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A NOTE ON CSI−SUBMERSIONS FROM COSYMPLECTIC

MANIFOLDS

SUSHIL KUMAR ID ∗, SUMEET KUMAR ID , AND RAJ KUMAR SRIVASTAVA ID

Abstract. In this paper, our main objective is to study the notion of Clairaut semi-

invariant submersions (CSI− submersions, in short) from Cosymplectic manifolds onto

Riemannian manifolds. We investigate some fundamental results pertaining to the geome-

try of such submersions. We also obtain totally geodesicness conditions for the distributions.

Moreover, we provide a non-trivial example of such Riemannian submersion.

Keywords: Riemannian submersions, Clairaut semi-invariant submersions, Almost contact

metric manifolds.

2010 Mathematics Subject Classification: 53C15, 53B20.

1. Introduction

Firstly, O’ Neill [17] and Gray [9] separately studied the concept of Riemannian submer-

sions between Riemannian manifolds in the 1960s. Using the notion of Riemannian submer-

sions between almost complex manifolds, Watson [34] studied almost Hermitian submersions.

Further, the concept of anti-invariant submersion was first defined by Sahin [23] from almost

Hermitian manifolds onto Riemannian manifolds. Later, he introduced semi-invariant sub-

mersion [25] from almost Hermitian manifolds onto Riemannian manifolds as a generalization

of holomorphic submersions and anti-invariant submersion. Further, different kinds of Rie-

mannian submersions on different structures have been studied, such as: slant submersions
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[24], semi-slant submersions [18], conformal semi-slant submersion ([13],[21]), hemi-slant Rie-

mannian submersions [31], conformal hemi-slant submersion [12], quasi-bi-slant submersions

[19] (see also [14], [20], [22], [26], [28], [29]) etc.

Presently, the Riemannian submersions have abundant applications in pure mathematics

and physics, for example, Kaluza-Klein theory [7], Yang-Mills theory [8], Supergravity and

superstring theories [11] etc. C. Altafini [2] commenced using the notion of Riemannian

submersions for the modeling and control of redundant robotic chain and proved that Rie-

mannian submersion gives a close relationship between inverse kinematic in robotics and the

pull back vectors.

In the theory of surfaces created by rotating the curves, we note that, for any geodesic

c(c : I1 ⊂ R → N1 on N1) on the rotating surface N1, the product r sinΘ is constant

along geodesic c, where Θ(s) is the angle between c(s) and the meridian curve through c(s),

s ∈ I1, called Clairaut’s theorem [5]. It means that it is independent of s. In 1972, Bishop [5]

applied this idea to the Riemannian submersions and introduced the concept of Clairaut sub-

mersion. Afterwards, Clairaut submersions have been studied in Spacelike spaces, Timelike

and Lorentzian spaces ([16], [32], [33]) and its applications in Static spacetimes [1]. Later on

this notion has been generalized in [3] and [16]. Kumar et al., in [15], introduce the notion

of Clairaut semi-invariant Riemannian map and Gupta and Singh in [10] initiate the notion

of Clairaut semi-invariant submersion from Kähler manifold and investigate some interesting

geometric properties of these submersions.

In the present paper, our focus is on investigating the notion of the CSI−submersions

from Cosymplectic manifolds onto Riemannian manifolds. The paper is organized as fol-

lows: In the second section, we gather main notions and formulae for other sections. In the

third section, we give the definition of the CSI−submersions from Cosymplectic manifolds

onto Riemannian manifolds. We investigate differential geometric properties of such submer-

sions. In the last section, we illustrate a non-trivial example of the CSI−submersions from

Cosymplectic manifolds onto Riemannian manifolds.

2. Preliminaries

A (2n + 1)-dimensional smooth manifold N1 is said to have an almost contact structure

[26] if there exist on N1, a tensor field ϕ of type (1, 1), a vector field ξ and 1-form η such that

ϕ2 = −I + η ⊗ ξ, η ◦ ϕ = 0, ϕξ = 0, (2.1)
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g1(ξ, ξ) = η(ξ) = 1. (2.2)

If there exists a Riemannian metric g1 on an almost contact manifold N1 satisfying:

g1(ϕZ1, ϕZ2) = g1(Z1, Z2)− η(Z1)η(Z2), (2.3)

g1(Z1, ϕZ2) = −g1(ϕZ1, Z2),

g1(Z1, ξ) = η(Z1), (2.4)

where Z1, Z2 are any vector fields on N1. Then N1 is called almost contact metric manifold

[6] with almost contact structure (ϕ, ξ, η) and is represented by (N1, ϕ, ξ, η, g1).

An almost contact structure (ϕ, ξ, η) is said to be normal if the almost complex structure

J on the product manifold N1 ×R is given by

J(Z1,F
d

dt
) = (ϕZ1 −Fξ, η(Z1)

d

dt
), (2.5)

where J2 = −I and F is a differentiable function on N 1 × R that has no torsion, i.e., J is

integrable. The form for normality in terms of ϕ, ξ and η is given by [ϕ, ϕ] + 2dη ⊗ ξ = 0 on

N1, where [ϕ, ϕ] is the Nijenhuis tensor of ϕ . Further, the fundamental 2-form Φ is defined

by Φ(Z1, Z2) = g1(Z1, ϕZ2).

A manifold N1 with the structure (ϕ, ξ, η, g1) is said to be Cosymplectic [26] if

(∇Z1ϕ)Z2 = 0 (2.6)

for any vector fields Z1, Z2 on N1, where ∇ stands for the Riemannian connection of the

metric g1 on N1. For a Cosymplectic manifold, we have

∇Z1ξ = 0 (2.7)

for any vector field Z1 on N1.

O’Neill’s tensors [17] T and A are given by

AX1X2 = H∇HX1VX2 + V∇HX1HX2, (2.8)

TX1X2 = H∇VX1VX2 + V∇VX1HX2 (2.9)

for any X1, X2 on N1. For vertical vector fields Y1, Y2, the tensor field T has the symmetry

property, that is,

TY1Y2 = TY2Y1, (2.10)

while for horizontal vector fields X1, X2, the tensor field A has alternation property, that is

AX1X2 = −AX2X1. (2.11)



86 S. KUMAR, S. KUMAR, AND R. K. SRIVASTAVA

From the equations (2.8) and (2.9), we have

∇Y1Y2 = TY1Y2 + V∇Y1Y2, (2.12)

∇Y1Z1 = TY1Z1 +H∇Y1Z1, (2.13)

∇Z1Y1 = AZ1Y1 + V∇Z1Y1, (2.14)

∇Z1Z2 = H∇Z1Z2 +AZ1Z2 (2.15)

for all Y1, Y2 ∈ Γ(kerF∗) and Z1, Z2 ∈ Γ(kerF∗)
⊥, where H∇Y1Z1 = AZ1Y1, if Z1 is basic.

It can be easily seen that T acts on the fibers as the second fundamental form, while A

acts on the horizontal distribution and measures the obstruction to the integrability of this

distribution.

The Riemannian submersion F between two Riemannian manifolds is totally geodesic if

(∇F∗)(U1, U2) = 0 ∀ U1, U2 ∈ Γ(TN1).

Totally umbilical Riemannian submersion is a Riemannian submersion with totally um-

bilical fibers ([4], [5]) if

TZ1Z2 = g1(Z1, Z2)H (2.16)

for all Z1, Z2 ∈ Γ(kerF∗), where H denotes the mean curvature vector field of fibers.

Let F : (N1, g1) → (N2, g2) be a Riemannian submersion between Riemannian manifolds.

The differential map F∗ of F can be viewed as a section of the bundleHom(TN1, F
−1TN2) →

N1, where F
−1TN2 is the pullback bundle whose fibers at q ∈ N1 is (F

−1TN2)q = TF (q)N2,q ∈

N1. The bundle Hom(TN1, F
−1TN2) has a connection ∇ induced from the Levi-Civita con-

nection ∇N1 and the pullback connection ∇F . Then the second fundamental form of F is

given by

(∇F∗)(V1, V2) = ∇F
V1
F∗(V2)− F∗(∇N1

V1
V2) (2.17)

for the vector fields V1, V2 ∈ Γ(TN1).

3. The CSI−submersions from Cosymplectic manifolds

In the theory of Riemannian submersions, Bishop [5] initiated the concept of Clairaut

submersion as: a submersion F : (N1, g1) → (N2, g2) is called a Clairaut submersion if there

exist a function r : N1 → R+ in such a way that any geodesic that makes an angle Θ with a

horizontal subspace, r sinΘ is constant.

On the other side, Sahin [27] generalized the concept of Clairaut submersion and initiated

the study of Clairaut Riemannian maps and investigated its geometric properties.
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Theorem 3.1. [5] Let F : (N1, g1) → (N2, g2) be a Riemannian submersion with connected

fibers. Then, F is a Clairaut Riemannian submersion with r = eh if each fiber is totally

umbilical and has the mean curvature vector field H = −∇h, where ∇h is the gradient of the

function h with respect to g1.

Definition 3.1. [26] Let F be a Riemannian submersion from an almost contact metric

manifold (N1, ϕ, ξ, η, g1) onto a Riemannian manifold (N2, g2). Then we say that F is a

semi-invariant submersion if there is a distribution D1 ⊆ kerF∗ such that

kerF∗ = D1 ⊕D2, ϕ(D1) = D1, ϕ(D2) ⊆ (kerF∗)
⊥,

where D1 and D2 mutually orthogonal distributions in (kerF∗).

Let µ denotes the complementary orthogonal subbundle to ϕ(D2) in (kerF∗)
⊥. Then we

have

(kerF∗)
⊥ = ϕ(D2)⊕ µ.

Obviously µ is an invariant subbundle of (kerF∗)
⊥ with respect to the contact structure ϕ.

We say that a semi-invariant submersion F : N1 → N2 admits a vertical Reeb vector

field ξ if it is tangent to (kerF∗) and it admits horizontal Reeb vector field ξ it is normal

to (kerF∗). One can easily observe that µ contains the Reeb vector field in case of the

Riemannian submersion admits horizontal Reeb vector field.

We now define the notion of CSI− submersion in contact manifolds as follows:

Definition 3.2. A semi-invariant submersions from a Cosymplectic manifold (N1, ϕ, ξ, η, g1)

onto a Riemannian manifold (N2, g2) is called CSI− submersion if it satisfies the condition

of Clairaut Riemannian submersion.

For any vector field W1 ∈ Γ(kerF∗), we put

W1 = PW1 +QW1, (3.18)

where P and Q are projection morphisms [4] of kerF∗ onto D1 and D2, respectively.

For U1 ∈ (kerF∗), we get

ϕU1 = ψU1 + ωU1, (3.19)

where ψU1 ∈ Γ(D1) and ωU1 ∈ Γ(ϕD2). Also for V2 ∈ Γ(kerF∗)
⊥, we get

ϕV2 = BV2 + CV2, (3.20)

where BV2 ∈ Γ(D2) and CV2 ∈ Γ(µ).
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Definition 3.3. [30] Let F be a CSI− submersion from an almost contact metric mani-

fold (N1, ϕ, ξ, η, g1) onto a Riemannian manifold (N2, g2). If µ = {0} or µ =< ξ >, i.e.,

(kerF∗)
⊥ = ϕ(D2) or (kerF∗)

⊥ = ϕ(D2)⊕ < ξ > respectively, then we call ϕ a Lagrangian

Riemannian submersion. In this case, for any horizontal vector field Z1, we have

BZ1 = ϕZ1 and CZ1 = 0. (3.21)

Lemma 3.1. Let F be a CSI− submersion from a Cosymplectic manifold (N1, ϕ, ξ, η, g1)

onto a Riemannian manifold (N2, g2) admitting vertical or horizontal Reeb vector field. Then,

we get

V∇W1ψW2 + TW1ωW2 = BTW1W2 + ψV∇W1W2, (3.22)

TW1ψW2 +H∇W1ωW2 = CTW1W2 + ωV∇W1W2, (3.23)

V∇U1BU2 +AU1CU2 = BH∇U1U2 + ψAU1U2, (3.24)

AU1BU2 +H∇U1CU2 = CH∇U1U2 + ωAU1U2, (3.25)

V∇W1BU1 + TW1CU1 = ψTW1U1 +BH∇W1U1, (3.26)

TW1BU1 +H∇W1CU1 = ωTW1U1 + CH∇W1U1, (3.27)

V∇U1ψW1 +AU1ωW1 = BAU1W1 + ψV∇U1W1, (3.28)

AU1ψW1 +H∇U1ωW1 = CAU1W1 + ωV∇U1W1, (3.29)

where W1,W2 ∈ Γ(kerF∗) and U1, U2 ∈ Γ(kerF∗)
⊥.

Proof. Using (2.12)−(2.15),(3.19) and (3.20), we get Lemma 3.1.

Corollary 3.1. Let F be a Lagrangian submersion from a Cosymplectic manifold (N1, ϕ, ξ, η,

g1) onto a Riemannian manifold (N2, g2) admitting vertical or horizontal Reeb vector field.

Then we get

V∇V1ψV2 + TV1ωV2 = BTV1V2 + ψV∇V1V2, TV1ψV2 +H∇V1ωV2 = ωV∇V1V2,

V∇Y1BY2 = BH∇Y1Y2 + ψAY1Y2,AY1BY2 = ωAY1Y2,

V∇V1BY1 = ψTV1Y1 +BH∇V1Y1, TV1BY1 = ωTV1Y1,

V∇Y1ψV1 +AY1ωV1 = BAY1V1 + ψV∇Y1V1,AY1ψV1 +H∇Y1ωV1 = ωV∇Y1V1,

where V1, V2 ∈ Γ(kerF∗) and Y1, Y2 ∈ Γ(kerF∗)
⊥.
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Lemma 3.2. Let F be a CSI− submersion from a Cosymplectic manifold (N1, ϕ, ξ, η, g1)

onto a Riemannian manifold (N2, g2) admitting vertical or horizontal Reeb vector field. Then

we have

TZ1ξ = 0,AZ2ξ = 0 (3.30)

for Z1 ∈ Γ(kerF∗)
⊥ and Z2 ∈ Γ(kerF∗)

⊥.

Proof. Using (2.12)−(2.15) and (2.7), we get Lemma 3.2.

Lemma 3.3. Let F be a CSI− submersion from a Cosymplectic manifold (N1, ϕ, ξ, η, g1)

onto a Riemannian manifold (N2, g2). If γ : I2 ⊂ R → N1 is a regular curve and Z1(t) and

Z2(t) are the vertical and horizontal components of the tangent vector field
.
γ = E of γ(t),

respectively, then γ is a geodesic if and only if along γ the following equations hold:

V∇ .
γBZ2 + V∇ .

γψZ1 + (TZ1 +AZ2)CZ2 + (TZ1 +AZ2)ωZ1 = 0, (3.31)

H∇ .
γCZ2 +H∇ .

γωZ1 + (TZ1 +AZ2)BZ2 + (AZ2 + TZ1)ψZ1 = 0. (3.32)

Proof. Let γ : I2 → N1 be a regular curve on N1. Since
.
γ(t) = Z1(t) + Z2(t), where

Z1(t) and Z2(t) are the vertical and horizontal components of
.
γ(t). Using (2.6),(2.12)−(2.15),

(3.19) and (3.20), we have

ϕ∇ .
γ
.
γ = ∇ .

γϕ
.
γ

= ∇Z1ψZ1 +∇Z1ωZ1 +∇Z2ψZ1 +∇Z2ωZ1 +

∇Z1BZ2 +∇Z1CZ2 +∇Z2BZ2 +∇Z2CZ2,

= V∇ .
γBZ2 + V∇ .

γψZ1 + (TZ1 +AZ2)CZ2 + (TZ1 +AZ2)ωZ1 +

H∇ .
γCZ2 +H∇ .

γωZ1 + (TZ1 +AZ2)BZ2 + (AZ2 + TZ1)ψZ1.

From above, vertical and horizontal components are:

Vϕ∇ .
γ
.
γ = V∇ .

γBZ2 + V∇ .
γψZ1 + (TZ1 +AZ2)CZ2 + (TZ1 +AZ2)ωZ1,

Hϕ∇ .
γ
.
γ = H∇ .

γCZ2 +H∇ .
γωZ1 + (TZ1 +AZ2)BZ2 + (AZ2 + TZ1)ψZ1.

Thus γ is a geodesic on N1 if and only if Vϕ∇ .
γ
.
γ = 0 and Hϕ∇ .

γ
.
γ = 0.
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Theorem 3.2. Let F be a Clairaut semi-invariant submersion from a Cosymplectic manifold

(N1, ϕ, ξ, η, g1) onto a Riemannian manifold (N2, g2). Then F is a CSI− submersion with

r = eh if and only if

g1(∇h, Z2)||Z1||2 = g1(V∇ .
γBZ2, ψZ1) + g1((TZ1 +AZ2)CZ2, ψZ1) +

g1(H∇ .
γCZ2, ωZ1) + g1((TZ1 +AZ2)BZ2, ωZ1),

where γ : I2 → N1 is a geodesic on N1, Z1(t) and Z2(t) are vertical and horizontal compo-

nents of
.
γ(t), respectively.

Proof. Let γ : I2 → N1 be a geodesic on N1 with Z1(t) = V .
γ(t) and Z2(t) = H .

γ(t).

Let Θ(t) denotes the angle in [0, π] between
.
γ(t) and Z2(t). Assuming υ = || .γ(t)||,2 then we

get

g1(Z1(t), Z1(t)) = υ sin2Θ(t), (3.33)

g1(Z2(t), Z2(t)) = υ cos2Θ(t). (3.34)

Now, differentiating (3.33), we get

d

dt
g1(Z1(t), Z1(t)) = 2υ sinΘ(t) cosΘ(t)

dΘ

dt
,

g1(∇ .
γZ1(t), Z1(t)) = υ cosΘ(t) cosΘ(t)

dΘ

dt
.

Using equations (2.3) and (2.6) in above equation, we get

g1(∇ .
γϕZ1(t), ϕZ1(t)) = υ sinΘ(t) cosΘ(t)

dΘ

dt
. (3.35)

Now we obtain

g1(∇ .
γϕZ1, ϕZ1) = g1(V∇ .

γψZ1, ψZ1) + g1(H∇ .
γωZ1, ωZ1) + (3.36)

g1((TZ1 +AZ2)ψZ1, ωZ1) + g1((TZ1 +AZ2)ωZ1, ψZ1).

Using equations (3.31) and (3.32) in (3.37), we have

g1(∇ .
γϕZ1, ϕZ1) = −g1(V∇ .

γBZ2, ψZ1)− g1((TZ1 +AZ2)CZ2, ψZ1)− (3.37)

g1(H∇ .
γCZ2, ωZ1)− g1((TZ1 +AZ2)BZ2, ωZ1).

From (3.35) and (3.38), we have

υ cosΘ(t) cosΘ(t)
dΘ

dt
= −g1(V∇ .

