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A NOTE ON CSI-SUBMERSIONS FROM COSYMPLECTIC
MANIFOLDS

SUSHIL KUMAR *, SUMEET KUMAR , AND RAJ KUMAR SRIVASTAVA

ABSTRACT. In this paper, our main objective is to study the notion of Clairaut semi-
invariant submersions (C'ST— submersions, in short) from Cosymplectic manifolds onto
Riemannian manifolds. We investigate some fundamental results pertaining to the geome-
try of such submersions. We also obtain totally geodesicness conditions for the distributions.
Moreover, we provide a non-trivial example of such Riemannian submersion.

Keywords: Riemannian submersions, Clairaut semi-invariant submersions, Almost contact
metric manifolds.

2010 Mathematics Subject Classification: 53C15, 53B20.

1. INTRODUCTION

Firstly, O’ Neill [I7] and Gray [9] separately studied the concept of Riemannian submer-
sions between Riemannian manifolds in the 1960s. Using the notion of Riemannian submer-
sions between almost complex manifolds, Watson [34] studied almost Hermitian submersions.
Further, the concept of anti-invariant submersion was first defined by Sahin [23] from almost
Hermitian manifolds onto Riemannian manifolds. Later, he introduced semi-invariant sub-
mersion [25] from almost Hermitian manifolds onto Riemannian manifolds as a generalization
of holomorphic submersions and anti-invariant submersion. Further, different kinds of Rie-
mannian submersions on different structures have been studied, such as: slant submersions

Received:2022.10.04 Revised:2023.01.08 Accepted:2023.01.15
* Corresponding author
Sushil Kumar; sushilmath20@gmail.com; https://orcid.org/0000-0003-2118-4374
Sumeet Kumar; itssumeetkumar@gmail.com; https://orcid.org/0000-0003-1214-5701
Raj Kumar Srivastava; srivastavar666@gmail.com; https://orcid.org/0000-0002-2499-7402

83


HTTPS://ORCID.ORG/0000-0003-2118-4374
HTTPS://ORCID.ORG/0000-0003-1214-5701
HTTPS://ORCID.ORG/0000-0002-2499-7402

84 S. KUMAR, S. KUMAR, AND R. K. SRIVASTAVA

[24], semi-slant submersions [18], conformal semi-slant submersion ([13],[21]), hemi-slant Rie-
mannian submersions [31], conformal hemi-slant submersion [12], quasi-bi-slant submersions
[19] (see also [14], [20], [22], [26], [28], [29]) etc.

Presently, the Riemannian submersions have abundant applications in pure mathematics
and physics, for example, Kaluza-Klein theory [7], Yang-Mills theory [§], Supergravity and
superstring theories [I1] etc. C. Altafini [2] commenced using the notion of Riemannian
submersions for the modeling and control of redundant robotic chain and proved that Rie-
mannian submersion gives a close relationship between inverse kinematic in robotics and the
pull back vectors.

In the theory of surfaces created by rotating the curves, we note that, for any geodesic
clc: I; € R — Nj on Nq) on the rotating surface N7, the product rsin® is constant
along geodesic ¢, where O(s) is the angle between ¢(s) and the meridian curve through c(s),
s € Iy, called Clairaut’s theorem [5]. It means that it is independent of s. In 1972, Bishop [5]
applied this idea to the Riemannian submersions and introduced the concept of Clairaut sub-
mersion. Afterwards, Clairaut submersions have been studied in Spacelike spaces, Timelike
and Lorentzian spaces ([16], [32], [33]) and its applications in Static spacetimes [I]. Later on
this notion has been generalized in [3] and [16]. Kumar et al., in [15], introduce the notion
of Clairaut semi-invariant Riemannian map and Gupta and Singh in [I0] initiate the notion
of Clairaut semi-invariant submersion from Kéahler manifold and investigate some interesting
geometric properties of these submersions.

In the present paper, our focus is on investigating the notion of the C'SI—submersions
from Cosymplectic manifolds onto Riemannian manifolds. The paper is organized as fol-
lows: In the second section, we gather main notions and formulae for other sections. In the
third section, we give the definition of the C'ST—submersions from Cosymplectic manifolds
onto Riemannian manifolds. We investigate differential geometric properties of such submer-
sions. In the last section, we illustrate a non-trivial example of the C'ST—submersions from

Cosymplectic manifolds onto Riemannian manifolds.

2. PRELIMINARIES

A (2n + 1)-dimensional smooth manifold N is said to have an almost contact structure

[26] if there exist on N7, a tensor field ¢ of type (1, 1), a vector field € and 1-form 1 such that

¢’ =-I+n®E nop=0, ¢£=0, (2.1)
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q1(§,€) =n(§) = 1. (2.2)

If there exists a Riemannian metric g; on an almost contact manifold N7 satisfying:

91(021,022) = g1(Z1, Z2) — n(Z1)n(Z2), (2.3)
91(Z1,9Z2) = —g1(9Z1, Z2),
91(Z1,€) = n(Z1), (2.4)

where Z1, Zy are any vector fields on A7. Then N is called almost contact metric manifold
[6] with almost contact structure (¢, &, n) and is represented by (N1, ¢,&, 1, g1)-
An almost contact structure (¢,&,n) is said to be normal if the almost complex structure

J on the product manifold N7 x R is given by

d d
J(Z1, F—) = (¢Z1 — Z1)— 2.5
( 17]:dt) (¢ 1 -7:5777( l)dt)7 ( )
where J? = —I and F is a differentiable function on N} x R that has no torsion, i.e., J is

integrable. The form for normality in terms of ¢, £ and 7 is given by [¢, @] + 2dn ® £ = 0 on
N1, where [¢, ¢] is the Nijenhuis tensor of ¢ . Further, the fundamental 2-form @ is defined
by ®(Z1, Z2) = 91(Z1, 9Z2).

A manifold A7 with the structure (¢,&,n,g1) is said to be Cosymplectic [26] if

(Vz,0)Z2 =0 (2.6)

for any vector fields Z;, Z2 on N7, where V stands for the Riemannian connection of the

metric g1 on Np. For a Cosymplectic manifold, we have

for any vector field Z; on Nj.
O’Neill’s tensors [I7] 7 and A are given by

AX1X2 =HVyx,VXo + VVyx, HXo, (2.8)

Tx, X2 = HVyx, VX2 + VVyx, HX, (2.9)

for any X1, X5 on M7. For vertical vector fields Y7, Ys, the tensor field 7 has the symmetry
property, that is,
T Ye =Ty 11, (2.10)

while for horizontal vector fields X, Xo, the tensor field A has alternation property, that is

Ax, Xo = —Ax, X1 (2.11)
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From the equations (2.8]) and (2.9)), we have

Vy,Ys = Ty, Ya + VVy, Vs, (2.12)
Vv, Zy = Ty, Z1 + HVy, Z1, (2.13)
VY1 = Az Y1+ VV Y, (2.14)
YV 2y =HV 7, %0 + Ay, Zs (2.15)

for all Y1,Ys € ['(ker F,) and Z, Zo € T'(ker F,)*, where HVy, 7y = Ay Y1, if Z; is basic.
It can be easily seen that T acts on the fibers as the second fundamental form, while A
acts on the horizontal distribution and measures the obstruction to the integrability of this
distribution.

The Riemannian submersion F' between two Riemannian manifolds is totally geodesic if
(VF*>(U1, UQ) =0V U1, U; € F(TNl).

Totally umbilical Riemannian submersion is a Riemannian submersion with totally um-

bilical fibers ([4], [5]) if
Tz.2Z2 = g1(Z1, Z2)H (2.16)
for all Zy, Zs € T'(ker F), where H denotes the mean curvature vector field of fibers.

Let F': (N1,91) = (N2, g2) be a Riemannian submersion between Riemannian manifolds.
The differential map Fy of F' can be viewed as a section of the bundle Hom (T N7, F~'TN3) —
N1, where F~1TN; is the pullback bundle whose fibers at ¢ € N is (F~1TN3), = Tr(q)Na,q €
Ni. The bundle Hom (T Ny, F ’1T./\f2) has a connection V induced from the Levi-Civita con-
nection VN and the pullback connection V. Then the second fundamental form of F is
given by

(VE) (1, Vo) = VI Fu(Va) — F(Vi2 15) (2.17)

for the vector fields Vq, Vo € T'(TN7).

3. THE C'SI—SUBMERSIONS FROM COSYMPLECTIC MANIFOLDS

In the theory of Riemannian submersions, Bishop [5] initiated the concept of Clairaut
submersion as: a submersion F : (N1, g1) — (N2, g2) is called a Clairaut submersion if there
exist a function 7 : N7 — R in such a way that any geodesic that makes an angle © with a
horizontal subspace, rsin © is constant.

On the other side, Sahin [27] generalized the concept of Clairaut submersion and initiated

the study of Clairaut Riemannian maps and investigated its geometric properties.
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Theorem 3.1. [5] Let F: (N1,91) — (N2, g2) be a Riemannian submersion with connected
fibers. Then, F is a Clairaut Riemannian submersion with v = e" if each fiber is totally
umbilical and has the mean curvature vector field H = —Vh, where Vh is the gradient of the

function h with respect to g;.

Definition 3.1. [206] Let F' be a Riemannian submersion from an almost contact metric
manifold (N1,¢,€,m,91) onto a Riemannian manifold (Na,g2). Then we say that F is a

semi-invariant submersion if there is a distribution 1 C ker Fy such that
ker F, =91 ® D2, ¢(D1) =D1,0(D3) C (ker F,)*,
where ©1 and Do mutually orthogonal distributions in (ker Fy.).

Let 4 denotes the complementary orthogonal subbundle to ¢(®s) in (ker Fy)*. Then we

have
(ker )t = ¢(D2) @ p.

Obviously p is an invariant subbundle of (ker F} ) with respect to the contact structure ¢.

We say that a semi-invariant submersion F' : N7 — N5 admits a vertical Reeb vector
field ¢ if it is tangent to (ker Fy) and it admits horizontal Reeb vector field £ it is normal
to (ker Fy). One can easily observe that u contains the Reeb vector field in case of the
Riemannian submersion admits horizontal Reeb vector field.

We now define the notion of C'SI— submersion in contact manifolds as follows:

Definition 3.2. A semi-invariant submersions from a Cosymplectic manifold (N1, $,£,m, g1)
onto a Riemannian manifold (N2, g2) is called CSI— submersion if it satisfies the condition

of Clairaut Riemannian submersion.

For any vector field Wy € I'(ker Fy), we put
Wy = PWy + QWy, (3.18)

where P and @ are projection morphisms [4] of ker F, onto ©; and Dq, respectively.
For Uy € (ker Fy), we get
oUy = U + wln, (3.19)

where YU € I'(®1) and wlU; € I'(¢D5). Also for Vs € I'(ker F,)*, we get
¢Vo = BVo + CVsa, (3.20)

where BV € T'(D2) and C'V, € I'().
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Definition 3.3. [30] Let F' be a CSI— submersion from an almost contact metric mani-
fold (N1,¢,€,m,91) onto a Riemannian manifold (Na,g2). If p = {0} or p =< & >, i.e.,
(ker F,)* = ¢(D3) or (ker F,)* = ¢(D2)D < & > respectively, then we call ¢ a Lagrangian

Riemannian submersion. In this case, for any horizontal vector field Z, we have
BZl = ¢Z1 and CZl =0. (3.21)

Lemma 3.1. Let F be a CSI— submersion from a Cosymplectic manifold (N1, $,&,n,91)

onto a Riemannian manifold (Na, g2) admitting vertical or horizontal Reeb vector field. Then,

we get
VVw, vWa + T, wWo = BTy, Wa + ¢V Vi, Wa, (3.22)
T vWa + HVw,wWa = CTw, Wa + wV Vi, W, (3.23)
VVu, BUs + Ay, CUy = BHV y,Us + Y Ay, Us, (3.24)
Ay, BUs + HV,CUy = CHVy,Us + w Ay, Us, (3.25)
VVw, BUL + Tw,CU1 = ¥ Tw, Ui + BHVw, Uy, (3.26)
Tw, BU1 + HVw, CUy = wTw, Ui + CHVy, Uy, (3.27)
VYV, Wi + Ay,wWi = BAy, W1 + YVVy, Wi, (3.28)
A yWi + HVy,wWy = CAy, W1 + wVVy, Wi, (3.29)

where Wy, Wy € T'(ker F,) and Uy, U, € T'(ker F,)*.

Proof. Using (2.12)—([2.15)),(3.19)) and (3.20)), we get Lemma 3.1.

Corollary 3.1. Let F' be a Lagrangian submersion from a Cosymplectic manifold (N1, ¢, &, n,
g1) onto a Riemannian manifold (N2, g2) admitting vertical or horizontal Reeb vector field.

Then we get
VYV Vo + TyywVa = BTy, Va + YV, Vo, Ty, Vo + HVywVa = wVVy, Vo,

VVy,BYy = BHVy,Ys + Y Ay, Ya, Ay, BYs = wAy, Yo,
VVVI BY; = '(/JTVIY1 + BHVVlyl, TV1 BY; = UJTVIYh
VVy, V1 + Ay,wVi = BAy, Vi + ¥ VVy, V1, Ay, ¥V1 + HVy,wV] = wVVy, V1,

where Vi,V € T'(ker F,) and Y1,Ys € T'(ker F,)*.
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Lemma 3.2. Let F be a CSI— submersion from a Cosymplectic manifold (N1, $,&,1,91)
onto a Riemannian manifold (N, g2) admitting vertical or horizontal Reeb vector field. Then

we have
T2,6=0,A2§=0 (3.30)

for Zy € T'(ker F)* and Zy € T'(ker F,)*.

Proof. Using (2.12)—(2.15)) and , we get Lemma 3.2.

Lemma 3.3. Let F be a CSI— submersion from a Cosymplectic manifold (N1, $,&,n,91)
onto a Riemannian manifold (N3, g2). If v: I C R — Nj is a regular curve and Z1(t) and
Zs(t) are the vertical and horizontal components of the tangent vector field v = E of ~(t),

respectively, then v is a geodesic if and only if along v the following equations hold:

VV.BZy + VYV p 2y + (Tz, + Az,)C % + (Tz, + Azy)wZi =0, (3.31)
/HV;(CZQ + ”Hvﬁle + ('Tzl + AZZ)BZQ + (./422 + TZI)’lf)Zl =0. (3.32)
Proof. Let v : I — Nj be a regular curve on Nj. Since §(t) = Z1(t) + Za(t), where

Z1(t) and Zs(t) are the vertical and horizontal components of 4(t). Using (2.6)),(2.12)—(2.15)),
(B-19) and (B:20), we have

PViy = Vigy
= V0Z1 +VgwZy +VZy + VgwZ +
V2, BZs +V2,CZ + N 2,BZ5 +V 2,C Za,
= VV.BZy+VV. 921 + (Tz, + Az,)CZ + (Tz, + Az,))wZ1 +

HV . ,CZy + HV wZi + (Tz, + Azy)) BZz + (Az, + Tz,)b 21
From above, vertical and horizontal components are:

VOV.4 = VV. BZy + VV. 0 Z1 + (Tz, + Az,)CZ + (Tz, + Azy)wZi,

HQSV,Y’Y = HV,YCZQ + HV,YWZ1 + (7—Zl + AZ2)BZ2 + (./422 + TZI)T/}Zl.

Thus ~ is a geodesic on N if and only if VoV, vy =0 and HoV:y = 0.
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Theorem 3.2. Let F' be a Clairaut semi-invariant submersion from a Cosymplectic manifold
(N, 0,€,m,91) onto a Riemannian manifold (Na,g2). Then F is a CSI— submersion with

r =e" if and only if

a(Vh, )| 2|2 = g1(VV3BZo,0Z0) + g1((Tz, + Az,)C 20,0 71) +

gl(Hv'yCZQ)UJZI) + 91((7-21 + AZQ)BZ27UJZ1)7

where v : Iy — N7 is a geodesic on N1, Z1(t) and Zy(t) are vertical and horizontal compo-

nents of y(t), respectively.

Proof. Let v : Iy — N7 be a geodesic on N with Z;(t) = Vy(t) and Za(t) = HA(¢).
Let ©(t) denotes the angle in [0, 7] between (t) and Zs(t). Assuming v = ||7(¢)|[,% then we
get

g1(Z1(t), Z1(t)) = vsin? O(¢), (3.33)

g1(Z(t), Za(t)) = v cos® O(t). (3.34)

Now, differentiating (3.33|), we get

%gl(zl (t), Z1(t)) = 2vsinO(t)cos @(t)ﬁ,

g1 (VA-(Zl (t), Z1(t)) = wcosO(t)cos @(t)%.

