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EDITORIAL

BAYRAM SAHIN *
This issue of International Journal of Maps in Mathematics is dedicated to the memory of
Professor Krishan Lal Duggal. Dr. Krishan Lal Duggal passed away peacefully on December
1 st of 2023 at 92 years of age.

FI1GURE 1. Professor Krishan L. Duggal and me at Windsor University

Professor Krishan Lal Duggal was well knownn for his passion of Mathematics and he
inspired greatness and guided all he had contact with in achieving their goal of learning.
Greatly respected in his field, he authored and published numerous books and research
papers. He was an avid musician in his free time singing Bhajans and playing the sitar and
harmonium.

I was familiar with Professor Duggal’s publications. But I met him face to face in 2003,
when I had the opportunity to be his post-doctoral student at the University of Windsor,
Canada. We co-authored many research papers with Professor Duggal, and we also co-
authored the book titled “Differential Geometry of Lightlike Submanifolds” published by
Springer in 2010.

I will remember Professor Duggal with respect and gratitude. I will also remember him

saying “The sky is not too high”.

EGE UNIVERSITY, FACULTY OF SCIENCE, DEPARTMENT OF MATHEMATICS, 35100, iZMIR, TURKIYE

* Editor-in-chief.
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A NEW PARAMETRIZATION OF CARTAN NULL BERTRAND CURVE
IN MINKOWSKI 3-SPACE

STUTI TAMTA AND RAM SHANKAR GUPTA *

Dedicated to the memory of the late Professor Krishan Lal Duggal(1929-2022)

ABSTRACT. We define and study a new parametrization of a Bertrand pair {«, o™}, where
a is a Cartan null Bertrand curve and a* is a Bertrand partner curve of o in Minkowski 3-
space by not taking the principal normal vector of the Cartan null Bertrand curve « parallel
to o?ot. We characterize both cases when the curve a® is non-null and the null Bertrand
partner of the curve a. Further, we investigate this type of Bertrand pair curve as a helix
and a slant helix. Also, we provide some examples.

Keywords: Bertrand curves, general helices, slant helices, Cartan null curve, non-null
curve, Minkowski 3-space.

2020 Mathematics Subject Classification: 53B30.

1. INTRODUCTION

In 1802, Lancret [I4] defined a helix as a curve whose tangent vector makes a constant
angle with a fixed straight line called the directrix. Later in 1845, Saint Venant [16] obtained
a necessary and sufficient condition for a curve to be a general helix if its ratio of curvature
to torsion is constant. In 1995, Scofield studied closed-form arc-length parametrizations for
curves of constant precession and slant helices with a constant speed of precession [I7]. In
2004, Izumiya and Takeuchi introduced the concept of the slant helix in E? saying that the
principal normal lines make a constant angle with a fixed direction. They characterized a
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curve as a slant helix if and only if the principal image of the major normal indicatrix has a
constant geodesic curvature [10].

In 2010, Kula et al. studied the relationship between slant helices and helices, and they
characterized slant helices in [E® in terms of differential equations [13]. In 2011, Ali and Lopez
[1] characterized a non-null spacelike and timelike curve with a spacelike principal normal

vector to be a slant helix in E$ if and only if either one of the two functions

V' k2 V' k2
&)@ o () e (L)
is a constant function and 72 — k2 # 0.

In 2019, Liu and Pei [15] characterized a null Cartan curve o to be a slant helix in E3
if and only if the principal image of the major normal indicatrix has a constant geodesic
curvature kg, i.e.,

(s
kg = 2\[2|7_((S))|3/2 (1.2)
is a constant function for a non-zero torsion 7(s) of the curve.

In the fields of computer-aided design and computer graphics, helices can be used for tool
path description, the simulation of kinematic motion, the design of highways, etc. [2I]. Also,
helix and slant helix play an important role in curve theory with numerous applications in
the biological sciences, physics, etc. For instance, in the biological sciences, curves are used in
the analysis of Deoxyribonucleic Acid (DNA), and in physics, they are used in characterizing
the motion of particles in a magnetic field.

In 1845, Saint Venant [16] posed the question of whether the principal normal of a curve
is the principal normal of another curve on the surface generated by the principal normal of
the given one. Bertrand [4] gave an answer to this question in 1850 and introduced curves
with the property that the principal normal vector of a curve « coincides with the principal
normal vector of another curve o at their corresponding points. Further, these curves
were characterized in E3? with condition ak 4+ br = 1, where a and b are nonzero constants
and k and 7 are the curvature and torsion of the curve, respectively [7]. Also, Bertrand
curves and their characterizations were studied by many researchers in Minkowski 3-space
(see [2, Bl O 11, 20]). In [3], Balgetir et al. studied the Cartan null Bertrand pair curve
{a, a*} in E3. Later in 2021, Gokcek and Erdem [§] studied the Cartan null Bertrand curve
« with the non-null Bertrand partner curve o* in E3. In [6], Camci, et al. introduced a new

-
relationship between a Bertrand pair o and a* in E? by not taking the vector a*a parallel to
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a normal vector of Bertrand curve «.. Using this approach, the present authors studied a new
parametrization of Bertrand partner curves and spherical indicatrices in Euclidean 3-space
[18, [19].

In view of this, we define and study a new parametrization of a Bertrand pair {a, a*},
where « is a Cartan null Bertrand curve and o is a Bertrand partner curve of o in Minkowski

—
3-space by not taking the vector o™ o parallel to IV of o in Minkowski 3-space.

2. PRELIMINARIES

The Lorentz-Minkowski E‘I) is a space with metric,
(,) = —da? 4 da3 + da?,

where (x1,x2,x3) is a rectangular coordinate system. With respect to this metric, an arbi-
trary vector o = (a1, g, cvg) is said to be spacelike if («, ) > 0, timelike if (o, @) < 0, and
null if (o, ) = 0. Similarly, if @ = «a(s) denotes the position vector of an arbitrary non-null
curve in E3, then it is called timelike and spacelike if all of its velocity vectors o/(s) are
timelike and spacelike, respectively. The norm of the vector a is given by ||o/|| =/[(c/, o/)].
A non-null curve a(s) is parameterized by arc length s if (a/(s),d/(s)) = £1. A null curve
is parameterized by pseudo-arc s if (a’(s), &”(s)) = 1. If a null curve is parameterized by a
pseudo-arc function, it is referred to as a Cartan null curve.

Let {T, N, B} be the moving Frenet frame along a curve in E$, consisting of the tangent,
the principal normal, and the binormal vector field, respectively. Depending on the causal
character of «, the Frenet equations have the following forms:

Case I. If « is a non-null curve, the Frenet formulas are [12):

T/ 0 €1k‘1 0 T
N’ = —601@‘1 0 €2 k‘g N ’ (2-3)
B’ 0 —e1ky 0 B

where (T',T) = €y, (N,N) = €1, (B,B) = €2, and €g,€1,e2 € {—1,1}, and k(s), 7(s) are
curvature and torsion of a.

Case II. If o is a Cartan null curve, the Frenet formulas are [5]:

T 0 ki 0 T
N =)k o -k N |, (2.4)
B’ 0 —ky O B
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where (T, B) = (N, N) =1, and (T, T) = (B, B) = (I, N) = (N, B) =0, and k1(s), ka(s)
are curvature and torsion of .

In [3, 8], the authors defined the Cartan null Bertrand curve « : I — E? with Bertrand

partner curve o* : I* — E? as follows:
a*(s*) = a(s) + A(s) N(s), (2.5)

such that the principal normal vectors of a(s) and a*(s*) coincides at s € I, s* € I*, where
A(s) is C*°-function on I.
Now, we define a new parametrization of a Bertrand pair {a, a*}, where « is a Cartan
.

null curve and a* is a Bertrand partner curve of « in E? such that the vector o a* does not

have to be parallel to N, which is given by
a’(s%) = a(s) + u(s) T(s) + v(s) N(s) + w(s) B(s), (2.6)

where u(s), v(s) and w(s) are differentiable functions and {T'(s), N(s), B(s)} is the Frenet-
Serret frame of a(s). If we take u = w = 0 in (2.6)), we obtain (2.5). Hence, (2.6)) is the

generalization of Cartan null Bertrand curves in E{’

3. NEW PARAMETRIZATION OF CARTAN NULL BERTRAND CURVE IN [E$

In this section, we study a pair curve {a, a*} in E satisfying , where « is a Cartan
null curve with curvature k1 and torsion ks, and o is a Bertrand partner curve of o with
curvature k] and torsion k3.

Now onwards, we denote the geodesic curvatures of the principal normal indicatrices (im-
ages) of a Cartan null Bertrand curve a by I', and that of a timelike and spacelike Bertrand
partner curve o by I'7 and I';, respectively.

Also, we set

(1+u +vky) (W —vk) i
=g+ — » V="g= h:;7 (3.7)
ds ds
and
p= ki) _ 4, pls) = e PR
b 24k} (d;s*)

n(s) = — =k 02 ’“>’” p(s) = —hn(s).

2hk} (d;:

Next, we have:
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Theorem 3.1. Let o : I — E$ be a Cartan null curve in E3 with curvatures ki(s) # 0 and
ka(s) satisfying @

(i) If o* is a timelike curve with ki # 0, then {a, a*} is a Bertrand pair in B3 if and only
if there exist differentiable functions u, v, w, and a real number h satisfying

1
vV +uk —wky =0, h<O, zﬁ:—ﬁ, hky — ko # 0. (3.9)

(i) If o* is a spacelike curve with ki # 0 and having a spacelike principal normal vector,
then {a, a*} is a Bertrand pair in B3 if and only if there exist differentiable functions u, v, w,
and a real number h satisfying

1
v +uky —wky =0, h>0, VQ:T, hki — ko # 0. (3.10)

k3 #0, then hki+ ke #0,
Further, in both the cases (i) and (ii), if

k¥ =0, then hki+ks=0.
Proof. (i) Let {a, a*} be a Bertrand pair in E? satisfying (2.6)) such that a is a Cartan null
curve and o* is a timelike curve. Differentiating (2.6 with respect to s and then using ([2.3))

and ([2.4), we obtain

ds*

T*
ds

=14+u +vk)T+ (W +uky —wke) N + (v —vky) B. (3.11)
Taking the inner product of (3.11)) with IV, we get
v +uk) —wky = 0. (3.12)

Using (3.12) in (3.11)), we obtain

d*
T*d—i = (1+u +vk) T+ (w —vk)B. (3.13)

Using (3.7) in (3.13]), we have

T* = uT +vB. (3.14)

If we take the inner product of the equation (3.14]) first with 7" and then with N, the

following results are obtained
—1=2pv, (3.15)

which gives u # 0 and v # 0. Consequently, from , we find that 1+ v’ + v ks # 0 and
w —vky #0.
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Using the third relation of (3.7)) in , we get

2hv? = —1, (3.16)

which gives h < 0.
Now, differentiating (3.14)) with respect to s and then using (2.3|) and (2.4), we obtain

ds*

ds

ki N* =T+ (uky —vky) N+ B. (3.17)
Taking the inner product of (3.17) with 7" and B, we find
V=0, p=0. (3.18)

Using (3.18)) in (3.17]), we obtain

ds*
ds

kT N* = (k1 —vks) N. (3.19)
Now, taking the inner product of (3.19)) with itself and using (3.16]) and the third relation

of (3.7), we get

(hky — ka)?, (3.20)

w7 (%)

which gives (h k1 — k2) # 0. Now, using the first relation of (3.8)), we have

L
2h

N*=8N. (3.21)

Differentiating (3.21]) with respect to s and then using (2.3)) and (2.4)), we obtain
ds* ds*

B Y — B (kT — k1 B) — kI T* 3.22
kB - =0(keT ki B) = ki T" — (3.22)
Using (3.13)) in , we get
d *
ki B* dss — (Bha— ki (140 +vk)) T — (Bky + K (W' —vky)) B. (3.23)

Using the first relation of (3.8]) in (3.23)), we have
1% k‘l (h ]{51 — ]{22)

ds* ko (hky —k
k;B*dS:<V2(*dls*2)_kf(1—}-u/—|—vk2)>T—< . ds
§ kT G5 kT G5 (3.24)

+ Kk} (w —wv k1)> B.

Now, using (3.7)) in , we find

L o, ds* ko (hki — ko) — k2 h (45)2
ks B' = =(w/_vk1)(( = M >T
’ 1) (3.25)
_ (k1 (hki— ko) +ki‘2('§)2) B)
ki (%5)?
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Using ([3.20)), and the second and third relations of (3.8)) in (3.25)), we obtain

ks B* ‘28: — p(s) T(s) + 1(s) B(s). (3.26)

Taking the inner product of (3.26)) with itself, we get

k2 (20" = 2p(9)nls) = ~2hn(s)” (3.27)

From , depending upon k5 = 0 or k5 # 0, we find that hki +ky =0or hk; + ka2 # 0.

Conversely, let a be a Cartan null curve with curvatures k; # 0 and ke in E$ satisfying
. Then, we can define the curve o* as . Differentiating with respect to s and
then using , we obtain

T* = uT +vB. (3.28)

Using the third relation of (3.7)) and the third relation of (3.9) in (3.28]), we get

1
T"=——_(hT+B), (T*,T%) =—1. 3.29
g T B), (T T (3.29)
Now, differentiating (3.29) with respect to s and then using (2.4]), we get
dr* 1
=——(hk — ko) N, 3.30
s~ Vo (hky — k2) (3.30)
which gives
ar* &1 (hky — ko)
ki = = 3.31
=gl = (3.31)
where £ = +1. Now, N* can be obtained as
N*=& N, (N*, N*)=1. (3.32)

Differentiating (3.32)) with respect to s and using €9 = —1, e = 1, (2.3) and (2.4), we

obtain

* * * * dS*
(KiT" + k3 B") —

=& (k2T — k1 B). (3.33)

Taking the inner product of (3.33) with itself, we get

ds*
ds

2
(—k1‘2+k§2)< ) = 2k, ko. (3.34)

Using (8:31) in (8:34), we get

. Glhki+k
gy = 2kt k) (3.35)
—2h I

where & = +1.
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Using (3-29). (8:31), and (3:35) in (3:33), we find
pr = 8% (~hT + B), (B* B*)=1. (3.36)
V—2h

Then, o is a timelike curve, and the Bertrand partner curve of the null Cartan curve a.

Thus, « is a Bertrand curve.

(ii) Let {a, a*} be a Bertrand pair in E? satisfying (2.6)) such that « is a Cartan null curve
and o is a spacelike curve. Differentiating ([2.6)) with respect to s, and using (2.3)) and ([2.4)),
we get

d*
T*CTSS = (14+u +vk) T+ W +uky —wks) N + (w —vk)B. (3.37)

Taking the inner product of (3.37) with N, we obtain

v +uky —wks =0. (3.38)

Using (3.38)) in (3.37]), we obtain

d *
T* dSS = (1+u +vk) T+ (w —vk)B. (3.39)
Using (3.7) in (3.39)), we have
T* =uT +vB. (3.40)

Taking the inner product of (3.40) with itself, we find
1=2pv, (3.41)

which gives v # 0 and u # 0. Consequently, from (3.7)), we find that 1+ v’ + v ks # 0 and
w —vky #0.
Using the third relation of (3.7)) in , we obtain

2hv? =1, (3.42)

which gives h > 0.
Now, differentiating (3.40) with respect to s and then using (2.3 and (2.4), we get

as*

ki N*
1 ds

=T+ (uky —vk) N+ B. (3.43)

If we take the inner product of the equation (3.43) first with 7" and then with B, the

following results are obtained

V=0, u=0. (3.44)
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Using ([3.44)) in (3.43]), we obtain

ds*
ds

kEN* == = (uky — vky) N. (3.45)

Now, taking the inner product of (3.45)) with itself and using (3.42)) and the third relation
of (3.7)), we get

(k1)? <c(l:ls;)2 = % (hky — k2)?, (3.46)

which gives (h ki — k2) # 0. Now, using the first relation of (3.8)), we have
N* =3 N. (3.47)
Differentiating (3.47)) with respect to s and then using (2.3)) and (2.4)), we get

B BT -k B)+ kT &

—k} B* . (3.48)

ds ds
Using (3.39) in (3.48), we get
* * dS* * / /
k3 B* - = B (ke T — by B) + ki ((1 Ful k) T+ (w — vkl)B>. (3.49)
Using (3-7), (B:8) and (846) in (8:49), we get
KBS = p(s) T(s) — n(s) Bs). (3.50)
Taking the inner product of (3.50) with itself, we get
ds*\2
*2 _ _ 2
k2 (5-) = 20()n(s) = —2hn(s)”. (3.51)

From (3.51)), depending upon k5 = 0 or k3 # 0, we find that h ki +ko =0 or h ki + kg # 0.
Conversely, let o be a Cartan null curve in E with curvatures k1 # 0 and ks satisfying

(3.10)). Then, we can define the curve a* as (2.6)). Now, differentiating (2.6)) with respect to
s and then using (2.4)), we get

T* = uT +vB. (3.52)

Using the third relation of (3.7)) and the third relation of (3.10) in (3.52]), we obtain

1
T = —— (hT+ B), (T* T*) =1. 3.53
(T B). (T (3.59
Now, differentiating (3.53) with respect to s and then using (2.4), we get
dr* 1
= —— (hky — ko) N, (3.54)

ds vV2h
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which gives

dr* = & (hky — ko)

kT = = 3.55
=gl = (3.59

where £5 = +1. Now, N* can be obtained as
N*=¢&N, (N*, N*)=1. (3.56)

Differentiating (3.56|) with respect to s and using ¢g = 1, 2 = —1, (2.3) and (2.4), we

obtain

ds*
—kXT* — k3 B*
(KT kB

= &3 (k2T — k1 B). (3.57)

Taking the inner product of (3.57) with itself, we get

ds*\2
(k12 — k:§2)< dss ) — 2k k. (3.58)

Using (3.55)) in (3.58]), we obtain
o = Sa (ks + k)

2) 3.59
2 o°h djs ( )
where £4 = £1.
Using (:53), (3:55), and (3:59) in (3:57), we find
pr = —5& (hT — B), (B*, B*)=—1. (3.60)

V2h

Then, a* is a spacelike curve with a spacelike principal normal vector and the Bertrand
partner curve of a. As a result, « is a Bertrand curve, and the proof of the Theorem is

complete. 0

Now, from Theorem 3.1, we have:

Corollary 3.1. Let a : I C R — E3 be a Cartan null Bertrand curve in E} with non-zero
curvature ki1 # 0, ko, and the curve o given in (@) be a non-null Bertrand partner curve
of o with the non zero curvatures ki, k3. Then o* is a general heliz if and only if o is a

general heliz.

Proof. Let a: I C R — E$ be a Cartan null Bertrand curve in E} with the curvatures ki, ko

and the curve o is a Bertrand partner curve of .

(i) If o* is a timelike curve, then from (3.31) and (3.35]), we have

k1
* —_—
kl h ko

*_§1§2W-

= 3.61
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(73) If o* is a spacelike curve, then from (3.55) and (3.59)), we have

ki hig —1
— = o 3.62
= §3§4h%+1 (3.62)

Combining (3.61)) and (3.62), the proof is complete. O

Corollary 3.2. Let o : I C R — E} be a Cartan null Bertrand curve in E3 with non-zero
curvatures k1 = 1, ko, and the curve a* be a non-null Bertrand partner curve of o with the
non zero curvatures kY, k3 satisfying (@ Then o is a slant heliz if and only if a is a

slant helix. Moreover, we have
IT=-64&0, T3=8&&T. (3.63)

Proof. Assume that « : I C R — E$ is a Cartan null Bertrand curve in E$ with curvature
k1 # 0, ko and the curve o™ is a Bertrand partner curve of o with the non-zero curvatures
ky, k3 satisfying (2.6]). Now, if the curve « is a slant helix, and then for the principal normal

vector N of o and a constant vector field U, we have
(N, U) = constant. (3.64)
Since N is parallel to N* from we find
(N*, U) = constant, (3.65)

which implies a* is also a slant helix and converse is easy to prove. Further, we have:

(7) If o* is a timelike curve, then using k] and &3 from (3.31)) and (3.35)) in (L.1)), we have
k/
2

I'=-& 62W~ (3.66)
(79) If a* is a spacelike curve, then using &k} and k3 from and in , we have
RS (3.67)

22k

Then, using (1.2)), (3.66)), and ([3.67)), we have (3.63). Thus, the proof is complete. O

Now, we have:

Theorem 3.2. Let a and o* be a Cartan null curves in E3. Then, o* is a Bertrand partner
curve of the Bertrand curve « if

(i) there exist differentiable functions u, v, and w satisfying

V4Huk —wky =0, w —vk =0, (3.68)
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and its Cartan null frames are related by
* * * 1
T =upuT, N*'=&N, B*=-—B,
I

or

(ii) there exist differentiable functions u, v, and w satisfying
V4 uki —wks =0, 144 +vky=0,
and its Cartan null frames are related by
* * * 1
T =vB, N*=-¢(N, B*=-T,
v

where &5 = £1, & = £1.

(3.69)

(3.70)

(3.71)

Proof. Let a is a Cartan null Bertrand curve in E$ with k; # 0, ko and the curve o* is the

Cartan null Bertrand partner curve of the curve « satisfying (2.6]). Now, differentiating ([2.6)

with respect to s and then using (2.4)), we get

ds*

T*
ds

=1 +u +vk)T+ (W +uk —wk) N+ (w' —vky) B.

Taking the inner product of (3.72)) with NV, we obtain
vV +uk; —wky =0.

Using (B.73) in (B:72), we get

ds*
ds

Using (3.7) in (3.74)), we have

T*

=1 +u +vk)T+ (v —vk)B.

T"=uT+vB.
Taking the inner product of (3.75)) with itself, we find
0=2pv.

Now, we have two cases:

Case (i) If v = 0, then we have
T = uT.

Now, differentiating (3.77) with respect to s and then using (2.4]), we get

d*
KNS — /T 4k N,
ds

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)
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Taking the inner product of (3.78) with B, we find

w =0.
Using (3.79) in (3.78)), we obtain
ds*
ki N* =uki N.
1 ds MR

Taking the inner product of (3.80) with itself, we get

k7 (20) =28,

which gives

* 55 I kl
kl — ds* .
ds
Using (3.82) in (3.80]), we obtain
N*=¢&; N.

Differentiating (3.83|) with respect to s and then using (2.4)), we get

ds*
ds

(K3 T* — kX BY) & = &5 (ko T — ki B).

Taking the inner product of (3.84)) with itself, we get

Kk <E) — k1 ko
Using (3.82)) in (3.85)), we obtain
* 55 )
k2 - ds* °

ds
Using (3.77)), (3.82)), and ([3.86)) in (3.84)), we get

1
B* = —B.
1

Case (ii) If p =0, then we have

T =v B.

Now, differentiating (3.88)) with respect to s and then using (2.4]), we get

ds*
ds

k} N* =1V B—vkyN.
Taking the inner product of (3.89) with 7", we find

vV =0.

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)

(3.86)

(3.87)

(3.88)

(3.89)

(3.90)
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Using (3.90) in (3.89)), we obtain

ds*
ki N* = —vky N.
! ds v

Now, taking the inner product of (3.91)) with itself, we get

ki (S5) =8,

which gives

* 56 v k2
kl — ds* .
ds
Using (3.93) in (3.91)), we obtain
N* = —& N.

Differentiating (3.94)) with respect to s and then using (2.4)), we get

ds*
ds

(B3 T* — ki B) & = —¢5 (ko T — k1 B).

Taking the inner product of (3.95) with itself, we get

v [AST\2
Kk <$> — k1 ko
Using (3.93) in (3.96)), we obtain
* 66 kl
k2 - ds*
ds

Using (3.88), (3.93), and (3.97) in ; we get

1
B*=-T.
v

Thus, the proof is complete.

