? 1+a? (1+ a?)

results in

7

J = —a. (2.12)
[72 —(g'+ 5)2]

Integrating (2.12)) and isolating the expression for ¢’ gives us

Wl

s e —an)

- _ B, (2.13)
\/1 +44(e1 — az)?
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where ¢ is a constant. By integrating (2.13)), we obtain

1
g(x) = iCW\/l +44(e1 — ax)? — B + e,

where ¢y is a constant. Substituting the values of «, 5 and « in (2.14)) gives us

\/1+a2—02\/ 2 ac
=T T O a4 AH2 (e — 1) — [ —
g(x) 2H(1 n a2) + a2+ (c3 —x) <1 n a2> T+ co,

where c3 is a constant. Also, f = ¢ gives us

flu) = cu+cy,

where ¢4 is a constant. Thus from (1.3), (2.15]) and (2.16|), we have

V1+a2—c2
2H (1 + a?)

L(uzavy
— e
1+ a2 Py

where p is a constant and ¢ < 1 + a?.

2(u,v) =+ \/1+a2—|—4H2(03—au—v)2

Case II. When f” # 0. Differentiating ([2.9) w.r.t. u gives us

(1 _ g/2>f/// + (1 +a2— f/2)ag/// _ 2(f, + ag’)g”f”

_ —GHT[(f/ + ag/) (f// + GQQN) + ag/g//]'
Now, differentiating w.r.t. v gives us

(1 + a — f/2)g/// _ 2g/g//f// _ —GHT[(f/ + ag’)ag" + g/ //]

Eqn’s (2.18) and ([2.19)) yield

(1 _ g/Z)f/// _ 2f/f//g// _ —6HT(f/ + ag’)f".

Substituting the value of ¢” from (2.9)) in (2.20]), we have

2HT? — (1 — g'2)]

12\ et 1 el
(1=g")f" —2f'f (1+a2—f’2)

Thus, we obtain

(L=g®) [(1+a> = )7+ 20 )

=—2HT [3(f/ + ag/) (1 + a? — f’2) _ 2T2f/:| f”-

= —6HT(f’ + ag’)f”.

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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Squaring both sides of ([2.22) and substituting the value of T2 gives us

(1- 9/2)2 [(1 +a? — f’z)f'// + 2f/f”2r
= 4H? [1 = (f'+ ag)’ — "]

x [3(f’ +ag)(1+a>— ) —2{1— (f' +ag)’ - g’Q}f’rf”Q. (2.23)

We notice that the above expression can be expanded as a polynomial in the powers of ¢'.
The coefficients of ¢’ in the above expression are functions of u, and the expression itself is
identically zero, so each term must be zero. But, the coefficient of ¢’ with the highest degree,
ie., 6in (2.23), is —16H*(1 + a2)3f’2f”2, which is non-zero. Thus, it follows that ¢’ is a

constant (Liu and Jung have used the same argument in [6]). Substituting ¢’ = ¢ in (2.9))

yields
V1_c2
() = v+ YA \/1 FAH2(b—u)’ 4 q, (2.24)
where b, ¢, g are constants and ¢ < 1. Thus, the proof of the theorem is complete. O

Theorem 2.2. Let (v, z) = (u(v, 2),v, z) be a spacelike affine translation surface of type 2

in B3. If U(v, 2) has a non-zero constant mean curvature, then u(v,z) is given by

V1—0%+ 2 5 5 v+ bz
u(v,z)-:l:2H(1_b2 \/4H a—bv—z) —(1—b)+<1b2)c+p,

such that 1 — b > 0; or

\/1+c \/4H2

u(v, z) = a—v) —1+cz+q,

where a, b, c,p,q are all constants.

Proof. The mean curvature H (v, z) of a spacelike surface 7(v,2) = (u(v, 2),v,2) in E3 is
given by

H(v,z) = (u% * 1)uzz — 2ttztiv: £ (ug — 1)%”7 (2.25)

2(ug —u2 — 1)%
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where u,, u, denotes partial differentiation of u w.r.t. v and z, respectively. We obtain the

following partial derivatives of u(v, z) from ([1.5)

;

Uy = W' + bt/
u, =t
Uyy = h" + th//7

a4
uZZ_t7

Uy, = bt

where h' = dh and t' = di
dv Y

W+ (1 B bz)t” + (t/Qh// + h/zt”) _ 2HT3,

where T2 = /% — (R + bt’)2 — 1 and H(# 0) is a constant. Eqn (2.27) writes as

(= 1+ )R+ (1 - 6>+ )" = 2HT?,
Now, we have the following two cases:

