International Journal of Maps in Mathematics
Volume 5, Issue 1, 2022, Pages:78-100
ISSN: 2636-7467 (Online)

www.journalmim.com

CONFORMAL SLANT RIEMANNIAN MAPS

SENER YANAN ©© * AND BAYRAM SAHIN

ABSTRACT. Conformal slant Riemannian maps from almost Hermitian manifolds to Rie-
mannian manifolds are introduced. We give a non-trivial example of proper conformal
slant Riemannian maps, obtain conditions for certain distributions to be integrable and find
totally geodesicity conditions for leaves of distributions. We adjust the notion of plurihar-
monicity by considering distributions on the total manifold of a conformal slant Riemannian
map, and get conditions for such maps to be horizontally homothetic maps.
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1. INTRODUCTION

The concept of Riemannian submersion was introduced by Gray [I3] and O’Neill [19].
Then, this notion was widely studied [10] and new kinds of Riemannian submersions such as
invariant, anti-invariant and slant submersion were introduced [26]. Let F' be a Riemannian
submersion (respectively, horizontally conformal submersion, m > n) from (M™,g,,,J) an
almost Hermitian manifold to (N, g, ) a Riemannian manifold. If the angle 6(U) between
the space (kerFl,) and JU is a constant for any non-zero vector field U € I'(kerFy,); p € M,
i.e., it is independent from the choice of the tangent vector field U in (kerFj,) and choice
of the point p € M, then we say that F' is a slant submersion (respectively, conformal slant
submersion) [5l, 14], 22].
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The notions of isometric immersions and Riemannian submersions are generalized by Rie-
mannian maps between Riemannian manifolds [10} 11| 13| 19]. Let F' : (M1, g1) — (M2, g2)
be a smooth map between Riemannian manifolds such that 0 < rankF < min{dim (M), dim

(Ms)}. So, the tangent bundle T'M; of M; has the sequent decomposition:

TM, = kerF, @ (k:erF*)J‘.

Because of rankF < min{dim(M,),dim (M)}, we always have (rangeF,)*. Consequently,

the tangent bundle T'Ms of M has the sequent decomposition:
TM; = (rangeF,) ® (rangeF,)*.

Hence, a smooth map F : (M{", g1) — (M3, g2) is called Riemannian map at p; € M; if
the horizontal restriction F, : (kerF,,, )* — (rangeF,) is a linear isometry. Therefore a

Riemannian map provides the equation
91(E,G) = ga2(FL(E), F.(G)) (1.1)

for E,G € I'((kerF,)"'). Isometric immersions and Riemannian submersions are particular
Riemannian maps with ker F, = {0} and (rangeF,)* = {0}, respectively, [I1]. As an another
generalization of Riemannian submersions defined and studied independently horizontally
conformal submersions [12| 15]. By following these studies and B. Sahin’s papers including
anti-invariant Riemannian, semi-invariant, slant submersions (see also [20]) and conformal
anti-invariant [3], conformal slant [7], conformal semi-invariant [4] and conformal semi-slant
submersions [2] have appeared in the literature. At the same time, the notion of slant
submanifolds was introduced by Chen [9]. Inspiring from this notion, as a general map of
Hermitian, anti-invariant and slant submersions, slant Riemannian maps were given in [24], 25]
as follows; let F' be a Riemannian map from an almost Hermitian manifold (M, g,,,J) to a
Riemannian manifold (V, g, ). If the angle #(U) is a constant between JU and the space
kerF for any non-zero vector field U € T'(kerF}); i.e., it is independent from the choice of the
tangent U in kerF, and choice of the point p € M, then we say that F'is a slant Riemannian
map [24, 25]. On the other hand, we say that F' : (M™, gn) — (N™, gn) is a conformal
Riemannian map at p € M if 0 < rankF,, < min{m,n} and F, maps the horizontal space

(kerF.p)*t) conformally onto range(FLyp), i.e., there exist a number A%(p) # 0 such that

N (Fep(E), Fip(G)) = N (p)gu (B, G)



80 S. YANAN AND B. SAHIN

for E,G € T((kerF,y)*). Also F is said to be conformal Riemannian if F is conformal
Riemannian at each p € M [21]. Conformal Riemannian maps have many application areas,
some of them are computer vision [16], geometric modelling [29] and medical imaging [30].
In a previous paper, the second author and Akyol have studied conformal slant Riemannian
maps from a Riemannian manifold to a Kaehler manifold and they have studied the geometry
determined by the existence of these maps [5].

In this paper, we present conformal slant Riemannian maps from almost Hermitian man-
ifolds to Riemannian manifolds, investigate geometric properties of the base manifold and
the total manifold by the existence of such maps and give examples. We also obtain certain
geodesicity conditions for conformal slant Riemannian maps. Moreover, we obtain several
conditions for conformal slant Riemannian maps to be horizontally homothetic maps by using

the adapted version of the notion of pluri-harmonic maps.

2. PRELIMINARIES

In this section, some definitions and useful results which will be used at this paper for con-
formal slant Riemannian maps are given. Let (M, g,,) and (N, g, ) be Riemannian manifolds
and suppose that F' : M — N is a smooth map between them. The second fundamental

form of F' is given by

N M
(VE)(X,Y) = VEE(Y) - F.(VxY) (2.2)

N
for X,Y € I'(TM). We know that (VF,) is symmetric [I7]. Here, VI is pull-back connection

N
of Von N along F.