4. EXAMPLES

Example 4.1. Let a(s) be a Cartan null curve in E3 given by

a(s) = (T sinh(v2s) + 1 cosh(v2s)

1 I
7 5 Wi cosh(vV2s) + 5 sinh(v/2 s),

Sl

with curvature k1 = 1 and torsion kg = 1.

15

(3.91)

(3.92)

(3.93)

(3.94)

(3.95)

(3.96)

(3.97)

(3.98)
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The Frenet frame of a(s) is given by

T = (cosh(ﬂs) + \% sinh(v/2s), sinh(v/2 s) + % cosh(v/2 5), %),
N = (V2 sinh(v/2s) + cosh(v2s), v/2 cosh(v/2s) + sinh(v/2s), 0),
B = —(COSh(\/§ s) + % sinh(v/2 5), sinh(v/2 s) + % cosh(v/2s), —%)

If we take u =2s, v = %, w=-3sin , we find the Bertrand partner curve o*(s*)

ot = <sinh(\f2 s) A(s) 4 cosh(v/2 s) B(s), cosh(v/2s) A(s) + sinh(v/2 s) B(s), O),

where A(s) = %7 B(s) = W.

By computing the curvature and torsion of a*, we get

9
k== E=0.
1" V6—5s2 2

Further, the Frenet frame of o is given by
T* = (sinh(v2s) + V2 cosh(v2 5), cosh(v2 s) + v2sinh(v25s), 0),
N* = (v/2 sinh(v2s) + cosh(v/2s), V2 cosh(v/2s) + sinh(v/2s), 0),
B* = (0,0, 1).

Thus, a*(s*) is a timelike Bertrand partner curve of the curve a(s).

z-axis

z-axis
=
AN

x-axis 100 4q0 80 X-axis 10 8 yais

FIGURE 1. Curve a (red) and o* (blue) in E$

Example 4.2. Let a1(s) be a Cartan null curve in E3 given by

ai(s) = (sinh(s), cosh(s), s),

with curvature k1 = 1 and torsion ko = 1/2.
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The Frenet frame of a(s) is given by
Ty = (cosh(s), sinh(s), 1),

Ny = (sinh(s), cosh(s), 0),

—cosh(s) —sinh(s) 1
By = ( ) ) 7)'
2 2 2

If we take u = 5, v = —%, w=Ss1in , we find the Bertrand partner curve oj(s*) as:

2 2
a] = <§ sinh(s), 3 cosh(s), 23).

By computing the curvature and torsion of af, we get

«_ 3 .9
kl_ﬁa k2_16

Further, the Frenet frame of af is given by

T = cosh(s), sinh(s), 3),

v
N; = (sinh(s), cosh(s), 0),

By = (3 cosh(s), 3 sinh(s), 1).

_1
22

Thus, o (s*) is a spacelike Bertrand partner curve of the curve aq(s).

z-axis
B o =
¥ A S—
z-axis
o o B
c

X-axis 20 g y-axis xaxa 40 4

FIGURE 2. Curve a; (red) and af (blue) in E3
Example 4.3. If we take u = 7, v = %, w =35 in @ for the Cartan null curve ay(s) in
Ezxample 4.2, we find the Bertrand partner curve oi(s*) as:
Lo
=3 (3 sinh(s), 3 cosh(s), 38).

By computing the curvature and torsion of as, we get
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Further, the Frenet frame of o5 is given by

Ty = \/g (cosh(s), sinh(s), 1),
N3 = (sinh(s), cosh(s), 0),
By = % (— cosh(s), —sinh(s), 1).

Thus, a(s*) is a Cartan null Bertrand partner curve of the curve aq(s).

z-axis
o

\

2
x-axis

FIGURE 3. Cartan null Bertrand partner curve a3 of a null Cartan curve o

; 3
in Ey
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ABSTRACT. The object of the present paper is to study some results on a S-Kenmotsu man-
ifold with a non-symmetric non-metric connection. We obtain the condition for the manifold
with a non-symmetric non-metric connection to be projectively flat and conformally flat.
Also, it has been demonstrated that the manifold satisfying the condition RT.8'=0is an
Einstein manifold. Further, by virtue of this result, we found the condition of Ricci soliton
in B-Kenmotsu manifold to be expanding.

Keywords: Non-symmetric non-metric connection, S-Kenmotsu manifold, conformal cur-
vature tensor, Ricci soliton, Einstein manifold, Ricci semi-symmetric.
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1. INTRODUCTION

K. Kenmotsu [I4] studied a class of almost contact manifolds and identified it as a Ken-
motsu manifold. The fundamental properties of local structure of these manifolds were

studied by him [I4]. Trans-Sasakian manifolds were introduced by J. A. Oubina [16], which
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generalizes forms of Sasakian, Kenmotsu and cosymplectic manifolds. A trans-Sasakian man-
ifold of type (0,0), (o, 0) and (0, B) are Cosymplectic, a-Sasakian and S-Kenmotsu manifolds
respectively, where «, 8 are smooth functions. In particular, a trans-Sasakian manifold will
be Kenmotsu and Sasakian manifold, if « = 0,8 = 1 and a = 1,8 = 0 respectively. S-
Kenmotsu manifold provides a large variety of Kenmotsu manifolds. Recently, Kenmotsu
manifolds have been studied by several authors (cf. [8 6, 11, 13|, 23] 24]).

On differentiable manifolds, A. Friedmann and J. A. Schouten [12] first proposed a semi-
symmetric linear connection. On Riemannian manifolds, semi-symmetric metric connection
was first systematically examined by K. Yano [25], which was further studied by authors,
including S. Ahmad and S. I. Hussain [2I], M. M. Tripathi [22] and others. Semi-symmetric
non-metric connection was established in a Riemannian manifold by N. S. Agashe and M. R.
Chafle [1]. In line with this, S. K. Chaubey et al. [2] introduced the notion of non-symmetric
non-metric connection. It has been further studied in [4 5] [7, 17, I8, 19].

A torsion tensor of a connection is a mapping 7' : x(2) x x(2) — x(22) defined by

T (X1, X)) = VaXy—Va,X) — Xy, Xo]. (1.1)

A connection V is symmetric if 77 = 0 and it is non-symmetric if 77 # 0. The connection
V is metric if %(g = 0 and it is non-metric if ﬁ/\»f] % 0. It was further studied by several
geometers [10, 9].

In a Riemannian manifold (22", §), g is a Ricci soliton if

(£v§) (X1, Xo) + 28T (X1, Xo) +20§(X1, Xp) = 0, (1.2)

V Xi, Xy and V on Q"1 where £y denote the Lie-derivative along the vector field V, St
is Ricci tensor and © is a constant. The Ricci soliton is shrinking, steady and expanding if
O <0, =0 and © > 0 respectively.

This paper is organized as follows: In Section 2, we present an informative introduction
of S-Kenmotsu manifold. In Section 3, we define non-symmetric non-metric connection.
In Section 4, we find the curvature tensor with non-symmetric non-metric connection. In
Section 5, we investigate projectively and conformally flat -Kenmotsu manifolds with defined
connection. In Section 6, we show that the manifold with the defined connection satisfying

the condition R - ST=0 is an Einstein manifold.
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2. PRELIMINARIES

A smooth manifold ©227*! is almost contact metric [I5] if it admits a (1, 1)-tensor field ¢,
an associated vector field f , a 1-form 7 and the Riemannian metric § satisfying

~ ~

X=X+ () =1, ¢{=0, H(pX;)=0, (2.3)

~

G(pX 1, 9pXy) = g(X1, Xe) — 7 (A1) 9(X1, ¢) = n(&1), (2.4)

>
—~
o
SN—

for all Xy, X5 € T'Q.

An almost contact metric manifold Q?"*! is a f-Kenmotsu manifold [20] if and only if
(Vo)X = B9 (X1, X2) € =) (A2) (X)) (25)
From ({2.5)), we have

Va ¢ = Blx — 7 (&) ¢, (2.6)

(Vi) Xe = B (pX 1, pXa) = Blg (X1, X2) — 1) (A1) ) (X)) (2.7)

Further, the curvature tensor RY, Ricci tensor ST and Ricci operator Qf in S-Kenmotsu

manifold with the Levi-Civita connection V satisfy [20].

RU(XL,X2) ¢ = =B (X2) X1 — ) (A1) Xo] + (X15)[ Xz — (X))
—(X2B)[X1 —A(X,)C], (2.8)
RI(C, X)X = (8% + CB)[A (A2) X1 — § (A1, &) (], (2.9)
RY(C A1)¢ = (8% + (B)[4 — ) (41) €], (2.10)
ST(A1,¢) = —(2n% + (B)i (A1) — (20 — 1)(X15), (2.11)
SHC.C) = —(2nB + (B), (2.12)
Qf¢ = —(2n82 + (B)C — (2n — 1)gradB. (2.13)

Definition 2.1. A -Kenmotsu manifold Q*" 1 is known as a generalized n-Einstein man-

ifold if its Ricci tensor ST of type (0,2) satisfies
St=Mi+Mi@i+MHow+wei, (2.14)

where, A1, Ao and \3 are smoth functions, w is a 1-form defined by w(X1) = g(&X1,p) V X1,

p cmdgt are mutually orthogonal to each other.
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Definition 2.2. The projective curvature tensor of a (2n + 1)-dimensional B-Kenmotsu

manifold Q is given by [4]
1
P (X1, ) Xz = RE (A, X)) X5 — %[ST (X, X3) X1 — ST (X, X3) A, (2.15)

Definition 2.3. The conformal curvature tensor C’ of a (2n + 1)-dimensional 3-Kenmotsu
manifold Q [20] is given by

1
n—1

(ST (A, A3) X1 — ST (X1, Az) Ay

C (X, X)Xy = RT(Xl,Xg)X3—2

1§ (X, X3) QT — § (X1, A3) QT 4]

+2n(2:—1)[g (A2, X5) X1 — § (X1, As) Ao (2.16)

where Rf, ST, Qf and k is the curvature tensor, Ricci tensor, Ricci opretor and scalar
curvature respectively with V.
3. NON-SYMMETRIC NON-METRIC CONNECTION

The relation between non-symmetric non-metric connection V and the Levi-Civita con-

nection V [2, 3] is given as

Va, X = Va, Xo + § (pX1, ) ¢, (3.17)
which satisfies
T (X1, Xy) = 25 (X1, Xs) € (3.18)
and
(Va,§)(Xa, Xs) = =) (A3) § (pX, Xo) — ) (X2) § ($X 1, A3) (3.19)

for arbitrary vector fields X7, X> and A3.

Let Q?"*! be a 3-Kenmotsu manifold with a non-symmetric non-metric connection Vv,

then
(Va, §)(Xa) = (V@) (X2) + § (X1, ) €, (3.20)
(ﬁé\ﬁﬁ) (X2) = (ﬁz\ﬁﬁ) (XZ) - g (@Xh X2) ) (321)
V¢ = V(. (3.22)

From (3.22)), the following theorem yields:

Theorem 3.1. The vector field é 1s invariant with respect to the connections V and V [18].
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4. CURVATURE TENSOR ON A ,B—KENMOTSU MANIFOLD WITH NON-SYMMETRIC

NON-METRIC CONNECTION

If Rt and RI are the curvature tensors of connections V and V respectively, we have
RY (X1, ) X3 = Va, Va, X3 — Vi, Vay X3 — Vigg 1 s, (4.23)
from , and , we have
RU(X, Xo) Xz = RY (A, Xo) Xs + B[25 (@1, Xy) ()¢
+9 (pX o, X3) X1 — g (91, A3) Ao (4.24)
Putting X} = ¢; in and summing over 1 <14 < (2n + 1), we get
ST (e, X3) = ST (X, X3) + 2087 (9 X, A3) (4.25)

O (A5) = QT (A) + 2nB (pX,). (4.26)

Thus we state the following theorem:

Theorem 4.1. In a -Kenmotsu manifold, Ricci tensor and Ricci operator are defined by

the equations ([£.25) and ([£.26) respectively endowed with V and V.

Contracting (4.25)), it follows that

k=k. (4.27)

Here 7v€T, S’T, O and k is the curvature tensor, Ricci tensor, Ricci operator and scalar
curvature respectively with V.

Thus with the help of (4.27)), we have following theorem:

Theorem 4.2. If a 3-Kenmotsu manifold Q2" +1 admits ﬁ, then the scalar curvatures cor-

responding to V and V coincide.

By replacing X5 =, in (4.24) and in view of (2.3)), and , we get
RE(, )¢ = B2 (1(X))Xe — §(X2) X1) + 287 (pX1, X2) ¢
+(X1)[ X — 7(A)C] — (X2B)[ A1 — 7(X1)C). (4.28)
From (23), [29) and (L24), we get

RUC X)X = (B +CB) [0 (A3) o — § (KXo, A3) (] + B3 (pX 4, X3) (. (4.29)
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By using , , and , we get
RIC )¢ = R x)C
= (B + A% —i(x)C).
Putting A3 = 6 in and using , we get
S(X,{) = S'(x,¢)
= —(2n8° +{B)i (%) - (2n — 1)(X2P)

and

of (Xy) = —(2nﬁ2 + 55)5 — (2n — 1)gradp.

5. PROJECTIVELY CURVATURE TENSOR ON ﬂ—KENMOTSU MANIFOLD WITH

NON-SYMMETRIC NON-METRIC CONNECTION

From Definition we have

3 5 1
PP (X, o) X3 = RT(Xl,XQ)Xg—%[

Using (4.24]), (4.25)) in (5.33)), we acquire

P (X, X)Xy = P (X1, X)) X+ 287 (pX 1, Xa) 7(X3)C.

Thus, we have the following results:

ST (A, 25) Xy — ST (A, X3) Aa).

25

(4.30)

(4.31)

(4.32)

(5.33)

(5.34)

Theorem 5.1. If a 3-Kenmotsu manifold Q*"*1 admits 6, then the projective curvature

tensors corresponding to V and V are related by the equation (b.34]).

If Q27+1 is C’-flat, then from Definition [2.3{ we obtain

u 1 y

R, X)) Xy = Sy (ST (A, A3) &) — ST (X, As) Ay
+§ (X, X3) QT — g (X1, &) QT )

ke

2n(2n — 1)

Putting X3 = ¢ in (5.35) and using (.25), [#.26), [.27) and (4.28)), we have

AA)GH —A()SH, = (548 + ()% — ()]

—(2n — D)[(X18)7(X2) — (X2B)A(X1)]C

+2(2n — 1)Bg(pXy, A2)C.

[§ (X, X3) Xy — g (A, A) Ay).

(5.35)

(5.36)
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Again putting X5 = f in ([5.36)), we obtain

O = (5 +CB+ 500k — (20 + )5 — (20— 336 + )i

—(2n — 1)((X18)C + 7(X1)gradB). (5.37)

Hence

St X)) = (B2 +{B+ %)@(Xl’ X) — (2n — 1)((X18)70(Xe) + (X28)7(X1))
(2 DB~ (20— 3B+ o (X)) (539)

Let w(X1) = (X1, p) = (X18) = g(gradB, X1) ¥V X1. If p and ¢ are orthogonal then (S = 0
and (5.38) takes the form of (2.14)). Therefore, we have the following theorem:

Theorem 5.2. A conformally flat B-Kenmotsu manifold endowed with Vs a generalised

n-Einstein manifold equipped with V.

6. B-KENMOTSU MANIFOLD SATISFYING RT - ST=0
We consider a -Kenmotsu manifold with V connection satisfying
R, X,).8T = 0. (6.39)
Therefore, we get
STRN( A, X)X, Xy) + ST(As, R (X, Ap)Xy) = 0. (6.40)
Replacing X7 by f in , it follows that
STRNCE, X)X, X4) + ST( X, RI(E, &) Xy) = 0. (6.41)
In view of , we have
(B + CB) () ST (X, Xn) — (X, X5)ST(C, X))
+ B9(pX5, X3)ST(C, Xa) + (B + CB) (X0 ST (X3, X2) (6.42)
— (X2, X) ST (X5, Q)] + B(pX 5, X3)ST (A5, C) = 0.
Again replacing X3 by é and using and , we have
ST( Xy, Xy) = — (208 + CB)§(Xa, Xy) + (2n — 1)((XaB)7(Xa)

(6.43)
— (XaB)(Xz)) + 2nBg(pX o, Xa).
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Using (4.25)), we have

ST, &y) = — (2087 + (B)(AXa, Xy) + (2n — 1)(AX2B)(Xy)

(6.44)
— (2n — 1)(X4B)7) (o).
Taking Xy = é in , we get
2(X28) = ((B)A(Xa). (6.45)
Again we take X = ( in , we get
(B=0. (6.46)
Using and in , we have
ST (Xo, Xy) = —2n82G( X, Xy). (6.47)

Thus we leads to the theorem:

Theorem 6.1. A p-Kenmotsu manifold satisfying the condition RE-ST=0 with V is an

Einstien manifold with V.

A Ricci soliton in f-Kenmotsu manifold is defined by equation (|1.2]). Naturally, two cases
appear corresponding to the vector field V:V € Span(f and V L Qt . We consider only the

case V = f . The Ricci soliton (g, g: ,0) on a B-Kenmotsu manifold endowed with V is defined

as
(£:9)(X1, Xp) + 28T (X1, ) +205(X1, Xp) = 0. (6.48)
Here
(£:9)(X1, ) = (Vi) (X1, %) + §(Va, €, X2) + §( X0, Vi O). (6.49)
Now using (2.6) and (3.22)) in , we have
(£20)(X1, Xo) = 2B[G(X1, Xp) — (A1) Xo)]. (6.50)

Now, from and , we obtain
SN, ) = —(8 + ©)9(A1, Xa) + B (X1)i(a). (6.51)
Replacing A7, &> by é and using , we get
© = 2n(8” + ¢B).

Since g is some non-zero function, we have © # 0, so we state the following theorem:
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Theorem 6.2. A Ricci soliton (g,é,@) in B-Kenmotsu manifold Q2"+ with V can not be

steady but is expanding if 5% + CAB > 0 and shrinking if B> + éﬁ < 0.
7. EXAMPLE OF ﬁ—KENMOTSU MANIFOLD WITH NON-SYMMETRIC NON-METRIC
CONNECTION

Example 7.1. Let us consider the 3-dimensional manifold Q*"*1 = [(x;y; 2) € R3|z # 0];

where (x;y; z) are the standard coordinates in R3. Consider the vector fields

) , 0 )

) .
S =zt =— =¢(.
a1 oz’ 22 oy’ o3 0z ¢

At each point of Q2"*1 01,09 and g3 are linearly independent. Suppose the Riemannian

metric g is defined as

g (01,02) = g (02,03) = g(03,01) =0,

g (o1,01) = g (02,02) = g (03,03) = 1, (7.52)
and ¢ is defined by
P(o1) = —02,P(02) = 01,9(03) = 0. (7.53)

According to the Lie bracket definition, we get

2 2

lo1, 02) =0, lo1, 03] = — o, [02, 03] = — 0 (7.54)
Also
20(V ., Xy, Xg) = X1 (X, Xs) + Xog (X, X1) — Xz (X, Xy)
(7.55)
+ g ([X1, o], A3) — § ([X2, As], X1) + g ([A3, A1), Xo) .
Using Koszul’s formula, we get
. 2 N A 2
vmgl = g@?n vm@? = 07 vaS = _;Qb
N N 2 A 2
V01 =0, V02 = pLt V03 = — 02 (7.56)

Vgggl = 0, VQ3QQ = 0, VQ3Q3 =0.
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Also X1 = Xloy + X200 + X303 and é = p3, then we have
leC = VXI,Q1+X292+X393Q3
= X'V, 03+ XV ,,03 4+ X3V, 03
2
= - (X1Q1 + X2gz) (7.57)

and

A ~ ~

Va,( = Blx —7(&i)(]
= Bl(XTo1 + X200+ X%03) — § (X 01 + X002 + X 03, 03) 03]
= —E[XIQ1+X2Q2+X393—X3Q3]
= —E[Xlé’l + X% 09]. (7.58)

From ([7.57) and (7.58)), the structure (¢, f, 7, 9) is a f-Kenmotsu manifold structure. There-

fore Q3(, f ,7,9) is a f-Kenmotsu manifold. From ({2.3)), (2.5, (3.17) and (7.56)), we have
2

o 2 o o
vmgl = ;Q:ﬂa V9192 = —03, V91193 = _;Qb

vgzgl = 03, VQQQQ = ;Q?» VQQQS = _;Q% (759)

?9391 = 0, 69392 = 0, Vg393 = 0.

From equations (3.18]) and (3.19), we have

T (01, 00) = 2§ (P01, 02) = —203 # 0

and

(Vourd) (02,08) = —i03)d (Por,00) — 7(02)d (P01, 03)
= 1#0.
Consequently, a non-symmetric non-metric connection V is defined in . Also,
ﬁxlé = 6){191+X292+2c3gg 03
= AW, 03+ XV,,03 + X3V, 03

2 2
= —ZX'p - ZX%py, (7.60)
z z

The equation (3.22)) can be verified using equations (7.57) and (7.60)).
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The components of RT of V are defined as

4 4
R (01,02) 01 = ;QQ,RT (01,03) 01 = ;Qz,RT (02, 03) 01 =0,

4 4
R (01,02) 02 = —;m,RT (01,03) 02 = 0, R (02, 03) 02 = 50 (7.61)

4 4
R (01,02) 03 = 0, R (01, 03) 03 = *;QlaRT (02, 03) 03 = =502,

hence we can verify the equations (2.8)), (2.9), (2.10) and (2.12).

Similarly, the components of curvature tensor RY of connection V are as under:

S 4 2 9 4 o 2
R (01,02) 01 = 292~ ;QLRT (01,03) 01 = ;@3,@ (02, 03) 01 = ~ 03,

o 4 2 o 2 o 4
RT (Qlu QQ) 02 = _?Ql - ;Q27RT (Ql? 93) 02 = _;Q37RT (Q27 93) 02 = 272@3) (762)

o 4 o 4 o
R (01, 02) 03 = ;Q:%,RT (01,03) 03 = —27@17RT (02,03) 03 = — 202

Thus, we can verify (4.24), (4.28), (4.29) and (4.30)).
S, Az) of connection V can be derived by using (7.61) in
3
ST X1, X) = 326 (RT (05, X1) Xo, 03). It is as under:
i=1

8

St (01, 01) = 8 (02, 02) = ST (03, 03) = 2 (7.63)
St(X1, X1) of connection V can be derived by using equation (7.62) in
Y 3.«
SH(X1, Az) = SSG(RY (04, X1) Az, 0;). Tt is as follows:

i=1
st _ gt _ gt __8
S'(e1,01) = 8" (02,00) = 8" (03,03) = = 3. (7.64)

In view of ([7.63]) and (7.64)), the scalar curvature can be calculated as under:

3
24
k= S(0i,01) = S (01,01) + S" (02, 02) + ST (03, 03) = —
=1

3
o " o v g 24
k= E ST (01 0)) = 8" (01,01) + ST (02, 02) + ST (03, 03) = —
i=1

Thus we see that the example also verify Theorem
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ABSTRACT. In the current article we characterize p-Ricci symmetric (¢-RS) and weakly
¢-Ricci symmetric (weakly ¢-RS) LP-Kenmotsu m-manifolds ((LP-K),,). We also examine
the characteristic of an (LP-K)3 of scalar curvature 6. Moreover, we study (LP-K),, admit-
ting w-parallel Ricci tensor. At last, we construct an example of p-RS (LP-K)s3 to verify
some of our results.