Using equations (2.3)) and (2.6)) in above equation, we get

g1 (V,0Z1(t), 9Z1(t)) = vsin O(t) cos O(t) % (3.35)

Now we obtain
a(Vi0Z1,021) = (V. WZ1,97Z) + gi(HV.,wZi,wZ1) + (3.36)

91 (Tz, + Az )0 Z1,wZy) + 91 (T2, + Azy))wZi, 0 Zy).

Using equations (3.31]) and (3.32)) in (3.37), we have
a(Vy90Z1,921) = —q1(VV,BZ2, ¢ Z1) — g1((Tz, + Az,)CZ2,92Z1) —  (3.37)

91(HV7022,(021) — gl((TZl +AZ2)BZQ,(UZI).

From ({3.35)) and ([3.38)), we have

doO
v cos O(t) cos G(t)ﬁ = —q(VV3BZ2,9Z1) — 1 (T2, + Az,)CZ2,9Z1) — (3.38)

q(HV.,CZy,wZ1) — g1 ((Tz, + Az,) BZ2,wZy).
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Moreover, 7 is a C'ST— Riemannian submersion with » = e” if and only if %(e’w'y sin®) =

0, i.e., "7 (cos @% +sin @%) = 0. By multiplying this with non-zero factor v sin ©, we have

d
— 1 _ = in2 —_—
UCOS@SIH@dt v sln @dt’
. de dh
vcos@sm@ﬁ = —gl(Zl,Zl)Ev
d .
vcos@sin@d—? = —gl(Vh,7)||Zl||2a
(G 2
vcos@sm@ﬁ = —qi(Vh, Z3)||IY1]]*. (3.39)

Thus, from equations (3.39)) and (3.39)), we have
G (Vh, )| Z1|P = 91(VV4BZa, % 21) + 91((Tz, + Az,)C 2,0 71) +
gl(HV,yCZg,le) + gl((7-Zl + AZQ)BZQ,le).

Hence Theorem 3.2 is proved.

Corollary 3.2. Let F be a CSI— submersion from a Cosymplectic manifold (N1, ¢,€,1m,91)

to a Riemannian manifold (N2, g2) admitting horizontal Reeb vector field. Then we get

Theorem 3.3. Let F' be a CSI— submersion from a Cosymplectic manifold (N1, ¢,&,m, g1)
onto a Riemannian manifold (N2, g2) with r = e", then at least one of the following statement

18 true:

(7) h is constant on ¢(D2),

(i) the fibers are one-dimensional,

(t31) €¢X1F*(W1) = —Wi(h)Fi(¢pX1), for all X; € I'(D3), W1 € I'() and € # W;.
Proof. Let F' be CST— submersion from a Cosymplectic manifold onto a Riemannian

manifold. For Y7,Ys € T'(D5), using and Theorem 3.1, we get
T Y2 = —g1(Y1,Y2)gradh. (3.40)
Taking the inner product in with ¢.X;, we get
91(Tr Y2, 0X1) = —g1(Y1, Y2)g1(gradh, $X1) (3.41)

for all X; € I'(D3).
From ({2.3)), (2.6) and (3.41]), we obtain

91(Vy,0Y2, X1) = g1(Y1,Y2)g1(gradh, $X71).
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By using ([2.3) and (2.16)) in above equation, we have
91(Y1, X1)g1(gradh, ¢Y2) = g1(Y1, Y2)g1(gradh, ¢ X1).

Taking X; = Y5 and interchanging the role of Y7 and Y3, we get
91(Y2, Y2)g1(gradh, $Y1) = g1(Y1, Y2)g1(gradh, ¢Y2).

Using (3.42) with X; = Y7 in (3.43)), we have

(1(Y1,Y2))?

gl(gradhﬂ d)Yl) = ||Y1||2||Y2||2 g1

(gradh, ¢Y1).

(3.42)

(3.43)

(3.44)

If gradh € T'(¢(D2)), then (3.44]) and the equality condition of Schwarz inequality implies

that either h is constant on ¢(®32) or the fibers are 1-dimensional. This implies the proof of

(1) and (7).
Now, from (2.15) and ([2.16)), we get

91(Vy, X1, W1) = —g1(Y1, X1)g1(gradh, W),
for all Wy € T'(p) and € # Wj. Using (2.3)), (2.6) and (3.45)), we have
91(Vy,0X1,oW1) = —g1(Y1, X1)g1(gradh, Wh),

which implies

91(Vex, Y1,0W1) = —g1(Y1, X1)g1(gradh, Wy).

By using ([2.14) and (3.46)), we have

g1 (HV 4x, W1, ¢Y1) = —g1(9Y1, 9X1)g1( gradh, W1).

Also for Riemannian submersion F, we have

92(Fu(V% W), Fu(@Y1)) = —g2(Fu(6Y1), Fu(6X1))g1 (gradh, Wh).

Again, using (2.17)) and (3.47)), we get

02V, Fu(W1), Fu (V1)) = —ga(Fu(6Y1), Fu(6X1))g1 (gradh, W),

which implies.

Vox, (W) = — Wi (B) F.(6X,).

If gradh € T'(p)\{&}, then (3.48) implies (ii).

(3.45)

(3.46)

(3.47)

(3.48)
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Corollary 3.3. Let F' be a CSI— submersion from a Cosymplectic manifold (N1, ¢,&,m,91)

onto a Riemannian manifold (Na, g2) with r = " and dim(D3) > 1. Then the fibers of F are
F

totally geodesic if and only if Vyx, Fx(W1) = 0 VX1 € ['(D2) and Wi € T'(p).

Lemma 3.4. Let F be a CSI— submersion from a Cosymplectic manifold (N1, $,&,m, g1)
F

onto a Riemannian manifold (N3, g2) with r = e" and dim(Ds) > 1. Then Vy, F.(¢Y1) =

Wi(h)F.(pY1) for Y1 € T(D2) and Wy € T'(ker F,)*\{¢}.

Proof. Let F be a C'ST— submersion from a Cosymplectic manifold onto a Riemann-
ian manifold. From Theorem 3.1, fibers are totally umbilical with mean curvature vector

field H = —gradh, then we get
1 (VW1 Y2) = g1(Vy Y2, W1),
—1(Vy,W1,Y2) = —aq1(Y1,Y2)g1(gradh, W)

for Y1,Ys € T(Ds) and W, € T'(ker F, )\ {¢}.
Using (2.3)) and (2.6]) in above equation, we get

g1 (Vw, 0Y1, ¢Y2) = g1(9Y1, ¢Y2)g1(gradh, Wy). (3.49)

Since F' is C'ST— submersion and using (3.49)), we have

92(F(Viy, oY1), Fu(0Y2)) = g2(Fi(oY1), Fu(¢Y2))g1(gradh, Wh). (3.50)
From in ([3.50), we obtain

F
which implies Vi, Fi(¢Y1) = W1(h)F.(¢Y1) for Y1 € T(D3) and Wy € T'(ker F,)*\{¢}.

Theorem 3.4. Let F be a CSI— submersion with r = e from a Cosymplectic manifold
(M, 0,€,m,91) onto a Riemannian manifold (Na, g2). If T is not equal to zero identically,

then the invariant distribution D1 cannot defined a totally geodesic foliation on Nj.

Proof. For Y1,Ys € T'(D;) and U; € T'(D2), using (2.3)), (2.6), (2.13) and (2.16)), we
get

9a1(Vy,Y2,U1) = g1(Vy,¢Ya, ¢U1),
= gl(TY1¢5/éa¢Ul))

= —g1(V1,¢Y2)g1(gradh, pUy).
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Thus, one can easily obtain the assertion from above equation and the fact that gradh €

P(D2).

Theorem 3.5. The CSI— submersion F withr = e from a Cosymplectic manifold (N1, ¢, &,

n,91) onto a Riemannian manifold (N2, g2). Then the fibers of F are totally geodesic or the

anti-invariant distribution D9 1s one-dimensional.

Proof. The result is quite obvious when we take the fibers of F' are totally geodesic.

For second one, since F' is a C'ST— submersion, then either dim(®D2) = 1 or dim(D2) > 1. If

dim(Dz) > 1, then we can choose Uy, Us € T'(D2) such that {Uy,Us} is orthonormal. From

(2.13), (3.19) and ([3.20)), we get

T, 0Us + HVy, 09Uz = Vy, ¢Us,

T, oUs + HVy, 09Uz = BTy, Us + CTy U + Y VV 1y, Us +wVV, Us.

Taking the inner product above equation with U;, we obtain
91(Tu, ¢Uz, Ur) = g1(B Ty, Ua, Ur) + g1 (¥VVy, Us, Up).
From , and , we have
91(Tt, Ut, ¢U2) = —g1(Tv, ¢U2, Ur) = g1(Tu, Uz, 9UL ).
Now, using and , we get
91(To, Ur, ¢U2) = —g1(gradh, ¢Us).

From equations (2.16]) and (3.54)), we obtain

—g1(gradh, pUsz) = g1(Ty, Uz, ¢Uz) = —g1(Tu, ¢Uz, Ur) = 91(Te,, Uz, ¢U1).

From above equation, we get

gi(gradh, pUs) = —g1(Tr, Uz, ¢U1),
g1(gradh, pUs) = ¢1(U1,U2)gi1(gradh, Uy),
g1(gradh, oUs) = 0.

Thus, we get gradh L ¢(D2).

Therefore, the dimension of ®9 must be one.

(3.52)

(3.53)

(3.54)

(3.55)
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4. EXAMPLE
Example 4.1. Taking an FEuclidean space Ni, given by N1 = {(z1,22,vy1,9y2,2) € RS :
(21, 22,y1,92) # (0,0,0,0) and z # 0}. We define the Riemannian metric g1 on Ny defined
as g1 = €**dx? + e**dx3 + €**dy? + e**dy? + dz? and the Cosymplectic structure ¢ on N

defined as ¢(x1,x2,y1,y2,2) = (y1,y2, —21, =22, 2).
Let Ny = {(v1,v2) € R?} be a Riemannian manifold with Riemannian metric go, given by
g2 = €**dv} + dv3. Define a map F : R — R? by

2 — Y2
F(‘Tlam%yl,yQaz) = (712")'

Then, we have

ker Fy =< X1 =e1, X0 =3 + €4, X3 =3 >,
Di1=<X1=¢€1,X3=€e3 >0y =< Xg =9+ ey >,

(kel“]'?*)L =< Hi =€y — 64,H2 =e5 >,

where {e; = e_za%l,eg = E_Z%,E;J, = 6_23%1,64 = e‘zaiy?,@ = %}, {e] = a%l,ez = 3%2}
are bases on TN and Tp(,) N2, respectively, for all p € Nj. By direct computations, we
can see that Fi.(Hy) = v2e e}, F.(Hy) = €5, and g1(H;, H;) = go( FuH;, F.H;) for all
H;,H; € T'(ker F*)L, 1,7 = 1,2. Thus, F' is submersion. Moreover, it is easy to see that
¢X1 = —X3,9pXe = —H; and ¢ X3 = X;. Therefore F' is a C'SI— submersion.

Now, using the Cosymplectic structure, we see that

le1,e1] = [e2,es] = [es,es] = [eq, eq] = [e5,e5] =0, (4.56)
le1,ea] = 0,[e1,e3] =0,[er,eq] =0,e1,e5 = eq,

[e2,e3] = 0,[e2,eq] =0, ez, e5] = €2, [e3,e4] =0,

s, e5] = e3,[eq, e5] = e

The Levi-Civita connection V of the metric ¢y is given by the Koszul’s formula which is

21(VxY, Z) (4.57)

= Xgl(Y’ Z) +Y91(Z’X) - Zgl(XaY) +g1([X,Y],Z) —91([Y, Z]’X) +gl<[Z’X]’Y)'
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Using equations (4.56]) and (4.57)), we obtain

Ve,e1 = Ve =Veez =Ve,e4 = —%, (4.58)
Ve ea = Ve e3 =Veeq=Ve,e1 =Ve,e3=Veqs=0,
Vese1 = Vegea =Ve,eq = Ve,e1 = Ve e =V, e3 =0.
Ve es = e1,Ve,e5 =62, Vees =e3,Ve,e5 =4, Vese5 = 0.
Therefore, we have
Vx, X1 = Veer = —Q,VXZXQ = Veytes€2+ €4 = —22, (4.59)
0z 0z
Vx, X3 = Veez = —2%,VX1X2 = Ve e2 =Vx, X3 =V, e3=0,
Vx,X3 = Vee3=0,Vx,X1 =Veer =0,Vx,X; =Veer =0,
Vx,Xo = Veea+es=0.
Thus, we have
TvV = Ta X142 X423 X3 M V1 + Ao Vo + A3V3, A1, Ao, A3 € R,
TV = ANTx, X1+ ATx, X2 + AT, X3 + (4.60)
AMA2Tx, Xo + MAs3Tx, X3 4+ AoA3Tx, X3 +
AMATx, X1+ MA3Tx, X1 + A3 Tx, Xo.
Using equations (2.12)) and (4.59)), we obtain
T X1 = —%,TXQXQ = —2%,’&3){3 = —%, (4.61)
Tx, Xo = 0,7Tx,X35=0,Tx,X3=0,Tx,X1 =0,
Tx, X3 = 0,Tx; X1 =0.
Now using equations (4.60]) and (4.61)), we get
TvV = —(A 4+ 2)\3 + \)) 0 (4.62)

%.

Since X = M X7 4+ AXo + A3X3, so gl(/\lvl + X Vo 4+ AgV3, M Vi + AoV + /\3V3) = /\% +

2)2 + /\g. For a smooth function h on R°, the VA w. 1. t. the metric g; is given by Vh =
—22 Oh _0 —22 Oh _0 —22 Oh _0 —22 0h 0 oh 0 _ 0 :

€ oo T€ om0y TE a—yla—yl—l—e @@+§&'Hence Vh—aforthefunctlon

h = z. Then one can easily find that Ty'V = —g1(V, V)Vh, thus by Theorem 3.1, the map F

is a C'ST— submersion from Cosymplectic manifold onto Riemannian manifold.
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1. INTRODUCTION

Let (M™, g) be an m-dimensional Riemannian manifold and 3}(M) the set of all vector
fields on M. We denote by Ffj the Christoffel symbols of g and by V the Levi-Civita
connection of g, this connection is characterized by the Koszul formula

+9(Y,[Z, X]) = g(X,[Y, Z]). (L.1)
for all X,Y, Z € S§(M).
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The Riemannian curvature tensor R, the Ricci tensor Ricci and the Ricci curvature Ric

of (M™, g) are defined respectively by

R(X,Y)Z = VxVyZ-VyVxZ—-Vixy 7 (1.2)
m
Ricci(X) = Y R(X,E)E;, (1.3)
i=1
m
Ric(X,Y) = Y g(R(X,E)E;,Y) = g(Ricci(X),Y), (1.4)
i=1
for all vector fields X,Y, Z € S§(M), where (Ey,--- , Ep) be a local orthonormal frame on

M.
Consider a smooth map ¢ : (M™,g) — (N™, h) between two Riemannian manifolds, then

the tension field of ¢ is defined by
7(¢) = trace,Vde. (1.5)

The energy functional of ¢ is defined by

1
P(6.D) = 5 [ a6 v, (1.6

such that D is any compact of M, where v, is the volume element on (M™, g).
A map ¢ is called harmonic if it is a critical point of the energy functional E. Equivalently,
¢ is harmonic if it satisfies the associated Euler-Lagrange equations given by the following

formula:
7(¢) = 0. (1.7)

For more detail on harmonic maps, see [7, [6 §]. In recent years, this theme has been widely
developed even on the tangent bundle and on the cotangent bundle has been done by many
authors [2, B 4, [5 13| 14, 15]. These and more general mappings of Riemannian and affine
connected spaces are explored in monograph [9].

In the present paper, we first introduce a new class of metric on an anti-paraK&ahler
manifold, namely the semi-conformal deformation of Berger-type metric. Then we calculate
Levi-Civita connection of this metric ( Theorem [2.1)). Secondly, we investigate all forms of
curvature tensors (the Riemannian curvature, the sectional curvature ,the Ricci curvature
and the scalar curvature) see ( Theorem Theorem m Theorem Theorem and
Theorem. In the last section we study the harmonicity with respect to the semi-conformal

deformation of Berger-type metric which is an interesting research task, as we studied on
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some class of harmonic maps ( Proposition Theorem 4.1, Proposition Theorem
Proposition and Theorem [4.4]).

2. SEMI-CONFORMAL DEFORMATION OF BERGER-TYPE METRIC

Let M be a 2m-dimensional Riemannian manifold with a Riemannian metric g. An almost
paracomplex manifold is an almost product manifold (M?™, ), ¢? = id, ¢ # +id such that
the two eigenbundles T+ M and T~ M associated to the two eigenvalues +1 and —1 of ¢,
respectively, have the same rank.