Let F' be a Riemannian map from a Riemannian manifold (M™,g,,) to a Riemannian

manifold (N", g, ). We characterize 7 and A as

M M
AxY = hVpxvY +oVxhY, (23)

M M
TxY = hVyxvY +oV,xhY, (2.4)

for X, Y € I'(TM), where g is the Levi-Civita connection of g,,. Actually, we could see
that these are O’Neill’s tensor fields for Riemannian submersions [19]. 7x and Ax are skew-
symmetric operators and reversing the vertical and the horizontal distributions on (I'(T'M), g)
for any X € T'(T'M). Also, it can be seen easily that 7 is vertical, Tx = T,x, and A is

horizontal, Ax = Apx. We should know that 7 is symmetric on the vertical distribution
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[10, 19]. Following these, from ({2.3) and (2.4) we have

M ~

VoV = TgV + ViV, (2.5)
M M

VvE = hVyE+TyE, (2.6)
M M

VeV = AgV +uvVEgV, (2.7)
M M

VG = hVEG+ AgG (2.8)

for E,G € I'((ker F,)*) and U,V € T'(kerF,), where ViV = ngV [10].

A vector field on M is called a projectable vector field if it is related to a vector field on
N . Thus, we say a vector field is basic on M if it is both a horizontal and a projectable
vector field. From now on, when we mention a horizontal vector field, we always consider a
basic vector field [§].

On the other hand, let F' be a conformal Riemannian map between Riemannian manifolds

(M™,g,,) and (N", g,). Then, we have
(VE)(E,G) lranger, = E(nA)Fi(G) + G(In\)Fy(F)

— gu(E,G)F.(grad(In\)), (2.9)

N
where E,G € T'((kerF,)*) [6, 21]. Therefore from 1} we obtain VEF,(G) as

ngF*(G) = F*(thG)+E(ln)\)F*(G)—|—G(ln)\)F*(E)

— gu(E,G)F,(grad(In X)) + (VE)(E,G) (2.10)

where (VE,)*(E, G) is the component of (VF,)(E, G) on (rangeF,)* for E,G € T'((kerF,)*)
27, 23).
Finally, we recall the following notion. A map F' from a complex manifold (M, gas, J) to

a Riemannian manifold (N, gx) is a pluriharmonic map if F' provides the following equation
for X, Y € I(TM) [18].

3. CONFORMAL SLANT RIEMANNIAN MAPS

In this section we are going to introduce conformal slant Riemannian maps as a gen-
eralization of slant Riemannian maps and conformal slant submersions, present examples
and examine the geometry of source manifolds, target manifolds and maps themselves. We

present the sequent definition.
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Definition 3.1. Let F : (M, g, Ju) — (N, gn) be a conformal Riemannian map from
an almost Hermitian manifold (M, gar, Jar) to a Riemannian manifold (N, gn) . If for any
non-zero vector X € I'(kerF.) at a point p € M ; the angle 0(X) between the space kerFy and
Ju X is a constant, i.e. it is independent of the choice of the tangent vector X € I'(kerF)
and choice of the point p € M, then we say that F' is a conformal slant Riemannian map. In

this situation, the angle 0 is called the slant angle of the conformal slant Riemannian map.

We say that a conformal slant Riemannian map is proper if F' is not a conformal invari-
ant and a conformal anti-invariant Riemannian map. The sequent example is for a proper

conformal slant Riemannian map.

Example 3.1. Let F : (R* gs,J) — (R* g4) be a map from a Kaehlerian manifold
(R*, g4, J) to a Riemannian manifold (R*, g4) defined by

(e™ sinxy, €2 cos xy, —e*? sinxy, —e™ cos x4).

Then, F is a conformal Riemannian map with A = €*2v/2 and rankF = 2. One can easily
see that F is a proper conformal slant Riemannian map with the slant angle 0 = « via

Jo = cosa(—c,—d,a,b) +sina(-b,a,d,—c), 0 < a < 7.

Let F' be a conformal slant Riemannian map from a Kaehler manifold (M, gps, J) to a

Riemannian manifold (N, gn). Then for V € I'(kerF.), we write

JV =V +wV, (3.12)
where ¢V € I'(kerF,) and wV € T'((kerF,)*). Also for X € T'((kerF,)*), we write

JX =BX 4+ CX, (3.13)

where BX € I'(kerF,) and CX € TI'((kerF,)*). We have covariant derivatives of ¢ and w:

M M R

(Vyw)V = hVywV —wVyV, (3.14)
M A A

(Vud)V = VyoV —¢VyV (3.15)

for any U,V € T'(kerF).
We give the following result by using equations ([2.5)), (2.6]), (3.12), (3.13) and covariant

derivatives of ¢ and w.
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Lemma 3.1. Let F : (M,gn,J) — (N,gn) be a conformal slant Riemannian map from
a Kaehler manifold (M, gy, J) to a Riemannian manifold (N,gn). Then F is a conformal

slant Riemannian map, we get
M N
thwV - wVUV = CTUV — TUqbV,

VyoV — ¢V V = BTyV — TywV

for any U,V € T'(kerF}).
Now, we present the following characterization for conformal slant Riemannian maps.