γBZ2, ψZ1)− g1((TZ1 +AZ2)CZ2, ψZ1)− (3.38)

g1(H∇ .
γCZ2, ωZ1)− g1((TZ1 +AZ2)BZ2, ωZ1).
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Moreover, π is a CSI− Riemannian submersion with r = eh if and only if d
dt(e

h◦γ sinΘ) =

0, i.e., eh◦γ(cosΘdΘ
dt +sinΘdh

dt ) = 0. By multiplying this with non-zero factor υ sinΘ, we have

−υ cosΘ sinΘ
dΘ

dt
= υ sin2Θ

dh

dt
,

υ cosΘ sinΘ
dΘ

dt
= −g1(Z1, Z1)

dh

dt
,

υ cosΘ sinΘ
dΘ

dt
= −g1(∇h,

.
γ)||Z1||2,

υ cosΘ sinΘ
dΘ

dt
= −g1(∇h, Z2)||Y1||2. (3.39)

Thus, from equations (3.39) and (3.39), we have

g1(∇h, Z2)||Z1||2 = g1(V∇ .
γBZ2, ψZ1) + g1((TZ1 +AZ2)CZ2, ψZ1) +

g1(H∇ .
γCZ2, ωZ1) + g1((TZ1 +AZ2)BZ2, ωZ1).

Hence Theorem 3.2 is proved.

Corollary 3.2. Let F be a CSI− submersion from a Cosymplectic manifold (N1, ϕ, ξ, η, g1)

to a Riemannian manifold (N2, g2) admitting horizontal Reeb vector field. Then we get

g1(∇h, ξ) = 0.

Theorem 3.3. Let F be a CSI− submersion from a Cosymplectic manifold (N1, ϕ, ξ, η, g1)

onto a Riemannian manifold (N2, g2) with r = eh, then at least one of the following statement

is true:

(i) h is constant on ϕ(D2),

(ii) the fibers are one-dimensional,

(iii)
F
∇ϕX1F∗(W1) = −W1(h)F∗(ϕX1), for all X1 ∈ Γ(D2),W1 ∈ Γ(µ) and ξ ̸=W1.

Proof. Let F be CSI− submersion from a Cosymplectic manifold onto a Riemannian

manifold. For Y1, Y2 ∈ Γ(D2), using (2.16) and Theorem 3.1, we get

TY1Y2 = −g1(Y1, Y2)gradh. (3.40)

Taking the inner product in (3.40) with ϕX1, we get

g1(TY1Y2, ϕX1) = −g1(Y1, Y2)g1(gradh, ϕX1) (3.41)

for all X1 ∈ Γ(D2).

From (2.3), (2.6) and (3.41), we obtain

g1(∇Y1ϕY2, X1) = g1(Y1, Y2)g1(gradh, ϕX1).
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By using (2.3) and (2.16) in above equation, we have

g1(Y1, X1)g1(gradh, ϕY2) = g1(Y1, Y2)g1(gradh, ϕX1). (3.42)

Taking X1 = Y2 and interchanging the role of Y1 and Y2, we get

g1(Y2, Y2)g1(gradh, ϕY1) = g1(Y1, Y2)g1(gradh, ϕY2). (3.43)

Using (3.42) with X1 = Y1 in (3.43), we have

g1(gradh, ϕY1) =
(g1(Y1, Y2))

2

||Y1||2||Y2||2
g1(gradh, ϕY1). (3.44)

If gradh ∈ Γ(ϕ(D2)), then (3.44) and the equality condition of Schwarz inequality implies

that either h is constant on ϕ(D2) or the fibers are 1-dimensional. This implies the proof of

(i) and (ii).

Now, from (2.15) and (2.16), we get

g1(∇Y1X1,W1) = −g1(Y1, X1)g1(gradh,W1), (3.45)

for all W1 ∈ Γ(µ) and ξ ̸=W1. Using (2.3), (2.6) and (3.45), we have

g1(∇Y1ϕX1, ϕW1) = −g1(Y1, X1)g1(gradh,W1),

which implies

g1(∇ϕX1Y1, ϕW1) = −g1(Y1, X1)g1(gradh,W1). (3.46)

By using (2.14) and (3.46), we have

g1(H∇ϕX1W1, ϕY1) = −g1(ϕY1, ϕX1)g1( gradh,W1).

Also for Riemannian submersion F, we have

g2(F∗(∇N1
ϕX1

W1), F∗(ϕY1)) = −g2(F∗(ϕY1), F∗(ϕX1))g1(gradh,W1). (3.47)

Again, using (2.17) and (3.47), we get

g2(
F
∇ϕX1F∗(W1), F∗(ϕY1)) = −g2(F∗(ϕY1), F∗(ϕX1))g1(gradh,W1),

which implies.

F
∇ϕX1F∗(W1) = −W1(h)F∗(ϕX1). (3.48)

If gradh ∈ Γ(µ)\{ξ}, then (3.48) implies (iii).
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Corollary 3.3. Let F be a CSI− submersion from a Cosymplectic manifold (N1, ϕ, ξ, η, g1)

onto a Riemannian manifold (N2, g2) with r = eh and dim(D2) > 1. Then the fibers of F are

totally geodesic if and only if
F
∇ϕX1F∗(W1) = 0 ∀X1 ∈ Γ(D2) and W1 ∈ Γ(µ).

Lemma 3.4. Let F be a CSI− submersion from a Cosymplectic manifold (N1, ϕ, ξ, η, g1)

onto a Riemannian manifold (N2, g2) with r = eh and dim(D2) > 1. Then
F
∇W1F∗(ϕY1) =

W1(h)F∗(ϕY1) for Y1 ∈ Γ(D2) and W1 ∈ Γ(kerF∗)
⊥\{ξ}.

Proof. Let F be a CSI− submersion from a Cosymplectic manifold onto a Riemann-

ian manifold. From Theorem 3.1, fibers are totally umbilical with mean curvature vector

field H = −gradh, then we get

−g1(∇Y1W1, Y2) = g1(∇Y1Y2,W1),

−g1(∇Y1W1, Y2) = −g1(Y1, Y2)g1(gradh,W1)

for Y1, Y2 ∈ Γ(D2) and W1 ∈ Γ(kerF∗)
⊥\{ξ}.

Using (2.3) and (2.6) in above equation, we get

g1(∇W1ϕY1, ϕY2) = g1(ϕY1, ϕY2)g1(gradh,W1). (3.49)

Since F is CSI− submersion and using (3.49), we have

g2(F∗(∇F
W1
ϕY1), F∗(ϕY2)) = g2(F∗(ϕY1), F∗(ϕY2))g1(gradh,W1). (3.50)

From (2.17) in (3.50), we obtain

g2(
F
∇W1F∗(ϕY1), F∗(ϕY2)) = g2(F∗(ϕY1), F∗(ϕY2))g1(gradh,W1), (3.51)

which implies
F
∇W1F∗(ϕY1) =W1(h)F∗(ϕY1) for Y1 ∈ Γ(D2) and W1 ∈ Γ(kerF∗)

⊥\{ξ}.

Theorem 3.4. Let F be a CSI− submersion with r = eh from a Cosymplectic manifold

(N1, ϕ, ξ, η, g1) onto a Riemannian manifold (N2, g2). If T is not equal to zero identically,

then the invariant distribution D1 cannot defined a totally geodesic foliation on N1.

Proof. For Y1, Y2 ∈ Γ(D1) and U1 ∈ Γ(D2), using (2.3), (2.6), (2.13) and (2.16), we

get

g1(∇Y1Y2, U1) = g1(∇Y1ϕY2, ϕU1),

= g1(TY1ϕY2, ϕU1),

= −g1(Y1, ϕY2)g1(gradh, ϕU1).
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Thus, one can easily obtain the assertion from above equation and the fact that gradh ∈

ϕ(D2).

Theorem 3.5. The CSI− submersion F with r = eh from a Cosymplectic manifold (N1, ϕ, ξ,

η, g1) onto a Riemannian manifold (N2, g2). Then the fibers of F are totally geodesic or the

anti-invariant distribution D2 is one-dimensional.

Proof. The result is quite obvious when we take the fibers of F are totally geodesic.

For second one, since F is a CSI− submersion, then either dim(D2) = 1 or dim(D2) > 1. If

dim(D2) > 1, then we can choose U1, U2 ∈ Γ(D2) such that {U1, U2} is orthonormal. From

(2.13), (3.19) and (3.20), we get

TU1ϕU2 +H∇U1ϕU2 = ∇U1ϕU2,

TU1ϕU2 +H∇U1ϕU2 = BTU1U2 + CTU1U2 + ψV∇U1U2 + ωV∇U1U2.

Taking the inner product above equation with U1, we obtain

g1(TU1ϕU2, U1) = g1(BTU1U2, U1) + g1(ψV∇U1U2, U1). (3.52)

From (2.3), (2.6) and (2.13), we have

g1(TU1U1, ϕU2) = −g1(TU1ϕU2, U1) = g1(TU1U2, ϕU1). (3.53)

Now, using (2.16) and (3.53), we get

g1(TU1U1, ϕU2) = −g1(gradh, ϕU2). (3.54)

From equations (2.16) and (3.54), we obtain

−g1(gradh, ϕU2) = g1(TU1U1, ϕU2) = −g1(TU1ϕU2, U1) = g1(TU1U2, ϕU1). (3.55)

From above equation, we get

g1(gradh, ϕU2) = −g1(TU1U2, ϕU1),

g1(gradh, ϕU2) = g1(U1, U2)g1(gradh, ϕU1),

g1(gradh, ϕU2) = 0.

Thus, we get gradh ⊥ ϕ(D2).

Therefore, the dimension of D2 must be one.
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4. Example

Example 4.1. Taking an Euclidean space N1, given by N1 = {(x1, x2, y1,y2, z) ∈ R5 :

(x1, x2, y1,y2) ̸= (0, 0, 0, 0) and z ̸= 0}. We define the Riemannian metric g1 on N1 defined

as g1 = e2zdx21 + e2zdx22 + e2zdy21 + e2zdy22 + dz2 and the Cosymplectic structure ϕ on N1

defined as ϕ(x1, x2, y1,y2, z) = (y1,y2,−x1,−x2, z).

Let N2 = {(v1, v2) ∈ R2} be a Riemannian manifold with Riemannian metric g2, given by

g2 = e2zdv21 + dv22. Define a map F : R5 → R2 by

F (x1, x2, y1,y2, z) = (
x2 − y2√

2
, z).

Then, we have

kerF∗ =< X1 = e1, X2 = e2 + e4, X3 = e3 >,

D1 =< X1 = e1, X3 = e3 >,D2 =< X2 = e2 + e4 >,

(kerF∗)
⊥ =< H1 = e2 − e4, H2 = e5 >,

where {e1 = e−z ∂
∂x1

, e2 = e−z ∂
∂x2

, e3 = e−z ∂
∂y1

, e4 = e−z ∂
∂y2

, e7 = ∂
∂z}, {e

∗
1 = ∂

∂v1
, e∗2 = ∂

∂v2
}

are bases on TpN1 and TF (p)N2, respectively, for all p ∈ N1. By direct computations, we

can see that F∗(H1) =
√
2e−ze∗1, F∗(H2) = e∗2, and g1(Hi, Hj) = g2(F∗Hi, F∗Hj) for all

Hi, Hj ∈ Γ(kerF∗)
⊥, i, j = 1, 2. Thus, F is submersion. Moreover, it is easy to see that

ϕX1 = −X3, ϕX2 = −H1 and ϕX3 = X1. Therefore F is a CSI− submersion.

Now, using the Cosymplectic structure, we see that

[e1, e1] = [e2, e2] = [e3, e3] = [e4, e4] = [e5, e5] = 0, (4.56)

[e1, e2] = 0, [e1, e3] = 0, [e1, e4] = 0, [e1, e5] = e1,

[e2, e3] = 0, [e2, e4] = 0, [e2, e5] = e2, [e3, e4] = 0,

[e3, e5] = e3, [e4, e5] = e4.

The Levi-Civita connection ∇ of the metric g1 is given by the Koszul′s formula which is

2g1(∇XY, Z) (4.57)

= Xg1(Y,Z) + Y g1(Z,X)− Zg1(X,Y ) + g1([X,Y ], Z)− g1([Y,Z], X) + g1([Z,X], Y ).
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Using equations (4.56) and (4.57), we obtain

∇e1e1 = ∇e2e2 = ∇e3e3 = ∇e4e4 = − ∂

∂z
, (4.58)

∇e1e2 = ∇e1e3 = ∇e1e4 = ∇e2e1 = ∇e2e3 = ∇e2e4 = 0,

∇e3e1 = ∇e3e2 = ∇e3e4 = ∇e4e1 = ∇e4e2 = ∇e4e3 = 0.

∇e1e5 = e1,∇e2e5 = e2,∇e3e5 = e3,∇e4e5 = e4,∇e5e5 = 0.

Therefore, we have

∇X1X1 = ∇e1e1 = − ∂

∂z
,∇X2X2 = ∇e2+e4e2 + e4 = −2

∂

∂z
, (4.59)

∇X3X3 = ∇e3e3 = −2
∂

∂z
,∇X1X2 = ∇e1e2 = ∇X1X3 = ∇e1e3 = 0,

∇X2X3 = ∇e2e3 = 0,∇X2X1 = ∇e2e1 = 0,∇X3X1 = ∇e3e1 = 0,

∇X3X2 = ∇e3e2 + e4 = 0.

Thus, we have

TV V = Tλ1X1+λ2X2+λ3X3λ1V1 + λ2V2 + λ3V3, λ1, λ2, λ3 ∈ R,

TV V = λ21TX1X1 + λ22TX2X2 + λ23TX3X3 + (4.60)

λ1λ2TX1X2 + λ1λ3TX1X3 + λ2λ3TX2X3 +

λ1λ2TX2X1 + λ1λ3TX3X1 + λ2λ3TX3X2.

Using equations (2.12) and (4.59), we obtain

TX1X1 = − ∂

∂z
, TX2X2 = −2

∂

∂z
, TX3X3 = − ∂

∂z
, (4.61)

TX1X2 = 0, TX1X3 = 0, TX2X3 = 0, TX2X1 = 0,

TX2X3 = 0, TX3X1 = 0.

Now using equations (4.60) and (4.61), we get

TV V = −(λ21 + 2λ22 + λ23)
∂

∂z
. (4.62)

Since X = λ1X1 + λ2X2 + λ3X3, so g1(λ1V1 + λ2V2 + λ3V3, λ1V1 + λ2V2 + λ3V3) = λ21 +

2λ22 + λ23. For a smooth function h on R5, the ∇h w. r. t. the metric g1 is given by ∇h =

e−2z ∂h
∂x1

∂
∂x1

+ e−2z ∂h
∂x2

∂
∂x2

+ e−2z ∂h
∂y1

∂
∂y1

+ e−2z ∂h
∂y2

∂
∂y2

+ ∂h
∂z

∂
∂z . Hence ∇h = ∂

∂z for the function

h = z. Then one can easily find that TV V = −g1(V, V )∇h, thus by Theorem 3.1, the map F

is a CSI− submersion from Cosymplectic manifold onto Riemannian manifold.
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1. Introduction

Let (Mm, g) be an m-dimensional Riemannian manifold and ℑ1
0(M) the set of all vector

fields on M . We denote by Γk
ij the Christoffel symbols of g and by ∇ the Levi-Civita

connection of g, this connection is characterized by the Koszul formula

2g(∇XY,Z) = Xg(Y, Z) + Y g(Z,X)− Zg(X,Y ) + g(Z, [X,Y ])

+g(Y, [Z,X])− g(X, [Y,Z]). (1.1)

for all X,Y, Z ∈ ℑ1
0(M).
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The Riemannian curvature tensor R, the Ricci tensor Ricci and the Ricci curvature Ric

of (Mm, g) are defined respectively by

R(X,Y )Z = ∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z, (1.2)

Ricci(X) =
m∑
i=1

R(X,Ei)Ei, (1.3)

Ric(X,Y ) =

m∑
i=1

g(R(X,Ei)Ei, Y ) = g(Ricci(X), Y ), (1.4)

for all vector fields X,Y, Z ∈ ℑ1
0(M), where (E1, · · · , Em) be a local orthonormal frame on

M .

Consider a smooth map ϕ : (Mm, g) → (Nn, h) between two Riemannian manifolds, then

the tension field of ϕ is defined by

τ(ϕ) = traceg∇dϕ. (1.5)

The energy functional of ϕ is defined by

E(ϕ,D) =
1

2

∫
D
|dϕ|2 vg, (1.6)

such that D is any compact of M , where vg is the volume element on (Mm, g).

A map ϕ is called harmonic if it is a critical point of the energy functional E. Equivalently,

ϕ is harmonic if it satisfies the associated Euler-Lagrange equations given by the following

formula:

τ(ϕ) = 0. (1.7)

For more detail on harmonic maps, see [7, 6, 8]. In recent years, this theme has been widely

developed even on the tangent bundle and on the cotangent bundle has been done by many

authors [2, 3, 4, 5, 13, 14, 15]. These and more general mappings of Riemannian and affine

connected spaces are explored in monograph [9].

In the present paper, we first introduce a new class of metric on an anti-paraKähler

manifold, namely the semi-conformal deformation of Berger-type metric. Then we calculate

Levi-Civita connection of this metric ( Theorem 2.1). Secondly, we investigate all forms of

curvature tensors (the Riemannian curvature, the sectional curvature ,the Ricci curvature

and the scalar curvature) see ( Theorem 3.1, Theorem 3.2, Theorem 3.3, Theorem 3.4 and

Theorem 3.5). In the last section we study the harmonicity with respect to the semi-conformal

deformation of Berger-type metric which is an interesting research task, as we studied on
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some class of harmonic maps ( Proposition 4.1, Theorem 4.1, Proposition 4.3, Theorem 4.3,

Proposition 4.4 and Theorem 4.4).

2. Semi-conformal deformation of Berger-type metric

LetM be a 2m-dimensional Riemannian manifold with a Riemannian metric g. An almost

paracomplex manifold is an almost product manifold (M2m, φ), φ2 = id, φ ̸= ±id such that

the two eigenbundles T+M and T−M associated to the two eigenvalues +1 and −1 of φ,

respectively, have the same rank.

The integrability of an almost paracomplex structure is equivalent to the vanishing of the

Nijenhuis tensor:

Nφ(X,Y ) = [φX,φY ]− φ[φX, Y ]− φ[X,φY ] + [X,Y ].

An anti-paraHermitian metric (B-metric)[10] with respect to the almost paracomplex struc-

ture φ is a Riemannian metric g such that

g(φX,φY ) = g(X,Y ), (2.8)

i.e. is a (pure metric)

g(φX, Y ) = g(X,φY ), (2.9)

for any vector fields X,Y on M .

If (M2m, φ) is an almost paracomplex manifold with an anti-paraHermitian metric g,

we say that the triple (M2m, φ, g) is an almost anti-paraHermitian manifold (an almost B-

manifold)[10]. If φ is integrable, we say that (M2m, φ, g) is an anti-paraKähler manifold

(B-manifold)[10].