The integrability of an almost paracomplex structure is equivalent to the vanishing of the

Nijenhuis tensor:
No(X,Y) = [0X,0Y] = ¢[pX, Y] — o[ X, oY] + [X,Y].

An anti-paraHermitian metric (B-metric)[I0] with respect to the almost paracomplex struc-

ture ¢ is a Riemannian metric g such that

g(pX, pY) = g(X,Y), (2.8)

i.e. is a (pure metric)

g(pX,Y) = g(X, pY), (2.9)

for any vector fields X,Y on M.

If (M Zm,go) is an almost paracomplex manifold with an anti-paraHermitian metric g,
we say that the triple (M?™, ¢, g) is an almost anti-paraHermitian manifold (an almost B-
manifold)[T0]. If ¢ is integrable, we say that (M?™, ¢, g) is an anti-paraKihler manifold
(B-manifold)[10].

The purity conditions for a (0, ¢)-tensor field S with respect to the almost paracomplex

structure ¢ given by
S(@Xl,XQ, e ,Xq) = S(Xl,QOXQ,. . ,Xq) = ...= S(Xl,XQ, e ,(qu),

for any vector fields X1, Xs,..., X, on M [10].
It is well known that if (M?™, ¢, g) is a anti-paraKihler manifold, the Riemannian curva-

ture tensor is pure [10], and we have
R(pY,Z) =R(Y,0Z)=R(Y,Z)p = ¢R(Y, Z), (2.10)

for all vector fields Y, Z on M.
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Definition 2.1. Let (M?™, ¢, g) be an almost anti-paraHermitian manifold. We define semi-

conformal deformation of Berger-type metric of g on M noted *Bg by

PeX,Y) = g(X,Y)+6%g(X, 0€)g(Y, €),

for all X,Y € S{(M) and & € I§(M) such that g(&,€) = 1, where § is some constant. (there

are other works on the deformation of Berger-type metric on the tangent bundle and on the

cotangent bundle see for example, [1, 111 [12]).

In the following, we consider g(Vx(p€),Y) = g(Vy(¢€), X), where V denote the Levi-
Civita connection of (M?™, ¢, g).

Note that we have,

b - ]‘7
9(p€; #€) (2.11)
9(Vx(#€),9€) =0,
for all vector field X € 33(M).
Lemma 2.1. Let (M?™,p,g) be an anti-paraKdihler manifold, then we have
XP(v,2) = SPg(VxY,Z)+Pg(Y,VxZ) + 6°9(Z,0€)g(Y, Vx (¢€))
+029(Y, 0€)g(Z, Vx (96)), (2.12)

for all vector fields X,Y,Z € S§(M).

Theorem 2.1. Let (M?™, ¢, g) be an anti-paraKihler manifold. If BV denote the Levi-

Civita connection of (M*™,58g), then we have the following

52
PUxY = VxY+ T3 529(Vx(9€), )t (2.13)
for all vector fields X,Y € I§(M).
Proof. From Kozul formula (1.1)), we have

258958V xY,2) = XB(Y,2)+Y5Py(Z,X) - 25%9(X,Y) + “By(Z,[X,Y))

+58g(v, (2, X]) - 5B(X, [V, Z]).
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Using (2.12)), we get

25%(°PVxY, 2) = SPg(VxY,Z)+Pg(Y,VxZ) + 6°9(Z,06)g(Y, Vx ()
+0%9(Y, 0€)g(Z, Vx (¢€)) + *Pg(Vy 2, X) + 5P9(Z,Vy X)
+6°9(X, 08)9(Z, Vy (9€)) + 6°9(Z, 9€)g(X, Vy (¢€))
—5P9(V2X,Y) = *Pg(X,V5Y) = 6°g(Y, p€)g(X, V z(€))
—829(X,08)9(Y, V2(9€)) + *P9(2,V xY) = *Pg(Z,Vy X)
+°Pg(Y, V2 X) = *B(Y,Vx Z) = 5P(X, Vv Z) = 5P4(X,V 7Y)
= 298(VxY, Z) +28%9(Vx(9€),Y)g(¢€, Z)

52
= (VY 2) + 1o o(V(6), YIG(oE, 2),

Hence, we get

2

SB
Yy = Y+——
Vx Vx +1+529

(Vx(9€), Y )¢S
Using (2.11)) and (2.13)), we obtain the following
BUx(pE) = Vx(gf), (2.14)

for all vector field X € S§(M).

3. CURVATURES OF SEMI-CONFORMAL DEFORMATION OF BERGER-TYPE METRIC

Theorem 3.1. Let (M?™, ¢, g) be an anti-paraKihler manifold. If BR denote the Riemann-

ian curvature tensor of (M?™,58g), then we have the following

2 2

d d
PRIXY)Z = RXCY)Z + s 0(ROGY )08, 2)06 + 1 —550(Vr (9€), Z) Vx (16)

2
1427

(Vx(#€), 2)Vy (¢8), (3.15)
for all vector fields X,Y, Z € S{(M), where R denote the curvature tensor of (M*™, ¢, g).

Proof. For all X,Y,Z € S4(M),

PR(X,Y)Z = 5PV x*PVyZ - BV 5BV Z — 5BV [y v Z.
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By virtue of (2.13]) and ([2.14)), we obtain

2

1+62g
2

s X (9(V(56), 7))

SBYNSEVyZ = PV (VyZ+ (Vr(€), 2)¢)

= SBVx(VyZ) +
2

+1+52g

(Vy(9€), 2))*PVx(9€)

2

= Vx(VyZ)+ 1—&-7(529(

Vx (), (Vy Z))p

52 2

2
1442

Vy (9€),VxZ)p

+ 9(Vy (#€), Z)V x (¢§).

In fact, by substituting X by Y into the BV x5BVy Z, we get,
SB SB 2
Vy*"VxZ = Vy(VxZ)+ WQ(VY(‘Pf)v(VXZ))Wg

2 2
WQ(VYVXW&% Z)p€ + 1+7529

2
1+52g

+ (Vx(9€), Vy Z)pt

+ (Vx(¥§), Z)Vy ().

We also find

2

VnZ = VienZ+ 159

(Vix,y1(#8), Z) €.

Hence, we have

52
PRXY)Z = ROXCY)Z + 755 9(R(XY )08, Z)p6

2 2

1 529(Vr (98), 2)Vix (9€) = 1539(Vx (96), 2)Vy (6)-

Theorem 3.2. Let (M?™, ¢, g) be an anti-paraKihler manifold. If K (resp., SPK) denote

the sectional curvature of (M*™, . g) (resp., (M>™ 5Bg)), then we have the following

SBR(X,Y) = ! K(X,Y 2 v Y)?
o 1+52(9(X, 9€)% +g(Y, 905)2)( (XY) = 1 59(Vx(#8). Y)
+1+7529(Vy(<p€),Y)g(Vx(wﬁ),X)) (3.16)

or any X,Y € SL(M) two vector fields orthonormal with respect to g.
Y 0 P g
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Proof. Forx e M, VW € Sé(M ) and such that V,, and W, are linearly independent,
the sectional curvature of the plane spanned by V, and W, is given by

“Pg(SPR(V, W)W, V)
SBg(V, V)SBg(W, W) — 5Bg(V, W)>'

PRV, W) =
First we calculate,

FePPRX, Y)Y, X) = g(*PR(X,Y)Y,X) + 6%9(°PR(X, Y)Y, 0€)g(X, ¢€).

From (2.11)) and (3.15)) with direct computation we get,

SBYER(X Y)Y, X) = g(R(X, Y)Y, X) + 1o g(ROXY )€, V)glg, X)

2

1+629
2

e
+0%9(X, 06) (9(R(X, Y)Y, 06)

52
29 (B Y)eE, Y)g(e, o)

2

1+529

2
_ﬁg(vx(gof), Y)g(Vy (¥6), s0€)>~

+ (Vy(¢€),Y)g(Vx(¥), X)

(Vx(#€),Y)g(Vy (£€), X)

+ (Vy (¢€),Y)g(Vx(08), 9€)

By simple calculation, we find

2
PRI, Y)Y, X) = g(R(X,Y>Y,X>+ﬁg(R(x,sz,Y)g(X,sos)

2
+1+629

52
14827

4
1+529

(Vy (#€),Y)g(Vx(p€)X)
(Vx(9€),Y)? = 6°g(R(X,Y)pt, Y )g(X, 0t)

+ (R(X,Y)€,Y)g(X, p8)

2

= K(X,Y)- 1i(pg(vx(wﬁ),Y)2

2
(T (6, V)g(Vx (06), X). (317

On the other hand, we have
SEG(X, X)SFg(V,Y) = SFg(X, Y2 = 1407 (g(X, 082 + 9(V,06)?).  (3.18)

From ([3.17) and (4.33)), we get the formula (3.16)).
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Corollary 3.1. If V& = 0, the sectional curvature “BK of (M?™,58g) is given by

K(X,Y)

SBR(X,Y) =
(%.Y) 1+ 62 (g(X, 0€)% +g(Y, wf)Q)

for any X,Y two vector fields orthonormal with respect to g.

Remark 3.1. Let {E;},_15;, be a local orthonormal frame on (M?™ »,g), such that

Ey = @&, we define the orthonormal vector fields

~ 1 ~ ,
FE = ﬁElyEi:Eia 1 =2,2m, (319)
then {EZ}Z:m is a local orthonormal frame on (M?™,5Bg).

Theorem 3.3. Let (M?™,¢,g) be an anti-paraKdhler manifold. If Ricci (resp. “PRicci)

denote the Ricci tensor of (M?™, ¢, q) (resp., (M?*™,5Bg)), then we have the following

52 52
SBr: - . . _ - .
Ricci(X) = Ricci(X) T2 R(X,&)¢ 152 +52RZC(X, ©&)p€
52 52
+mdw(¢§)vx(<ﬂf) - mvvx(gog)(@f), (3.20)
for all vector field X € S§{(M).
Proof. Let {E,}Z:m be a local orthonormal frame on (M?™,58) defined by 1'

By the definition of Ricci tensor, we have

2m
SBRicci(X) = > SPR(X,E)E;
=1

2m
1
= o ROXGe0et+ Y SPR(X, B E;.
=2
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From (2.10), (2.11)) and (3.15)) with direct computation we get,

52
SBRicci(X) = H;(V (R(X, &) p€ + WQ(R(X, &€, )€

52 52
1 50(Vee(00). POV (06) — T 530(Vx (96). 96) Vi)

+ 3 (ROX BB+ 1 550(R(X, B)€, B

2 52
+ 539V (), )V (96) = 539(Vx(06), E) Vi, (06) )
1 2
= mR(X,ﬁ)& + Ricci(X) — R(X, p&)p — T —— Ric(X, p€)pt
52 2
+mdiv(¢£)vX(90§) 1+ 02 53 Vx(ee) (#6)
52 52
= Ricci(X) - 11452 R(X, )¢ — RZC(X 0E€) €
52 52
+mdz’v(<p§)v){(¢§) 1+ 02 52 Vi (06) (6)-

Theorem 3.4. Let (M?™, ¢, g) be an anti-paraKdihler manifold. If Ric (resp. “BRic) denote

the Ricci curvature of (M>™, @, g) (resp., (M?™,5Bg)), then we have

52 52
SERIc(X,Y) = RielX.Y) = -5 9(R(GOEY) - 1 ro0(TxE, Vrg)

2

T 524w (e8)9(Vix(6).Y), (3.21)

_|_

for any vector field X € S(M).

be a local orthonormal frame on (M2™,98g) defined by (3

By the definition of Ricci tensor, we have

Proof. Let {E;},

i=1,2m

SBRic(X,Y) = “By(*PRicci(X),Y)

= g(*PRicci(X),Y) + °g(*PRicci(X), p€)g(Y, ¢€).
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From the formula (3.20) and direct computation we get,

2

PPRie(X,Y) = g(Ricei(X),Y) = 55 9(R(X, )
11 5 Ric(X, 9€)g(¢€,Y) + ia div(0€)g(Vx(#),Y)
52

—WQ(V%((%E)(SDQ, Y)

52
+8%9(Y, 06) (g(Ricci(X), 6) — 1 539(R(X.€)€, 6)

2 2

L
— 1 e(Xs 98)g(98, 08) + 15
52
T 529V (#8). so&))

(52 52
WQ(R(Xv f)f,Y) - m

82 5
5 v(eQ9(Vx(9€),Y) = 17 539(VrE Vxd)

1

—div(p)g(Vx (¢§), ¢§)

= Ric(X,Y) - Ric(X, p€)g(Y, §)

2

)
+mRiC(X, ©0€)g(Y, ©§)

52 2
= Ric(X,Y) - 1—&-7529( (X,8)&,Y) +

2
_1+52g(

> ——div(p€)g(Vx(¥§),Y)

VX£7 vYé.)

Theorem 3.5. Let (M?™, ¢, g) be an anti-paraKdihler manifold. If o (resp., SBa) denote

the scalar curvature of (M>™, @, g) (resp., (M?™,9Bg)), then we have the following

252 2 52
o = o Rie§ &) + o (div(p€)? - g tracegg(VE VE). (3.22)
Proof. Let {E,}Z:m be a local orthonormal frame on (M?™,5By) defined by 1)

We have

SBy  — ZSBRZCE E

2m
_ 1 spp, SBRio( . E.
= o5 RZC(¢€,¢§)+; Ric(E;, ;).
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From the formula (3.21) and direct computation we get,

1 &2
Po = 15 (Riclet, 06) - 5 9(R(#E.9€,6)

52 62
+ 52dzv(90§) 9(Ve(98), 0€) — mg(vwﬁg’ ngf))

52
+Z (Ric(Ei, B) = {59(R(Ew, €. E)

=2
2 52
53 i (9(V i, (96), B) = 1559(V & Vi)
52 52
= 1 +52ch(£ §) — o0 — Ric(§,€) — ch(g &)+ = (div(p€))?
2
—mtracegg(VE, V)
2 52 52
= o0— 1+52ch(§ §) + 152 (div(p€))? — 552 ——tracey,g(VE, VE).

4. HARMONICITY OF SEMI-CONFORMAL DEFORMATION OF BERGER-TYPE METRIC

4.1. The harmonicity of the Identity map.
We study the both cases Id : (M>™ ¢, g) — (M?*™ 58g) or Id : (M?™,5Bg) — (M?™, ¢, g).

Proposition 4.1. The tension field 7(Id) of Id: (M*™, p,g) — (M?>™,5Bg) is given by

&
T(Id) = mdw(gp{)gpﬁ. (4.23)
Proof. Let {ei}, 19 om Pe a local orthonormal frame on (M?™ ¢, g), the tension field
7(Id) of Id : (M?™, ¢, g) — (M?™ 58g) is give by.
2m
T(Id) = > (*Pvlidld(e;) — dId(V.,e;))
i=1
2m
= Z (SBvdld(ei)dId(ei) — Ve,€i)
i=1
2m
i=1
by virtue of theorem 2.1 we have
2m 2

T(Id) = ; (Veiei + Li(S?g(vei(sog)’ ei)@f - veiei)

52 2m
= 5 D (Ve (98), i)t
=1

2

6
= mdw@f)@f
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From the proposition [£.1] we find the following theorem.
Theorem 4.1. Id: (M?™,¢,q) — (M?>™,58g) is harmonic if and only if
div(p€) = 0. (4.24)

Proposition 4.2. The tension field of Id : (M?*™,5Bg) — (M?™, ¢, g) is given by

52
T(Id) = fmdw(ap{)gog. (4.25)
2m SB
Proof. Let {FE;},_ Tom be a local orthonormal frame on (M g) defined by (3
2m » »
T(Id) = (ng_dld(Ei) — dld(*PV ; E;))
i=1
2m
~ spe =
= (led(Ei)dId(Ei) — inEi)
i=1
2m
~ gpe =
= 2 (VEE=""Vp B,
i=1
by virtue of theorem we get
2m 2

_ _ 5 -
T(Id) = Z (inEi — Vg Ei - mg(vﬁi(@@’Ei)Spg)

i=1

= 1+5229 (98), Ei)pt

52 2 2m

0

2

5
= 1+52dlv(s@£) ©€.

From the proposition [£.2] we obtain the next theorem.

Theorem 4.2. Id: (M?",9Bg) — (M?™ ¢, g) is harmonic if and only if
div(p€) = 0. (4.26)

Example 4.1. Let (M? =0, +o0c[x]0,7[,,g) be an anti-paraKdhler manifold, such that
(¢, g) in polar coordinate defined by
g = dr? +r%de?,

and

0 . o 1 o 0 0
i sm(20)§ . 005(29) 50" Y50 = rcos(20)a - 8111(267)&9
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Let £ = (;05968 1sm 9% By a simple calculation, we have
gl = 1
., 0 1 0
(pg = SIHQE‘F;COSH%,
Vigg) = 0,
div(p€) = 0.

