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CERTAIN RESULTS OF RICCI SOLITONS ON (LCS) MANIFOLDS!

MUNDALAMANE MANJAPPA PRAVEENA , MALLANNARA SIDDALINGAPPA SIDDESHA [

)

AND CHANNABASAPPA SHANTHAPPA BAGEWADI

ABSTRACT. In the present paper, we study Ricci solitons of (LCS)-manifolds when quasi-
conformal and pseudo projective curvature tensors of (LCS)-manifolds are irrotational and
flat. It is revealed that the results obtained by the above methods and using semi-symmetry
and Eisenhart problems are the same.

Keywords: (LCS)-manifolds, Ricci soliton, Einstein manifold.
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1. INTRODUCTION

Riemannian geometry gives the study of Riemannian manifolds and Riemannian manifold
is equipped with symmetric bilinear and positive definite metric. The Lorentzian manifold
is a special case of pseudo-Riemannian manifold which is generalized Riemannian manifold

and need not have positive metric tensor.
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The study of Lorentzian concircular structure manifold shortly (LCS)-manifold initiated
through Shaikh [I5] and Baishya [16] in 2003 and 2005 generalize the idea of LP-Sasakian
manifolds inaugurated through Matsumoto (1989) [8], Mihai and Rosca (1992) [9].

Ricci flow was initiated by Hamilton in 1982 and he observed that it’s an attractive
mathematical model for analyzing the fabrication of the manifold. This is a rule that defaces
the metric of a Riemannian manifold in an approach similar to the dissemination of heat. This
process is known as the geometrization conjecture of Thurston smoothing out irregularities
in the metric. It gives an understanding of the geometry and topology of the manifold. Ricci

soliton is self-similar to the Ricci flow(it is extension of Einstein metric) and it is denoted on

(M, g) by

(Lyg)(U,W)+2S(U,W)+2Yg(U, W) =0 (1)

¥ is a vector field created by {¢;}+cr one parameter group of transformations, Ly means the
Lie derivative along 9, T is scalar. The Ricci soliton is shrinking: T < 0, steady: T = 0 and
expanding: T > 0.

During the current two decades, many mathematicians have investigated Ricci solitons of
contact and Kdhler manifolds [[I3], [I4]]. In particular, Praveena et. al. investigated [11], 12]
a study on Ricci solitons in generalized complex space form. Hui et. al. [6, 4] and Blaga
[3] have studied some classes of Ricci solitons in (LCS)-manifolds. The scholars Bagewadi
et. al. [2] studied geometry of Ricci solitons in (LCS)-manifolds. Prompted by the earlier
investigations in this article we investigate Ricci Solitons of (LCS)-manifolds when quasi-
conformal and pseudo-projective curvature tensors in these manifolds are irrotational and
flat. We also study compare our results with Ricci solitons of Eisenhart problem and semi

symmetric.

2. PRELIMINARIES

A Lorentzian manifold M together with unit timelike concircular vector field £ (g(§,&) = —1),
its associated 1-form 1 (g(X,€) = n(X)) and a (1, 1) tensor field ¢(take ¢U = LV €) is said
to be a Lorentzian concircular structure manifold (briefly, (LCS)-manifold). Especially, if we

take o = 1 then we can obtain the LP-Sasakian structure of Matsumoto in (LCS)-manifold
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for (n > 2). Moreover in (LCS)-manifold the following relations hold: [I5] [16].

p=I+n®¢ nE)=-1,

¢ =0, n-9=0, g(X,9Y) =g(¢X,Y),

(Vxn)(Y) = alg(X,Y) +n(X)n(Y)], a0,

Vx§ = alX +n(X)¢] (2)
Vxa=Xa=do(X)=pm(X), p=—-fa=-§ Vo (3)
9(@U, V) = g(U, V) +n(U)n(V), g(U,&) =n(U),

R(U, V)¢ = (o = p)n(V)U — n(U)V], (4)
R U)¢ = (a® = p)ln(U)E + U], ()

R(&U)V = (o = p)[g(U, V)& —n(V)U],

for U,V € T(M).

3. RICCI SOLITONS OF IRROTATIONAL QUASI-CONFORMAL CURVATURE
TENSORS

Yano and Sawaki in 1968 [17] defined and studied a quasi-conformal curvature tensor field
Q on M of dimension n which includes conformal, concircular and M-projective curvature

tensors as specific cases. It is given by

QV, U)W = aR(V,UW +b[S(UW)V =SV, W)U + g(U W)QV — g(V,W)QU]

_% (n i -+ Qb) [g(U, W)V — g(V, W)U, (6)

where S(V, W) = g(QV,W).
Using in (Leg)(U, W) we produce

(Leg)(U, W) = 2a(g(U, W) — n(U)n(W)]. (7)

((&,7,g) is a Ricci soliton in (LCS) manifold.)
Again using and we have

SUW) = =[(a+T)g(U, W) + an(U)n(W)]. (8)
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The preceding equating yields that
QU = —[(a+T)U + an(U)¢],
i-e~7 S(U7 5) = _TU(U)7
r=-Tn—oa(n-—1).

Put W=¢in @ and using , we have

QV,U)E = Aln(U)V —n(V)U],

(12)

where A = a(a? — p) —b2Y +a) — (ﬁ + 2()). The rotation (curl) of quasi-conformal

n

curvature tensor ) on a Riemannian manifold is given by

Rot Q=Curl Q= (VxQ)(V,U,W)+ (Vv Q)(X,U, W)

+HVuQ)(X, V,W) — (VwQ)(V, U, X).
Under second Bianchi identity
(VxQ)(V.U,W) + (VyQ)(X,U,W) + (VuQ)(X,V,W) = 0.
Using in reduces to
curl Q@ = —(VwQ)(V,U, X).
If Q is irrotational then curl @ = 0 and we should have

(VwQ)(V.U,X) =0

= Vw{Q(V. U)X} =Q(VwV.U)X + Q(V,.VwU)X + Q(V.U)VwX.

Put X =¢in and by virtue of , and we have

QV, U)W = Alg(U, W)V — g(V,W)U].

Exercising the inner product of with X

Q(V7 U, W7X) = A[Q(U7 W)g(V7X> - g(V7 W)g(U,X)]

On contraction of the above equation over V and X and using @ we get

a(n —1)(a® —p) —b(n —1)(2Y +a) — br

SUW) = a+b(n—2)

g(U,W).

(14)

(15)

(17)

(18)
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PutU=W=¢in and using , we get the value of YT as
T =—(n-1)(a” - p). (19)

We can consequently declare the following:

Theorem 1. A Ricci soliton (g,&,Y) in irrotational quasi-conformal (LCS) manifold is
steady o> — p = 0, shrinking o> — p < 0 and expanding o> — p > 0. id.e., o® + fa =
0,a® +&a > 0,02 +&a < 0.

Theorem 2. If an (LCS)-manifold is quasi-conformally flat then it is n-FEinstein provided
b+ 0.

Proof. Suppose (LCS) is quasi-conformally flat then @ becomes

aR(V, U)W +b[S(U W)V = S(V.W)U + g(U,W)QV — g(V,W)QU]

_r (n ‘ -+ zb) [g(U, W)V — g(V,W)U] = 0.

Put V=W = ¢ and using (f)), (8) in preceding equation then we get
aln(U)¢ + Ul(a® = p) + b[(n — 1)(a® = p)n(U)¢ + (n — 1)(a” = p)U
+n(U)Q¢ + QU] - = <nf1 + 2b) In(U)¢ + U] =0.
Taking the inner product by X
a(a® = p)[n(U)n(X) + g(U, X)] + b[(n — 1)(a® = p)n(U)n(X)

+(n—1)(@” = p)g(U, X) +n(U)S(X, ) + S(U, X)]

n\n—1

—7“( “ +2b) n(Un(X) + g(U, X)] = 0.

— a(e® = p)U)N(X) + g(U, X)] + b[(n — 1)(a” — p)n(U)n(X)

+ (n—1)(a® = p)g(U, X) + (n = 1)(a” — p)n(Y)n(W) + S(U, X))

= (5 2) I O(X) + (0 X =

r

= bS(U,X) = [n <

a

L2 0 = p)a+ 2= 1) n@)n(X)

#[2 (5 +2) - bn - via? = ) g0 1) (20)

n\n—1

. (LCS) manifold is n-Einstein provided b # 0. 0
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Let (g,£,T) be Ricci soliton then

(Leg)(U, X) +2S(U, X) + 2Yg(U, X) = 0.

= a[n(U)n(X) +g(U, X)] + S(U, X) + Tg(U, X) = 0.
Replacing U = X = ¢ in preceding equation we get
5068 +Tg(€,§) =0 = T =15(§,¢§) = bT =bS(&,9).

Setting U = X = ¢ in and equate to above we get

bY = [:L <n - -+ 2b> — (a® = p)(a+ 2b(n — 1))} (21)

+ [T< a +2b> —b(n—l)(a2—p)] (—1)

ni\n—1

= — (@ = p)[a+2b(n —1) — b(n —1)]

=~ (a? = p)la+b(n — 1)) (22)
Hence T exists if b = 0. So we declare the following;:

Theorem 3. The Ricci soliton (g,&,T) in quasi-conformally flat (LCS)-manifold exists if
b#0.

Remark 1. (i) Ifa=1,b= —ﬁ then Q) decreases to conformal curvature tensor. In this
case T = —(a? — p).
(ii) If a = 1,b = —m then Q decreases to M -projective curvature tensor. In this case
T = (n—1)(a®—p).

4. RICCI SOLITONS IN IRROTATIONAL PSEUDO PROJECTIVE
(LCS)-MANIFOLDS

Prasad in 2002 [10] defined and studied a pseudo projective curvature tensor field P on

M of dimension n which includes projective curvature tensor as specific case. It is given by

P(V,U)W = aR(V,U)W +b[S(U,W)V — S(V,W)U]

£ (525 +0) [9U, W)V — (v, W)U, (23)

n—

Put W =¢in and using , we have

P(V,U)¢ = 0[n(V)U —n(V)U], (24)
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WhereGZa(oﬁ—p)—Tb—i(ﬁ+b).

n

The rotation (curl) of pseudo projective curvature tensor P on a Riemannian manifold is

given by
Rot P= (VxP)(V,UW)+ (VyP)(X,U W)

+HVuP)(X, VW) — (VwP)(V,U, X).

Under second Bianchi identity we get
(VxP)(V.U,W) + (Vy P)(X,U,W) + (Vu P)(X,V,W) =0,

using above in , it becomes

curl P = —(VwP)(V,U, X).
If P is irrotational then curl P = 0 and we obtain

(Vi P)(V,U, X) =0.

— Vu{P(V,U)X} = P(VwV,U)X+P(V,ViyU)X + P(V,U)Vy X.

Put X =¢in and by virtue of , and we have
P(V,U)W = 0[g(U, W)V — (V,W)U].
Taking inner product of with W
P(V,U,W,X) = 0[g(U,W)g(V,X) — g(V.W)g(U, X)].

On contraction of equation over V and X, and using @ we gain

(a(e? = p) = bT)(n — 1)
a+bn—1)

S(UW) = g(U,W).
PutU=W=¢in and using , we gain the value of T
T =—(n-1)(”-p) = —(n—1)(a® + ).

We can consequently say the following:

(27)

(28)

(29)

(30)

(31)

Theorem 4. A Ricci soliton in irrotational pseudo projective (LCS)-manifold is steady,

shrinking and expanding accordingly if

2+éa=0,0+a>00°+¢a<0
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Theorem 5. A pseudo projectively flat (LCS)-manifold is n-Einstein provided b # 0.

Proof. Suppose (LCS) is pseudo projectively flat then can write

aR(V, U)W + b[S(U, W)V — S(V,W)U — - < ¢ -+ b) (U, WV — g(V,W)U] = 0.

n \n-—

Put V =&, using and using , in preceding equation then we gain

aR(E, U)W + b[S(U, W)€ — S(&, W)U — % (n a -+ b> [g(U, W)€ — (&, W)U] = 0.

e, a(e® = p)[g(U, W)E = n(W)U] + 0[S(U,W)E — (n— 1)(a® = p)n(W)U]

() @ W — ()] =0,

Taking the inner product £ to precede equation then we obtained

a(a? = p)[=g(U,W) — n(W)n(U)] + b[-S(U, W) — (n — 1)

r

(@ = O]+ £ (s 40) lo00) + W) =0

n—1

r

— bS(U, W) = L( a

n—1

[ (o) ot -] s

ni\n—1

Thus (LCS)-manifold is n-Einstein.

Next let (£, 7, g) be Ricci soliton then

(Leg) (U, W) + 2S(U, W) + 2Yg(U, W) = 0.

= a[n(U)n(W) +g(U W)+ SU W)+ Tg(U,W) = 0.
Put U =W =&, then the above reduces to

From and (33)), Tb =bS(¢,€)

Tb:[r( e +b> —(a2—p)(a—|—(n—1)b)}

n\n—1

+ [; (nf1+b>—a(a2—p)]

— — (n—1)b(a> - p).

n b) (@ p)at (- 1>b>] (U (W)
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Suppose b # 0 then
T = —(n—1)(a - p). (34)
Thus we have the following theorem:

Theorem 6. A Ricci soliton (g,£,Y) in pseudo projectively flat (LCS)-manifold exists if
b#0and YT = —(n —1)(a® - p).

Bagewadi et. al. [2], proved the following result:

Theorem 7. If a Ricci soliton in (LCS)-manifold satisfying R(€, X).M then
T =—(n—-1)(a?-p).
o [t is shrinking if characteristic vector field & is orthogonal to Va.
o [t is shrinking of the angle between characteristic vector field & and the gradient vector
field Va is acute.
e It is shrinking if a®> > k | Va |, ezpanding if o*> < k | Va |, and steady if o> = k |
Va .

The value T in , , and is same as Y in above theorem. Hence we conclude

the following result:

Theorem 8. If a Ricci soliton in (LCS)-manifold satisfies conditions such as irrotational

quasi-conformal, quasi-conformally flat, irrotational pseudo projective and pseudo projective

flat then ¥ = —(n — 1)(a® — p). Further

o [t is shrinking if characteristic vector field £ is orthogonal to Va.

e [t is shrinking of the angle between characteristic vector field & and the gradient vector
field Vo is acute.

e It is shrinking if o®> > k | Va |, expanding if o* < k | Va |, and steady if o> = k |
Va .

Shaikh et.al. [5], proved the following result i.e., Ricci solitons using the Eisenhart problem
in (LCS)-manifolds.

Theorem 9. Suppose that in (LCS)-manifold the (0,2) type tensor field Lyg+2S is parallel,
where ¥ is a given vector field, then (g,v) yields Ricci soliton and it is given by

T =—(n—1)(a®-p).
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Situated on the earlier all results we resolve that the value of T = —(n — 1)(a® — p) is

same as Theorem and Theorem @

5. CONCLUSION

The condition obtained for Ricci solitons of (LC'S) manifold all the four methods: semi-

symmetry, irrotational, flatness and Eisenhart problem is same i.e. T = —(n — 1)(a? — p).

Hence the geometry of (LC'S) manifold is same i.e. T = —(n — 1)(a? — p) in all these cases:

semi-symmetry, irrotational, flatness and Eisenhart problem.
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ON f-BIHARMONIC AND BI-f-HARMONIC FRENET LEGENDRE
CURVES
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ABSTRACT. This paper is devoted to study the f-harmonic, f-biharmonic, bi-f-harmonic,
biminimal and f-biminimal Frenet Legendre curves in three dimensional normal almost
paracontact metric manifolds and determine the necessary and sufficient conditions for these
properties. Besides these, some characterizations for such curves have been defined in par-
ticular cases of a three dimensional normal almost paracontact metric manifold and some
nonexistence theorems have been obtained.

Keywords: Frenet curves, Legendre curves, Normal almost paracontact metric manifolds,
f-Harmonic curves, f-Biharmonic curves, Bi- f-Harmonic curves, f-Biminimal curves.
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1. INTRODUCTION

The theory of curves is one of the most important topic in differential geometry and up
to date from the past to the present. In the theory of curves there are many special types
such as Frenet curves; slant curves, Legendre curves and these are studied in many different
manifolds. In particular, Legendre curves have an important role in geometry and topology
of almost contact manifolds. Among the papers on Legendre curves studied on contact
manifolds in the literature, the most basic ones can be listed as [3 [19].
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On the other hand, studies on Frenet Legendre curves are newer. These studies, which
are a source of motivation for us, can be briefly listed as [27, 23]. In this study, different from
previous studies which are focused on curvature and torsion, we handled the maps, which
briefly mentioned below, in terms of different cases of «, 5 and 9.

Harmonic maps which were defined by Sampson and Eells, in [8] have a wide field of study
due to their wide applications such as physics, mathematics and engineering.

Besides, in [14], Jiang obtained biharmonic maps between the Riemannian manifolds by
generalizing harmonic maps.

f-harmonic maps have a physical meaning as the solution of inhomogeneous Heisenberg
spin systems and continuous spin systems, [4]. For this reason, the maps in question are
of interest not only for mathematicians but also for physicists. f-harmonic maps between
Riemannian manifolds were introduced by Lichnerowicz in 1970 and then examined by Eells
and Lemaire in [9].

On the other hand, the strong relationship between f-harmonic and harmonic maps is
summarized by Perktas et.al. as follows, in [25]. The first one, extending bienergy functional
to bi- f-energy functional and obtaining a new type of harmonic map called bi-f-harmonic
map. The second one extending the f-energy functional to the f-bienergy functional and ob-
tain another type of harmonic map called f-biharmonic map as critical points of f-bienergy
functional, [30, 22].

f-biharmonic maps, which are the generalization of biharmonic maps, are defined by Lu,
in [18]. Lu defined also f-biharmonic maps between Riemannian manifolds, in [6]. However,
Ou gave complete classification of f-biharmonic curves in three dimensional Euclidean space
and characterization of f-biharmonic curves in n-dimensional space forms, [21]. In addition,
recent studies can be summarized as; [12, [1], 13} [16].

Moreover, bi-f-harmonic maps as a generalization of biharmonic and f-harmonic maps
introduced by Ouakkas et. al., in [22]. In addition, Roth defined a non-f-harmonic, f-
biharmonic map as a proper f-biharmonic map, [26]. It should be emphasized that there is
no relationship between f-biharmonic and bi- f-harmonic maps.

Biminimal immersions and biminimal curves in a Riemannian manifold were defined by
Loubeau and Montaldo, [17].

Finally, f-biminimal immersions were defined by Karaca and Ozgiir, in [IT]. They con-
sidered f-biminimal curves in a Riemannian manifolds.

Based on these studies in this paper, first we give basic notions which will be needed
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in other sections. In section 3.1, we show that there is no f-harmonic Frenet Legendre
curve in three dimensional normal almost paracontact metric manifold. In section 3.2, we
get f-biharmonicity condition of a Frenet Legendre curve in three dimensional normal al-
most paracontact metric manifold and determine this condition in different cases such as
[B-para-Sasakian, a-para-Kenmotsu and paracosymplectic manifolds. In section 3.3, we ob-
tain bi- f-harmonicity condition of a Frenet Legendre curve in three dimensional normal
almost paracontact metric manifold and also discuss this condition in various manifolds. In
section 3.4, we obtain biminimality condition of a Frenet Legendre curve in three dimensional
normal almost paracontact metric manifold. Finally in section 3.5, we get f-biminimality
conditions of Frenet Legendre curves in three dimensional normal almost paracontact metric

manifold.

2. PRELIMINARIES

This section, includes some definitions and propositions that will be required throughout

the paper.

Definition 2.1. Let (N,g) and (N,3) be Riemannian manifolds, then a harmonic map
é:(N,g) — (N,g) is defined as the critical point of the energy functional

1
B(o) = 5 [ laoPdu,

where vy is the volume element of (N, g). Then by using Euler-Lagrange equation 7(¢) of the

energy functional E(¢p), where it is the tension field of map ¢, a map called as harmonic if
7(¢) := traceVde = 0. (2.1)

Here V is the connection induced from the Levi-Civita connection vV of N and the pull-back

connection V?, [11].