Case 1. When b/ = ¢ is a constant. It follows from ([2.28))
3
2

(1= 82+ A" =20 |12 = (c+0t)* - 1
Thus, we have

3
2

_ 2H(1-10?)

t
7 for y = bv + z. Using (2.26)) in (2.25)), gives us

t//—
1—0%+¢2

v be 2_1—1)24-02

1 — b2 (1 _ b2)2
Making the following substitutions in ([2.30))

3

2H (1 —b?)2

C
= pye PTTiop =

results in

t//

5 = Q.
o]
Integrating (2.31)) and isolating the expression for ¢ gives us
v Vla—ay)
Ve —ap)? - 1

where ¢ is a constant. Thereby integrating (2.32)), we obtain

B,

1
t(y) = jEf\/VAL(Cl —ay)® =1 By +c,
ary

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)
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where ¢ is a constant. Substituting the values of «, § and ~ in (2.33) gives us

1 — 2 2
\/ b* + ¢ \/4H203—
2H 1—b2

t(y) = (1 — b2) Y+ co.

1-— b2
Also, h' = c gives us
h(v) = cv + ¢4,
where ¢4 is a constant. Thus, from (1.5, (2.34]) and (2.35)), we have
V1—02+c2

u(v,z) =+ 2H(1—62 \/4[—[ 03—bv—z) — (1-1?)

v+ bz
+ (1_1)2> C+p,

Case II. When h” # 0. Differentiating ([2.28]) w.r.t. v gives us

where p is a constant.

(= 1+ 3R + (1= + K)ot + 2(h + bt') "t
=6HT [bt't" — (B +bt') (W + b°t")].
Now, differentiating w.r.t. z gives us
(1= 0%+ W) 4 20"t = 6HT [t — (W + bt')bt"].
Equ’s and (2:38) yield
(= L+ ¢V + 20’ W't = —6HT (I + bt')h".

Substituting the value of ¢’ from (2.28) in (2.39), we have

2HT® — (—1+1t7)
(1—b2+n?)

(= 1+ t*)h" 4 21" = —GHT (K +bt')h".

Thus, we obtain
(—1+17) [(1 — b+ )R~ 2h’h”2}
= 2HT [-3( +bt') (1= 1+ /%) — 27| "
Squaring both sides of and substituting the value of T2 gives us
(—1+¢%)° (1= 0%+ )" — 2 ’
=4 [¢* = (1 + 0t - 1]

s [B( 40 (L= 8 4 %) 2 — (1 b)) — 1] m
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(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)
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The coefficient of #/® in (2.42) is 16H2(1 — bz)3h’ 2/ which is non-zero and the concluding

argument in Theorem results in ¢ being constant. Substituting ¢’ = ¢ in (2.28)) yields

B i\/l—l—CQ

u(v, 2) 5H

\/4H2(a—v)2 —1+cz+yq,
where a, ¢, ¢ is a constant. Thus, the proof of the theorem is complete.

3. MAXIMAL AFFINE TRANSLATION SURFACES

(2.43)

O

Theorem 3.1. Let VU (u,v) = (u,v, z(u,v)) be a mazimal affine translation surface of type 1

in B3. Then, U(u,v) is either a planar surface or z(u,v) is given by

1 cosh [cx/ 1+ a2u+ cl]

_—
2(u,v) ¢ 8| cosh [c(au + v) + ]

€3,
where a, ¢, c1, ¢, c3 are constants and ¢ # 0.
Proof. Taking H =0 in gives us

~(1=g®) )" = (14 a = f)g" =0,
which writes as

f// _ g//

l+a2—f% 1-g%

)

where A is a constant and (1 +a? — f’Q) (1 _ g’2> £ 0.
Depending on A, we have the following 2 cases:

Case I. A =0, gives us

which leads to a planar surface in [E3.

Case II. \ 75 0, gives us
1
f(u) = =log ‘2cosh [cmu + 01] ‘ + ¢,
c
-1
g(au+v) = — log ‘2 cosh [c(au +v) + Cz] ’ + ¢4,
c

where a, ¢, c1, c2, c3, c4 are constants. Thus, we have

1 cosh [C\/ 1+ a?u+ 01]
z(u,v) = —log +p,
c cosh [c(au + v) + c2]

where ¢ # 0 and p is a constant. Thus, the proof of the theorem is complete.