Keywords: Einstein manifold, ¢-Ricci symmetric manifolds, LP-Kenmotsu manifolds,
scalar curvature, Ricci tensor.
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1. INTRODUCTION

Approximately five decades ago, the notion of Kenmotsu manifold as a class of almost
contact metric manifolds was introduced by Kenmotsu [19]. Kenmotsu has proved that a
locally Kenmostu manifold is a warped product Zx; X of an interval Z and a Kahler manifold
N with warping function f(t) = pe!, where p (# 0) is a constant. In 1976, the idea of almost
para-contact Riemannian manifolds was proposed by Sato [20]. Then, as a class of almost

contact Riemannian manifolds, para-Sasakian and Special para-Sasakian manifolds have been
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defined and studied in [I] by Adati and Matsumoto. In 1989, Matsumoto [14] defined and
studied Lorentzian para-Sasakian manifolds. Later, Mihai and Rosca also contribured some
remarks on this manifold [I6]. The authors Sinha and Prasad [22] studied para-Kenmotsu
manifolds. In 2018, the first and second authors proposed and investigated a new class
of Lorentzian almost para-contact metric manifolds namely LP-Kenmotsu manifolds [I1].
Recently, numerous geometers studied LP-Kenmotsu manifolds in many ways to different
point of views such as [2, 17, 12, O, 15] and many others. Several mathematicians have
studied the notion of weakly local symmetric Riemannian manifolds with different approaches
in various fields. In 1977, Takahashi [23] introduced the concept of locally ¢-symmetric
Sasakian manifolds. The ¢-symmetric notion in contact geometry was initiated and studied
by Vanhecke, Buecken and Boeckx [5]. About two decades ago, the authors De, Shaikh and
Biswas have studied @-recurrent Sasakian manifolds [6] by generalizing the idea of locally ¢-
symmetric manifolds. In [8], the author studied ¢-symmetric Kenmotsu manifolds in which
he had given a number of examples. In 2008, De and Sarkar [7] studied ¢-RS Sasakian
manifolds. Later in 2009, ¢-RS Kenmotsu manifold was studied by Shukla and Shukla [21].

This paper is structured in the following manner: Section 2 contains preliminaries, where
some basic results are mentioned. In section 3, we study ¢-RS (LP-K),, and prove that an
(LP-K),, is Einstein manifold, if it is p-symmetric. In section 4, we study of p-RS (LP-K)s,
here we proved that an (LP-K)3 is locally ¢-RS, if and only if r is constant. Section 5 is
devoted to the study of weakly ¢-RS (LP-K),, and it is proven that a weakly ¢-RS (LP-K),,
is an w-Einstein manifold. Section 6 deals with the study of (LP-K),, admitting w-parallel

Ricci tensor. At last an example of (LP-K)3 is modeled to inquire some of our findings.

2. PRELIMINARIES

Let M™ (¢,(,w,g) be a Lorentzian metric manifold, where ¢: (1,1) tensor field, (: a
characteristic vector field, w: a 1-form and g: the Lorentz metric. We are well acquainted

with the following results [3, [4] [18]:

w(eU) =0, (2.1)
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(2.2)

9(U,¢) —w(U) =0,
9(eU, V) = g(U, V) = w(U)w(V), (2.3)
(Vye)V = —g(pU, V) = w(V)eU, (2.4)
V¢ =-U—w(U), (2.5)

for all vector fields U,V on M™ and V represents the Levi-Civita connection of g, then M™
(p,¢,w,g) is said to be an (LP-K),, [11}, 10].
In (LP-K),,, the following results hold:

(Vyw)V = —w(U)w(V) - g(U, V), (2.6)
w(R(U,V)Z) = g(V, Z)w(U) — g(U, Z)w(V), (2.7)
R(U, V)¢ = w(V)U - w(U)V, (2.8)
R(¢,U)V = g(U, V)¢ — w(V)U, (2.9)

S(U,Q) = (m—1w(U), Q¢ =(m—1), (2.10)
(VzR)(U, V)¢ = g(U,Z)Vg(V,2)U + R(U, V)Z, (2.11)
S(eU, V) =S(U, V) + (m — Dw(U)w(V) (2.12)

for all vector fields U, V,Z on (LP-K),,, where R is the Riemannian curvature tensor, S is

the Ricci tensor and Q indicates the Ricci operator such that S(U, V) = g(QU, V).
Remark 2.1. [13] If an (LP-K),, possesses the constant scalar curvature, then r = m(m—1).

3. ¢-RS (LP-K),

We start this section with the following definitions:

Definition 3.1. An (LP-K),, is called
(i) ¢-RS if
P (VyQ)(V) =0, (3.13)
(ii) p-symmetric if
P (VER)(U, V)2) =0 (3.14)
for any vector fields U, V, Z, K on (LP-K)y,. In case, U, V are orthogonal to (, then p-RS
(LP-K)y, is named locally p-RS.
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Definition 3.2. An (LP-K),, is called Einstein manifold, if its S is of the form

S(U’ y) = )‘g(Ua Y),

where \ is a constant.

Theorem 3.1. An (LP-K)p, is p-RS, iff it is Einstein manifold.
Proof. Let an (LP-K),, be ¢-RS. Then we have
P*(VyQ(V) =0,
which by using becomes
(VuQV +w(VyQ)V)¢ = 0. (3.15)

The inner product of (3.15)) with Z lead to

9(VyQV, Z) + w((VyQ)V)w(2) =0,

which after simplification takes the form
9(VY(QY).2) ~ S(VpV. 2) +w((VyQV)w(Z) = 0. (3.16)

By taking V = ¢ in (3.16f), then using (2.5)) and (2.10f), we have

(m = 1)g(Vy¢,2) +S(U, Z2) +w(U)S(¢, Z) + w((VyQ)§w(Z) = 0. (3.17)
Now by virtue of and , turns to
S(U,Z) — (m —1)g(U, 2) + w(VyQ)¢)w(Z) = 0. (3.18)

Substituting U — ¢U as well as Z — ¢Z in (3.18]), we find

S(#U, 9Z) = (m —1)g(U, 7). (3.19)
Keeping in mind and , leads to
S(U,Z) = (m—1)g(U,Z). (3.20)

Conversely, we assume that (LP-K),, is an Einstein manifold. Therefore, by the Definition

3.2, we have QU = AU, from which we conclude
P*(VyQ)(V)) =0.

This completes the proof. O

Corollary 3.1. An (LP-K),, is Einstein manifold, if it is p-symmetric.
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Proof. Let an (LP-K),, be ¢-symmetric manifold. Then we have
P*(VKR)(U,V)Z) =0

for any vector fields U, V, Z, K on (LP-K),,.

By using (2.2)) in (3.21)), it yields

(VKR)(U, V)Z — g((VKR)(U, V)¢, 2)¢ = 0.

Now in view of (2.11)), (3.22)) takes the form

On contracting (3.23)), we obtain

(VKS)(V,Z) — g(V, Z)w(K) + g(V,K)w(Z) + w(R(K,Z)V) = 0.

By virtue of (2.7)), equation (3.24]) reduces to

(VKS)(V,Z) =0.

Consequenty, we obtain

P*(VKS)(V,2)) =0.

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

Thus ¢-symmetric (LP-K),, is ¢-RS. And hence Corollary 3.1 follows from Theorem 3.1. [J

4. ¢-RS (LP-K)3

Theorem 4.1. In case, the scalar curvature v of an (LP-K)s3 is 6, then (LP-K)3 is ¢-RS.

Proof. In an (LP-K)3, the curvature tensor R is given by [11, 24]

RUVZ = (5-2)9(V.2)U - g(U.Z)V]

for all vector fields U, V,Z on (LP-K)s.
The inner product of (4.27) with K leads to

(4.27)

(4.28)
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Let {l;,15,15} be the orthonormal basis of the tangent space at every point of (LP-K)3. Now
setting U = K = [; as well as proceeding for sum from i = 1 to 3 in equation (4.28)), it

provides
S(V.2) = (% —1)g(V,Z) + (% = 3w(V)w(Z). (4.29)
From it follows that
QV = (5 — DV + (5 = 3)w(V)C. (4.30)

(kYY) = (- 0vgev+ BBy BB e sy @gwvc
+(5 = BW(VKVIC + (5 — 3)w(V)VkC (4.31)

gy = EBy o B e s £ aywge)wi (4.32)
+(5 = Bw(V) V¢

W@y = Py B we (v (1.33)
— (5~ IWVI(K)C ~ (5 = 3)W(VK + w(V)w(K)C.

By operating ©? on both the sides of (4.33), then using (2.1)) and (2.2), we arrive at

(V) = P v - (£ - L) +wE®)0) (434

Since r = 6, therefore, from (4.34]) it follows that

¢’ (VKQ)V) =0. (4.35)

Hence, this completes the proof. Il

Corollary 4.1. An (LP-K)s is locally ¢-RS, if and only if r is constant.

Proof. By taking V as orthogonal to (, then (4.34]) provides

A(VKQV) = )

< 5 V. (4.36)

The result follows from (4.36)) and Theorem 4.1. O
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5. WEAKLY ¢-RS (LP-K),,

Definition 5.1. An (LP-K),, is called weakly p-RS if its Ricci operator @ satisfies

P (V1) = A(D)*(QV) + B(V)*(QD)) + S(V, V)¢ (p), (5.37)

where U,V € (LP-K),,. A, B, D are 1-forms and p is a vector field associated with 1-form
D, i.e., g(p, 2) = D(2).

If the 1-forms A = B = D = 0, then the relation (5.37)) reduces to the concept of ©-RS

given by

P*(VyQ(Y)) =0. (5.38)

This concept was initiated by Shukla and Shukla [21].

Now, we consider an (LP-K),,, which is weakly ¢ Ricci symmetric. Consequently, the

relation (5.37) together with (2.2]) gives

(VyQ(V) +w((VyQ)(V)¢ = AU)QV +w(QV)(]+ B(V)[QU + w(QU)(]

+S(V, U)[p +w(p)c],

which can be written as

U(QV) = Q(VyV) +w(Vy(QVY) — Q(Vy V)¢ = A(U)QV

+ A(U)w(QV)¢ + B(V)[QU +w(QU)(] + S(V, U)p+ S(V, U)w(p)¢.  (5.39)

<

Taking the inner product of ([5.39)) with Z and using ({2.2)), we have

(QV),Z) = 9(Q(VyV), Z) + w(Vy(QV) - Q(VyV))w(Z) (5.40)

where g(p,Z) = D(Z).
Setting V = ¢ in ([5.40)), it yields
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By using (2.5) and (2.10) in (5.41)), it gives
S(U,Z)[1 - B(Q)] = (m—1)[g(U,2)+w(U)D(2)] (5.42)

+(m = D[B(C) + w(p)lw(U)w(Z).

Applying U — U and Z — ¢Z in (5.42)), then using relation (2.1f), (2.3) and (2.12)), we

lead to

[1=B(QIS(U,2) + (m = D1 = B(Qlw(U)w(Z) = (m - 1)[g(U,

N

) +w(U)w(2)],

which is of the form

S(U,2) = ug(U, 2) + (U)o (2), (5.43)
where p = 1(77—15(1()) and v = (n;:lB)i()o, provided, 1 — B(¢) # 0. Thus, we state the

following theorem:
Theorem 5.1. A weakly o-RS (LP-K),, is an w-FEinstein manifold.

6. (LP-K),, ADMITTING w-PARALLEL RICCI TENSOR

Definition 6.1. The Ricci tensor of an (LP-K),, is said to be w-parallel if it satisfies

(VyS) eV, p2) =0, (6.44)
for all vector fields U, V, Z on (LP-K),.

Let the Ricci tensor of an (LP-K),, be w-parallel, therefore (6.44) holds. By the covariant

differentiation of S(¢V, pZ) along U, we have

(VuS)(eV,9Z) = Vy(S(pV,¢Z)) - S(Vye)V, ¢Z)

(VuS)(eV.9Z) = (VyS)(V,Z)+S(VyV,Z) +S(V,Vy2)
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In view of (2.4)), (2.6, (2.10) and (2.12)) the foregoing equation turns to

(VuS)(eV.¢Z) = (VyS)(V,Z) - (n—1)g(U, V)w(Z)

which by virtue of (6.44]) gives

(VuSI(V,Z2) = (n—1)[g(U, V)w(Z) + g(U, Z)w(V)] (6.45)

Let {ly,15,15....... ,1,,} be the orthonormal basis of the tangent space at every point of (LP-

K);,. Now setting V = Z = [, as well as proceeding for sum from ¢ = 1 to m in equation

(6.45)), it provides

S @(VyS) L) = (n—1)€lg(UL)gL, <) + 9(U,1)g(;, )] (6.46)
i=1 =1
— Y al9(QU, L), <) + 9(QU,L)g(L, ),
=1

where €¢; = g(ey,e;). From ([6.46) it follows that
dr(U) =0. (6.47)

Thus, we conclude that dr = 0, i.e., r is constant and it is given by r = m(m — 1). Moreover,

since S(U, V) = ¢(QU, V), then we obtain
vU|Q’2 = 22629 )ezagez) (648)
By using (6.45]) in above equation, we find

VylQP =2 eg((VyQ)er, Qei) = 0. (6.49)

This implies that

1QI* = constant, (6.50)

where Q is the Ricci operator. Hence, the relations (6.47)) and (6.50) lead to the following

result:

Theorem 6.1. The scalar curvature of an (LP-K)p~3 with the w-parallel Ricci tensor is

constant. Moreover, the norm of the Ricci operator is also constant.
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7. ILLUSTRATION
We take a 3-dimensional smooth manifold M? = {(u,v,w) € R3 : w > 0)}, where (u,v, w)

denotes the basic coordinates on a 3-dimensional real space R3. Consider the vector fields

{1;,15,15}, which is linearly independent on M? and defined as

0

0

1, = (sinhw + coshv_v)é, 1, = (sinhw + coshw)

Ju

We define the Lorentz metric g on M3 as:

—1 forp=gq=3,
9pq = g(ljmlq) =40 for b 75 q,
1 p=q=1,2.

Assume w be a 1-form corresponding to the Lorentz metric g such that

w(U) = g(U,1;)

for any U € X(M?), where X(M?3), denotes the collection of all smooth vector fields on M?3.

We define ¢ as follows
i) =L, ¢la) =1, »(s) =0.

Since ¢ and g have linear nature, so it can be easily proved the following results:
w(ls) +1=0, P*(U) = U —w(U)l =0, 9(¢U, V) = g(U, V) —w(U)w(V) =0

for all U,V € X(M?3). This implies that for 13 = ¢, the structure (p,(,w,g) defines a
Lorentzian paracontact structure and (M3, p,(,w,g) is a Lorentzian paracontact manifold
of dimension 3. The non-zero constituents of the Lie bracket are given as

lpap == 17 27

[l37 lp] =
0, otherwise.

The well-known Koszul’s formula provides

_l?np =4q= 17 27
vlplq: _lpap: 1727q:37
0, otherwise.
From the above equations, it can be easily verified that Vyly = —{U + w(U)l3} and

(@Ugo)\_/ = —g(¢U, V)¢ — w(V)pU holds for each U,V € X(M?3). Hence the Lorentzian
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paracontact manifold is an (LP-K)3. From the above equations, the non-zero constituents of

R are evaluated as follows

3(12711)12 = —117 3(12713)12 = —137 B(l 711)13 :lla

3(1271 )13 = —ly, 3(12711)11 =1y, 3(11713)11 = —13-

Thus we have

R(U,V)Z = —g(U,2)V + g(V,Z)U, (7.51)

which is a space of constant curvature 1.

The matrix representation of S is given by

2.0 0
S=102 0
00 —2

Thus we find r = 6. From it follows that S(U,V) = 2¢(U,V) = QU = 2U, which
implies that goQ((vWQ)U) = 0. As we see that M3 is p-RS with the scalar curvature 6.
Thus this illustration proves Theorem 4.1. Since M3 is ¢-RS and Einstein, this illustration
also admits Theorem 3.4 for three dimensional case.
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ABSTRACT. The aim of this work is to find the existence/non-existence of Yamabe solitons
and gradient Yamabe solitons of Sols space with left-invariant Riemannian and Lorentzian
metric. We show that there exists an expanding Yamabe soliton and a gradient Yamabe
soliton with a constant potential function on Sols space.
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1. INTRODUCTION

Thurston [I2] gave a classification of 3-dimensional homogeneous manifolds into eight
model spaces, which are real space forms having groups of isometries of dimension 6, S? x R,
H? x R, Nils the Heisenberg group, the universal covering SAITQR of SLoR having a group
of isometries of dimension 4, and Sols space with a group of isometries of dimension 3. The
Sols space is a simply connected homogeneous 3-dimensional manifold having the smallest
number of isometries. The Poincaré conjecture is a special case of the Thurston conjecture,
which states that every compact orientable 3-manifold has a canonical decomposition into
pieces that each have one of the eight types of geometric structures. In the last three decades,
there have been extensive studies to understand this problem; however, the most important
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efforts are due to R. Hamilton [5]. G. Perelman gave a proof of the Thurston conjecture
using Ricci flow. Henceforth, this technique attracted the attention of researchers to study
problems in homogeneous spaces. Although most of the investigation has been done in the
case of the Riemannian setting using the Ricci flow technique (see [9, [10] 8] and references
therein). However, in the Lorentzian setting, it has been studied in the last decade (see
[2, [7]). Yamabe flows are well-posed in the Riemannian setting, which may not be true in
the Lorentzian case due to the non-existence of short-time solutions in general because of the
lack of parabolicity. In this paper, we study Yamabe soliton and gradient Yamabe soliton on
Sols space with left-invariant Riemannian and Lorentzian metrics.

A Yamabe soliton on a complete Riemannian manifold satisfies [5] :

SLvg= (v g, (1)

where Ly is the Lie-derivative along the smooth potential field V', g is the Riemannian metric,
v a real scalar, and r is the scalar curvature of g. Also, Yamabe solitons serve as solutions
of the Yamabe flow of Hamilton [5], which develops along the symmetries of the flow. The
soliton is steady, shrinking or expanding if v = 0, > 0, or < 0, respectively. If V = grad F’
for some real-valued function F' € C'°°(M), then it is called the gradient Yamabe soliton.
On a smooth Riemannian manifold (M, gg), the evolution of the metric go in time ¢ to

g = g(t) through the equation

%gt = —rg, 9(0) = go,
is known as the Yamabe flow [5]. Yamabe flow is significant as it is a natural geometric
deformation to metrics of constant scalar curvature. In mathematical physics, Yamabe flow
corresponds to the fast diffusion case of the porous medium equation (the plasma equation).
A Yamabe soliton is a special solution of the Yamabe flow. If V is Killing, then Yamabe
soliton is called trivial Yamabe soliton.

In 2012, Calvino-Louzao et al. [3] gave a geometric characterization of Yamabe solitons on
three-dimensional homogeneous Lorentzian manifolds. In 2013, Daskalopoulos and Sesum
[4] classified the locally conformally flat gradient Yamabe solitons with positive sectional
curvature. In 2017, Neto and Tenenblat [6] investigated gradient Yamabe solitons, conformal
to an n—dimensional pseudo-Euclidean space. Recently, Shaikh et al. [II] examined a
gradient Yamabe soliton with some additional conditions and proved that it must be of

constant scalar curvature.
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The article is organised as follows: In Section 2, we recall the group structure, connection,
and curvature of the Sols group. In Section 3, we investigate Yamabe and gradient Yamabe
solitons on Sols space with the Riemannian metric. In Section 4, we examine Yamabe and

gradient Yamabe solitons on Sols space with the Lorentzian metric.

2. PRELIMINARIES

In this section we recall some basic facts on Sols given in [IJ.

The Sols space is defined as a group of 3 x 3 matrices

e 0 «x
0 ez Yy )
0 0 1

with the group structure given by
(@, 2 ) x (2, y,2) = (elex +a e y+y 2+ 2,

where (z,y, z) € R3.
We denote by V and R the Levi-Civita connection and the Riemann curvature tensor of

(Sols, g), respectively, such that R is given by
R(X,Y)Z =VxVyZ —-VyVxZ —Vxy|Z,

and by Ric the Ricci tensor of (Sols, g), which is defined by

3
Ric(X,Y) = g(Ex, Ex)g(R(Eg, X)Y, Ey),
k=1

where {Ej}r=1,. 3 is an orthonormal basis.

3. YAMABE AND GRADIENT YAMABE SOLITONS ON Sol3 SPACE WITH RIEMANNIAN

METRIC

In this section, we examine the existence of Yamabe and gradient Yamabe solitons on a
three-dimensional solvable Lie group (Sols, g) with the Riemannian metric.

We consider Sols space with a left-invariant Riemannian metric

g = e**da® 4+ e ¥ dy? + d2?, (3.2)
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with a left-invariant orthonormal frame {E1, E9, F3} given by

0 0 0
Ei=e¢e*—,Ey=¢"—, B3 =—, 3.3
1683326811382 (3:3)
where (z,y, z) € R3.
The non-vanishing Lie brackets are
[En, B3] = En, [Es, B3] = —Es. (3.4)
Using (3.2), (3.3), and (3.4]), the Levi-Civita connection V is given by
—FE;s 0 FE;
(inEj) = 0 Es —FEs |, (3.5)
0 0 0
where i, j = 1,2, 3.
The non-vanishing components of Riemann curvature tensor and Ricci tensor are
R(E1, E3)Ey = —Ey = R(E», E3)Es, R(Ej, E3)E; = Es, forj =1,2, (36)
3.6
R(Ey, E3)E3 = —FE1, R(Ey, E2)Ey = Er, S(E3, F3) = —2.
The scalar curvature r of the Riemannian Sols Lie group is
3
r=> g(Ei, E)S(E;, E;) = —2. (3.7)
i=1
Let
V = fiE1 + foEs + f3E3, (3.8)

be an arbitrary potential vector field on (Sols, g), where fi, fo and f3 are smooth functions
of z, y and z. We denote the coordinate basis {%, 8%7 %} by {0z, 0y, 0.}.

Now, we have

Theorem 3.1. The Sols space with a left-invariant Riemannian metric given by sat-

isfies a Yamabe soliton equation
Lyg=2(-2-r)g,
with
V = (o — 642)05 + (02 + 64y)0y + 640..,

where a1, as, 04 € R. Moreover, the left-invariant Riemannian metric s an expanding

Yamabe soliton.
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Proof. In view of (3.2) and (3.8)), we have

(Lvg)(Er, Ev) = 2(f3 + e %0 f1), (Lvg)(Er, B2) = e %0, fo + €0, f1,
(Lvg)(E1, Bs) = e 20y f3 — f1+ 02 f1, (Lvg)(Ea, B2) = —2(f3 — €29y f2), (3.9)
(Lvg)(E2, E3) = €0y f3 + fa + 0. f2, (Lvg)(E3, E3) = 20, f3.

Thus, by using (3.2), (3.7), and (3.9) in (L.1), we find that (Sol3, g) is a Yamabe soliton if

and only if the following system of equations holds:

fate 0 fi=v+2 (3.10)
e “Opfa+€°0yf1 =0, (3.11)
e 0;f3—fi+0.f1=0, (3.12)
—f3+€e*0yfo=v+2, (3.13)
e“0yfs + fo+ 0.fo =0, (3.14)
O:fzs=v+2. (3.15)
From , we get
fa=Ww+2)z+ F(z,y), (3.16)

where F' = F(x,7) is a real-valued smooth function on R2.