Theorem 3.1. Let F: (M, g, J) — (N, gn) be a conformal slant Riemannian map from
a Kaehler manifold (M, gnr, J) to a Riemannian manifold (N,gn). Then F is a conformal

slant Riemannian map if and only if there exists a constant A € [—1,0] such that
¢°U = \U
for U € T'(kerF,). If F is a conformal slant Riemannian map, then A\ = — cos? 4.

Proof. For U € T'(kerF) we have cosf = % Since M is a Kaehler manifold, we

get,
gm(¢°U,U) = —gni(¢U, ¢U) = — cos® 0gp (U, V).

Hence, we have ¢?U = AU. Conversely, suppose that ¢?U = AU for YU € I'(kerF,) with

A € [—1,0]. Hence, we obtain

oi(JU6U) U]
0 = = -\ . 3.16
oTer — 1601 (3.16)

Using cosf = H?EU]H in

From (3.12)) and Theorem 3.1. we have the next result.

w

.16)) we get A = — cos? 6.

Theorem 3.2. Let F: (M, gy, J) — (N, gn) be a conformal slant Riemannian map from
a Kaehler manifold (M, gy, J) to a Riemannian manifold (N, gn) with the slant angle 6.

Then, we have

gu(dU, V) = cos®0gnr (U, V) (3.17)

g (WU, wV) = sin?0gy (U, V) (3.18)

for any U,V € I'(kerFy).
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Let F' be a conformal slant Riemannian map from an almost Hermitian manifold (M, gas, J)
onto a Riemannian manifold (IV, gy) with the slant angle 0; then we say that w is parallel

M M
with respect to V on kerF) if its covariant derivative according to V vanishes, i.e.
M
(Vyw)V =0 (3.19)

for U,V € I'(kerFy).

Theorem 3.3. Let F': (M, gy, J) — (N, gn) be a conformal slant Riemannian map from
a Kaehler manifold (M, gur, J) to a Riemannian manifold (N, gn). If w is parallel according

M
to V on kerF,, then we have

Tyr¢U = —cos*0TyU (3.20)
for U € T'(kerFy).
M
Proof. If w is parallel according to V on kerF, we obtain using (3.14)) and Lemma
for U,V € T'(kerFy)
CTyV =TyoV. (3.21)

Now, changing roles of U and V in (3.21]) we get

CTyU = Ty ¢U. (3.22)

Because vertical vector field 7" is symmetric, from (3.21]) and (3.22)) we get

TyoV =Ty oU. (3.23)
Since ¢?V = AV and for V = ¢U in we obtain
—cos? 0TyU = Ty oU,
which gives the assertion.

Theorem 3.4. Let F': (M, g, J) — (N, gn) be a conformal slant Riemannian map from
a Kaehler manifold (M, gpr, J) to a Riemannian manifold (N, gn). Then, two of the below
assertions imply the third assertion,
i- The horizontal distribution (kerF*)l is integrable,
ii- X (In A)gar (Y woU) = Y (In Ngas (X, weU),
iii- gN(F*(Chg xwU + wAxwU), F.(Y)) + gN(VNQF* (wplU), F,(Y))
= QN(F*(CthwU +wAywU), Fi (X)) + QN(VN;F/F*(wébU), F (X))
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for X, Y € T'((kerF.)*) and U € T'(kerF,).

Proof. Now, for X,Y € I'((kerF,)*) and U € T'(kerF,), using (2.8) and (3.12)), we

obtain

M M
gM([X,Y],U) = gM(VXquU,Y)—i—gM(JAXwU—i—JhVXwU,Y)

M M
— g (VyJoU, X) — gar(JAywU + JhVywU, X).

Since F' is a conformal map, from Theorem , (2.8) and (3.13]) we get

gu((X,Y],U) = COSZHgM([X,Y],U)+%{QN(F*(thwgbU),F*(Y))
T gn(FuwAxwl), Fu(Y)) + gx(Bu(CEV xwU), Fa(Y)
(R (W ywdl), Fu(X)) — gn (Fa(wAywl), Fu(X))

- gN(F*(Chgwa),F*(X))}.

Now, from ([2.2)) and ([2.9) we have

sin0g, (X, Y], U) = %{gN(F*(Ch%XwU+wAXwU),F*(Y))
— N (F(ChVywl + wAywl), F.(X))
+ gN(F*(VNﬁF*(wﬁbU)aF*(Y))
N (EATER @oU), B (X))
— X(InA)gn (Fi(woU), Fi(Y))
— woU(InA)gn (Fi(X), Fi(Y))
+ gu(X,woU)gn (Fi(grad(In X)), Fu(Y'))
— gn((VE) (X, wgU), Fu(Y))
+ Y(In Mgy (Fi(wel), Fi(X))
+ weU(In A)gn (Fu(Y), Fu (X))
— gu(Y,woU)gn (Fu(grad(In X)), Fu(X))

+ gn(VE) (Y, weU), Fu(X))}.
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Using conformality of F' we obtain
9 1 M
sin“Ogym ([ X, Y], U) = F{gN(F*(ChVXwU+wAXwU),F*(Y))

— gN(F*(ChJ\V/Iwa +wAywU), Fu (X))

b gn(R(VEE(w), F.(V)

= gN(F*(VNgF*(WU),F*(X))}

+ 2Y(In Mgy (X, woU) —2X (In N)gp (Y, woU).
The proof is completed from the above equation.