So, thus Id : (M?,¢,q) — (M?,5Bg) is harmonic, where
5By = (14 6?2 sin? 0)dr? + (% + 62 cos® 0)d6? + r sin(20)drde.
4.2. Harmonicity of the map ¢ : (M?™ 585) — (N™, h).

Proposition 4.3. The tension field of the map ¢ : (M?>™,5Bg) — (N™, h) is given by

2 2

Br(6) = 7(0) ~ 1o VAR, 6) — o divlpl)ds(eE),  (121)

where 7(¢) is the tension field of ¢ : (M>™, ,g) — (N, h).

Proof. Let {E }i=Tam be a local orthonormal frame on (M?m 5Bg) defined by (3 ,
we compute the tension field “B7(¢) of the map ¢ : (M?™ 5Bg) — (N™, h).

Zvd¢(E)d¢(E —> d¢(5PV Ey). (4.28)
=1

By direct calculations we obtain

_ N
Zvdwz) = Vd¢(E) O(E) +ZVd¢<E)
1 2m
N N
- mvddﬁ)dd)((pf) + 22 Vo) do(Ei)
52
= 1y ——5 V(e 40 (9€) + ZV 5)d6(E) (4.29)

=1
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and by similar calculations we obtain

2m 2m
> dp(PPVE E) = dp(*PVg i)+ d¢(SPV i Ey)
i=1 =2

2m

= 1 (Vo) + Y db(V 5, )
=2

2 2m

)
gz O 9(VE(96), E)do(et)

=2

62 2m
= —mdwvaﬁ) + ; do(V g, Ey)
2

)
+mdw(¢§>d¢(sﬁf)' (4.30)

In fact, by adding (4.29)) and (| in , we get

2 2

B(6) = T(0) ~ 1oy VDL, ) — 1oy div(pE)d(eE),

where,

Vdg(pE,0€) = Ve d(06) — dd(Vpepf).

From the proposition [£.3] we obtain the following theorem.

Theorem 4.3. The map ¢ : (M?>™,5Bg — (N™, h) is harmonic if and only if

2 2

H(6) = s VAE 68) + o div(pE)do(56) (4.31)

4.3. Harmonicity of the map ¢ : (M™, g) — (N2",5Bp).

Proposition 4.4. The tension field of the map ¢ : (M™,g) — (N?",5Bh) is given by
SHL(g) = (6)+ —otraceh(V 3 (£€). o))t (432)

where T(¢) is the tension field of ¢ : (M™,g) — (N?", ¢, h).

Proof. Let {e;} be a local orthonormal frame on (M™, g), we compute the

i=1,m

tension field SB7() of the map ¢ : (M™, g) — (N2",5Bp).
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Fro) = Y (Pl dbled) — do(V.e0)

M

-
I
—

52
(vd¢(e )d¢(62) + 1142 h(vd(p(el (0€), do(e;))p§ — dqﬁ(VeleZ))

I
INgE

=1

52
= 7(¢) + mtmcegh(vé\é(*)(@f); dé(*))p€

From the proposition [4.4] we obtain the following theorem.

Theorem 4.4. The map ¢ : (M™,g) — (N™,%Bh) is harmonic if and only if

(1]

8]

(4]

(5]

(6]

(7]

(8]
[9]

2

)
m(6) = T gatracesh(Vage(#8), do(x)¢t. (4.33)
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CSI-¢+- RIEMANNIAN SUBMERSIONS FROM LORENTZIAN
PARA-KENMOTSU MANIFOLDS

SUSHIL KUMAR AND PUNIT KUMAR SINGH *

ABSTRACT. The purpose of this article is to examine the characteristics of Clairaut semi-
invariant-£- (CSI-¢+ in brief) Riemannian submersions from Lorentzian para-Kenmotsu man-
ifolds onto Riemannian manifolds and also enrich this geometrical analysis with specific
condition for a semi-invariant £*-Riemannian submersion to be CSI-¢*-Riemannian sub-
mersion. Furthermore, we discuss some results about these submersions and present a

consequent non-trivial example based on this study.

Keywords: Riemannian submersions, Clairaut semi-invariant submersion, Lorentzian
para Kenmotsu manifolds
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1. INTRODUCTION

Let N1 be a semi-Riemannian manifold endowed with a semi-Riemannian metric gy, .
A Lorentzian manifold is a subclass of semi-Riemannian manifold. Since the Lorentzian
manifold has many applications in science and technology, especially in the theory of relativity
and cosmology, therefore it attracts many researchers to do the research in this area. The
different classes of Lorentzian manifolds have been studied in ([15], [16], [17], [25], [26]) and

by many others.
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The concept of Riemannian submersions is studied extensively together with starting the
study of Riemannian geometry. In fact, the theory of Riemannian submersion was initiated
by O’ Neill [27] in 1966, and it has been further studied by Gray [13], in 1967. Watson
[40] popularized the knowledge of Riemannian submersions considering almost Hermitian
manifolds in terms of almost Hermitian submersions. The Riemannian submersions play
a vital role not only in the differential geometry but also in science and technology. It is
noticed that the theory of Riemannian submersions are capable to handle many issues of
the singularity theory, Yang-Mills theory, quantum theory, Kaluza-Klein theory, relativity,
superstring theories, mechanics, modelling, robotics etc. (see, [4], [7], [6], [10], [11], [18],
[19], [20]). For more details, we cite the books ([12], [35]) and the references therein. The
Riemannian submersions motivate the researchers to define the semi-Riemannian submer-
sions and Lorentzian submersion [12], almost Hermitian submersions [40], almost contact
submersions [26], anti-invariant Riemannian submersions [34], semi-slant submersion [2§],
conformal anti-invariant submersions ([21], [29]), conformal semi-invariant submersion [22],
conformal semi-slant submersions ([22], [30]), para-contact submersions [14], quasi bi-slant
submersion ([31], [32], [33]).

In 1972, Bishop [§] presented the hypothesis and conditions of a Clairaut submersion in
terms of a natural generalization of a surface of a revolution. Let c is any geodesic defined
as ¢ : Iy C R — M, ¢(s) is the angle between ¢(s) and the meridian curve through c(s),
s € I1. Under these conditions, the product rsing is constant on the revolution surface M
along geodesic c¢. Hence, it is apart from s. Afterwards, this idea has been considered in
Lorentzian spaces, timelike and spacelike spaces ([24] [37], [38]).

In 1981, Allison [3] proposed Clairaut submersions in case the total manifold is Lorentzian.
In addition, it is discovered that Clairaut submersions are used for static spacetime appli-
cations. Furthermore, Clairaut submersions have been generalized in [5]. The concept of
anti-invariant Riemannian submersions was initiated by Lee [23] in 2013. On the other hand,
Sahin [36] introduced Clairaut Riemannian map and studied it’s geometric properties in 2017.

In 2017, Akyol, Sari and Aksoy [I] introduced the notion of semi-invariant £+ —Riemannian
Submersions as well as semi-slant £+ —Riemannian Submersions [2], as a generalization of anti
invariant é-—Riemannian Submersions and discussed the geometry of the total space and

the base space for the existence of such submersions.
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The above studies inspire us to introduce the notion of CSI-{é--Riemannian submersions
from the Lorentzian para-Kenmotsu (a subclass of semi-Riemannian) manifolds to the Rie-
mannian manifolds and characterize its geometrical properties. Throughout the paper, we
denote the Lorentzian para-Kenmotsu manifold of dimension n by (Ni,gn,). It is noticed
that Akyol et al. [I] has been studied the properties of semi-invariant ¢+ —Riemannian Sub-
mersions from a class of Riemannian manifold (almost contact manifold) to a Riemannian
manifold but in this paper, we are going to characterize the properties of CSI-¢+- Riemann-
ian submersions from a class of semi-Riemannian manifold to a Riemannian manifold, which
is an extension of [IJ.

We exhibit our work as follows: Section 2 contains some basic results of Lorentzian para-
Kenmotsu manifold, a non-trivial example of Lorentzian para-Kenmotsu manifold. In Sec-
tion 3, we give the basic definitions related to semi-invariant é+— Riemannian Submersions
and well-known Lemma. In section 4, we define CSI-(*- Riemannian submersions from
the Lorentzian para-Kenmotsu manifolds and discuss some geometrical properties of such
submersions. The last section is concerned with a non-trivial example of Lorentzian para-

Kenmotsu manifold with CSI-¢- Riemannian submersion.

2. LORENTZIAN PARA-KENMOTSU MANIFOLDS

Let Ny be an n—dimensional Lorentzian metric manifold if it is endowed with a structure
(0,€,m, 9N, ), where ¢ is a (1,1) tensor field, £ is a vector field, n is a 1—form on Ny and gy,

is a Lorentzian metric satisfying:

P =I+18Epof=0,n0¢=0, (2.1)
Ny (9W1, 9W2) = gn, (Wi, Wa) + n(Wi)n(Wa), gn, (9W1, Wa) = gn, (W1, 9W2),  (2.2)

n(€) = =1, gn, (W2, &) = n(Wa), (2.3)

for any vector field Wi, Wy on Ny, then it is called Lorentzian almost para-contact manifold.

In the Lorentzian almost para-contact manifold following relations hold:
S(W1, Wa) = &(W2, W1) = gn, (W1, oWa), (2.4)

where ® is symmetric (0,2) tensor field and vector fields W; and Wy on Nj.

If £ is a killing vector field, the para-contact structure is called K —para contact.
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A Lorentzian almost para-contact manifold Ny is called Lorentzian para-Kenmotsu man-
ifold [9] if
(Vw, 9)Wa = —gn, (W1, W2)§ — n(Wa)pWh, (255)
for any vector field Wy, W5 on Nj.

In the Lorentzian para-Kenmotsu manifold, we have
Vi, = —Wa —n(Wa)¢, (2.6)

(Vw,m)Wa = —gn, (W1, Wa) — n(W1)n(Wa), (2.7)

where V denotes the operation of covariant differentiation (Levi-Civita connection) with
respect to the Lorentzian metric gy, .

In a Lorentzian para Kenmotsu manifold, it is clear that
rankg =n — 1.

Example 2.1. [39] We consider (2n+1) dimensional manifold R*"*! = {(z%, 22, ...., 2", y!,
Y2y 2) = (2t gt 2) € RPHL (29t 2 € Ryi = 1,2,....,n)}. Consider R*"*1 with the
following structure:

o(Xi) =Y, 0(Yi) = Xy, 6(§) =0,

which are linearly independent at each point of Ni. Let gn, is Lorentzian metric defined by

n

g, = —(n@n) + ey (de' @ da' + dy' @ dy’),
i=1

¢°X = X +n(X)E, gn, (X, ) = (X)),
for all vector fields X on R?*"t1.
Then, (RQmH,(b,{,n,gNl) is a Lorentzian para-Kenmotsu manifold. The vector fields
X, =e? a?ci Y, =e? 8?ﬂ and £ = % form a ¢—basis for Lorentzian para-Kenmotsu mani-
fold R*™*1, where i =1,2,.....,n.

3. SEMI-INVARIANT ¢+ — RIEMANNIAN SUBMERSIONS

An essential background of Riemannian submersions (F' : N; — N3) and definition of

semi-invariant £+ — Riemannian submersions are given at this section. It is well-known that

the fundamental tensors 7 and A, define by O’Neill’s [27] by
Az, Uy = HV 142, VUL + VVy 7, HU;, (3.8)

Tzl Uy =HVyz, VUL +VVyz HU; (3.9)
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for any vector fields Z;,U; on Ny, where V is the Levi-Civita connection of gy, .

From equations (3.8)) and (3.9)), we have

Yy, Zo = Ty, Zo + VVy, Zs, (3.10)
Vy, Uy = Ty, Ui + HVy, Un, (3.11)
Vi, Vi = Ay, Y + V'V, Y, (3.12)
Vi, Wa = HVy, Wa + Ay, Wa (3.13)

for all Y1, Zy € T'(ker F,) and Uy, Wy € I'(ker F*)J-, where HVy, U1y = Ay, Y1, if Uy is basic.
It is easy to notice that A performs on the horizontal distribution and estimates the inter-
ference to the integrability of this distribution and 7 performs on the fibers as the second
fundamental form. .

Here F' between two Riemannian manifolds called totally geodesic if
(VE) (U, W) =0, for all Uy, Wy € T'(T'Ny) (3.14)
and F is called totally umbilical if [6]
Ty, Y2 = gn, (Y1,Y2)H (3.15)

for all Y1,Ys € I'(ker Fy), where H represents the mean curvature vector field of fibers.

The the second fundamental form of F' is given by
(VE) (W1, W) = Viy, Fu(Wa) — Fu (Vi Wa) (3.16)

for vector field Wy, Wy € T'(T'Ny), where V¥ denotes the pullback connection [6] and it is

easy to see that the second fundamental form is symmetric.

Lemma 3.1. [6] Let (N1, gn,) and (N2, gn,) are two Riemannian manifolds. If F': Ny — No
Riemannian submersion between Riemannian manifolds, then for any horizontal vector fields

Y1,Ys and vertical vector fields Z1, Zs, we have

(a) (VE)(Y1,Y2) =0,
(b) (VE)(Z1, Z2) = —Fu(Tz, Z2) = —Fu(V 3] Z),
() (VE)(V1,Z1) = —Fu(Vy] Z1) = —Fu(Ay, Z1).
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Definition 3.1. [35] Let (Ni,gn,) be an almost Hermitian manifold and (Na,gn,) be a
Riemannian manifold. Then we say that F is a semi-invariant Riemannian submersion if

there is a distribution D1 C ker F,, such that
ker F, = Dy @ Do, J(D1) = Dy, J(Ds) C (ker F,)*.

We can write
(ker F,) " = J(D2) @ p,

where, p is an invariant subbundle of (ker F,)*.

Definition 3.2. [23] Let F : (N1,¢,£,m,9n,) — (N2, gn,) be a Riemannian submersion in
such a manner that & is normal to (ker Fy) and (ker Fy) is anti-invariant with respect to ¢.

Then F is called an anti-invariant £--Riemannian submersion.

Definition 3.3. [1I] Let F : (N1,¢,£,1,9n,) — (N2, gn,) be a Riemannian submersion from
an almost para-contact metric manifold onto a Riemannian manifold. F is called a semi-

invariant £--Riemannian submersion if Dy C (ker F) is such that
(ker F,) = D1 ® Do, ¢(Dy) = Dy, ¢(Ds) C (ker F,)*.

4. CSI-¢'-RIEMANNIAN SUBMERSIONS FROM A LORENTZIAN PARA-KENMOTSU

MANIFOLDS

In this section, we define and study CSI-¢*-Riemannian submersion from Lorentzian para-
Kenmotsu manifolds onto a Riemannian manifolds.
In the theory of Riemannian submersions, Bishop [§] defines the notion of Clairaut sub-

mersion:

Definition 4.1. Let « is any geodesic on Ny, r is a positive function on Ny and 0(t) is
the angle between & and the horizontal space at «(t) for any t. If the function (r o «)sinf
is constant on N1, then a Riemannian submersion F : (Ni,gn,) — (Na,gn,) is called a

Clairaut submersion.

Theorem 4.1. [§] Let F' : (N1, gn,) — (N2, gn,) be a Riemannian submersion with connected
fibers. Then, F is a Clairaut Riemannian submersion with r = ef if each fiber is totally
umbilical and has the mean curvature vector field H = —V f is the gradient of the function

f with respect to gn, .
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Definition 4.2. A semi-invariant £--Riemannian submersion F from a Lorentzian para-
Kenmotsu manifold (N1, ¢,€,m,gn, ) onto a Riemannian manifold (N, gn,) is called Csi-&+-
Riemannian submersion if it satisfies the condition of Clairaut Riemannian submersion i.e.,
if each fiber is totally umbilical with mean curvature vector field H = —V f with respect to

gn,, then F is a Clairaut Riemannian submersion with r = el.

Now, using definition (4.1), we have
(ker F,) = D1 ® Dy, $(Dy) = D1, ¢(D3) C (ker F,)* .
Thus for any V; € (ker Fl), we put
Vi =PVi+QW, (4.17)

where PV} € T'(D;) and QV; € I'(Ds).
In addition, for Y7 € (ker Fy), we get

oY1 = Y1 + w1, (4.18)

where ¢Y; € I'(D;) and wY; € T'(¢D3).