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)
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Theorem 3.2. Let ¥ (v, z) = (u(v, 2),v, 2) be a mazimal generalized affine translation surface

of type 2 in E3. Then, ¥(v,z) is either a planar surface or u(v,z) is given by

1
u(v,z) = =lo
c

coS [C\/ 1—0b%v+ cl]
& cosh [e(bv + 2) + c2]

+ c3, v <1

or

1

u(v,z) = —log
c

cosh [cx/ b2 — 1v + cl]

+e3, b2 >1;
cosh [c(bv + 2) + 3] ’

where b, ¢, c1, co, c3 are constants and ¢ # 0.
Proof. For H = 0, it follows from
(= 1+ )"+ (1= 02+ W)t = 0. (3.50)
Thus, we have
—h" t”

- — 3.51
1— b2+ B2 142 ( )

where ) is a constant and (1 — b+ h’2> <—1 + t’2> # 0. A = 0 leads to a planar surface in

E3 and when \ # 0, we have the following cases:

Case I. If b? < 1; (3.51)) yields

u(v, z) = h(v) + t(bv + 2),

1 1—b%v+
~ g cos [ev/T = B20 + ¢4 t s, (3.52)
c cosh [c(bv + 2) + 3]
where b, ¢, c1, co, c3 are constants and ¢ # 0.
Case II. If b* > 1; (3.51)) yields
u(v, z) = h(v) + t(bv + 2),
1 h [evb? — 1
T cosh [ev/BZ — v + ¢4 b, (3.53)
c cosh [c(bv + 2) + 3]

where b, ¢, c1, ca, c3 are constants and ¢ # 0. Thus, the proof of the theorem is complete. [J

Acknowledgements. The third author is supported by the NBHM-DAE, India, Project
number: (02011/44/2023/RDII/14757).
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ABSTRACT. Under the aim of this paper, we establish the terms of graphs related with
bitonic-algebras, which is a bitonic-graph where the vertices are the elements of bitonic
algebra and where the edges are the companian of two vertices, that is two elements from
bitonic algebra. We designate the upper sets of elements in a bitonic algebra and studied
properties of these sets. We state algorithms to check whether the given set is a bitonic
algebra or a commutative bitonic algebra or not. Additionally, we mention the codes of
these algorithms. Moreover, we associate the algorithms of graphs of a bitonic algebra and
state properties of these graphs obtained.

Keywords: Bitonic algebras, upper sets, graphs, graphs of algebras
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1. INTRODUCTION

In recent mathematical articles and studies, it has been an important matter that the
artificial intelligence is to make a computer simulate a human being in dealing with certainty
and uncertainty in information. At this stage, logic plays an important role to act the
foundation of this mission. Classical logic is a base for information processing dealing with
certain information whereas nonclassical logic including many-valued logic and fuzzy logic
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use classical logic to handle information with various facets of uncertainty, such as fuzziness
and randomness. For this reason, for computer science to deal with fuzzy information and
uncertain information, non classical logic has been used as a useful and a formal instrument.

As required for this reason, BCK-algebras are considered as a generalization of the notion
of algebra of sets with the set subtraction as the only fundamental nonnullary operation and
on the other hand the notion of implication algebra. They are defined by Imai and Iseki in
[19]. Later, Komori [24] introduced the new class of algebras called BCC-algebras as he gave
the name of this work to prove the class of all BCK-algebras does not form a variety. The
notion of dual BCC-algebras is a generalization of many different algebras such as DBCK-
algebras (]9, 23, 40]), Hilbert-algebras([13, 16, 17, 27]), Heyting-algebras (or Brouwerian
lattices)([11} §]), implication algebras ([I]) and lattice implication algebras ([37, [38])that
ensure the property: (P) z <y implies z*x < z*y and y x 2 < x * z. Lastly, Yon and Ozbal
in [39] defined the bitonic algebras and with the help of derivations they studied properties
of this algebra. Additionally, Ozbal studied on filters of bitonic algebras to investigate the
relations between filters and upper sets in [5].

With the help of graphs to deeply study algebraic systems, graphs have been considered
a significant method and topic in many mathematical papers and studies in recent times.
For instance, in 1998 Beck [7] studied rings and algebras in this manner. In this study, by
presenting the zero-divisor graph of a commutative ring a correlation between graph theory
and commutative ring theory is constructed. Then, many mathematicians extend this graphs
in classical structures more definitely, in commutative ring [3], commutative semirings [35]
and semigroups [25], near-rings [36], Cayley Vague Graphs [28]. These studies consider graphs
in classical and non-classical algebras. The total graph of a commutative ring is studied in [6]
and investigated the total graph of a commutative semiring with non-zero identity. Also, the
annihilator graph of a commutative ring is considered in [2] and the area of zero-divisor graphs
of commutative rings is focused in [12]. Bresar et al.[L0] defined the cover incomparability
graphs of posets and the directed graphs of lattices is examined in [32]. Nowadays, many
mathematicians have focused on graph of logical algebras because of the reason that these
algebras are related to information systems and many other different branches of computer
sciences. For example, Jun and Lee [20] studied zero-divisor graph in BCK/BCI-algebras
whereas Hu and Li [I8] obtained some properties on graphs of BCH-algebras. Additionally,
Girsoy et al. introduced an alternative construction of graphs on MV-algebras in [I5] and

they obtained a suitable representation of MV-algebras by using graphs. Similarly, Kircal
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Girsoy focused on the notion of graphs on Wajsberg algebras and stated that commutative
W-graphs are also symmetric graphs in [22]. And, many other graph operations are studied
in [21], such as coloring of a commutative ring in [4], and these will be applied on graphs of
bitonic algebras in the future work.