Now we will examine the geometry of leaves of the vertical distribution.

Theorem 3.5. Let F': (M, gy, J) — (N, gn) be a conformal slant Riemannian map from
a Kaehler manifold (M, gpr, J) to a Riemannian manifold (N, gn). Then, the vertical distri-

bution kerF, defines a totally geodesic foliation on M if and only if
gn(VE)(U, JX), Fu(wV)) = gy (VE) (U, X), Fu(weV))
for X € T'((kerF)*) and U,V € I'(kerF.).

Proof. Because of M is a Kaehler manifold and from Theorem 3.1., (3.12]) and (3.13)),

we have
M ) M M
gu(VuV, X) = —cos”0gu(VuX,V) — gu(Vu X, weV)
M M
— gM(VUBX,wV) —gM(VUCX,wV).
Hence we have
M M
sin*0gu(VoV, X) = —gu(hVuX,wV) — gur(Ty BX,wV)

M
— gu(hVyCX,wV).

Now, from we get
M 1 M
sin’0gy (Vo V, X) = ﬁ{—gN(F*(hVUX),F*(quV))
— gN(F*(TUBX),F*(wV))
— N (B(AVUCX), Fu(wV))}
= FV (VR IX), ()

- gN((VF*)(U7 X)v F*(W¢V))}
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This completes the proof.

Now, we examine the geometry of the horizontal distribution.

Theorem 3.6. Let F': (M, gy, J) — (N, gn) be a conformal slant Riemannian map from
a Kaehler manifold (M, gy, J) to a Riemannian manifold (N, gyn). Then, two of the below

assertions imply the third assertion,

i- the horizontal distribution (kerF,)* defines a totally geodesic foliation on M,

ii- F' is a horizontally homothetic map,
N
iii- g (AxY,U) = 3298 (VEF(Y), Fu(woU + CwU))

for X, Y € T'((kerF,)*) and U € T'(kerF,).

Proof. Now, from ([2.8)), (3.17)) and (3.18) we have

g (VxY,U) = gu(JAXY + AV Y, 6U)
+ gu(JAxY + JthY, wU)
= cos’0gy (AxY,U) — gM(thY, JoU)
+  sin®0gp(AxY,U) — gM(h%XY, JwU)

M M
= gu(AxY,U) — gu(hVxY,wpU) — g (hVxY,CoU)

for X, Y € I'((kerF,)*) and U € T'(kerF,). From (2.2) and (2.9), we obtain

M 1 N
gu(VxY,U) = gu(AxY,U) - pgNwiF*(Y), Fu(wpU + Cwl))

+ X(InA)gu(Y,woU) + Y (In A)gn (X, weU)
— woU(In Mgy (X,Y) + X(In X gu (Y, CwU)

+ Y(InNgu(X, CwlU) — CwU(In N gu (X, Y). (3.24)

If the horizontal distribution (kerF,)* defines a totally geodesic foliation on M for X,Y €
N
[((kerF)*Y), U € T(kerF,) and gy (AxY,U) = /\1—29N(V§F*(Y), Fy(woU + CwU)), we show

that the map F' is a horizontally homothetic map. If (i) and (iii) are satisfied, then we have
0 = X(InNgm(Y,woU) + Y (InX)gnr (X, wel)

— woU(In N gy (X,Y) + X(In AN)gu (Y, CwU)

+ Y(InMN)gu(X,CwU) — CwU(InN)gnm(X,Y) (3.25)
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for X,Y € I'((kerF,)*) and U € T'(kerF.,). Suppose that X = weU, Y = CwU in equation
(3-25]), we have

CwU (In AN)grr(wolU, woU) + welU (In N) g (CwU, CwU) = 0. (3.26)

If CwU(InA\) = 0 from we get woU (In \)gps (CwU, CwU) = 0 for CwU € T(C(kerF,)7t).
Therefore A is a constant on I'(w(kerFy)). At the same time, if wpU(In\) = 0 we derive
CwU (In N)gpr(wpU, wpU) = 0 from for wgU € I'(w(kerFy)). Thus A is a constant on
I'(C(kerF,)"). So, F is a horizontally homothetic map. The rest of the proof is clear.

Now we are going to slightly modify the notion of pluriharmonic map and use this new
notion to obtain certain conditions for conformal slant Riemannian maps to be horizontally
homothetic map. We say that a conformal slant Riemannian map F' from a complex manifold
(M, gar,J) to a Riemannian manifold (N, gy) is kerF.— (respectively, (kerF.)*, w(kerF.),

w) pluriharmonic map if F' satisfies the following equation
(VEH)(U,V)+ (VE)(JU,JV) =0

for U,V € I'(kerF,) (respectively, (kerF.)*, w(kerF,), u) [27, 28§].

Theorem 3.7. Let F' : (M, g, J) — (N, gn) be a conformal slant Riemannian map from a
Kaehler manifold (M, gar, J) to a Riemannian manifold (N, gn). If F is a ker Fy—plurihar-

monic map, then one of the below assertions imply the second assertion,

i- F' is a horizontally homothetic map,
M M
ii- Fi(AuuodV 4+ ApvoU) = Fu(hVywoV + wTywV + ChVywV)
and (VF,)*(wU,wV) =0

for U,V € I'(kerFy).