I'(ker F},)* is decomposed as
[(ker F,)* = ¢(D2) @ p.

Here p is invariant and contains &.

Also for X3 € T'(ker F, )+, we have
¢X9 = BXs + CXo, (419)

where BXy € I'(D3) and C X3 € I'(p).

Lemma 4.1. Let F be a semi-invariant £--Riemannian submersion from a Lorentzian para-

Kenmotsu manifold (N1, ¢,£,m,gn,) onto a Riemannian manifold (N2, gn,). Then, we get

VVylifJZl + Tylwzl = BTy1Z1 + TZJVVYIZL (4.20)
TY11/1Z1 + HVYIUJZ1 + 9N, (1/)Y1, Zl)§ = CTYl Z1+ wVVylzl, (4.21)
VVy, BW; + AVICW1 + n(Wl)BVl = BHVy, Wi + 'L/JAV1W1, (4.22)

.AVIBW1 + HVVICW1 + 77(W1)CV1 + gn, (CV1, Wl)f = CHVV1W1 + w.Alel, (4.23)
V4, BV + T CVi + n(Vi)oYi = 95, Vi + BHVy, Vi, (4.24)

Tlevl + HVy,CV; + ’17(V1)WY1 + gn, (le, Vl)f = wTylvl + CHVy, V1, (4.25)
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VVVI YY1 + .Avlwyl = B.Avlyl + wvalyl, (4.26)
AV Y1 + HVywYi + g, (BV, Y1)E = CAWYi + WYV Y, (4.27)

where Y1, Z; € T'(ker F,) and V1, Wy € T'(ker F,)*.

Proof. Using equations ({2.5)), (3.10)-(3.13), (4.18) and (4.19)), we get Lemma 4.1.

Lemma 4.2. Let F be a semi-invariant £--Riemannian submersion from a Lorentzian para-
Kenmotsu manifold (N1, ¢,&,m, gn,) onto a Riemannian manifold (N2, gn,). If a: Io C R —
Ny is a regular curve and Z1(t) and Uy(t) are the vertical and horizontal components of the
tangent vector field &« = E of a(t), respectively, then « is a geodesic if and only if along «

the following equations hold:
VVﬂzZl + VV@BUl + (TZI + .AU1 )le + (7-Zl + AUI)CUl + 77<U1)(1/)Z1 + BZl) =0,
HY (wZi+HV o CULH (T, +Av, )W Z1+(Tz, +Au, ) BUL+-gn, (¢cr, @)E+n(Un ) (wZi+CZy) = 0.

Proof. Let o : I5 — Ny is aregular curve on N; and «(t) is the tangent vector field. If
Z1(t) and Uy (t) are the vertical and horizontal parts of the tangent vector field, respectively.
Then &(t) = Z1(t) + Uy (t). From equations (2.5, (3.10)-(3.13)), (4.18) and (4.19)), we get

PVt = Vaoa — (Vid)a,
=V vZ1+VgwiZi + Vg, BU + Vg7 CUL + Vi, ¥vZ1 + Vy,wZy
+ Vi, BU1 4+ Vi, CU + gn, (9o, )€ + n(Ur) (W21 + BZy) + n(Uh) (wZy + CZy),
= T2V 21 + VV 202y + TzwZy + HV z,wZy + Tz, BU1 + VV 7, BU;
+ T2,CUL + HV 2,CUL + Ay 21 + VV v Z1 + HV ywZy + AgywZy
+ Ay, BU; + VVy, BUy + HVy, CUy + Ay, CU; + gn, (o, )€
+n(Uh) (Y21 + BZy) +n(Uh)(wZ1 + CZy).

Taking the vertical and horizontal components in above equation, we have

VOV oo = VW b Zy + VYV BU; + (Tz, + Au)wZi + (Tz, + Au,)CUL + n(Uh) (W21 + BZy),

HoV oo = HV swZy + HV , CUL + (Tz, + Av, )V Zy + (Tz, + Avu, )BUY
+ g, (9o, @))€ +n(Ur)(wZ1 + CZy),

Hence, « is a geodesic on N if and only if V¢V & and H¢V & both are vanish, which

gives our result.
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Theorem 4.2. Let F be a semi-invariant £--Riemannian submersion from a Lorentzian
para-Kenmotsu manifold (N1, ¢,&,1m,gn,) onto a Riemannian manifold (N2, gn,). Then F is

a Csi-¢*-Riemannian submersion with r = el if and only if

(g8, (Vf. Z1) = n(Z)DIIVAI)? = —gn, (VV o BZ1,¥Vh) — gny (HV 4, CZ1,wV7)

— 9N, (v, + Az)CZ1, V1) — gn, (T, + Az,)BZy,wVrh)

where o : Is — Ny is a geodesic on Ny and Vi, Z1 are vertical and horizontal components of

at).

Proof. Let o : Iy — Nj be a geodesic on Ny with Vi(t) = Va(t) and Z;(t) = Ha(t).
Let 6(t) denote the angle in [0, 7] between a(t) and Z;(t). Assuming v = ||a(t)||? then we
get

g (Vi(1), Vi) = vsin® 0(2), (4.28)

g, (Z1(t), Z1 (1)) = v cos® O(t). (4.29)
Now, differentiating (4.28]), we get

%QM (Vi(t), Vi(t)) = 2v cos B(t) sin 0(t)%.

Using equation (2.2)), we get
i do
N, (PV Vi, ¢V1) = v cosB(t) sin H(t)a. (4.30)
Now, using equation ({2.5)), we get

VadVi = ¢V Vi + gn, (da, V1)E,

gnN, (¢Va‘/ia Qﬂ/l) = gn, (vad)‘/h d)‘/l)a
=gn, (Vvad)‘/l) 1/)‘/1) + 9N, (Hvaw‘/la w‘/l) + gn, ((Azl + TV1>1/)V1a w‘/l)

+ gn, (Az, + Ty )wVa, V).
Using Lemma 4.2 in above equation, we get
IN (BV V1, 0V1) = —gn, (VV, BZ1, 9 Vi) — g, (HV ,CZ1,wV1)

- gNl((Tvl + *AZ1)CZ17 1/JV1) - gNl((TVI + AZl)BZhwvl)

—n(Z1)gn, (V1,V1). (4.31)
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From equations (4.30) and (4.31]), we have
de
v cos O(t) sin H(t)a = —gn,(VVBZ1,9V1) — gn,(HV ,CZ1,wV7)
=g (T, + Az )CZ1, 9 Vi) — gn, ((Tvy, + Az, ) BZ1,wWh)

= n(Z1)gn, (Vi, V1). (4.32)

Moreover, F is a Csi-¢é--Riemannian submersion with r = e/ if and only if

i(efoo‘ sinf) =0

dt
de df
foa ad : Ny —
e (COSHdt +51n9dt) 0.
(4.33)
Multiplying with non-zero factor v sinf on both sides, we have
do d
—w cos f sin 9$ = wsin? Gd—];,
. ,df d
vcosGsmHa = —gNl(Vl,Vl)d—];,
. ,do . 9
vcosGsmHa = —gn (VL a)|IV1]|7,
. ,do 9
UCOSQSIDQ% = —gn, (Vf, ZD)|IV1]|*. (4.34)

Thus, from equations (4.32)) and (4.34)), we have
(93i (V£ Z1) = n(ZO)IVAl1? = 9w (VV o BZ1, V1) + g, (HV . C 21, wWh)
+9N ((TVI + AZl)CZh 1/)‘/1) + 9N, ((TVl + AZl)B217 UJV1)

Hence the theorem 4.2 is proved.

Corollary 4.1. Let F be a semi-invariant £--Riemannian submersion from a Lorentzian
para-Kenmotsu manifold (N1, ¢,&,m,gn,) onto a Riemannian manifold (N2, gn,). Then, we

get

gn (V. §) = -1

Theorem 4.3. Let F be a Csi-¢--Riemannian submersion from a Lorentzian para-Kenmotsu

manifold (N1, ¢,€,m, gn,) onto a Riemannian manifold (N2, gn,) with r = ef. Then, we get
Ap oY1 = Y1(f/)N (4.35)

for Y1 € I'(p) and Vi € T'(D2), such that ¢Y; is basic.
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Proof. Let F be Csi-¢+-Riemannian submersion from a Lorentzian para-Kenmotsu
manifold onto a Riemannian manifold. For X, Xy € T'(Ds), using equation (3.15) and

Theorem 4.1, we get

Tx, X2 = —gn, (X1, X2)gradf. (4.36)

Now, we take inner product with ¢V; in equation (4.36)),
9N, (TX1X27 V1) = —gN (X1, X2)9N1 (gradf, Vi), (4.37)

for all V; € I'(Da).
From equations (2.2)) and (2.5)), we obtain

Ny (Vx, 0 X2, Vi) = —gn, (X1, X2)gn, (gradf, pV1).

Here V is metric connection, so we can use equations (3.15)) and (4.37)) in above equation

and get
gn, (X1, Vi)gn, (gradf, $ X2) = —gn, (X1, X2)gn, (gradf, oV1). (4.38)

Now, we take V; = X5 and obtain the following equatin by interchanging the role of X;
and Xo,

9N, (X2, X2)gn, (gradf, 9X1) = gn, (X1, X2)gn, (gradf, 9 Xs). (4.39)
Using equation (4.39)) with V3 = X7 in (4.38]), we have

 (gn (X, X3))?

gn, (gradf, ¢ Xy) = TGEIXE (gradf, pX1). (4.40)

If gradf € T'(¢(D2)), then equation (4.40) and the condition of equality in the Schwarz
inequality implies that either f is constant on ¢(Ds) or the fibers are one dimensional.

On the other hand, using equation , we get
N (OVx, Vi, 8Y1) = gn, (Vx, 0V1, Y1)
for Y1 € I'(n) and Y; # £. Now, using equation , we obtain
IN, (Vx,0V1,0Y1) = gn, (Vx, Vi, Y1).
Using equations and in above equation, we get

gn, (leqﬂ/la QSYI) = —gnN, (Xla ‘/l)gNl (gradf, le)
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Since ¢Y7 is basic and using the fact that HV x, ¢Vi = Agy, X1, we get

g (Vx,0V1,0Y1) = —gn, (X1, Vi)gn, (gradf, Y1),
9N, (A¢V1X1,¢Y1) = —9m (X17V1)9N1 (gradf,Yl),
an, (Agv 0Y1, X1) = gn, (X1, Vi)gn, (gradf,Yr)

Iny (Apvy #Y1, X1) = gn, (X1, Vi)gn, (V£, Y7). (4.41)
Since Agy, ¢Y1 and Vi are vertical and V f is horizontal, we obtain equation ({4.35)).

Theorem 4.4. Let F be a Csi-£--Riemannian submersion from a Lorentzian para-Kenmotsu
manifold (N1, $,€,1m, gn,) onto a Riemannian manifold (N, gn,) with r = el and dim(Ds) >
1. Then, for all Y1 € I'(D3) and Vi € T'(ker F,)*,

Vi Fu(611) = Vi (f)F. (Y1),

Proof. Let F be a Csi-¢--Riemannian submersion from a Lorentzian para-Kenmotsu
manifold onto a Riemannian manifold. Since each fiber is totally umbilical with mean cur-

vature vector field H = —gradf, then from theorem (4.1), we have

—9N, (Vylvl’ YQ) = 4dm (VY1Y25 Vl)a

—9gN, (VYl‘/l’Yé) = —9gm (Yi7Y2)gN1 (gradfa‘/l)a

for all Y1,Ys € I'(D3y) and Vi € I'(ker F*)J-.
Using equations ([2.2)),(2.5) and (3.15) in above equation, we get

gny (Vi 0Y1, 0Y2) = gn, (911, 0Y2)gn, (gradf, Vh). (4.42)
Since F' is the semi-invariant Riemannian submersion and using equation , we have
9Ny (F (Vv 9Y1), Fi(6Y2)) = g, (Fi (Y1), Fu(9Y2))gn, (gradf, V1). (4.43)

From in , we obtain
05, (Vi P (0Y1), F.(62)) = g, (F(0V2), Fu(6¥2))g, (gradf. Vi), (444)

F
which implies Vv, F,(¢Y1) = Vi(f)F.(¢Y1), for all Y; € T'(Dy) and Vi € I'(ker F,)*, hence

the proof.
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Theorem 4.5. Let F be a Csi-é+-Riemannian submersion with r = ef from a Lorentzian
para-Kenmotsu manifold (N1, ¢,&,m, gn,) onto a Riemannian manifold (N2, gn,). If T is not
equal to zero identically, then the invariant distribution Dy cannot defined a totally geodesic

foliation on Ny.

Proof. For Wy, Wy € T'(D;) and X; € T'(D3), using equations (12.2)), (2.5)), (3.11)) and
(3-15)), we get

gNl(VW1W27X1) - g]\ﬁ(vwld)WQ’d)Xl)a

gn, (TVVl ¢W27 (le)?

—gn, (W1, oW2)gn, (gradf, pX1).

Thus, the assertion can be seen from above equation and the fact that gradf € ¢(D3).

Theorem 4.6. Let F be a Csi-¢1-Riemannian submersion with r = ef from a Lorentzian
para-Kenmotsu manifold (N1, ¢,€,1m, gn,) onto a Riemannian manifold (Na, gn,) withr = e”.

Then, Dy is not totally geodesic foliation on Nj.
Proof. For Zy,Zs € T'(Ds) and ¢ € T'(ker )", using (2.6), we get

an (V2. 22,6) = —gn, (V2,&, Z2) = gn, (21, Z2) # 0.

Hence D5 is not totally geodesic foliation on Nj.

Using Theorems (4.5) and (4.6), one can give the following Theorem.

Theorem 4.7. Let F be a Csi-¢+-Riemannian submersion with r = e/ from a Lorentzian
para-Kenmotsu manifold (N1, ,€,m, gy, ) onto a Riemannian manifold (Na, gn, ) withr = ef.

Then, (ker ) is not totally geodesic foliation on Nj.

Theorem 4.8. Let F be a Csi-£+-Riemannian submersion with r = e/ from a Lorentzian
para-Kenmotsu manifold (N1, ,&,m, gn,) onto a Riemannian manifold (N2, gn,). Then, the

anti-invariant distribution Dy one-dimensional.

Proof. Since F'is a Clairaut proper semi-invariant submersion, then either dim(Dz) =
1 or dim(D3) > 1. If dim(D2) > 1, then we can choose Z1, Zs € I'(D2) such that {Z1, Zs} is
orthonormal. From equations (2.5)), (3.10]), (4.18) and (4.19)), we get

T2, 022+ HV 2,022 = N z,029,

Tz2,0Z2 + HV 2,022 = BTz, Zo+ CTz,Zo + VNV 7, Zo +wVV 7, Z>.
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Now, we take inner product with Z; in above equation and obtain
N, (Tz,0Z2, Z1) = gn, (BTz,Z2, Z1) + gny (WVN 2, Za, Z1). (4.45)
From equation , and , we have
9N (T2, 21, 022) = —gn, (T2, 022, Z1) = —gn, (gradf, 9Z2) = gn, (Tz, Z2, Z1).  (4.46)
From above equation, we obtain
gni(gradf,0Zz) = gn(Tz.22,021),

gny (gradf,¢Zs) = gn,(Z1, Z2)gn, (gradf, ¢Z1),

gn, (gradf,¢Zy) = 0.

So, we get
gradf L ¢(D2).
Therefore, the dimension of Dy must be one.
5. EXAMPLE

Let N7 be a 5-dimensional space given by the following;:

RS = {(xlyx2aylay2az) € R5|(x17x25y1ay2) 7é (0,0,0, 0) and z 7é O}

Let 1 be a 1-form defined by n = dz. The vector field £ is given by % and its Lorentzian

metric gy, and tensor field ¢ are given by

gN, = 622(d$1)2 +622(d1‘2)2 +€22(dy1)2 4 62z(dy2)2 _ (dZ)2,

_00100_
00010
=110 0 0 0
01000
00000

This gives a Lorentzian para-Kenmotsu structure (¢, &, 7, gn,) on Nj.

z_0 —z_ 0

A ¢-basis for this structure can be given by {e; = e~ €2 =€ “gaes=e T, eq =

6_28%2,65:5:% .
Let Ny be {(u1,u2) € R*lug = z # 0}. We choose the Riemannian metric gy, =

e?(du1)? + (dug)? on N.
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Now, we define the map F' : (N1, 6,&,1,9n,) — (N2, gn,) by the following:

T2 + Yo
F(xlax2)y17y29z) - ( \/iy 72)'

By direct calculations, we have

ker F, =
D =

(ker F,)* =

span{ X1 = e1, X2 = (e2 — e4), X3 = e3},
span{X; = e1, X3 = ez}, Dy = span{Xa = (e2 — €4)},

span{Vy = (ea + e4), Vo = & = e5}.