Motivated by these works, in this paper we study the associated graphs of bitonic algebras
that are the generalizations of dual BCC-algebras in a different manner than those mentioned

above.

2. PRELIMINARIES

During this section, firstly, we give some fundamental definitions, lemmas, theorems about
bitonic algebras that will be used as a tool. Secondly, we remind some graph theory concepts

used in this study.

2.1. Bitonic Algebras. A dual BCC-algebra is an algebraic system (X, %, 1) satisfying the

following axioms for all x,y,z € X :

(@ xy)* ((y* 2) * (zx 2)) = 1,

lxx ==,

Definition 2.1. [39] A bitonic algebra is an algebraic system (A, x,1) satisfying the following

axioms for every a,b,c € A:

where A is a set, 1 an element in A and * a binary operation on A.

Lemma 2.1. [39] In a bitonic algebra (A, *,1) for all a,b,c € A the followings hold:
(1) axa=1,
(2) axb=bxc=1 impliesaxc=1,

(3) ax(bxa)=1.
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Corollary 2.1. [39] If a binary relation “<” on A where (A,*,1) be a bitonic algebra is
defined by

a<b <— axb=1

for any a,b € A, then it is clear that by (B3) and Lemma < is a partial order on A.

Lemma 2.2. [39] Let (A, *,1) be a bitonic algebra. Then for all a,b,c € A :

(1) a<breferscxa<cxbandbxc<axc,

(2) a<bxa.

Example 2.1. [39] Let * be a binary operation on N = {1,x,y, z,w} with the table given

below:

TABLE 1. Cayley Table for N

(N, *,1) is a bitonic algebra and the Hasse diagram can be given as
1

z w

FiGURE 1. Hasse diagram of the bitonic algebra N in Example

Definition 2.2. Let (A, x,1) be a bitonic algebra. The binary operation “0” on A is defined
by aQb = (axb) x b for every a,b € A.

Lemma 2.3. [39] For the binary operation & on (A, *,1) as a bitonic algebra

(1) b < adb,



INT. J. MAPS MATH. (2024) 7(2):335-355 / BITONIC ALGEBRAS AND THEIR GRAPHS 339
(2) a < b implies adb = b,
(3) 10a=1 and a1l =1

hold for every a,b € A.

Definition 2.3. [39] S # 0 as a subset of a bitonic algebra A is called a bitonic subalgebra
of Aif "zxy €S forallxz,y €S, and F # 0 as a subset of A is called a filter of A if

(F1) 1 e F,

(F2) x € F withxxy € F refersy € F for any z,y € F.

Definition 2.4. [39] A bitonic algebra (A, *,1) is said to be commutative if

(axb)xb=(bxa)*a for every a,b € A.

Example 2.2. Let * be a binary operation on C = {1,a,b} with the table given below then

TABLE 2. Cayley Table for C

x| 1 a b
Tl a b
all 1 0
bl a 1

(C,%,1) is a commutative bitonic algebra.

2.2. Some Basic Concepts on Graph Theory. Here, we consider some basic definitions

and concepts in graph theory.

Definition 2.5. [14] A graph is a pair G = (V,E) of sets satisfying E C V x V; thus,
the elements of E are ordered pairs of V . To avoid notational ambiguities, we shall always
assume tacitly that VN E = (). The elements of V' are the vertices (or nodes, or points) of the
graph G, the elements of E are its edge edges (or lines). The usual way to picture a graph is
by drawing a dot for each vertex and joining two of these dots by a line if the corresponding

two vertices form an edge.
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Example 2.3. Let V = {1,2,3,4,5} be a vertex set and E = {(1,2),(2,3),(3,5),(3,4),(4,5)}
be a edge set of G = (V, E). We can illustrate this graph as Figure 2.

3 5

FIGURE 2. The graph of G = (V, E) for Example

Definition 2.6. [14] A path is a non-empty graph P = (V| E) of the form
V ={xo,x1,..., 2}, E = {(x0,21), (x1,22), .., (Tp—1,2¢)}

where the x; are all distinct. The vertices xg and xy, are linked by P and are called its ends;
the vertices x1,Ta,...,xE_1 are inner vertices of P. The number of edges of a path is its

length, and the path of length k ise denoted by P*.