Proof. From the definition of ker Fy,—pluriharmonic map, (2.2) and (2.10]), we have

M M M M
0 = Fu(VyJoV + IVywV) — Fu(VordV) — Fu(VeyoU)
— F*(ngqu) + (VE)HwU,wV) + wU(In ) Fy (wV)

+ wV(In ) Fi(wU) — gy (wU, wV)Fi(grad(ln X)).
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Now, using (2.6)), (3.20) and Theorem 3.1., we get

M M
0 = F*<thw¢V + wlywV + ChVywV — AyuodV — va(bU)
+ (VE)HwU,wV) 4+ wU(n A Fy(wV) + wV (In\) E, (wU)

— gu(WU,wV)Fy(grad(ln\)). (3.27)

If (i) is provided we have from (3.27)
wU(In X)) Fy(wV) + wV (In A) Fy(wU) — gy (wU, wV) Fy(grad(In X)) = 0

for U,V € I'(kerF). So one can see second assertion clearly. Now if (ii) is satisfied in (3.27))
M M

we have Fi(A,y ¢V +AuyoU) = Fu(hVyweV +wTywV +ChVywV) and (VE)H (wU,wV) =

0 for U,V € I'(kerF,), respectively. Thus, by (3.27)) we get

0 = wU(InA)F(wV)+ wV(In ) F(wU)
— gu(wWU,wV)Fy(grad(ln \)). (3.28)
For wU € I'(w(kerF,)) from (3.28) we get 0 = A\2wV (In \)gas(wU, wU), which implies that

w(kerFy)(grad(In))) = 0. At the same time, from (3.28)) if we take wU = wV and for
X € T'(C(kerF,)*) we get

0 = 222U (In ) gpr (X, wU) — A2 X (In \)gar(wU, wU). (3.29)

Because of A is a constant on w(kerF,) we have 2A%wU (In \)gps (X, wU) = 0. Thus, by (3.29)
we get A\2X (In \) gy (wU, wU) = 0, which implies that (C(kerF,)*) (grad(In\)) = 0. Thus,

H(grad(ln X)) = 0. It can be seen from here that F' is a horizontally homothetic map.

Theorem 3.8. Let F': (M, gy, J) — (N, gn) be a conformal slant Riemannian map from
a Kaehler manifold (M, gy, J) to a Riemannian manifold (N,gy). If F is a (kerF,)*—
pluritharmonic map, then F is a horizontally homothetic map if and only if the following

conditions
(VE)H(X,Y) + (VE)HCX,CY) =0

and

F*(TBXBY + AcyBX + AchY) =0,

are satisfied for X,Y € T'((kerF,)*).
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Proof. From the definition of a (kerF,)*-pluriharmonic map, (2.2) and (2.9), we

have
0 = (VE)HX,Y)+ X(InNF.(Y) 4+ Y(In A F.(X)
— gu(X,Y)Fy(grad(In \)) + (VE)S(CX,CY) + CX (In A\)F,(CY)
+ CY(InA)F.(CX) — gu(CX,CY)Fy(grad(In \))
_ F.(VpxBY) - F.(Voy BX) — F.(Vex BY)

0 = (VE)HX,Y)+ (VF)H(CX,CY) + X(In \)E,(Y)
+ Y(In N F(X) —gu(X,Y)Fi(grad(In X)) + CX(In \)F,.(CY)
+ CY(InN)F.(CX)—gu(CX,CY)F.(grad(In X))
— F.(TpxBY + Acy BX + Acx BY) (3.30)
for X, Y € T'((kerF,)*%). If F is a horizontally homothetic map we have from equation (3.30))
0 = X(InMNFE.(Y)+Y(In\)F.(X)
— gu(X,Y)Fi(grad(In\)) + CX(In \)Fy(CY')
+ CY(InMNF.(CX)—gu(CX,CY)F(grad(In X))
for X,Y € T'((kerF,)*). Since F is a horizontally homothetic map from we obtain
(VE)HX,Y)+(VFE)HCX,CY) =0and Fy(TgxBY + Acy BX+AcxBY) = 0 for X,Y €

I'((kerF,)*). Now suppose that (VF,)*(X,Y) + (VF)*(CX,CY) = 0 and F.(TgxBY +
AcyBX 4+ AcxBY) =0 in (3.30) for X,Y € I'((kerF,)"), respectively. Thus, by (3.30) we

get
0 = X(InAF(Y)+Y(InA\)F,(X)
— gu(X,Y)F.(grad(In \)) + CX (In \)F,(CY)
+ CY(InM)F.(CX) — gu(CX,CY)F.(grad(In \)). (3.31)

For X = CX,Y = CY and CY € T(C(kerF.)*) in (3.31), we get 0 = 2X2CX(In))
gu(CY,CY), which implies that (C(kerF,)*)(grad(In))) = 0. At the same time, from
(3.31)) if we take X =Y = CX and wU € I'(w(kerFy)), we get

0 =4)\2CX(In A\ g (CX,wU) — 2X2wU (In \) g (CX, CX). (3.32)
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Since A is a constant on C(kerF,)* we have 4\2CX (In \)gps(CX,wU) = 0. Thus, by
we get —2X\2wU(In\)gp (CX,CX) = 0, which implies that (w(kerF.))(grad(In))) = 0.
Thus, H(grad(ln X)) = 0. It can be seen from here that F' is a horizontally homothetic map.