Biharmonic maps, which can be considered as a natural generalization of harmonic maps,

are defined as below.

Definition 2.2. A map ¢ : (N, g) — (N, g) is defined as a biharmonic map if it is a critical

point, for all variations, of the bienergy functional

Bx0) = 5 [ (@) v,
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Then the Euler-Lagrange equation 1o(¢), for the bienergy functional Es(¢p), where 1o(¢) is
the bitension field of map ¢ equals to

79(8) = trace(VOV? — VL)(¢) — trace(RY (dp, 7($))d¢) = 0, (2.2)
if ¢ is a biharmonic map. Here RN, the curvature tensor field of N, is defined as
RY(X,Y)Z = VVYZ - VYV Z - VX4 2,
for any X,Y,Z € T(TN) and V? is the pull-back connection, [I1].

One can easily see that harmonic maps are always biharmonic. Biharmonic maps which

are not harmonic are called proper biharmonic maps, [24].

Definition 2.3. A map ¢ : (N,g) — (N, g) is said to be an f-harmonic if it is critical point

of f-energy functional,
1
By(0) = [ 7ldofdu,,
N
where f € C®(N,R) is a positive smooth function. Then the f-harmonic map equation

obtained by using Fuler-Lagrange equation as follows;

75(¢) = f7(¢) + dd(gradf) = 0, (2.3)

where T¢(¢) is the f-tension field of the map ¢.

f-harmonic maps are generalizations of harmonic maps, [2) 7).

Definition 2.4. A map ¢ : (N,g) — (N,g) is said to be an f-biharmonic if it is critical

point of the f-bienergy functional
1
By p(¢) = 2/ Flr(9) P,
N
The Euler-Lagrange equation for the f-biharmonic map is given by
72,4(6) = f2(¢) + AfT(S) + 2V, ,7() = O, (24)

where T 1 (¢) is the f-bitension field of the map ¢.

A f-biharmonic map turns into a biharmonic map if f is a constant, [6].

Definition 2.5. A map ¢ : (N,g) — (N, ) is said to be a bi-f-harmonic if it is critical

point of the bi-f-energy functional

1
Bja(0) = 5 [ Irs(0) v,
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The Euler-Lagrange equation for the bi-f-harmonic map is given by

712(0) = trace(VOf(VO74(9)) — FVanTs(9) + FRN (r4(0), dp)dp) =0,  (25)
where T¢2(¢) is the bi-f-tension field of the map ¢, [22].

Definition 2.6. An immersion ¢ : (N,g) — (N, g) is called biminimal if it is critical point
of the bienergy functional Ey(¢) for variations normal to the image ¢(N) C N, with fized
energy. Fquivalently, there exists a constant A € R such that ¢ is a critical point of the

A-bienergy functional,
Ea\(¢) = E2(9) + AE().

The Euler-Lagrange equation for a A- biminimal immersion is

[T (&) = [r2(@)] " — Alr(¢)] - =0, (2.6)

for some value of X € R, where [.]* denotes the normal component of [.]. An immersion is

called free biminimal if it is biminimal for A = 0, [11], [17].

Definition 2.7. An immersion ¢ : (N,g) — (N,g) is called f-biminimal if it is a critical
point of the f-bienergy functional Es ¢(¢) for variations normal to the image ¢(N) C N,
with fived energy. Equivalently, there exists a constant A € R such that ¢ is a critical point

of the \-f-bienergy functional,

Exf(p) = Ez(d) + AEf().

Using the Euler-Lagrange equations for f-harmonic and f-biharmonic maps, an immersion
is f-biminimal if
(20, (D] = [12,1(9)]7 = Alry(9)]F = 0, (2.7)

for some value of A € R. An immersion is called free f-biminimal if it is f-biminimal for

A= 0. If fis a constant then the immersion is biminimal, [11].

Definition 2.8. A differentiable manifold N*"*1 is called almost paracontact metric man-
ifold if it admits a tensor field ¢ of type (1,1), a vector field &, a 1-form n and a pseudo-

Riemannian metric g satisfying the following conditions:

P=T-n®E nE) =1, ¢=0, geX oY)=—g(X,Y)+nX)nY),  (238)



INT. J. MAPS MATH. (2022) 5(2):112-138 / ON f-BIHARMONIC AND BI-f-HARMONIC CURVES 117

where X, Y € TN and I is the identity endomorphism on vector fields. g is called compatible
metric and any compatible metric is necessarily of signature (n+1,n). In an almost paracon-
tact metric manifold N, nop = 0 and rank(p) = 2n. From (2.8), g(X,¢Y) = —g(¢X,Y)
and g(X,&) = n(X), for any X, Y € TN. The fundamental 2-form of N is defined by
O(X,Y) = g(X,pY). An almost paracontact metric manifold (N, ¢, &,1n,g) is said to be nor-
mal if /' (X,Y) —2dn(X,Y )¢ = 0, where A is the Nijenhuis torsion tensor of ¢, [15] 29].

Proposition 2.1. [27] For a three dimensional almost paracontact metric manifold N, the

following conditions are mutually equivalent:

i- N is normal,

ii- there exist a, B functions on N such that
(Vx @)Y = a(g(eX,Y) = n(Y)pX) + 5 (9(X,YV)E —n(Y)X), (2.9)
iii- there exist o, B functions on N such that
Vx§=a(X —n(X)§)+peX. (2.10)
Moreover, the functions o, B realizing (@ as well as are given by

2a0 = trace{X — Vx &}, 20 = trace{X — ¢V x ¢}

For a three dimensional normal almost paracontact metric manifold where o, 8 = constant,

the curvature tensor field equation becomes

RXY)Z = (5+2(c%+8) (oY, 2)X — (X, 2)Y)

+ 9(X,2) (% +3 ((12 + 62)> n(Y)¢
— (530 +8Y) n(¥m(2)X
— 9(¥.2) (5 +3(a? + 89 n(X)¢

+ (54307 +8Y) n(Xm(2)Y, (2.11)

where X,Y,Z € TN and r is the scalar curvature, [24].

Definition 2.9. A three dimensional normal almost paracontact metric manifold is called;

. B-para-Sasakian if o =0, 8 # 0 and B is constant,
. para-Sasakian if « =0, § = —1,
. quasi-para-Sasakian if « =0 and 8 # 0,

. a-para-Kenmotsu if « # 0, f =0 and « is constant,
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. paracosymplectic if o« = B =0, [29].

Definition 2.10. Let (N, ¢,&,n,9) be a three dimensional normal almost paracontact metric
manifold where o, B = constant. The structural function of the immersed curve v: I C R —

(N, g) is the map ¢y : I — R given by

where T =~'. Then the curve  called as Legendre curve if ¢, = n(T(s)) = 0, [5].

With the help of these definitions, we get f-tension field, f-bitension field, bi- f-tension
field, the biminimality and f-biminimality conditions of a Frenet Legendre curve in a three

dimensional normal almost paracontact metric manifold as in following sections.

3. FRENET LEGENDRE CURVES

Let v : I — N be a curve in a three dimensional pseudo-Riemannian manifold N such
that g(y',~) = €1 where e; = +1 and V. ~" denotes the covariant differentiation along ~.
Then ~ is a Frenet curve with {T', N, B} Frenet Frame if one of the following three cases

hold:

(1) v is of osculating order 1, V_, 7" = 0 (geodesics),
(2) v is of osculating order 2, there exist two ortonormal vector fields 7', N and a positive

function k along « such that
V’YIT = H&QN, V,y/N = —/€€1T,

(3) v is of osculating order 3, there exist three ortonormal vector fields T, N, B and two

positive function x and 7 along ~ such that
VWIT = kea N, VWIN = —ke1T + Te3B, VA/B = —7eg N,

where T = ’yl,g(N, N) = g9 = £1,9(B, B) = €3 = %1, & is the curvature and 7 is
the torsion function, [27].
Note that in this paper, we study with v : I C R — N non-null curve parametrized by
arc length on a pseudo-Riemannian manifold N which is a three dimensional normal almost
paracontact metric manifold where o, 8 = constant. In this case, from Definition [2.1] and

Definition [2.2] tension and bitension fields reduces to

T(v) = VrT (3.12)
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and

() = VAT — R(T,VyT)T =0 (3.13)
[20].
Now, let v : I — N be a Frenet Legendre curve in N and {T, ¢T, &} are ortonormal vector
fields along - where fy/ = T. By differentiating ¢(7,£) = 0 along =, it is obvious that
g(VrT,§) = —e1a. Then VT obtained as below

VT = —e1a€ — 10T, (3.14)

where ¢ is a function defined by § = g(V 7T, ¢T), [27].

Let investigate the necessary and sufficient conditions of a Frenet Legendre curve to be f-
harmonic, f-biharmonic, bi- f-harmonic, biminimal and f-biminimal in a three dimensional
normal almost paracontact metric manifold in terms of different cases of «, 5 and 4.

It should be noted that; throughout our paper, for the sake of shortness, only N will be
called instead of a three dimensional normal almost paracontact metric manifold N where

a, B = constant.

4. f-HARMONIC FRENET LEGENDRE CURVES

In this subsection, we investigated the f-harmonicity condition of a Frenet Legendre curve
in N.
Let v : I — N be a Frenet Legendre curve in N. Then with the help of Definition [2.3] and
equation , f-harmonicity condition obtained as below;

() = fr(y) + dy(gradf) = fVrT + f T = 0. (4.15)

Based on this result, we can express the following theorem:

Theorem 4.1. There is no f-harmonic Frenet Legendre curve in a three dimensional normal

almost paracontact metric manifold where o, B = constant.

Proof. The f-harmonicity condition for this kind of curves obtained by substituting

equation (3.14]), in equation (4.15) as below;
71(y) = fVrT+fT
= f(-e106 —e109T) + f'T

= [T —(e10f)¢ = (e10f)eT = 0. (4.16)
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From equation 1) it is easy to see that f = 0 namely, f is a constant function. This is
a contradiction with the definition of f-harmonic curves.
5. f-BIHARMONIC FRENET LEGENDRE CURVES

In this section, we obtain the f-biharmonicity condition of a Frenet Legendre curve in
N. In addition, we make detailed examinations for a-para-Kenmotsu, S-para-Sasakian and
paracosymplectic manifolds.

First, let determine the f-biharmonicity condition for this kind of curves. By using tension

and bitension field equations, f-bitension field 7 ¢(y) obtained as below, [21];
() = () + (AT +2V 0477
= f(VET — R(T,VoT)T) + f'VoT + 2f V3T = 0. (5.17)

Then by differentiating VT = —e1a€ — e10¢T with respect to T, we obtain V%T and V%T

as below;

VAT = (02 — 10T — e1(af + 6 )T — 65¢ (5.18)
and
VAT =306 T + (a?6 — 8% — €10° — 18 )T + (a® — af? — 16> — 286 ). (5.19)
After that by substutiting V7T into the curvature tensor field formula we find,
R(T,VoT)T = —a(a? + B¢ + 5(% +2(a? + £2))¢T. (5.20)
Finally, we determined the f-biharmonicity condition as below:

m.0(y) = f(VET — R(T,VyT)T) + f V7T + 2f VAT
= (300 f +2(6% — e10®) f)T
+ ((—a?6 — 3% —e10% — e10” — %5)1’ —2e1(af+68)f —e16f )T
+ ((20® —e1a8® —288)f —208f —eraf )¢

= 0. (5.21)
With the help of this result, we can state the following theorems:

Theorem 5.1. Let v : I — N be a Frenet Legendre curve parametrized by arc length in

three dimensional normal almost paracontact metric manifold N where o, 8 are constants.
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Then ~y is an f-biharmonic Frenet Legendre curve iff the following equations hold:

’

300 f +2(02 —e102)f =0,

(026 + 3620 +€10% + 10" + g(s) f42e1(aB+8)f +edf =0, (5.22)

(20 — 162 — 268 ) f — 208f —eraf” = 0.

Theorem 5.2. Let v : I — N be a Frenet Legendre curve parametrized by arc length in
three dimensional normal almost paracontact metric manifold N where o, 8 are constants.
Then v is an f-biharmonic Frenet Legendre curve if and only if the function f and the scalar

curvature r are given by;
f=(e10? - 52)_% +c

and

1

6" 18 (af+0)  6(0)2a+606"a — 62163 + 1561(56')?
— _9[n2 2 2 o
r [0°+30%+610%+e1-+3 R 1ea? — 52)? 1,

where 203 — e1a6% — 288 — 268A — ela(A/ + A?) =0 for A= 2& and e1a® — 6% #£ 0.

(e102—62)

Now, we give the interpretations of Theorem (5.1
Case I : Assume that 0 is not equal to a constant.

Case I-1: If N is a three dimensional S-para-Sasakian manifold and § # constant then

we have following equations from (|5.22));
308 f +28%f =0,
(3620 +210° + 16" + L) f + 2618 f +e1df” =0, (5.23)
B8 f+68f =0.

Hence we obtain the following theorem;

Theorem 5.3. There is no f-biharmonic Frenet Legendre curve in a three dimensional [3-

para-Sasakian manifold where § # constant.

Proof. By solving the first and third equations of (5.23|) together, it is easy to see

that there is a contradiction between them.
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Case I-2: If N is a three dimensional a-para-Kenmotsu manifold and § # constant then

we have following equations from ([5.22));

306 f 4 2(6%2 —e102)f =0,
(025 +216° + 210" + 28)f + 2210 f + 216" =0,
(20° — e1a0?)f —eraf = 0.

So we have the following corollary;

Corollary 5.1. Let v:1 — N be a Frenet Legendre curve parametrized by arc length in a
three dimensional a-para-Kenmotsu manifold N with § is not equal to a constant. Then v is
an f-biharmonic Frenet Legendre curve if and only if the function f and the scalar curvature

r are giwen by,
f=(e10* - (52)7% +c

and

1

b} €168 6(8')202 + 608" o — 6e16%8" + 15¢1(60)2
= —92[a? 52 hall
r [Oé + €10+ €1 5 + 3€1a2 — 53 4(€1a2 — 52)2 ],

where 203 — e1ad? — 6104(14/ + A%) =0 for A= 2L5/ and e1a? — 6% # 0.

(e102—62)

Case I-3: If N is a three dimensional paracosymplectic manifold and d # constant then

we have following equations from ([5.22));

306 f +20%f =0,
(€16% + 10" + gd)f 2618 f 416 =0.

Therefore, we obtain the following corollary.

Corollary 5.2. Let v : I — N be a Frenet Legendre curve parametrized by arc length
in a three dimensional paracosymplectic manifold N. Then for § # constant; v is an f-
biharmonic Frenet Legendre curve if and only if the function f and the scalar curvature r

equal to:

and

/

/3//_

525 355 1.

r=—2e[02+ 071" —367%(8)% + . 5
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Case II : Assume that 6 = constant # 0. Then we investigate the following subcases:

Case 1I-1: If N is a three dimensional g-para-Sasakian manifold and § = constant # 0

then we have following equations from ([5.22]);

82f =0,
(382 +¢e182+ L) f +erf =0, (5.24)
Bf =0

Hence we obtain the following theorem;

Theorem 5.4. There is no proper f-biharmonic Frenet Legendre curve in a three dimen-

stonal B-para-Sasakian manifold with § = constant # 0.

Proof. For § = constant # 0, from the first equation of 1’ we obtain that fl =0,
this situation contradicts the definition of the f-biharmonic curve.
Case 11I-2: If N be a three dimensional a-para-Kenmotsu manifold and § = constant # 0

then we have following equations from ([5.22]);

(62 —e10®)f =0,
T 7
(0 + 16 + ) ref =0,
(202 — 163 f —erf =0.
So, we have;
Corollary 5.3. Let v: 1 — N be a Frenet Legendre curve parametrized by arc length in a

three dimensional a-para-Kenmotsu manifold N. Then vy is an f-biharmonic Frenet Legendre

curve if and only if the function f and the constant scalar curvature r are given by
f — cleas + 6267045
and
r = —6a”,

where f € C*°(N,R) is a positive smooth function dependent on s arc length parameter,

d=|a| and g1 = 1.
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Case I1I-3: Let N be a three dimensional paracosymplectic manifold and § = constant # 0

then we have followings from ([5.22]);

52f =0,
. (5.25)
(£16% + §)f +ef =0.

Hence we have the following nonexistence theorem;

Theorem 5.5. There is no proper f-biharmonic Frenet Legendre curve in a three dimen-

stonal paracosymplectic manifold where § = constant # 0.

6. Bi-f-HARMONIC FRENET LEGENDRE CURVES

In this subsection, we handle bi- f-harmonic Frenet Legendre curves in N. Also we ob-
tained bi- f-harmonicity conditions for a-para-Kenmotsu, p-para-Sasakian and paracosym-
plectic manifolds.

First let determine the bi-f-harmonicity condition in a three dimensional normal almost

paracontact metric manifold. By substutiting equations (3.14)), (5.18]), (5.19) and (/5.20)) into

the bi- f-tension field formula, 772(y) obtained as below, [25];

Tr2(y) = trace(VVf(V74(y)) = fVOnTr (V) + FR(T4(7), dy)dy)
= (FF)YT+GFf +2f))VaT +AffVET + V4T + f2R(VT, T)T
= [(/f") +41f (6% — e10®) + 3265 |T
+ [“3eraff = 2e1a(f ) —AfF 68 + f2(20° — e106% — 288 )T
+ [=3e18ff —2e18(f) —derff (@B +0)
+f2(—g<5 — 0?5 — 3B%5 — £16% — e18" )¢

= 0, (6.26)

which implies the following.

Theorem 6.1. Let v : I — N be a Frenet Legendre curve parametrized by arc length

in three dimensional normal almost paracontact metric manifold N where «, f = constant.
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Then =y is a bi-f-harmonic curve iff the following equations hold:

(ff") +4(0% —e1a®) [ +386 f> =0,

3eraf f 4 2e10(f )2 + 46BF F — (203 — 1062 — 288 ) f2 =0, (6.27)

30Ff +20(f V2 +4(aB+08)ff + (2515 + a2de; + 362061 + 0% + 6" f2 = 0.

Now, we give the interpretations of Theorem [6.1

Case I : Assume that ¢ is not equal to constant. Then we investigate the following
subcases:
Case I-1: If N a three dimensional -para-Sasakian manifold and § # constant then we

have following equations from ((6.27));
(Ff") +482ff +330 2 =0,

20f +6 f =0,

30FF +20(f V2 +40 ff + (gela +382%16+03+6")f2 =0.
\

Then we obtain the following corollary.

Corollary 6.1. Let v: I — N be a Frenet Legendre curve in a three dimensional B-para-
Sasakian manifold N. Then vy is a bi-f-harmonic curve where the function f and the constant
scalar curvature r are given by;
f=072+c
and
r=3e102(0 ) +e10718 — 2515—25’ — 2616% — 682,

111

for where § # constant is the solution of —9(8')? +1086'8" — 2626" + 466" = 0 differential

equation.

Case I-2: If N is a three dimensional a-para-Kenmotsu manifold and ¢ # constant then

from (/6.27]), we obtain following equations;
(

(FF) +4(0% —e1a®) ff + 388 f2 =0,

3FfF7+2(F)% + £2(0%2 - 2a%¢1) = 0, (6.28)

30Ff" +20(F)2 + 45 ff + (gsla +a28e + 63 +8")f2=0.
\
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So, we have the following corollary.

Corollary 6.2. Let v : I — N be a Frenet Legendre curve parametrized by arc length
in three dimensional a-para-Kenmotsu manifold N where § # constant. Then v is a bi-f-

harmonic curve iff f is a solution of the non-linear differential equations given in .