Definition 2.7. [14] The distance dg(x,y) in G of two vertices x,y is the length of a shortest
x —y path in G; if no such path exist, we set d(x,y) = oo. The greatest distance between any
two vertices in G is the diameter of G, diameter denoted by diam(G). The diameter of G is

said to be zero if there is only one vertex in G.

Definition 2.8. [26][34] A connected graph with more than one vertex has a diameter of one

if and only if each pair of distinct vertices forms an edge and it is called a complete graph.

3. SOME NEW ALGORITHMS ON BITONIC ALGEBRA

In this section, we will introduce the algorithms that test whether the definitions given
in the previous section are ensured by any sets. These algorithms are coded in VB-Script
Language in Ms EXCEL Program to make our studies on these algebras easier than usual.

After explaining these mentioned algorithms we will share the codes belongs to this language.
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Algorithm 1: Determining Bitonic Algebra

Data: Set A, * operation, operator table
Result: (A, *, 1) is a bitonic algebra or not

1 initialization;

N

if A0 OR 1 ¢ A then

3 Return false

4 foreach z in A do
5 if z *1+# 1 then
6 L Return false

7 if 1 ¥z # z then
8 L Return false

9 foreach z, y in A do

10 ifz*y=1AND y *z = 1 then
11 if z # y then

12 L Return false

13 foreach z, y in A do

14 if z *y = 1 then

15 foreach z in A do
16 if (z%z) *(z%y)# 10R (y *2z) *(x *2)# 1 then
17 L Return false

In Algorithm [I], it is checked whether the given structure is a bitonic algebra or not by
using Definition 2.1 of bitonic algebras. The inputs of this algorithm are the set A and the
Cayley Table of the operator *. Firstly, the algorithm examines whether the given set A is
an empty set, and 1 belongs to A. If the given set A is empty or does not contain 1, then
the algorithm returns FALSE. Then, it examines for every x in A, whether the conditions
B1 and B2 of Definition are satisfied. If any of these conditions are not satisfied then
the algorithm returns FALSE.
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The following step of the algorithm is to check the condition B3 of Definition Accord-
ing to this step, whenever x xy = 1 or y * x = 1 is satisfied for any x,y in A, it is checked
whether these x and y are different elements. If these elements are different than each other
then the algorithm returns FALSE. The last step of the algorithm checks whether the last
part B4 of Definition 2.1 is satisfied or not. According to this step, it is examined whether
xxy = 1 is satisfied or not for any elements x, y in A. If this is satisfied for any x,y in A, then
for any element in A (say z in A) the algorithm works out for the solution of (z * x) * (z % y)

and (y * z) * (x % z). If one these results is different than 1, then the algorithm FALSE.

’The Cayley Table is being imported into a two-dimensional array
For i = 2 Tom + 1
For j = 2 Tom + 1
mi(i - 1, j - 1) = Cells(di, j)
Next j

Next i

’The conditions Bl and B2 are being checked

control = 0

For i = 1 To m
If m1(1, i) <> Cells(l1, i + 1) Then control = 1
If m1(i, 1) <> 1 Then control = 1

Next i

If control <> 0 Then
MsgBox "Bl OR B2 are not obtained"
GoTo bit

End If

’The condition B3 is being checked
For i = 1 To m
For j =1 Tom
If mi(i, j) = 1 Then
If mi1(j, i) = 1 Then
If i <> j Then

MsgBox "B3 is not obtained"
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control = 1
GoTo bit
End If
End If
End If
Next j
Next i

’The condition B4 is being checked

s For i = 1 To m

For j =1 Tom
If mi(i, j) = 1 Then

For k = 1 To m

If (m1(mi(k, i), mi(k, j)) = 1 And mi(ml(j,

1) <> True Then

k)’

ml (i,

343

k)) =

MsgBox "B4 is not appropriate (" & k & "*" & i & ")*x(" &

k & "*" & j & ") or one of these (" & j &

") is not 1"

control = 1
GoTo bit
End If
Next k
End If
Next j
Next i
If control = O Then
Cells (12, 1) = "Bitonic Algebra"
Else
Cells (12, 1) = "Not a Bitonic Algebra"
GoTo bit
End If

bit:

Lponl]

& k &

LisTiNG 1. Codes for Algorithm

ll)*(ll

& i &

onl]

& k &

We consider a code for this table that will be easily runned in EXCEL to list its entries.
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Algorithm 2: Generating (-Operation Table on a Bitonic Algebra
Data: (A, 1, *) Bitonic Algebra, * Operation Table

Result: (-Table| , |
1 ¢-Table] , |=null

2 foreach z, y in A do

3 | 0-Tablexyl=(ey)y

The Cayley table of the { operator is obtained with the help of the Algorithm This
time, the input of this algorithm is a bitonic algebra. In the beginning, an empty Cayley
table of the { operator is formed. Then, the solution of (z * y) * y is examined for every
element z,y in A.