We say that a conformal slant Riemannian map F from a complex manifold (M, gas, J) to
a Riemannian manifold (N, gn) is {(kerF,)* — (kerF,)}— pluriharmonic map if F satisfies

the following equation
(VFE)(X,V)+ (VF)(JX,JV)=0
for X € T'((kerF,)*) and V € T'(kerF,) [27, 28].
Theorem 3.9. Let F': (M, gy, J) — (N, gn) be a conformal slant Riemannian map from

a Kaehler manifold (M, gy, J) to a Riemannian manifold (N, gn). If F is a {(kerF,)* —

(kerFy)}—pluriharmonic map, then two of the below assertions imply the third assertion,

i- F' is a horizontally homothetic map,
ii- Fu(TpxwU + A,uBX + Acx U + hgxwd)U) = F.(wAxwU + Ch%wa)
and (VE,)*(CX,wU) = 0,
iii- The vertical distribution kerF, is parallel along the horizontal distribution (kerF,)*

on M,

for X € T((kerF,)*) and U € T'(kerFy).

Proof. From the definition of {(kerF,)* — (kerF)}—pluriharmonic map we get
0= (VE)(X,U) + (VE)(JX, JU)

for X € T'((kerF,)*) and U € I'(kerF,). Using symmetry property of second fundamental
form of a map by (2.2)), (3.12)) and (3.13) we get
M
0 = —F.(VxU)+(VE)(BX,oU) + (VE.)(wU, BX)

+ (VE)(CX,¢U) + (VE)(CX,wU).

From (27), @8) and (£10) we get
M M
0 = Fu(VxJoU)+ Fu(JAxwU + JhV xwU) — F(TpxoU)
— F.(AuwBX) - Fu(AcxoU) + (VE)(CX,wU)
+ CX(In\)Fy(wU) 4+ wU(InA\)F (CX)

— gu(CX,wU)Fy(grad(lnX)).
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Now, from Theorem , we have

cosQHF*(gXU) = F*(hAV/[Xw¢U + wAxwU + CthwU)
— F.(TpxoU + A,uBX + AcxoU)
+ (VE)HCX,wU)
+ CX(In\)F.(wU) +wU(In \)F,(CX)

— gu(CX,wU)Fy(grad(In X)) (3.33)
for X € I'((kerF,)*) and U € T'(kerF,). If (i) and (ii) are satisfied in (3.33) we have
0=CX(In\)F(wU) +wU(InN)F.(CX) — g (CX,wU)Fy(grad(ln X)),

(VE)H(CX,wU) =0
and
M M
F*(TBXwU + ApuBX 4+ AcxoU + hV}ﬂ.«)(lﬁU) = F*(wAXwU + ChVXwU),
M
respectively. Then we get F,.(VxU) = 0. Therefore the vertical distribution kerF} is parallel
along the horizontal distribution (kerF,)* on M for X € I'((kerF.)*) and U € I'(kerF.).

Suppose that (i) and (iii) are satisfied in (3.33)), one can see clearly that (ii) is satisfies.
Assume that (ii) and (iii) are satisfied in (3.33)) we get

0 = CX(InMN)F.(wU)+wU(InM\)F.(CX)

— gu(CX,wU)Fy(grad(lnX)). (3.34)

For CX € T'(C(kerF,)") in (3.34) we get 0 = N2wU(In M) gar(CX, CX), which implies that
(w(kerFy))(grad(ln X)) = 0. At the same time, from (3.34) for wU € T'(w(kerFy)) we
get 0 = A2C X (In \)gas(wU,wU), which implies that (C(kerF.)*) (grad(In)\)) = 0. Thus,

H(grad(In X)) = 0. It can be seen from here that F' is a horizontally homothetic map.

Theorem 3.10. Let F': (M, gy, J) — (N, gn) be a conformal slant Riemannian map from
a Kaehler manifold (M, gp,J) to a Riemannian manifold (N,gn). If F is a w(kerFy)—
pluriharmonic map, then F is a horizontally homothetic map if and only if the following

conditions
(VE)HZ,Y)+ (VF)HCZ,CY) =0
and

F*(ngBY + AczBY + AcyBZ) =0
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are satisfied for Z,Y € I'(w(kerFy)).
Proof. From the definition of w(kerF,)— pluriharmonic map we have
0= (VENZY) + (VE)JZ,JY)

for Z,Y € I'(w(kerFy)). From (2.2), and we get
0 = (VE)HZ,Y)+ Z(InNFE.(Y) +Y(In \)E.(2)
— gu(Z,Y)Fi(grad(In X)) — F*(gBZBY) — F*(gCZBY)
- F*(gcyBZ) + (VFE)H(CY,CZ) + CZ(In \)F.(CY)

+ CY(InN)F.(CZ) — gu(CZ,CY)Fi(grad(In X)).