From , we obtain
Ofi=e((v+2)— (v+2)z-F). (3.17)
Differentiating with respect to z, we get
0.0, f1=—e*((v+2)z+ F). (3.18)

Differentiating (3.12)) with respect to x, and using (3.16)), (3.17), and (3.18)) therein we
find v = —2 and

O2F = 0. (3.19)
Further, gives
Oyfo=e*((v+2)+Wv+2)z+F). (3.20)
Differentiating with respect to z, we obtain

0.0,fr = — (v +2)z + F). (3.21)
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Next, differentiating (3.14)) with respect to y and therein using (3.16), (3.20)), and (3.21),

we find v = —2 and

N nl
O2F =

From (3.16)), (3.19), and (3.22), we derive that

where §; € R.

f3 = F(z,y) = 012 + d2y + d3zy + 04,

From (3.10) and (3.23)), we get

2

0z
fr = =" (- + Gy

2

where T is a smooth function.

From and (| -7 we obtain

fo=¢e" (511‘3/ +

where [ is a smooth function.

Using (3.24)) and - in -, we get

<Z(9T—i—e 2Z<6 y+(53y ))+(e—za$f <5a:+537x>>:0.

2

53ym2
+

Sy Ogzy?

2+2

+ 54:6) +T(y, 2),

+bay) + 1w, 2),

2

Since ([3.26)) holds for all values of z, therefore, it implies that

0T + e~ 22(5 y+ bsy” ) 0, e*‘zazf—ezz(égx%- 53%) =0.

2

By integration (3.27)) gives

T:

2 6

hy?  Osyd -
_6732( 1Y + 3Y )+T(Z), I:eSZ

where T and I are smooth functions. So,

fi=

2 2
fao=e7* (519614 + 02 g Sty 641/) +ede (B 4 Sty

—e (% + doxy + 763‘%12 + 54x) —e 32 (5152 + %) +T(2),
I

(2)-

Now putting the values of f; and f3 in (3.12)), we obtain

6_2((51 _|_53y) + de —32(

Siy?  0sy?
2 + 6

) T(z) +T'(z) = 0.

Since ([3.30)) holds for all z, therefore, it gives that §; = d3 = 0, and

where a1 € R.

_ z
T = aje®,

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)
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Putting the values of fy and f3 in (3.14]), we find

dpa i ‘53373) +I(z)+ I'(z) = 0. (3.31)

e* ((52 + (531‘) + 4632( 5 5

Since ([3.31)) holds for all z, therefore, it implies that d; = d3 = 0, and
I = e ?,

where as € R.

Hence, the solution of the system of equations (3.10)~(3.15) is given by
fi= (o1 —daz)e*,  fo=(az+day)e ™, f3=10a, (3.32)

where a1, ao, 44 € R.
Hence, the Riemannian three-dimensional Lie group Sol; admits an expanding Yamabe

soliton for appropriate vector fields given by (3.32)). ]

Theorem 3.2. The Sols space with a left-invariant Riemannian metric given by sat-

isfies a gradient Yamabe soliton equation

‘Cgrang = 2(_2 - 74)97

where the potential function F' is constant.

Proof. Let V. = grad F' be an arbitrary gradient vector field on (Sols,g) with potential
function F. Then V is given by

grad F = e 0, F 0, + ¢** 0,F 9y + 0,F 0,.

From (3.32), we see that (Sols, g) is a gradient Yamabe soliton if and only if the potential

function F' satisfies the following systems:

0. F = e¥(ay —dyx), (3.33)
F = e *(az+duy), (3.34)
9.F = 6, (3.35)

Differentiating (3.33)) with respect to z and (3.35)) with respect to =, and equating them

we obtain

2e%* () — d4z) = 0, (3.36)
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which gives a; = 0 and d4 = 0. Further, taking the derivative of (3.34)) with respect to z and

(13.35)) with respect to y and equating them we get
2¢ % (ag + d4y) = 0,

which gives ag = 0 and d4 = 0. So, F' = constant. Hence the result.

(3.37)

O

4. YAMABE AND GRADIENT YAMABE SOLITONS ON Sol3 SPACE WITH LORENTZIAN

METRIC

In this section, we examine the existence of Yamabe and gradient Yamabe solitons on a

three-dimensional solvable Lie group with the Lorentzian metric.

We consider Sols space with a left-invariant Lorentzian metric
g = e¥da® — e ?2dy? + d2°,

with a left-invariant orthonormal frame {E1, Eo, F3} given by

9
ox

B, B,
Ey=e"—, E3= —
72 € 73 az’

By =¢*
1 € ay

where (z,y, 2z) € R3.

The non-vanishing Lie brackets are

[E1, B3] = Ey, [Ea, B3] = —Ej.

Using (4.38)), (4.39), and (4.40) the Levi-Civita connection is given by

—BE; 0 E
(Vi Ej) = 0 —-FE3 —Es|,
0 0 0

where i, j = 1,2, 3.

The non-vanishing components of Riemann curvature tensor and Ricci tensor are

R(E1, Ej)E; = —Eq,forj = 2,3, R(E1, Ey) By = —Ey = R(Es, E3)E3,

R(Eh E3)E1 = E3 = _R(E27 E3)E27 S(E?n E3> =—2.

The scalar curvature r of the Lorentzian Sols Lie group is

3

r = Zg(EzaEz)S(EzaEz) = 2.
i=1

Now, we have

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)
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Theorem 4.1. The Sols space with a left-invariant Lorentzian metric given by satis-

fies a Yamabe soliton equation
Lyg=2(=2-r)g,
with
V = (B1 — 747)0x + (B2 + 72y) 0y + 740-,

where By, B2, 74 € R. Moreover, the left-invariant Lorentzian metric s an expanding

Yamabe soliton.

Proof. In view of and , we have
(Lvg)(Er, Er) = 2(f3 + €20 f1), (Lvg)(E1, B2) = —e *0, fo + €0, f1,
(Lvg)(E1, E3) = e 20, f3 — f1 + 0..f1, (Lvg)(E2, E2) = 2(f3 — €70y fa), (4.44)
(Lvg)(Ea, E3) = €0y f3 — fo — 0. f2, (Lvg)(Es, E3) = 20, f3.

Thus, by using (4.38)), (4.43)), and (4.44)) in (1.1]), we find that (Sols, g) is a Yamabe soliton

if and only if the following system of equations holds,

fateFofi=v+2, (4.45)
—e 0, fo + ezayfl =0, (4.46)
e 0 fs — f1+0.f1 =0, (4.47)
f3—€*0yfo=—v -2, (4.48)
€0y fs — fa —0.f2 =0, (4.49)
0.f3 =v+2. (4.50)
From , we get
fs=W+2)z+ H(z,y), (4.51)

where H = H(z,y) is a real-valued smooth function on R2,

Using (4.51) in (4.48)), we obtain
Oyfo=e*((v+2)+ (v+2)2+H). (4.52)
Differentiating (4.52)) with respect to z, we get

0.0y f2 = —e *((v+2)z+ H). (4.53)
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Further, diferentiating (4.49) with respect to y and using (4.51)~(4.53)), we find that
v =—2and

02H = 0. (4.54)
On the other hand, using in , we obtain
Oufi =€ ((v+2)— (v+2)z—H). (4.55)
Differentiating with respect to z, we get
0.0, f1=—e*((v+2)z+ H). (4.56)

Further, differentiating (4.47)) with respect to = and using (4.51)), (4.55), and (4.56), we
find that v = —2 and

O’H = 0. (4.57)

From (4.51)), (4.54)), and (4.57)), we derive that

fa = H(z,y) = M1z + 72y + 132y + 74, (4.58)
where v; € R.
From and ( -, we get
x x?
fi= —ez(% + ey + L5+ uz) + K(y,2), (4.59)

where K is a smooth function.

From and (| -7 we obtain

2

fo=¢e* <'yl:cy + % + 2 + ’y4y> + L(z, 2), (4.60)
where L is a smooth function.
Using (4.59) and - in -, we get
(ezc‘)yK —e (71y + %)) - (efzaxL + e* ("ygl‘ + %)) =0. (4.61)

Since (4.61)) holds for all values of z, therefore, it implies that

0y K — e~ (’y y+ %) 0, e ?0,L+ e* (723: + %) =0. (4.62)
By integration (4.62]) gives
52Ny BYy o Y e A
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where K and L are smooth functions. So, from (4.59) and (4.60), we get

fi= —ez<# + oy + BLE 4 741‘) +e (% + %’3> + K(2),

fr= o= (may + B+ B2 4 qy) - (5 52 4+ L),
Now, putting the values of f; and f3 in (4.47)), we obtain

e * (1 +73y) — e (712y2 + ’Y36?/3> -~ K(2) + K'(2) =0.

Since holds for all z, therefore, it gives that v; = 3 = 0, and

K = pié€?,
where 81 € R.
Putting the values of fs and f3 in , we find
e*(v2 + 3z) + 4e%* (72;2 + %g«i’)) — L(z) — L'(z) = 0.

Since holds for all z, therefore, it implies that v9 = v3 = 0, and

L= pse?,

where (5 € R.

Hence, the solution of the system of equations (4.45))~(4.50)) is given by
fi= (B —mnz)e®, fo=(B2+myle™ ™, f3=mn,

where 1, 82, 74 € R.

55

(4.64)

(4.65)

(4.66)

(4.67)

Hence Lorentzian three-dimensional Lie group Sols admits an expanding Yamabe soliton

for appropriate vector fields given by (4.67)).

g

Theorem 4.2. The Sols space with a left-invariant Lorentzian metric given by satis-

fies a gradient Yamabe soliton equation

Egrang = 2(_2 - 7“)97

where the potential function F' is constant.

Proof. Let V. = grad F' be an arbitrary gradient vector field on (Sols, g) with potential

function F'. Then V is given by

grad F = e %0, F 8, + €** OyF 0y + 0. F 0.
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From (4.67), we see that (Sols, g) is a gradient Yamabe soliton if and only if the potential

function F' satisfies the following systems:

F = (B —yx), (4.68)
9F = e (B2 +y), (4.69)
o.F = . (4.70)

Differentiating (4.68) with respect to z and (4.70]) with respect to z, and equating them

we obtain
2e%* () — yaz) = 0, (4.71)

which gives 81 = 0 and 74 = 0. Further, taking the derivative of (4.69) with respect to z and

(4.70) with respect to y and equating them we get
272 (By 4+ y4y) = 0, (4.72)
which gives S = 0 and 4 = 0. So, F' = constant. Hence the result. O
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ABSTRACT. In the current research, we quantify the almost generalized Ricci soliton (AGRS)
on the trans-para-Sasakian manifold (7'PS-manifold) as well as the gradient almost gener-
alized Ricci soliton (GAGRS). Trans-para Sasakian manifolds that meet certain criteria are
also required to be Einstein manifolds. It is demonstrated that the almost generalized Ricci
soliton equation is also satisfied by some manifolds, notably S-para-Kenmotsu manifolds, a-
para-Sasakian. The fact that a compact trans-para-Sasakian admits both a convex Einstein
potential with non-negative scalar curvature and a gradient almost generalized Ricci soliton
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1. INTRODUCTION

The most important geometrical tool to explain the geometric structures in Riemannian
geometry (semi-Riemannian) over the last two decades has been the theory of geometric
flows. Since they arise as potential models of discontinuities, the study of discontinuities
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(singularities) of the flows involves a special class of solutions where the metric changes
via dilations and diffeomorphisms. They are often called soliton solutions. In 1982, R. S.
Hamilton [I0] developed the idea of Ricci flow such that

dg

a = _2Sric(g)' (1'1)

On a Riemannian manifold (M, g), a Ricci soliton struture (g, V, \) can be expressed by

1
Sric + iﬁgg—l—Ag: 0, (1.2)

here £y is the Lie derivative along the vector field 8, A is a scalar, and S, is the Ricci tensor.
Ricci soliton is defined as A < 0, A =0, and A > 0, respectively. It can also be described as
expanding, stable, or shrinking.

Equation takes on the form of a gradient Ricci soliton if the vector field § = grad(v),

where 9 is potential function on manifold.

Hessyp = Spie + Ag. (1.3)

Pigola et al. [21] argue that if we consider A € C°°(M ), sometimes referred to as a soliton

function, so we could assert that (M, g) is almost generalized Ricci solitons (AGRS).

Plenty of mathematicians are drawn to this idea. Therefore, how self-similar solutions
are categorized to Ricci flows has received a lot of attention in recent years.This problem
has significant practical implications in fields such as thermodynamics, control theory, op-
tics, mechanics, phase space of dynamical systems, and many other departments of pure
mathematics.

Ricci solitons are significant because they are both logical generalizations of Einstein met-
rics. A few generalizations, for example quasi-Einstein manifolds [4], generalized quasi-
Einstein manifolds [5] and gradient Ricci solitons [3], are crucial in the solutions of some

manifolds have their local structure derived from Ricci flows.

Overarching in reference [19], Nurowski and Randall initially defined Ricci soliton as a

kind of over determined framework for equations.

1
5809 — bSric — Ag + ad* @U* =0, (1.4)
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where U* denotes the canonical 1-from and a, b are real constants .

If U = Vip , where ¢p € C°(M), (M,g) is referred to as a gradient almost generalized
Ricci soliton (GAGRS) in that case. As a result, (1.4 becomes

V2 — 268, — 2Ag + 2ald* @ UF = 0. (1.5)

However, Kaneyuki and Konzai started researching an almost para-contact structure on
semi-Riemannian manifolds [12]. Zamkovoy has done extensive research on para contact
metric manifolds [35]. Furthermore, trans-para-Sasakian manifold geometry was given by
Zamkovoy in 2019 [37]. Siddiqi also has investigated lightlike hypersurfaces [27] and null
hypersurfaces of trans-para-Sasakian manifold [26].

Structures that are an almost contact manifold M are known as trans-Sasakian structures
[20], if M x R, the product manifolds, are members of class W, [9]. Marrero and Chinea are
fully characterized trans-Sasakian structures of type (o, 3) in [16].

The trans-para-Sasakian manifolds are seen by Zamkovoy in [37] as an analogy of the
trans-Sasakian manifolds. A trans-para-Sasakian structure of type («, ), where a and
are smooth functions, is called a trans-para-Sasakian manifold [28]. The manifolds of type
(a, B) that are trans-para-Sasakian are the para-Sasakian manifolds in the case of a = 1,
the para-Kenmostu manifolds in the case of 5 =1 [37], and the para-cosympletic manifolds
(= p=0) [13].

During last two decades, many geometers exclusively studied the Ricci solitons and an
extension [24] of Ricci solitons namely, n-Ricci solitons on different manifolds such as Rie-
mannian manifold [22], Kenmotsu manifold [I8], K-contact manifolds and (k, u)-contact
manifolds [29] and trans-Sasakian manifolds [31]. Following Siddiqi [25], who also discussed
generalized Ricci soliton. Mekki and Cherif studied another generic concept known as gener-
alized Ricci soliton on Sasakian manifolds [I7]. In this research note, we studied the almost
generalized Ricci soliton and almost gradient generalized Ricci soliton in trans-para-Sasakian

manifolds as a result of the aforementioned sources and comments.

2. PRELIMINARIES

If a (2n + 1)-dimensional smooth manifold © admits a vector field ¢, a 1-form ~, and

a tensor field ® of type (1,1), and a pseudo-Riemannian metric g then it has an almost
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paracontact structure (®,(, 7, ¢g) such that [2]

Pp=p—(p), @()=0, y02=0, () =1L (2.6)

The definition of almost paracontact structure immediately leads to the rank 2n of the

endomorphism &.

9(®p, @q) = —g(p,q) +v(P)¥(9), (2.7)

then ¢ is said to be compatible with signature (n + 1,n) and © has an almost paracontact
metric structure.
Observe that when ¢ = ( is set, v(p) = g(p, (). Moreover, a compatible metric admits any

almost paracontact structure. If

9(p, ®q) = dv(p, q),

where dv(p,q) = 1(pv(q) — ¢7(p) — ¥([p. q]), then v is a paracontact form and the almost

paracontact metric manifold (0, ®,~,(, g) is defined as a paracontact metric manifold.

2n+1)

An almost paracomplex structure on the product 6 X R easily arises from a paracon-

2n+1)

tact structure on a O . The provided paracontact metric manifold is called para-Sasakian

if this almost paracomplex structure is integrable. Comparably, a paracontact metric mani-

fold is a para-Sasakian if and only if (see [36]).

(Vp®)g = —g(p, )¢ +v(a)p, (2.8)

the manifold (0, ®, (,~, g) of dimension (2n + 1) is said to be trans-para-Sasakian manifolds
(T'PS-manifolds) if and only if

(Vp@)Y = a(—g(p, )¢ + v(a)p) + Blg(p, 2q)¢ + v(q) Pp), (2.9)
from , we also have
V¢ = —a®p — B(p — v(p)S). (2.10)
The gradient of a smooth function ¥ on © is defined as follows
g(grady, p) = p(s). (2.11)
The definition of ¥’s Hesstan is

(Hess¥)(p,q) = g(Vpgrad¥,q), (2.12)
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where p,q € I'(TO).

We defined p € T(TO). U* € T(TO) by

U (q) = g(p, q)- (2.13)

The AGRS equation in Riemannian manifold © is given by [19]
£og = —2ald* ©U* + 2bS,;. + 2Ag, (2.14)
where p € I'(T'©) and the Lie-derivative is defined as

(L09)(q,t) = g(Vgb.1) + g(Vib, q) (2.15)

where ¢,t € T'(T©). Equation (1.4]), furthermore, is refers to an expansion of
If a =b= A =0, then Killing’s equation.

If @ = b =0, then equation for homotheties.

(1)

(2)

(3) If a =0,b= —1,then Ricci soliton.
(4) fa=1,b= , then Einstein-Weyl geometry.
(5)

— 2,)\ = 0, then we have metric projective structures with skew-
symmetric Ricci tensor in projective class.

(6) If a =1,b =1, then we have Vacuum near-horzion geometry equation ( for more
details see [7], [8], [11], [14]).

A generalization of Einstein manifolds [5] is given by equation (1.4). Observe that the
gradient AGRS equation is provided by: if p = gradiy, where 1, A € C*°(0)

Hessy + adf © df = bSyic + Ag. (2.16)

3. GRADIENT ALMOST GENERALIZED RICCI SOLITON ON TRANS PARA SASAKIAN

MANIFOLDS

The following relations hold in a (2n + 1)-dimensional 7'PS manifold © [37]:

R(p, q)¢ = —(a® + B*)[v(q)p — v(p)q] — 2aB8[v(q)®p — 7(p)Pq] (3.17)
+[(qe)@p — (pa)Pq + (qB)2%p — (pB)@7q].
Srie(p,¢) = [(—2n(a® + 8%) — ((B)]v(p) + ((Pp)a) + (n — 2)(pB), (3.18)

Q¢ = —2n(a? + %) — (CB))¢ + ®(grada) — (n — 2)(gradp), (3.19)
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where @ is the Ricci operator provided by Syi.(p, ¢) = g(Qp, q), and R is the curvature tensor.

Furthermore, we have a T'PS manifold
¢ (grada) = —(2n — 1)(gradp), (3.20)

2af — (Ca) = 0. (3.21)

Lemma [15] follows from combining (3.17)) and (3.21) for constants o and /.

Lemma 3.1. [I5] Let (0@"+Y &, ~,¢, g) be a TPS-manifold. Then we have

R(p. a)¢ = —(o® + %) [v(@)p — 7(p)g, (3.22)
R(C @)t = —(a® + B%)[g(g, )¢ — (1)), (3.23)
Srie(p: ¢) = =2n(a” + 8*)y(p), (3.24)
(Vpr)g = ag(p, 2q) — B(g(p, ) — (p)7(2)), (3.25)
Q¢ = —[2n(a® + )], (3.26)

where for all p,q,t € T(O).

Example 3.1. Let (z,y,z) be the Cartesian coordinates in R3. Assume a 3-dimensional
manifold © = {(x,y,2) € R3|z # 0}. Let the linearly independent vector fields &1,E2,E3 are

linearly independent at each point of © defined as

0 0 0 0
51=€Z(%+y$), ggzez@, 53=$.

Let g be the pseudo-Riemannian metric defined by

9(&1,61) = —9(E2,E2) = g(&3,E3) =1, g(&1,E2) = g(E2,E3) = g(&3,&1) = 0.

Moreover, the 1-form « is given by ( = & and v(p) = g(p,€3). Let ® be the (1,1) tensor
field defined by
O(&)) =&, (&) =&1, (&) =0,

for any vector field p on ©. Using the linearity of ® and g, we then obtain v(&3) = 1,

¢*p =p —y(p)¢, with ¢ = &s.
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Moreover, for all vector fields p and ¢ on ©, we have

9(®p, ®q) = —g(p, q) +v(p)¥(q)-

Therefore, in R3, the structure (®, (, v, g) defines a paracontact structure for & = ¢ [36]. Let
R be the curvature tensor of g and V be the Levi-Civita connection with respect to metric

g. Next, we have
[51, 82] = yezé'g — 62283 [51, 53} = —53 [52, 53] = —82.
Now, we have Koszul’s formula

29(Vpa,t) = pg(q,t) + q9(t, p) — tg(p,q) — 9(p, g, t])

—9(q, [p,t]) + g(t, [p, ql)-

Therefore, in light of above formula, we turn up

1 1
Vglgl = 53, Vglgg = —§€2Z(€3, Vglgg = —51 — §€2z52, (3.27)

1
Ve, & = —ye*€1 — &3, Vg,& = —yeEs + 562Z53,
1 2z 1 2z
Ve, &1 = —56 Ea, Vg & = —56 &1, Vg & =N0.
The fact that (®, (, 7, g) is a T PS-structure on © is evident from the above. Thus, ©3(®,(, 7, g),

with S =1 and a = %622 # 0, is a T'PS- manifold.

Theorem 3.1. If Ot pe o TPS-manifolds, and satisfies the AGRS with restriction
alX — 2nb(a? + B?)] # —1. Then v is a constant function. In addition, if b # 0, then © is

an Finstein.
Lemma [3.1] gives us the following observations:

Corollary 3.1. If 02" be ¢ TPS-manifolds, and satisfies the AGRS Hess+ Sric = Ag,

then v is a constant function and © is an Einstein.

Corollary 3.2. In a TPS-manifolds ©, there is no non-constant smooth function 1, such

that Hessy = Ag, for some constant A.

We must first show the following lemmas in order to proceed with the proof of the Theorem

BD).
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Lemma 3.2. Let © be a TPS-manifold. Then we have

(£c(£09))(q,¢) = —(® + *)g(p, 0) + 9(VcVep, a) + a9(Vep, ), (3.28)
where p,q € T(TO) and q is orthogonal to C.
Proof. Based on the Lie-derivative property, we may observe that

(Lc(£9))(a:¢) = C((£p9)(q, Q) — (£p9)(L¢a, €) — (£p9)(q, £¢C)- (3:29)
Since £¢q = [(, ql, £c¢ = [¢, (], by adopting and , we have

(£c(£p9))(a;C) = C9(Vp, Q) + Cg(Vep, @) — 9(Vig gps €) (3.30)
—9(Vep, [€a))
=9(V¢Vep, Q) +9(Vgp. V) + 9(VeVep, q)

+9(Vep, Vea) = 9(Vep, Veq) — 9(Viegp, €) + 9(Vep, V().

By , we turn up V(¢ = ®¢ = 0, therefore we gain
(Lc(£p9))(a:€) = 9(VVap, €) + 9(VcVep, @) — 9(Vc gp: Q) (3.31)

+q9(V¢p, ¢) — 9(V{Vep, Q).