One of the main purpose of this algorithm is that this algorithm is coded in VBScript

language and these codes are given in Listing

Il For i = 1 To m

2 For j = 1 To m

3 miv(i, j) = m1i(m1(i, j), j)
1 Next j

5 Next i

LisTiNG 2. Codes for Algorithm

Algorithm 3: Determining Commutativity of a Bitonic Algebra
Data: (-Table[, ] of (A, 1, *) Bitonic Algebra

Result: (A, *, 1) is a Commutative Bitonic Algebra or not
1 initialization;
2 foreach z, y in A do
3 if 0 y+# y Oz then
4 L Return false

In this Algorithm [3] it is checked whether the given bitonic algebra is commutative or
not. The inputs of this algorithm are a bitonic algebra and the cayley table of { operation
defined in this bitonic algebra. If this table is symmetric then the given bitonic algebra is

commutative. For this reason, it is examined whether zQy and yQx are the same or not
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for any x,y in the given bitonic algebra. If a non-identical condition is detected, then the

algorithm outputs FALSFE.

This algorithm is coded in VBScript language and these codes are given in Listing

controlv = 0

For i =1 Tom - 1
For j =i+ 1 Tom
If (miv(i, j) <> miv(j, i)) Then controlv = 1
Next j

Next i

If controlv = 0 Then

Cells (12, 13) = "Commutative Bitonic Algebra"
Else
Cells (12, 13) = "Not a Commutative Bitonic Algebra"
GoTo bit
3 End If

bit:

LisTinG 3. Codes for Algorithm

4. GRAPHS ON BITONIC ALGEBRAS

To consider graphs of bitonic algebras, firstly we focus on upper sets of these algebras. In
this section, initially we give the definition of graph of bitonic algebras and introduce the
algorithm lists the entries of adjacency matrix on a bitonic algebra. Moreover, we consider

the codes of this algorithm to list the entries of the adjaceny matrix on a bitonic algebra.

Definition 4.1. (A, *,1) as a commutative bitonic algebra corresponds to an undirected graph
G(A), where V(G(A)) consists of the elements of A and two distinct elements a,b € A are

called adjacent if and only if aQb = 1. G is said to be a A — graph under these conditions.
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Algorithm 4: Generating Adjacency Matrix on a Bitonic Algebra
Data: {-Table[, | of (A, 1, *) Bitonic Algebra

Result: Adj(G(A))[, ] Adjacency Matrix
1 initialization;
2 foreach z, y in A do
3 if 0 y= 1 then
+ || AdiGA)y) =1
5 else

6 | | Adj(G(ALry =0

In this Algorithm the adjacency matrix for any bitonic algebra given according to
the Definition [4.1] is created. The inputs of this algorithm are a bitonic algebra and the
Cayley table of ¢ operation defined in this algebra. In the beginning, the solution of z{y
for any elements x,y in the given bitonic algebra is studied. If this solution is 1, then the
corresponding element in a two-dimensional array in the adjacency matrix is assigned as 1,
otherwise it is assigned as 0.

Coding in this algorithm VBScript language in MS EXCEL programe is one the most

important part of this paper and these codes are given is Listing

For i = 1 Tom
For j = 1 Tom

If miv(i, j) = 1 Then

]
[

mivadj (i, j)

Else
mivadj (i, j) = 0
End If
Next j

Next i

LisTING 4. Codes for Algorithm
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Example 4.1. Let (A,*,1) be the bitonic algebra mentione in Example . Using the

Definition[{.1], the adjacency matriz of the graph of A is

1 a b

) 1 11

Adj(G(A))=
all 0 1

b1 1 0

Al
a b

F1GURE 3. The graph of the bitonic algebra A given in Example with

the Hasse Diagram

Example 4.2. Let (A, *,1) be the bitonic algebra given in Example . Using the Definition
the adjacency matriz of the graph of A is:

1l 2y 2z w

Adj(G(A))=

N
—_
@)
[en} o )
)
)

z w

FIGURE 4. The graph of the bitonic algebra A given in Example

Lemma 4.1. Vertex 1 in a A-graph is adjacent to all vertices in G(A).

Proof. By definition of a bitonic algebra a0l = (ax 1)« 1 =1%1 =1 for ever a € A . So,

vertex 1 and vertex a are connected with an edge in every A-graph. O
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Lemma 4.2. A-graph G(A) is connected by having diam(G(A)) < 2.