Case I-3: If N is a three dimensional paracosymplectic manifold and § # constant then

from (6.27]), we obtain the following equations;

(ffY +4ff62+366 f2=0,
(6.29)

381" +25(f )2 + 45 1 + (5216 +5°+8")2 = 0.

Hence we obtain following corollary.

Corollary 6.3. Let v : I — N be a Frenet Legendre curve parametrized by arc length
in three dimensional paracosymplectic manifold N where § # constant. Then v is a bi-f-

harmonic curve iff f is a solution of the non-linear differential equations given in .

Case I-4: If N ff" =0 and § = constant then via equation 1 , we obtain following

equations;

4f (62 —e10®) + 3f68 =0,

2e1a(f )2 +4ff 08 — f2(20® — £1002 — 288') = 0, (6.30)

20(f V2 +4ff (aB+6)+ fQ(gdsl + a2ey + 3820e1 4+ 62 +6") = 0.

We have the following corollary.

Corollary 6.4. Let v : I — N be a Frenet Legendre curve parametrized by arc length
in a three dimensional normal almost paracontact metric manifold N where ff// =0 and
0 # constant. Then 7 is a bi-f-harmonic Frenet Legendre curve where the function f and

the scalar curvature r are given by;

f=(e10* - (52)7% +c

and
" (aB+8)d 962(5')?
__o[2 2 2 0
r=-2[a’+38°+¢c16"+ e 513 ey SR 8(51042—52)2}’
where 2e1aA? +4A58 — (203 — e108? — 2[36/) =0 for A= 358 and e1a? — 6% # 0.

4(e1a?—62)
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Case I-5: If N a three dimensional -para-Sasakian manifold, ff = 0 and § # constant
then from equation ([6.30]), we obtain following equations;

(

4f'6+38 f=0,

2f'64+6f =0, (6.31)

2e10(f )2 + 416 ff + fQ(ga 13625 + 8% +10”) = 0.

We have the following nonexistence theorem.

Theorem 6.2. There is no bi-f-harmonic Frenet Legendre curve in a three dimensional

B-para-Sasakian manifold where ff' =0 and § # constant.

Proof. When first and the second equations of solved together, we obtain
8 f =0. For § # constant and & f = 0; we get that f = 0 which is a contradiction to the
definition of bi- f-harmonic curve.

Case I-6: If N a a-para-Kenmotsu manifold, ff” = 0 and § # constant then from

equation (6.30) we have following equations;
4f' (0% — e10?) + 300 f =0,

2¢1(f)? — f2(2a% — €10%) = 0,

2610(f )2 +der ff'6 + fQ(%(S + 0204183 +16") = 0.

Then, we have the following corollary.

Corollary 6.5. Let N be a a-para-Kenmotsu manifold where ff =0, 6 % constant and
~v: I —> N be a Frenet Legendre curve. Then 7y is a bi-f-harmonic curve where the function

f and the scalar curvature r are given by;

3

f=(e102=6%)75 ¢

and
1! !/

) (6")? 962(5')?
_ 2 2 e
r=—2[a*+¢e1d +e +351a2—52+8(51a2—52)2]’

where & is the solution of 3516%(0')2 —2(202 —£16%) (102 — 62)% = 0 differential equation and

and e10 — 6% # 0.
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Case I-7: If N is a paracosymplectic manifold, ff = 0 and § # constant then from
(6.30]), we obtain following equations;

Aff'62 4+ 3f258 =0,
2e10(f )2 4+ de ff 6 + f2(g(5 +e183+60")=0.

We have the following corollary.

Corollary 6.6. Let N be a paracosymplectic manifold where ff =0, § # constant and
v : 1 — N be a Frenet Legendre curve. Then vy is a bi-f-harmonic curve where the function

f and the scalar curvature r are given by;
3
f = (5_4 + C

and

1

) 6815/ 961
= -2 2 e —
r €10 €1 5 + 52 152

Case II : Assume that § = constant is not equal to 0. Then we shall investigate the

following subcases:

Case II-1: If N a three dimensional g-para-Sasakian manifold then we have following

equations from ([6.27));

(ff) +4ff o2 =0,

fr8=0, (6.32)

\Sff” +2(f )2+ fZ(gsl +38% + %) = 0.
Hence, we give the following theorem;

Theorem 6.3. There is no proper bi-f-harmonic Frenet Legendre curve in a three dimen-

stonal B-para-Sasakian manifold where § = constant # 0.

Proof. From (6.32)), the proof is obvious.
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Case II-2: If N a three dimensional a-para-Kenmotsu manifold and § = constant # 0

then we have following equations from (6.27]);
(FF7) +Aff (8% —e10?) =0,

3ff +2(f)% = f2 (202 — 6%) =0,

3ff+2(f)2 + f2(gel + a?e; +6%) = 0.

So, we have the following corollary;

Corollary 6.7. Let v : I — N be a Frenet Legendre curve in a three dimensional o-
para-Kenmotsu manifold N. Then ~ is a bi-f-harmonic curve where § = constant # 0,
the constant scalar curvature equals to 1 = —60a2 and the function f is a solution of the

non-linear differential equations given as;

(Ff) +4ff (62 —e1a?) =0,
3aff” +2a(f)? — (20, — ad?) = 0.

Case II-3: If N a three dimensional paracosymplectic manifold and § = constant # 0

then we obtain the following equations from (6.27));

(ff) +4ff o2 =o,
(6.33)

3Ff"+2(f)2 + f?(gal +62) = 0.

Then we have,

Corollary 6.8. Let v : I — N be a Frenet Legendre curve in a pracosymplectic manifold

N. Then ~ is a bi-f-harmonic curve where § = constant # 0, the scalar curvature r is given

by;

1" !

r=—6;— — 451(f—)2 — 92¢16°

f f

and the function f is a solution of the non-linear differential equations given in equation

:

Case II-4: If N a three dimensional normal almost paracontact metric manifold, ff =0

and § = constant # 0 then from ([6.27)), we obtain that 7 is a bi- f-harmonic Frenet Legendre
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curve if and only if
4ff (6% — e10?) = 0,

2e1a(f )2 +Af 65 — [2(20° — e106%) = 0, (6.34)

2e10(f )2 + der ff af + f?(g(s 028 + 3826 +210%) = 0.

Hence we give,

Corollary 6.9. Let v : 1 — N be a Frenet Legendre curve parametrized by arc length in N
where o, B = constant, ff =0 and § = constant # 0. Then v is a bi-f-harmonic curve iff

f is a solution of non-linear differential equations given in equation .

Case II-5: If N a three dimensional g-para-Sasakian manifold and § = constant # 0

then we have following equations from (6.27));
4ff'6* =0,

ffop =0, (6.35)

e10(f )2 + £ (565 + 3820 +16%) = 0.
So, we have the following nonexistence theorem.

Theorem 6.4. There is no proper bi-f-harmonic Frenet Legendre curve in a three dimen-

stonal B-para-Sasakian manifold where § = constant # 0.

Case II-6: If N a three dimensional a-para-Kenmotsu manifold and 6 = constant # 0

then we have following equations from (6.27));

;

fI (8 —e1a?) =0,

2e1(f)2 — f2(2a% — £162) = 0, (6.36)

21 (f)? + fQ(g +a2+e182) =0.

Corollary 6.10. Let v : I — N be a Frenet Legendre curve parametrized by arc length in
three dimensional a-para-Kenmotsu manifold N where § = constant # 0. Then vy is a proper
bi-f-harmonic curve iff the scalar curvature equals to r = —6a? and the function f is the

solution of 2(f )2+ ff (€102 — a?) — f2(2e102 — §2) = 0.
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Case II-7: If N a three dimensional paracosymplectic manifold and § = constant # 0

then we have following equations from (6.27));

4ff' 62 =0,
(6.37)

e16(f )2+ L (55 + 6% = 0.

Then we give

Theorem 6.5. There is no bi-f-harmonic Frenet Legendre curve in a three dimensional

paracosymplectic manifold where § = constant # 0.

7. BIMINIMAL FRENET LEGENDRE CURVES

In this section, the conditions for a Frenet curve to be biminimal are obtained in N. Be-
sides, detailed calculations have been made for various manifolds as in the previous sections.
By using normal components of tension and bitension fields, the condition of being biminimal

curve is obtained by using the formula given as below, [11], 17];

[rax (V)] = [ (N]F = Alr(9)]*F =0. (7.38)

Let determine the biminimality condition for a Frenet Legendre curve in N. First, let give

the tension and bitension fields respectively;
() = —e10€ — 10T,

() = 366'T + (—3B%5 — a6 — ga —16% — e18")pT + (=285 + 20° — ae182)E.

Hence by using normal components of tension and bitension fields the biminimality condition

is obtained as below;

AT = (=38%5— 0?5 — 26 — 16 — 18 + Ae1d)T
+ (—2ﬁ5/ + 203 — ae18? + Aera)é
= 0. (7.39)

By using this condition, we can give the following theorems;

Theorem 7.1. Let v: I — N be a Frenet Legendre curve in a three dimensional normal

almost paracontact metric manifold N where o, 8 = constant. Then vy is a biminimal curve
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iff the following equations hold:

3526 + %0 + 56 +e16° + €10 — Ae1d =0,
(7.40)

—2ﬁ5/ +2a2 — ae16%2 + Aeja = 0.

Theorem 7.2. Let v : 1 — N be a Frenet Legendre curve in a three dimensional normal
almost paracontact metric manifold N where o, f = constant. Then 7y is a biminimal curve

where the scalar curvature v is given by;

1"

] /
r=—21—- — 45§ —6a® — 6432,
0 o

where § is the solution of the second differential equation of .

Now, we give the interpretations of Theorem
Case I: Assume that § is not constant. Then we shall investigate the following subcases.

Case I-1: If N is a three dimensional S-para-Sasakian manifold and § # constant then

from ([7.40]), we obtain following equations;

3826+ 56 +e10° + €16 — Aerd = 0,
(7.41)

286 = 0.
Then we obtain the following nonexistence theorem.

Theorem 7.3. There is no biminimal Frenet Legendre curve in a [B-para-Sasakian manifold

where § # constant.

Case I-2: If N is a three dimensional a-para-Kenmotsu manifold and ¢ # constant then

from (7.40]), we obtain following equations;

0?5 — 8 —£10° — £10” 4+ \e1d = 0,
(7.42)

203 — ae18% + deja = 0.

So we give,

Theorem 7.4. There is no biminimal Frenet Legendre curve in a three dimensional a-para-

Kenmotsu manifold N where § # constant.
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Proof. From ((7.42), we find that § = v/2e;02 + X but we accept § # constant where
a = constant.
Case I-3: If N is a three dimensional paracosymplectic manifold and § # constant then

from ((7.40f), we obtain following equation;

T 3 7

55 +€15 + 615 — )\815 =0.
Hence we have,

Corollary 7.1. Let v : I — N be a Frenet Legendre curve in a three dimensional para-
cosymplectic manifold N and § # constant. Then ~ is a biminimal curve iff the scalar

curvature v is given by;

1

r = —251% — 26152 — 2)\51.

Case II: Assume that j=constant is not equal to 0. Then we shall investigate the following
subcases:
Case II-1: If N is a three dimensional 3-para-Sasakian manifold and § = constant # 0

then from ((7.40f), we obtain following equation;
2, T 2
307+ 5 +e10" —Aer = 0.
Hence, we give the following theorem.

Corollary 7.2. Let v: 1 — N be a Frenet Legendre curve in a three dimensional B-para-
Sasakian manifold N and § = constant # 0. Then v is a biminimal curve where the constant

scalar curvature r is given by;
r=2e10% — 68% + 2\ey.

Case II-2: If N is a three dimensional a-para-Kenmotsu manifold and § = constant # 0

then from ((7.40)), we obtain we obtain following equations;
—042 — % — 8152 + /\61 = 0,

202 — 0% + \ep = 0.

Then we obtain the following corollary.
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Corollary 7.3. Let v : I — N be a Frenet Legendre curve in a three dimensional a-
para-Kenmotsu manifold N and § = constant # 0. Then v is a biminimal curve where the

constant scalar curvature v s given by;
r = —6a”.

Case II-3: If N is a three dimensional paracosymplectic manifold and § = constant # 0

then from ((7.40f), we obtain following equation;

3—1—6152 —Xe1 = 0.

So we have,

Corollary 7.4. Let v : I — N be a Frenet Legendre curve in a three dimensional para-
cosymplectic manifold N. Then 7 is a biminimal curve where the constant scalar curvature

T 1s given by;

r=—216% + 2)\e;.

8. f-BIMINIMAL FRENET LEGENDRE CURVES

Finally in this section, we give f-biminimality conditions for a Frenet curve in N and also
particular cases such as: §-para-Sasakian, a-para-Kenmotsu and paracosymplectic manifolds.
From the Definition 2.7, we know that the condition of being f-biminimal curve given as

below, [11];

[ (NI = (2,0 (M) = ALy (7)) - = 0.

Then using the normal components of tension and bitension fields, given by and
, f-biminimality condition is obtained as below;
Feas(NIY = [(—a?6 —38% —e16° — 10" — gd +e1d)f
— 21(aB+8)f —e1df ]eT
+ ((20® —£1a8% =286 + Aera)f —208f —eraf )¢
= 0. (8.43)

Theorem 8.1. Let v: I — N be a Frenet Legendre curve in a three dimensional normal

almost paracontact metric manifold where o, 8 = constant. Then v is an f-biminimal curve
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iff the following equations hold:

(a%0ey + 36%0e1 + 6% + 6 + 2515 —X)f +2(aB+8)f +6f =0,
(8.44)

(203 — 1002 — 288" + Aera) f — 268f — eraf’ = 0.

Now, we give the interpretations of Theorem [8.1
Case I: Assume that § is not constant. Then we shall investigate the following subcases:

Case I-1: If N is a three dimensional S-para-Sasakian manifold and § # constant then

from (8.44)), we obtain following equations;
2 3 1" r v "
(38%0e1+6°+0d + 16 =N f+20 f +6f =0,
2
(8.45)
BEf) =0,

Corollary 8.1. Let v : I — N be a Frenet Legendre curve parametrized by arc length
in three dimensional B-para-Sasakian manifold N where 6 # constant. Then v is an f-

biminimal curve iff the function f and the scalar curvature r equals:

1
f - 5 +c
and
r=2(A—6%— ‘% —38%) — 451(%)2 —2616(2(8)' 6" —6"672).

Case I-2: If N is a three dimensional a-para-Kenmotsu manifold and ¢ # constant then

from (8.44)), we obtain following equations;

(0201 + 8% +8" + Ze16 = M) f + 20 +8f =0,
(8.46)

(2043 - 610452 + )\Ela)f - Elaf” =0.

Corollary 8.2. Let v : I — N be a Frenet Legendre curve parametrized by arc length in
three dimensional a-para-Kenmotsu manifold N and § # constant. Then ~y is an f-biminimal

curve iff f is a solution of non-linear differential equations given in .

Case I-2: If N is a three dimensional paracosymplectic manifold and 0 # constant then

from (8.44]), we obtain following equation;

(€16% + 216" + gé Ae1d)f 2608 f +erdf = 0. (8.47)
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Corollary 8.3. Let v : I — N be a Frenet Legendre curve parametrized by arc length in
three dimensional paracosymplectic manifold N and § # constant. Then 7y is an f-biminimal

curve iff f is a solution of non-linear differential equation given in .

Case II: Assume that § = constant is not equal to 0. Then we shall investigate the

following subcases:

(a?de1 + 3B3%0e1 + 63 + 2515 -\ f+ 2(aﬁ)f/ + (5f” =0,
(8.48)

(207 — e100% + Aera) f — 208f —eraf” =0,
Case II-1: If N is a three dimensional g-para-Sasakian manifold and é = constant # 0 then
from ({8.44]), we obtain following equations;

(382021 + 0% + gglfs ) f+of =0,
(8.49)

208f = 0.

Then we obtain the following nonexistence theorem;

Theorem 8.2. There is no proper f-biminimal Frenet Legendre curve in a three dimensional

B-para-Sasakian manifold where § = constant # 0.

Proof. From the second equation of (8.49)), the proof is obvious.
Case II-2: If N is a three dimensional a-para-Kenmotsu manifold and § = constant # 0
then from (8.44)), we obtain following equations;

(a2e1 + 6% + gsl — NS+ [ =0,
(8.50)

(2021 — 2+ N f — f =0.

Corollary 8.4. Let v : I —> N be a Frenet Legendre curve in a three dimensional o-
para-Kenmotsu manifold N and 6 = constant # 0. Then v is an f-biminimal curve where
the constant scalar curvature equals to 1 = —60a2 and the function f is a solution of the

non-linear differential equations given in .

REFERENCES

[1] Acet, B. E. (2020). f-biharmonic curves with timelike normal vector on Lorentzian sphere. Facta Univ.
Ser. Math. Inform, 35(2), 311-320.
[2] Ara, M. (1999). Geometry of F-harmonic maps. Kodai Mathematical Journal, 22(2), 243-263.



3]

[4]

(10]

(11]
(12]

(13]

(14]

(15]

(16]
(17]

(18]

(19]

[20]

(21]

22]

INT. J. MAPS MATH. (2022) 5(2):112-138 / ON f-BIHARMONIC AND BI-f-HARMONIC CURVES 137

Baikoussis, C., Blair, D. E. (1994). On Legendre curves in contact 3-manifolds. Geometriae Dedicata,
49(2), 135-142.

Baird, P., Wood, J. C. (2003). Harmonic morphisms between Riemannian manifolds (No. 29). Oxford
University Press.

Cilin, C., Crasmareanu, M. (2016). Magnetic Curves in Three-Dimensional Quasi-Para-Sasakian Geom-
etry. Mediterranean Journal of Mathematics, 13(4), 2087-2097.

Chiang, Y. J. (2013). f-biharmonic maps between Riemannian manifolds. In Proceedings of the Four-
teenth International Conference on Geometry, Integrability and Quantization (pp. 74-86). Institute of
Biophysics and Biomedical Engineering, Bulgarian Academy of Sciences.

Course, N. (2004). f-harmonic maps (Doctoral dissertation, Ph. D Thesis).

Eells J., Sampson J. H. (1964). Harmonic mappings of Riemannian manifolds, Amer. J. Math., 86,
109-160.

Eells, J., Lemaire, L. (1978). A report on harmonic maps. Bulletin of the London mathematical society,
10(1), 1-68.

Erdem, S. (2002). On almost (para) contact (hyperbolic) metric manifolds and harmonicity of (¢, ¢’)-
holomorphic maps between them. Houston J. Math, 28(1), 21-45.

Giirler, F., Ozgiir, C. (2017). f-Biminimal immersions. Turkish Journal of Mathematics, 41(3), 564-575.
Giiveng, S., Ozgiir, C. (2017). On the characterizations of f-biharmonic Legendre curves in Sasakian
space forms. Filomat, 31(3), 639-648.

Giiveng, . (2019). A note on f-biharmonic Legendre curves in S-space forms. Int. Electron. J. Geom.
12(2), 260-267.

Jiang, G. Y. (1986). 2-harmonic maps and their first and second variational formulas. Chinese Ann. Math.
Ser. A, 7, 389-402.

Kaneyuki, S., Williams, F. L. (1985). Almost paracontact and parahodge structures on manifolds. Nagoya
Mathematical Journal, 99, 173-187.

Karaca, F., Ozgiir, C. (2018), On f-biharmonic curves. Int. Electron. J. Geom. 11(2), 18-27.

Loubeau, E., Montaldo, S. (2008). Biminimal immersions. Proceedings of the Edinburgh Mathematical
Society, 51(2), 421-437.

Lu, W. (2015). On f-bi-harmonic maps and bi- f~-harmonic maps between Riemannian manifolds. Science
China Mathematics, 58(7), 1483-1498.

Lyczko, J. W. (2007). On Legendre curves in three dimensional normal almost contact metric manifolds.
Soochow Journal of Mathematics, 33(4), 929-937.