Utilizing (4.51)) and (3.29)), we turn up

(£¢(£p9))(a,€) = g(R(C, @)p, €) + 9(VVep,a) + a9(Vep, €). (3.32)
When ¢(q, () = 0 is taken from , we find

g(R(C, a)p, ¢) = g(R(q, )¢, p) = (o + B*)g(p, q). (3.33)

(3.29) and (4.52) provide the Lemma. O

We now have another helpful Lemma.
Lemma 3.3. If © be a Riemannian manifold, and let ¢ € C*°(©). Then we have

(Le(df © df))(q, C) = q(C(¥))C(¥) + q(¥)C(E(¥)), (3.34)

where (,q € I'(TO).
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Proof. We compute

(Ledf ©df)) (g, ¢) = Cla(¥)S(¥) = [C al(¥)C(¥) — a()[C, C](¥)

= C(q(¥)C() + q(¥)S(C(W)) = [¢, al(¥)C ().
Since [¢, q]() = C(q(¥)) — q(¢(v)), we gain

(Ledf © df))(q, Q) = [C, al(¥)C(¥) + q(C(¥))C () + q(¥)C(C () — [C, al ()¢ (%)

= a(C(¥)C(¥) + q()C(C ().
O

Lemma 3.4. If ©2"t e ¢ TPS-manifold and satisfies the AGRS equation . Then

we have

Ve gradi = [A — 2nb(a? + 5%)]¢ — al(v)gradip. (3.35)

Proof. Let g € T'(T©), adopting the definition of Ricci curvature Sy (1.4]) , and the curvature

restriction (4.51)), we gain

= g(%(gu Q)fv 51)
= —(® 4 B g(E &) — v(E)g(p, &)

= (o + 8)[(2n + 1)7(g) — 7(q)]

= —2n(a® + 5*)y(q)
- _Qn(a2 + /BQ)Q(Ca Q),
where {&1,&,---,&}, and 1 < i < n is an orthonormal frame of ©, indicates that
Ag(¢,q) +0Sric(C,q) = Ag(¢y a) — 2nb(a” + 5)g(C q) (3.36)

= [A —2nb(e? + 5%)]g(¢, ).
In light of and , we turn up
(Hess)(C,q) = —al(¢)(q)(¥) + [A — 2nb(a® + 5)]g(¢; q) (3.37)

= —a((¥)g(gradip, q) + [A — 2nb(a” + B)]g(¢, q).

Accordingly, Lemma is inferred from both equation (3.35) and Hessian Definition (1.5). O

We can now establish Theorem with the aid of Lemma Lemma, and Lemma
3.4
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Proof. (Proof of Theorem Consider g € T'(TO), such that ¢g(¢,q) = 0. Lemma [3.1] gives

us that, given X = grad v,

2(&c(Hessy))(q,¢) = a(¥) + 9(V¢ V¢ gradi, q) + q9(V¢ grady, Q). (3.38)

Using equation (3.37)) and Lemma we obtain

2(L¢(Hessy))(a,¢) = a(¥) + [A +b(n — 1)(a® + °)]g(V¢, @) — ag(Ve(C(¥)grad ¥), q)
+[A +b(n = 1)(0® + 5%)]qg(¢, €) — ag(¢(¥)?). (3.39)
Since V¢¢ = 0 and g(¢,¢) = 1, in view of equation (3.38), we get
2(L¢(Hess))(q,¢) = q(¥) — aC({(¥))a(¥) — al()g(V¢ grady, q) (3.40)
—2a((¥)q(¢(¥))-

Given ¢g(&,Y) = 0 and Lemma and equation (3.39)), we have

2(L¢(Hess))(g,¢) = a(v) — aC(C(¥))a(¥) + a*¢(¥)*q(¥) (3.41)

—2a((¥)q(¢(¥))-
Observe that £,g = 0, a Killing vector filed, follows from (|1.4]) and (1.5)). This suggests that
£¢5 = 0, which is what the Lie derivative to the GRS equation (2.16)) delivers.

q(¥) — aC(C(¥)a(w) + a*¢(¥)*a(¥) — 2a¢(¥)a(¢(¥)) (3.42)
= —2aq(¢())¢(¢) — 2aq(4)C(C (),

is equivalent to

q()[1 + al(C(¥)) + a®¢(1)?] = 0. (3.43)

Lemma [B.1] states that we have

aC(C(¥)) = aCg(¢, grad 1)) (3.44)

= ag(¢, V¢ gradi)

= a[A — 2nb(a® + B2)] — a®( (1)

In view of equations (3.42)) and (3.43)), we gain

q(¥)[A — 2nb(a? + B?)] = 0. (3.45)

[A — 2nb(a? + 5%)] # —1,
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which indicates that gradi is parallel to ¢, and so ¢(¢) = 0. Since D = ker+y is not integrable

anywhere, grad ¢ = 0, indicating that 1 is a constant function. O

Now, the following scenarios exist for specific values of « and 5:

Case 1.: For a =0 or (f = 1), we can state:

Corollary 3.3. If 02" pe ¢ B-para Kenmotsu (or para Kenmotsu) manifold and satisfies
the AGRS with condition a[A — 2nbB?)] # —1, then 1 is a constant function. In
addition, if b # 0, then @) s Einstein .

Case 2.: For =0, or (a« = 1) we can state:

Corollary 3.4. If 2" pe ¢ a-para Sasakian (or para Sasakian) manifold and satisfies
the AGRS with condition a[A —2nba?)] # —1, then v is a constant function. Moreover,
if b#0, then ©C"Y) s Einstein.

4. ALMOST GENERALIZED RICCI SOLITONS ON COMPACT TRANS PARA SASAKIAN

MANIFOLDS

de Rham-Hodge’s classical theorem states that harmonic forms can express the cohomology
of an oriented closed Riemannian manifold. For an orientated compact Riemannian manifold
with boundary, the analogous one still holds by imposing certain boundary requirements,
including relative and absolute ones. However, these examples come from fully Riemannian

manifolds. The following are some helpful definitions.

Definition 4.1. [33] A C%-function w : © — R is considered to be harmonic if Aw = 0.
The function w is named subharmonic (resp. superharmonic) if A > 0 (resp. Aw < 0),

where A is the Laplacian operator in ©.
Definition 4.2. [35] A function w : © — R is called convex if the following inequality holds
wod(T)<(1—=T)wod(0)+Two (1), VT € [0,1],

for any geodesic 6 : [0,1] — ©. Therefore in this case w is differentiable, then w is convex

if and only if w satisfies

g(Vw,p) <w(e*Vw) — w(x), Vp € T,0.
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Let p € x(©) and © be compact orientable T'PS- manifolds. Then, according to the [I]

Hodge-de Rham decomposition theorem, p can be stated as
p=Vh+g, (4.46)

where h € C*°(0©) and div(q) = 0. The Hodge-de Rham potential is the name given to the
function h [22].

Let (g,p,\) be a compact AGRS on compact T'PS-manifold ©, we turn up
div(p) + 2n(2n + 1)b(a® + £%) = nA — tr(all* @ UF). (4.47)

div(X) = Ah is implied by the Hodge-de Rham decomposition, so, using equation(4.47)), we
obtain

2n(2n + 1)b(a® + 6%) = nA — Ak — tr(ad* @ UY). (4.48)

Since © is GAGRS with potential function, we obtain
2n(2n + 1)b(a? 4 5%) = nA — Af — tr(ald* @ U?). (4.49)
Now, on equating and , we turn
A(f—h)=0.

Consequently, although O is compact, f is a harmonic function in ©. Thus, for some constant

¢, f =h—+c. As so, we possess the following outcome.

Theorem 4.1. If (g,p,A) is a compact GAGRS. If TPS- manifold © is also a GAGRS

with potential function f, then, up to constant, f equals to the Hodge-de Rham potential.

Theorem 4.2. Let (0,(,v,P,g) be a complete T PS-manifold satisfying
1
5% = bSric > Ag - ad* @ U*, (4.50)

where U is a canonical 1-from associated with p, a, b, and A are smooth functions, and p
is a smooth vector field. If one of the following requirements is fulfilled and ||p|| is bounded,
then the T PS-manifold © is compact:

(1) A>0anda >0, c>0,

(2) A>c>0anda>0,

for a constant ¢ > 0.
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Proof. If m € © be a fixed point and 0 : (0, 00] — © be a geodesic such that §(0) = p. Then

along & we compute

89(01,01) = 20(V5,p.61) = 2. [o(p. )] (1.51)

Now, from (4.50) and (4.51]), we have

T T T t
_ /0 bS,ie(01, 01)dt > /0 AG(E))g (61, 61)dt— /0 %[g(p,él)dt— /0 a(6(T)) (U (51, 61 )dt

T T
=3 | [ A0+ 6000, 5:0) = gty 1) + [ ety n)al

1] [T T ,
z=3 {/0 A(3(t))dt + g(px,61(0)) — || X501 || +/0 a(6(T))U* (51)dt] ,

Cauchy-Schwarz inequality leads to the final inequality. If either of the two conditions (1)

or (2) is true, the inequality above suggests that

/ bSMC(él, 51)dt = OQ. (4.52)
0

Hence by Ambrose’s Compactness Theorem [1] implies that 7'PS-manifold © is compact.
O

5. GRADIENT ALMOST GENERALIZED RICCI SOLITON ON COMPACT TRANS PARA

SASAKIAN MANIFOLDS

In this segment, we discuss some results based on gradient almost generalized Ricci

solitonon compact trans-para Sasakian manifold n > 2. Next, we articulate the following.

Theorem 5.1. [32] IF (©,®,,(,g) be a compact T PS-manifold with constant scalar curva-
ture and © admits a non-trivial conformal vector field p. If £,Sric = pg for some p € C*(0),

then © is isometric to the Fuclidean sphere S™.
Hence, from Theorem ([5.1]) we can also state the next theorem:

Theorem 5.2. Let (0,®,(,v,g) be a compact GAGRS with Einstein potential f. If Vf is
non-trivial conformal vector field, then T P.S-manifold © is isometric to the Fuclidean sphere

S™.
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Proof. Let (©,g) be a GAGRS. Then from we deduce
V2f — bSyie = Ag — ald* @ UF.

For each ¢ € C°(0), V2f —4)g, if V£ is a conformal vector field. The equation above now
takes the form

bSric = (¥ — N)g — ald* @ UF. (5.53)
As a result, Sy is only dependent on © points. Schur’s lemma thus implies that R is

constant. Once more, using p = Vf, we get

aLpSric = (¥ — M) €yg — aly(U* @ UF) (5.54)
aLpSric = (¢ — A)ibg — alq(¢(¥))C(¥) + q(¥)C(C(¥))]. (5.55)
This completes the proof. O

In [32] Yano already proved a following results.

Theorem 5.3. [32] A compact manifold © with constant scalar curvature admits a non-

trivial conformal vector field p such that £,9 = 2g, ¢ # 0, then
/ wdV = 0. (5.56)
(C]
Therefore in light of Theorem [5.3] we can state.

Theorem 5.4. Let (©,®,(,7,g) be a compact GAGRS with Einstein potential f and (o +
B%) < 0. IfVf is conformal vector field then T P.S manifold © is shrinking or steady GAGRS.

Proof. Taking the trace in ([5.53|)

2n(2n + 1)b(a? 4+ %) = 2n +1)(¥ — A) —a ¢ (5.57)
which implies
2 2 @ 2 _ _
/@2nb(a B0 4 el = /@w A). (5.58)

If p is conformal vector field and the scalar curvature of © is constant 2n(2n + 1)(a? + 5?),

then applying Theorem (5.3) we get

on(2n + 1)(a® + 52)/@ [b + T 16;(042 e |<|2] = —(2n+1) /@ A. (5.59)

Now, if A < 0, then above equation reduced

on(2n +1)(a + B2) /

o+
e

a 2
2n(2n + 1)(a2 + 52) [q ] <0. (5.60)
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If M is a compact T'PS-manifold, then Theorem (/5.2) implies that © is isometric to S™.
Because scalar curvature is preserved via isometry so 2n(2n + 1)(a? + 32) > 0. Hence the

above equation entails that

1 a 2
(M _— 2n(2 b+ ——— . .61
Vol( )<2n(2n+1)/®[n(n—l— Bt (o ¢ (5.61)
O
Lemma 5.1. [5] If (©,9,(,v,9) be a GAGRS with FEinstein potential f. Then we have
Af =2n2n+ 1)b(® + B)*) + 2n+ 1A —a|¢]*. (5.62)

Currently, function f convexity suggests that it is harmonic, or that Af = 0, [32]. There-

fore, ((5.62]) implies

2n(2n + 1)b(a® + )?) + (2n + 1)A —a|¢]* = 0. (5.63)
Ao Al 2nb(a? + %) (5.64)
(2n+1) ' '

Therefore, this leads the following result:

Theorem 5.5. If f is a convex harmonic function on TPS-manifold (©,®,(,vy,9) and
has non negative scalar curvature, then admitting a GAGRS with Finstein potential f is

expanding, stable, or shrinking according as

2
(1) G2 > 2nb(a? + 4%),

(2) _aldP 2nb(a? + 5%)  and

2
(3) alcl” 2nb(a? + B?),  respectively.
Moreover, Lemma [5.1] entails the following:

Corollary 5.1. If (0,®,(,v,g9) be a TPS-manifold admitting a GAGRS with FEinstein

potential f, then the Poisson equation satisfied by f becomes
Af =2n2n+ 1)b(e® + B)) + (2n+ 1)A —a¢?. (5.65)

Example 5.1. Let (©,9,(,~,9g) be the 3-dimensional T PS-manifold considered in example
(3.
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Let V be a Levi-Civita connection. From (3.27)), we obtain the following components of

Riemannina curvature tensor and Ricci tensor:

3 1
R(E1,E2)E = <4€4Z + 1> 1, RN(&,E3)E = — <464Z + 1) &1, R(E1,E)E = —e¥yéy,
(5.66)

1 1
%(52,53)53 = — <4€4z + 1) 52, §R(527‘5‘3)82 = - <4€4z + 1> 53,

R(ELE)EL = —eFE& — <;e4z + 1> Eo+ 37yEs,  R(Ey,E3)E =0,

1
%(51,53)51 = 63Zy62 + <4€4Z + 1) 53, 3%(51,52)53 = —eszyé'l.

Sric(ghgl) = —264z — 2, Sm'c(gg,gg) = —%642 + 252, Sric(gg,gg,) = —%64’2 — 2. (5.67)

From , we have
bSric(Ei, &) = —(B+ N)g(&i, &) + (a— B)8%,  {i=1,2,3} (5.68)

Now, we find the following cases corresponding to the different values of a and b in equation

(2.14):

Case(1). For Killing vector field i.e., a = b = 0, from (5.68) we find A = —273, which is

shrinking.

Case(2). In case of Ricci soliton a = 0,b = —1, from 1) A=— (%642 + 2)—6. Therefore,
the data (g,(, A, a,b) is an AGRS on T'PS-manifold (©,®,(,~,g), is steady and shrinking

according as %e“ +2 < -4, %e‘lz + 2 = j3, respectively.

Case(3). For Einstein-Weyl geometry case a = 1,b = n:—é), from 1) A=(26+1)—

(ni2) (%e‘lz + 2). Now, the data (g,(,A,a,b) is an AGRS on T'PS-manifold (©,®,(,~,9)

is steady, shrinking or expanding according as (26 + 1) = (n£2) (e +2), (28+1) <

7(ni2) (3¢ +2) or (28+1) > ﬁ (1e%* 4 2), respectively.

Case(4). For the geometry of Vacuum near horizon equation a = 1,b = %, from 1’
A=(2-2)— (%642). The data (g,¢, A, a,b) is an AGRS on T'PS-manifold (0, ®,(,~, g),
is steady, shrinking or expanding according as (2 — 2) = (%642), (26 —2) < (ie‘lz) or

(28 — 2) > (3€’¥), respectively.
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ABSTRACT. In the present paper, we introduce a new class of Riemannian maps which are
called pointwise hemi-slant Riemannian maps from Riemannian manifolds to almost Hermit-
ian manifolds as a natural generalization of hemi-slant submanifolds, hemi-slant submersions
and hemi-slant Riemannian maps in a very natural way. We mention some examples, present
a characterization and obtain the geometry of foliations in terms of the distributions which
are involved in the definition of such maps. We also find necessary and sufficient conditions
for pointwise hemi-slant Riemannian maps to be totally geodesic. Finally, we obtain Caso-
rati curvatures for pointwise hemi-slant Riemannian maps in complex space form.
Keywords: Kaehler manifold, Riemannian map, pointwise hemi-slant submanifold, hemi-
slant function, pointwise hemi-slant Riemannian map.
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1. INTRODUCTION

A considerable flaw in Riemannian geometry is to compare some geometric properties of
suitable types of maps between Riemannian manifolds. Such suitable maps between Rie-

mannian manifolds are isometric immersions and Riemannian submersions. Many geometers
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have been studied these maps between manifolds in ([I} 2, 9] 10, 12} [13], 14, 16 I8, 19, 25]
97, 32, (34, 133, 36, 35, 40, 37, 45, 48, 49]).

As a natural generalization of isometric immersions and Riemannian submersions, Fischer
[17] defined the concept of Riemannian maps between Riemannian manifolds as follows: Let
(M,g) and (N, g) be Riemannian manifolds and ¥ is a smooth map between them. Then

the tangent bundle of M has the following decompostion
TM = ker¥, @ (ker\Il*)l,

where kerW¥, denotes the kernel space of ¥, and (kerW,)* is the orthogonal complementary

space to kerWV,. In a similar way, the tangent bundle of N has the following decompostion

TN = (rangeV,) & (rangeV,)*

where range¥, denotes the range of ¥, and range®,)" is the orthogonal complementary
space to range¥,. Now, if the horizontal restriction \Ilfpl o (ker¥l) — (range¥,,, )
is a linear isometry between the inner product spaces ((ker¥., )+, g(p1) |(ker\1,*p1)i) and
(rangeVs,, , §(p2) |(rangew.),, ) P2 = ¥(p1) then a smooth map W : (M, g) — (IV, g) is called
Riemannian map at p; € M. One can see that Riemannian submersions and isometric im-
mersions are particular Riemannian maps with (ra'rzge\Ih.JL = 0 and kerW¥, = 0, respectively.

Inspried by Fischer’s article, B. Sahin introduced anti invariant Riemannian maps, holo-
morphic Riemannian maps and semi-invariant Riemannian maps to almost Hermitian man-
ifolds and studied the geomerty of total spaces and base spaces ([39), [41]). This notion
has opened a new original and effective area in the theory of Riemannian maps. Since
then many geometers have studied Riemannian maps in different kinds of structures in
[3, 4, B, 20] 29], 28, BT, B38|, [44], [43]. Recent developments in the theory of Riemannian map
can be found in the books [30] 42].

On the other hand, in [I1], Casorati introduced Casorati curvature which is a very natural
concept of regular surfaces in the three-dimensional Euclidean space. One can see some
optimal inequalities involving Casorati curvatures in ([7, 6} (15, 22] 24] 406 [47,, 23, 51, 52]).

Hemi-slant submanifolds were introduced by Carriazo (Bi-slant immersions. in: Proc.
ICRAMS 2000, Kharagpur, India, 2000, 88-97.) and Sahin (Annales Polonici Mathematici
95 (2009), 207-226) as a generalization of slant submanifolds. Hemi-slant submersions were

introduced by Tagtan, Sahin and Yanan (Mediterr. J. Math. 13, 2171-2184 (2016)) as

a natural generalization of slant submersions. On the other hand, hemi-slant Riemannian
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maps were defined by Sahin (Mediterr. J. Math. 14, 10 (2017)) as a natural generalization
of hemi-slant submanifolds and hemi-slant submersions. In 2022, Giindiizalp and Akyol
defined pointwise slant Riemannian maps as a generalization of pointwise slant submanifolds
[14] and pointwise slant submersions [25] in a natural way in [2I]. They obtained simple
characterizations and geometrical properties of pointwise slant Riemannian maps. As far as
we know, no author has studied pointwise hemi-slant Riemannian maps so far. In the present
paper, we are motivated to fill a gap in the literature by giving the notion of pointwise hemi-
slant Riemannian maps, in which the base space consist of an anti-invariant and a slant
distribution, as a special case of slant submanifold, hemi-slant submanifold, pointwise slant
submanifold, slant submersions, hemi-slant submersions and hemi-slant Riemannian map
and investigate the geometry of these maps.

The paper is organized as follows. Section [2]includes the main properties of the Riemannian
maps, the tensors introduced by B. O’Neill and the second fundamental form of a map.
Section [3| contains the definition of pointwise hemi-slant Riemannian maps from Riemannian
manifolds to almost Hermitian manifolds, many examples and investigate the geometry of
foliations which are arisen from the definition of a pointwise hemi-slant Riemannian map and
obtain decomposition theorems by using these maps. We also find necessary and sufficient
conditions for pointwise hemi-slant Riemannian maps to be totally geodesic. Finally, we

obtain Casorati curvatures for pointwise hemi-slant Riemannian maps in complex space form.

2. PRELIMINARIES

Let (M, gnr,, J1) be an almost Hermitian manifold. This means that M; admits a tensor

field J; of type (1,1) on M; such that

Ji = =1, ga, (&, Ni&e) = guy (§1,&), &,& € D(TM)). (2.1)

An almost Hermitian manifold M; is called Kaehler manifold [50] if
(Vfl J1>£2 = Oa 51752 S F(TM1)> (22)

where V denotes the Riemannian connection of the metric gy, on M.

Let (M1, gn,) and (Ma, gar,) be Riemannian manifolds and V¥ is a differentiable map
between them. Then the differential ¥, of ¥ can be viewed a section of the bundle
Hom(T M, \II*ITMQ) — M, where W~'T'M, is the pullback bundle which has fibres
(O1T M)y = Ty(yMa, ¢ € My. Hom(TM,, V~'TM,) has a connection V induced from
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the Levi-Civita connection VM1 and the pullback connection. The second fundamental form
of ¥ is given by [§]

(VE.)(&1,&) = VEW.o — U (Ve &) (2.3)
for &1,& € I'(T' M), where VY is the pullback connection. On the other hand, it is shown in
([39]) that (VW,)(&1,&2) has no components in ImW,, provided that &1,& € T'((ker®,)t).
More exactly,

(VU,)(£1,&) € D(ImW,)71), Ve, & € T((ker®,)th), (2.4)

here (Im¥,)* is the subbundle of ¥~ (T M) with fibre T'(W,.(T,M;)*), ¢ € M.
Let ¥ be a Riemannian map from a Riemannian manifold (M1, gar,) to a Riemannian man-

ifold (Ma, gar,). Then V&1, &, Y3 € T'((kerW,)L), we have

9r, (VV4)(€1, 62), V4(Y3)) = 0. (2.5)

O’Neill’s tensors T and A are defined by, respectively,
72152 = hvv§1 U€2 + UVU§1 h{Q (26)
and
./45152 = th& h& + hvhglvfg (2.7)

for every &1,&2 € T'(T'My), where V is the Levi-Civita connection of gys,. Here h and v are
the projections on horizontal and vertical distributions, respectively. It is known that the

tensor fields 7T is symetric and A is anti-symetric tensors. By using (2.6)) and ([2.7]), we obtain

Vit = Tontiz + Vi n2; (2.8)
Vi = Tp&a + bV & (2.9)
Vem = Agm +vVem; (2.10)
Ve &o = Ag €2 + hVe &, (2.11)

for any &1, & € T'((kerW,)b), n1,m2 € T(ker®,), here @mnz = vV, 2.

We denote by V2 both the levi-Civita connection of (Ma, grs,) and its pullback along W.
Then according to [26], for any vector field & on M; and any section 7; of (range®,)*, where
(rangeV )t is the subbundle of W~ (T'My) with fiber (¥, (T,M;))*— orthogonal complement
of (¥.(TyMy)) for gar, over g, we have Vg’lj-m which is the orthogonal projection of Vglm
on (U, (T,M;))*—such that V¥1gys, = 0. We now define S, as

Ve = =Sp Vi + Vetm (2.12)
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where S, ¥,&; is tangential component of V%I,* ¢, M- It is easy to see that Sy, V.& is bilinear in
n and U,& and S, U,&; at ¢ depends only on Uy and W,,Y7,. Thus,for &,& € I'((ker®l)

and n; € I'((rangeV,)"), we get

9M, (8771 .&1, \11*52) = gM; (771’ (V\IJ*)(SL 52)) (2'13)

Since (V¥,) is symmetric, it follows that Sy, is a symmetric linear transformation of rangeW..