The purity conditions for a (0, q)-tensor field S with respect to the almost paracomplex

structure φ given by

S(φX1, X2, . . . , Xq) = S(X1, φX2, . . . , Xq) = . . . = S(X1, X2, . . . , φXq),

for any vector fields X1, X2, . . . , Xq on M [10].

It is well known that if (M2m, φ, g) is a anti-paraKähler manifold, the Riemannian curva-

ture tensor is pure [10], and we have

R(φY,Z) = R(Y, φZ) = R(Y,Z)φ = φR(Y,Z), (2.10)

for all vector fields Y, Z on M .
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Definition 2.1. Let (M2m, φ, g) be an almost anti-paraHermitian manifold. We define semi-

conformal deformation of Berger-type metric of g on M noted SBg by

SBg(X,Y ) = g(X,Y ) + δ2g(X,φξ)g(Y, φξ),

for all X,Y ∈ ℑ1
0(M) and ξ ∈ ℑ1

0(M) such that g(ξ, ξ) = 1, where δ is some constant. (there

are other works on the deformation of Berger-type metric on the tangent bundle and on the

cotangent bundle see for example, [1, 11, 12]).

In the following, we consider g(∇X(φξ), Y ) = g(∇Y (φξ), X), where ∇ denote the Levi-

Civita connection of (M2m, φ, g).

Note that we have,

 g(φξ, φξ) = 1,

g(∇X(φξ), φξ) = 0,
(2.11)

for all vector field X ∈ ℑ1
0(M).

Lemma 2.1. Let (M2m, φ, g) be an anti-paraKähler manifold, then we have

XSBg(Y,Z) = SBg(∇XY, Z) + SBg(Y,∇XZ) + δ2g(Z,φξ)g(Y,∇X(φξ))

+δ2g(Y, φξ)g(Z,∇X(φξ)), (2.12)

for all vector fields X,Y, Z ∈ ℑ1
0(M).

Theorem 2.1. Let (M2m, φ, g) be an anti-paraKähler manifold. If SB∇ denote the Levi-

Civita connection of (M2m, SBg), then we have the following

SB∇XY = ∇XY +
δ2

1 + δ2
g(∇X(φξ), Y )φξ (2.13)

for all vector fields X,Y ∈ ℑ1
0(M).

Proof. From Kozul formula (1.1), we have

2SBg(SB∇XY,Z) = XSBg(Y, Z) + Y SBg(Z,X)− ZSBg(X,Y ) + SBg(Z, [X,Y ])

+SBg(Y, [Z,X])− SBg(X, [Y,Z]).
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Using (2.12), we get

2SBg(SB∇XY,Z) = SBg(∇XY,Z) + SBg(Y,∇XZ) + δ2g(Z,φξ)g(Y,∇X(φξ))

+δ2g(Y, φξ)g(Z,∇X(φξ)) + SBg(∇Y Z,X) + SBg(Z,∇Y X)

+δ2g(X,φξ)g(Z,∇Y (φξ)) + δ2g(Z,φξ)g(X,∇Y (φξ))

−SBg(∇ZX,Y )− SBg(X,∇ZY )− δ2g(Y, φξ)g(X,∇Z(φξ))

−δ2g(X,φξ)g(Y,∇Z(φξ)) +
SBg(Z,∇XY )− SBg(Z,∇Y X)

+SBg(Y,∇ZX)− SBg(Y,∇XZ)− SBg(X,∇Y Z)− SBg(X,∇ZY )

= 2SBg
(
∇XY,Z) + 2δ2g(∇X(φξ), Y )g(φξ, Z)

= 2SBg
(
∇XY,Z) +

2δ2

1 + δ2
g(∇X(φξ), Y )G(φξ, Z).

Hence, we get

SB∇XY = ∇XY +
δ2

1 + δ2
g(∇X(φξ), Y )φξ.

Using (2.11) and (2.13), we obtain the following

SB∇X(φξ) = ∇X(φξ), (2.14)

for all vector field X ∈ ℑ1
0(M).

3. Curvatures of semi-conformal deformation of Berger-type metric

Theorem 3.1. Let (M2m, φ, g) be an anti-paraKähler manifold. If SBR denote the Riemann-

ian curvature tensor of (M2m, SBg), then we have the following

SBR(X,Y )Z = R(X,Y )Z +
δ2

1 + δ2
g(R(X,Y )φξ, Z)φξ +

δ2

1 + δ2
g(∇Y (φξ), Z)∇X(φξ)

− δ2

1 + δ2
g(∇X(φξ), Z)∇Y (φξ), (3.15)

for all vector fields X,Y, Z ∈ ℑ1
0(M), where R denote the curvature tensor of (M2m, φ, g).

Proof. For all X,Y, Z ∈ ℑ1
0(M),

SBR(X,Y )Z = SB∇X
SB∇Y Z − SB∇Y

SB∇XZ − SB∇[X,Y ]Z.
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By virtue of (2.13) and (2.14), we obtain

SB∇X
SB∇Y Z = SB∇X

(
∇Y Z +

δ2

1 + δ2
g(∇Y (φξ), Z)φξ

)
= SB∇X(∇Y Z) +

δ2

1 + δ2
X
(
g(∇Y (φξ), Z)

)
φξ

+
δ2

1 + δ2
g(∇Y (φξ), Z)

)
SB∇X(φξ)

= ∇X(∇Y Z) +
δ2

1 + δ2
g(∇X(φξ), (∇Y Z))φξ

+
δ2

1 + δ2
g(∇X∇Y (φξ), Z)φξ +

δ2

1 + δ2
g(∇Y (φξ),∇XZ)φξ

+
δ2

1 + δ2
g(∇Y (φξ), Z)∇X(φξ).

In fact, by substituting X by Y into the SB∇X
SB∇Y Z, we get,

SB∇Y
SB∇XZ = ∇Y (∇XZ) +

δ2

1 + δ2
g(∇Y (φξ), (∇XZ))φξ

+
δ2

1 + δ2
g(∇Y ∇X(φξ), Z)φξ +

δ2

1 + δ2
g(∇X(φξ),∇Y Z)φξ

+
δ2

1 + δ2
g(∇X(φξ), Z)∇Y (φξ).

We also find

SB∇[X,Y ]Z = ∇[X,Y ]Z +
δ2

1 + δ2
g(∇[X,Y ](φξ), Z)φξ.

Hence, we have

SBR(X,Y )Z = R(X,Y )Z +
δ2

1 + δ2
g(R(X,Y )φξ, Z)φξ

+
δ2

1 + δ2
g(∇Y (φξ), Z)∇X(φξ)− δ2

1 + δ2
g(∇X(φξ), Z)∇Y (φξ).

Theorem 3.2. Let (M2m, φ, g) be an anti-paraKähler manifold. If K (resp., SBK) denote

the sectional curvature of (M2m, φ, g) (resp., (M2m, SBg)), then we have the following

SBK(X,Y ) =
1

1 + δ2
(
g(X,φξ)2 + g(Y, φξ)2

)(K(X,Y )− δ2

1 + δ2
g(∇X(φξ), Y )2

+
δ2

1 + δ2
g(∇Y (φξ), Y )g(∇X(φξ), X)

)
, (3.16)

for any X,Y ∈ ℑ1
0(M) two vector fields orthonormal with respect to g.
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Proof. For x ∈ M , V,W ∈ ℑ1
0(M) and such that Vx and Wx are linearly independent,

the sectional curvature of the plane spanned by Vx and Wx is given by

SBK(V,W ) =
SBg(SBR(V,W )W,V )

SBg(V, V )SBg(W,W )− SBg(V,W )2
.

First we calculate,

SBg(SBR(X,Y )Y,X) = g(SBR(X,Y )Y,X) + δ2g(SBR(X,Y )Y, φξ)g(X,φξ).

From (2.11) and (3.15) with direct computation we get,

SBg(SBR(X,Y )Y,X) = g(R(X,Y )Y,X) +
δ2

1 + δ2
g(R(X,Y )φξ, Y )g(φξ,X)

+
δ2

1 + δ2
g(∇Y (φξ), Y )g(∇X(φξ), X)

− δ2

1 + δ2
g(∇X(φξ), Y )g(∇Y (φξ), X)

+δ2g(X,φξ)
(
g(R(X,Y )Y, φξ)

+
δ2

1 + δ2
g(R(X,Y )φξ, Y )g(φξ, φξ)

+
δ2

1 + δ2
g(∇Y (φξ), Y )g(∇X(φξ), φξ)

− δ2

1 + δ2
g(∇X(φξ), Y )g(∇Y (φξ), φξ)

)
.

By simple calculation, we find

SBg(SBR(X,Y )Y,X) = g(R(X,Y )Y,X) +
δ2

1 + δ2
g(R(X,Y )φξ, Y )g(X,φξ)

+
δ2

1 + δ2
g(∇Y (φξ), Y )g(∇X(φξ)X)

− δ2

1 + δ2
g(∇X(φξ), Y )2 − δ2g(R(X,Y )φξ, Y )g(X,φξ)

+
δ4

1 + δ2
g(R(X,Y )φξ, Y )g(X,φξ)

= K(X,Y )− δ2

1 + δ2
g(∇X(φξ), Y )2

+
δ2

1 + δ2
g(∇Y (φξ), Y )g(∇X(φξ), X). (3.17)

On the other hand, we have

SBg(X,X)SBg(Y, Y )− SBg(X,Y )2 = 1 + δ2
(
g(X,φξ)2 + g(Y, φξ)2

)
. (3.18)

From (3.17) and (4.33), we get the formula (3.16).
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Corollary 3.1. If ∇ξ = 0, the sectional curvature SBK of (M2m, SBg) is given by

SBK(X,Y ) =
K(X,Y )

1 + δ2
(
g(X,φξ)2 + g(Y, φξ)2

)

for any X,Y two vector fields orthonormal with respect to g.

Remark 3.1. Let {Ei}i=1,2m be a local orthonormal frame on (M2m, φ, g), such that

E1 = φξ, we define the orthonormal vector fields

Ẽ1 =
1√

1 + δ2
E1, Ẽi = Ei, i = 2, 2m, (3.19)

then {Ẽi}i=1,2m is a local orthonormal frame on (M2m, SBg).

Theorem 3.3. Let (M2m, φ, g) be an anti-paraKähler manifold. If Ricci (resp. SBRicci)

denote the Ricci tensor of (M2m, φ, g) (resp., (M2m, SBg)), then we have the following

SBRicci(X) = Ricci(X)− δ2

1 + δ2
R(X, ξ)ξ − δ2

1 + δ2
Ric(X,φξ)φξ

+
δ2

1 + δ2
div(φξ)∇X(φξ)− δ2

1 + δ2
∇∇X(φξ)(φξ), (3.20)

for all vector field X ∈ ℑ1
0(M).

Proof. Let {Ẽi}i=1,2m be a local orthonormal frame on (M2m, SBg) defined by (3.19).

By the definition of Ricci tensor, we have

SBRicci(X) =
2m∑
i=1

SBR(X, Ẽi)Ẽi

=
1

1 + δ2
SBR(X,φξ)φξ +

2m∑
i=2

SBR(X,Ei)Ei.
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From (2.10), (2.11) and (3.15) with direct computation we get,

SBRicci(X) =
1

1 + δ2

(
R(X,φξ)φξ +

δ2

1 + δ2
g(R(X,φξ)φξ, φξ)φξ

+
δ2

1 + δ2
g(∇φξ(φξ), φξ)∇X(φξ)− δ2

1 + δ2
g(∇X(φξ), φξ)∇φξ(φξ)

)
+

m∑
i=2

(
R(X,Ei)Ei +

δ2

1 + δ2
g(R(X,Ei)φξ,Ei)φξ

+
δ2

1 + δ2
g(∇Ei(φξ), Ei)∇X(φξ)− δ2

1 + δ2
g(∇X(φξ), Ei)∇Ei(φξ)

)
=

1

1 + δ2
R(X, ξ)ξ +Ricci(X)−R(X,φξ)φξ − δ2

1 + δ2
Ric(X,φξ)φξ

+
δ2

1 + δ2
div(φξ)∇X(φξ)− δ2

1 + δ2
∇∇X(φξ)(φξ)

= Ricci(X)− δ2

1 + δ2
R(X, ξ)ξ − δ2

1 + δ2
Ric(X,φξ)φξ

+
δ2

1 + δ2
div(φξ)∇X(φξ)− δ2

1 + δ2
∇∇X(φξ)(φξ).

Theorem 3.4. Let (M2m, φ, g) be an anti-paraKähler manifold. If Ric (resp. SBRic) denote

the Ricci curvature of (M2m, φ, g) (resp., (M2m, SBg)), then we have

SBRic(X,Y ) = Ric(X,Y )− δ2

1 + δ2
g(R(X, ξ)ξ, Y )− δ2

1 + δ2
g(∇Xξ,∇Y ξ)

+
δ2

1 + δ2
div(φξ)g(∇X(φξ), Y ), (3.21)

for any vector field X ∈ ℑ1
0(M).

Proof. Let {Ẽi}i=1,2m be a local orthonormal frame on (M2m, SBg) defined by (3.19).

By the definition of Ricci tensor, we have

SBRic(X,Y ) = SBg(SBRicci(X), Y )

= g(SBRicci(X), Y ) + δ2g(SBRicci(X), φξ)g(Y, φξ).
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From the formula (3.20) and direct computation we get,

SBRic(X,Y ) = g(Ricci(X), Y )− δ2

1 + δ2
g(R(X, ξ)ξ, Y )

− δ2

1 + δ2
Ric(X,φξ)g(φξ, Y ) +

δ2

1 + δ2
div(φξ)g(∇X(φξ), Y )

− δ2

1 + δ2
g(∇∇X(φξ)(φξ), Y )

+δ2g(Y, φξ)
(
g(Ricci(X), φξ)− δ2

1 + δ2
g(R(X, ξ)ξ, φξ)

− δ2

1 + δ2
Ric(X,φξ)g(φξ, φξ) +

δ2

1 + δ2
div(φξ)g(∇X(φξ), φξ)

− δ2

1 + δ2
g(∇∇X(φξ)(φξ), φξ)

)
= Ric(X,Y )− δ2

1 + δ2
g(R(X, ξ)ξ, Y )− δ2

1 + δ2
Ric(X,φξ)g(Y, φξ)

+
δ2

1 + δ2
div(φξ)g(∇X(φξ), Y )− δ2

1 + δ2
g(∇Y ξ,∇Xξ)

+
δ2

1 + δ2
Ric(X,φξ)g(Y, φξ)

= Ric(X,Y )− δ2

1 + δ2
g(R(X, ξ)ξ, Y ) +

δ2

1 + δ2
div(φξ)g(∇X(φξ), Y )

− δ2

1 + δ2
g(∇Xξ,∇Y ξ).

Theorem 3.5. Let (M2m, φ, g) be an anti-paraKähler manifold. If σ (resp., SBσ) denote

the scalar curvature of (M2m, φ, g) (resp., (M2m, SBg)), then we have the following

SBσ = σ − 2δ2

1 + δ2
Ric(ξ, ξ) +

δ2

1 + δ2
(div(φξ))2 − δ2

1 + δ2
tracegg(∇ξ,∇ξ). (3.22)

Proof. Let {Ẽi}i=1,2m be a local orthonormal frame on (M2m, SBg) defined by (3.19).

We have

SBσ =
2m∑
i=1

SBRic(Ẽi, Ẽi)

=
1

1 + δ2
SBRic(φξ, φξ) +

2m∑
i=2

SBRic(Ei, Ei).



INT. J. MAPS MATH. (2023) 6(2):99-113 /SEMI-CONFORMAL DEFORMATION OF BERGER-TYPE. . .109

From the formula (3.21) and direct computation we get,

SBσ =
1

1 + δ2

(
Ric(φξ, φξ)− δ2

1 + δ2
g(R(φξ, ξ)ξ, φξ)

+
δ2

1 + δ2
div(φξ)g(∇φξ(φξ), φξ)−

δ2

1 + δ2
g(∇φξξ,∇φξξ)

)
+

2m∑
i=2

(
Ric(Ei, Ei)−

δ2

1 + δ2
g(R(Ei, ξ)ξ, Ei)

+
δ2

1 + δ2
div(φξ)g(∇Ei(φξ), Ei)−

δ2

1 + δ2
g(∇Eiξ,∇Eiξ)

)
=

1

1 + δ2
Ric(ξ, ξ)− σ −Ric(ξ, ξ)− δ2

1 + δ2
Ric(ξ, ξ) +

δ2

1 + δ2
(div(φξ))2

− δ2

1 + δ2
tracegg(∇ξ,∇ξ)

= σ − 2δ2

1 + δ2
Ric(ξ, ξ) +

δ2

1 + δ2
(div(φξ))2 − δ2

1 + δ2
tracegg(∇ξ,∇ξ).

4. Harmonicity of semi-conformal deformation of Berger-type metric

4.1. The harmonicity of the Identity map.

We study the both cases Id : (M2m, φ, g) → (M2m, SBg) or Id : (M2m, SBg) → (M2m, φ, g).

Proposition 4.1. The tension field τ(Id) of Id : (M2m, φ, g) → (M2m, SBg) is given by

τ(Id) =
δ2

1 + δ2
div(φξ)φξ. (4.23)

Proof. Let {ei}i=1,2m be a local orthonormal frame on (M2m, φ, g), the tension field

τ(Id) of Id : (M2m, φ, g) → (M2m, SBg) is give by.

τ(Id) =
2m∑
i=1

(
SB∇Id

ei dId(ei)− dId(∇eiei)
)

=

2m∑
i=1

(
SB∇dId(ei)dId(ei)−∇eiei

)
=

2m∑
i=1

(
SB∇eiei −∇eiei

)
,

by virtue of theorem 2.1, we have

τ(Id) =

2m∑
i=1

(
∇eiei +

δ2

1 + δ2
g(∇ei(φξ), ei)φξ −∇eiei

)

=
δ2

1 + δ2

2m∑
i=1

g(∇ei(φξ), ei)φξ

=
δ2

1 + δ2
div(φξ)φξ.
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From the proposition 4.1 we find the following theorem.

Theorem 4.1. Id : (M2m, φ, g) → (M2m, SBg) is harmonic if and only if

div(φξ) = 0. (4.24)

Proposition 4.2. The tension field of Id : (M2m, SBg) → (M2m, φ, g) is given by

τ(Id) = − δ2

1 + δ2
div(φξ)φξ. (4.25)

Proof. Let {Ẽi}i=1,2m be a local orthonormal frame on (M2m, SBg) defined by (3.19).