Montaldo, S., Oniciuc, C. (2006). A short survey on biharmonic maps between Riemannian manifolds,
Rev. Un. Mat. Argentina 47(2), 1-22.

Ou, Y. L. (2014). On f -biharmonic maps and f -biharmonic submanifolds. Pacific journal of mathematics,
271(2), 461-477.

Ouakkas, S., Nasri, R., Djaa, M. (2010). On the f-harmonic and f-biharmonic maps. JP J. Geom. Topol,
10(1), 11-27.



138

23]

24]

[25]

[26]

27]

(28]

29]

30]

S. N. BOZDAG AND F. E. ERDOGAN

Perktas, S. Y., Acet, B. E. (2017). Biharmonic Frenet and non-Frenet Legendre curves in three dimen-
sional normal almost paracontact metric manifolds. In AIP Conference Proceedings (Vol. 1833, No. 1, p.
020025). AIP Publishing LLC.

Perktas, S. Y., Blaga, A. M., Acet, B. E., Erdogan, F. E. (2018). Magnetic biharmonic curves on three
dimenasional normal almost paracontact metric manifolds. In AIP Conference Proceedings (Vol. 1991,
No. 1, p. 020004). AIP Publishing LLC.

Perktas, S. Y., Blaga, A. M., Erdogan, F. E., Acet, B. E. (2019). Bi- f-harmonic curves and hypersurfaces,
Filomat, 33(16), 5167-5180.

Roth, J., Upadhyay, A. (2016). f-Biharmonic and bi- f-harmonic submanifolds of generalized space forms.
arXiv preprint arXiv:1609.08599.

Welyczko, J. (2009). On Legendre curves in three dimensional normal almost paracontact metric mani-
folds. Results in Mathematics, 54(3-4), 377-387.

Welyczko, J. (2014). Slant curves in three dimensional normal almost paracontact metric manifolds.
Mediterranean Journal of Mathematics, 11(3), 965-978.

Zamkovoy, S. (2009). Canonical connections on paracontact manifolds. Annals of Global Analysis and
Geometry, 36(1), 37-60.

Zhao, C. L., Lu, W. J. (2015). Bi- f-harmonic map equations on singly warped product manifolds. Applied

Mathematics-A Journal of Chinese Universities, 30(1), 111-126.

EGE UNIVERSITY, DEPARTMENT OF MATHEMATICS, 35100, BORNOVA, iZMIR, TURKEY

EGE UNIVERSITY, DEPARTMENT OF MATHEMATICS, 35100, BORNOVA, iZMIR, TURKEY



International Journal of Maps in Mathematics
Volume 5, Issue 2, 2022, Pages:139-153
ISSN: 2636-7467 (Online)

www.journalmim.com

CERTAIN RESULTS OF RICCI SOLITON ON 3-DIMENSIONAL
LORENTZIAN PARA a-SASAKIAN MANIFOLDS

SHASHIKANT PANDEY, ” ¥ ABHISHEK SINGH “| AND OGUZHAN BAHADIR

ABSTRACT. The paper deals with the study of almost Ricci (AR) soliton and gradient al-
most Ricci (GAR) soliton on 3-dimensional Lorentzian para a-Sasakian manifolds (a- LPS
manifolds). Finally, we also provide an example of AR soliton.
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1. INTRODUCTION

As a generalization of an Einstein metric [6], Ricci soliton first defined in 1982 by Hamilton
[19]. A pseudo-Riemannian manifold (M, g.) defines a Ricci soliton with a smooth vector

field V on M such that
£vge +25 — 2719, =0, (1.1)

where £y is the Lie derivative along the vector field V' and S is the Ricci tensor on M and
71 is a real scalar. Ricci soliton is said to be shrinking 7 < 0, steady 71 = 0 or expanding
71 > 0, [8]. A Ricci soliton is changed into Einstein equation with V' zero or killing vector

field.
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The study of almost Ricci soliton was presented by Pigola et al. [23], in this manner they
gave new version of the definition of Ricci soliton by adding new condition on the parameter
71 to be a variable function, we say that a Riemannian manifold (M, g.) admits an almost
Ricci soliton, if there exists a complete vector field V', called potential vector field and a

smooth soliton function 7 : M — R satisfying
1
S+ §£Vg* = T10x, (1.2)

where S and £ represent Ricci tensor and Lie derivative along the direction of soliton vector
field V. We shall now refer to this equation as the fundamental equation of an almost Ricci
soliton (M, g, V,71). Ricci soliton will be called shrinking, steady or expanding, respectively,
if 1 < 0,71 =0 or 71 > 0. For remaining it will be called indefinite. When the vector field V'
is gradient of a smooth function f : M — R the metric will be called gradient almost Ricci

soliton. So, we obtain

S+ V2f = 11g., (1.3)

where V2 f means for the Hessian of f.

Additionally, if the vector field X is trivial, or the potential f is constant, the almost
Ricci soliton is said to be trivial, otherwise it is said to be non-trivial almost Ricci soliton.
We observe that when n > 3 and X is a killing vector field almost Ricci solitons will be Ricci
solitons. So in this situtation we have an Einstein manifold. The soliton function 7 is not
necessarily constant, certainly comparison with soliton theory will be modified. In particular
the rigidity result contained in Theorem 1.3 of [23] inform that almost Ricci solitons should
reveal a reasonably broad generalization of the important concept of classical soliton.

The presence of Ricci almost soliton has been affirmed by Pigola et al. [23] on some
specific class of warped product manifolds. Some characterization of Ricci almost soliton on
Riemannian manifolds can be found in [1 [4 [5 7, [I8], 26]. It is important to note that if the
potential vector field V' of the Ricci almost soliton (M, g., V, 1) is Killing then the soliton
becomes trivial, provided the dimension of M > 2. Additionally, if V' is conformal then M
is isometric to Euclidean sphere S™. Thus the Ricci almost soliton is a generalization of
Einstein metric as well as Ricci soliton.

In [15], authors studied Ricci solitons and gradient Ricci solitons geometric properties on
3-dimensional normal almost contact metric manifolds. In [16] authors studied compact Ricci
soliton. In [I7] author studied K-contact and Sasakian manifolds whose metric is gradient

almost Ricci solitons. Conditions of K-contact and Sasakian manifolds are more stronger
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than almost normal contact metric manifolds in the sense of the 1-form of almost normal
contact metric manifolds are not contact form. Ricci soliton as well as gradient Ricci soliton
have been studied by many authors such as [2, [13] [14].

Sharma [24] obtained results on Ricci almost solitons in K-contact geometry, also in
author [17] studied Ricci almost solitons and gradient Ricci almost solitons in (k, u)-contact
geometry and Majhi [22] on 3-dimensional f-Kenmotsu manifolds also De and Mandal [12]
studied for structure (k, u)-Paracontact geometry. Motivated by above studies in this paper,
we are interested to study almost Ricci solitons and gradient Ricci almost solitons with
Lorentzian para a-Sasakian manifolds.

We are studying the following sections: Section 2 contains important definitions and some
preliminary results of Lorentzian para a-Sasakian (- LPS) manifolds needed for the study.
In section 3, we deal second order parallel symmetric tensors a- LPS manifolds. In section
4, we obtain result for almost Ricci (AR) soliton in 3-dimensional a-LPS manifolds. In the
Section 5, we deduce theorem for such manifolds with gradient almost Ricci (GAR) solitons.

Finally, we give an example of 3-dimensional (a- LPS)manifolds with almost Ricci soliton.

2. - LPS MANIFOLDS

A differentiable manifold M of (2n + 1) dimensional is said to be an a- LPS manifolds,
if it cosist a tensor field J of type (1, 1), a characteristic vector field ¢y, a 1-form 7, and g,

as Lorentzian metric satisfy (see [10} 21]) :

J* X1 = X1 +n(X1)G, (2.4)

1:(C1) = =1, m(X1) = g4(X1, Q1), (2.5)

JG =0, n.0J =0, (2.6)

9+ (J X1, JY1) = gu(X1, Y1) + 1 (X1)1 (Y1) (2.7)

Definition 2.1. A differentiable manifold M with an almost contact Lorentzian metric struc-

ture (J, C1,Mx, g«) s said to be an a-LS manifold if
(Vx, Y1 = afg.(X1, Y1) + ne (Y1) X1}, (2.8)

where « is a constant function on M.
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An almost contact metric structure is called a LPS manifold (or simply Lorentzian para-

Sasakian manifold) if, (for details see [27, 1], 9])

(Vx, J)Y1 = gu(X1, Y1)C1 4+ 10 (Y1) X1 + 20 (X1)1: (Y1), (2.9)

where V is the Levi-Civita connection with respect to g.. Using above equation, one can

obtain

Vx, G =JX1, (Vx,n)Y1 = g(X1, V). (2.10)

Definition 2.2. A differentiable manifold M with an almost contact Lorentzian metric struc-

ture (J, C1,Mx, g«) is called an a-LPS manifold if

(Vx, ))Y1 = a{g«(X1, Y1)C1 + 0 (Y1) X1 + 20, (X 1)1 (Y1) 1 (2.11)

where a is a smooth function on M.

Remark- Note that if @ = 1, then LPS manifold is the special case of a-LPS manifold.

For an a-LPS manifold following relations are holds [3]:

Vx, G = aJ X, (2.12)
(Vx,m)Y1 = ag.(JX1, Y1), (2.13)
R(X1,Y1)01 = o*{n(Y1) X1 — no(X1)V1} (2.14)

+{(X1&)JY1 — (Yla)JXl},

R(G.Y1)G = oY1+ (V)G ) (2.15)
+(Cra) J Y7,

R(G, )G = 0, (2.16)

R(G,Y1)X1 = o*{g.(X1,Y1)G — n(X1)Y1} (2.17)

—(X1a)JY1 + g.(J X1, Y1)(grada),
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S(Y1,G) = 2na’n.(Y1) — {(Vie)w + (JY1)a},

(2.18)

for any vector field Y7 on M, w = g.(J(e;), e;) and S defines the Ricci curvature on M.

S(¢,¢) = —2na? — (Ga)w,

and

n(R(X1,Y1)Z1) = o*{g(Y1, Z1)n(X1) — g2(X1, Z1)ne (Y1)}

—{(X1a)g«(JY1, Z1) — (Vi) g«(X1J, Z1)}.

In a 3-dimensional Riemannian manifold, we always have

R(X1\,Y1)Z1 = g:(V1,21)QX1 — g.(X1, Z1)QY;
+S(Wh, Z0) X1 — S(X1, Z)Vi

r

9 [g*(Y17 Zl)Xl - g*(Xl, Zl)Yl]

In a 3-dimensional a-LPS manifold, we have

R(Xi,)Z = [g — ?][g (Y1, Z1) X1 — g+(X1, Z1)Y1]
+15 — 3a%)[g- (Y1, Z0)n(X1)G1

—9+(X1, Z1)n«(Y1)C1 + 0 (Y1) (Z1) X1

=1 (X1)1:(Z1)V1],

and

S(X1,21) =[5 - o’lg(X1, Z1)

+15 — 30]n. (X)) (12).

Putting Z; = (3 in (2.17), we have

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)
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R(X1, 1)1 = 7:(Y1)QX1 — n(X1)QY1 (2.24)
+S(1/1;<1)X1 — S(Xl,gl)Yl
,

2[77*(5/1))(1 —n«(X1)Y1],

and

S(X1,¢) = 2%n.(Xy). (2.25)
where @ is the Ricci operator define by S(X1,Y1) = g.(QX1, Y1).
Definition 2.3. An a-LPS manifold M is called an Einstein like if its Ricci tensor S satisfies
S(X1,Y1) = ag«(X1,Y1) + by (J X1, Y1) (2.26)
+en(X1)n«(Y1),

X1,Y1 € (M) for some real constants a,b and c.

3. SECOND ORDER PARALLEL SYMMETRIC TENSORS IN AN a-LPS MANIFOLD

Fix h a symmetric tensor field of (0, 2)-type which we suppose to be parallel with respect
to V that is Vh = 0. Applying the Ricci identity [25]

V2h(X1,Y1; Z1,W1) — V2h(X1,Y1; W1, Z1) = 0, (3.27)

we obtain the relation

h(R(X1,Y1)Z1, Wh) + h(Z1, R(X41,Y1)Wq) = 0. (3.28)

Replacing Z; = W1 = (4 in (3.2) and by using (2.11) and by the symmetry of h, we have

a?[n(Y1)h(X1, G1) = ne(X1)h(Y1, C1)] (3.29)

—i—(XlOé)h(JYl,Cl) — (Yl()é)h(JXl,Cl) =0.

Putting X; = (3 in (3.3) and by virtue of (2.2) and (2.3), we obtain

o[ (Y1)R(Cr, C1) + h(Y1, Q)] + (Ga)h(TY1, 1) = 0. (3.30)

Replacing Y7 = JY; in (3.4), we have
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(G1a) [0 (Y1)R(C1, G1) + h(Y1, )] + &®h(J Y1, 1) = 0. (3.31)

Solving (3.4) and (3.5), we have

(@' = (Ga)*) [ (Y1)h(G1, G1) + h(Y1,¢1)] = 0. (3.32)

Since a* — (C1a)? # 0, it results

h(Y1,G) = —n(Y1)h(C1, C1), (3.33)

from (3.7), we obtain

h(Y1,G1) + g4(Y1, C1)h(C1, C1) = 0. (3.34)

Putting Y7 = Vx, Y1 in (3.7), we have

h(Vx,Y1,C) + 9«(Vx, Y1, C)R(Cr, ¢) = 0. (3.35)

Covariantly differentiating (3.7) with respect to X, we obtain

(?X1h)(Y1,C1) +h(?X1Y717C1) +h(Y717?X1C1) (336)
= —[g:«(Vx,Y1,0) + g(Y1, Vi, )]G, Gr)

=1 (YD)[(Vx,h)(C1, ¢1) + 20(Vx, C1, G
= 0.

Applying the parallel condition Vi = 0, 17.(Vx,¢1) = 0 and using (2.9) and (3.6) in (3.9),

we infer

a[h(Yy, JX1) + g+ (Y1, JX1)h(C1, C1)] = 0. (3.37)

Replacing X7 = JX; in (3.11) and on simplification, we get

alh(X1, Y1) + g«(X1,Y1)R((1,61)] = 0, (3.38)

since « is non-zero smooth function in an a-LPS manifold and this implies that

h(lei/l) = _g*(Xl)}/l)h(C].vCl)7 (339)
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which is together with the standard fact that the parallelism of h implies that h(¢1,¢1) is a

constant, via (3.6). Now using the above conditions, we can write the following:

Theorem 3.1. A second order covariant symmetric parallel tensor in an a-LPS manifold is

a constant multiple of the metric tensor.

4. AR SOLITONS ON 3-DIMENSIONAL a-LPS MANIFOLDS

This section deal with the characterization of AR solitons on 3-dimensional a-LPS man-
ifolds. Consider the potential vector field V' be pointwise collinear, V' = b(;, where b is a

function on M. Then from (1.1) we have

9« (Vx,6C1, Y1) + g(Vy; bC1, X1) + 25(X1, Y1) = 211 9.( X1, V7). (4.40)

By virtue of (2.9) and (4.1), we have

2bag, (J X1, Y1) + (X10)n. (Y1) (4.41)
+(Y1b)n. (X1) + 25(X1, V1)

= 27m9.(X1, 7).
Substituting Y1 = (; in (4.2) and using (2.21), we get
—(X1b) + (G0)n(X1) + 40 (X1) = 270 (X1). (4.42)

Taking X7 = (3 in (4.3), we infer

Gb =1 — 202 (4.43)

Substituting the value of (1b in (4.3), we have
db = (2a* — 1)1 (4.44)

Operating d on (4.5) and using d? = 0, we obtain

= d%b = (20% — 7)dn.. (4.45)

It follows from the above equation

T = 2a°,
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which implies db = 0, i.e., b = constant, by virtue of db = (2a —71)n,. Thus, using constancy

of bin (4.2), we infer

S(X1,¥1) = mgu(X1,Y1) — abg.(J X1, V1) (4.46)
—2(20% — 71)ns (X1)m: (Y1),

which is of the form S(X1,Y1) = ag«(X1, Y1) + bge (J X1, Y1) + cne(X1)n+(Y1). Hence, we can

state the following result:

Theorem 4.1. A 3-dimensional a-LPS manifold (M, (1,M«, g«) with constant o admitting
an AR soliton with pointwise collinear vector field V' with the structure vector field ¢y, is an

FEinstein like manifold provided T = 202 > 0 i.e., expanding.

Now let V = (3. Then (4.1) reduces to

(£6194) (X1, Y1) +25(X1, Y1) = 2719 (X1, Y1). (4.47)

Now, by using (2.9) we have

(£69:) (X1, Y1) = 9(Vx, G, Y1) + (Vi Gi, X1)

= 2ag*(JX1,Y1). (4.48)
Using (2.19), we get
(£ag )X Y) = =2/(5—a®) g.(X1,11) (4.49)
+ (5 —30%) m(X0)m. (1))

+27’1g*(X1,Y1).

In view of (4.9) and (4.10), we obtain

ag(JX1,Y1) = —[(% - a2) 9:(X1, Y1) (4.50)
+ (5~ 30%) m(X0)m. (1))

‘|‘7'19*(X1’Y1)-
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Taking X; =Y; = (3 in (4.11), we obtain

1 = 207, (4.51)

Since « is constant. This implies 71 = 2a? =constant. Hence, we can establish the following

result.

Theorem 4.2. A 3-dimensional a-LPS manifold (M, (1,nx,gx«) admits AR soliton then it

reduces to a Ricci soliton for o =constant.

5. GRADIENT ALMOST Ricct (GAR) SOLITONS

In this part, we study 3-dimensional o-LLPS manifolds admitting GAR soliton. For a GAR

soliton, we have

Vy,Df =nY1 — QY1 (5.52)

where D symbolize the gradient operator of g,.

Now taking covariant differentiation of (5.1) along arbitrary vector field X, we have

Vx,Vy,Df =dr(X1)Y1+ 11V, Y1 — (Vx,Q)Yi. (5.53)

In above equation d is exterior derivative, using this similarly we obtain

?ylﬁxlDf = dTl(Y1>X1 + n?lel — (?le)Xl, (5.54)

and

Vix,vDf = ni[X1, V1] — Q[X1,11]. (5.55)

In view of (5.2), (5.3) and (5.4), we get

R(X1,1)Df = levlef_vY1vX1Df_v[X1,Y1]Df (5.56)
= (Vn@Q)X1 — (Vx,Q)Y1 — (Yim) X1 + (X111 V1.

From (2.19), we have

QX1 =[5 — a?)X1 + [ — 3. (X1)G1: (5.57)
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Taking covariant differentiation of (5.6) along arbitrary vector field X; and using (2.9), we

have

Qv = (55) w0l
ta (g - 3a2) g+ (J X1, Y1) + 0 (Y1) T X3]. (5.58)
Similarly, we have
(VnQ)X:1 = <Y;T> (X1 + 7 (X1)¢1]
ta (g - 3a2> g+ (JY1, X1) + nu(X1)TYA]. (5.59)
Using (5.7) and (5.8) in (5.5), we have
R Y)DF = () (X0 n(x0)G] +a (4 - 30%) m(X0)
2 2
- <X21T> Y1 +n.(Y1)G] -« (g - 3a2> n(Y1)J X1
—(Y1m) X1 + (Xam)Y1. (5.60)

Taking an inner product with (; in above equation, then we obtain

9«(R(X1,Y1)Df, ¢1) = —(Yim)n«(X1) + (Xa7m1)n.(Y1)- (5.61)

Taking Y7 = (1, then we infer

g« (R(X1,G)Df, C1) = —(Qr)ne(X1) — (Xa7). (5.62)

Also from (2.18), it follows that

9+(R(X1,C1)Df, 1) = o?[(CLf)ne(X1) — (X1.f)]. (5.63)

Using (5.9) in (5.10), we get

(G fIn(X1) — (X1 f)] = —(Qr)ne(X1) — (X171). (5.64)

Assuming that f is constant. Then it follows from (5.11) that



150 S. PANDEY, A. SINGH, AND O. BAHADIR

dri + (¢1m1)n« = 0. (5.65)

Applying d both sides of (5.14), we obtain

G =0. (5.66)

By virtue of (5.14) and (5.15), we get

This implies 71 is constant. Hence, we can establish the following result:

Theorem 5.1. A 3-dimensional a-LPS manifold (M, 1,14, g«) admits a GAR soliton then

it reduces to a Ricci soliton provided f is constant.