3. POINTWISE HEMI-SLANT RIEMANNIAN MAPS TO KAEHLER MANIFOLDS

Let ¥ : (M1,9n,) — (M2, gn,,J2) be a Riemannian map from a Riemannian manifold
(Mi, g, ) to an almost Hermitian manifold (Ma, gar,, J2). If, at each given point p € Mo,
the Wirtinger angle ¢(X) between JoW,(X) and the space range¥, is independent of the
choice of the nonzero tangent vector W, (X) in range¥,, then we say that ¥ is a pointwise
slant Riemannian map. In this case, the angle ¢ can be regarded as a function on Ms, which
is called the slant function of the pointwise slant Riemannian map.

Let D be a differentiable distribution on Ms. Then D is pointwise slant if and only if
there exists a function p € [—1,0] such that (yQg)?n = un for n € D, where Q4 denotes the

orthogonal projection on D. Moreover, in this case u = — cos? ¢.

Definition 3.1. Let (M, gn,) be a Riemannian manifold and (Ma, gu,,J2) be an almost
Hermitian manifold. Then we say that a Riemannian map ¥ : My — M is a pointwise
hemi-slant Riemannian map if there exists a pair of orthogonal distributions D? and D on
rangeWV, such that

(1) The space range¥, admits the orthogonal direct decomposition D? @ D+,

(2) The distribution D+ is totally real.

(3) The distribution D? is pointwise slant with slant function .

In this case, the angle ¢ can be regarded as a function on Ms, which is called the hemi-slant
function of the pointwise hemi-slant Riemannian map.

Now we say that the pointwise hemi-slant Riemannian map V¥ is proper if D+ # {0} and

$#0,5.

Then, for n; € T'(range¥,), we can write
Jom = Nim + Nam, (3.14)
here Nin € T(D?) and Nan; € I'(D+4) and we can write

Jom = ym1 + dm, (3.15)
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here v, € I'(range¥,) and dn; € T'((range®,)*). Also, for any Y; € I'((rangeV,)"), we get
JoY1 =A74Y1 + 5Y1, (3.16)

here Y7 € I'(range¥,) and §Y; € I'((rangeV,)"b).

Theorem 3.1. Let ¥ be a pointwise hemi-slant Riemannian map from a Riemannian man-

ifold (M, gar,) to an almost Hermitian manifold (Ma, gur,, J2) with hemi-slant function ¢.
2 _ 2
vim = —(cos” d)m (3.17)

for any m € T(D?).

Proof. Since,
g (Jom,sym) g (m, 7% m)

cos ¢ =

[ mllyml Imllym]
and cos ¢ == ‘?;Z;J', for 1 € T(D?) we obtain
cos? ¢ — _ 97" m)
m 2
Hence,
vm = —(cos® o).
Also converse of Theorem (3.1} it can be directly verified. O

Moreover, for any 7y, Us € I'(D?) we have

gas; (Y, YU2) = cos® ggag, (1, Us) (3.18)

gas, (671, 6Us) = sin® dgar, (m1, Uz). (3.19)

Furthermore, for 1, € I'(D?) we obtain
Jom = —sin® ¢n1, 60m = —6ym. (3.20)

Example 3.1. Let (R®, ggs) be the Buclid space. Consider {J1,J2} a pair of almost complex
structures on R8 satisfying J1Jo = —JoJ1, here

Ji(ay, ..., a8) = (—asz, —aq, a1, az, —ay, —ag, as, ap)
and

Jo(a, ..., a8) = (—az, a1, a4, —az, —ag, as, ag, —ay).

For any real-valued function \ : R® — R, we define new almost complex structure Jy on R®

by Jy = (cos \)J1 + (sin A)Ja.
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Then RS = (R®, Jy, ggs) is an almost Hermitian manifold.

Consider a Riemannian map ¥ : R® — ]R§\ by

U(y1, .., y8) = (Y1, Y3, Y6, Y8, T, €, C1, C2).

Then the map YV is a proper pointwise hemi-slant Riemannian map with the hemi-slant func-

tion \ such that

o 0
D? = — Dt = —
spcm{a nb }, and spcm{a ’823}
Also, we obtain
o o0 0 0
1_
(Tange*) - Span{ 621’ 8247 8257 827}7

here z1, ..., zg are the local coordinates on R8.

Theorem 3.2. Let Uy be a Riemannian submersion from a Riemannian manifold (M, gar,)
onto an almost Hermitian manifold (Ma, g, , J2) and Wy a poitwise hemi-slant immersion
from (Ma, gar,, J2) to an almost Hermitian manifold (M3, gar,, J2). Then Yoo Uy is a point-

wise hemi-slant Riemannian map.

This theorem is obvious from ([38], Theorem 5.2), and therefore we omit its proof.
As an application of the above Theorem, we give the following example of proper pointwise

hemi-slant Riemannian map.

Example 3.2. Let (R®, ggs) be the Euclid space. Consider {J1,J2} a pair of almost complex

structures on R® satisfying J1Jo = —JoJ1, here
Ji(ai,...,as) = (—az, a1, —ay, a3, —ag, a5, —as, ar)

and
JQ(alv ceey (IS) - (_a37 aq, a1, —az, —ar, as, as, —CLG).

For any real-valued function )\ : R® — R, we define new almost complex structure Jy on R®
by Jy = (cos A)Jy + (sin A)Ja.

Then, RS = (R®, Jy, ggs) is an almost Hermitian manifold. Consider the map

v (RSMQ) — (RE);\?J)\agRs)? \I/(yla "'7y8) = (y170707y470707y87y7)

which is the the composition of the Riemannian submersion

\Ijl : (Rsyg) — E4) \I’l(yh "'7y8) = (y17y47y7ay8)
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followed by the pointwise hemi-slant immersion
\112 : E4 — (RB, J)\, gRS)v \Ifz(ul, ceny ’LL4) = (ul, O, O, ug, 0, O, U4, U3).

It is easy to verify that ¥ is a pointwise hemi-slant Riemannian map with the slant function

¢ = f such that

0

o 0 0
D = = = d Dt = =)
Spa’n{ 827’ azg }? an Spa’n{ 821’ 824}

Also, we obtain
o 0 90 0

1 - - =z =
(Tange*) - Span{ 82’2, 6237 825’ 8Z6}7

here z1, ..., zg are the local coordinates on ]Ri.

First note that for W, € D? and U.& € D, we get gar, (Vi&r, Uula) = 0. Then,
Riemannian map ¥ implies that gas, (£1,&2) = 0. So we obtain two orthogonal distributions

D¢ and D+ such that
(ker¥,)t = D? @ DL,

Let ¥ be a C*°—map from a Riemannian manifold (M, gas,) to a Riemannian manifold

(Ma, gar,)- Then, the adjoint map *(W,),, of the differential (¥.),,, g1 € My, is given by

I (Pa) g1, Y1) = gary (01,7 (W), Y1) (3.21)

for any n € Ty, My and Yy € Ty, Mz. Furthermore if the map ¥ is a Riemannian map,

then for 71 € (rangeV¥.)y(q,) and Y1 € (ker(¥.),, )+, we obtain

q1)

(\I]*)Zl (\p*)qﬂh =, *(‘IJ*)lh(\I’*)thYl =Y,

1

thus the linear map *(W.)q, : (rangeV¥.)y(q) — (ker(¥yi)q )~ is an isomorphism. Define

C =" (V,)g7(¥). From Theorem (3.1, we obtain:

Corollary 3.1. Let ¥ be a pointwise hemi-slant Riemannian map from a Riemannian mani-
fold (My, g, ) to an Hermitian manifold (Ma, g, , J2) with the hemi-slant function ¢. Then,
n1 € T(D?) we have

C?n = — cos? ¢y (3.22)
For Y1,Ys,Ys € (ker(0,)q, )" with U,Yy = 40, Ys, we define

(VY ) W.Ys = 6(V,)(V1,Ya) — (V) (Y1, V2). (3.23)
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Proposition 3.1. Let ¥ be a pointwise hemi-slant Riemannian map from a Riemannian
manifold (M, gnr,) to a Kaehler manifold (Ma, gur,, J2) with the hemi-slant function ¢. If

the tensor § is parallel,then ny,Us € T'(D?) we obtain
(VT.,)(Cny, CUR) = — cos® (V) (11, Us). (3.24)

Proof. Assume that § is parallel. Then, using (3.24)), for 71, U € I'(D?) we get

(VW) (m, Uz) = (V¥)(m, CU2).

By replacing 71 and Us , we have

(V) (Uz,m) = (VV,)(Uz, Crn).
Since the tensor (V¥,) is symmetric, we obtain
(VU,)(m, CUs) = (V¥)(Uz,Cm).
Thus we have
(V.)(Cm, CUs) = (VT.)(m, C*Us) = — cos® p(VL..) (m, Ua).
Il

Theorem 3.3. Let ¥ be a pointwise hemi-slant Riemannian map from a Riemannian man-
ifold (M1, gar) to a Kaehler manifold (Ma, gur,, J2) with the hemi-slant function ¢. Then,
the following assertions are equivalent:

(a) distribution D+ defines a totally geodesic foliation on Mo,
(b)

9 (V) (1.5 U (Y0 (U3)))), T2 (U2) = gty (V300 (Us), Jo W (Uz))
and

9 (V8 (1.5 O(31)), oW (U2) = gar, (V3 T2V (U2), 6Y1), (3.25)
(c) U satisfies and
90t (V0.) (01, Ua), 67 (Us)) = gasy (FV -0 (Us), W, (Uy))

for any W, (m), V.(Us) € T(DY), U, (Us) € T(D?) and Y1 € T'((range¥,)™b).
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Proof. For any U, (), V.(Uy) € T'(D+) and W, (Us) € T(D?), using (2.2)),(3.15) and (2.12)

we obtain
91t (Vo U (U2), W (Us)) = —gat, (S pyw, (1) W (1), 7P (Us))
+ 90, (V- T2 W (Us), 60 (Us)).
From , we arrive at
930, (Vi U (U2), U (U3)) = =gty (V) (1" (704 (U3))), Jo W (Ua))
+ 901, (V- 20, (Us), 60, (Us)). (3.26)
On the other hand, using , and , for Y1 € T'((range¥,)*) we have
9, (Vo U (U2), Y1) = =g, (S, 1) Vs (1), 7Y1)
+ g (Ve U, (Us), 611).
From , we get

900, (Vi W (U2), Y1) = =g, (V) (1" Wa (Y1), Jo W (Ua))

+ g0, (Vo) - 20 (Us), 6Y7). (3.27)

(3.26) and (3.27) gives (a) < (b). For any W, (1), V.(Us) € I'(D+) and U, (U3) € I'(D?),
from and (3.15)) we get

901 (Vo U (U2), W (U3)) = gas, (V3,77 W (Us), W (U))

+ 90, (V3 07 (Us), W (Uy))
— g, (V3260 (Us), Jo U, (U2)).
Using and , we obtain
sin® g, (V3 Vu(Us), W (Us)) = sin 2001 (¢)gar, (W (Us), U (Us)
— M, (Ssyw, (U) Y (1), Ui (Us))
— g0, (V) 00, (Us), J2 0, (U)).
So, from we arrive at
sin® ggar, (Vy, Ua (U2), Wa(Us)) = —gar, (VW) (1, Uz), 670 (Us))

— g0, (V) 00, (Us), J2 0. (Uz)). (3.28)

(3.27) and (3.28) gives (a) < (c). O
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In a similar way we obtain:

Theorem 3.4. Let ¥ be a pointwise hemi-slant Riemannian map from a Riemannian man-
ifold (M1, g ) to a Kaehler manifold (Ma, gur,, Jo) with the hemi-slant function ¢. Then,
the following assertions are equivalent:

(a) distribution D? defines a totally geodesic foliation on Ms,

(b)
930, (V) (Uz,* W ((v04(U3)))), J2 W (m1)) = g, (Vi T2 W (m1), 6V (Us))
and
9t (V0.) (Ua,* Wi (311)), 69 (Us)) = gar, (Vi 0. (Us), 6Y1)
— g, (Vi 67 8(Us), Y1), (3.29)
(c) U satisfies and

9t (V) (Uz,m), 67 ¥ (U3)) = gar, (V5 004 (Us), Tu(m1))

for any W.(m) € T(DL), U, (Us), V. (Us) € T(D?) and Y1 € T'((range¥,)™L).
Using Theorems [3.3 and we obtain:

Theorem 3.5. Let ¥ be a pointwise hemi-slant Riemannian map from a Riemannian mani-
fold (M, g, ) to a Kaehler manifold (Ma, gar,, J2) with integrable distribution and the hemi-

slant function ¢. Then, the leaf of (range¥,) is a locally product Riemannian manifold

Mi- x Mf if and only if

90t (V) (01" W7(11)), 694 (Us)) = g, (V60 (Us), 6Y1)

— 9M; (V%J_&Y\I/*(U?)v Y1)
and
90, (V) (1, U2), 69, (Us)) = gar, (FV -6 (Us), W (Ua))

for any n1, Uz € T((ker¥*)*), U, (Us) € T'(D?) and Y; € T'((range¥.,)*), here Mi- and ]\45’j

denotes the leaves of D+ and D?, respectively.

Theorem 3.6. Let ¥ be a pointwise hemi-slant Riemannian map from a Riemannian man-

ifold (M1, g, ) to a Kaehler manifold (Ma, gur,, J2) with the hemi-slant function ¢. Then,
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W is totally geodesic if and only if the following conditions are satisfied:
(a)
9t (V) (01,* WA (Y1), 694 (Us)) = g, (V00 (Us), 6Y1)
— 900, (V670 (U2), Y1)
for any my, Uy € T'((ker¥*)LY) and Y1 € T((range¥,)*),
(b)
sin 2011 (¢)gar, (V4 (Uz), Ws(Us)) = gas, (V) (1, Us), 07V (Uz))
— 9m, (Ssw, (UM YV (Us)
+ 901, (V- 60,. (Us), 60, (Us))
— sin? égnn, (hV, Us, Us)

for any m, Uz, Us € T((ker®,)*),
(c) the distribution kerW, is totally geodesic,
(d) the distribution (kerW,)* is integrable.

Proof. For any 1, Us, Us € I'((ker¥,)t), from ,, and we have
9 (VW) (1, Ua), Wa(Us)) = —gan, (Vi v2 04 (Ua), W (Us))
— g:y (V3 670, (Us), U, (Us))
+ 901, (Vi 05 (U2), 79+ (Us))
+ g1, (V3 00, (U2), 00, (Us)) — g, (W, Ua, Us).
Then, using , and we obtain
sin® ¢gar, (V84) (1, Uz), Ui (Us)) = — sin 26171 () gar, (¥ (U2), U (Us))
+ 90, (VW) (11, Us), 07W.(Uz))
— 9, (Ssw, ()M, YW (Us)
+ 90, (V300 (Uz), 60 (Us))

— sin® g, (hvm Uz, Us).

87

(3.30)

On the other hand, for 7, Uy € T'((kerW,)') and Vi, Vs € T'(ker®,), using (2.3), (2.8) and

(12.11)) we get

g (V) (Vi V2), Wa(m)) = —gnr, (Tvy Vo, )

(3.31)
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and
9 (V) (1, V1), Wi (U2)) = —gar, (Ag, U2, V1), (3.32)
Now, by using (3.30)),(3.31)), (3.32)) and Theorem the proof is completed. O

4. CASORATI INEQUALITIES ALONG HEMI-SLANT RIEMANNIAN MAPS TO COMPLEX SPACE

FORMS
Lemma 4.1. [46] Let W = {(y1, 92, ---sYm) € R™ 1 y1 + y2 + ... + ym, = 2z} be a hyperplane of
R™, and g : R™ — R a quadratic form given by
91,92, - Ym) = ST () + d(Ym)? — 281 <kcs<cm¥rys, ¢ >0, d > 0.

Then the constrained extremum problem ming,, ,, . .. ewg has the following solution:

z 2 z(m—1)
ct+ 1 Ym =

:(c—m+2)i,

Yi=Y2=--=Yn-1= d+1:(c—|—1)d crl

- _ m-1
provided that d = ch+2'

Let (M2, gn,, J2) be a Kaehler manifold. The Riemannian-Christoffel curvature tensor of

a complex space form Ms(v) of constant holomorphic sectional curvature v satisfies

Ris, (Y1, Ya, Vs, V1) = {95 (Y1, Vo) (Yo, ) — g (Y1, V)i, (Y, o)
+ 98, (Y1, J2Y3) 98, (J2Y2, Vi) — 98, (Y2, J2Y3) 98, (J2Y1, Vi)

+ 298,(Y1, J2Y2) 9B, (J2Vs, V) } (4.33)
for all vector fields Y1, Y, Y3, Yy € T'(TMs) ([50]).
Let ¥ be a Riemannian map from a Riemannian manifold (M, gpr,) to a Riemannian

manifold (Ma, gns,). Let Ry, and Ry, be the curvature tensor fields of VMt and VM2,

respectively. Then, for all Y7, Ys, Y3, Y, € T'((ker®,)*, we obtain the Gauss formula given by

(zy
9M, (RB2 (\II*Yla \I/*Yé)\P*Yg, \IJ*YZI) = agm, (RB1 (Ylv YVQ)YVS’ )/4)
+ 952((V\Ij*)(yvl7 Y33)7 (V\IJ*)(Y% Y;l))

- 932((V\P*)(}/1,Y4)7 (v‘lj*)(Y%YE’))) (4'34)

Now, we suppose that ¥ is a pointwise hemi-slant Riemannian map from a Riemannian

manifold (Mfl,ng) to the complex space form (Mé’2 (v), J2, g, ) such that 3 < p = rank¥ <
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min{bi, by}. Using and , for all Y1,Ys,Ys, Y € I'((kerV,)*, we obtain
aae, (B, (V1. ¥2)¥3, i) = {0, (V1. V), (Va. ¥a) — s, (V1. Ya)gss, (Y2, Vi)
+ 98, (WY1, oW, Y3)gB, (J2 V. Y2, V.Y))
— 98,(V.Y2, JoV.Y3) g5, (J2 V. Y1, V. YY)
+ 295, (V. Y1, J2V.Y2) g5, (J2 V. Y3, W.Yy) }
— 98,(VV.)(Y1,Y3), (VW.)(Ya, Ya))
+ 95, (V) (Y1, Ya), (V) (Yz, V3)). (4.35)

Let ¢ € M; and consider
{\I/*El, \I/*EQ = SecC ¢7\P*E1, ceey \I/*Egn_l, ‘I/*Egn = SecC gb’y‘l/*Egn_l, \I/*Egn+1, ceey \I/*Ep} and

{Epi1, Ept2, ..., By, } two orthonormal bases of (ker¥.)+ and (rangeW. )=, respectively. Then,

it follows that the dimension of rangeW, is p. We defined the scalar curvature rlker®)t op
the horizontal space (kerW.,)* by
L
TRert ™ = 58 g, (Rasy (Ex, Es) Es, Ey) (4.36)
and the normalized scalar curvature r*er¥=)™ of (kerW, )t as
kerW.)L
(ke _ 2T (4.37)
p(p—1)
Then, we can write
wlfs - ng((lel*)<Ek7 ES)7 E,B)7 ka S = 17 o Dy /8 =p + 17 ceey b27 (438)
1011* = 37, 195, (V) (Br, Bs), (V) (B, Ey)) (4.39)
tracey) = X0 _ (VU,)(Ey, Ey), |[tracey)||? = gg, (tracey, tracey). (4.40)

The squared norm of 1), the second fundamental form of the horizontal space (kerW¥,)* over
the manifold (MSQ,Jg,gMz), is denoted by C and is called the Casorati curvature of the

horizontal space (ker®,). Thus, we obtain

1 1,
C=—lvl* = ~Sf, Zh (0. (4.41)
p p
Now, assume that L*er¥9)" is a —dimensional subspace (k:er\ll*)qL, 2 <t and

let {E1, Es,..., By} be an orthonormal basis of L(ker®)* " Then the Casorati curvature

C(kerlll*)l(L(ker\I’*)J_ of L(keT‘I’*)l defined as

1 i 1 1
C(ker\ll*) (L(k’er\ll*) ) — 2HTHQ _ ;E%2:p+12278=1(Tkﬁs)2'
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The normalized o*er%+)" — Casorati curvatures a((:ker\p -1 *(p—1) and a((:ker\p o (p—1) of

(kerW,),)*t are given by

[aékerlp*)L(p— ]y = %Cékew*) + p+1mf{C (ker.) (L(keT‘P*)L) : Liker®)t o hyperplane of

(kerW,),)*}, and

wékerw*)L(p ~ 1), = 2C(§ker\1!*)l _ %mf{c(ker\p*)l@(kew ") Ler¥)" 4 hyperplane
of (kerV,);}.

Using (4.35)), (4.36) and (4.41) we arrive at

v 3nv
Z(p2 —p)+ 5 cos® ¢ = o (ker¥.)* (q) +pC(k6N Htracewﬂ2 (4.42)

here 7(*ker¥+)" ig the scalar curvature of (ker®,)..
Now we define a function Q*er¥)" associated with the following quadratic polynomial with

respect to the components of 1 :

Q(ker\I/*)J- _ 5[(19 o p)c(kzer‘ll*)J- + (p2 - l)c(ker\ll*)L(L(ker\I/*)J-)]

3
— gp(ker®)® 4 Z(p2 —p)+ % cos® ¢.

Without loos of generality, by supposing that the hyperplane Lker®)* g spanned by
FEr, ..., E, 1}, using (4.42)) one can produce
{ P g
(keT\I’*)J‘ _ Ebz Ep—l /3 2 1 B 2
Q T B=p+1Tk=1 [p(¢pp.)” + (p + )(wkp) ]
b 1
5,200+ DI (W)
p—
- 2% k<s”¢kk¢§s + T(¢5p)2]
b p—1 2
252 p+1[ k= 1P(¢kk) + 9 (¢§p)

For B =p+1,...,ba, let us consider the quadratic form gg : R» — R defined by

97y, L)) = S (40, )? +—<¢pp> 2P Pl (4.44)

and the constrained extremum problem, mingg, subject to

L 1//?1 + ... -I—T/Jgp =27,
here 2P is a real constant. From Lemma we obtain c =p, d= %.

Thus, by Lemma we get the critical point (¢1ﬂ1, - wgp), given by

2P 3 2P

77b11 ¢22 wp—lp—l p+ 17 pp p+ 17
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is a global minimum point. Also, gﬁ(wfl, e wgp) = 0. Moreover we obtain
Q(kerlll*)l > (), (445)

which implies

ariker?)® < %[(pQ—p)c“m%)l+(p2—1)c<’f€”*“(L<’“’”‘I’*>L)J
b0 )+ T o g (4.46)

and using (4.46) we obtain

ﬁ(kerlll*)l < [lc(kerllf*)l + P+ 1C(ker\11*)L(L(ker\Il*)J_)]
2 2p
v 3nv 9
+ -+ ——— cos 4.47
1 - (447

for all hyperplane LEer¥)" of (kerw,)+.