After some computations, we find that

d
F.(V}) = ﬁe*Z—aul,
d

gn, (V;v V]) = gN, (F*V:u F*Vj)

(5.47)

for all V;, V; € T'(ker F*)L, i,j =1,2. Thus F is semi-invariant ¢--Riemannian submersion.

Now, we will obtain smooth function f on R? which satisfy the condition Tx X = ¢1(X, X))V,

for all X € I'(ker ).

Using the given Kenmotsu structure, we find

[e1,e1] = [e2,e2] = [es,es] = [eq, e4] = [e5,e5] =0, (5.48)
[e1,ea] = 0,[e1,e3] =0,[e1,e4] =0,e1,e5] = eq,

[e2,e3] = 0,[e2,eq] =0, [ea,e5] = €2, [e3,e4] =0,

les.e5] = e3,[eq, 5] = eq,

The Levi-Civita connection V of the metric gy, is given by the Koszul’s formula which is

298, (Vx Z, W) =

XgNl(Z’ W) + ZgNl(WX) - W9N1(X’ Z) +9N1([Xa Z],W)

_gNl([va]’X)+9N1([WX]7Z)' (549)

Using (5.48) and (5.49)), we get

Vel €1
Vel €2

Vegel

9
0z’

= Vee3 =V eq =Ve,e1 =Vee3=Ve,eq =0,

= Ve262 = v63€3 = V64€4 = (5.50)

= Ve362 = v63€4 = V64€1 = Ve462 = ve4€3 =0.
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Therefore
0 0
VXle = Velel = &7 VX2X2 = V52_6462 — €4 = 2@ (551)
0
Vx; X3 = Veeg= &aleXQ =0,Vx, X3 =0,

Vx,X3 = 0,Vx, X1 =0, Vx, X1 =0,Vx, X2 =0.
Now, we have

TxX = Tuxi+x Xo+2aXs M X1+ A2 X2 + A3 X5, A1, Ao, A € R

TxX = NTx, X1+ \aTx, Xo + N3Tx, X3 +

)\1)\2TX1X2 + )\1)\3TX1X3 + )\2)\37'X2X3 +

AMATx, X1 + A A3Tx; X1 + Ao A3 Tx, Xo. (5.52)
Using (5.51]), we obtain
0 0 0
Tx, X1 55 Tx, X2 6277—)(3)(3 25’ (5.53)

Tx, X2 = 0,7Tx,X3=0,Tx,X3=0,Tx,X1 =0,

TXgXl = O,TXBXQZO.

Next, using (5.52)) and (5.53|), we get
1%}
TxX = (AT +2)\3+ A3 + A%)a.
Since X = A\ X1 4+ Ao Xs 4+ A3X3, so an, ()\1X1 4+ Ao Xo 4+ A3X3, A1 X1 + Ao Xo + )\3X3) =
A? +2)3 + A3. For any smooth function f on R°, Vf with respect to the metric gy, is given
by

sze—zzaf%_Fe—QZQO +e—zzaii+e—zzaii+afg

Ox1 Oxo Owa dy1 Oy1 Oyz2 Oy2 ' 0z 0z~

Therefore, Vf = % for the function f = z. Now, we can see that Tx X = gn, (X, X)Vf and

by Theorem (4.1), it is clear that F is a CSI-¢*-Riemannian submersions.
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QUASI HEMI-SLANT CONFORMAL SUBMERSIONS FROM
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ABSTRACT. We take into account the quasi hemi-slant conformal submersion from Ken-
motsu manifold onto the Riemannian manifold as a generalization of anti-invariant submer-
sions, semi-slant submersions, and hemi-slant submersions. We discussed the integrability
and totally geodesicness of the different distributions. Moreover, we have obtained a condi-
tion under which the conformal hemi-slant submersions become a homothetic map.
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1. INTRODUCTION

The concept discussed by B. O’Neill [26] and A Gray [16] is known as Riemannian sub-
mersions. In 1976, B. Watson [42], considered the submersion between almost Hermitian
manifolds with name as almost Hermitian submersions. He established that, if the whole
manifold is a Kaehler manifold, then the base manifold is also a Kaehler manifold. The Rie-
mannian submersions consist many applications in mathematics and in physics, specially in
Yang-Mills theory ([8],[44]), Kaluza-Klein theory ([9],[22]). The Riemannian submersions are
very interesting tools in geometry to study Riemannian manifolds having differentiable struc-
tures. B. Sahin, in ([37], [39]), respectively, presented the idea of anti-invariant Riemannian
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submersions and slant-submersion from virtually Hermitian manifold as a generalisation of
Riemannian submersions.

The notion of almost contact Riemannian submersions from almost contact manifold was
introduced by Chinea in [I1]. He also studied the fibre space, base space and total space
with differential geometric point of view. As a generalization of Riemannian submersions,
Fuglede [15] and Ishihara [23] separately, studied horizontally conformal submersions. Later
on, many authors investigated different kinds of Riemannian submersions like anti-invariant
submersions ([5], [37]), slant submersions ([4], [39]), semi-slant submersions ([2], [19], [28])
and hemi-slant submersions ([43], [I]) between almost Hermitian manifolds as well as almost
contact manifolds. R Prasad et al. ([31], [32], [33], [34]) studied Quasi-bi-slant submersion
from Kenmotsu manifold onto Riemannian manifolds and they also studied Riemannian sub-
mersion from Kenmotsu manifolds with different aspect whereas Sezin [41] studied bi-slant

submersions from contact manifold with taking £ as horizontal vector field.

In this paper, we study quasi hemi-slant conformal submersions from Kenmotsu manifold
onto a Riemannian manifold taking 4 mutually orthogonal complementary distributions.
This paper contains 4 sections. Section 2 consists some definitions of almost contact metric
manifold and specially kenmotsu manifold, In section 3, we study some basic results for
quasi hemi-slant conformal submersion from Kenmotsu manifold which are needed for our
main sections. Section 4 contains the results of integrability and totally geodesicness of

distributions.

2. PRELIMINARIES

Let M be a (2n + 1)-dimensional almost contact manifold with almost contact structures

(¢,€,1m), where ¢ is a (1,1) tensor field £, a vector field and 7, a 1- form satisfying

' =-T+n®¢ nE) =1, nop=0. (2.1)

On an almost contact manifold, there exists a Riemannian metric g which is compatible

with the almost contact structure (M, ¢,&,n) in the sense that

g(@U,¢V) = g(U,V) —n(U)n(V), (2.2)

from which it can be observed that

9(U, &) =n(U), (2.3)
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for any U, V € T'(TM) and the manifold (M, ¢,&,n,g) is called an almost contact metric
manifold. If [¢, ] denotes the Nijenhuis tensor of ¢, then the almost contact structure is
normal if and only if the torsion tensor [¢, ¢] + 2dn ® & vanishes. An almost contact metric
structure is called a contact metric structure if dn = ®, where ® is the fundamental 2-form
defined by ®(U, V') = g(U, V). Almost contact metric structure (¢, &, n, g) are said to define

a Kenmotsu structure on M if the following characterizing tensorial equation is satisfied

(Vuo)V = g(oU, V)E —n(V)oU. (2.4)
One can deduce from the above relations that
Vot = U —n(U)E. (2.5)
It is also seen that
The covariant derivative of ¢ is defined by
(Vud)V = VuoV — ¢V V. (2.7)

Now, we recall the notion of Riemannian submersion and horizontally conformal submer-

sion followed by some basic results those will be useful throughout the text.

Definition 2.1. Let (M,g) and (N,g') be two Riemannian manifolds and F : M — N be
a smooth Riemannian submersion. Then F is called a horizontally conformal submersion,

with a positive function \ such that

g(Xa Y) = !

20 (F.X EY), (2.8)

for any X,Y € T'(kerF,)*. It is clear that a horizontally conformal submersion with \ = 1

18 Riemannian submersions.

Let F: M — N be a conformal submersion. A vector field F on M is called projectable
if there exists a vector field E on N such that F,(E,) = E for any p € I'(TM).

B. O’ Neill defined the tensors 7 and A called fundamental tensors and defined by for
vector fields Fq and E9 on M such that

AE‘IEQ =HVyp, VEs +VVyg HE> (2.9)

Te, B2 = HVyE,VEs + VVyE, HE, (2.10)
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where the vertical and horizontal projections are V and H respectively. Considering the

equations ([2.9) and ([2.10)), we have

Vo Vi = To, Vi + VWi, Vi (2.11)
Vi, X1 = To, X1 + HVy, X1 (2.12)
Vx, Ui = Ax, U1 + VVx, U (2.13)
Vx, Y1 = HVx, Y+ Ax, i (2.14)

for any Uy, V; € T'(kerF,) and X1,Y; € ['(kerF,)*.

For ¢ € M,V €V, and X € H,, the linear operators Ty, Ax : T,M — T,M are

skew-symmetric, that is

9(Ax E1, E2) = —g(E1, Ax Es) (2.15)

9(Tv Er, E2) = —g(En, Ty E2) (2.16)

for any Ey, By € I'(T,M).
Let (M, g) and (N, g’) be two Riemannian manifolds. Let ¢ : M — N be a smooth map.

Then, the second fundamental form of ¢ is given by
(VSO*)(Xv Y) = vf{@*y - @*(VXY)a (2'17)

for all X,Y € I'(T,M), where V the Levi-Civita connection of the metrics g and ¢’ and V¥
is the pullback connection. The map ¢ is said to be totally geodesic map if (Vp,)(U, V) =0
for any U,V € I'(T,,M).

Lemma 2.1. Let F : M — N be a horizontal conformal submersion. Then, for any hori-

zontal vector fields X1,Y1 and vertical vector fields Uy, V1
(1) (VF)(X1,Y1) = Xq(In\)F (Y1) + Y1(InA\) F (X1) — 9(X1, Y1) Fi(grad In)),

(i) (VE)(U1, V1) = =F(Tu, V1),
(i) (VE)(X1,U1) = —Fu(Vx,U) = —F,(Ax,U1).



136 M. SHUAIB AND T. FATIMA

3. QuASI HEMI-SLANT CONFORMAL SUBMERSIONS

Definition 3.1. A conformal submersion F' from almost contact metric manifold (M, ¢,&,1n, g)
onto a Riemannian manifold (N,g') is said to be a quasi hemi-slant conformal submersion
(QHSC submersions) if its vertical distribution kerFx of F' admits four orthogonal comple-

mentary distributions Dy, Do, D) and < & > such that

(i kertF« = Dr @ Do ® D 1 < & >

D, is anti-invariant, i.e., pD, C (kerF,*)

)
(ii) Dr is invariant, i.e., 9D = Dy
(i)

)

(iv) for any non-zero vector field X € (Dg)p,p € M, the angle 0 between ¢X and (Dyg)p

is constant and independent of the choice of point p and X in (Dg)p,

where < £ > 1is 1-dimensional distribution spanned by §. Then, we say that F is QHSC
submersion where angle 6 is called the quasi hemi-slant angle of submersion. Here we have

some particular cases which are stated as :

(i) If the distribution D7 = 0 then the map F' is a conformal hemi-slant submersion.
(ii) If the distribution Dy = 0 then the map F' is a conformal semi-invariant submersion.

(iii) If the distribution D; = 0 then the map F' is a conformal semi-slant submersion.

Hence, it is clear that the QHSC submersions are generalized version of conformal hemi-slant
submersions, conformal semi-invariant submersions and conformal semi-slant submersions.
Let F' be a QHSC submersion from an almost contact metric manifold (M, ¢, &, n, g) onto

a Riemannian manifold (N, ¢’). Then, for any U € I'(kerF), we have
U=PU+QU+RU+nU)¢ (3.18)

where P,(Q) and R are the projections morphism onto Dp, Dy and D;. Now, For any
U € I'(kerFy)
oU = pU 46U (3.19)

where U € T'(kerF,) and 6U € I'((kerF.)*). From equations , and definition
we have
¢U = ¢(PU) + ¢(QU) + ¢(RU)
= B(PU)+6(PU)+ B(QU) +6(QU) + B(RU) + 6(RU)

We obtain §PU = 0 and SRU = 0, we have

oU = B(PU) + B(QU) + 0(QU) + 6(RU).
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Hence, we have the decomposition as :

kerF«t = 6Dy @ 6D & p, (3.20)

where p is the orthogonal complementary distribution to 6Dy @ 6D, in ((kerF«)*) and p is

invariant with respect to ¢. Now, for any X € (I'(kerF,)'), we have
X = BX + CX (3.21)

where BX € I'(kerFy) and CX € I'(u).

Lemma 3.1. Let (M, ¢,&,1m,9) be a Kenmotsu manifold and (N,g') be a Riemannian man-
ifold. If F: M — N is a QHSC submersion, then we have

dBX +C?’X =X, BBX +BCX =0

B2U + BSU = U — n(U)E, 66U + CSU =0

for U € I'(kerFx) and X € T'(( kerF,)™*).

Proof. On using equations (2.1)), (3.19)) and (3.21]), we get the desired results.

Lemma 3.2. [BI] Let F' be a QHSC submersion from an almost contact metric manifold
(M, p,&,m,9) onto a Riemannian manifold (N, g'), then we have
(i) B2U = —cos?0U
(ii) g(BU, BV) = cos? 0 g(U, V)
(iii) g(8U,8V) = sin?6 g(U, V),
U,V € T'(Dy).

Proof. The proof of above Lemma is similar to the proof of the Theorem (3.5) of [35].

Lemma 3.3. Let (M, ¢,&,n,9) be a Kenmotsu manifold and (N,g') be a Riemannian man-
ifold. If F : M — N 1is a QHSC submersion, then we have

AxBY +HVXCY = BHVXY + BAxY — g(6X,Y)¢ (3.22)
VVxBY + AxCY = 6HVxY + CAxY. (3.23)

VVxBV + Ax6V = BAxV + BVVXV + g(BX, V)¢ — n(V)BX (3.24)
AxBV + HV 6V = CAxV + 6VVxV + n(V)CX. (3.25)

VVyBX + TyCX = BTy CX + BHVy X + g(6V, X)¢ (3.26)
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TvBX +HVyCX =0Ty X + CHVy X. (3.27)
VVuBV + TudéV +n(V)BU = BTy V + BYVyV + g(oU, V)& (3.28)
TuBV + HVyoV +n(V)oU = CTyV + dVVyV. (3.29)

for U,V € T'(ker F,) and X,Y € I'((kerFx)").

Now we define the following :

(VuB)V = VVyBV — YV V (3.30)
(Vud)V = HVydV — sVVyV (3.31)
(VxB)Y = VVxBY — BHVxY (3.32)
(VxO)Y = HVxCY — CHV XY (3.33)

for U,V € T'(ker F,) and X,Y € I'((ker F},)*).

Lemma 3.4. Let (M, ¢,&,n, g) be Kenmotsu manifold and (N, g') be a Riemannian manifold.
If F: M — N is a QHSC submersion, then we have

(VuB)V = BTy V — TyéV + g(oU, V)¢ — (V) BU
(Vud)V = CToV — TuBV — n(V)sU
(VxB)Y = BAxY — AxCY + g(¢X,Y)¢ —n(Y)BX
(VxC)Y = 6AxY — AxBY —n(Y)CX,

for U,V € T'(kerFx) and X,Y € I'((kerF,b)).

Proof. On using equations ([2.7)), (2.11])- (2.14]), equations (3.19)-(3.21)) and equations
(13.30])-(3.32)), we get the proof of the lemma.