6. EXAMPLE

We consider the 3-dimensional manifold M = {(x,y,t) € R? : t # 0}, where (z,y,t) are
the standard coordinates in R3. We choose the vector fields
- ¢ 0

0 - 0
7E2 = 6*(% + iy) and E3 = eia7

which are linearly independent at each point of M. Let g. be the Lorentzian metric defined

by

- ]
By =el—
LT %y

g«(E1, Es) = gu(Ey, E3) = g.(E3, 1) = 0,
g«(E1, B1) = gu(E2, Ea) = 1, gu(E3, E3) = —1.
Let 7. be the 1- form defined by 7.(Z1) = g«(Z1, E3) for any vector field Z; on M. We

define the (1,1) tensor field J as J(E,) = —Ey, J(Ey) = —E3 and J(E3) = 0. Then using

the linearity of J and g., we have

ne(Bs) = —1,J2Zy = Zy +1.(Z1) Es,

9x(JZ1, JW1) = g+(Z1, W1) + 05 (Z1)0(W1),
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for any vector fields Z;, Wy on M. Thus for E5 = (1, the structure (J, (154, g«) defines an

almost contact metric structure on M.
Let V be the Levi-Civita connection with respect to the Lorentzian metric g,. Then, we

have

[El,Ez] = 0, [El,Eg] = —61E~1 and [EQ,Eg] = —6ZEQ.

Koszul’s formula is defined by

20.(Vx,Y1,21) = X19:(N1,21) +Y19.(Z1, X1) — Z19.(X1, Y1)

—9+(X1, (Y1, Z1]) — g+:(Y1, [ X1, Z1]) + 9+(Z1, [ X1, Y1)).

Using Koszul’s formula, we can easily calculate

From the above, it follows that the manifold satisfies

(Va, Y1 = a{go(X1, Y1)G1 +0:(Y1) X1 + 20, (X1)n. (Y1) G},
for B3 = (. and a = el, (J,C1,1mx, g+) is a 3-dimensional a-LPS structure on M. Conse-

quently M3(J, (1,74, g«) is a 3-dimensional a-LPS manifold. Also, the Riemannian curvature
tensor R is given by
R(X\, )7 = ?Xl?lel - vY1vX1Zl - v[X17Y1]Zl'

With the help of above results, we obtain
R(Ey1, Ey)Ey = —e2'Ey, R(Ey, E2)E3 =0, R(Ey, Ey)Ey = —e2' By,

R(Ey, E3)Ey = —e2'E3, R(E), E3)Ey = 0,R(E1, E3)E3 = —e2'Es.

R(Ey, E3)Ey = 0,R(Es, E3)Ey = —e2' B3, R(Es, F3) B3 = —e?' Es.
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Then, the Ricci tensor S is given by

S(El,El) = O,S(EQ,EQ) =0 and S(Eg,Eg) = —26?.

from equation (1.2) and above calculation, we find 71 = 2ef (1 — el).

Thus 3-dimensional a-LPS manifold admitting an AR soliton.
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1. INTRODUCTION

Let (M;,g;) be Riemannian manifolds for i € {0,1,2} and let fi2 : My — (0,00) be
smooth functions. Then the biwarped product or twice warped product manifold [5], [14]

Moy x g, My Xy, My is the product manifold M = My x M; x My endowed with the metric

g =5(90) ® (f1 0 m0)*7}(g1) B (f2 0 m0) 75 (g2)-
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More precisely, for any vector fields X and Y of M, we have

2

9(X,Y) = go(mo. X, m0.Y) + Y _(fiom0)*gs(mi. X, m,Y),
=1

where 7; : M — M; is the canonical projection of M onto M;, mf(g;) is the pullback of g,
by m; and the subscript m;, denotes the derivative map of m; for each 7. The functions f;
and fy are called warping functions and each manifold (Mj;,g;), j € {1,2} is called a fiber
of the biwarped product M. The factor (Mg, go) is called a base manifold of M. As well
known, the base manifold of M is totally geodesic and the fibers of M are totally umbilic in
M. We say that a biwarped product manifold is trivial, if the warping functions f; and fo
are constants. Of course, biwarped product manifolds are natural generalizations of warped

product manifolds [7] and special case of multiply warped product manifolds [14].

Let Mo < My Xy, M2 be a biwarped product manifold with the Levi-Civita connection
V and V* denote the Levi-Civita connection of M; for i € {0,1,2}. By usual convenience,
we denote the set of lifts of vector fields on M; by L£(M;) and use the same notation for a
vector field and for its lifts. On the other hand, since the map mg is an isometry and m; and
w9 are (positive) homotheties, they preserve the Levi-Civita connections. Thus there is no
confusion using the same notation for a connection on M; and for its pullback via ;. Then,

the covariant derivative formulas [23] for a biwarped product manifold are given by

VoV =Vv (1.1)

VyX =VxV =V(nf)X (1.2)

?XZ:{ 0. iiEd (1.3)
VyZ —g(X, Z)V°(In f;) if =1,

where U,V € L(My), X € L(M;) and Z € L(M;).

The theory of warped product submanifolds has been become a popular research area
since Chen [§] studied the warped product CR-submanifolds in Kaehler manifolds. Actually,
several classes of warped product submanifolds appeared in the last eighteen years. Also,
warped product submanifolds have been studied for different kinds of structures. Most of
the studies related to the theory of warped product submanifolds can be found in Chen’s
book [I0]. Recently, Tagtan studied biwarped product submanifolds of a Kaehler manifold

(M, J,g) of the form MT X f M+ xs MY where MT is a holomorphic, M~ is a totally real
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and MY is a pointwise slant submanifold of M [20]. Afterwards, biwarped product submani-

folds have been studying by many geometers for different kinds of structures (see, [2] 21], 22]).

In this paper, we study biwarped product submanifolds with a slant base factor in locally
product Riemannian manifolds. More precisely, we consider biwarped product submanifolds
of the form M? Xt MT x, M+, where MY is a slant, M~ is an anti-invariant and M7 is an
invariant submanifold of the locally product Riemannian manifold. After giving a non-trivial
example and some auxiliary results, we prove an existence theorem for such submanifolds.
Then, we investigate the behavior of the second fundamental form of such a submanifold and
as a result, we get a condition for this kind of submanifold to be a warped product. Finally,
we obtain an inequality for the squared norm of the second fundamental form in terms of
the warping functions for such submanifolds. The equality case is also considered. Moreover,
we give an application of this inequality for certain types of locally product Riemannian

manifolds.

Remark 1.1. Biwarped product submanifolds of the form M? foT X o M+ in locally product
Riemannian manifolds were also studied in [22]. However, expect the first four equations of
Lemma our results are completely different from the results of [22]. Besides, biwarped
product submanifolds of the form M=+ foT X o M in locally product Riemannian manifolds
were studied in [2], where M is a proper pointwise slant submanifold of the locally product
Riemannian manifold. But, the geometry of M? X5 MT x, M+ and the geometry of M+ X5

MT x, M? are quite different.

2. PRELIMINARIES

We first recall the fundamental definitions and notions needed for further study. In fact,
we will give the notions for submanifolds of Riemannian manifolds in subsection 2.1. In

subsection 2.2, we recall the definition of a locally product Riemannian manifold.

2.1. Riemannian submanifolds. Let M be a Riemannian manifold isometrically immersed
in a Riemannian manifold (M, g) and V be the Levi-Civita connection of M with respect to
the metric g. Also, let V and V= be the Levi-Civita connection and normal connection of

M, respectively. Then the Gauss and Weingarten formulas [24] are given respectively by

VyW =VyW +h(V,W) and VyZ=—-AzV +V§Z (2.4)
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Here V, W are the tangent vector fields to M and Z is normal to M. In addition, h is the
second fundamental form and Ay is the Weingarten operator of M associated with Z. Then,

we have
g(h(V,W), Z) = g(AzV,W). (2.5)

For a submanifold M of a Riemannian manifold M, the equation of Gauss is given by

RWU,V,Z,W)=RU,V,Z, W)+ g(h(U,Z), L(V,W)) — g(h(UW),h(V, Z)) (2.6)

for any U,V, Z,W € I'(T M), where R and R are the curvature tensors on M and M respec-
tively. The mean curvature vector H for an orthonormal frame {eq, ..., e} of tangent space

T,M, pc M on M is defined by

1 1
mrace() m; (e, €i) (2.7)
where m = dimM. Also, we set
hi; = g(h(eie),er) and || h|[P= ") g(h(es,e5), hleie;)). (2.8)
ij=1

Moreover, the sectional curvature [24] of a plane section spanned by e; and e;, denoted by
Kij: is

Kij = R(ei7eja€jaei)' (2'9)

The scalar curvature [9] of M of is given by
T(TM)= ) Ky (2.10)
1<iz#j<m

Let G, be a r-plane section on TM and {ey,...,e,} any orthonormal basis of G,. Then the

scalar curvature 7(G,) of G, is given by
TG = > Ki (2.11)
1<iAj<r

For a smooth function f on M, the Laplacian of f is defined by

m

A=Y {(Vee)f —elei( )y == 9(Ve, V] e), (2.12)
=1

=1

where V f is the gradient of f [9].
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2.2. Locally product Riemannian manifolds. Let M be a Riemannian manifold. Sup-

pose M is endowed with a tensor field
Fo1, (F£TD), (2.13)

of type (1,1). Here, I is the identity endomorphism on TM. Then, (M,g,F) called an
almost product manifold and F is called an almost product structure. Also, we assume that
g and F satisfy

g(FX,FY) =g(X.,Y), (2.14)
for all vector fields X, Y tangent to M. Then, it is known that (M, g, F) is an almost product

Riemannian manifold. Let V be the Levi-Civita connection of (M, g, F). If we have
VF =0, (2.15)

then (M, g, F) is a locally product Riemannian manifold, (briefly, L.p.R. manifold).

Let Mj(c1) (resp. Ms(c2)) be a real space form and have sectional curvature ¢; (resp. c2).

Then, the Riemannian curvature tensor R of 1.p.R. manifold M = M; x M, has the form

1
RUV)Z = Z(c1 + )3 g(V, 2)U — g(U, Z)V + g(FV, Z)FU — g(FU, Z)FV

1
= Z(Cl — )R g(V, Z)FU — g(U, Z)FV + g(FV, Z)U — g(FU, Z)V ¢,

forall U,V,Z € T(TM) [24].

(2.16)

3. SKEW SEMI-INVARIANT SUBMANIFOLDS OF ORDER 1 IN LOCALLY PRODUCT

RIEMANNIAN MANIFOLDS

We first recall the definition of the skew semi-invariant submanifolds of order 1 of a locally

product Riemannian manifold and get some useful results for the further study.

Let (M, g,F) be a L.p.R. manifold and let M be a submanifold of M. If for X € D,, the
angle 6 between FX and D, is constant, i.e., it is independent of p € M and X € D, then
D is called a slant distribution on M. 0 is said the slant angle of the slant distribution D.
Thus, the invariant and anti-invariant distributions with respect to F are slant distributions
with slant angle § = 0 and 6 = 7/2, respectively. If the tangent bundle T'M of M is slant
[12, 15] then the submanifold M of M is called a slant submanifold. A slant submanifold

that is neither invariant nor anti-invariant is called a proper slant submanifold.
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Let M be a slant submanifold with slant angle 6 of a locally product Riemannian manifold

(M, g,F), for any V € T(TM), we write

FV =PV + NV. (3.17)

Here PV is the tangential part of FV and NV is the normal part of FV. Then, for any
U,V € I'(TM) we have [15]

P2V = cos?0V, (3.18)

g(PU, PV) = cos’0g(U,V) and g(NU,NV) = sin?0g(U, V). (3.19)

A submanifold M of a locally product Riemannian manifold (M, g, F) is said a skew semi-
invariant submanifold of order 1 (briefly, s.s-i.) [18] if the tangent bundle T'M of M has the

form

TM:DL@DT@DQ,

where Dy is slant distribution with slant angle 6, Dp is an invariant distribution, i.e., FDp C
Dr, D, is an anti-invariant distribution, i.e. FD| C T M. In that case, the normal bundle

T+M of M can be decomposed as

T+M = N(Dy) © F(D,) @ Dr, (3.20)

where Dy is the orthogonal complementary distribution of N(Dy) @ F(D,) in T+ M and it

is an invariant subbundle of T-M with respect to F.

Remark 3.1. The class of s.s-i. submanifolds of order 1 of locally product Riemannian
manifolds is a special subclass of skew semi-invariant submanifolds [12] and a natural gen-
eralization of invariant, anti-invariant [1], semi-invariant [6], slant [15], semi-slant [13] and

hemi-slant submanifolds [19] of locally product Riemannian manifolds.
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Lemma 3.1. [I8] Let M be a proper s.s-i. submanifold of order 1 of a l.p.R. manifold
(M,g,F). Then,

g(VzW,U) = — csc29{g(ANpWZ, U) + g(Avw Z, ]-"U)}, (3.21)
oV W, X) = se0{ g A ZPW) + gl A 2,X) | (3:22)
g(VuV,Z) = CSCQH{g(ANpZU, V) + g(AnzU, IV)}, (3.23)
9(VuV,X) = g(ArxU,FV), (3.24)
oY, 2) = =0 aAry X,PZ) + glAnpzX.Y) | (3.25)
g(VxY,V) = —g(Ary X, FV), (3.26)
g(VxZ,V)=— csc29{g(ANpZX, V) + g(AnzX, .7-"V)}, (3.27)
g(VzX, V)= —g(Arx Z,FV), (3.28)
g(VuX,Z) = — se629{ g(ArxU,PZ) + g(AnpzU, X)} (3.29)

for ZZW € I'(Dy), U,V € I'(Dr) and X,Y € T'(D_ ).

Theorem 3.1. Let M be a proper s.s-i. submanifold of order 1 of a locally product Riemann-
ian manifold (M, g, F). Then the slant distribution Dy is totally geodesic iff the following
equations hold
9(AnpPwZ,V) = —g(ANw Z, FV), (3.30)
9(ArxZ, PW) = —g(Anpw Z, X), (3.31)
for ZW € T'(Dy), V € I'(Dr) and X € I'(D,).
Proof. The distribution Dy is totally geodesic iff g(VzW, X) =0 and g(VzW,V) =0 for

all Z,W €T'(Dy), X e I'(D,) and V € I'(Dyp). Thus, the assertions (3.30) and (3.31)) follow
from (3.21]) and (3.22)), respectively.

Theorem 3.2. Let M be a proper s.s-i. submanifold of order 1 of a locally product Riemann-

ian manifold (M,g,F). Then the invariant distribution Dr is integrable iff the following
equations hold

9(ArxU, FV) = g(ArxV, FU), (3.32)

9(AnpzU, V) + g(ANzU, FV) = g(AnpzV,U) + g(AnzV, FU), (3.33)

for U,V € I'(Dr), X € I'(D1) and Z € I'(Dy).
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Proof. The distribution Dy is integrable iff g([U, V], X) = 0 and ¢([U,V],Z) = 0 for all
Z € I'(Dy), X € I'(Dy) and U,V € I'(Dr). Thus, the assertions (3.32) and (3.33) follow
from (3.23)) and (3.24]), respectively.

Theorem 3.3. Let M be a proper s.s-i. submanifold of order 1 of a locally product Rie-
mannian manifold (M, g, F). Then the anti-invariant distribution D) is integrable iff the
following equations hold

g(Afo, .FV) = g(A]?YX, .FV), (334)
g(A]:yX,PZ) :g(Af)(Y, PZ), (335)
for XY € (D), V € I'(Dr) and Z € I'(Dy).
Proof. The distribution D, is integrable iff g([X,Y],Z) = 0 and ¢g([X,Y],V) = 0 for all

Z € I'(Dy), X,Y € I'(D.) and V € I'(Dr). Thus, the assertions (3.34) and (3.35) follow
from (3.25)) and (3.26]), respectively.

4. BIWARPED PRODUCT SUBMANIFOLDS IN LOCALLY PRODUCT RIEMANNIAN MANIFOLDS

We first check that the existence of biwarped product submanifolds of the form, M7T x f
M+ x, MY ML <y M? <o MT and My x § MT x, M+, where M~ is an anti-invariant, M’

ia a proper slant and M7 is an invariant submanifold of a l.p.R. manifold (M, g, F).

M. Atceken and B. Sahin independently proved that there do not exist (non-trivial)
warped product semi-invariant submanifolds of the form M7 x M + in a Lp.R. manifold
(M, g, F), such that M7 is an invariant submanifold and M L is an anti-invariant submani-
fold of (M, g, F) in [4, Theorem 3.1] and [16, Theorem 3.1], respectively. Again, M. Atceken
and B. Sahin independently proved that there do not exist (non-trivial) warped product
semi-slant submanifolds of the form M7 x M % in a 1.p.R. manifold M, such that M7 is an
invariant submanifold and M? is a proper slant submanifold of M in [3, Theorem 3.3] and

[17, Theorem 3.1], respectively. Thus, we obtain the following result.

Corollary 4.1. There do not exist (non-trivial) biwarped product submanifolds of the form
MT x¢ M+t xo M? of a L.p.R. manifold (M, g, F) such that M" is an invariant, M* is an

anti-invariant and M? is a proper slant submanifold of M.

On the other hand, it was proved that there do not exist (non-trivial) warped product

submanifolds of the form M=+ x M % in al.p.R. manifold M such that M is an anti-invariant
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submanifold and M? is a proper slant submanifold of M in [3, Theorem 3.4]. Thus, we deduce

the following result.

Corollary 4.2. There do not exist (non-trivial) biwarped product submanifolds of the form
M+ X f M9 x, MT of a l.p.R. manifold (M, g, F) such that M~ is an anti-invariant, M9 is

a proper slant submanifold and M7T is an invariant submanifold of M.

Now, we consider (non-trivial) biwarped product submanifolds in the form M? x FMT %,
M+ in a Lp.R. manifold (M, g, F) such that M7 is an invariant, M~ is an anti-invariant and

M? is a proper slant submanifold of M. Firstly, we present an example of such a submanifold.

Example 4.1. Consider the 8-dimensional Euclidean space R® with standard metric g and

almost product structure F given by

Fo, = 0, FOo = O, FO3 = —0s, FOy = —04,

FO5 = O, FOs = 05, FOr = 08, FOg = 0r,

where O, = a%k, ke {1,...,8} and (x1,22,...,28) are natural coordinates of RS. Upon a
straightforward calculation, we see that (R®, F,g) is a L.p.R. manifold. Let M be a submani-
fold of (R®, F,g) given by

r1 = tsinu, To = tcosu, T3 = —— COSv, T4 = —=sinwv

V2 V2

r5 = 2tsinx, zg =0, x7 = 2tcosx, xg =0,

where u,v € (0,5) and t > 0. Then, the local frame of TM is given by

V2

1
cosvds + — sinvdy + 2sin 05 + 2 cos x07,

V2

Z =sinud; + cosudq +

U =tcosudy — tsinudy,

t t
V = — —sinvd3 + —= cos vdy,

V2 V2

X =2t cosxd5 — 2t sin x07.