τ(Id) =
2m∑
i=1

(
∇Id

Ẽi
dId(Ẽi)− dId(SB∇

Ẽi
Ẽi)

)
=

2m∑
i=1

(
∇

dId(Ẽi)
dId(Ẽi)− SB∇

Ẽi
Ẽi

)
=

2m∑
i=1

(
∇

Ẽi
Ẽi − SB∇

Ẽi
Ẽi

)
,

by virtue of theorem 2.1, we get

τ(Id) =
2m∑
i=1

(
∇

Ẽi
Ẽi −∇

Ẽi
Ẽi −

δ2

1 + δ2
g(∇

Ẽi
(φξ), Ẽi)φξ

)

= − δ2

1 + δ2

2m∑
i=1

g(∇
Ẽi
(φξ), Ẽi)φξ

= − δ2

(1 + δ2)2
g(∇φξ(φξ), φξ)φξ −

δ2

1 + δ2

2m∑
i=2

g(∇Ei(φξ), Ei)φξ

= − δ2

1 + δ2
div(φξ)φξ.

From the proposition 4.2, we obtain the next theorem.

Theorem 4.2. Id : (M2m, SBg) → (M2m, φ, g) is harmonic if and only if

div(φξ) = 0. (4.26)

Example 4.1. Let (M2 =]0,+∞[×]0, π[, φ, g) be an anti-paraKähler manifold, such that

(φ, g) in polar coordinate defined by

g = dr2 + r2dθ2,

and

φ
∂

∂r
= sin(2θ)

∂

∂r
+

1

r
cos(2θ)

∂

∂θ
, φ

∂

∂θ
= r cos(2θ)

∂

∂r
− sin(2θ)

∂

∂θ
.
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Let ξ = cos θ
∂

∂r
− 1

r
sin θ

∂

∂θ
. By a simple calculation, we have

|ξ| = 1,

φξ = sin θ
∂

∂r
+

1

r
cos θ

∂

∂θ
,

∇(φξ) = 0,

div(φξ) = 0.

So, thus Id : (M2, φ, g) → (M2, SBg) is harmonic, where

SBg = (1 + δ2 sin2 θ)dr2 + (r2 + δ2 cos2 θ)dθ2 + r sin(2θ)drdθ.

4.2. Harmonicity of the map ϕ : (M2m, SBg) −→ (Nn, h).

Proposition 4.3. The tension field of the map ϕ : (M2m, SBg) −→ (Nn, h) is given by

SBτ(ϕ) = τ(ϕ)− δ2

1 + δ2
∇dϕ(φξ, φξ)− δ2

1 + δ2
div(φξ)dϕ(φξ), (4.27)

where τ(ϕ) is the tension field of ϕ : (M2m, φ, g) −→ (Nn, h).

Proof. Let {Ẽi}i=1,2m be a local orthonormal frame on (M2m, SBg) defined by (3.19),

we compute the tension field SBτ(ϕ) of the map ϕ : (M2m, SBg) −→ (Nn, h).

SBτ(ϕ) =

2m∑
i=1

∇N
dϕ(Ẽi)

dϕ(Ẽi)−
m∑
i=1

dϕ(SB∇
Ẽi
Ẽi). (4.28)

By direct calculations we obtain

m∑
i=1

∇N
dϕ(Ẽi)

dϕ(Ẽi) = ∇N
dϕ(Ẽ1)

dϕ(Ẽ1) +

2m∑
i=2

∇N
dϕ(Ẽi)

dϕ(Ẽi)

=
1

1 + δ2
∇N

dϕ(φξ)dϕ(φξ) +
2m∑
i=2

∇N
dϕ(Ei)

dϕ(Ei)

= − δ2

1 + δ2
∇N

dϕ(φξ)dϕ(φξ) +

2m∑
i=1

∇N
dϕ(Ei)

dϕ(Ei) (4.29)
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and by similar calculations we obtain

2m∑
i=1

dϕ(SB∇
Ẽi
Ẽi) = dϕ(SB∇

Ẽ1
Ẽ1) +

2m∑
i=2

dϕ(SB∇
Ẽi
Ẽi)

=
1

1 + δ2
dϕ(∇φξφξ) +

2m∑
i=2

dϕ(∇EiEi)

+
δ2

1 + δ2

2m∑
i=2

g(∇Ei(φξ), Ei)dϕ(φξ)

= − δ2

1 + δ2
dϕ(∇φξφξ) +

2m∑
i=1

dϕ(∇EiEi)

+
δ2

1 + δ2
div(φξ)dϕ(φξ). (4.30)

In fact, by adding (4.29) and (4.30) in (4.28), we get

SBτ(ϕ) = τ(ϕ)− δ2

1 + δ2
∇dϕ(φξ, φξ)− δ2

1 + δ2
div(φξ)dϕ(φξ),

where,

∇dϕ(φξ, φξ) = ∇N
dϕ(φξ)dϕ(φξ)− dϕ(∇φξφξ).

From the proposition 4.3 we obtain the following theorem.

Theorem 4.3. The map ϕ : (M2m, SBg −→ (Nn, h) is harmonic if and only if

τ(ϕ) =
δ2

1 + δ2
∇dϕ(φξ, φξ) +

δ2

1 + δ2
div(φξ)dϕ(φξ). (4.31)

4.3. Harmonicity of the map ϕ : (Mm, g) −→ (N2n, SBh).

Proposition 4.4. The tension field of the map ϕ : (Mm, g) −→ (N2n, SBh) is given by

SBτ(ϕ) = τ(ϕ) +
δ2

1 + δ2
tracegh(∇N

dϕ(∗)(φξ), dϕ(∗))φξ, (4.32)

where τ(ϕ) is the tension field of ϕ : (Mm, g) −→ (N2n, φ, h).

Proof. Let {ei}i=1,m be a local orthonormal frame on (Mm, g), we compute the

tension field SBτ(ϕ) of the map ϕ : (Mm, g) −→ (N2n, SBh).
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SBτ(ϕ) =
m∑
i=1

(
SB∇N

dϕ(ei)
dϕ(ei)− dϕ(∇eiei)

)
=

m∑
i=1

(
∇N

dϕ(ei)
dϕ(ei) +

δ2

1 + δ2
h(∇N

dϕ(ei)
(φξ), dϕ(ei))φξ − dϕ(∇eiei)

)
= τ(ϕ) +

δ2

1 + δ2
tracegh(∇N

dϕ(∗)(φξ), dϕ(∗))φξ.

From the proposition 4.4 we obtain the following theorem.

Theorem 4.4. The map ϕ : (Mm, g) −→ (Nn, SBh) is harmonic if and only if

τ(ϕ) = − δ2

1 + δ2
tracegh(∇N

dϕ(∗)(φξ), dϕ(∗))φξ. (4.33)
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Abstract. The purpose of this article is to examine the characteristics of Clairaut semi-

invariant-ξ⊥(CSI-ξ⊥,in brief) Riemannian submersions from Lorentzian para-Kenmotsu man-

ifolds onto Riemannian manifolds and also enrich this geometrical analysis with specific

condition for a semi-invariant ξ⊥-Riemannian submersion to be CSI-ξ⊥-Riemannian sub-

mersion. Furthermore, we discuss some results about these submersions and present a

consequent non-trivial example based on this study.
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para Kenmotsu manifolds
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1. Introduction

Let N1 be a semi-Riemannian manifold endowed with a semi-Riemannian metric gN1 .

A Lorentzian manifold is a subclass of semi-Riemannian manifold. Since the Lorentzian

manifold has many applications in science and technology, especially in the theory of relativity

and cosmology, therefore it attracts many researchers to do the research in this area. The

different classes of Lorentzian manifolds have been studied in ([15], [16], [17], [25], [26]) and

by many others.
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The concept of Riemannian submersions is studied extensively together with starting the

study of Riemannian geometry. In fact, the theory of Riemannian submersion was initiated

by O’ Neill [27] in 1966, and it has been further studied by Gray [13], in 1967. Watson

[40] popularized the knowledge of Riemannian submersions considering almost Hermitian

manifolds in terms of almost Hermitian submersions. The Riemannian submersions play

a vital role not only in the differential geometry but also in science and technology. It is

noticed that the theory of Riemannian submersions are capable to handle many issues of

the singularity theory, Yang-Mills theory, quantum theory, Kaluza-Klein theory, relativity,

superstring theories, mechanics, modelling, robotics etc. (see, [4], [7], [6], [10], [11], [18],

[19], [20]). For more details, we cite the books ([12], [35]) and the references therein. The

Riemannian submersions motivate the researchers to define the semi-Riemannian submer-

sions and Lorentzian submersion [12], almost Hermitian submersions [40], almost contact

submersions [26], anti-invariant Riemannian submersions [34], semi-slant submersion [28],

conformal anti-invariant submersions ([21], [29]), conformal semi-invariant submersion [22],

conformal semi-slant submersions ([22], [30]), para-contact submersions [14], quasi bi-slant

submersion ([31], [32], [33]).

In 1972, Bishop [8] presented the hypothesis and conditions of a Clairaut submersion in

terms of a natural generalization of a surface of a revolution. Let c is any geodesic defined

as c : I1 ⊂ R → M, ϕ(s) is the angle between c(s) and the meridian curve through c(s),

s ∈ I1. Under these conditions, the product rsinϕ is constant on the revolution surface M

along geodesic c. Hence, it is apart from s. Afterwards, this idea has been considered in

Lorentzian spaces, timelike and spacelike spaces ([24] [37], [38]).

In 1981, Allison [3] proposed Clairaut submersions in case the total manifold is Lorentzian.

In addition, it is discovered that Clairaut submersions are used for static spacetime appli-

cations. Furthermore, Clairaut submersions have been generalized in [5]. The concept of

anti-invariant Riemannian submersions was initiated by Lee [23] in 2013. On the other hand,

Sahin [36] introduced Clairaut Riemannian map and studied it’s geometric properties in 2017.

In 2017, Akyol, Sari and Aksoy [1] introduced the notion of semi-invariant ξ⊥−Riemannian

Submersions as well as semi-slant ξ⊥−Riemannian Submersions [2], as a generalization of anti

invariant ξ⊥−Riemannian Submersions and discussed the geometry of the total space and

the base space for the existence of such submersions.
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The above studies inspire us to introduce the notion of CSI-ξ⊥-Riemannian submersions

from the Lorentzian para-Kenmotsu (a subclass of semi-Riemannian) manifolds to the Rie-

mannian manifolds and characterize its geometrical properties. Throughout the paper, we

denote the Lorentzian para-Kenmotsu manifold of dimension n by (N1, gN1). It is noticed

that Akyol et al. [1] has been studied the properties of semi-invariant ξ⊥−Riemannian Sub-

mersions from a class of Riemannian manifold (almost contact manifold) to a Riemannian

manifold but in this paper, we are going to characterize the properties of CSI-ξ⊥- Riemann-

ian submersions from a class of semi-Riemannian manifold to a Riemannian manifold, which

is an extension of [1].

We exhibit our work as follows: Section 2 contains some basic results of Lorentzian para-

Kenmotsu manifold, a non-trivial example of Lorentzian para-Kenmotsu manifold. In Sec-

tion 3, we give the basic definitions related to semi-invariant ξ⊥− Riemannian Submersions

and well-known Lemma. In section 4, we define CSI-ξ⊥- Riemannian submersions from

the Lorentzian para-Kenmotsu manifolds and discuss some geometrical properties of such

submersions. The last section is concerned with a non-trivial example of Lorentzian para-

Kenmotsu manifold with CSI-ξ⊥- Riemannian submersion.

2. Lorentzian para-Kenmotsu manifolds

Let N1 be an n−dimensional Lorentzian metric manifold if it is endowed with a structure

(ϕ, ξ, η, gN1), where ϕ is a (1, 1) tensor field, ξ is a vector field, η is a 1−form on N1 and gN1

is a Lorentzian metric satisfying:

ϕ2 = I + η ⊗ ξ, ϕ ◦ ξ = 0, η ◦ ϕ = 0, (2.1)

gN1(ϕW1, ϕW2) = gN1(W1,W2) + η(W1)η(W2), gN1(ϕW1,W2) = gN1(W1, ϕW2), (2.2)

η(ξ) = −1, gN1(W2, ξ) = η(W2), (2.3)

for any vector field W1,W2 on N1, then it is called Lorentzian almost para-contact manifold.

In the Lorentzian almost para-contact manifold following relations hold:

Φ(W1,W2) = Φ(W2,W1) = gN1(W1, ϕW2), (2.4)

where Φ is symmetric (0, 2) tensor field and vector fields W1 and W2 on N1.

If ξ is a killing vector field, the para-contact structure is called K−para contact.
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A Lorentzian almost para-contact manifold N1 is called Lorentzian para-Kenmotsu man-

ifold [9] if

(∇W1ϕ)W2 = −gN1(ϕW1,W2)ξ − η(W2)ϕW1, (2.5)

for any vector field W1,W2 on N1.

In the Lorentzian para-Kenmotsu manifold, we have

∇W2ξ = −W2 − η(W2)ξ, (2.6)

(∇W1η)W2 = −gN1(W1,W2)− η(W1)η(W2), (2.7)

where ∇ denotes the operation of covariant differentiation (Levi-Civita connection) with

respect to the Lorentzian metric gN1 .

In a Lorentzian para Kenmotsu manifold, it is clear that

rankϕ = n− 1.

Example 2.1. [39] We consider (2n+1) dimensional manifold R2n+1 = {(x1, x2, ...., xn, y1,

y2, ....yn, z) = (xi, yi, z) ∈ R2n+1, (xi, yi, z ∈ R, i = 1, 2, ...., n)}. Consider R2n+1 with the

following structure:

ϕ(Xi) = Yi, ϕ(Yi) = Xi, ϕ(ξ) = 0,

which are linearly independent at each point of N1. Let gN1 is Lorentzian metric defined by

gN1 = −(η ⊗ η) + e2Z
n∑

i=1

(dxi ⊗ dxi + dyi ⊗ dyi),

ϕ2X = X + η(X)ξ, gN1(X, ξ) = η(X),

for all vector fields X on R2n+1.

Then, (R2m+1, ϕ, ξ, η, gN1) is a Lorentzian para-Kenmotsu manifold. The vector fields

Xi = e−Z ∂
∂xi , Yi = e−Z ∂

∂yi
and ξ = ∂

∂z form a ϕ−basis for Lorentzian para-Kenmotsu mani-

fold R2n+1, where i = 1, 2, ....., n.

3. Semi-invariant ξ⊥− Riemannian submersions

An essential background of Riemannian submersions (F : N1 → N2) and definition of

semi-invariant ξ⊥− Riemannian submersions are given at this section. It is well-known that

the fundamental tensors T and A, define by O’Neill’s [27] by

AZ1U1 = H∇HZ1VU1 + V∇HZ1HU1, (3.8)

TZ1U1 = H∇VZ1VU1 + V∇VZ1HU1 (3.9)
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for any vector fields Z1, U1 on N1, where ∇ is the Levi-Civita connection of gN1 .

From equations (3.8) and (3.9), we have

∇Y1Z2 = TY1Z2 + V∇Y1Z2, (3.10)

∇Y1U1 = TY1U1 +H∇Y1U1, (3.11)

∇U1Y1 = AU1Y1 + V∇U1Y1, (3.12)

∇U1W2 = H∇U1W2 +AU1W2 (3.13)

for all Y1, Z2 ∈ Γ(kerF∗) and U1,W2 ∈ Γ(kerF∗)
⊥, where H∇Y1U1 = AU1Y1, if U1 is basic.

It is easy to notice that A performs on the horizontal distribution and estimates the inter-

ference to the integrability of this distribution and T performs on the fibers as the second

fundamental form. .

Here F between two Riemannian manifolds called totally geodesic if

(∇F∗)(U1,W2) = 0, for all U1,W2 ∈ Γ(TN1) (3.14)

and F is called totally umbilical if [6]

TY1Y2 = gN1(Y1, Y2)H (3.15)

for all Y1, Y2 ∈ Γ(kerF∗), where H represents the mean curvature vector field of fibers.

The the second fundamental form of F is given by

(∇F∗)(W1,W2) = ∇F
W1
F∗(W2)− F∗(∇N1

W1
W2) (3.16)

for vector field W1,W2 ∈ Γ(TN1), where ∇F denotes the pullback connection [6] and it is

easy to see that the second fundamental form is symmetric.

Lemma 3.1. [6] Let (N1, gN1) and (N2, gN2) are two Riemannian manifolds. If F : N1 → N2

Riemannian submersion between Riemannian manifolds, then for any horizontal vector fields

Y1, Y2 and vertical vector fields Z1, Z2, we have

(a) (∇F∗)(Y1, Y2) = 0,

(b) (∇F∗)(Z1, Z2) = −F∗(TZ1Z2) = −F∗(∇N1
Z1
Z2),

(c) (∇F∗)(Y1, Z1) = −F∗(∇N1
Y1
Z1) = −F∗(AY1Z1).
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Definition 3.1. [35] Let (N1, gN1) be an almost Hermitian manifold and (N2, gN2) be a

Riemannian manifold. Then we say that F is a semi-invariant Riemannian submersion if

there is a distribution D1 ⊆ kerF∗ such that

kerF∗ = D1 ⊕D2, J(D1) = D1, J(D2) ⊆ (kerF∗)
⊥.

We can write

(kerF∗)
⊥ = J(D2)⊕ µ,

where, µ is an invariant subbundle of (kerF∗)
⊥.

Definition 3.2. [23] Let F : (N1, ϕ, ξ, η, gN1) → (N2, gN2) be a Riemannian submersion in

such a manner that ξ is normal to (kerF∗) and (kerF∗) is anti-invariant with respect to ϕ.

Then F is called an anti-invariant ξ⊥-Riemannian submersion.

Definition 3.3. [1] Let F : (N1, ϕ, ξ, η, gN1) → (N2, gN2) be a Riemannian submersion from

an almost para-contact metric manifold onto a Riemannian manifold. F is called a semi-

invariant ξ⊥-Riemannian submersion if D1 ⊂ (kerF∗) is such that

(kerF∗) = D1 ⊕D2, ϕ(D1) = D1, ϕ(D2) ⊂ (kerF∗)
⊥.

4. CSI-ξ⊥-Riemannian submersions from a Lorentzian para-Kenmotsu

manifolds

In this section, we define and study CSI-ξ⊥-Riemannian submersion from Lorentzian para-

Kenmotsu manifolds onto a Riemannian manifolds.

In the theory of Riemannian submersions, Bishop [8] defines the notion of Clairaut sub-

mersion:

Definition 4.1. Let α is any geodesic on N1, r is a positive function on N1 and θ(t) is

the angle between
.
α and the horizontal space at α(t) for any t. If the function (r ◦ α) sin θ

is constant on N1, then a Riemannian submersion F : (N1, gN1) → (N2, gN2) is called a

Clairaut submersion.