If the tenors 8 and § are parallel with respect to the connection V of M, then we have

BTyV =TyéV — g(oU, V)E +n(V)pU

CTyV = TudV +n(V)sU

for X,Y e I'(T'M).
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4. INTEGRABILITY AND TOTALLY GEODESICNESS OF DISTRIBUTIONS

Now, we start the discussion of the integrability of distributions and firstly we finding

out the integrability of slant distribution as follows:
Theorem 4.1. Let F : (M,¢,&,m,9) — (N,g') be QHSC submersion from a Kenmotsu
manifold onto a Riemannian manifold N. Then Dy is integrable if and only if
9 (VE)(V1, BPa), Fu(6V2)) + g'(VE:) (Va, BPa), Fu(6V1))
= \2g(VVy, fPa — Ty, 0Ra, fVs)
+ Ng(VVy,BPa — Ty, 0Ra, BV1)
+ g(HV,0Ra, 6V1) — g(HV v, 0Ra, 6V3)
for any Vi,Vo € I'(Dg) and a e '(Dr & D1 b < £ >).
Proof. For any Vi, V2 € I'(Dy) and a € I'(Dy @ D ® < £ >) with using (2.2).(2.7)
and , we get
9(V1,Val, @) = g(Vp0a, V1) — (Vv dav, V2).
Taking equation , we have
9([V1, Vo], @) = g(Vip BPa, BV1) + g(Vv,6 R, V1)
—9(Vv BPa, ¢Va) — g(Vv 6 Ra, ¢V3).
From and (2.12)), we can write
9([V1, V2], @) = g(Tvy BPac — HVv; 0 Ra, 6V2)
+ g(VVyv,BPa — Ty, 0Re, fVa)
+ g(Tv, fPa — HV v, 0 Rev, 6V4)
+ g(VVy,BPa — Ty, 0 Ra, BV7).
Considering equation , we may write
9([V1, V2], @) = g(VVv, BPa — Ty, 0 Ra, BV1)
+ g(VVy, BPa — Ty, 0Rev, V)
— g(HVv,0Ra, 6Va) + g(HVy,0Ro, V1)

— 29 (VE)(Vi, BPa), Eu(5V3))

%g'((vp*)(vg, BPa), F.(6V1))

from which we get the desired result.
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Theorem 4.2. Let F : (M,¢,&,m,9) — (N,g') be QHSC submersion from a Kenmotsu
manifold onto a Riemannian manifold N. Then invariant distribution D is integrable if
and only if

P(VVy, BQa+ Ty, 0a) =0 (4.34)

for Uy € I(Dp) and a € T'(Dy @ D1 ® < & >).

Proof. On using (2.2)), (2.4]) and (3.18]), we have
9(Vu,Us, ) = —g(Vi, (9Qa + ¢Ra), pUs) — n(a)g(oUn, ¢U2),

for Uy € I'(Dr) and a € I'(Dg & D1 & < € >). Since 6(Qa + Ra) = da and from ([2.11)),
(2.12)), we can write

9(Vi, Uz, ) = =g(VVu, BQa, ¢Uz) — g(Tu, dcr, pUs)
—n(a)g(¢U1, ¢Us)
Change the role of U; and Us, we have
9([h, 2], @) = —g(VVu, BQa + T, b, ¢Uz)
+ g(VVu,8Qa + Ty,da, pUy ).

We obtain the proof of the theorem from above equation.

Theorem 4.3. Let F : (M,¢,&,m,9) — (N,g') be QHSC submersion from a Kenmotsu
manifold onto a Riemannian manifold N. Then anti-invariant distribution D | is integrable

if and only if

%[g'(VZQF*éQa, F(6Z1)) — §' (V2 FdQa, Fi(625)))

= g(grad(InX), Z1)g(0Qa, § Z2)
(4.35)
— g(grad(In X), Z3)g(6Qa, Z7)
- 9(7}25&7 621) + g(Tzlﬁa’ 6Z2)
for Z1,Zy € T'(D,) and a € I'(Dy @ D < £ >).
Proof. From (2.2)), (2.3), and (3.18), we have
9(Vz, 22, ) = —n(a)g(Z1, 9 Z2) — 9(Vz,(BPa + BQa + 6 Ra), ¢ Z2).

Since B(Pa + Qa) = fa, we can write

g(vZ1 Z27 Oé) - _n(a)g(Zla QSZQ) - g(vZ16a + vZ1 5@@, 5Z2)
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Now, change the roles of Z; and Z,, we can write

g([Zl, ZQ}, Oé) = g(VZQBa + VZ15QQ, 5Z1) — g(leﬂOé + VZQ(SQO[, 5Z2)

Considering equations (2.11]) and (2.12)), we get

9([Z1, Z3), ) = g(V 2, 80,8 Z1) + g(HV 2,60Qa, 6 Z3)
—9(Tz,Ba,6Z2) + g(HV 2,0Qa, § Zs).
From , and lemma we have
9([Z1, Z2], ) = %[QI(VZQFﬁQOé,F*(fSZl)) — 9/ (V2,FidQa, F.(02))]
+ 9(Tz,80,021) — g(Tz,Bev, 6 Z2)
+ g(grad(ln ), Z2)g(6Qa, 6 Z1)

—g(grad(In X), Z1)g(0Qa, § Z3)
which completes the proof of the theorem.

Now, we will discussed the totally geodesicness of fibers of the distributions. Firstly, we

will start with the totally geodesicness of the invariant distribution Dyp.

Theorem 4.4. Let F : (M,¢,&,n,9) — (N,¢') be QHSC submersion from a Kenmotsu

manifold onto a Riemannian manifold N. Then Dr is not totally geodesic.

Proof. On considering U,V € T'(Dr) and since V and & are orthogonal, we have
9(VuV,§) = —g(V,Vys)

Taking account the fact of equation (2.5)), we have
9(VuV,§) = —g(U, V).

For U,V € I'(Dr), —g(U, V) # 0, that is g(VyV, §) # 0. Hence, the distribution is not totally

geodesic.

Theorem 4.5. Let F' : (M,$,£,m,9) — (N,g') be QHSC submersion from a Kenmotsu
manifold onto a Riemannian manifold N. Then (Dr @ &) defines totally geodesic foliation
on M if and only if

(1) g(YVu,0Us, Ba) = 3519/ (VE) (UL, ¢U2), Fi(6a)]

(ii) g(VVu,¢Us, BX) = 53[g'(VF.) (U1, ¢Us), F  (CX))]
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for Uy, Us € T(D7® < € >), X € T((kerF,)*) and a € T'(Dy @ D).

Proof. On using (2.2)), (2.4)) and (2.7)), we get
g(le U27 OZ) = g(le ¢U25 ¢a)a

for any U;,Us € I'(D7r@® < £ >) and a € I'(Dy @ D ). Now, from ([2.11]) and decomposition
(13.19), we can write

9(Vi, Uz, @) = g(Vu, ¢Uz, 6) + g(VV, ¢Us, Ba).
Considering and (2.17), we may have
1
9(Vu, Uz, ) = —pgl((VF*)(Ula ¢Us), Fi(60)) + g(VV, ¢Us, Bar) (4.36)

On the other hand, for Uy,Us € T'(Dr) and X € T'((kerF,)*) with using (2.2)), (2.4), (2.7)
and decomposition ([3.21)), we get

9(Vi, Uz, X) = g(Vu, ¢Uz, BX) + g(Vu, ¢U2, CX).
Considering equation , we may write

9(Vu, Uz, X) = g(VVu, ¢Us, BX) + g(Tu, ¢Us, CX).
From (2.17) and (2.17)), we have

9(Vu,Us, X) = g(VVu, 6Us, BX) + %g’((VF*)(Ul, 6U), Fu(CX)).  (4.37)

From equations (4.36) and (4.37)), we get (i) and (i) part of theorem [4.5]

Theorem 4.6. Let F : (M,¢,&,n,9) — (N,g') be QHSC submersion from a Kenmotsu

manifold onto a Riemannian manifold N. Then Dy is not totally geodesic on M.

Proof. On considering Z, W € I'(Dy) and since W and £ are orthogonal, we have
9(VzW. &) = —g(W,V z§)
Taking account the fact of equation , we have
9(VzW. &) = —g(Z, W).

For Z, W € T'(Dy),—g(Z,W) # 0, that is g(VzW,&) # 0. Hence, the distribution is not

totally geodesic.



INT. J. MAPS MATH. (2023) 6(2):132-149 / QU. HEMI-SL. CONF. SUB. KEN. MAN. 143

Theorem 4.7. Let F : (M,¢,&,m,9) — (N,g') be QHSC submersion from a Kenmotsu
manifold onto a Riemannian manifold N. Then T'(Dg® < & >) defines totally geodesic
foliation if and only if
(1) N [g(HV,6QVa, pRa) — cos? 0g(Vy, QVa, a)
=g (VE) (N1, a), F.(08QV2)) — g'(VE)(V1, 9Pa), F.(6QV2))
—n(BQV2)g(éV1, )]

(i) N[g(HVv188QV2, X) — g(HV1,0QVa, CX) — 1(BQV2)g(Vi, BX)]
= ¢ (VE)(V1, BX), F.(6QV2) — ¢ (VF)(V1, QV2), Fi(X))

for any Vi, Vo € T(Dy® < & >), X € T((kerF)t) and a e T(Dr @ D).

Proof. From equations (2.2)), (2.4), (3.18) and decomposition (3.19)), we get
9(Vvi Vo, @) = g(Vv, BQVz, pa) + g(Vv,0QVa, ¢a)

for any V1,Va € T'(Dg® < £ >) and € T'(Dp @ D). Again on using (2.4) and (2.7)), we

can write
9(Vi Va, @) = g(V,6QVa, pPa + ¢Ra) — g(Vy, ¢BQVa, )
—n(BQRV2)9(¢V1, )
Considering lemma equation and skew symmetry property of 7, we have
9(ViVa, ) = — cos’ 09(Vv; QV2, ) + g(HV110QVz, 6 Ra)
+ 9(Tna,68QV2) — g(Tv, 9P, 6QV3)
—n(BQV2)g(¢V1, a)
Finally, from equations and (2.17)), we yield
9(Vv,Va,a) = — cos? 0g(Vy, QVa, a) + g(HVv,6QVa, o Ra)
— I (VE)(Vi, ), F.(55QV5))
) (4.38)
+ 159 (VE)(Vi, 6Pa), F.(5QV3))
—n(BQV2)g(¢V1, ).
In similar way, for any Vi, Vs € I'(Dyg) and X € T'((kerF,)") with using , ,
and , we get

g(vV1V25X) = g(vV16Q‘/27 ¢X) - g(vV15QV25 ¢X)



144 M. SHUAIB AND T. FATIMA

From equation , , and , we can write
9(Vvi Vo, X) = —g(Vv; 82QVa, X) — g(V1,08QV2, X)
+ 9(T6QV2, BX) + g(HV1,6QV2, CX)
+n(8QV2)g(V1, BX)
At last, considering equation , , , and 1emma we have

g(vVl‘/?7X) /((VF*)(VMBX)’F*((;QV?))

1
—cos? 0

129 (VE)(V1,QVa), F (X))

(4.39)
— 9(HV,68QV2, X) + g(HVy,6QV2, CX)

+1(6QV2)g(V1, BX).

Finally, from equation (4.38) and (4.39), we get the results (i) and (ii) of theorem [4.7 This

completes the proof of theorem.

Theorem 4.8. Let F : (M,¢,&,m,9) — (N,g') be QHSC submersion from a Kenmotsu
manifold onto a Riemannian manifold N. Then D is not defined totally geodesic foliation

on M.

Proof. On considering Z, W € T'(D_ ) and since W and & are orthogonal, we have
9(VzW,§) = —g(W,Vz§)

Taking account the fact of equation , we have
9(VzW,§) = —g(Z,W).

For ZZW € I'(D,),—g(Z,W) # 0, that is g(VzW,§{) # 0. Hence, the distribution is not
totally geodesic.

Theorem 4.9. Let F : (M,¢,&,m,9) — (N,g') be QHSC submersion from a Kenmotsu
manifold onto a Riemannian manifold N. Then D, ® < £ > defines totally geodesic foliation

if and only if

(1) 329/ (VE)(Z1, Ba), Fu(9Za)) = g(HV 2,622, 0Qa)

(i) 529'(VE)(Z1, BX), F(¢Z2)) = 9(HV 2,CX, $Z3)

for any Z1,Z5 € T(D,1® < € >), X € T((kerF,)*) and a € T'(Dr @ Dy).
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Proof. On using equations (2.2)), (2.4), (2.7), we can write
g(vZ1Z27 Oé) = 9(V21¢Z2; ¢Oé),

for any Z1,Zo € T'(D1® < € >) and a € I'(D7 @ Dy). On using the fact that SPa+ fQa =
Ba with equations (3.18]), (2.11)), we get

g(vzl Z27 Od) = Q(E1 ¢Z27 505) + g(HVZ1 ¢Z27 6@05)
Considering equation ([2.8) and (2.17)) and use anti-symmetric property of T, we have
1
9(Vz,Z2,0) = Fg/((VF*)(ZhﬁO‘)v Fi(¢Z2)) + g(HV 2,022, 6Qa). (4.40)

On the other hand, for any Z;, Zs € T'(D}) and X € I'((kerF,)*) with using equations (2.2,
£4), @) and (B21), we have

9(Vz2,29,X) =-9(V2,BX,0Z3) — g(Vz,CX, pZ3).

Considering equations (2.8)), (2.11), (2.12) and (2.17)), we can write

g(lezQ,X) /((VF*)(Zl,BX),F*(¢Z2)) —g(HVZICX, ¢Zg) (441)

1
From equations (4.40) and (4.41)), the proof of the theorem is complete.

Theorem 4.10. Let F : (M,$,£,1,9) — (N,g') be QHSC submersion from a Kenmotsu
manifold onto a Riemannian manifold N. Then the vertical distribution (kerF) defines

totally geodesic foliation if and only if

cos? G%g'((VF*)(YL QY2), Fi(X)) + s

129 (VF) (M1, BPY2), F.(CX))

= g(VVy, BPYs + Ty, 6QY2 + Ty, 6 RY>, BX)

+ g(HVy,0QY2 + HVy,0RY>,CX) — g(HVy,08QY2, X),

for any Y1,Ys € T'(kerF,) and X € T'((kerFy,)*).

Proof. On using (2.2)), (2.4]) and (2.7) with decomposition (3.18)), we have

9(Vy, Y2, X) = g(Vy, BPY2 + QY2 4 0QY2 + dRY2, 9 X),
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for any Yi,Ys € T'(kerF,) and X € I'((kerF,)*%). From equations (2.11), (2.12) and (3.21)),

we yield
9(Vy Yo, X) = g(VVy, BPYs + Ty, 0QY2 + Ty, 6 RY>, BX)
+ g(Ty, BPY2 + HVy,0QY2 + HVy,0RY>,CX)
+ 9(Vy, BQY2, 0X).
Taking with equations , and , we may have
9(Vy Y, X) = g(VVy, BPY2 + Ty, 0QY2 + Ty, 6 RY>, BX)
+ g(Ty, BPYs + HVy,6QY>2 + HVy, 6 RYs, CX)
— 9(Vn QY2 X) — g(Vy,66QY2, X).
Consider lemma, with equations and , we get
9(Vy Ya, X) = g(VVy, BPY: + T3, 0QY> + Ty, 6RY:, BX)
+ 9(HVy,6QY2 + HVy, 0RY>, CX)

+ cos® 0g(Vy; QY2, X) — g(Vy,08QY2, X)

1

Again using (2.8) and (2.17)), we finally have

g(leifg,X) = g(VvYMBPE + 7;’1662}/2 + 7;’16R1/2,BX)

'(VF.) (Y1, BPYs), F.(CX)).

+ g(HVy,0QYs + HVy, 0 RY2,CX)
1
+eos? 0.0/ (VE) (V1. Q¥3). F.X) ~ g(Vy, 362, X)

= 329 (VE)(Y1, BPY2), F.(CX)).

This completes the proof of the theorem.
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ABSTRACT. There are numerous problems of determining the QT AG-modules in which ev-
ery h-pure submodule is isotype or the QT AG-modules in which every submodule is isotype.
Our global aim here is to find in this direction a new problem by generalizing the h-purity
in QT AG-modules, and thereby to establish some characterizations of the QT AG-modules
in which every o-pure submodule is A-pure submodule for arbitrary ordinals o and .
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1. INTRODUCTION

The theory of abelian groups studied from time to time by many mathematicians, play a
very crucial role in the theory of modules. Many authors interested in module theory have
worked on generalizing the theory of abelian groups. The notion of the generalized torsion
abelian groups is an important concept in the area of T AG-modules. It was first introduced
by Singh [17] in 1976. A module M over a ring R is called a TAG-module if it satisfies the
following two conditions while the rings are associated with unity.

“(i) Every finitely generated submodule of any homomorphic image of M is a direct sum of

uniserial modules.
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(7i) Given any two uniserial submodules U; and Us of a homomorphic image of M, for
any submodule N of Uj, any non-zero homomorphism ¢ : N — Us can be extended to a
homomorphism ) : U; — Us, provided the composition length d(Uy/N) < d(Us/¢(N)).”

It was shown that the theory of these modules very closely paralleled the theory of torsion
abelian groups; for this reason they were referred to as T AG-modules. Later on, it was shown
that, for almost all applications, one of these conditions was not needed; ignoring this nearly
superfluous condition, the slightly more general concept of a QT AG-module was initiated by
the same author in [I§]. Since then, many forms of this notion such as a-modules [4, [10],
n-layered modules [I5], essentially finitely indecomposable modules [3] and semi-complete
modules [6] etc. have been defined and studied by many authors. Moreover, the authors
have introduced many new concepts via these types of modules. They have also investigated
some of their interesting properties and characterizations of these modules. Not surprisingly,
many of the developments parallel the earlier development of the structure of torsion abelian
groups. The present work is a natural extension of the torsion abelian groups over to the
area of QT AG-modules and certainly contributes to the overall knowledge of the structure

of QT AG-modules.