After some calculation, we see that Dy = span{Z} is a proper slant distribution with slant
angle § = cos™'(;) and Dy = span{U,V'} is an invariant distribution and D, = span{X}

is an anti-invariant distribution. Moreover, Dy is totally geodesic and both Dr and D, are
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integrable distributions. If we denote the integral manifolds of Dy, Dy and D, by M, MT
and M=, respectively, then the induced metric tensor of M is

o M o oo 1., 27 2
ds :?dt +t“(du +§dv )+ 4t°dx
=dgpe + tQQMT + (2t)29ML .
Thus, M = M? X g M7T x4, M* is a (non-trivial) biwarped product proper s.s-i. submanifold

of order 1 of (R®, F,g) with warping functions f =t and o = 2t.

5. BIWARPED PRODUCT PROPER SKEW SEMI-INVARIANT SUBMANIFOLDS

OF ORDER 1 OF THE FORM MY x; MT x, M+

First, we give a characterization for biwarped product proper s.s-i. submanifolds of order 1
of the form M? x M T o M+, where MY is a proper slant submanifold, M7 is an invariant and
M+ is an anti invariant submanifold of a 1.p.R. manifold (M, g, F). After that we investigate
the behavior of the second fundamental form of such submanifolds and as a result, we give a
condition for these submanifolds to be locally warped product. Firstly, we recall the following

fact given in [I1] to prove our theorem.

Remark 5.1. ([I1, Remark 2.1]) Suppose that the tangent bundle of a Riemannian manifold
M splits into an orthogonal sum TM =Dy ® D1 @& ... Dy of non-trivial distributions such
that each Dj is spherical and its complement in T M is autoparallel for j € {1,2,...,k}. Then

the manifold M is locally isometric to a multiply warped product Mo X g, Ma X 1, X ... X 5, Mj,.
Now, we give one of the main theorems of this paper.

Theorem 5.1. Let M be a (Dy, D) )-mized geodesic proper s.s-i. submanifold of order 1
of a l.p.R. manifold (M,g,F). Then M is a locally biwarped product submanifold of type
M? x; MT x, M+ iff we have

AnpzX = cos’0Z(\)X, (5.36)

AnzV + Anpz FV = —sin?0Z(u) FV (5.37)

for smooth functions X\ and p satisfying X(\) = V(N) =0 and X(u) =V (n) =0 and
g(A;XZ, PW) = —g(ANpWZ, X), (538)

g(Ary X, FU) =0, (5.40)
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9(ArxZ,FU) =0, (5.41)
9g(ArxU,PZ) = —g(AnpzU, X), (5.42)
for ZW € I'(Dy), U,V € I'(Dr), X,Y € I'(D,).
Proof. For any Z € I'(Dy), U € I'(Dr) and X € I'(D, ), using and (3.17)),
9(AnpzX,U) = —g(VNxNPZ,U) = —g(VxFPZ,U) + g(VxP*Z,U).
By using - and , we find
9(AnpzX,U) = —g(VxPZ, FU) + cos’*0g(Vx Z,U).
Here, using , we arrive to
9(AnpzX,U) = —g(VxPZ,FU) + cos’0g(Vx Z,U).
So, using , we conclude that
g(AnpzX,U) = —PZ(Ino)g(X, FU) + cos?0Z(Ino)g(X,U) = 0. (5.43)
Since M is (Dg, D )-mixed geodesic, for W € T'(Dy) using (2.5), we find
9g(Anpz X, W) = g(h(X,W),NPZ) = 0. (5.44)
Next, by a similar argument, for Y € I'(D, ), using and , we have
g(h(X,Y),NZ)=g(VxY,NZ) = g(VxY,FZ)— g(VxY,PZ).
Then using , and , we find
g(h(X,Y),NZ) = g(VxFY,Z)+ PZ(Ino)g(X,Y).
Hence using and , we arrive to
gh(X,)Y),NZ)=—g(Ary X,Z)+ PZ(Ino)g(X,Y)

= —g(h(X,Z),FY)+ PZ(Ino)g(X,Y).

In this equation, if we interchange Z with PZ, then we have
g(W(X,Y),NPZ) = —g(MX,PZ),FY) + cos’0Z(Ino)g(X,Y).
Since M is (Dy, D, )-mixed geodesic, we conclude that

g(AnpzX,Y) = cos?0Z(Ino)g(X,Y). (5.45)
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Moreover, we have X (Ino) = V(Ino) = 0, since o depends only on the points of M?Y. So,

we conclude that A = Ino. Thus, from (5.43) — (5.45)), it follows that (5.36). Now, we prove

(5.37). For Z € T'(Dy), V € I'(Dr) and X € I'(D), using (2.4) and (3.17)), we have
9(ANZV + AnpzFV, X) = g(AnzV, X) + g(AnpzFV, X)

=g(AnzX, V) + g(Anpz X, FV)
=—g(VxNZ,V)—g(VxNPZ,FV)
=—g(VxNZ,V)—g(VxFPZ,FV)
+9(VxP2Z, FV).
Using (2.14])), (2.15)), (3.17) and(3.18) and, we arrive to
9(ANZV + AnpzFV,X) =—g(VxFZ,V)+g(VxPZ,V)—g(VxPZ,V)
+c0s?09(Vx Z, FV) + X (cos?0)g(Z, FV)

=—g(VxFZ,V)+cos?0g(VxZ,FV).
Then') using 7 7 " - " we ﬁnd
g(AnzV + AnpzFV, X) = —g(VxZ,FV) +cos?0g9(VxZ,FV)

=—g(VxZ,FV) +cos?0g9(Vx Z, FV)
= —sin®0g(Vx Z, FV)

= —sin?0Z(Ino)g(X, FV).
Since g(X, FV) = 0, we conclude that

9(AnzZV + AnpzFV,X) = —sin?0Z(Ino)g(X, FV) = 0. (5.46)

Similarly, for Z,W € T'(Dy) and V € I'(Dr), using and (3.17)), we have
9(ANZV + AnpzFV, W) = g(AnzV. W) + g(ANpz FV. W)
= g(AnzW, V) + g(AnpzW, FV)
=—g(VwNZ,V) - g(VNwNPZ,FV)
=—g(VwNZ,V) - g(VNwFPZ,FV)
+9(VwP2Z,FV).
Using (2.14])), (2.15)), (3.17)) and (3.18]), we arrive to
9(AnzV + Anpz FV, W) = —g(VwFZ,V)+ g(VwPZ, V) — g(VNwPZ,V)
+ cos?0g(Vw Z, FV) + W (cos?0)g(Z, FV)
= —g(VwFZ,V) +cos’0g(VwZ,FV)
+W (cos?0)g(Z, FV).
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Then, using , , - , we find
9(AnzV + Anpz FV,W) = —g(VwZ,FV) + cos?0g(VNw Z, FV)
+W (cos®0)g(Z, FV)
=—g(VwZ,FV) + cos? 0g(Vw Z, FV) + W (cos?0)g(Z, FV)
= —sin?0g(Vw Z, FV) + W (cos?0)g(Z, FV)
= —sin?g(V% Z, FV) + W(cos?0)g(Z, FV).
Since g(V,Z, FV) =0 and g(Z, FV) = 0, we conclude that
9(ANZV + Anpz FV,W) = —sin?0g(V9, Z, FV) + W (cos*0)g(Z, FV) = 0. (5.47)

On the other hand, for Z € I'(Dy) and U,V € I'(Dr), using and , we get
9J(AnzV + AnpzFV,U) = g(AnzV,U) + g(AnpzFV,U)
=g(AnzU, V) + g(AnpzU, FV)
=—g(VuNZ,V)—g(VyNPZ,FV)
=—g(VuNZ,V) - g(VuFPZ,FV)
+9(VuP?Z, FV).
Using (2.14])), (2.15)), (3.17) and (3.18), we arrive to
9J(ANZV + AnpzFV,U) = —g(VNuFZ, V) +g(VuPZ,V) — g(VuyPZ,V)
+cos?0g9(Vy Z, FV) + U(cos?0)g(Z, FV)
=—g(VuFZ,V) +cos?0g(Ny Z, FV)
+U(cos?0)g(Z, FV).
Since Ulcos?6] = 0, using , , - , we find
9g(AnzV + AnpzFV,U) = —g(VuZ,FV) + cos?0g(Vy Z, FV)
=—g9(VuZ,FV) + cos?0g9(Vy Z, FV)
= —sin?0g(Vy Z, FV)
= —sin?0Z(In f)g(U, FV).

So, we conclude that
9(AnzV + AnpzFV,U) = —sin®0Z(In f)g(FV,U). (5.48)

Moreover, we have X (In f) = V(In f) = 0, since f depends only on the points of M?. So, we
conclude that g = 1n f. Thus from — , we get .

Next, we prove — .We know M is a biwarped product proper s.s-i. submanifold
of order 1 of a locally product Riemannian manifold (M, g, F). Then, for Z,W € T'(Dy),
using (LI, we get VW = V%W and for X € I'(D, ),we have

g(VZW, X) = sec®0{g(Arx Z, PW) + g(Anpw Z,X)} = g(ViZW, X) = 0
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from (3.22)). Since M? is a proper slant submanifold, it follows that

which gives (5.38). For U,V € I'(Dr) and X,Y € I'(D, ), using (1.3)), we get ¢(VyV, X) =
g(VLV — g(U,V)V(In ), X) = 0. Then from (3.24) we find

Therefore, we get (5.39)). For U € I'(Dr) and X,Y € I'(D_ ), using ([1.3)), we get ¢(VxY,U) =
g(VixY — g(X,Y)V(Ino),U) = 0. Then from (3.26) we find,

g(VxY,U) = —g(Ary X, FU) = 0.

Hence, we conclude that (5.40). For X € T'(D,), Z € T'(Dy) and U € I'(Dr), using (|1.2)),
we write g(VzX,FU) =g(Z(Ino)X,FU) = Z(lno)g(Z,FU) = 0. On the other hand, from
(13.28]) we find

9(V2X,FU) = —g(Arx Z, FU) = 0.

Thus, we get (5.41). For X € I'(Dy), Z € I'(Dy) and U € I'(Dr), using (|1.3), we have
9(VuyX,Z) =0. Then, from (3.29)) we find,

g(VuX,Z) = —sec’0{g(ArxU,PZ) + g(AnpzU, X)} = 0.

It follows (5.42)).

Conversely, assume that M is a proper (Dy, D, )-mixed geodesic s.s-i. submanifold of
order 1 of a locally product Riemannian manifold (M, g, F) such that - hold.
From (5.38), we get (3.31). On the other hand if we write 7V instead of V and W instead
of Z in , we find AywFV + AnpwV = —sin? 0W (u)V. If we take inner product of
this equation with Z € I'(Dy), we get

g(ANw}—V + Anpw'V, Z) = g(ANWz, .7:V) + g(ANsz, V)
= —sin?0W (u)g(V, Z) = 0.

So, (3.30) holds. Thus from Theorem (3.1)), the slant distribution Dy is totally geodesic
and as a result, it is integrable. On the other hand, from (5.39), for all U,V € I'(Dr) and
X € I'(Dy), we write g(ArxV,FU) = 0. Thus, g(ArxV,FU) = g(ArxU, FV), which is
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(3.32)). On the other hand, in (5.37)), if we write FV instead of V', we find ANz FV+AnpzV =

—sin?0Z(pu)V. If we take inner product of this equation with U € I'(Dr), we arrive at

9(ANzFV + AnpzV,U) = g(AnzFV,U) + g(AnpzV,U)

(5.49)
= —sin?0Z(p)g(V, U).
Here, if we interchange U and V' in (5.49)), we find
g(AszU + AnpzU, V) = g(ANZFU, V) + g(AszU, V) (5 50)

= —sin?0Z(u)g(U, V).

From and , we get g(AnzU, FV)+g(AnpzU, V) = g(ANzV, FU)+g(AnpzV,U).
This is . Thus, by Teorem the invariant distribution Dy is integrable. On the other
hand, for all X,Y € I'(D,) and U € I'(Dy), we have g(Ary X, FU) = 0 from (5.40). It fol-
lows that g(Ary X, FU) = g(ArxY,FU) = 0. That is . Also, we get

9(VxY,Z) = —sec?0{g(h(Y,PZ), FX) + g(AnpzX,Y)} from (3.25). Since M is (Dy, D, )-
mixed geodesic, it follows that g(h(Y, PZ), FX) = 0. Then, we find ¢(VxY, Z) = g(Vy X, Z).
Thus follows. Then by Theorem the totally real distributions D, is integrable.
Let M? MT and M* be the integral manifolds of Dy, Dy and D , respectively. If we denote
the second fundamental form of M7T in M by kT, for U,V € I'(Dy) and X € I'(D,), using

(2.4]), (3.24) and (5.39), we have

g(h"(U.V), X) = g(VuV, X) = g(ArxU, FV) = 0. (5:51)
For any, U,V € I'(Dr) and Z € I'(Dy), using and (3.23), we get
g(WT (U, V), Z2) = g(VyV, Z) = esc®0g(AnpzU, V) + g(AnzU, FV).
At this equation, if we use (5.37)), we have
g(WT (U, V), Z) = esc®0g(AnpzV + Anz FV,U) = —Z(p)g(V, U).
After some calculation, we obtain
g(h" (U, V), Z2) = g(=g(U, V)V, 2), (5.52)
where Vi is the gradient of . Thus, from and , we conclude that
RT (U, V) = —g(U, V)V

This equation says that M7 is totally umbilic in M with the mean curvature vector field —V .

Now, we show that —Vy is parallel. We have to satisfy ¢(VyVu, E) =0 for U € I'(Dr) and



INT. J. MAPS MATH. (2022) 5(2):154-181 / BIWARPED PRODUCT SUBMANIFOLDS 169

E € (Dr)* = Dy @ D). Here, we can put £ = Z 4+ X, where Z € I'(Dg) and X € I'(D,).

By direct computations, we obtain

9(VuVp, E) ={Ug(Vu, E) = g(Vp, Vu E)}
= U(E(w) = [U, El(r) — 9(Vi, VEU)
= [U, El(p) + EU () = U, El(1) = 9(Vi, VEU)
= —9(Vi,VeU) = —g(Vi,V2U) = g(V, VxU),
since U(p) = 0. Here, for any W € I'(Dy), we have g(VzU, W) = —g(U,VzW) = 0, since
M?Y is totally geodesic in M. Thus, VU € T'(Dr) or VU € T'(D,). In either case, we have

g(Vu,VzU) =0. (5.53)
On the other hand, from , we have
g(VxU W) =—g(U,VxW) = —csc?0{g(Anpw X, U) + g(Anw X, FU)}.
Here, using , we obtain
9(VxUW) = g(W(p)U, X) = 0.
That is, VxU € I'(Dr) or VxU € I'(D). In either case, we get

9(Vu,VxU) =0. (5.54)

From (5.53)) and (5.54)), we find

9(VuVp, E) =0.

Thus, M7 is spherical, since it is also totally umbilic. Consequently, D is spherical.

Next, we show that D is spherical. Let h'- denote the second fundamental form of M~ in

M. Then for X,Y € I'(D,) and U € I'(Dr), using (2.4), and (5.40), we have
g(hH(X,Y),U) = g(VxY,U) = —g(Ary X, FU) = 0. (5.55)
On the other hand, for any Z € I'(Dy), using
9(h(X,Y), Z) = —sec’0{g(h(X,PZ),FY) + g(AnpzX,Y)}.
Since M, (Dg, D, )-mixed geodesic, g(h(X, PZ),FY) = 0. So, we have
g(h"(X,Y),Z) = —g(AnpzX,Y).

Using (5.36]), we obtain
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By a direct calculation, we get
g(h(X,Y),Z) = —g(Vg(X,Y), Z), (5.56)
where VA is the gradient of A. From and , we obtain
hH(X,Y) = —g(X,Y)VA

So M* is totally umbilic in M and the mean curvature vector field is —VA. What’s left
is to show that —V A\ is parallel. We have to satisfy ¢(VxVA, E) =0 for X € I'(D,) and
E € (D))" = Dy @ Dr. The proof is similar to the parallelity of —V . So we omit it. —V A

is parallel. So, M is spherical, since it is also totally umbilic. Consequently, D is spherical.

Lastly, we prove that (Dr)* = Dy @ D, and (D) = Dy @ Dr are autoparallel. In fact,
Dy ® D, is autoparallel iff all for four types of covariant derivatives VW, VzX VxZ, VxY
are again in I'(Dy @ D, ) for Z, W € I'(Dy) and X,Y € I'(Dy). This is equivalent to say
that all four inner products g(VzW,U), g(VzX,U), g(VxZ,U), g(VxY,U) vanish, where
U € I'(Dr). Using and (5.37), we find

g(VoW,U) = —csc?0{g(Anpw Z,U) + g(Ayw Z, FU)}
= —csc20g(AnpwU + ANw FU, Z)
=W(ng(U, Z) = 0.

Using (3.28]) and (5.41)), we find

9(VzX,U) = —g(ArxZ,FU) = 0.
By and , we get
9(VxZ,U) = —csc?0{g(Anpz X,U) + g(Anz X, FU)} = 0.
By and , we find
9(VxY,U) = —g(Ary X, FU) = 0.

Thus, Dy @ D, is autoparallel. On the other hand, Dy & Dy is autoparallel iff all four
inner products g(VzW, X),9(VzU, X),9(Vu Z, X), g(VyV, X) vanish, where Z, W € I'(Dy),
U,V € I'(Dr) and X € T'(D, ). Firstly, we have already g(VzU, X) = 0 from above. Using

(3-22) and (5.38)), we get

9(VZW, X) = sec’0{g(Arx Z, PW) + g(Anpw Z, X)} = 0.
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Using (3.24]) and (5.39)), we find

g(VUV,X) = g(A]:)(U, .7:V) =0.

And for last one, by (3.29)) and (5.42), we get

9(VuZ,X) = —g(VuX, Z) = sec’0{g(ArxU, PZ) + g(AnpzU, X)} = 0.

So, Dy@ Dy is autoparallel. Thus by Remark[5.1] M is locally biwarped product submanifold
of the form M? X g MT x, M+.
Next, we investigate the behavior of the second fundamental form h of a non-trivial

biwarped product s.s-i. submanifold of order 1 of a locally product Riemannian manifold

(M, g, F) of the form MY x; MT x, M*.

Lemma 5.1. Let M be a biwarped product proper s.s-i. submanifold of order 1 of the form
M? x; MT x, M+ of a Lp.R. manifold (M, g, F). Then for h of M in (M,g,F), we have

g(h(U, V), NW) = =W (In f)g(U, FV) + PW(In f)g(U, V), (5.57)
g(W(Z,U), NW) =0, (5.58)
g(h(X,U),NW) =0, (5.59)
g(M(Z,U), FX) =0, (5.60)
g(h(X,U), FY) =0, (5.61)
g(h(U, V), FX) =0, (5.62)

where Z,W € I'(Dy), X, Y € I'(Dy) and U,V € I'(Dr).