Using and we get
0 = (VE)HZ,Y)+ (VE)HCY,CZ) + Z(In N E,(Y)
+ Y(InA)F.(Z) — g (Z,Y)Fu(grad(In A)) + CZ(In \)F,(CY)
+ CY(WA)F.(CZ) — gu(CZ,CY)F.(grad(In \))

— Fu.(TpzBY)— F.(AczBY) — F.(AcyBZ). (3.35)
If F' is a horizontally homothetic map we have from (3.35))
0 = ZWmANFQY)+Y(InNF(Z2) — gu(Z,Y)Fi(grad(ln X))
+ CZ(nMNF.(CY)+ CY(InNF.(CZ) — gu(CZ,CY)Fy(grad(ln X))

for Z,Y € T'(w(kerFy)). Since F is a horizontally homothetic map from (3.35) we obtain
(VE)HZ,Y)+ (VFE)Y(CZ,CY) =0 and F,(TpzBY + AczBY + AcyBZ) =0 for Z,Y €
I'(w(kerFy)). Suppose that

(VE)X(Z,Y)+ (VE) (CZz,CcY)=0

and Fy(TpzBY + AczBY + AcyBZ) = 0 in (3.35)) for Z,Y € I'(w(kerFy)). Thus, by (3.35))
we get
0 = ZWmNF(Y)+Y(InNF(Z) — gu(Z,Y)Fi(grad(ln X))
+ CZ(InNF.(CY)+ CY(In\)F.(CZ)

— gu(CZ,CY)F.(grad(ln\)). (3.36)
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We know gp(Y,CY) = gu(Y,JY — BY) = gy(Y,JY) = 0. For Z =Y and CY €
[(C(kerF,)t) in we get 0 = —X2CY (In M\ {gn(Y,Y) — g (CY,CY)} which im-
plies that (C(kerF,)%)(grad(In)\)) = 0. At the same time, from if we take Z =Y
and Y € ['(w(kerFy)) we get 0 = A2Y (In A\){gm(Y,Y) — gp(CY,CY)} which implies that
(w(kerFy))(grad(ln X)) = 0. Thus H(grad(ln X)) = 0. It can be seen from here that F' is a
horizontally homothetic map.

We say that a conformal slant Riemannian map F' from a complex manifold (M, gas,J)
to a Riemannian manifold (N, gn) is (# — w(kerFy))—pluriharmonic map if F satisfies the
following equation

(VFE)(X,Y)+ (VF)(JX,JY) =0
for X € I'(n) and Y € I'(w(kerFy)).
Theorem 3.11. Let F : (M, gy, J) — (N,gn) be a conformal slant Riemannian map
from a Kaehler manifold (M, gy, J) to a Riemannian manifold (N,gn). If F is a (u —
w(kerFy))—pluriharmonic map, then F is a horizontally homothetic map if and only if the

following conditions

(VE)HX,Y) + (VE)(JX,CY) =0

and

F.(A;xBY) =0
are satisfied for X € I'(u) and Y € I'(w(kerFy)).

Proof. From the definition of (1 — w(kerF))— pluriharmonic map, (2.2)), (2.10)) and
(13.13]) we have

0 = (VE)(X,Y)+ (VE)(JX,JY)
0 = (VE)HX,Y)+ X(InAN)Fu(Y) + Y (In ) Fu(X)
— gu(X,Y)Fi(grad(In X)) + (VEL)(JX,BY) + (VF,)(JX,CY).

Since the distributions p and w(kerF}) are orthogonal to each other, we have g/ (X,Y) = 0.

So, we obtain
0 = (VE)HX,Y)+ X(InAN)F(Y) + Y (In\)Fy(X)
— F.(AjxBY) + (VE)Y(JX,CY) + JX(In M) E,(CY)

+ CY(InN)Fi(JX)—gu(JX,CY)F(grad(In X)) (3.37)
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for X € T'(u) and Y € I'(w(kerFy)). Suppose that F' is a horizontally homothetic map. From
(3.37) we have
0 = X(InA\)F(Y)+Y(In\)E(X)
+ JX(InA)F(CY) + CY(In \)F.(JX)
— gu(JX,CY)F.(grad(ln)\)). (3.38)
Since F' is a horizontally homothetic map from (3.37) we obtain F,(A;xBY) = 0 and
(VE)HX,Y) + (VE)(JX,CY) = 0 for X € T'(u) and Y € T'(w(kerF.)). Suppose
that F,(A;xBY) = 0 and (VF)*(X,Y) + (VE)X(JX,CY) = 0 for X € T'(u) and
Y € I'(w(kerFy)) in (3.37). Using conformality of F for X € I'(u) in (3.38) we get
0 = N{X(InA\)gn (Y, X) + Y (InN)ga (X, X)
+ JX(InMN)gnu(CY, X))+ CY(InMN)gp(JX, X)
— X(InNgu(JX,CY)}. (3.39)
We know gy (CY, X) = gu(JY, X) = —gu (Y, JX) =0, g (JX,CY) =0 for X € I'(n) and
Y € I(w(kerF,)) from (3.13). Then we obtain from (3.39) A\2Y (In A\)gas(X, X) = 0, which
implies that w(kerFy)(grad(ln X)) = 0. For X € I'(x) and JX = X in (3.38) we get
0 = M{XInMNgyu (Y, X)+Y(In Mgy (X, X)
+ X(InAN)gm(CY,X)+ CY(InN)gn (X, X)
— X(InA)gum(X,CY)}. (3.40)
Since \ is a constant on w(kerF,) we have Y (In\) = 0. We get from (3.40) 0 = A2CY (In \)
gu (X, X) that implies (C(kerFi)*)(grad(In X)) = 0. It means X is a constant on C(kerFy)*.
Lastly for Y € I'(w(kerF)) and JX = X in (3.38) we get
0 = XN{X(InA)gu(Y,Y)+Y(InN)ga(X,Y)
+ X(InNgu(CY,Y)+CY(InAN)gm(X,Y)
— Y(lnA)gu(X,CY)}. (3.41)
We know gy (CY,Y) = gy(JY,Y) = 0 from (3.13) for Y € I'(w(kerFy)). Then we ob-

tain from (3.41) 0 = A2X(InA)gun(Y,Y), which implies that u(grad(In))) = 0. Thus,