Proof. Let a,b € A be any two distinct vertices on G(A). Assume that a0b = 1. Therefore,
we get d(a, b) = 1, so have diam(G(A)) < 2. Now, assume that aQb # 1. For a bitonic algebra
we have a®l = (a*1)*1=1%x1=1and bQ01 = (b* 1) x 1. That is to say that a is adjacent
to 1 and b is adjacent to 1. Hence, we get d(a,b) < 2 meaning that diam(G(A)) < 2. O

Definition 4.2. (A, *,1) as a bitonic algebra is said to be sel f — distributive if ax (bxc) =
(axb)* (ax*c) for all a,b,c € A.

Example 4.3. The bitonic algebra (A,x,1) given in Example 1 is not a self-distributive

algebra. But, if x on A = {1,z} is defined as a binary relation whose table is

* |1 x
11 =z
z|1l 1

It is easy to see that (A, *,1) a self-distributive bitonic algebra.

We will consider the upper set of a as an element in a bitonic algebra A by
U(llya) ={zx € Allx (a*xz) =1}

for each a € A.

For the rest of the paper (4,x*,1) = A is given as a self-distributive bitonic algebra.

Proposition 4.1. For any a € A, the upper set U(1,a) is a filter of A.

Proof. Let a € A. Then by (B1), (B2) we have foralla € Aax1=1and 1*x(ax1) = 1.
Therefore, 1 € U(1,a). Now, let y € U(1,a) and y *xx € U(1,a) for any z,y € A. Then we
have axy =1 and a * (y *x) = 1. Since A is a self-distributive bitonic algebra we have

ax(yxx)=(axy)*x(axx)=1%(a*xx)=(a*xz)=1.

Therefore, z € U(1,a). Hence we get U(1,a) is a filter of A. O

Proposition 4.2. Let B,C C A, then
(1) If BC C then U(1,C) CU(1,B),
(2) U(1,BUC)=U(1,B)NnU(1,C),
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(3) U(1,B)UU(1,C) CU(1,BNC).

Proof. Let B,C C A.

(1) Let B C C and suppose that z € U(1,C). So we have 1 x (cxz) =1 and cxz =1
for all ¢ € C. But we know that B C C so every element of B is in C' therefore,
bxx=1x(bxx)=1forallbe B C C. Therefore, x € U(1, B) that is to say that
U(1,C) C U1, B).

(2) We know that B C BUC and C' C BUC, and by part 1 we have U(1, BUC) C U(1, B)
and U(1,C). Then U(1,BUC) CU(1,B)NU(1,0C).

Now, conversely, let x € U(1,B) NU(1,C). Then we have 1 % (b* x) = 1 that is
bxx =1 for all b € B and similarly 1% (c*x) = 1 that is (c*xx) = 1 for all ¢ € C.
Therefore, for any a € BU C we have a € B or a € C, and hence 1 * (a *x) = 1
that is (axx) = 1 for all a € BUC. And so we get z € U(1,B U C) gives us
U(1,B)NU(1,C) C U(1,BUC). Therefore, U(1,BUC) = U(1,B)NU(L,C).

(3) We have BNC C B and BN C C C and also by part 1 of this proposition we have
U(1,B) CU(1,BNC) and U(1,C) C U(1,BNC). Therefore, we get U(1,B) U
U(l1,C)CU(1,BnQC).

Proposition 4.3. If B # () is a subset of A then, U(1,B) =\, U(1,D).

Proof. Let B be a non-empty subset of a self-distributive bitonic algebra A. We have B =
Upepib}, and by Proposition 4.2 (2) we have

U(1,B) =U(1, [ J{p}) = () U,b).

beB beB

Proposition 4.4. If a <b for any a,b € A then U(1,a) CU(1,b).

Proof. Let x € U(1,a). Then we get 1% (axz) = 1 that is axz = 1. And, by our assumption
we have a < b and by Lemma 2.2 (1) (bxz) < (a *x). Hence we get (b= x) = 1 since
(axx) = 1. Therefore, x € U(1,D). O

Definition 4.3. Let A be bitonic algebra (A,x*,1) that is self — distributive. Define a
relation ~ on A asa~b < U(l,a) =U(1,b).
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Lemma 4.3. The relation forms an equivalence relation on a bitonic algebra (A,*,1) that

is sel f — distributive.

Lemma 4.4. For every a,b,c € (A,*,1)

a*(bxc)=0bx(axc).

Proof. Let a,b,c € A. Then

ax(bxc)=(axb)x*(ax*c),

and since b < axb, (axb)x (a*c) < bx*(ax*c). This implies a * (b*c) < bx* (ax*c).
Interchanging the role of a and b, we can show bx* (a*c) < ax (b c). Hence a* (bxc) =

bx* (axc). O

On the definition of upper set, since 1 x a = a for every a € A, we should define the upper

set by

U@ ={recAlaxx=1}.