Proof. For U,V € I'(Dr) and W € I'(Dy), using (2.4), (2.13) — (2.15]) and (3.17)), we have

g(h(U,V),NW) =g(VyV,NW) = —g(V,VyNW)
= —g(V,VuFW) + g(V,Vy PW)
= —g(FV,VuW) + g(V,Vy PW)
= —g(FV,VuW) + g(V,Vy PW)
=—W(ln f)g(FV,U) + PW(ln f)g(U, V).
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Thus, we get (5.57). Now, using (2.4), (2.13) — (2.15) and (3.17), we get

g(WZ,U),NW) =g(VzU NW)=—g(U,VzNW)
= —g(U,VzFW) + g(U,VzPW)
= —g(FU,VzW) + g(U,VzPW)

g(W,Vz(FU)) = g(VzU, PW)

gW,VzFU) = g(V2U, PW),

for Z,W € I'(Dg) and U € I'(Dr). Here using (L.2)), we get
g(WZ,U),NW) = Z(In f)g(W, FU) — Z(In f)g(U, PW) = 0

since g(W, FU) = g(U, PW) = 0. So (5.58) follows. The proof of (5.59) is similar.
For Z € I'(Dy), X € I'(D,) and U € I'(Dr), using (2.4)), (2.13]) — (2.15) and (3.17)), we get

g(M(Z,U),FX) =g(VzU,FX)=—g(UVzFX)
= —g(}"U, ?ZX) = —g(]-"U, VzX)
=—Z(lno)g(FU,X) =0

since g(FU, X) = 0. So (5.60) follows. Next, using (2.4)), (2.13]) — (2.15]), (3.17) and (1.3)) we
get

g(h(X,U),FY) =g(VxU FY)=—g(UVxFY)
= —g(FU,VxY) = —g(FU,VxY)
=g9(VxFU,Y)=0
for U € I'(Dr) and X,Y € I'(D, ). Thus, follows. Lastly, using , - ,
and we get

g(h(U, V), FX) =g(VuV,FX)=—g(V,VyFX)
= —g(FV,VuX) = —g(FV,VuX) =0
for U,V € I(Dr) and X € I'(D,). So, we have (5.62). The other assertions can be obtained
by a similar way.
The previous lemma shows partially us the behavior of the second fundamental form h of

the biwarped product proper s.s-i. submanifolds of order 1 of the form M? x M T sy M+
in the normal subbundle N(Dy) and F(D,).

Remark 5.2. The equations (5.57)), (5.58), (5.59) and (5.60) also were obtained as Lemma
3.1-(ii), Lemma 3.1-(i), Lemma 3.3-(ii) and Lemma 3.53-(1), respectively in [22].

By using (5.58)) — (5.61)), we immediately have the following result.
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Corollary 5.1. Let M be a biwarped-product proper s.s-i. submanifold of order 1 of the
form M? X5 MT x, M* of a locally product Riemannian manifold (M, g, F) such that the

invariant normal subbundle Dy = {0}. Then M is (Dr,D1) and (Dr, Dy)-mized geodesic.
Lastly, we give another main result of this section.

Theorem 5.2. Let M be a biwarped-product proper s.s-i. submanifold of order 1 in the form
MY X5 MT x, M+ of a L.p.R. manifold (M, g,F) such that its invariant normal subbundle
Dr = {0}. Then M is a locally warped product in the form M x MT x, ML iff M is

Dr-geodesic.

Proof. If M is a locally warped product of the form M? x M7T x, M=+, then the warping
function f is constant. By (5.57)), we have

g(h(U,V),NW) = —W (In f)g(U, FV) + PW(ln f)g(U, V) = 0

for U,V € TI'(Dr) and W € TI'(Dy), since W(ln f) = PW(ln f) = 0. Using this fact and
(5.62)), it follows that h(U, V) = 0. Which say us M is Dp-geodesic.
Conversely, let M be Dr-geodesic. Then for any U,V € I'(Dr) and W € I'(Dy), we have

W(ln f)g(U, FV)+ PW(ln f)g(U,V) =0 (5.63)
from (5.57)). If we put W = PW in (5.63) and using (3.18)), we obtain
PW(In f)g(U, FV) 4 cos*0W (In f)g(U, V) = 0. (5.64)

If we replace V' by FV in (5.64)), then (5.64) becomes

PW(In £)g(U, V) 4 cos>0W (In f)g(U, FV) = 0. (5.65)

From (5.63)) and (5.65)), we get

sin?0W (In f)g(U, FV) = 0 (5.66)

for any U,V € I'(Dr) and W € I'(Dy). Since (5.66) is true for any U,V € I'(Dr), it is also
true for FV € T'(Dr). So (5.66|) becomes

sin?0W (In f)g(U, V) = 0. (5.67)

Since M is proper, sinf # 0, we can deduce that W(ln f) = 0 from (5.67). Namely, we find

f as a constant. Thus, M must be a locally warped product in the form M? x M7T x, M*.
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6. AN INEQUALITY FOR NON-TRIVIAL BIWARPED PRODUCT S.S-1. SUBMANIFOLDS OF

ORDER 1 OF THE FORM MY x; M7T x, M+

In this section, we shall establish an inequality for the squared norm of the second fun-
damental form in terms of the warping functions for biwarped product skew semi-invariant
submanifolds of order 1 of the form M? x M T %, M+, where M? is a proper slant, M7 is

a invariant and M~ is an anti-invariant submanifold in a 1.p.R. manifold (M, g, F).

Let Mg x 7, My x 1, M3 be a biwarped product submanifold in a Riemannian manifold M.

Then from [9], we write

K(Xo, Xi) = Ko = i((vXoXOXfi) — Xo(Xo(fi)))

! , , (6.68)
KX Xp) = Iy = STV
fifj
for each unit vector X; tangent to M;. If we consider the local orthonormal frame {e1, e, ..., e}

of TM, in view of Gauss equation (2.6]), we derive
m
T(TM)=7(TM)+ Y > <h;; n— (h;fj)2), (6.69)
r=m+11<i£j<m

where m — m = dimT+M.

Now we are ready to prove the general inequality. Let M be a m = mg + m1 + mao-
dimensional biwarped product s.s-i. submanifolds of order 1 of type M? x M T'xe M+ in a

locally product Riemannian manifold (M, g, F). A canonical orthonormal basis is given by

{€1, -y emps €mot1s -« s Emotmy s Emo+tmi-+1ls -« - s Cmotmi+mas Emily - -, €m} of TM such that
{e1,...,€emy} is an orthonormal basis of TMY, {€mo+1s - - - s €mg+m, | 18 an orthonormal basis
of TMT, {e Hi th. 1 basis of TM*, { o} i

s {€motmyt1s - -+ s €mo+mi+msy ) 18 an orthonormal basis o s {ematy. .., em}is an

orthonormal basis of T+ M.

Theorem 6.1. Let M = M? foT X o M be an m-dimensional non-trivial biwarped product

s.s-1. submanifold M of order 1 of an m-dimensional locally product Riemannian manifold

(M,g,F). Then

(i) the second fundamental form of M satisfies

sIh|?P> #(TM)—7(TM% —7(TMT) —7#(TM*)

Af Ao 9(Vf,Vo) (6.70)
—Mmi1—— — Mo—— + Mmimse

f o fo
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where my = dimM7T and mo = dimM*+.

(i) The equality case of the inequality (6.70) holds identically iff M? is also totally geo-
desic in M, and both MT and M+ are totally umbilic in M.

Proof. Putting U =W =e¢; and V = Z = ¢; in Gauss equation ({2.6), we obtain

R(ei, ej,€j,€i) = R(ei, ej,ej, ) + g(h(ei, e5), h(ei, e5)) — g(h(ei, er), hiej, e5)).
Taking summation, over 1 < 1,5 < m(i # j) in above equation, we obtain

27(TM) = 2r(TM) —m? || H ||> + | b |*.
Then from , we derive

1 9 m? 5 _
SInlP = S P+@M) - Y Ky
1<i<j<mg
mo mo+mi

- > Ky- > Kj=3. > Ky

mo+1<i<j<mo+m1 mo+m1+1<i<j<mo+mi+ma i=1 j=mo+1
mo mo+mi+ma mo+m1 mo+mi+ma
=1 j=mo+mi1+1 1=mo+1j=mo+mi+1
Hence, we obtain
1 2 m? 2 | = 0 T 1
5 lh|* = > | H || +7(TM)—7(TM") —7(TM") —1(TM~)
mo mo+mi mo mo+mi+ma mo+m1 mo+mi+me
=1 j=m0+1 =1 j:mo+m1+1 i=mo+1 j:m0+m1+1

Last three terms of first line of above equation can be obtained by using , then we get
1 m? _
SIRIE = B H P +n(TM)

_HTMY) - zm: Z (h; = ( ;t)z)

r=m+1 1<i#t<mg

—A(TMTy - Y > <h§j = 51)2) (6.71)

r=m+1mo+1<jAI<mo+m1

M- Y ) (eat ~ 1222

r=m+1 mo+mi+1<a#b<mo+mi+mo

mo mo+miy mo mo+mi+ma mo+m1 mo+mi+me
— E E Kij — E E Kij — E E Kz’j-
=1 j=m0+1 =1 j=mo+mi1+1 1=mo+1 j=mo+mi+1

Now, using (/6.68)), for a biwarped product submanifold, we find

mo mo+mi Af mo mo+mi+ma Ao

DI D S S

i=1 j=mo+1 i=1 j=mo+m1+1
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and

mo+m1 mo+mi+me (Vf VU)
)

Z Z Ki]’ = —mlmggT.

i=mo+1 j=mo+mi1+1
If we use these equations in (6.71)), we obtain

2
%”hHQ = m||H||2+?(TM)—m1Aff_m2Aaa+m1ng(v}zfva)

> (ni- <h;-;>2)

+1 1<i#£t<mg

7(TM?) —

+1mo+1<jAI<mo+m1

) (hzahzb - ().

+1mo+mi1+1<a#b<mo-+mi+me

F(TM*) —

If we arrange this equation, we arrive to

1 m? _ Af Ao g(Vf, Vo)
SR = = | HI|?+7(TM) —mi—% —my— 9\vVJ, Vo)
5 7 5 17 +7(TM) —m 7, + mims =
—f(TMG) —F(TMT) —27(TM+)
m
> Y mre Y >
r=m+1 1<i#t<mg r=m+1mo+1<jAI<mo+m1
m m
+ ) > (W)= > D> (kg
T‘=7fl+1 mo+mi+1<a#b<mo+mi+mao r=m+1 1<i#t<myg

o Z Z (hr r)

r=m+1mo+1<j#AI<mo+m1
m

_Z Z (WL RL).

r=m+1 mo+mi+1<a#b<mo+mi+maz
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TR
Adding and substracting the term 3 Z (( T2+ (hrmm)z) in the above equation,

r=m+1
we find that

1 m? Af Ao g(Vf, Vo)
—Ih|? = = ||H|?+7(TM) —mi—%+ —myg— CAREARSSA
s = S P T = m = g iy S

—’(TM") —F(TMT) - 7(TM*)

m
DD SNUAED S > Uy
r=m+1 1<i£t<my r= m+1m0+1<];él<mo+m1
m
+ 2 2 =D S S
r=m+1m0+m1+1§a7éb§mo+m1+mg r=m+1 1<i£t<my

m

B Z Z (hT ) (6.72)

r=m+1mo+1<j#I<mo+m1
m

S S )

r=m+1 mo+mi+1<a#b<mo+mi+ma

1 “ T T
+5 (( 11)2+--.+(hmm>2)
r=m+1
1 % T T
5 2 (R ),
r=m-+1
Here, by (2.7), we have
1 & T T = T LT
1= o S (002 () 42 Y ().
r=m-+1 r=m+11<i#j<m
Using this equation in (6.72)), we obtain
1 m? Af Ao g(Vf, Vo)
—n|? = — || H|?+7(TM)—-m;—% —my—- ER AR
5 1] 5 7 +7(TM) = m 7T s by
——(TMG) —F(TMT) — 7(TM*Y)
S5 VD SIUEI SN DI
r=m-+11<i#t<mo r=m+1mo+1<jAl<mo-+m1 (6.73)

3 ) (Wy)? = 1

r=m+1 mo+mi+1<a#b<mo+mi+ma

+% zmj (( ’{1)2+...+(h;m)2>.

r=m+1

Now, the inequality (6.70) comes from (|6.73]). The equality sign in (6.70]) holds iff

Z Z (hE)? = and

r=m-+1 1<i#t<m (6 74)

m

> (( ’1‘1)2+...+(h;m)2> — 0.

r=m-1
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It follows that, hi; = g(h(e;,ej),e,) =0 ford,j € 1,...,m and r € m+1,...,m. Which
says us h = 0. For a biwarped product submanifold of the form M = M? x M Tx o ML, we
know already that M? is totally geodesic in M and both MT and M~ are totally umbilic in
M. Since, the second fundamental form h of M vanishes, identically, it follows that M? is
also totally geodesic in M and both MT and M~ are also totally umbilic in M.

Now we give an application of the inequality (6.70)).

Theorem 6.2. Let M = M? foT X o M be an m-dimensional non-trivial biwarped product
s.s-1. submanifold M of order 1 of an m-dimensional locally product Riemannian manifold
(M = M (c1) x Ma(ca), F,g). Then the squared norm of the second fundemental form h of
M satisfies

1 Ao
Ihl> > 5(01 +c2) <mom1 + moma + m1m2> —2my—= — 2mg—

V7. V0) f o (6.75)
fo

where mg = dimMe, mip = dimMT, me = dimM~+ and mo +mq +mg =m

+2mime

Proof. In ([2.16), substituting X = e;, Y = Z = e; and take inner product with e; in the

above equation, we obtain

_ 1
Rleiepesne) = et {oleres)aten e = gleselatese)

+9(Fej,ej)g(Fei,ei) — g(Fei, e5)g(Fe;y, ei)}

1

30— e oler oo e) - gleselFes.)

Lg(Fejrei)glen i) — g(Fere)ales, )}

Taking summation over basis vectors of TM for 1 < i # j < m, we get
1
27(T'M) = 1(01 + 02){ Z g(ej.ej)g(eis €;) — Z 9(%%‘)2
1<i#j<m 1<i#j<m

+ Z g(Fej,ej)g(Fei,e;) — Z g(]—"ei,ej)g(}"ej,ei)}

1<i#j<m 1<i#j<m

+i(01—62){ Z glej,ej)g(Fei,ei) — Z g(ei,ej)g(Fej,e;)

1<i£j<m 1<i#j<m

+ Z 9(Fej,ej)g(ei e;) — Z g(}“ei,ej)g(ej,ei)}}.

1<i#j<m 1<i#j<m
Let M be an m-dimensional non-trivial biwarped product s.s-i. submanifold M of order 1
of an m-dimensional locally product Riemannian manifold M = Mj(c1) x Ma(co) in the

form M? x F M T %, Mt. We choose the orthonormal frame fields of TM? and TM7T
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as {e1 = secOPey,...,em, = secOPep,} and {Feme+1 = €mot+l,---,Fer = e, Fe1 =
—€t41y -y FEmotmy = —€mg+m, J, Fespectively. Also, we choose the orthonormal frame fields
of TM* as {emgtmyt1s---sCmotmyrms - Here, for 1 < i < mg, we have g(Fe;,e;) = cosf

and for 1 < i # j < mg, we have g(Fe;,e;) = 0, since M % is a slant submanifold with slant
angle 6. Also, for mg + 1 < i < t, we have g(Fe;,e;) = 1 and for t + 1 < i < mgy + my,
we have g(Fe;,e;) = —1. Moreover, for mg +m1 + 1 < i < mg + my + mg = m, we have
g(Fei,e;) = 0 and for mo+mi +1 <i # j < mg+ my + mg = m, we have g(Fe;, e;) =0,

since M~ is an anti-invariant submanifold. Thus, using these facts, we obtain the following

> 9(Fej,ej)g(Fei,e;) = my — 3,
mo+1<i#j<mo+m;
Z g(fej,ej)g(,}’-'ei7ei) =(mp—1) 6082«9,
1<i#j<mg
Z g(€j7ej)g(~/—-.ei)ei):2t—m1—1’
mo+1<i#j<mo+my
Z g(ej,ej)g(Fei, e;) = (mo — 1) cost,
1<i#j<mo
> eFee)Feac)= Y glee)o(Fee) =0
mo+mi+1<iZ#j<m mo+mi1+1<i£j<m
and
Z g(f€i7€j)g<ej7ei) = Z g(}"ei,ej)g(]—"ej,ei) =0.
Lsizjsm 1<ij<m
Thus, we find

27(TM) = %(cl + 02){m(m —1)4+m; =3+ (mo—1) cos29}

1 (6.76)
—&—1(01 — 02){2(215 —my —1)4+2(mg —1) cos@}.
Similarly for TM?, TMT and TM*, we derive
27(TMY) = 1(61 + 02){m0(m0 — 1)+ (mog—1) 00529}
4
1 (6.77)
+Z(Cl — 02){2(7710 —1)cos 0}
1
Qf(TMT) = *(Cl + CQ) ml(ml — 1) +mq — 3}
4
1 (6.78)
+Z(Cl — CQ){2(2t —mi — 1)}
1
277'(TMJ‘) = Z(Cl + 62){m2(m2 — 1)} (679)

Thus, using (6.76]) — (6.79) in (6.70), we get the inequality (6.75).
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ON THE MANNHEIM PARTNER OF A CUBIC BEZIER CURVE IN E3
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ABSTRACT. In this study we have examined, Mannheim partner of a cubic Bezier curve
based on the control points with matrix form in E3. Frenet vector fields and also curvatures
of Mannheim partner of the cubic Bezier curve are examined based on the Frenet apparatus
of the first cubic Bezier curve in E3.
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1. INTRODUCTION AND PRELIMINARIES

French engineer Pierre Bézier, who used Bézier curves to design automobile bodies stud-
ied with them in 1962. But the study of these curves was first developed in 1959 by math-
ematician Paul de Casteljau using de Casteljau’s algorithm, a numerically stable method
to evaluate Bézier curves. A Bézier curve is frequently used in computer graphics and re-
lated fields, in vector graphics, used in animation as a tool to control motion. To guarantee
smoothness, the control point at which two curves meet must be on the line between the two
control points on either side. In animation applications, such as Adobe Flash and Synfig,
Bézier curves are used to outline, for example, movement. Users outline the wanted path in
Bézier curves, and the application creates the needed frames for the object to move along

the path. For 3D animation Bézier curves are often used to define 3D paths as well as 2D
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curves for key-frame interpolation. We have been motivated by the following studies. First
Bezier-curves with curvature and torsion continuity has been examined in [6]. Also in [2],
[3] and [7] Bezier curves and surfaces have been given. In [4] Bézier curves are designed for
Computer-Aided Geometric. Recently equivalence conditions of control points and applica-
tion to planar Bezier curves have been examined. In [§] Frenet apparatus of the cubic Bézier

5" order Bézier curve and its, first, second, and

curves has been examined in E3. Before, the
third based on the control points of the 5* order Bézier Curve in E3 are examined too in [T2].
We have already examine in cubic Bézier curves and involutes in [§] and [9], respectively.
Also Bertrand mate of a cubic Bezier curve based on the control points with matrix form has
been examined with Frenet apparatus in [I1]. Here we will examine the Mannheim partner
of a cubic Bezier curve, based on the control points with matrix representation.

The set, whose elements are Frenet vector fields and the curvatures of a curve a (t) C E3,
is called Frenet apparatus of the curves. Let a(t) be the curve, with n = ||/ (¢)|| # 1 and
Frenet apparatus be {T'(¢t),N (t), B (t),x (t), 7 (t)}. Frenet vector fields are given for a non

arc-length curve

0= NO=BOAT@.  B@= S0
‘a’ (t) Ao (t)” B <o/ () Aa” (t) ,o/”(t)>
e ol? @) A 1))

where £ (t) and 7 (t) are curvature functions. Also Frenet formulas are well known as

T 0 nk 0 T
N |=|-n 0 nr N
B’ 0 -7 0 B

Generally, Béziers curve can be defined by n + 1 control points Py, Py, ..., P, with the

parametrization
n
n . i
B =3 (1) a-0el.
=0
where <> = m is known as the usual binomial coefficients. In this study we will
i il(n —1)!

define and work on cubic Bézier curves in E3. For more detail see [11 [§].

Definition 1.1. A cubic Bézier curve is a special Bézier curve and it has only four points

Py, Pi, P, and Ps, its parametrization s

a(t)=1—t)’Py+3t(1—t)> P +3t>(1 —t) P, + t*Ps
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and matriz form of the cubic Bezier curve with control points Py, Py, P, Ps3, is

3 -1 3 =31 P,
12 3 =6 3 0 P,
a(t) =
t -3 3 0 0 P
1] |1 0 0 0]][Ps]

Also using the derivatives of a cubic Bézier curve Frenet apparatus {1, N, B, k, T} have
already been given as in the following theorems by using matrix representation. For more
detail see in [§].