Theorem 4.1. [8] Let F : (N1, gN1) → (N2, gN2) be a Riemannian submersion with connected

fibers. Then, F is a Clairaut Riemannian submersion with r = ef if each fiber is totally

umbilical and has the mean curvature vector field H = −∇f is the gradient of the function

f with respect to gN1 .
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Definition 4.2. A semi-invariant ξ⊥-Riemannian submersion F from a Lorentzian para-

Kenmotsu manifold (N1, ϕ, ξ, η, gN1) onto a Riemannian manifold (N2, gN2) is called Csi-ξ⊥-

Riemannian submersion if it satisfies the condition of Clairaut Riemannian submersion i.e.,

if each fiber is totally umbilical with mean curvature vector field H = −∇f with respect to

gN1 , then F is a Clairaut Riemannian submersion with r = ef .

Now, using definition (4.1), we have

(kerF∗) = D1 ⊕D2, ϕ(D1) = D1, ϕ(D2) ⊆ (kerF∗)
⊥.

Thus for any V1 ∈ (kerF∗), we put

V1 = PV1 +QV1, (4.17)

where PV1 ∈ Γ(D1) and QV1 ∈ Γ(D2).

In addition, for Y1 ∈ (kerF∗), we get

ϕY1 = ψY1 + ωY1, (4.18)

where ϕY1 ∈ Γ(D1) and ωY1 ∈ Γ(ϕD2).

Γ(kerF∗)
⊥ is decomposed as

Γ(kerF∗)
⊥ = ϕ(D2)⊕ µ.

Here µ is invariant and contains ξ.

Also for X2 ∈ Γ(kerF∗)
⊥, we have

ϕX2 = BX2 + CX2, (4.19)

where BX2 ∈ Γ(D2) and CX2 ∈ Γ(µ).

Lemma 4.1. Let F be a semi-invariant ξ⊥-Riemannian submersion from a Lorentzian para-

Kenmotsu manifold (N1, ϕ, ξ, η, gN1) onto a Riemannian manifold (N2, gN2). Then, we get

V∇Y1ψZ1 + TY1ωZ1 = BTY1Z1 + ψV∇Y1Z1, (4.20)

TY1ψZ1 +H∇Y1ωZ1 + gN1(ψY1, Z1)ξ = CTY1Z1 + ωV∇Y1Z1, (4.21)

V∇V1BW1 +AV1CW1 + η(W1)BV1 = BH∇V1W1 + ψAV1W1, (4.22)

AV1BW1 +H∇V1CW1 + η(W1)CV1 + gN1(CV1,W1)ξ = CH∇V1W1 + ωAV1W1, (4.23)

V∇Y1BV1 + TY1CV1 + η(V1)ψY1 = ψTY1V1 +BH∇Y1V1, (4.24)

TY1BV1 +H∇Y1CV1 + η(V1)ωY1 + gN1(ωY1, V1)ξ = ωTY1V1 + CH∇Y1V1, (4.25)
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V∇V1ψY1 +AV1ωY1 = BAV1Y1 + ψV∇V1Y1, (4.26)

AV1ψY1 +H∇V1ωY1 + gN1(BV1, Y1)ξ = CAV1Y1 + ωV∇V1Y1, (4.27)

where Y1, Z1 ∈ Γ(kerF∗) and V1,W1 ∈ Γ(kerF∗)
⊥.

Proof. Using equations (2.5), (3.10)-(3.13), (4.18) and (4.19), we get Lemma 4.1.

Lemma 4.2. Let F be a semi-invariant ξ⊥-Riemannian submersion from a Lorentzian para-

Kenmotsu manifold (N1, ϕ, ξ, η, gN1) onto a Riemannian manifold (N2, gN2). If α : I2 ⊂ R→

N1 is a regular curve and Z1(t) and U1(t) are the vertical and horizontal components of the

tangent vector field
.
α = E of α(t), respectively, then α is a geodesic if and only if along α

the following equations hold:

V∇ .
αψZ1 + V∇ .

αBU1 + (TZ1 +AU1)ωZ1 + (TZ1 +AU1)CU1 + η(U1)(ψZ1 +BZ1) = 0,

H∇ .
αωZ1+H∇ .

αCU1+(TZ1+AU1)ψZ1+(TZ1+AU1)BU1+gN1(ϕ
.
α,

.
α)ξ+η(U1)(ωZ1+CZ1) = 0.

Proof. Let α : I2 → N1 is a regular curve on N1 and
.
α(t) is the tangent vector field. If

Z1(t) and U1(t) are the vertical and horizontal parts of the tangent vector field, respectively.

Then
.
α(t) = Z1(t) + U1(t). From equations (2.5), (3.10)-(3.13), (4.18) and (4.19), we get

ϕ∇ .
α

.
α = ∇ .

αϕ
.
α− (∇ .

αϕ)
.
α,

= ∇Z1ψZ1 +∇Z1ωZ1 +∇Z1BU1 +∇Z1CU1 +∇U1ψZ1 +∇U1ωZ1

+∇U1BU1 +∇U1CU1 + gN1(ϕ
.
α,

.
α)ξ + η(U1)(ψZ1 +BZ1) + η(U1)(ωZ1 + CZ1),

= TZ1ψZ1 + V∇Z1ψZ1 + TZ1ωZ1 +H∇Z1ωZ1 + TZ1BU1 + V∇Z1BU1

+ TZ1CU1 +H∇Z1CU1 +AU1ψZ1 + V∇U1ψZ1 +H∇U1ωZ1 +AU1ωZ1

+AU1BU1 + V∇U1BU1 +H∇U1CU1 +AU1CU1 + gN1(ϕ
.
α,

.
α)ξ

+ η(U1)(ψZ1 +BZ1) + η(U1)(ωZ1 + CZ1).

Taking the vertical and horizontal components in above equation, we have

Vϕ∇ .
α

.
α = V∇ .

αψZ1 + V∇ .
αBU1 + (TZ1 +AU1)ωZ1 + (TZ1 +AU1)CU1 + η(U1)(ψZ1 +BZ1),

Hϕ∇ .
α

.
α = H∇ .

αωZ1 +H∇ .
αCU1 + (TZ1 +AU1)ψZ1 + (TZ1 +AU1)BU1

+ gN1(ϕ
.
α,

.
α)ξ + η(U1)(ωZ1 + CZ1),

Hence, α is a geodesic on N1 if and only if Vϕ∇ .
α

.
α and Hϕ∇ .

α
.
α both are vanish, which

gives our result.
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Theorem 4.2. Let F be a semi-invariant ξ⊥-Riemannian submersion from a Lorentzian

para-Kenmotsu manifold (N1, ϕ, ξ, η, gN1) onto a Riemannian manifold (N2, gN2). Then F is

a Csi-ξ⊥-Riemannian submersion with r = ef if and only if

(gN1(∇f, Z1)− η(Z1)|)||V1||2 = −gN1(V∇ .
αBZ1, ψV1)− gN1(H∇ .

αCZ1, ωV1)

− gN1((TV1 +AZ1)CZ1, ψV1)− gN1((TV1 +AZ1)BZ1, ωV1)

where α : I2 → N1 is a geodesic on N1 and V1, Z1 are vertical and horizontal components of

.
α(t).

Proof. Let α : I2 → N1 be a geodesic on N1 with V1(t) = V .
α(t) and Z1(t) = H .

α(t).

Let θ(t) denote the angle in [0, π] between
.
α(t) and Z1(t). Assuming ν = || .α(t)||2 then we

get

gN1(V1(t), V1(t)) = ν sin2 θ(t), (4.28)

gN1(Z1(t), Z1(t)) = ν cos2 θ(t). (4.29)

Now, differentiating (4.28), we get

d

dt
gN1(V1(t), V1(t)) = 2ν cos θ(t) sin θ(t)

dθ

dt
.

Using equation (2.2), we get

gN1(ϕ∇ .
αV1, ϕV1) = ν cos θ(t) sin θ(t)

dθ

dt
. (4.30)

Now, using equation (2.5), we get

∇ .
αϕV1 = ϕ∇ .

αV1 + gN1(ϕ
.
α, V1)ξ,

gN1(ϕ∇ .
αV1, ϕV1) = gN1(∇ .

αϕV1, ϕV1),

= gN1(V∇ .
αψV1, ψV1) + gN1(H∇ .

αωV1, ωV1) + gN1((AZ1 + TV1)ψV1, ωV1)

+ gN1((AZ1 + TV1)ωV1, ψV1).

Using Lemma 4.2 in above equation, we get

gN1(ϕ∇ .
αV1, ϕV1) = −gN1(V∇ .

αBZ1, ψV1)− gN1(H∇ .
αCZ1, ωV1)

− gN1((TV1 +AZ1)CZ1, ψV1)− gN1((TV1 +AZ1)BZ1, ωV1)

− η(Z1)gN1(V1, V1). (4.31)
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From equations (4.30) and (4.31), we have

ν cos θ(t) sin θ(t)
dθ

dt
= −gN1(V∇ .

αBZ1, ψV1)− gN1(H∇ .
αCZ1, ωV1)

− gN1((TV1 +AZ1)CZ1, ψV1)− gN1((TV1 +AZ1)BZ1, ωV1)

− η(Z1)gN1(V1, V1). (4.32)

Moreover, F is a Csi-ξ⊥-Riemannian submersion with r = ef if and only if

d

dt
(ef◦α sin θ) = 0

ef◦α(cos θ
dθ

dt
+ sin θ

df

dt
) = 0.

(4.33)

Multiplying with non-zero factor υ sin θ on both sides, we have

−υ cos θ sin θdθ
dt

= υ sin2 θ
df

dt
,

υ cos θ sin θ
dθ

dt
= −gN1(V1, V1)

df

dt
,

υ cos θ sin θ
dθ

dt
= −gN1(∇f,

.
α)||V1||2,

υ cos θ sin θ
dθ

dt
= −gN1(∇f, Z1)||V1||2. (4.34)

Thus, from equations (4.32) and (4.34), we have

(gN1(∇f, Z1)− η(Z1))||V1||2 = gN1(V∇ .
αBZ1, ψV1) + gN1(H∇ .

αCZ1, ωV1)

+ gN1((TV1 +AZ1)CZ1, ψV1) + gN1((TV1 +AZ1)BZ1, ωV1).

Hence the theorem 4.2 is proved.

Corollary 4.1. Let F be a semi-invariant ξ⊥-Riemannian submersion from a Lorentzian

para-Kenmotsu manifold (N1, ϕ, ξ, η, gN1) onto a Riemannian manifold (N2, gN2). Then, we

get

gN1(∇f, ξ) = −1.

Theorem 4.3. Let F be a Csi-ξ⊥-Riemannian submersion from a Lorentzian para-Kenmotsu

manifold (N1, ϕ, ξ, η, gN1) onto a Riemannian manifold (N2, gN2) with r = ef . Then, we get

AϕV1ϕY1 = Y1(f)V1 (4.35)

for Y1 ∈ Γ(µ) and V1 ∈ Γ(D2), such that ϕY1 is basic.
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Proof. Let F be Csi-ξ⊥-Riemannian submersion from a Lorentzian para-Kenmotsu

manifold onto a Riemannian manifold. For X1, X2 ∈ Γ(D2), using equation (3.15) and

Theorem 4.1, we get

TX1X2 = −gN1(X1, X2)gradf. (4.36)

Now, we take inner product with ϕV1 in equation (4.36),

gN1(TX1X2, ϕV1) = −gN1(X1, X2)gN1(gradf, ϕV1), (4.37)

for all V1 ∈ Γ(D2).

From equations (2.2) and (2.5), we obtain

gN1(∇X1ϕX2, V1) = −gN1(X1, X2)gN1(gradf, ϕV1).

Here ∇ is metric connection, so we can use equations (3.15) and (4.37) in above equation

and get

gN1(X1, V1)gN1(gradf, ϕX2) = −gN1(X1, X2)gN1(gradf, ϕV1). (4.38)

Now, we take V1 = X2 and obtain the following equatin by interchanging the role of X1

and X2,

gN1(X2, X2)gN1(gradf, ϕX1) = gN1(X1, X2)gN1(gradf, ϕX2). (4.39)

Using equation (4.39) with V1 = X1 in (4.38), we have

gN1(gradf, ϕX1) =
(gN1(X1, X2))

2

||X1||2||X2||2
gN1(gradf, ϕX1). (4.40)

If gradf ∈ Γ(ϕ(D2)), then equation (4.40) and the condition of equality in the Schwarz

inequality implies that either f is constant on ϕ(D2) or the fibers are one dimensional.

On the other hand, using equation (2.5), we get

gN1(ϕ∇X1V1, ϕY1) = gN1(∇X1ϕV1, ϕY1)

for Y1 ∈ Γ(µ) and Y1 ̸= ξ. Now, using equation (2.2), we obtain

gN1(∇X1ϕV1, ϕY1) = gN1(∇X1V1, Y1).

Using equations (2.2) and (2.5) in above equation, we get

gN1(∇X1ϕV1, ϕY1) = −gN1(X1, V1)gN1(gradf, Y1).
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Since ϕY1 is basic and using the fact that H∇X1ϕV1 = AϕV1X1, we get

gN1(∇X1ϕV1, ϕY1) = −gN1(X1, V1)gN1(gradf, Y1),

gN1(AϕV1X1, ϕY1) = −gN1(X1, V1)gN1(gradf, Y1),

gN1(AϕV1ϕY1, X1) = gN1(X1, V1)gN1(gradf, Y1)

gN1(AϕV1ϕY1, X1) = gN1(X1, V1)gN1(∇f, Y1). (4.41)

Since AϕV1ϕY1 and V1 are vertical and ∇f is horizontal, we obtain equation (4.35).

Theorem 4.4. Let F be a Csi-ξ⊥-Riemannian submersion from a Lorentzian para-Kenmotsu

manifold (N1, ϕ, ξ, η, gN1) onto a Riemannian manifold (N2, gN2) with r = ef and dim(D2) >

1. Then, for all Y1 ∈ Γ(D2) and V1 ∈ Γ(kerF∗)
⊥,

F
∇V1F∗(ϕY1) = V1(f)F∗(ϕY1).

Proof. Let F be a Csi-ξ⊥-Riemannian submersion from a Lorentzian para-Kenmotsu

manifold onto a Riemannian manifold. Since each fiber is totally umbilical with mean cur-

vature vector field H = −gradf, then from theorem (4.1), we have

−gN1(∇Y1V1, Y2) = gN1(∇Y1Y2, V1),

−gN1(∇Y1V1, Y2) = −gN1(Y1, Y2)gN1(gradf, V1),

for all Y1, Y2 ∈ Γ(D2) and V1 ∈ Γ(kerF∗)
⊥.

Using equations (2.2),(2.5) and (3.15) in above equation, we get

gN1(∇V1ϕY1, ϕY2) = gN1(ϕY1, ϕY2)gN1(gradf, V1). (4.42)

Since F is the semi-invariant Riemannian submersion and using equation (4.42), we have

gN2(F∗(∇V1ϕY1), F∗(ϕY2)) = gN2(F∗(ϕY1), F∗(ϕY2))gN1(gradf, V1). (4.43)

From (3.16) in (4.43), we obtain

gN2(
F
∇V1F∗(ϕY1), F∗(ϕY2)) = gN2(F∗(ϕY1), F∗(ϕY2))gN1(gradf, V1), (4.44)

which implies
F
∇V1F∗(ϕY1) = V1(f)F∗(ϕY1), for all Y1 ∈ Γ(D2) and V1 ∈ Γ(kerF∗)

⊥, hence

the proof.
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Theorem 4.5. Let F be a Csi-ξ⊥-Riemannian submersion with r = ef from a Lorentzian

para-Kenmotsu manifold (N1, ϕ, ξ, η, gN1) onto a Riemannian manifold (N2, gN2). If T is not

equal to zero identically, then the invariant distribution D1 cannot defined a totally geodesic

foliation on N1.

Proof. For W1,W2 ∈ Γ(D1) and X1 ∈ Γ(D2), using equations (2.2), (2.5), (3.11) and

(3.15), we get

gN1(∇W1W2, X1) = gN1(∇W1ϕW2, ϕX1),

= gN1(TW1ϕW2, ϕX1),

= −gN1(W1, ϕW2)gN1(gradf, ϕX1).

Thus, the assertion can be seen from above equation and the fact that gradf ∈ ϕ(D2).

Theorem 4.6. Let F be a Csi-ξ⊥-Riemannian submersion with r = ef from a Lorentzian

para-Kenmotsu manifold (N1, ϕ, ξ, η, gN1) onto a Riemannian manifold (N2, gN2) with r = eh.

Then, D2 is not totally geodesic foliation on N1.

Proof. For Z1, Z2 ∈ Γ(D2) and ξ ∈ Γ(kerπ∗)
⊥, using (2.6), we get

gN1(∇Z1Z2, ξ) = −gN1(∇Z1ξ, Z2) = gN1(Z1, Z2) ̸= 0.

Hence D2 is not totally geodesic foliation on N1.

Using Theorems (4.5) and (4.6), one can give the following Theorem.

Theorem 4.7. Let F be a Csi-ξ⊥-Riemannian submersion with r = ef from a Lorentzian

para-Kenmotsu manifold (N1, ϕ, ξ, η, gN1) onto a Riemannian manifold (N2, gN2) with r = ef .

Then, (kerπ∗) is not totally geodesic foliation on N1.

Theorem 4.8. Let F be a Csi-ξ⊥-Riemannian submersion with r = ef from a Lorentzian

para-Kenmotsu manifold (N1, ϕ, ξ, η, gN1) onto a Riemannian manifold (N2, gN2). Then, the

anti-invariant distribution D2 one-dimensional.

Proof. Since F is a Clairaut proper semi-invariant submersion, then either dim(D2) =

1 or dim(D2) > 1. If dim(D2) > 1, then we can choose Z1, Z2 ∈ Γ(D2) such that {Z1, Z2} is

orthonormal. From equations (2.5), (3.10), (4.18) and (4.19), we get

TZ1ϕZ2 +H∇Z1ϕZ2 = ∇Z1ϕZ2,

TZ1ϕZ2 +H∇Z1ϕZ2 = BTZ1Z2 + CTZ1Z2 + ψV∇Z1Z2 + ωV∇Z1Z2.
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Now, we take inner product with Z1 in above equation and obtain

gN1(TZ1ϕZ2, Z1) = gN1(BTZ1Z2, Z1) + gN1(ψV∇Z1Z2, Z1). (4.45)

From equation (2.5), (3.10) and (3.15), we have

gN1(TZ1Z1, ϕZ2) = −gN1(TZ1ϕZ2, Z1) = −gN1(gradf, ϕZ2) = gN1(TZ1Z2, ϕZ1). (4.46)

From above equation, we obtain

gN1(gradf, ϕZ2) = gN1(TZ1Z2, ϕZ1),

gN1(gradf, ϕZ2) = gN1(Z1, Z2)gN1(gradf, ϕZ1),

gN1(gradf, ϕZ2) = 0.

So, we get

gradf ⊥ ϕ(D2).

Therefore, the dimension of D2 must be one.