Similarly, we can write
Z(ker\ll*)J- _ 2(]?2 o p)c(kerlll*)i- - %(2}92 —3p+ I)C(ker‘ll*)L(L(ker\Il*)J—)

v 3nv
—(p* = p) + =~ cos’ ¢,

—9 (ker®, )+
T + 1 5

(ker®, )+

here hyperplane L is a hyperplane of (ker®,)*. From here,

glher¥a)t > (4.48)

which implies

H(k’er‘ll*)l < 2C(keT\I!*)J- - 2p — lc(ker‘ll*)l(L(ker\Il*)L)]
2p
—I-*-i-?miycos%b (4.49)
4 2p(p—1) ' '

Now, taking the infimum in (4.47) and the supremum in (4.49) over all hyperplanes
Lker®.)® of (kerV¥,)* and analyzing the equality case in (|4.45|) and d4.48|), respectively,

R

we get:

Theorem 4.1. Let ¥V be a pointwise hemi-slant Riemannian map a Riemannian manifold

(M?P gar,) to a complex space form (M22(v), Ja, gar,) with hemi-slant function ¢, 3 < p =

rank¥ < min{bi,ba}. Then the normalized c— Casorati curvatures Uéker‘ll*)L and 6éker\p*)L
on (ker\I/*)qL satisfy
3
(i) Kkervet < oot 1y p Xy o2, (4.50)

4 2p(p-1)
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e (ker®)t - _(ker®.)t 1 v 37171/ 9
n) kK S0 D + -+ cos® . 4.51
) ¢ =1y 2p(p— 1) (4.51)

Furthermore, the equality case holds in any inequalities at a point ¢ € My if and only if
with respect to suitable orthonormal basis {En, ..., Ep} on (k:er\IJ*)qL and {Ept1, ..., Ep, } on

((rangeW®.),)*, the components of ¥ satisfy
Wy = = .. = 7/’571;;71 = %%Z)ffp, Be{p+1,p+2,..,ba},
1/155 =0, k,se{l,,..,p}k#s), Be{p+1,p+2,....,b2}.
Using the Theorem [£.1], we obtain the following results.

Corollary 4.1. Let ¥ be a pointwise hemi-slant Riemannian map a Riemannian manifold

(M{”,ng) to a complex space form (Mé’2 (v), J2, gm,) with hemi-slant function ¢ = 5, 3 <
1
p = rank¥ < min{by,be}. Then the normalized o— Casorati curvatures aékerq}*) and
(ker®., )+

a; on (ker\ll*)é satisfy

(i) mbert)t < gl p 1) + 2

(i) wber¥) ™ < gV (1) 4 Z

Furthermore, the equality case holds in any inequalities at a point ¢ € Mi if and only if
with respect to suitable orthonormal basis {En, ..., Ep} on (/-cer\I/*)ql and {Ept1, ..., Ep, } on

((rangeW.),)*, the components of ¥ satisfy

1
wfl = ng == wg—lp—l = §¢5p7 B € {p + 17p+ 27 "'>b2}7

Wl =0, kyse{l,,..p}(k#5s), BE{p+1,p+2, ....b}.

Corollary 4.2. Let ¥ be a pointwise hemi-slant Riemannian map a Riemannian manifold

(M{’l,ng) to a complex space form (MSQ(I/), J2, gr, ) with hemi-slant function ¢ =0, 3 <
(ker®, )+

p = rankV < min{by,ba}. Then the normalized o— Casorati curvatures o and
Eékerqj*)l on (kerllf*)f]- satisfy
(Z) /i(ker\ll*)L < O_(ker\I/*)L(p _ 1) + K(l + 37“)
- ¢ 22 plp-1)
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Furthermore, the equality case holds in any inequalities at a point q € My if and only if
with respect to suitable orthonormal basis {Ex, ..., Ep} on (k:er\IJ*)qL and {Ept1, ..., Ep, } on

((rangeV.),)*, the components of 1 satisfy
1
wfl = wé; == wg—lp—l = iwgpa B € {p + 1ap+ 27 -"7b2}7

WP =0, k,se{l,,...p}(k#s), Be{p+1,p+2, ..., b}

Corollary 4.3. Let ¥ be a pointwise hemi-slant Riemannian map a Riemannian manifold
b
(]\Jf1 , gr, ) to the complex Euclidean space C# with hemi-slant function ¢, 3 < p=rank¥ <

min{by,be}. Then we get
(6) RETTE < o (p 1), (i) WY < ST (p - 1),
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ABSTRACT. In this paper, first we obtain the conditions for the existence and uniqueness
of non-null framed curves as well as non-null framed surfaces in Minkowski 3-space. Fur-
ther, we study the timelike and spacelike translation framed surfaces generated by non-null
framed curves and obtain the basic invariants of such surfaces in E3. We also find the cur-
vatures of timelike and spacelike translation framed surfaces generated by non-null framed
curves. Finally, we classify the translation framed surfaces generated by non-null framed
curves lying in mutually perpendicular coordinate planes of E} with ux =0 and pg = 0.
Keywords: Framed curve, Framed surface, Translation framed surface, Curvature and in-
variants of a translation framed surface.
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1. INTRODUCTION

A translation surface is a special case of Darboux surface which is the union of ‘equivalent’
curves (‘equivalent’ in the sense that, the curves are images of one another by some isometries
of the space), also known as generating curves of the surface. A Darboux surface is defined
as the movement of curves by rigid motions of the space. Therefore, it can be parametrized
as X(u,v) = A(v).a(u) + B(v), where o, 8 are two space curves and A is an orthogonal
matrix. When the orthogonal matrix A is identity matrix the surface is called a translation
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surface. Thus, a generalized type of a translation surface is given by

X (u,v) = a(u) + B(v).

Translation surface which is known as the double curve in differential geometry is base for
roofing structures. The construction and design of free form glass roofing structures are
generally created with the help of curved (formed) glass panes or planar triangular glass
facets. Recently, classification of translation surfaces under some conditions on curvatures
has been studied in Euclidean as well as Minkowski space ([1],[10],[11],[15]).

A framed curve in Minkowski 3-space is a curve with an assigned frame which moves along
the curve. In [7], Honda and Takahashi defined the curvature functions of the framed curve
in E3, similar to a regular curve. By using curvature functions, they obtained the existence
and the uniqueness theorem for the framed curves. The curvature functions of a framed
curve are used to investigate the curve along with its singularities. On the other hand, a
framed surface is defined to be a surface with an assigned moving frame which is used to
analyze properties and singularities of the surface. In [4], by using the moving frames in E3,
the basic invariants and the curvatures of framed surfaces are introduced by Fukunaga and
Takahashi. They studied the properties of framed surfaces using the basic invariants of the
surfaces and gave some examples.

In [5], Fukunaga and Takahashi reviewed the theories for framed surfaces, framed curves
and one-parameter families of framed curves in E3. They showed that up to congruence,
the surface along with the moving frame can be determined by the basic invariants of the
framed surface and the curvature of a one parameter family of framed curves. In [6], the
authors studied the translation surfaces with assigned moving frame and discussed the various
singularities that arise on such surfaces with help of the notion of framed curves and surfaces.
In this paper, we study the non-null translation framed surfaces generated by non-null framed
curves in E$. The paper is arranged as follows. There are some basic results in section 2. In
section 3, we study non-null framed curves in E} and obtain the conditions for the existence
and uniqueness of non-null framed curves. In section 4, first we study non-null framed
surfaces in E3 and find their curvatures and existence and uniqueness conditions. Further,
we study the timelike and spacelike translation framed surfaces generated by non-null framed
curves and obtain the basic invariants of such surfaces in E3. We also find the curvatures

of timelike and spacelike translation framed surfaces generated by non-null framed curves.
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Finally, we classify the translation framed surfaces generated by non-null framed curves lie

in the coordinate planes of E3 with pux =0 and py = 0.

2. PRELIMINARIES

The Minkowski 3-space, denoted by E3, is a three dimensional real vector space R? endowed
with the metric tensor (.,.) = —dz? + dy?® + dz2. The (Lorentzian) scalar and cross product
are defined by:

(x,y) = —x1y1 + T2y2 + 23Y3,
(2.1)

T Xy = (—T2y3 + T3Y2, T3Y1 — T1Y3, T1Y2 — T2Y1),

where x = (z1,72,23),y = (y1,¥2,y3) belong to Ef. This space is also known as Lorentz-
Minkowski space. A vector = € E$ is said to be spacelike when (z,x) > 0 or x = 0, timelike
when (x,z) < 0 and lightlike(null) when {x,z) = 0,  # 0. A curve in E$ is called spacelike,
timelike or lightlike when the velocity vector of the curve is spacelike, timelike or lightlike,
respectively. The norm of a vector = € E is defined as ||z|| = \/|(x, z)|. The hyperbolic and

Lorentzian unit spheres are defined as
H§ = {z € E{||(z,2) = -1}

and
St ={z € E}|(z,z) = 1},

respectively. Let v = 7(s) : I — E} be an arbitrary curve. The curve 7 is said to be an unit
speed curve (or parameterized by the arc-length parameter s) if (7/(s),7/(s)) = £1 for any
sel.

For a spacelike curve 7 : I — E$ parametrized with arclength parameter s, let {t,n,b} be the
moving Frenet frame along the curve, where t(s) = 7/(s) is the unit tangent vector, n is the
unit normal vector defined as the unit vector in the direction ¢'(s) such that ¢'(s) = k(s) n(s),
where k(s) is the curvature of the curve and b(s) = ¢(s) xn(s). The second curvature (torsion)
of the curve is given by 7 = €(b/,n), where ¢ = (n,n).The Frenet-Serret equations of the

spacelike curve are given as
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where (t,t) =1, (n,n) = ¢, (b,b) = —¢, (t,b) = (t,n) = (n,b) = 0. If e = 1, y(s) is a spacelike
curve with the spacelike principal normal n and the timelike binormal b, while if € = -1 then
v is a spacelike curve with the timelike principal normal n and the spacelike binormal b.
For a timelike curve -, we define Frenet frame in similar way except for the torsion is given

by 7 = —(b',n). The Frenet-Serret equations are given by

t 0 x O t
| =1k 0 7| =1|n|,
v 0 —7 0 b

where (t,t) = -1, (n,n) =1, (b,b) = 1, (t,n) = (t,b) = (n,b) = 0.

A surface in E$ is said to be a spacelike, timelike or lightlike if the metric on the surface
is positive definite, indefinite or degenerate, respectively. The type of a surface can also be
expressed in terms of the causal character of the normal vector of the surface by the following

lemma.

Lemma 2.1. [8] A surface in Minkowski 3-space is spacelike, timelike or lightlike if and only
if at every point of the surface there exists a normal which is timelike, spacelike or lightlike,

respectively.

Definition 2.1. [14] Let v and w be two spacelike vectors. Then, there exists a unique

non-negative real number 6 > 0, such that (v,w) = ||v||||w]|| cos .

Definition 2.2. [14] Let v be a spacelike vector and w be a timelike vector in E3. Then,

there exists a unique non-negative real number 8 > 0, such that (v, w) = |jv||||w]|| sinh 6.

Definition 2.3. [12] Let v and w be two timelike vectors in the same time cone of E3,
i.e. (v,w) < 0. Then, there exists a unique non-negative real number 0 > 0, such that

(v,w) = —|[v]|||wl] cosh 6.
Lagrange’s Identity: For any vectors 1, £ € E3, we have (nx&,nx&) = —(n, n){&, &)+(n, £)2.

3. FRAMED CURVES IN MINKOWSKI 3-SPACE

In this section we define the Frenet type formula for the framed curves and give existence

and uniqueness theorem of the framed curves in E3.

Definition 3.1. [9] Let v : I — E3 be a curve in E3. Then the map (v,91,92) : [ — E$ x ©

is called a spacelike framed curve if

(Y (1),91(t)) = 0, (+/(2),92(t)) =0,V € I,



INT. J. MAPS MATH. (2024) 7(1):97-121 / TRANSLATION FRAMED SURFACES IN E3 101

such that p(t) = V1(t) x Y2(t) is an arbitrary spacelike vector field, where
O = {(u,v) € S? x H|(u,v) =0} or © = {(u,v) € H3 x S7|(u,v) = 0}.

Definition 3.2. [9] Let v : I — E3 be an arbitrary curve in B}. Then the map (7,91, 92) :

I — E3 x © is called a timelike framed curve if

(Y (), 01(t)) =0, (+/(t),92(t)) = 0,Vt € I,

such that p(t) = 91(t) x Y2(t) is a timelike vector field, where
0 = {(u,v) € §? x S?|(u,v) = 0}.

Definition 3.3. Let (,91,92) and (7,91,92) : [ — E3 x © are framed curves. We say that
v and 7 have the same causal character of the moving frame if the vector triplets {¥1,92, p}

and {91,792, p} have the same causal characters, respectively.

3.1. Frenet-Serret type formula for framed curves. Let (vy,91,92) : I — E} x © be an

spacelike framed curve and p(t) = ¥1(t) x ¥2(t). The Frenet-Serret type formula is given by

19/1 0 —(5,‘11 K9 191
9| = =0k 0 k3| [92], (3.2)
s —0Kky Ok3 O p

where 0 = (¥91,01) = —(02,%2). k1 = (¥),92),k2 = (9),p), k3 = (¥5,p). Moreover

we can find a smooth function 7(¢) such that ~/(t) = 7(¢t)p(t). We call the functions
(1(t),k1(t), k2(t), k3(t)) the curvature of the framed curve.
Similarly, the Frenet-Serret type formula for a timelike framed curve (7,91, 92) can be given

by

19’1 0 K1 — k9 191
/2 = | —K1 0 —K3 192 ) (33)
o —ky —K3 O p

where k1 = (¥, 02), ke = (¥, p), ks = (¥%, p).
3.2. Existence and uniqueness of the framed curves in E}.

Theorem 3.1. Let (7(t), k1(t), ka(t), k3(t)) : I — R* be a smooth map. Then there eist

framed curves (7y,91,92) : I — E3 x © with three different causality whose curvatures are

(7(8), K1 (t), Ra(t), m3(1)).
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Proof. Let ty € I and let {ej, e2, e3} be an pseudo orthonormal basis for E‘rf . First we suppose
that ej is a timelike vector and the basis is positively oriented. We need to solve the following

ODE system

19’1 = k192 + Kap, (3.4)
Uy = —k191 + K3p,
P = kot + K3Va,

with initial conditions, ¥ (tg) = e1,¥2(to) = e2, p(to) = e3. Then by existence and uniqueness

of the solution of a system of ODE, we get {tJ1,32, p} to be the unique solution and define

10 = [ ropl)s (3.5)

to
Then we have to prove that the framed curve (y(t),91(t),92(t)) is a timelike curve with
curvature functions (7, k1, k2, k3). We first show that the moving frame {9(t), J2(¢), p(t)}
is an pseudo orthonormal basis of E? with the same causal properties as of the initial basis

{e1,e2,e3}. Consider the ODE system,
(01,01)" = 261 (01, 92) + 2r2(p, V1),
(92,02)" = =261 (01, 92) + 2K3(p, V),
<p7 P)l - 2K2<1917p> + 2K3<p) 792>7
(01,09)" = k1 (D2, V2) + Kalp,V2) — K1 (D1, V1) + K3(p, V1),
(01, p)" = K102, p) + K2(p, p) + K2 (D1, Y1) + K3(V2, V1),
(92, p) = —r1 (D1, p) + K3(p, p) + ra(D1,02) + K3(Da, V2),
with initial conditions (¥1,91) = 1, (92,02) = 1, (p, p) = —1, (¥1,92) = 0, (¥1, p) =0, (¥2, p) =
0. On the other hand, the constant functions fi(t) = 1, fa(t) = 1, f3(t) = —1, fu(t) =

0, f5(t) = 0, fs(t) = 0 satisfy the same ODE system and initial conditions, so by uniqueness

of the solution,
—(p, p) = (V1,01) = (V2,02) =1, (¥1,92) = (J1,p) = (J2,p) = 0.

This implies that {191, 2, p} is a pseudo orthonormal basis of E3. From (3.4), 7/(¢) = 7(t)p(t),
and hence (7/,7') = 7%(p, p) = —7% < 0, considering 7 # 0, this implies that ~ is a timelike

framed curve with curvatures (7, k1, k2, K3).
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Similarly, we can show that (v,91,72) is a spacelike framed curve with the spacelike vector
Y1 if eq is timelike, and is a spacelike framed curve with the timelike vector ¥ if e; is

timelike. O

Proposition 3.1. [2] For any vectors a,b € E3 and an isometry M € SO1(3), we have

(a,b) = (Ma, Mb), (3.6)

axb=Max Mb.

Definition 3.4. [9] Let (v,91,92) and (3,91,92) : I — E$ x © be framed curves of same
causal character. We say that (y,91,92) and (3,91,92) are congruent as framed curves
through a Lorentzian motion if there exists a matric M € SO1(3) and a constant vector

c € E3 such that

() = M(y(t) + ¢, (3.7)

-1 0 O
for all t € I, where the matriz M satisfies MTGM = G, Det(M)=1,G=10 1 0

0 0 1
Lemma 3.1. [9] Let the framed curves (,91,92) and (3,91,92) be congruent. Then their

curvatures coincide, i.e. the curvatures (T,K1, k2, k3) are invariant under a Lorentzian mo-

tion.

Theorem 3.2. Let (v,91,92) and (3,91,92) : I — E} x © be framed curves that have the
same causal character of the moving frames. If they have the same corresponding curvatures

then they are congruent as framed curves through a Lorentzian motion.

Proof. Let tg € I and consider the isometry A € SO;(3) such that ¥;(tg) = AY;(to), p(te) =
Ap(to). If ¢ = H(tg) — A o y(to), define the rigid motion Mz = Az + ¢. We know that by
above lemma 3.6, that the framed curve (M o+, Ay, Ay) satisfies the same ODE system as

(7,91,92). As the initial conditions coincide, then by uniqueness of ODE system,

7(t) = Mo~ (t),

9;(t) = AV;(t), i = 1,2,

which completes the proof. O
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4. TRANSLATION FRAMED SURFACES IN E3

Definition 4.1. A smooth map (0,£,1m) : Q CE? — E3 x © is said to be a spacelike framed

surface if the following conditions hold
os(s,t).£(s,t) =0, ou(s,t).£(s,t) = 0,Y(s,t) € Q, (4.8)

where © = {(u,v) € H2 x S?|u.v = 0}.

Also, we say that the map (0,&,7) : Q C E2 — E3 x O is a timelike framed surface if condition
holds with © = {(u,v) € S} x SZ|u.v =0} or © = {(u,v) € S? x Hi|u.v = 0}.

For a framed surface (o,€&,1m), the map (&,m) : Q — O, is a moving frame while o : Q — E3

is called the framed base surface.

4.1. Basic invariants of a framed surface. Let’s define ((s,t) = £(s,t) x n(s,t), then
with respect to the moving frame {£(s,t),n(s,t),((s,t)} along o(s,t), the basic invariants
are defined as follows

Case(i):- For the spacelike surface, £ is a timelike vector and 7, ¢ are spacelike vectors.

Then
O c1 d
_ 1 1 n : (49)
Ot co do ¢
where ¢; = 04.1, co = 0v.1, d1 = 05.C, da = 0¢.C.
fs 0 Iy mi §
ns| =10l 0 mni|[n| (4.10)
Gs m1 —n1 0 | |(]
& 0 Il mal| |&
| =1l 0 mn2f| |n|;
Gt im2 —n2 0| |C

where 1 = &§s.m, my = &5.¢, n1 = ns.C and lg = &.m, ma = &.¢, n2 = n1.C.
We call the smooth functions ¢;, d;, l;,m;,n; : @ — R, 1 = 1, 2 the basic invariants of the

framed surface. Let the above matrices be denoted by A, Ay, Ao, respectively, as follows

0 1 mq 0 la m2
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Then, using the integrability condition o4 = o4 and Ag s — A1y = A1Agy — Ag/Aq, the basic

invariants satisfy the following conditions:

c1t — d1g2 = co 5 — dany,
dyy — cog1 = dg s — C1n2, (4.11)

c1es + di fo = caeq + domy.

L1y —ming =l s — maony,
mis — long = ma s — ling, (4.12)
N1+ lima = ng s + lomy.

Case(ii):- For the timelike surface, £ is a spacelike vector and one of the vectors n or ( is a

timelike vector and other is spacelike. So let (n,7) = § = —((, (), where 6 = £1, accordingly.
Then

O ca —d
R (4.13)

of ca —daf| |C

where ¢y = 051, co = 0., d1 = 05.C, do = 0;.C.

2 0 n -m €

ns| =0 =6y 0 —ni| [n|, (4.14)
| Gs —om; —n1 0 9

& 0 b —ms| €]

| =06 =8la 0 —nal| |n|-

_Ct —dmg —ng 0

where I; = &,.m, m1 = &.¢, n1 = ns.C and Iy = &.n, ma = &.¢, ng = n;.C.

In particular, if we assume that the vector field 7 is timelike, then the basic invariants are

given by
0 —ll mia 0 —lg mo
—c1 dy
A= ) A1 = —l1 0 ni | AZ = —lg 0 n9
—cy dy
—m ni 0 —my no 0

Again using the integrability conditions, the basic invariants satisfy the following conditions:
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c1e — ding = ¢ 5 — dany,
dy ¢+ cany = da s + c1na, (4.15)

Cllg - b1m2 = 0211 — d2m1.

l1t —ming = la s — many,
mi + lang = ma s + ling, (4.16)
nit — limg = ng s — lamy.

4.2. Existence and Uniqueness of framed surfaces in [E3.

Theorem 4.1. For arbitrary given smooth functions c;,d;, l;, m;,n; : Q — R,i = 1,2, defined
on a simply connected domain 2, satisfying the integrability conditions (4.11) and (4.12))
(respectively, (4.15)) and (4.16)) ), there exists a spacelike (respectively, timelike) framed surface

(0,6,1) : Q — E3 x © such that ¢;,d;, l;,mi,n; are the basic invariants of the surface.

Proof. By the integrability condition (4.12) (respectively, (4.16))), there exists a pseudo or-
thonormal frame {{, 7, (} such that it satisfy ODE system (4.10) (respectively, (4.14])). Fur-

ther, by the integrability condition (#.11)) and (4.15]), there exists a smooth map o : Q — E3
which satisfies the condition (4.9)) and (4.13]). Thus, we get a spacelike (respectively, timelike)

framed surface (o, §,n) with basic invariants (A, A1, Ag). O

Theorem 4.2. Let (0,£,1) and (7,€,7) : Q — E$ x © be framed surfaces of same causal
character with basic invariants (A, A1, As) and (A, Ay, As), respectively. Then (o,€,m) and

(7,€,7) are congruent as framed surfaces if and only if the basic invariants coincide.