The first derivative of a cubic Bézier curve by using matrix representation is

T
t2 1 -2 1 Qo
)= 1 ¢ -2 2 0 Q1
1 1 0 0 Q2

where Qo = 3 (P — Py) = (20, %0, 20), Q1 =3 (P2 — P1) = (z1,91,21),
Q2 = 3(P3 — Py) = (2,42, 22) are control points.

The second derivative of a cubic Bézier curve by using matrix representation is

t -1 1 Ry
1 1 0 Ry

where Ry =6 (P, — 2P, + Py), Ry =6 (P3 — 2P, + Py) are control points.

The third derivative of a cubic Bézier curve is constant by using matrix representation is

o (t) = [RoRi]

with the control point [R()Rl] =R —Ry=2 [Q]QQ] -2 [Q()Ql] .
Frenet apparatus {7 (t), N (t), B (t),k (t), 7 (t)} of a cubic Bézier curve have already been
given as in the following theorems by using the matrix representation. For more detail see

in [9].
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Tangent vector field of a cubic Bezier curve a with, ||o/|| = 1 has the following the matrix

representation

1
n

1

1 -2 1
-2 2 0
1 0 0
1 -2 1
-2 2 0
1 0 0

] _560 Yo <0
I Y1 A
1 L2 Y2 22
__Qo
Q1
][ @

(Qo (2 —2t+1) — Q1 (2t* — 2t) +£°Q3) .

Binormal vector field of a cubic Bezier curve by using the matrix representation is

B(t)

where m = ||o’Ad”|| and

6

Sle

6

T
t2 b1
t bo1

bia b3

bao  bo3

bsa b33
B

[tQ t 1} By

Bs

(Blt2 + Bot + Bg)

bi1 = (Yoz1 — Y120 — Yoz2 + Y220 + Y122 — Y221) ,

big = (2120 — xo21 + To22 — X220 — T122 + T221),

b1z = (Toy1 — Z1Yo — Toy2 + T2yo + T1Y2 — Tay1),

ba1 = (2y120 + Yoz2 — 2Yo21 — Y220) ,

bog = (21’021 —2x120 — XTp22 + ZL'QZ()) R

baz = (2z1y0 — 2x0Y1 + ToY2 — T2Yo) 5

b31 = yoz1 — Y120,

b3a = x120 — w021,

b3z = xoy1 — T1Yo-
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Normal vector field of a cubic Bezier curve is a 4th order Bezier curve and it has the

matrix representation as in

t4 nip Nz Ni3
t3 N2l M2 N3
6
N(t):nTn t2 n31 N3z N33
t N4l N42  N43
1 ns1 Ns2  N53
—_ _T — —
4 No
t3 N,
6
- t2 N2
nm
t N3
1 Ny

6
= — (Not* + N1t + Not® + Nt + Ny)
nm

where

ni11 = bizdiz — bizdiz,

no1 = biadas — bizdaz + boadiz — basdaz,

ng1 = biadss — bigdsa + baadas — bagdaa + b3adiz — bszdia,
na1 = baadss — bagdsz + bsadas — bsgdaa,

ns1 = baadss — bazdsa,

niz = biidiz — bigdi,

nog = —bi1deg — baidiz + bigdan + bazdan,

ng2 = bazda1 + bagdin — bridss — bardas + bizds1 — baidis,
N4z = —ba1dss — ba1daz + bazds1 + bszdon,

ns52 = —bs1dss + bazdsi,

ni13 = biidiz2 — biadi,

no3 = bi1daz — biadoy + bardi2 — baadin,

n33 = bi1dzz — b12dz1 + bardas — baadayr + b31di2 — b3adiq,
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n43 = ba1dze — baadsz1 + b31daa — b3aday,
ns3 = b31dsz — b3ads.

The first and second curvatures of a cubic Bezier curve by using the matrix representation

are
—_ — T — —
t* b7, + bfy + bis
t3 2b11b21 + 2b12b22 + 2b13b23
(t) = 61 2 2 2
K ;G t 2b11b31 + 2b12b32 + 2b13b33 + b3y + b3y + b3
t 2b21b31 + 2022032 + 2ba3b33
1] | b3, + b3y + b3, ]
— —_ T —_ —_
t4 &)
t3 Cy
6
== ﬁ t2 Cg
t Cy
1 Cs
6
=5 (Crt" + Cot® + Cst* + Cyt + Cs)
where

Cy = bfy + b3y + bi,

Co = 2b11ba1 + 2b12b2o + 2b13b23,

Cs3 = 2b11b31 + 2b12bsa + 2b13bss + b3y + b3y + b3,
Cy = 2ba1b31 + 2b22b32 + 2b23b33,

Cs = b3; + b3y + b33,

and

_ ToY122 — ToY221 — T1Yoz2 + T1Y220 + T2Yoz1 — T2Y120

= 5 )
m

7 (t)
2. MANNHEIM PARTNER OF A CUBIC BEZIER CURVE

Mannheim curve was firstly defined by A. Mannheim in 1878. A curve is called a

Mannheim curve if and only if is a nonzero constant, x is the curvature and 7

K
K2 + 712
is the torsion. Mannheim curve was redefined as; if the principal normal vector of first
curve and binormal vector of second curve are linearly dependent, then first curve is called
Mannheim curve, and the second curve is called Mannheim partner curve by Liu and Wang.

As a result they called these new curves as Mannheim partner curves. For more detail see
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[M0]. a* (t) = a(t) + p(t) B*(t), N = B*. Hence o (t) = a.(t) + pu (t) N (t). We know for a

Mannheim curve «, that p is constant.

. do* . da* . da* .
Since i nT+p (t) N (t)+nu (=T + 7B), o 1 B* and 7 L N, we get p is constant.
1
Also dtds* = 7 and |u| is the distance between the curves o and . Also we can write
cos
da _r
ds* T+ pr

Theorem 2.1. The Mannheim partner of a cubic Bezier curve has the following matrix

representation
- - T - 6 -
4
t nT/fLNO
3 %N1+P3+3P1—3P2—P0
af = | 2 SNy + 3Py — 6P + 3R
t ANy + 3P — 3R
6
I 1 || H%N‘l + Py |
Proof. Let o = «(t) + N be Mannheim partner of a cubic Bezier curve « (t),
hence
- - T - -
- 4T T - t4 No
t3 -1 3 -3 1 Py
t3 N
. t? 3 -6 3 0 Py 6
o = — t2 Ny
t -3 3 0 0 P, mn
t N3
1 1 0 0 0 Ps
T T T ) 1 Ny

=P, (32 = 3t°) + °Py + Py (—t> + 3t> — 3t + 1) + P, (3t° — 6t° + 3t)

6 6 6
+ BN+ BNy
m 1

6 6
2EN, + 285N + 2 E N,
m ) 1 m’

—t —¢3
m m N

6 6
- t4m—/:7No 3 <m/:7N1 4 Py 43P, — 3P — P0>

6 6
+ 2 (m’;NQ + 3P, — 6P, + 3P0> +t <m’:]N3 +3P, — 3P0>

6
+ i]\ﬂ; + Py.
nm
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So we can write this as in the following matrix form

- - T - —

4 Si w7y

nm
¢3 %Nl + P;+3P —3P,— P,
af = | 2 %m + 3P, — 6P + 3P,
6
t SN+ 3P — 3Py
6

I 1 || n%Nzl + Py |

Theorem 2.2. The Mannheim partner of a cubic Bezier curve is a 4" order Bezier curve
with constant speed. It has the control points Py, Py, Py, P; and P; based on the control

points of the cubic Bezier curve, as in the following way, where n,m are constants,

P Py+ 5N,
Py ipo+%P1+2%7N3+%N4
Py | = 3P+ 5P+ N + 2 N3 + AN,
Py 3P+ P+ 2Ny + SNy + Ny + AN,
Py Py + 25 No + g5 N1+ J5No + Ny + BN,
Proof. Let Fy, P, Py, Py and PJ be the control points of 4th order Bezier curve

which is Mannheim partner of a cubic Bezier curve, so we can write

1 -4 6 -4 1 Py S No

—4 12 -12 4 0 P +fn—*;7N1 +P;—3P,— Py + 3P,
6 —12 6 0 0 Py | =| +2ANy+3P+3P) — 6P,
-4 4 0 0 0| P +38 N3 + 3P, — 3P,

1 0 0 0 0 P} + Ny + Py

By using the following inverse matrix

00001
000 1
00 % 31
01 4
111 11
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we obtain
P 00001 SN
Py 00 0 5 L||+5N+P—3P—P+3P
psl=|00 % 11 +98 Ny + 3P, +3P) — 6Py
Py o113 +3 Ny + 3P — 3Py
P 11111 +L Ny + Py ]

which completes the proof.

K
Furthermore, the equality P, =constant is known as the offset property, for some
K

2
-
non-zero constant. For some function pu, since N and B* are linearly dependent, equation
—K
can be rewritten as a* (t) = « (t) — uN (t) where u = o Frenet-Serret apparatus of
K24+ T

Mannheim partner curve o, based on Frenet-Serret vectors of Mannheim curve « are

T* =cosO T —sinf B,
N* =sinf T + cos 0B,
B* =N,

—K

N:Fé2+7'2

where 6 = <(T,T™).

Theorem 2.3. Tangent vector field of Mannheim partner of a cubic Bezier curve based on

the angle 0 is

T

t2 5 (9P1 =3Py — 9P> + 3P3) cos§ — % By sin§
T = | t % (6P — 12P; + 6P,) cos — %Bg sin
1 %3 (P — Py) cosf — %Bg sin @
Proof. Since T* = cos T — sinf B, we have

1 6
T = L (00 (2 = 2t 4+ 1) — Q1 (262 — 20) + £20s) cos — ( (Buf? + Bt + Bg)) sinf
n m
1 6
= = (£2Qq cos 0 — 2t%Q1 cos 0 + t2Q5 cos 9) — —t?B; siné
n m
1 6 )
+ — (—2Qot cos O + 2Q 1t cos ) — —tBysin 6
n m

1 6
+ —Qpcosf — —Bssin.
n m
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Therefore, based on the control points Qy, Q1, @2, the following matrix representation can

be written as
T

t° % (Qo —2Q1 + Q2) cosl — %Bl sin 6
"=\t % (—2Q0 +2Q1) cos O — %Bg sin
1 1Qocos6 — £ Bysinf

Also it can be written in the following matrix representation, based on the control points

Po, Pr, P, Ps
LT L
12 %(3(P1—Po)—6(P2—P1)+3(P3—P2))COSH—%Blsina
T = | t % (=6 (PL— Py) +6(Py— Pp))cosf — %Bg sin 0
1] | %B(Pl—Po)COSQ—%BgsiHH
N
t? 5 (9PL — 3Py — 9P> + 3Ps) cos§ — > By sin ¢
= |t % (6Py) — 12P; + 6P;) cosf — %Bg sin 0
1] | %3(P1—P0)COS€—%BgSin9

Corollary 2.1. Tangent vector field of Mannheim partner can be written as in the following

way where n, m are constants

T

t2 1 -2 1 min (mQo cos @ — 61 B3 sin )
T = | ¢ -2 2 0 _m%; (3nBasin @ — mQ cos + 61 Bs sin §)

1 1 0 0 —m% (6n By sin @ — mQs cos  + 61 By sin @ + 61 B3 sin )
Proof. As a quadratic Bezier curve, tangent vector field of Mannheim partner of a

cubic Bezier curve with the control points Q§, Q7, Q3 is

T
t2 1 -2 1 Q;
"=t -2 2 0 Q%
1 1 0 0 Q5

Hence, by using the inverse matrix the control points are

QS 0 0 1 % (Qo —2Q1 + QQ) cosf — %Bl sin 6
Q’{ =10 % 1 % (—2@0 + 2@1) cosf — %BQ sin 6
Q5 |1 11 %roose— %Bg sin 6
[ an (mQo cos @ — 6m B3 sinf)
= —min (3nBasin — m@Q; cos + 61 Bssin §)
i —min (61 B sin @ — mQ2 cos § 4 61 By sin 6 + 6n B3 sin )
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Theorem 2.4. Normal vector field of Mannheim partner of a cubic Bezier curve based on

the angle 0 is

T
2 % (9P1 — 3Py — 9P, + 3P3) sin 6 + %Bl cosf
N*= |t +3 (6P) — 12Py + 6P2) sin6 + % By cos §
1 +%3(P1—P0)Sin9—|—%B30080
Proof. Since N* =sinf T + cosf B, we have
1 6
N*==(Qo (* =2t +1) — Q1 (2t — 2t) + t*Q2) sinf + — (B1t> + Bat + B3) cosf
n m
Lo : 2 - 2 : 6 5
= - (t Qosinf — 2t°Q1 sinf +t QQSmG) + —t“Bjcosf
n m
1 . . 6
+ — (—2tQpsin + 2tQ; sin @) + —t By cos b
n m

1 6
4+ —Qosinf + — Bs cos .
n m

It can be written in the following matrix representation, based on the control points Qg, @1, Q2

t2 % (Qo —2Q1 + Q2)sinfd + %Bl cos @
N'= |t +% (—2Q0 + 2Q1) sin 6 + 2 By cos §
1 +%Qo sin 6 + %Bg cos 6

Also it can be written in the following matrix representation, based on the control points

Po, P, P, Ps
T
t2 L (9P1 — 3P — 9P + 3Py)sinf + 2 By cos §
N*=| ¢ +5 (6P —12P1 + 6P2) sin 6 + % By cos 6
1 +%3 (P, — Py)sinf + %Bg cos 0

This completes the proof.

Corollary 2.2. Normal vector field of Mannheim partner of a cubic Bezier can be written

as in the following way, where n, m are constants

t? 1 -2 1 min (mQosin @ + 61 Bs cos )

N =1 ¢ -2 2 0 an (mQ1 sin 6 + 31 By cos 0 + 6n B3 cos 0)

1 1 0 0 an (mQ2 sin @ + 61B; cos O + 6nBa cos § + 61 Bs cos )
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Proof. As a quadratic Bezier curve normal vector field of Mannheim partner of a

cubic Bezier curve with the control points Nj, N{, Nj is

T
t2 1 -2 1 N§
N*=| ¢ -2 2 0 Ny
1 1 0 0 N;

Hence, using the inverse matrix the control points are

Ng [0 0 1] [ L(Qo—2Q:+Qy)sind + &B;cosd
Ny |=1]0 11 +% (—2Qo + 2Q1)sin 6 + L By cos 6
N3 | 111 +%Qosin9+ %Bg cos 6
[ an (mQo sin @ + 6183 cos )
= an (mQ1sinf + 3nBy cos § + 6mB3 cos )
i min (mQ2sin @ + 6nB; cos O + 61 Ba cos § + 61 Bs cos 0)

This completes the proof.

Theorem 2.5. Binormal vector field of Mannheim partner of a cubic Bezier curve based on

the angle 0 are

B*=N

6
_ nT/;L (Not* + N1t® + Not® + N3t + Ny) .

Theorem 2.6. The curvature and the torsion of Mannheim partner of a cubic Bezier curve

based on the angle 6 are have the following equalities,

Proof. Since
6
K (t) = p (Cit* + Cot® + O3t + Cut + Cs)

where
C1 = b}; + b3, + bis,
Co = 2b11bo1 + 2b12bos + 2b13bo3,
C3 = 2b11b31 + 2b12bsy + 2b13bss + b3) + b3y + b33,
Cy = 2ba1b31 + 2b22b3a + 2b23b33,
Cs = b3, + b3, + b3

and
T (t) = ToY122 — ToY221 — T1Y022 + T1Y220 + T2Y021 — T2Y120
= 5 .
m
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The curvature and the torsion have the following equalities of Mannheim partner of a cubic

Bezier curve;

Ay
 ds* cosf’
. K

o

T

55 (Cit* + Cot® + C3t* + Cut + Cs)
<$Oylz2 — ZoY221 — T1Y022 + T1Y220 + T2Yoz1 — 3323/12’0)
3
m

_ 6m? Cit* + Cot3 + Cst? + Cut + Cs
l“?s ToY122 — ToY221 — T1Yoz2 + T1Y220 + T2Yo21 — 5629120'

Theorem 2.7. Frenet vector fields {T*, N*, B*} of Mannheim partner of any cubic Bezier

curve in E3are

2 Us) 9Py — 3Py — 9P, + 3Ps) + 2B,
t %(6P0—12P1+6P2)+%B2
. 1 (lfn;m)?) (P — Py) + WWTBS
VU= k) + (ur)?
T 1
2 LT (9P — 3Py — 9Py + 3Py) — S )
t LT (6Py — 12Py + 6P) — St
N — 1 %3(P1—P0)—W33
V(L= ur)? + ()’
- - T - -
t Ny
t3 N
6
B*=— t2 N2
nm
t Nj
1 N,
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Proof. Let a curve a® be a Mannheim partner of o with Frenet-Serret apparatus,
then
e (1= p)T+prB
V(L= ur)? + (r)?
N = ptT — (1 — pk) B ’
V(L= ur)? + ()’
B* =N,
dt 1
ds*

/(1 = k) + (ur)®
Tangent vector field of Mannheim partner of a cubic Bezier curve is
. Ut (Q (12 — 2t +1) — Qu (242 — 2t) +2Qa) + p7 S (But? + Byt + Bs)
V(U= ) + (ur)?
U (Qg — 26Qo + 2tQ1 + £2Qo — 262Q1 +12Qa) + (%Bpﬁ? + %7 Byt + %Bg)
= ) + (ur)? |

Hence its matrix representation, based on the control points (g, @1, Q2 is

2 T-(l_npm)(Qo—2Q1+Q2)+6;:Bl-
t = pr) (—2Qo +2Q1) + 6'%32
1 M (Qo) + 6“7733

T _ L n m J

V(L= ur)? + (ur)?

and based on the control points Py, P1, P», P is

- (1 — 6 _
2 T (77Mﬁ) (9P1 — 3Py — 9P, + 3P3) + %Bl
]_ _
t w <6P0 —12P + 6P2) + 6'UI?TBQ
1-— 6
1 (7'[“%)3(131—]30)-1-&33
T = - 1 m -,

V(= )+ (er)?
So the normal vector field of Mannheim partner of a cubic Bezier curve is
ptT — (1 — pk) B
V(L= ur)? + (ur)?
AP (Qo (12 =2t +1) — Q1 (27 — 2t) +1°Q2) — (1 — pk) 1 (Bat® + Bat + Bs)
V= )+ ury?

N* =
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Hence its matrix representation is

[ uT 6(1— ux 7
/2 r l;(QO—QQl—i-tQQQ)—(mu)li
6(1—
t M?]T (—2Q0 +2Q1) — MBQ
T 6(1—pux
1 P o, S = pn)
N* = - 1 dL =
V@ =)’ + (ur)?
] 6(1— ]
21" %(9P1—3P0—9P2+3P3)— (m"“)B1
6(1—
¢ BT (6P —12P; +6Py) — S —#9) .
m
6(1—
1 ﬂg(plfpo)fwgg
N* = - d L =

V(L= ur)? + ()’

Also, since B* = N, its matrix representation is trivial.

Theorem 2.8. The second curvature 7 of Mannheim partner of any cubic Bezier curve is

2
<xoy122 — ToY221 — T1YoZ2 + T1Y220 + T2Yo21 — x2y1zo>
2

m

2
- (,;%01# + Cot? + O3t + Ot + 05)

*

l—
V(L= ur)? + (ur)?
dB* dB* dt
Proof. Since = — = —7*N* and (—7*N*, —7*N*) = 7% we have
ds* dt ds*
2 2
T = , T > K.

VU= k) + (ur)?

By using « (t) and 7 (¢) of any cubic Bezier curve, we get the proof.
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