5. Example

Let N1 be a 5-dimensional space given by the following:

R5 = {(x1, x2, y1, y2, z) ∈ R5|(x1, x2, y1, y2) ̸= (0, 0, 0, 0) and z ̸= 0}.

Let η be a 1-form defined by η = dz. The vector field ξ is given by ∂
∂z and its Lorentzian

metric gN1 and tensor field ϕ are given by

gN1 = e2z(dx1)
2 + e2z(dx2)

2 + e2z(dy1)
2 + e2z(dy2)

2 − (dz)2,

ϕ =



0 0 1 0 0

0 0 0 1 0

1 0 0 0 0

0 1 0 0 0

0 0 0 0 0


.

This gives a Lorentzian para-Kenmotsu structure (ϕ, ξ, η, gN1) on N1.

A ϕ-basis for this structure can be given by {e1 = e−z ∂
∂x1

, e2 = e−z ∂
∂x2

, e3 = e−z ∂
∂y1

, e4 =

e−z ∂
∂y2

, e5 = ξ = ∂
∂z}.

Let N2 be {(u1, u2) ∈ R2|u2 = z ̸= 0}. We choose the Riemannian metric gN2 =

e2z(du1)
2 + (du2)

2 on N2.
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Now, we define the map F : (N1, ϕ, ξ, η, gN1) → (N2, gN2) by the following:

F (x1, x2, y1, y2, z) = (
x2 + y2√

2
, z).

By direct calculations, we have

kerF∗ = span{X1 = e1, X2 = (e2 − e4), X3 = e3},

D1 = span{X1 = e1, X3 = e3}, D2 = span{X2 = (e2 − e4)},

(kerF∗)
⊥ = span{V1 = (e2 + e4), V2 = ξ = e5}.

After some computations, we find that

F∗(V1) =
√
2e−z ∂

∂u1
,

F∗(V2) =
∂

∂u2
,

gN1(Vi, Vj) = gN2(F∗Vi, F∗Vj)

(5.47)

for all Vi, Vj ∈ Γ(kerF∗)
⊥, i, j = 1, 2. Thus F is semi-invariant ξ⊥-Riemannian submersion.

Now, we will obtain smooth function f on R5 which satisfy the condition TXX = g1(X,X)∇f,

for all X ∈ Γ(kerπ∗).

Using the given Kenmotsu structure, we find

[e1, e1] = [e2, e2] = [e3, e3] = [e4, e4] = [e5, e5] = 0, (5.48)

[e1, e2] = 0, [e1, e3] = 0, [e1, e4] = 0, [e1, e5] = e1,

[e2, e3] = 0, [e2, e4] = 0, [e2, e5] = e2, [e3, e4] = 0,

[e3, e5] = e3, [e4, e5] = e4,

The Levi-Civita connection ∇ of the metric gN1 is given by the Koszul′s formula which is

2gN1(∇XZ,W ) = XgN1(Z,W ) + ZgN1(W,X)−WgN1(X,Z) + gN1([X,Z],W )

− gN1([Z,W ], X) + gN1([W,X], Z). (5.49)

Using (5.48) and (5.49), we get

∇e1e1 = ∇e2e2 = ∇e3e3 = ∇e4e4 =
∂

∂z
, (5.50)

∇e1e2 = ∇e1e3 = ∇e1e4 = ∇e2e1 = ∇e2e3 = ∇e2e4 = 0,

∇e3e1 = ∇e3e2 = ∇e3e4 = ∇e4e1 = ∇e4e2 = ∇e4e3 = 0.
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Therefore

∇X1X1 = ∇e1e1 =
∂

∂z
,∇X2X2 = ∇e2−e4e2 − e4 = 2

∂

∂z
(5.51)

∇X3X3 = ∇e3e3 =
∂

∂z
,∇X1X2 = 0,∇X1X3 = 0,

∇X2X3 = 0,∇X2X1 = 0,∇X3X1 = 0,∇X3X2 = 0.

Now, we have

TXX = Tλ1X1+λ2X2+λ3X3λ1X1 + λ2X2 + λ3X3, λ1, λ2, λ3 ∈ R.

TXX = λ21TX1X1 + λ22TX2X2 + λ23TX3X3 +

λ1λ2TX1X2 + λ1λ3TX1X3 + λ2λ3TX2X3 +

λ1λ2TX2X1 + λ1λ3TX3X1 + λ2λ3TX3X2. (5.52)

Using (5.51), we obtain

TX1X1 =
∂

∂z
, TX2X2 = 2

∂

∂z
, TX3X3 =

∂

∂z
, (5.53)

TX1X2 = 0, TX1X3 = 0, TX2X3 = 0, TX2X1 = 0,

TX3X1 = 0, TX3X2 = 0.

Next, using (5.52) and (5.53), we get

TXX = (λ21 + 2λ22 + λ23 + λ23)
∂

∂z
.

Since X = λ1X1 + λ2X2 + λ3X3, so gN1(λ1X1 + λ2X2 + λ3X3, λ1X1 + λ2X2 + λ3X3) =

λ21 +2λ22 + λ23. For any smooth function f on R5, ∇f with respect to the metric gN1 is given

by

∇f = e−2Z ∂f
∂x1

∂
∂x1

+ e−2Z ∂f
∂x2

∂
∂x2

+ e−2Z ∂f
∂y1

∂
∂y1

+ e−2Z ∂f
∂y2

∂
∂y2

+ ∂f
∂z

∂
∂z .

Therefore, ∇f = ∂
∂z for the function f = z. Now, we can see that TXX = gN1(X,X)∇f and

by Theorem (4.1), it is clear that F is a CSI-ξ⊥-Riemannian submersions.
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1. Introduction

The concept discussed by B. O’Neill [26] and A Gray [16] is known as Riemannian sub-

mersions. In 1976, B. Watson [42], considered the submersion between almost Hermitian

manifolds with name as almost Hermitian submersions. He established that, if the whole

manifold is a Kaehler manifold, then the base manifold is also a Kaehler manifold. The Rie-

mannian submersions consist many applications in mathematics and in physics, specially in

Yang-Mills theory ([8],[44]), Kaluza-Klein theory ([9],[22]). The Riemannian submersions are

very interesting tools in geometry to study Riemannian manifolds having differentiable struc-

tures. B. Sahin, in ([37], [39]), respectively, presented the idea of anti-invariant Riemannian
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submersions and slant-submersion from virtually Hermitian manifold as a generalisation of

Riemannian submersions.

The notion of almost contact Riemannian submersions from almost contact manifold was

introduced by Chinea in [11]. He also studied the fibre space, base space and total space

with differential geometric point of view. As a generalization of Riemannian submersions,

Fuglede [15] and Ishihara [23] separately, studied horizontally conformal submersions. Later

on, many authors investigated different kinds of Riemannian submersions like anti-invariant

submersions ([5], [37]), slant submersions ([4], [39]), semi-slant submersions ([2], [19], [28])

and hemi-slant submersions ([43], [1]) between almost Hermitian manifolds as well as almost

contact manifolds. R Prasad et al. ([31], [32], [33], [34]) studied Quasi-bi-slant submersion

from Kenmotsu manifold onto Riemannian manifolds and they also studied Riemannian sub-

mersion from Kenmotsu manifolds with different aspect whereas Sezin [41] studied bi-slant

submersions from contact manifold with taking ξ as horizontal vector field.

In this paper, we study quasi hemi-slant conformal submersions from Kenmotsu manifold

onto a Riemannian manifold taking 4 mutually orthogonal complementary distributions.

This paper contains 4 sections. Section 2 consists some definitions of almost contact metric

manifold and specially kenmotsu manifold, In section 3, we study some basic results for

quasi hemi-slant conformal submersion from Kenmotsu manifold which are needed for our

main sections. Section 4 contains the results of integrability and totally geodesicness of

distributions.

2. Preliminaries

Let M be a (2n+1)-dimensional almost contact manifold with almost contact structures

(ϕ, ξ, η), where ϕ is a (1, 1) tensor field ξ, a vector field and η, a 1- form satisfying

ϕ2 = −I + η ⊗ ξ, η(ξ) = 1, η ◦ ϕ = 0. (2.1)

On an almost contact manifold, there exists a Riemannian metric g which is compatible

with the almost contact structure (M,ϕ, ξ, η) in the sense that

g(ϕU, ϕV ) = g(U, V )− η(U)η(V ), (2.2)

from which it can be observed that

g(U, ξ) = η(U), (2.3)
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for any U, V ∈ Γ(TM) and the manifold (M,ϕ, ξ, η, g) is called an almost contact metric

manifold. If [ϕ, ϕ] denotes the Nijenhuis tensor of ϕ, then the almost contact structure is

normal if and only if the torsion tensor [ϕ, ϕ] + 2dη ⊗ ξ vanishes. An almost contact metric

structure is called a contact metric structure if dη = Φ, where Φ is the fundamental 2-form

defined by Φ(U, V ) = g(U, ϕV ). Almost contact metric structure (ϕ, ξ, η, g) are said to define

a Kenmotsu structure on M if the following characterizing tensorial equation is satisfied

(∇̄Uϕ)V = g(ϕU, V )ξ − η(V )ϕU. (2.4)

One can deduce from the above relations that

∇̄Uξ = U − η(U)ξ. (2.5)

It is also seen that

g(ϕU, V ) = −g(U, ϕV ). (2.6)

The covariant derivative of ϕ is defined by

(∇Uϕ)V = ∇UϕV − ϕ∇UV. (2.7)

Now, we recall the notion of Riemannian submersion and horizontally conformal submer-

sion followed by some basic results those will be useful throughout the text.

Definition 2.1. Let (M, g) and (N, g′) be two Riemannian manifolds and F : M → N be

a smooth Riemannian submersion. Then F is called a horizontally conformal submersion,

with a positive function λ such that

g(X,Y ) =
1

λ2
g′(F∗X,F∗Y ), (2.8)

for any X,Y ∈ Γ(kerF∗)
⊥. It is clear that a horizontally conformal submersion with λ = 1

is Riemannian submersions.

Let F : M → N be a conformal submersion. A vector field E on M is called projectable

if there exists a vector field Ē on N such that F∗(Ep) = Ē for any p ∈ Γ(TM).

B. O’ Neill defined the tensors T and A called fundamental tensors and defined by for

vector fields E1 and E2 on M such that

AE1E2 = H∇HE1VE2 + V∇HE1HE2 (2.9)

TE1E2 = H∇VE1VE2 + V∇VE1HE2 (2.10)
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where the vertical and horizontal projections are V and H respectively. Considering the

equations (2.9) and (2.10), we have

∇U1V1 = TU1V1 + V∇U1V1 (2.11)

∇U1X1 = TU1X1 +H∇U1X1 (2.12)

∇X1U1 = AX1U1 + V∇X1U1 (2.13)

∇X1Y1 = H∇X1Y1 +AX1Y1 (2.14)

for any U1, V1 ∈ Γ(kerF∗) and X1, Y1 ∈ Γ(kerF∗)
⊥.

For q ∈ M , V ∈ Vq and X ∈ Hq, the linear operators TV ,AX : TpM → TpM are

skew-symmetric, that is

g(AXE1, E2) = −g(E1,AXE2) (2.15)

g(TV E1, E2) = −g(E1, TV E2) (2.16)

for any E1, E2 ∈ Γ(TpM).

Let (M, g) and (N, g′) be two Riemannian manifolds. Let φ : M → N be a smooth map.

Then, the second fundamental form of φ is given by

(∇φ∗)(X,Y ) = ∇φ
Xφ∗Y − φ∗(∇XY ), (2.17)

for all X,Y ∈ Γ(TpM), where ∇ the Levi-Civita connection of the metrics g and g′ and ∇φ

is the pullback connection. The map φ is said to be totally geodesic map if (∇φ∗)(U, V ) = 0

for any U, V ∈ Γ(TpM).

Lemma 2.1. Let F : M → N be a horizontal conformal submersion. Then, for any hori-

zontal vector fields X1, Y1 and vertical vector fields U1, V1

(i) (∇F∗)(X1, Y1) = X1(lnλ)F∗(Y1) + Y1(lnλ)F∗(X1)− g(X1, Y1)F∗(grad lnλ),

(ii) (∇F∗)(U1, V1) = −F∗(TU1V1),

(iii) (∇F∗)(X1, U1) = −F∗(∇X1U1) = −F∗(AX1U1).
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3. Quasi Hemi-slant Conformal Submersions

Definition 3.1. A conformal submersion F from almost contact metric manifold (M,ϕ, ξ, η, g)

onto a Riemannian manifold (N, g′) is said to be a quasi hemi-slant conformal submersion

(QHSC submersions) if its vertical distribution kerF* of F admits four orthogonal comple-

mentary distributions DT , Dθ, D⊥ and < ξ > such that

(i) kerF* = DT ⊕Dθ ⊕D⊥⊕ < ξ >

(ii) DT is invariant, i.e., ϕDT = DT

(iii) D⊥ is anti-invariant, i.e., ϕD⊥ ⊆ ( kerF∗
⊥)

(iv) for any non-zero vector field X ∈ (Dθ)p, p ∈ M , the angle θ between ϕX and (Dθ)p

is constant and independent of the choice of point p and X in (Dθ)p,

where < ξ > is 1-dimensional distribution spanned by ξ. Then, we say that F is QHSC

submersion where angle θ is called the quasi hemi-slant angle of submersion. Here we have

some particular cases which are stated as :

(i) If the distribution DT = 0 then the map F is a conformal hemi-slant submersion.

(ii) If the distribution Dθ = 0 then the map F is a conformal semi-invariant submersion.

(iii) If the distribution D⊥ = 0 then the map F is a conformal semi-slant submersion.

Hence, it is clear that the QHSC submersions are generalized version of conformal hemi-slant

submersions, conformal semi-invariant submersions and conformal semi-slant submersions.

Let F be a QHSC submersion from an almost contact metric manifold (M,ϕ, ξ, η, g) onto

a Riemannian manifold (N, g′). Then, for any U ∈ Γ(kerF∗), we have

U = PU +QU +RU + η(U)ξ (3.18)

where P,Q and R are the projections morphism onto DT , Dθ and D⊥. Now, For any

U ∈ Γ(kerF∗)

ϕU = βU + δU (3.19)

where βU ∈ Γ(kerF∗) and δU ∈ Γ((kerF∗)
⊥). From equations (3.18), (3.19) and definition

3.1, we have

ϕU = ϕ(PU) + ϕ(QU) + ϕ(RU)

= β(PU) + δ(PU) + β(QU) + δ(QU) + β(RU) + δ(RU)

We obtain δP̄U = 0 and βR̄U = 0, we have

ϕU = β(PU) + β(QU) + δ(QU) + δ(RU).
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Hence, we have the decomposition as :

kerF*
⊥ = δDθ ⊕ δD⊥ ⊕ µ, (3.20)

where µ is the orthogonal complementary distribution to δDθ ⊕ δD⊥ in ((kerF*)
⊥) and µ is

invariant with respect to ϕ. Now, for any X ∈ (Γ(kerF∗)
⊥), we have

ϕX = BX + CX (3.21)

where BX ∈ Γ(kerF∗) and CX ∈ Γ(µ).

Lemma 3.1. Let (M,ϕ, ξ, η, g) be a Kenmotsu manifold and (N, g′) be a Riemannian man-

ifold. If F : M → N is a QHSC submersion, then we have

δBX + C2X = X, βBX +BCX = 0

β2U +BδU = U − η(U)ξ, δβU + CδU = 0

for U ∈ Γ(kerF*) and X ∈ Γ(( kerF∗)
⊥).

Proof. On using equations (2.1), (3.19) and (3.21), we get the desired results.

Lemma 3.2. [31] Let F be a QHSC submersion from an almost contact metric manifold

(M,ϕ, ξ, η, g) onto a Riemannian manifold (N, g′), then we have

(i) β2U = − cos2θ U

(ii) g(βU, βV ) = cos2 θ g(U, V )

(iii) g(δU, δV ) = sin2 θ g(U, V ),

U, V ∈ Γ(Dθ).

Proof. The proof of above Lemma is similar to the proof of the Theorem (3.5) of [35].

Lemma 3.3. Let (M,ϕ, ξ, η, g) be a Kenmotsu manifold and (N, g′) be a Riemannian man-

ifold. If F : M → N is a QHSC submersion, then we have

AXBY +H∇XCY = βH∇XY +BAXY − g(ϕX, Y )ξ (3.22)

V∇XBY +AXCY = δH∇XY + CAXY. (3.23)

V∇XβV +AXδV = BAXV + βV∇XV + g(BX,V )ξ − η(V )BX (3.24)

AXβV +H∇XδV = CAXV + δV∇XV + η(V )CX. (3.25)

V∇V BX + TV CX = βTV CX +BH∇V X + g(δV,X)ξ (3.26)
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TV BX +H∇V CX = δTV X + CH∇V X. (3.27)

V∇UβV + TUδV + η(V )βU = BTUV + βV∇UV + g(ϕU, V )ξ (3.28)

TUβV +H∇UδV + η(V )δU = CTUV + δV∇UV. (3.29)

for U, V ∈ Γ(kerF∗) and X,Y ∈ Γ((kerF*)
⊥).

Now we define the following :

(∇Uβ)V = V∇UβV − βV∇UV (3.30)

(∇Uδ)V = H∇UδV − δV∇UV (3.31)

(∇XB)Y = V∇XBY −BH∇XY (3.32)

(∇XC)Y = H∇XCY − CH∇XY (3.33)

for U, V ∈ Γ(kerF∗) and X,Y ∈ Γ((kerF∗)
⊥).

Lemma 3.4. Let (M,ϕ, ξ, η, g) be Kenmotsu manifold and (N, g′) be a Riemannian manifold.

If F : M → N is a QHSC submersion, then we have

(∇Uβ)V = BTUV − TUδV + g(ϕU, V )ξ − η(V )βU

(∇Uδ)V = CTUV − TUβV − η(V )δU

(∇XB)Y = βAXY −AXCY + g(ϕX, Y )ξ − η(Y )BX

(∇XC)Y = δAXY −AXBY − η(Y )CX,

for U, V ∈ Γ(kerF*) and X,Y ∈ Γ(( kerF∗
⊥)).

Proof. On using equations (2.7), (2.11)- (2.14), equations (3.19)-(3.21) and equations

(3.30)-(3.32), we get the proof of the lemma.

If the tenors β and δ are parallel with respect to the connection ∇ of M , then we have

BTUV = TUδV − g(ϕU, V )ξ + η(V )βU

CTUV = TUδV + η(V )δU

for X,Y ∈ Γ(TM).
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4. Integrability and totally geodesicness of distributions

Now, we start the discussion of the integrability of distributions and firstly we finding

out the integrability of slant distribution as follows:

Theorem 4.1. Let F : (M,ϕ, ξ, η, g) → (N, g′) be QHSC submersion from a Kenmotsu

manifold onto a Riemannian manifold N . Then Dθ is integrable if and only if

g′((∇F∗)(V1, βPα), F∗(δV2)) + g′((∇F∗)(V2, βPα), F∗(δV1))

= λ2g(V∇V1βPα− TV1δRα, βV2)

+ λ2g(V∇V2βPα− TV2δRα, βV1)

+ g(H∇V2δRα, δV1)− g(H∇V1δRα, δV2)

for any V1, V2 ∈ Γ(Dθ) and α ∈ Γ(DT ⊕D⊥⊕ < ξ >).