2. PRELIMINARIES

Throughout the text, we assume that all rings into consideration are associative with
unity (1 # 0) and modules are unital QT AG-modules. By the term “uniserial module” we
will mean a module M over a ring R, whose submodules are totally ordered by inclusion,
i.e., for any two submodules N and L of M, either N C L or L C N. Likewise, we shall say
M is uniform if intersection of any two of its non-zero submodules is non-zero. In particular,
if M is a module and v € M, then let u denote the uniform element and let uR denote the
uniform (hence uniserial) module, respectively. Concerning decomposition series, we suppose
that all decomposition series are unique. For any module M, the symbol d(M) will denote
its decomposition length. In addition, if » is an uniform element of M (i.e., u € M), then
e(u) is called the exponent of u, and e(u) = d(uR). As usual, for such a module M, we set
the height of w in M as Hps(u) = sup{d(vR/uR) : v € M, u € vR and v uniform}. For
every non-negative integer ¢, Hy(M) = {u € M| Hp;(u) > t} denotes the ¢-th copies of M
which can be viewed as a submodule of M consisting of all elements of height at least ¢. In
this way, for a module M, the letter M' will always denote in the sequel the submodule of

M, containing elements of infinite height. Moreover, we denote by Soc(M), the socle of M,
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i.e., the sum of all simple submodules of M. For any t > 0, Soct(M) is defined inductively
as follows: Soc’(M) = 0 and Soc!™(M)/Soct(M) = Soc(M/Soct(M)).

We add some basic definitions as well from [6], which is necessary for our successful
presentation. The module M is named h-divisible if M = M*' = n°, Hy(M), or equivalently,
if Hj(M) = M. The module M is termed separable if M! = 0. A submodule N of a
module M is said to be an h-pure in M if for every non-negative integer ¢ the equality
N N Hy(M) = Hi(N) hold. The cardinality of the minimal generating set of M is denoted
by the symbol g(M) that plays a significant role in our further investigation. By analogy,
for all ordinals o, one can define fy;(0), the o*"-Ulm invariant of M as follows: fyr(c) =
9(Soc(Ho(M))/Soc(Hy i (M))).

In [5 [I1], respectively, a submodule N of M is L-high, if NNL = 0 and N is maximal with
respect to this intersection, that is, it is not properly contained in any different submodule
of M having the same property.

It is well to note that various results for T'TAG-modules are also valid for QT AG-modules
[13]. Our present work is motivated by the many significant results from the reference [14].
It is worthwhile noticing that some of the results are already investigated [7, 8] with h-purity.
For the better understanding of the mentioned topic here one must go through the papers
[9, 16]. In what follows, all notations and notions are standard and will be in agreement with

those used in [Il 2]; for the specific ones, we refer the readers to [19].

3. CHIEF RESULTS

We begin by reviewing some terminology. If ¢ is an ordinal, and M is a QT AG-module,
then the infinite height H, (M) will be defined as H,(M) = Nx<oHx(M) in the sense of [12],
by using transfinite induction. Likewise, for any first infinite ordinal w, the submodule M of
M, containing elements of infinite height that hold the equality M*! = N, H,(M) = H,,(M).
Clearly, Hi(M) is a submodule of M and the intersection N2, Hy(M) form a submodule
which is known as first Ulm submodule.

Next, we review the following concepts from [I3]. A submodule N of M is said to be o-
pure if, for all ordinal A, there exists an ordinal ¢ (depending on N) such that Hy(M)NN =
Hy(N). Besides, a submodule N of M is named isotype, if it is o-pure for every ordinal o.
It readily follows that an isotype submodule will be h-pure in M, and hence a summand of

M.
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The theory of isotypity clearly depends on the theory of h-purity in QT AG-modules, and
hence upon criteria under which a given h-pure submodule must necessarily be isotype (see,
[7]). Ome important example is the determination of the QT AG-modules in which every
h-pure submodule is a direct summand. Though it has been stated in a variety of forms
by a number of characterizations. In this section we follow a somewhat different path and
explore a new problem of determining the Q7 AG-modules in which every o-pure submodule
is A-pure submodule for arbitrary ordinals o and A.

The following elementary, but useful lemma, shed some light about the relationships

between Ulm-invariant and h-purity.

Lemma 3.1. Suppose o and X are ordinals such that 1 < o < A < oo and M is a QT AG-
module with fyr(0) =0 foro <d+ 1< \. If N is a o-pure submodule of M, then N is also

A-pure.

Proof. First observe that if c < a < A and N is an a-pure submodule, then N is an
(o + 1)-pure submodule of M. Next, choose N is a-pure and let a € N N Hyy1(M). Then
a € Hy(N) C Hy(N). Thus a = ¥, where d(bR/VR) =1 and b € H,_1(N). But a = ¢/,
where d(cR/c'R) =1, and ¢ € H,(M). Therefore, b = ¢ + z, where x € Soc(H,—1(M)). By
hypothesis on fas(6), we have Soc(Hy—1(M)) C Soc(Hy(M)). Thus

b=c+z € Ho(M)NN = Ho(N).

Therefore, a = V' € Hy+1(M) such that d(bR/V'R) = 1, we are done.

Let us recall the smallest ordinal 8 such that Hg(M) = 0, is said to be the length of the
QT AG-module M.

Inspired and motivated by the above concept, we give a new concept of two parameters

involving the Ulm-invariant as follows.

Definition 3.1. Let 0 be an ordinal and M a QT AG-module such that 1 <6 < Hg(M) and

let v be any ordinal. We define ts and r~ by

inf{t >0: fpy(6 —1+1t) #0}, if § — 1 exists
ts =

0, if 4 is a limit ordinal,

and

ry=inf{a+1:a+1<~vyand fy(a)#0}.
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It is fairly to see that ¢5 is a finite ordinal. This follows easily that < 7, implies d+t5 < v,
with strict inequality holding when ¢ is not a limit ordinal.

Before presenting our main attainments, two preliminary technical lemmas are necessary.

Lemma 3.2. Let N be a submodule of a QT AG-module M. Then there exists a submodule
L of M containing N such that it satisfies the following conditions:

(1) L is isotype in M.

(1) N 1is isotype in L.

In particular, L is o-pure in M if and only if N is o-pure in M, where o is an arbitrary

ordinal.

Proof. In order to show that L is isotype in M, it suffices to show that L is o-pure in
M for an arbitrary ordinal o, that is to show that L is (c+1)-pure. In order to do this, among
all uniform element in L N Hy41(M), choose a such that a = b, where d(bR/V'R) = 1 and
b€ Hy(M). Now a € Ny, for some k, so that b’ € Ny where d(bR/V'R) = 1. Thus b € Ni41.
Therefore, b € L N H,(M) = Hy(L) and a = b € H,11(L) such that d(bR/V'R) = 1, as
expected.

As for the second part, we can apply the same idea. Assume that NV is o-pure in L and let
a € NN Hyy1(L). Then a = b where d(bR/V'R) =1 and b € H,(L). Since b € L, it follows
that nb € N for some non-negative integer n. Therefore, b € N N H,(L) = H,(N). Hence,
a=1"b € Hy1(N) such that d(bR/V'R) = 1, as required.

Conversely, suppose that N N Hy(M) = H\(N) for all A < 0. Let a € LN Hy(M), it is

readily checked that na € N for some non-negative integer n. Thus
na < NﬁH,\(M) = H)\(N) C H)\(L)

It is only a routine exercise to check that na € Hy(L) and implies that a € Hy(L). Thus, we

conclude that L is o-pure in M, as asserted.

Lemma 3.3. Let v be an ordinal and M a QT AG-module such that H. (M) contains a non-
zero uniform element u with e(u) = oo. For each ordinal 6 and for some n let ng = —1 if §—1
exists and ns = 0 otherwise. Then there exists a submodule N5 of M such that 1 < § < ry
and it satisfies the following conditions:

(1) Ng is (6 + t5)-pure in M.

(1) No C N5 if a < 4.

(143) N5 "V Soc(Hsyts4ns(M)) = Soc(Hy(M)).
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(v) u € Ny
(v) u ¢ Hsyt541(Ns)
In particular, Ny is not a (v + 1)-pure submodule of M, and Ny is not y-pure in M if v is

not a limit ordinal.

Proof. The proof is by induction on §. Assume that for each ordinal a < ¢, there

exists a submodule N, and satisfies (i) — (v). If ¢ is a limit ordinal, then
Ns =Ua<sNa-

Certainly, if the submodule Nj exists, then Ns satisfies (i) — (v). If § — 1 exists and t5_1 > 0,
we have N5 = Ns_;. It follows that N, satisfies (i) — (v), since t5 = t5_1 — 1. If 6 — 1 exists
and t5_1 = 0, then we can construct Ns from Ns_1. Since fas(0 +t5 — 1) # 0, there exists
an uniform element v € Soc(M) such that Hys(v) = § + t5 — 1. Note also that 6 + t5 < 7,

since 0 < r,. Then for any submodule P of M containing v, we have
Soc(His151(M)) = Soc(H,(M)) & P.

Thus, for 0 # w € Hsyy;(M) such that v = v’ and d(wR/w'R) = 1. This, in tern, implies
that, there exists a submodule @ of M containing v + w such that @ = (Ns_1,a), where
a=v+w.

We first claim that PN @Q = 0, if this failed, then there exist elements b € P and ¢ € Ngs_4
and an integer k such that b = ¢+ a’ # 0, where d(aR/a’'R) = k. If k =0, then u = a’ = —¢
such that d(aR/a’R) =1, d(cR/dR) =1 and

ce Ns_ 1N H5+t5—1(M) C H(g_l(Ng_l).

Thus u € Hs(Ns_1), which is a contradiction that satisfies (v). On the other hand if k£ > 0,
then b =« + ¢ € Ns_1 € PN Ns_1 where d(uR/u'R) = k — 1. But PN Ns_; = 0 because
Njs_1 satisfies (i7i). This gives the desired claim that PN @Q = 0.

Suppose now that Ns is a P-high submodule of M containing (). Then Ns_; C Ns,
which satisfies (i7). In fact, the checking of (i) is elementary for Ns. As for (iii), using the
fact that Soc(H(M)) C Ns_; for Ns. Observe that Ns also satisfies (iv) because a € Njs
and ¢’ = u where d(aR/a’R) = 1. In order to see that (v) is valid, let us suppose that
uw € Hsi4;41(Nj). Then u = 2’ where d(zR/2'R) =1 and © € Hs14,(N). Thus a = =+ y,
where y € N5 N Soc(Hsy4,—1(M)) and Hyr(a) = 6 +ts — 1. Therefore, y € H, (M) because
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of (it7). But @ = x +y € Hsyy;(M). This is a contradiction. Hence Ns must satisfy (v), as
promised.

We construct now a submodule Ny of M, imitating the method of Ns as demonstrated
in the above paragraph. Therefore to finish the induction, we choose v € Soc(M) such that
Hpy(v) =ty and Soc(Hy, (M)) = Soc(H,(M)) @ P with v € P. Let Q = (Soc(H(M)),a),
where a =v+w. If 0 # b € PNQ, then b = c+ta, where ¢ € Soc(H,(M)) and ¢ is a positive
integer. Bearing in mind this construction, it is apparent that P N Q = 0. Finally, we let Ny
be a P-high submodule of M, and a routine computations reveals that N satisfies (i) — (v).
The proof is completed.

We next give an explicit definition of our main term.

Definition 3.2. Let o and X\ be ordinals, we say a QT AG-module M is (o, \)-module if

every o-pure submodule of M is A-pure.
Now we have all the ingredients needed to establish the following.

Theorem 3.1. Suppose o and \ are ordinals with A > 0 and M is a QT AG-module. Then
M is a (o, X\)-module if and only if M is h-divisible.

Proof. Foremost, assume that M is h-divisible, that is Hy(M) = M. Knowing this,
we yield that there is a submodule N of M such that N N Hy(M) C Hs(N) for any ordinal
6 > 0. Hence, in particular, every o-pure submodule of M is A-pure and we are done.

Next, we deal with the converse implication. Assume that M is a (o, A)-module. If
Hy{(M) # M, then there exists an uniform element u containing Hj (M) such that e(u) = oo.
Let N = (u). Then N is not h-pure in M. Henceforth, according to Lemma , there is
a submodule L of M such that L is not A-pure for any A > 0. Since L is isotype in M, we
have Hi(M) = M, as required.

And so, we come to the following.

Theorem 3.2. Suppose o and A are ordinals, 1 < o < A < oo and M is a QT AG-module.
If o is a limit ordinal, then M is a (o, \)-module if and only if the following hold:

(1) Hz(Soc(HR(M)) < o, for some k >0

(11) Hy(M) =U & H1(M), where U is a direct sum of uniserial modules of exponent k.

Proof. In virtue of Lemma , the necessity is true. Suppose (i) is not hold, then

there exists an element © € Hy41(M) such that e(z) = co. After this, let us assume that (7)
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is not hold, then ¢ = r, < r541. If we replace d = o and v = ¢ + 1 in Lemma [3.3], we get

that a o-pure submodule N, of M which is not (o + 1)-pure. Henceforth, all the conditions

are satisfied for M to be a (o, \)-module.

The sufficiency of (i) being self-evident from Lemma)3.1], where we replace o by Hg(Soc(Hy(M))+

1. Let us assume that (i7) is hold and let N be a o-pure submodule of M with o < a < \.
Without loss of generality, we assume that y € N N Hy(M). Then y € N N Hy (M), since
H,(M) = Hy(M). From the §-purity of N, we have y € Hs(N) for every ordinal §. Conse-
quently, y € Ho(N). Thus N is A-pure, as expected.

We continue in this way by the following.

Theorem 3.3. Suppose o and A are ordinals, 1 < o < A < oo and M is a QT AG-module.
If o — 1 exists, then M is a (o, \)-module if and only if the following hold:

(7) famr(8) =0 4f 0 satisfies 0 < 6+ 1 < A.

(11) Hya(M) = U &V & Hi(M), where U and V are direct sum of uniserial modules of

exponent k and k + 1 respectively, for some k > 0.

Proof. First assume that M is a (o, A)-module such that (7) is not hold. Suppose
now (4i) holds. Then o < Hg(Soc(Hy(M)), for some k and an ordinal 5. Thus by Definition
, there exists a parameter ¢, such that fg, _ (a)(6) = 0, for some § < t,. Let x be
an uniform element of H,4 +1(M) such that e(x) = co. Then by Lemma , there exists
a (o + t,)-pure submodule N, of H,_1(M), which is not (¢ + t, + 1)-pure. But this is
impossible because o + t, + 1 < A. Utilizing the preceding point, it is straight forward to
compute that
Hott,4+1(M) = Hy,2(Ho—1(M))

is a QT AG-module and besides it is direct sum of uniserial module. Let k = ¢, + 1. Then
fu(8) #0if k—1 < 6 < k and the above condition on Hy1(Hs—1(M)) holds (i), as needed.

Concerning the sufficiency, the first condition is straight forward from Lemma As
for the second condition, let N be a o-pure submodule of M. Then N is (o + k — 1)-pure,
in conjunction with Lemma , since fy(6) =0for o < d+1< o+ k—1. In fact,
for every ordinal «, we observe that 0 + k < o < X and choose y € N N H,(M). Since
H,(M) = Hy+x,(M) = H(M), we have y € Hy(N). Hence N is a A\-pure submodule of M,
as required.

We now settle the example to constructing extensions of (o, A)-module, which is parallel

as assertion due to Moore and Hewett [14].
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Example: Let M be a (o, \)-module with N a ~-pure submodule of M, for o <y < A. One
can easily constructs a submodule L such that L is o-pure. Applying Lemma 3.2, L is Ad-pure

and, hence, §-pure for ¢ <y < A. Thus, in view of Theorem 3.3, N is d-pure, as required.

4. OPEN PROBLEMS

We close the work by formulating the following problems.

Problem 4.1. Suppose M is a QT AG-module such that M/H,(M) is a direct sum of unis-
erial modules and 1 < o < XA < oco. Is then M (o, \)-module if and only if Hy(M) is?

Problem 4.2. If 1 <o < A < o0 and M is a (0, \)-module such that M = X\cr My, and

Ny is a A-pure submodule of My, then is it true that Xxcy Ny is a A-pure submodule of M ?

Problem 4.3. If w < A < 0. Can M is a (w,\)-module if and only if M = M; & M,

where My is an h-divisible and Mo is a direct sum of separable modules?
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