H(grad(ln X)) = 0. It can be seen from here that F' is a horizontally homothetic map.
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Theorem 3.12. Let F': (M, g, J) — (N, gn) be a conformal slant Riemannian map from
a Kaehler manifold (M, gy, J) to a Riemannian manifold (N, gn). F is a u—pluriharmonic

map if and only if \ is a constant on w(kerFy).

Proof. From the definition of y— pluriharmonic map and , we have
0 = (VE)HX,Y)+ X(In AN F.(Y)+Y(In\)F,.(X)
— gu(X,Y)FE(grad(In \) + (VE)(JX, JY) + JX (In A\ F.(JY)
+ JY(InMN)F(JX) —gu(JX, JY)Fi(grad(ln)))
for X,Y € I'(p). Since gm(X,Y) = gu(J X, JY) we obtain
0 = (VE)HX,Y)+ (VE)L(JX,JY) + X(In\)F.(Y)
+ Y(InN)F(X)+ JX(InAN)F(JY) 4+ JY (In \)F(JX)

— 29m(X,Y)Fi(grad(In X)). (3.42)

Now taking X =Y in (3.42) we get

0 = (VE)HX,X)+ (VE)Y(JX,JX)
+ 2X(InM\)F(X) +2JX(In \) F, (JX)

— 2g9m(X, X)Fy(grad(In))). (3.43)

For Z € I'(w(kerFy)) in (3.43)) we get

0 = gn(VF)NX,X),Fu(2)) + gn(VE)(JX, JX), F.(2))
+ 2X(In Ngn (Fu(X), Fu(2)) + 27X (In Ngn (F(JX), Fu(Z))

- ZQM(X’ X)gN(F*(grad(ln )‘))7 F*(Z))
Because of F' is a conformal map and p is a invariant distribution we obtain

0 = 2X{X(InNgup(X,Z) + JX(InNgu(JX, Z2)}
— 2X%g0(X, X)gar(grad(In \), Z)
0 = —2X2Z(In\)gu (X, X). (3.44)

From equation ({3.44]) we obtain Z(In A) = 0, which implies that A is a constant on w(kerF})

for Z € I'(w(kerFy)). The converse is clear.
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We now give necessary and sufficient conditions for a conformal slant Riemannian map to

be totally geodesic map.

Theorem 3.13. Let F': (M, gn,J) — (N, gn) be a conformal slant Riemannian map from
a Kaehler manifold (M, gy, J) to a Riemannian manifold (N,gn). Then, F is a totally
geodesic map if and only if the following conditions are satisfied for X,Y,Z € T'((kerF,)")
and U,V € T'(kerF,);

M A
i- gn(Fo(ChVpwV) + Fu(wVyeV + wTpwV), Fu(X)) = 0,
ii- F is a horizontally homothetic map and (VF,)*(X,Y) = 0.

Proof. Now, from ([2.2)), (2.5)), (3.12)) and (3.13) we have

(VE)U,V) = F.(JTyéV + JVyeV)

M
+ F, (wTUwV + CthwV).
Because T' is symmetric, we get

(VE)(U,V) = cos?0F,(TyU) + F.(wVyeV)

M
+ F (wTywV 4+ ChVywV)
which implies that
. M
sin? O(VF,)(U,V) = F.(wVpoV) + Fu(wTywV + ChVywV) (3.45)
for U,V € I'(kerFy). Thus, we obtain from (3.45|)

sin® gy (VE)(U, V), Fu(X)) = gn(Fu(wVudV +wTywV), Fu(X))

+ v (F(ChVpwV), Fu(X)) (3.46)

for X € I'((kerF,)*). (i) is satisfied in (3.46). Now, from (2.9) we get

(VE)(X,Y) = (VE)'(X,)Y)+ (VE) (X,Y)
= (VE)HX,Y)+ X(In N E,(Y) + Y(In M\ F,(X)

— gu(X,Y)Fi(grad(In X)) (3.47)
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for X, Y € I'((kerF,)*). From (3.47) we have

an(VE)(X,Y), F (X)) = gn(VE)H(X,Y), F(X))
+ X(InA)gn (F(Y), Fu (X))
+ Y(InA)gn (Fiu(X), Fu (X))
— gu(X,Y)gn (Fi(grad(InA)), Fi (X))
= Y(InMgn(Fi(X), Fi(X))

= NY(InMgu(X, X)

for X € I'((kerF,)*). We have 0 = A?Y (In\)gy(X, X) which implies Y (InA) = 0. So,
A is a constant on (kerF,)-. F is a horizontally homothetic map and from we get
(VE)Y(X,Y) = 0. Therefore, (ii) is satisfied. We complete the proof.
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