Proof. Let (sg,tg) € Uy and consider the isometry A € O1(3), such that &(so,tp) = Ao
&(s0,t0), (50, to) = A o (s, to) and ((s0,t0) = A o ((s0,t0). If ¢ = &(s0,t0) — A 0 o (s0,t0),
define the rigid motion Mx = Az + c. Using the proposition 3.1, we see that the framed

surface (M o0, Ao &, Aon) and (7,£,7) both satisfy the same linear system of differential

equations (4.13)) and (4.14), i.e., basic invariants coincide. Now since initial conditions are

same, by uniqueness theorem of system of ordinary differential equations, we find that Moo =
G, Ao =& Aon=nAo( = (. Conversely, If (5,£,7) and (7,&,7) are congruent then
Moo =6,Ac0& =¢& Aon =17, Ao = (, then again using proposition 3.1, we find that both

framed surfaces have common basic invariants. O
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4.3. Curvatures of a Framed surface in E}. We define curvatures of a framed surface
(0,6,m) : Q — E3 x © using the moving frame {£,7,( = ¢ x n} instead of {os,04,£} as at
singular points it may not be well defined. So first we obtain the matrix associated with the
Weingarten map W : TM — T M with respect to the frame {£,n,{ = £ x n} and then define

the curvatures as determinant and trace of the map, where TM = span{n, }. Thus,

where n€ and (€ are the derivatives of the unit normal & with respect to the vector fields n

and (, respectively. By using equation (4.9)), we get

cp d
where A\ = det Lo

ey do

W(n)=-né = —%(dzﬂs —dioy)€ = —i(dﬁs —d1&),

W(Q =—(§= —%(—0203 + Clgt)ff = —i(—cﬁs + C1ft)-

Also using (4.10]), we get

W) = — (dahy — dala) + (mids — mody)C),

1
W(Q) = =5 ((erlz = e2li)n + (erma — ezm)C).-
Thus, we get the Weingarten matrix as follows

W 1 lidy — lady cila — ealy

midy — mady  c1mo — camy

Now, we define pux = A.detW and pug = )\.%trace(W). By direct calculation we obtain

cq d i m

A=det | = , Wi = det ! ! , (4.18)
co da la mo
1 c1m dy |

g = —={det U e | }. (4.19)
2 Co2 My dg 12
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Where k¢ = (A, ux, i) is the curvature of a spacelike framed surface. Similarly we find the

curvature of a timelike framed surface as follows

c d 1 m ]
A=—det | = , Wi = —det ' ' , (4.20)
co d la ma
) g —m dp -l ]
pr = —={det ! et | ' 1, (4.21)
2 c2 M2 dy Iy

where 6 = (1, 7).

4.4. Translation framed surface generated by framed curves in E3. Let (v, v1,19) :
I - E3 x 0O and (5,71, ) : I — E3 x © be framed curves with the curvatures (1, K2, k3, T)

and (K1, ke, k3, 7) in E}. Let o : I x I :— E$ be the translation surface parametrized as

o(s,t) =(s) +7(1).

Proposition 4.1. [5] Let (o,v{,v5) : Q — E$ x © be a one parameter family of curves with
respect to s and (o,vi, V) : Q — E$ x © be a one parameter family of curves with respect to
t. If p* = v x v§ and p* = vt x VL are linearly independent for each (s,t) € Q, then (0,&,n)

is a framed surface for some smooth mapping ({,n): Q — ©.

For a translation surface o(s,t) = v(s) + J(t) defined as above, we have (o,v1,1v2) and
(0,71, 72) as one parameter family of curves on the translation surface with respect to s and
t, respectively. We consider a smooth map (£,7n) : Q2 — O defined by £(s,t) = % and
n(s,t) = p(s), where p = v; x vy and p = ¥y X Uy such that the map (0,£,1) : Q — E} x ©

is a framed surface and o is a framed base surface by the Proposition 4.1. Considering the

above construction we have the following corollary.

Corollary 4.1. Let (y,v1,v2) : I — E3 x © and (3,1,72) : I — E3 x © be framed curves
in Minkowski 3-space such that p(s) and p(t) are linearly independent for all (s,t) € I x I,
then (0,&,n) : I x I — E3 x ©, defined by o(s,t) = v(s) + (t), £(s,t) = % and

n(s,t) = p(s), is a translation framed surface.

Theorem 4.3. Let (y,v1,12) : I — E3 x © and (7,71,02) : I — E3 x © be timelike framed
curves with curvatures (K1, ka2, k3, T) and (K1, Ra,R3,T), respectively in E‘z’ Then the basic

invariants of the timelike translation framed surface (0,&,n) : I x I — E$ x © are obtained
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as follows

1 _
Li(s,t) = NN O (K2(s)ra(s).p(t) — K3(s)vi(s).p(t)),
_ p(s)-p(t)
mi(s,t) = (502 =1 (k2(s)ra(s).p(t) — K3(s)vi(s).p(t)),
-1 -
(s, t) = N ORI (r2(s)v1(s)-p(t) + Ks(s)va(s)-p(t)),
la(s,t) =0,
-1 _ _ _
m2(s7t) = (p(S)ﬁ(t))2 1 (HQ(t)VQ(t)p(S) - /€3(t)V1(t) p(S)),
na(s,t) =0,

where . denotes semi-Euclidean or Lorentzian scalar product.

Proof. Since the framed curves (y(s),v1(s),v2(s)) and (3(s),71(s),2(s)) are timelike, by
construction 7(s,t) = p(s) is a timelike vector field which belongs to the tangent space of
the surface o, therefore it is a timelike surface and furthermore £ and ( are spacelike vector.
Now by using the Lagrange’s identity (u x v, u x v) = —(u, u){v,v) + (u,v)? and vector triple
product (u x v) X w = (v,w)u — (u, w)v for Minkowski space, we have

Ip(s) % A = /=005, PN D), BN + p(), FOD) = v/e(=T F (o), FOD),
where € = (£,£) = 1. Since by definition (of angle), (p(s),p(t)) = — cosh @, therefore —1 +

(p(s),p(t))2 = —1 4 cosh?# = sinh?# > 0. Also since p and p are linearly independent,

p.p # 1 therefore sinh?# > 0. Thus, we have

ci(s,t) = os(s,).n(s,t) = 7(s)p(s).p(s) = —7(s),
dy(s,t) = os(s,t).C(s,t) = 7(s)n(s,t).C(s,t) =0,

ea(s,t) = ou(s,1)n(s,t) = F(O)A(L) (s) = 7(D)p(s).p(0)
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(s, ) = (s, 1)C(5.8) = 7()p(8)-(€(5.8) % p(s)
o pls) x ()
AR FOr0]
= #(0)lots) x A(B) = 7OV AOF — L

Now, by using equation (3.3)), we have ps(s) = ka(s)va(s) — k3(s)v1(s). Thus

1

Li(s,t) = &s(s,t)n(s,t) = T ——— 7 ((p(s) x ps(s))-p(t))

~le(s) x p(t)]]

(p(s) x (=ra(s)r1(s) — w3(s)ra(s)).-p(t))

1
V(p(s).p(t))* —1

1

V(p(s).p(t))? -1

(ra(s)va(s).p(t) — ka(s)vi(s).p(t)),

1 (5,1) = Ea(s,8)-C(5,8) = == (pa(s) X BE))-(p(s) x (t) x p(5))

le(s) x p(0)]2

B (p(s).p(lt))Q —(ps(5) % p(1))-((ps)-p() pls) + (1))
- (/)(S).p(lt))2 — (p(5)-p(t))(p(s) x ps(s))-p(t)
- (p(f)(-f))(gg? 7 (Ra(s)vals).p(t) — ks(s)ra(s).p(t),
m(s,1) = (s, £).C (s, £) = Hp(s)iﬁ(t)”ps(s)-((p(s) % p(t)) % pls))
Y (p(s).;(t))2 =7s(5)-((p(s)-p(£))p(s) + (1))
B \/(P(S)-;(t))2 = (Ps(5)-p(1))
-1
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Corollary 4.2. The curvature k5 = (A, i, o) of the timelike translation framed surface

in Theorem 4.4 is given as follows

A= 7(s)7()V/ (p(s)-p(1))? - 1,

e = (2(8)12()-p(t) = m3(5)1(5).p(D) (72 () 72(t)-p(5) = Fs(B)7 (E)-p(s))
((p(s)-p(1))? = 1)3/2 ’
gy = T FE(O72(8).p(5) = Fs (D7 (1)-p(5)) + 7({) (2(5)a(s).p(E) = Ka(s)(s)2(D)
2((p(s)-p(1))* = 1)

Proof. Using (4.20) and (4.21]) and Theorem 4.4, we have

s, t) = 7(s)7()/ (p(s)-p(1))? — 1,

wr (s, t) = =li(s,t)ma(s,t)

_ (w2(s)va(s)-p(t) — ma(s)vi(s)-p(1)) (Ra(8)Pa(t)-p(s) — Ra(t)ma(1)-p(s))
((p(s).p(t))2 —1)3/2 .

§=(n,m) =—1,s0

,LLH(S, t) :l{clmg —+ comq — dzll}
7(s)(Re(t)v2(t)-p(s) — R (t)ri(t)-p(s))

= {

(p(s).p(t))? — 1
7(t)(p(s)-p(t))*
+ o0) )7 = 102(72(8)-20) = ma()1(5)-2(0)
1
T s)-p(t))? — ka(s)va(s).p(t) — k s
OV AP T (Raa(s)0) (5 ()20}

Proposition 4.2. Let (y,v1,v2) : [ — E3 x © and (3,01,) : I — E3 x © be timelike
framed curves with curvatures (K1, ke, k3, T) and (R1, R, Rs3,T), respectively. Assume that -y
is contained in the xz-plane and % is contained in the zy-plane. Then for the translation
framed surface (o,&,m) : I x I — E} x © obtained by the above curves, i = 0 if and only if

o is a generalized cylinder.

Proof. Let the curve v be contained in the xz-plane and 7 be contained in the xy-plane. Then

we take v1(s) = (0,1,0), #1(t) = (0,0,1) and p(s) = (p1(s),0, p3(s)), p(t) = (p1(t), p2(t),0)

for some real smooth functions pi, ps, p1 and pa, which further gives v5(s) = v1(s) x p(s) =
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(—p3(s),0,—p1(s)) and n(t) = v1(t) x p(t) = (—p2(t), —p1(t),0). Also since vy and vy are

fixed vectors, v; = 0 and 7] = 0 therefore from (3.3)), k1 = ko = k1 = k2 = 0. Hence

K3(s)Rs(t)ps(s)p2(t)
(Pi(s)p3(t) —1)3/2

Thus px = 0 if and only if one of the functions ks, k3, p3, p2 is identically zero on an open

:U’K(S’ t) =

interval in I or I. So, if k3 = 0 or p3 = 0 then v is a part of a timelike straight line, while
k3 = 0 or po = 0 implies 7 is a part of a timelike straight line. In either case o is a generalized

cylinder. O

Proposition 4.3. Let (y,v1,v2) : [ — E3 x © and (3,01,) : I — E3 x © be timelike
framed curves with curvatures (K1, ke, k3, T) and (R1, R, Rs3,T), respectively. Assume that ~y
is contained in the xz-plane and % is contained in the zy-plane. Then for the translation
framed surface (o,&,m) : I x I — E3 x © generated by the framed curves, uy = 0 if and only
if o is a point or is a part of the following surface
m‘ + B, v(t),u(s)),

where B, ¢ are some constants.

Proof. Using the similar constructions {v1, 19, py and {71, 72, p} as in Proposition 4.2, we get

K1 = Ko = k1 = ko = 0. Hence

T(s)ps(s) _  T(H)pa(t) _ C(constant). (4.22)

/@3(5) Rg(t)

By definition k3(s) = v5(s).p(s) = p3sp1 — p1,sp3 and R3(t) = p21p1 — p1,4P2, substituting
into (4.22) we get,

C(p3,sp1 — pr,sp3) = 7(s)p3(s),

C(paap1 — prep2) = —7(t)p2(2).
In the case C' =0, we have T =0 or p3 =0 and 7 =0 or ps = 0. If p3 = 0 and ps = 0 then

k3 = 0 = k3 which contradicts to the equation (4.22)). Thus 7 = 0 and 7 = 0 which implies

that o is a point.
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Now in the case C # 0, replacing ¢ = % in the above equations we get,

p3,sP1 — p1,sp3 = cT(s)p3(s), (4.23)
p2,tp1 — Prtpe = —cT(t)p2(t). (4.24)

Since p is a timelike unit vector we take p(s) = (cosh (6(s)),0,sinh (6(s))), therefore pi s =
6, sinh (0) and p3 s = 0 cosh (6). Using equation (4.23)), we get

0s = c7(s)sinh (6(s)),

/sinhl(é?)de = C/T(S)ds +D,

. . 0 1+Aecfr(s)ds
which gives e” — W,

calculate y(s) = [ 7(s)p(s)ds. Let v(s) = (71(s),0,72(s)), then we get v1(s) = [ 7(s)p1(s)ds =
_ 262cf7'(s)ds 6cfﬂ'(s)ds
—% log (lécfw) and 73(5) = f’T(S)pg(S)dS = %log (iﬁecw)

Let u(s) = %log (M), then ~ is given by

1+A2820f-r(s)ds 0 2Aecf-r(s)ds

1,A262Cf7'(s)ds7 ’ 17A€20f7—(3)d3 ) . NOW we

thus we get p(s) = (

17A€cf7—(s)ds
1 1
7(s) = (= logcosh (cu(s)) — = log (24),0, u(s)).
c c
Similarly, by equation (4.24)), we obtain
1 1 -
()= (- - log | sinh (cv(t))| + - log (24),v(t),0),
A —c [T(t)dt
where ’U(t) = —%log % Thus

o(s,t) =~(s) +7(t)

1 cosh(cu(s))
= (Laog | ) ),
<c ©8 sinh(cov(t)) + B, v(t), uls)
where B is a constant. In fig. 1 we have diagram of the surface when ¢ =1, B = 0. 0
2 e

-0.5
0.5 1

FiGURE 1.
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Theorem 4.4. Let (v,v1,19) : I — E3 x © a spacelike and (,i1,02) : I — E3 x © be
a timelike framed curve with curvatures (k1, k2, k3, 7) and (K1, Ko, R3,7), respectively in E3.
Then the basic invariants of the timelike translation framed surface (o,6,m) : Ix I — E3 x 0,

are obtained as follows

li(s,t) = NS OO (r2(s)va(s).p(t) — k3(s)ri(s).p(t)),
ma(s00) = P (a1 10) = (5910
1) _
(5.) = gl YA ) 70) s (a(e) 7)),
lo(s,£) = 0
1 B _ _
ma(ovt) = ey RaP)(9) — Ra(Om(0).(5)
na(s,t) =0,

where § = (v1,v1) = £1.

Proof. Since the framed curves (y(s), v1(s), v2(s)) is spacelike and (7(s), 71(s), 72(s)) is time-
like, by construction o(s,t) = 4/(t) is a timelike vector field which belongs to the tangent
space of the surface o, hence o is a timelike surface and £ and n are spacelike vectors, ( is a

timelike vector. Thus, we have

lp(s) x p(t)]l = V/e((p N (D), (1)) + (p(s), p(1))?) = V/e(1 + {p(s), p(1))?),
we have (p(s),ﬁ(t)) = sinh 6, 1—|—< (), p(t))% = 14sinh? f = cosh? § > 0, hence € = (£,£) =1,
and ||p(s) x p(t)| = /1 + ( (t))2, we have

ci(s,t) = as(s, t).n(s, t) = 7(s)p(s).p(s) = 7(s),

di(s,t) = 05(s,1).C(s,t) = 7(s)n(s,1).C(s,1) = O,
ca(s,t) = o(s, 1).n(s, ) = T()p(t).p(s) = T(t)p(s)-p(t),
da(s,t) = o1(s,1).C(s,t) = T(1)p(1)-(£(s, 1) X p(s))



INT. J. MAPS MATH. (2024) 7(1):97-121 / TRANSLATION FRAMED SURFACES IN E3

By using (3.2), we have ps(s) = —dra(s)v1(s) + drs(s)va(s), hence

v
lp(s) x p(D)]

5 ((p(s) x (=0ra(s)r1(s) + dra(s)ra(s))-p(t))

hi(s,t) = &s(s,t)n(s,t) = ((p(s) x ps(s))-p(t))

= e e e momle) b (s (=on(s) A(0)

= G e ) A o) AA0)
(5,

B 1
lo(s) = p(1)]2

= T ) % P (s) o) + 50)

(ps(s) x p(t))-(p(s) x p(t) x p(s))

—_

= 1+ <,0(8) ﬁ(t)>2(l_€2(t)ﬂg(t).p(5) - "_{3(75)51(75)-,0(5)),

n2(svt) = nt(sﬂt)'C(‘S?t) = pt(87t>.C(S,t) = O-C(Sat) = 0.

115
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Corollary 4.3. The curvature k5 = (A, i, ) of the timelike translation framed surface

given in Theorem 4.5 is given as follows

g = — r2(8)v2(8).p(t) = ()1 (5).p(1)) (Fa(D)Fa(t).p(s) = Fs(t)7(t).p(s))
(1+ (p(s)-p(t))?)3/? ’
7(s) (Ra(t)7a(t).p(s) — Rs(t)P1(t).p(s)) — T(t)(ra(s)va(s)-p(t) — ka(s)ri(s)-p(t))

Proof. Using (4.20) and (4.21)) and Theorem 4.5, we have
s, t) = 7(s)7(t)V/1 + (p(s).0(t))2,

i (s, t) = —=li(s,t)ma(s,t)

(ra(s)va(s).p(t) — Ka(s)vi(s).p(t)) (R
(1 + (p(s)-p(

(
)

t)a(t).p(s) — k()i (t)-p(s))
)2)3/2 :

2
t

1
pE(s,t) =— §{Clm2 + comy — daly }

_ 1 7(s)(Ra(t)7a(t)-p(s) — Ra(t)(E)-p(s))

—a 1+ (p(s)-p(t))?
7(t)(p(s)-p(t))?
T (o(o) ()2 F2()2()-P(8) = ra(s)(9)-A()
_ - 1
— 7)1+ (p(s).p(t))? N RO O (ka(s)va(s).p(t) — k3(s)v1(s).p(t))}

Proposition 4.4. Let (y,v1,v2) : I — E$ x© be an spacelike and (7,01, 2) : I — E3x0O be a
timelike framed curve with curvatures (K1, k2, k3, T) and (R1,Ra, k3, T), respectively. Assume
that 7y is contained in the yz-plane and 7 is contained in the xz-plane. Then for the translation

framed surface (o,6,m) : I x I —E3 x O, ux =0 if and only if o is a generalized cylinder.

Proof. We take v1(s) = (1,0,0), #1(t) = (0,1,0) and p(s) = (0, p2(s), p3(s)), p(t) = (p1(t),0, p3(t))
for some real smooth functions pa, p3, p1 and ps. Then we get va(s) = p(s) x vi(s) =
(0, p3(s), p2(s)) and a(t) = v1(t) x p(t) = (—ps(t),0,—p1(t)). Since v and v are fixed
vectors, f = 0 and 7j = 0 therefore k1 = ko = k1 = k2 = 0. Now by following the similar

steps to the Proposition 4.2 we get the result. O
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Proposition 4.5. Let (y,v1,v2) : I — E$ x© be an spacelike and (3,v1,2) : I — E3xO be a
timelike framed curve with curvatures (K1, ka2, k3, T) and (R1,Ra, k3, T), respectively. Assume
that 7y is contained in the yz-plane and 7 is contained in the xz-plane. Then for the translation
framed surface (0,&,n) : I x I — E3 x ©, py = 0 if and only if o is a point or is a part of

the following surface

o(s,t) = (v(t),u(s),%log ‘WD,

where ¢ is some constant.

Proof. Working with the same frames {v1, 19, py and {1, 72, p} as defined in the Proposition
4.4, we get k1 = Ko = K1 = ke = 0. Since p is an spacelike unit vector and p is a timelike unit
vector so we take p(s) = (0,cos0(s),sinf(s)) and p = (cosh 0(t),0,sinh §(¢)) and by following
the similar steps to the Proposition 4.3 we obtain
1
1(s) = (0,u(s), + log (2ese (eu(s)))).
1
A1) = (0(£),0, - log cosh (cu())),
c

where u(s) = —21 log(tan (£ [ 7(t)dt + b)) and v(t) = 2 arctan (Ae¢/ 7). Thus
X(s,t) =~(s) +7(t)

= (o0 108 [ )

where c is a constant. In fig. 2 we have diagram of the surface when ¢ = 1. O

FIGURE 2.
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Theorem 4.5. Let (y,v1,v2) : I = E3 x © and (3, 1,12) : [ — E3 x © be spacelike framed
curves with curvatures (K1, k2, k3, T) and (K1, Ko, k3, T), respectively in B}. Then the basic
invariants of the spacelike translation framed surface (o,&,n) : I x I — E3 x ©, are obtained

as follows

c1(s,t) = 7(s),

dl(sv t) =0,

1
l1(s,t) = Ko (8)ra(s — k3(s)vi(s ,
1) = s (s29(6):200) — a5 (5):9(0)
C pl8)a() ]
m1(87t) - 1— (p(S)ﬁ(t))2 (HQ(S)V2<S)'p(t) - H3(S)V1(S) p(t))7
o _
ni(s,t) = NETONOE (r2(s)ri(s).p(t) — K3(s)ra(s).p(t)),
ZQ(S, t) = O,
1 RN _
ma(s,t) = 1— TOEGE (R2(t)12(t).p(s) — Ra(t)r1(t).p(s)),
na(s,t) =0,
where § = (v1,v1) = £1.
Proof. We can prove this theorem using similar steps as the Theorems 4.4, 4.5. O

Corollary 4.4. The curvature Ky = (A, i, pu) of the spacelike translation framed surface

given in Theorem 4.7 is given as follows

A= —7(s)7(t)V/1 — (p(s).p(1))%,

e = (r2(s)va(s).p(t) — k3(s)ri(s).p(t)) (Ra(t)a(t).p(s) — R () (t).p(s))
(1= (p(s)-p(t))?)*/2 ’
= _ 7(s)(Ra ()7 (t).p(s) — R3(t) 71 (t)-p(s)) — T(t)(ra(s)va(s).p(t) — k3(s)vi(s).p(t))
2(1 = (p(s)-p(t))?)
Proof. Proof is similar to the corollaries 4.2, 4.3. 0

Proposition 4.6. Let (v,v1,10) : [ — E3 x © and (3,01,0) : I — E3 x © be spacelike
framed curves with curvatures (ki, ke, ks, T) and (K1, Re, k3, T), respectively. Assume that
is contained in the yz-plane and % is contained in the zz-plane. Then for the translation

framed surface (0,6,m) : I x I —E3 x O, ux =0 if and only if o is a generalized cylinder.
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Proof. We take v1(s) = (1,0,0) and o1 (t) = (0, 1, 0) then there exist real smooth functions pa,
p3, p1 and p3 such that p(s) = (0, p2(s), p3(s)) and p(t) = (p1(t), 0, p3(t)). Now by definition
va(s) = p(s) xv1(s) = (0, p3(s), pa(s)) and va(t) = w1 (t) x p(t) = (—p3(t), 0, —p1(t)) and since
v1 and 7y are fixed vectors, f = 0 and 7j = 0 therefore k3 = ko = k1 = ka2 = 0. Now by

following the similar steps to the Proposition 4.2, we get the desired result. O

Proposition 4.7. Let (y,v1,10) : I — E3 x © and (3,01,2) : I — E3 x © be spacelike
framed curves with curvatures (ki, ke, ks, T) and (K1, Re,R3,T), respectively. Assume that
is contained in the xz-plane and % is contained in the yz-plane. Then for the translation
framed surface (0,&,n) : I x I — E3 x ©, py = 0 if and only if o is a point or is a part of

the following surface

o(s,t) = (U(t),u(s),llog ‘smh(cv(t))‘)

c sin(cu(s))

where ¢ is some constant.

Proof. Working with the frames {11,v2, py and {71, 72, p} as defined in the Proposition 4.6,
we have k1 = Ko = K1 = Ko = 0. Since p and p are spacelike unit vectors so we take
p(s) = (0,cos6(s),sinf(s)) and p(t) = (sinh6(t),0,coshé(t)) and by following the similar

steps to the Proposition 4.3 we obtain
1 .
7(8) = (07 U(S), _E log (2 S (Cu(s))))v
1
~(t) = (v(t), 0, p log (2sinh (cv(t)))),

where u(s) = —Llog(tan (§ [ 7(t)dt + b)) and v(t) = 2 log (%). Thus,

(s, t) =(s) +7(t)

= (0(t) u(s), L 10g |2}y

sin(cu(s))

where c is a constant. In fig. 3 we have diagram of the surface when ¢ = 1. U
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FIGURE 3.
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