Definition 4.4. Let U(z) and U(y) be the upper sets of the bitonic algebra (A,*,1) for all

x,y € A. Then we can define " " among the upper sets U(x) and U(y) as follow

U(z)QU(y) = {z € Aladb =z for all a € U(x) and for all b€ U(y)}.

Then we can define the graph Gy (A), where V(Gy(A)) consists of the elements of U(A),
and two distinct elements U(a),U(b) € U(A) are called adjacent if and only if U(a)QU (b) =

{1}.

Example 4.4. Let A be the bitonic algebra given in Example[2.1. Then we can consider the

upper sets for every elements of A as given below.

U(l) = {1}7 U(.%) = {lvx}v U<y) - {173/}7 U(z) = {l,x,y, Z}7 U(w) = {l,x,y,w}.

Then, we can give the table of > among these upper sets as follow.
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O |u@) Ulx) Uly)  Uz) U(w)
v | {1y {1 {1} {1} {1}
Ul) | {1} {12} {1} {1, 2} {1,2}
Uy) | {1+ {1 {Ly}  A{Ly} {1y}
U(z) | {1} {Lz} {Ly} {Lzy 2z} {Lz,yw}
Uw) | {1} {Lz} {Ly} {lLzy} {lLazyw}

Then the graph Gy (A), where V(G (A)) consists of the elements of U(A) and two distinct
elements U(x),U(y) € U(A) are called adjacent if and only if U(x)OU (y) = {1} that we can
read from this table. Therefore, the adjacency matriz of the graph of Gy (A) can be given as

follows:

ua) | 1 1 1 1 1

, Uz) | 1 0 1 0 0
Adj(Gy(A))=

Uly)| 1 1 0 0 0

Uz) | 1 0 0 0 0

Uw)| 1 0o 0 0 0

FI1GURE 5. The graph of the bitonic algebra A given in Example with

the Hasse Diagram
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Algorithm 5: Generating U(1, x) Upper Sets on a Bitonic Algebra
Data: (A, 1, *) Bitonic Algebra, * Operation Table

Result: (U(1, ) Upper Sets for all x € A
1 initialization;

2 foreach z in A do

3 U(1, z)=null

4 foreach y in A do

5 if 17 *(z*y)=1then
6 L add element y to U(1, z)

In Algorithm [5] the upper sets are examined according to the Definition given for a
bitonic algebra. The input of this algorithm is a bitonic algebra. Here, according to the given
definition, the upper sets of every elements (except 1) are examined separately. Let  be the
element whose upper set is examined. In the algorithm, firstly an empty U(1, z) element is
created. Then, for every element y in the bitonic algebra given, the operation 1 * (x * y) is
calculated. If this is equivalent to 1, then y is assigned to the upper set U(1, ).

This algorithm is also coded in MS EXCEL programe in VBScript language and these
codes are given in Listing

2 For a = 2 Tom

3 ’the sets are written in a cell in EXCEL"

| Cells(a, 37) = "U(1," & a & ") = "
5 counter = 0
6 For x = 1 Tom

7 If m1(1, mi(Ca, x)) = 1 Then

8 If sayac <> 0 Then
9 Cells(a, 38) = Cells(a, 38) & "," & x
10 End If

11 If the counter = 0 Then
12 Cells(a, 38) = Cells(a, 38) & x
13 counter = counter + 1

14 End If
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End If
Next x

Next a

LisTinG 5. Codes for Algorithm

5. CONCLUSION AND FUTURE WORKS

In this work, firstly we evoke basic knowledge about bitonic algebras and graphs. Then,
algorithms are enhanced to check whether any given set is a bitonic algebra or not. These
algorithms check the properties or definitions given in preliminaries for a bitonic algebra
and additionally these algorithms are coded in VB-Script Language. In the third section,
with the help of the operators defined for bitonic algebras, the graphs based on bitonic
algebras are defined and some examples are stated. In recent years, the studies consider
the relations between algebraic structures and graphs gain very importance. A new point of
view is gained on daily life problems by graph modeling of theoretical findings in algebraic
structures. Additionally, the Sheffer Stroke Operation that reducts axiom systems of many
algebraic structures [30],[31], [29] and fuzzy concepts are used to study different notions of
algebraical systems [33]. Because of this reason, our work to search for the relationship
between bitonic algebra and different graph types continues based on this study. We will
consider fuzzy graphs of bitonic algebras and also extend our work to the graphs of Sheffer

stroke bitonic algebras.
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