Proof. For any V1, V2 ∈ Γ(Dθ) and α ∈ Γ(DT ⊕D⊥⊕ < ξ >) with using (2.2).(2.7)

and (2.4), we get

g([V1, V2], α) = g(∇V2ϕα, ϕV1)− g(∇V1ϕα, ϕV2).

Taking equation (3.18), we have

g([V1, V2], α) = g(∇V2βPα, βV1) + g(∇V2δRα, ϕV1)

− g(∇V1βPα, ϕV2)− g(∇V1δRα, ϕV2).

From (2.11) and (2.12), we can write

g([V1, V2], α) = g(TV1βPα−H∇V1δRα, δV2)

+ g(V∇V1βPα− TV1δRα, βV2)

+ g(TV2βPα−H∇V2δRα, δV1)

+ g(V∇V2βPα− TV2δRα, βV1).

Considering equation (2.17), we may write

g([V1, V2], α) = g(V∇V2βPα− TV2δRα, βV1)

+ g(V∇V1βPα− TV1δRα, βV2)

− g(H∇V1δRα, δV2) + g(H∇V2δRα, δV1)

− 1

λ2
g′((∇F∗)(V!, βPα), F∗(δV2))

− 1

λ2
g′((∇F∗)(V2, βPα), F∗(δV1))

from which we get the desired result.
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Theorem 4.2. Let F : (M,ϕ, ξ, η, g) → (N, g′) be QHSC submersion from a Kenmotsu

manifold onto a Riemannian manifold N . Then invariant distribution DT is integrable if

and only if

P (V∇U1βQα+ TU1δα) = 0 (4.34)

for U1 ∈ Γ(DT ) and α ∈ Γ(Dθ ⊕D⊥⊕ < ξ >).

Proof. On using (2.2), (2.4) and (3.18), we have

g(∇U1U2, α) = −g(∇U1(ϕQα+ ϕRα), ϕU2)− η(α)g(ϕU1, ϕU2),

for U1 ∈ Γ(DT ) and α ∈ Γ(Dθ ⊕ D⊥⊕ < ξ >). Since δ(Qα + Rα) = δα and from (2.11),

(2.12), we can write

g(∇U1U2, α) = −g(V∇U1βQα, ϕU2)− g(TU1δα, ϕU2)

− η(α)g(ϕU1, ϕU2)

Change the role of U1 and U2, we have

g([U1, U2], α) = −g(V∇U1βQα+ TU1δα, ϕU2)

+ g(V∇U2βQα+ TU2δα, ϕU1).

We obtain the proof of the theorem from above equation.

Theorem 4.3. Let F : (M,ϕ, ξ, η, g) → (N, g′) be QHSC submersion from a Kenmotsu

manifold onto a Riemannian manifold N . Then anti-invariant distribution D⊥ is integrable

if and only if

1

λ2
[g′(∇Z2F∗δQα, F∗(δZ1))− g′(∇Z1F∗δQα, F∗(δZ2))]

= g(grad(lnλ), Z1)g(δQα, δZ2)

− g(grad(lnλ), Z2)g(δQα, δZ1)

− g(TZ2βα, δZ1) + g(TZ1βα, δZ2)

(4.35)

for Z1, Z2 ∈ Γ(D⊥) and α ∈ Γ(DT ⊕Dθ⊕ < ξ >).

Proof. From (2.2), (2.3), (2.4) and (3.18), we have

g(∇Z1Z2, α) = −η(α)g(Z1, ϕZ2)− g(∇Z1(βPα+ βQα+ δRα), ϕZ2).

Since β(Pα+Qα) = βα, we can write

g(∇Z1Z2, α) = −η(α)g(Z1, ϕZ2)− g(∇Z1βα+∇Z1δQα, δZ2).
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Now, change the roles of Z1 and Z2, we can write

g([Z1, Z2], α) = g(∇Z2βα+∇Z1δQα, δZ1)− g(∇Z1βα+∇Z2δQα, δZ2).

Considering equations (2.11) and (2.12), we get

g([Z1, Z2], α) = g(∇Z2βα, δZ1) + g(H∇Z2δQα, δZ2)

− g(TZ1βα, δZ2) + g(H∇Z1δQα, δZ2).

From (2.8), (2.17) and lemma 2.1, we have

g([Z1, Z2], α) =
1

λ2
[g′(∇Z2F∗δQα, F∗(δZ1))− g′(∇Z1F∗δQα, F∗(δZ2))]

+ g(TZ2βα, δZ1)− g(TZ1βα, δZ2)

+ g(grad(lnλ), Z2)g(δQα, δZ1)

− g(grad(lnλ), Z1)g(δQα, δZ2)

which completes the proof of the theorem.

Now, we will discussed the totally geodesicness of fibers of the distributions. Firstly, we

will start with the totally geodesicness of the invariant distribution DT .

Theorem 4.4. Let F : (M,ϕ, ξ, η, g) → (N, g′) be QHSC submersion from a Kenmotsu

manifold onto a Riemannian manifold N . Then DT is not totally geodesic.

Proof. On considering U, V ∈ Γ(DT ) and since V and ξ are orthogonal, we have

g(∇UV, ξ) = −g(V,∇Uξ)

Taking account the fact of equation (2.5), we have

g(∇UV, ξ) = −g(U, V ).

For U, V ∈ Γ(DT ),−g(U, V ) ̸= 0, that is g(∇UV, ξ) ̸= 0. Hence, the distribution is not totally

geodesic.

Theorem 4.5. Let F : (M,ϕ, ξ, η, g) → (N, g′) be QHSC submersion from a Kenmotsu

manifold onto a Riemannian manifold N . Then (DT ⊕ ξ) defines totally geodesic foliation

on M if and only if

(i) g(V∇U1ϕU2, βα) =
1
λ2 [g

′(∇F∗)(U1, ϕU2), F∗(δα)]

(ii) g(V∇U1ϕU2, BX) = 1
λ2 [g

′((∇F∗)(U1, ϕU2), F ∗ (CX))]
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for U1, U2 ∈ Γ(DT⊕ < ξ >), X ∈ Γ((kerF∗)
⊥) and α ∈ Γ(Dθ ⊕D⊥).

Proof. On using (2.2), (2.4) and (2.7), we get

g(∇U1U2, α) = g(∇U1ϕU2, ϕα),

for any U1, U2 ∈ Γ(DT⊕ < ξ >) and α ∈ Γ(Dθ ⊕D⊥). Now, from (2.11) and decomposition

(3.19), we can write

g(∇U1U2, α) = g(∇U1ϕU2, δα) + g(V∇U1ϕU2, βα).

Considering (2.8) and (2.17), we may have

g(∇U1U2, α) = − 1

λ2
g′((∇F∗)(U1, ϕU2), F∗(δα)) + g(V∇U1ϕU2, βα) (4.36)

On the other hand, for U1, U2 ∈ Γ(DT ) and X ∈ Γ((kerF∗)
⊥) with using (2.2), (2.4), (2.7)

and decomposition (3.21), we get

g(∇U1U2, X) = g(∇U1ϕU2, BX) + g(∇U1ϕU2, CX).

Considering equation (2.11), we may write

g(∇U1U2, X) = g(V∇U1ϕU2, BX) + g(TU1ϕU2, CX).

From (2.17) and (2.17), we have

g(∇U1U2, X) = g(V∇U1ϕU2, BX) +
1

λ2
g′((∇F∗)(U1, ϕU2), F∗(CX)). (4.37)

From equations (4.36) and (4.37), we get (i) and (ii) part of theorem 4.5.

Theorem 4.6. Let F : (M,ϕ, ξ, η, g) → (N, g′) be QHSC submersion from a Kenmotsu

manifold onto a Riemannian manifold N . Then Dθ is not totally geodesic on M .

Proof. On considering Z,W ∈ Γ(Dθ) and since W and ξ are orthogonal, we have

g(∇ZW, ξ) = −g(W,∇Zξ)

Taking account the fact of equation (2.5), we have

g(∇ZW, ξ) = −g(Z,W ).

For Z,W ∈ Γ(Dθ),−g(Z,W ) ̸= 0, that is g(∇ZW, ξ) ̸= 0. Hence, the distribution is not

totally geodesic.
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Theorem 4.7. Let F : (M,ϕ, ξ, η, g) → (N, g′) be QHSC submersion from a Kenmotsu

manifold onto a Riemannian manifold N . Then Γ(Dθ⊕ < ξ >) defines totally geodesic

foliation if and only if

(i) λ2[g(H∇V1δQV2, ϕRα)− cos2 θg(∇V1QV2, α)

= g′((∇F∗)(V1, α), F∗(δβQV2))− g′((∇F∗)(V1, ϕPα), F∗(δQV2))

− η(βQV2)g(ϕV1, α)]

(ii) λ2[g(H∇V1δβQV2, X)− g(H∇V1δQV2, CX)− η(βQV2)g(V1, BX)]

= g′(∇F∗)(V1, BX), F∗(δQV2)− g′((∇F∗)(V1, QV2), F∗(X))

for any V1, V2 ∈ Γ(Dθ⊕ < ξ >), X ∈ Γ((kerF∗)
⊥) and α ∈ Γ(DT ⊕D⊥).

Proof. From equations (2.2), (2.4), (3.18) and decomposition (3.19), we get

g(∇V1V2, α) = g(∇V1βQV2, ϕα) + g(∇V1δQV2, ϕα)

for any V1, V2 ∈ Γ(Dθ⊕ < ξ >) and α ∈ Γ(DT ⊕ D⊥). Again on using (2.4) and (2.7), we

can write

g(∇V1V2, α) = g(∇V1δQV2, ϕPα+ ϕRα)− g(∇V1ϕβQV2, α)

− η(βQV2)g(ϕV1, α)

Considering lemma 3.2, equation (2.12) and skew symmetry property of T , we have

g(∇V1V2, α) = − cos2 θg(∇V1QV2, α) + g(H∇V1δQV2, ϕRα)

+ g(TV1α, δβQV2)− g(TV1ϕPα, δQV2)

− η(βQV2)g(ϕV1, α)

Finally, from equations (2.8) and (2.17), we yield

g(∇V1V2, α) = − cos2 θg(∇V1QV2, α) + g(H∇V1δQV2, ϕRα)

− 1

λ2
g′((∇F∗)(V1, α), F∗(δβQV2))

+
1

λ2
g′((∇F∗)(V1, ϕPα), F∗(δQV2))

− η(βQV2)g(ϕV1, α).

(4.38)

In similar way, for any V1, V2 ∈ Γ(Dθ) and X ∈ Γ((kerF∗)
⊥) with using (2.2), (2.4), (2.7)

and (3.19), we get

g(∇V1V2, X) = g(∇V1βQV2, ϕX)− g(∇V1δQV2, ϕX).
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From equation (2.2), (2.4), (2.7) and (3.19), (2.11) we can write

g(∇V1V2, X) = −g(∇V1β
2QV2, X)− g(∇V1δβQV2, X)

+ g(TV1δQV2, BX) + g(H∇V1δQV2, CX)

+ η(βQV2)g(V1, BX)

At last, considering equation (2.8), (2.17), (2.12), and lemma 3.2, we have

g(∇V1V2, X) =
1

λ2
g′((∇F∗)(V1, BX), F∗(δQV2))

− cos2 θ
1

λ2
g′((∇F∗)(V1, QV2), F∗(X))

− g(H∇V1δβQV2, X) + g(H∇V1δQV2, CX)

+ η(βQV2)g(V1, BX).

(4.39)

Finally, from equation (4.38) and (4.39), we get the results (i) and (ii) of theorem 4.7. This

completes the proof of theorem.

Theorem 4.8. Let F : (M,ϕ, ξ, η, g) → (N, g′) be QHSC submersion from a Kenmotsu

manifold onto a Riemannian manifold N . Then D⊥ is not defined totally geodesic foliation

on M .

Proof. On considering Z,W ∈ Γ(D⊥) and since W and ξ are orthogonal, we have

g(∇ZW, ξ) = −g(W,∇Zξ)

Taking account the fact of equation (2.5), we have

g(∇ZW, ξ) = −g(Z,W ).

For Z,W ∈ Γ(D⊥),−g(Z,W ) ̸= 0, that is g(∇ZW, ξ) ̸= 0. Hence, the distribution is not

totally geodesic.

Theorem 4.9. Let F : (M,ϕ, ξ, η, g) → (N, g′) be QHSC submersion from a Kenmotsu

manifold onto a Riemannian manifold N . Then D⊥⊕ < ξ > defines totally geodesic foliation

if and only if

(i) 1
λ2 g

′((∇F∗)(Z1, βα), F∗(ϕZ2)) = g(H∇Z1ϕZ2, δQα)

(ii) 1
λ2 g

′((∇F∗)(Z1, BX), F∗(ϕZ2)) = g(H∇Z1CX,ϕZ2)

for any Z1, Z2 ∈ Γ(D⊥⊕ < ξ >), X ∈ Γ((kerF∗)
⊥) and α ∈ Γ(DT ⊕Dθ).
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Proof. On using equations (2.2), (2.4), (2.7), we can write

g(∇Z1Z2, α) = g(∇Z1ϕZ2, ϕα),

for any Z1, Z2 ∈ Γ(D⊥⊕ < ξ >) and α ∈ Γ(DT ⊕Dθ). On using the fact that βPα+ βQα =

βα with equations (3.18), (2.11), we get

g(∇Z1Z2, α) = g(TZ1ϕZ2, βα) + g(H∇Z1ϕZ2, δQα).

Considering equation (2.8) and (2.17) and use anti-symmetric property of T , we have

g(∇Z1Z2, α) =
1

λ2
g′((∇F∗)(Z1, βα), F∗(ϕZ2)) + g(H∇Z1ϕZ2, δQα). (4.40)

On the other hand, for any Z1, Z2 ∈ Γ(D⊥) and X ∈ Γ((kerF∗)
⊥) with using equations (2.2),

(2.4), (2.7) and (3.21), we have

g(∇Z1Z2, X) = −g(∇Z1BX,ϕZ2)− g(∇Z1CX,ϕZ2).

Considering equations (2.8), (2.11), (2.12) and (2.17), we can write

g(∇Z1Z2, X) =
1

λ2
g′((∇F∗)(Z1, BX), F∗(ϕZ2))− g(H∇Z1CX,ϕZ2). (4.41)

From equations (4.40) and (4.41), the proof of the theorem is complete.

Theorem 4.10. Let F : (M,ϕ, ξ, η, g) → (N, g′) be QHSC submersion from a Kenmotsu

manifold onto a Riemannian manifold N . Then the vertical distribution (kerF∗) defines

totally geodesic foliation if and only if

cos2 θ
1

λ2
g′((∇F∗)(Y1, QY2), F∗(X)) +

1

λ2
g′((∇F∗)(Y1, βPY2), F∗(CX))

= g(V∇Y1βPY2 + TY1δQY2 + TY1δRY2, BX)

+ g(H∇Y1δQY2 +H∇Y1δRY2, CX)− g(H∇Y1δβQY2, X),

for any Y1, Y2 ∈ Γ(kerF∗) and X ∈ Γ((kerF∗)
⊥).

Proof. On using (2.2), (2.4) and (2.7) with decomposition (3.18), we have

g(∇Y1Y2, X) = g(∇Y1βPY2 + βQY2 + δQY2 + δRY2, ϕX),
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for any Y1, Y2 ∈ Γ(kerF∗) and X ∈ Γ((kerF∗)
⊥). From equations (2.11), (2.12) and (3.21),

we yield

g(∇Y1Y2, X) = g(V∇Y1βPY2 + TY1δQY2 + TY1δRY2, BX)

+ g(TY1βPY2 +H∇Y1δQY2 +H∇Y1δRY2, CX)

+ g(∇Y1βQY2, ϕX).

Taking with equations (2.4), (2.7) and (3.18), we may have

g(∇Y1Y2, X) = g(V∇Y1βPY2 + TY1δQY2 + TY1δRY2, BX)

+ g(TY1βPY2 +H∇Y1δQY2 +H∇Y1δRY2, CX)

− g(∇Y1β
2QY2, X)− g(∇Y1δβQY2, X).

Consider lemma 3.2 with equations (2.8) and (2.17), we get

g(∇Y1Y2, X) = g(V∇Y1βPY2 + TY1δQY2 + TY1δRY2, BX)

+ g(H∇Y1δQY2 +H∇Y1δRY2, CX)

+ cos2 θg(∇Y1QY2, X)− g(∇Y1δβQY2, X)

− 1

λ2
g′((∇F∗)(Y1, βPY2), F∗(CX)).

Again using (2.8) and (2.17), we finally have

g(∇Y1Y2, X) = g(V∇Y1βPY2 + TY1δQY2 + TY1δRY2, BX)

+ g(H∇Y1δQY2 +H∇Y1δRY2, CX)

+ cos2 θ
1

λ2
g′((∇F∗)(Y1, QY2), F∗X)− g(∇Y1δβQY2, X)

− 1

λ2
g′((∇F∗)(Y1, βPY2), F∗(CX)).

This completes the proof of the theorem.
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Abstract. There are numerous problems of determining the QTAG-modules in which ev-

ery h-pure submodule is isotype or the QTAG-modules in which every submodule is isotype.

Our global aim here is to find in this direction a new problem by generalizing the h-purity

in QTAG-modules, and thereby to establish some characterizations of the QTAG-modules

in which every σ-pure submodule is λ-pure submodule for arbitrary ordinals σ and λ.
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1. Introduction

The theory of abelian groups studied from time to time by many mathematicians, play a

very crucial role in the theory of modules. Many authors interested in module theory have

worked on generalizing the theory of abelian groups. The notion of the generalized torsion

abelian groups is an important concept in the area of TAG-modules. It was first introduced

by Singh [17] in 1976. A module M over a ring R is called a TAG-module if it satisfies the

following two conditions while the rings are associated with unity.

“(i) Every finitely generated submodule of any homomorphic image of M is a direct sum of

uniserial modules.
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(ii) Given any two uniserial submodules U1 and U2 of a homomorphic image of M , for

any submodule N of U1, any non-zero homomorphism ϕ : N → U2 can be extended to a

homomorphism ψ : U1 → U2, provided the composition length d(U1/N) ≤ d(U2/ϕ(N)).”

It was shown that the theory of these modules very closely paralleled the theory of torsion

abelian groups; for this reason they were referred to as TAG-modules. Later on, it was shown

that, for almost all applications, one of these conditions was not needed; ignoring this nearly

superfluous condition, the slightly more general concept of a QTAG-module was initiated by

the same author in [18]. Since then, many forms of this notion such as α-modules [4, 10],

n-layered modules [15], essentially finitely indecomposable modules [3] and semi-complete

modules [6] etc. have been defined and studied by many authors. Moreover, the authors

have introduced many new concepts via these types of modules. They have also investigated

some of their interesting properties and characterizations of these modules. Not surprisingly,

many of the developments parallel the earlier development of the structure of torsion abelian

groups. The present work is a natural extension of the torsion abelian groups over to the

area of QTAG-modules and certainly contributes to the overall knowledge of the structure

of QTAG-modules.

2. Preliminaries

Throughout the text, we assume that all rings into consideration are associative with

unity (1 ̸= 0) and modules are unital QTAG-modules. By the term “uniserial module” we

will mean a module M over a ring R, whose submodules are totally ordered by inclusion,

i.e., for any two submodules N and L of M , either N ⊆ L or L ⊆ N . Likewise, we shall say

M is uniform if intersection of any two of its non-zero submodules is non-zero. In particular,

if M is a module and u ∈ M , then let u denote the uniform element and let uR denote the

uniform (hence uniserial) module, respectively. Concerning decomposition series, we suppose

that all decomposition series are unique. For any module M , the symbol d(M) will denote

its decomposition length. In addition, if u is an uniform element of M (i.e., u ∈ M), then

e(u) is called the exponent of u, and e(u) = d(uR). As usual, for such a module M , we set

the height of u in M as HM (u) = sup{d(vR/uR) : v ∈ M, u ∈ vR and v uniform}. For

every non-negative integer t, Ht(M) = {u ∈ M | HM (u) ≥ t} denotes the t-th copies of M

which can be viewed as a submodule of M consisting of all elements of height at least t. In

this way, for a module M , the letter M1 will always denote in the sequel the submodule of

M , containing elements of infinite height. Moreover, we denote by Soc(M), the socle of M ,
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i.e., the sum of all simple submodules of M . For any t ≥ 0, Soct(M) is defined inductively

as follows: Soc0(M) = 0 and Soct+1(M)/Soct(M) = Soc(M/Soct(M)).

We add some basic definitions as well from [6], which is necessary for our successful

presentation. The moduleM is named h-divisible ifM =M1 = ∩∞
t=0 Ht(M), or equivalently,

if H1(M) = M . The module M is termed separable if M1 = 0. A submodule N of a

module M is said to be an h-pure in M if for every non-negative integer t the equality

N ∩Ht(M) = Ht(N) hold. The cardinality of the minimal generating set of M is denoted

by the symbol g(M) that plays a significant role in our further investigation. By analogy,

for all ordinals σ, one can define fM (σ), the σth-Ulm invariant of M as follows: fM (σ) =

g
(
Soc(Hσ(M))/Soc(Hσ+1(M))

)
.

In [5, 11], respectively, a submodule N ofM is L-high, if N∩L = 0 and N is maximal with

respect to this intersection, that is, it is not properly contained in any different submodule

of M having the same property.

It is well to note that various results for TAG-modules are also valid for QTAG-modules

[13]. Our present work is motivated by the many significant results from the reference [14].

It is worthwhile noticing that some of the results are already investigated [7, 8] with h-purity.

For the better understanding of the mentioned topic here one must go through the papers

[9, 16]. In what follows, all notations and notions are standard and will be in agreement with

those used in [1, 2]; for the specific ones, we refer the readers to [19].

3. Chief results

We begin by reviewing some terminology. If σ is an ordinal, and M is a QTAG-module,

then the infinite height Hσ(M) will be defined as Hσ(M) = ∩λ<σHλ(M) in the sense of [12],

by using transfinite induction. Likewise, for any first infinite ordinal ω, the submoduleM1 of

M , containing elements of infinite height that hold the equalityM1 = ∩∞
t=1 Ht(M) = Hω(M).

Clearly, Ht(M) is a submodule of M and the intersection ∩∞
t=1 Ht(M) form a submodule

which is known as first Ulm submodule.

Next, we review the following concepts from [13]. A submodule N of M is said to be σ-

pure if, for all ordinal λ, there exists an ordinal σ (depending on N) such that Hλ(M)∩N =

Hλ(N). Besides, a submodule N of M is named isotype, if it is σ-pure for every ordinal σ.

It readily follows that an isotype submodule will be h-pure in M , and hence a summand of

M .
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The theory of isotypity clearly depends on the theory of h-purity in QTAG-modules, and

hence upon criteria under which a given h-pure submodule must necessarily be isotype (see,

[7]). One important example is the determination of the QTAG-modules in which every

h-pure submodule is a direct summand. Though it has been stated in a variety of forms

by a number of characterizations. In this section we follow a somewhat different path and

explore a new problem of determining the QTAG-modules in which every σ-pure submodule

is λ-pure submodule for arbitrary ordinals σ and λ.

The following elementary, but useful lemma, shed some light about the relationships

between Ulm-invariant and h-purity.

Lemma 3.1. Suppose σ and λ are ordinals such that 1 ≤ σ < λ ≤ ∞ and M is a QTAG-

module with fM (δ) = 0 for σ ≤ δ + 1 < λ. If N is a σ-pure submodule of M , then N is also

λ-pure.

Proof. First observe that if σ ≤ α < λ and N is an α-pure submodule, then N is an

(α + 1)-pure submodule of M. Next, choose N is α-pure and let a ∈ N ∩Hα+1(M). Then

a ∈ Hα(N) ⊂ Hσ(N). Thus a = b′, where d(bR/b′R) = 1 and b ∈ Hσ−1(N). But a = c′,

where d(cR/c′R) = 1, and c ∈ Hα(M). Therefore, b = c+ x, where x ∈ Soc(Hσ−1(M)). By

hypothesis on fM (δ), we have Soc(Hσ−1(M)) ⊂ Soc(Hα(M)). Thus

b = c+ x ∈ Hα(M) ∩N = Hα(N).

Therefore, a = b′ ∈ Hα+1(M) such that d(bR/b′R) = 1, we are done.

Let us recall the smallest ordinal β such that Hβ(M) = 0, is said to be the length of the

QTAG-module M .

Inspired and motivated by the above concept, we give a new concept of two parameters

involving the Ulm-invariant as follows.

Definition 3.1. Let δ be an ordinal and M a QTAG-module such that 1 ≤ δ ≤ Hβ(M) and

let γ be any ordinal. We define tδ and rγ by

tδ =


inf {t ≥ 0 : fM (δ − 1 + t) ̸= 0}, if δ − 1 exists

0, if δ is a limit ordinal,

and

rγ = inf{α+ 1 : α+ 1 < γ and fM (α) ̸= 0}.
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It is fairly to see that tδ is a finite ordinal. This follows easily that δ ≤ rγ implies δ+tδ ≤ γ,

with strict inequality holding when δ is not a limit ordinal.

Before presenting our main attainments, two preliminary technical lemmas are necessary.

Lemma 3.2. Let N be a submodule of a QTAG-module M . Then there exists a submodule

L of M containing N such that it satisfies the following conditions:

(i) L is isotype in M .

(ii) N is isotype in L.

In particular, L is σ-pure in M if and only if N is σ-pure in M , where σ is an arbitrary

ordinal.

Proof. In order to show that L is isotype in M , it suffices to show that L is σ-pure in

M for an arbitrary ordinal σ, that is to show that L is (σ+1)-pure. In order to do this, among

all uniform element in L ∩Hσ+1(M), choose a such that a = b′, where d(bR/b′R) = 1 and

b ∈ Hσ(M). Now a ∈ Nk for some k, so that b′ ∈ Nk where d(bR/b′R) = 1. Thus b ∈ Nk+1.

Therefore, b ∈ L ∩ Hσ(M) = Hσ(L) and a = b′ ∈ Hσ+1(L) such that d(bR/b′R) = 1, as

expected.

As for the second part, we can apply the same idea. Assume that N is σ-pure in L and let

a ∈ N ∩Hσ+1(L). Then a = b′ where d(bR/b′R) = 1 and b ∈ Hσ(L). Since b ∈ L, it follows

that nb ∈ N for some non-negative integer n. Therefore, b ∈ N ∩Hσ(L) = Hσ(N). Hence,

a = b′ ∈ Hσ+1(N) such that d(bR/b′R) = 1, as required.

Conversely, suppose that N ∩ Hλ(M) = Hλ(N) for all λ ≤ σ. Let a ∈ L ∩ Hλ(M), it is

readily checked that na ∈ N for some non-negative integer n. Thus

na ∈ N ∩Hλ(M) = Hλ(N) ⊂ Hλ(L).

It is only a routine exercise to check that na ∈ Hλ(L) and implies that a ∈ Hλ(L). Thus, we

conclude that L is σ-pure in M , as asserted.

Lemma 3.3. Let γ be an ordinal and M a QTAG-module such that Hγ(M) contains a non-

zero uniform element u with e(u) = ∞. For each ordinal δ and for some n let nδ = −1 if δ−1

exists and nδ = 0 otherwise. Then there exists a submodule Nδ of M such that 1 ≤ δ ≤ rγ

and it satisfies the following conditions:

(i) Nδ is (δ + tδ)-pure in M .

(ii) Nα ⊂ Nδ if α < δ.

(iii) Nδ ∩ Soc(Hδ+tδ+nδ
(M)) = Soc(Hγ(M)).
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(iv) u ∈ Nδ

(v) u /∈ Hδ+tδ+1(Nδ)

In particular, Nδ is not a (γ + 1)-pure submodule of M , and Nδ is not γ-pure in M if γ is

not a limit ordinal.

Proof. The proof is by induction on δ. Assume that for each ordinal α < δ, there

exists a submodule Nα and satisfies (i)− (v). If δ is a limit ordinal, then

Nδ = ∪α<δNα.

Certainly, if the submodule Nδ exists, then Nδ satisfies (i)− (v). If δ− 1 exists and tδ−1 > 0,

we have Nδ = Nδ−1. It follows that Nα satisfies (i)− (v), since tδ = tδ−1 − 1. If δ − 1 exists

and tδ−1 = 0, then we can construct Nδ from Nδ−1. Since fM (δ + tδ − 1) ̸= 0, there exists

an uniform element v ∈ Soc(M) such that HM (v) = δ + tδ − 1. Note also that δ + tδ < γ,

since δ ≤ rγ . Then for any submodule P of M containing v, we have

Soc(Hδ+tδ−1(M)) = Soc(Hγ(M))⊕ P.

Thus, for 0 ̸= w ∈ Hδ+tδ(M) such that u = w′ and d(wR/w′R) = 1. This, in tern, implies

that, there exists a submodule Q of M containing v + w such that Q = ⟨Nδ−1, a⟩, where

a = v + w.

We first claim that P ∩Q = 0, if this failed, then there exist elements b ∈ P and c ∈ Nδ−1

and an integer k such that b = c+ a′ ̸= 0, where d(aR/a′R) = k. If k = 0, then u = a′ = −c′

such that d(aR/a′R) = 1, d(cR/c′R) = 1 and

c ∈ Nδ−1 ∩Hδ+tδ−1(M) ⊂ Hδ−1(Nδ−1).

Thus u ∈ Hδ(Nδ−1), which is a contradiction that satisfies (v). On the other hand if k > 0,

then b = u′ + c ∈ Nδ−1 ∈ P ∩ Nδ−1 where d(uR/u′R) = k − 1. But P ∩ Nδ−1 = 0 because

Nδ−1 satisfies (iii). This gives the desired claim that P ∩Q = 0.

Suppose now that Nδ is a P -high submodule of M containing Q. Then Nδ−1 ⊂ Nδ,

which satisfies (ii). In fact, the checking of (i) is elementary for Nδ. As for (iii), using the

fact that Soc(Hγ(M)) ⊂ Nδ−1 for Nδ. Observe that Nδ also satisfies (iv) because a ∈ Nδ

and a′ = u where d(aR/a′R) = 1. In order to see that (v) is valid, let us suppose that

u ∈ Hδ+tδ+1(Nδ). Then u = x′ where d(xR/x′R) = 1 and x ∈ Hδ+tδ(N). Thus a = x + y,

where y ∈ Nδ ∩ Soc(Hδ+tδ−1(M)) and HM (a) = δ + tδ − 1. Therefore, y ∈ Hγ(M) because
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of (iii). But a = x + y ∈ Hδ+tδ(M). This is a contradiction. Hence Nδ must satisfy (v), as

promised.

We construct now a submodule N1 of M , imitating the method of Nδ as demonstrated

in the above paragraph. Therefore to finish the induction, we choose v ∈ Soc(M) such that

HM (v) = t1 and Soc(Ht1(M)) = Soc(Hγ(M)) ⊕ P with v ∈ P . Let Q = ⟨Soc(Hγ(M)), a⟩,

where a = v+w. If 0 ̸= b ∈ P ∩Q, then b = c+ ta, where c ∈ Soc(Hγ(M)) and t is a positive

integer. Bearing in mind this construction, it is apparent that P ∩Q = 0. Finally, we let N1

be a P -high submodule of M , and a routine computations reveals that N1 satisfies (i)− (v).

The proof is completed.

We next give an explicit definition of our main term.

Definition 3.2. Let σ and λ be ordinals, we say a QTAG-module M is (σ, λ)-module if

every σ-pure submodule of M is λ-pure.

Now we have all the ingredients needed to establish the following.

Theorem 3.1. Suppose σ and λ are ordinals with λ > 0 and M is a QTAG-module. Then

M is a (σ, λ)-module if and only if M is h-divisible.

Proof. Foremost, assume that M is h-divisible, that is H1(M) = M. Knowing this,

we yield that there is a submodule N of M such that N ∩H1(M) ⊂ Hδ(N) for any ordinal

δ > 0. Hence, in particular, every σ-pure submodule of M is λ-pure and we are done.

Next, we deal with the converse implication. Assume that M is a (σ, λ)-module. If

H1(M) ̸=M, then there exists an uniform element u containing H1(M) such that e(u) = ∞.

Let N = ⟨u⟩. Then N is not h-pure in M . Henceforth, according to Lemma 3.2 , there is

a submodule L of M such that L is not λ-pure for any λ > 0. Since L is isotype in M , we

have H1(M) =M , as required.

And so, we come to the following.

Theorem 3.2. Suppose σ and λ are ordinals, 1 ≤ σ < λ ≤ ∞ and M is a QTAG-module.

If σ is a limit ordinal, then M is a (σ, λ)-module if and only if the following hold:

(i) Hβ(Soc(Hk(M)) < σ, for some k > 0

(ii) Hσ(M) = U ⊕H1(M), where U is a direct sum of uniserial modules of exponent k.

Proof. In virtue of Lemma 3.3 , the necessity is true. Suppose (ii) is not hold, then

there exists an element x ∈ Hσ+1(M) such that e(x) = ∞. After this, let us assume that (i)
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is not hold, then σ = rσ ≤ rσ+1. If we replace δ = σ and γ = σ + 1 in Lemma 3.3 , we get

that a σ-pure submodule Nσ of M which is not (σ + 1)-pure. Henceforth, all the conditions

are satisfied for M to be a (σ, λ)-module.

The sufficiency of (i) being self-evident from Lemma 3.1 , where we replace σ byHβ(Soc(Hk(M))+

1. Let us assume that (ii) is hold and let N be a σ-pure submodule of M with σ < α ≤ λ.

Without loss of generality, we assume that y ∈ N ∩ Hα(M). Then y ∈ N ∩ H1(M), since

Hα(M) = H1(M). From the δ-purity of N , we have y ∈ Hδ(N) for every ordinal δ. Conse-

quently, y ∈ Hα(N). Thus N is λ-pure, as expected.

We continue in this way by the following.

Theorem 3.3. Suppose σ and λ are ordinals, 1 ≤ σ < λ ≤ ∞ and M is a QTAG-module.

If σ − 1 exists, then M is a (σ, λ)-module if and only if the following hold:

(i) fM (δ) = 0 if δ satisfies σ ≤ δ + 1 < λ.

(ii) Hσ−1(M) = U ⊕ V ⊕ H1(M), where U and V are direct sum of uniserial modules of

exponent k and k + 1 respectively, for some k > 0.

Proof. First assume that M is a (σ, λ)-module such that (i) is not hold. Suppose

now (ii) holds. Then σ ≤ Hβ(Soc(Hk(M)), for some k and an ordinal β. Thus by Definition

3.1 , there exists a parameter tσ such that f(Hσ−1(M))(δ) = 0, for some δ < tσ. Let x be

an uniform element of Hσ+tσ+1(M) such that e(x) = ∞. Then by Lemma 3.3 , there exists

a (σ + tσ)-pure submodule Nσ of Hσ−1(M), which is not (σ + tσ + 1)-pure. But this is

impossible because σ + tσ + 1 ≤ λ. Utilizing the preceding point, it is straight forward to

compute that

Hσ+tσ+1(M) = Htσ+2(Hσ−1(M))

is a QTAG-module and besides it is direct sum of uniserial module. Let k = tσ + 1. Then

fM (δ) ̸= 0 if k−1 ≤ δ ≤ k and the above condition on Hk+1(Hσ−1(M)) holds (ii), as needed.

Concerning the sufficiency, the first condition is straight forward from Lemma 3.1. As

for the second condition, let N be a σ-pure submodule of M . Then N is (σ + k − 1)-pure,

in conjunction with Lemma 3.1 , since fM (δ) = 0 for σ ≤ δ + 1 < σ + k − 1. In fact,

for every ordinal α, we observe that σ + k ≤ α ≤ λ and choose y ∈ N ∩ Hα(M). Since

Hα(M) = Hα+k(M) = H1(M), we have y ∈ Hα(N). Hence N is a λ-pure submodule of M ,

as required.

We now settle the example to constructing extensions of (σ, λ)-module, which is parallel

as assertion due to Moore and Hewett [14].



158 RAFIQUDDIN, A. HASAN, AND M. HANZLA

Example: Let M be a (σ, λ)-module with N a γ-pure submodule of M , for σ ≤ γ < λ. One

can easily constructs a submodule L such that L is σ-pure. Applying Lemma 3.2, L is λ-pure

and, hence, δ-pure for σ ≤ γ < λ. Thus, in view of Theorem 3.3, N is δ-pure, as required.

4. Open Problems

We close the work by formulating the following problems.

Problem 4.1. Suppose M is a QTAG-module such that M/Hσ(M) is a direct sum of unis-

erial modules and 1 ≤ σ < λ ≤ ∞. Is then M (σ, λ)-module if and only if Hσ(M) is?

Problem 4.2. If 1 ≤ σ < λ ≤ ∞ and M is a (σ, λ)-module such that M = Σλ∈IMλ, and

Nλ is a λ-pure submodule of Mλ, then is it true that Σλ∈INλ is a λ-pure submodule of M?

Problem 4.3. If ω ≤ λ ≤ ∞. Can M is a (ω, λ)-module if and only if M = M1 ⊕M2,

where M1 is an h-divisible and M2 is a direct sum of separable modules?
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