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ON f-BIHARMONIC AND BI-f-HARMONIC FRENET LEGENDRE
CURVES

SERIFE NUR BOZDAG 2 ¥ AND FEYZA ESRA ERDOGAN

ABSTRACT. This paper is devoted to study the f-harmonic, f-biharmonic, bi-f-harmonic,
biminimal and f-biminimal Frenet Legendre curves in three dimensional normal almost
paracontact metric manifolds and determine the necessary and sufficient conditions for these
properties. Besides these, some characterizations for such curves have been defined in par-
ticular cases of a three dimensional normal almost paracontact metric manifold and some
nonexistence theorems have been obtained.
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1. INTRODUCTION

The theory of curves is one of the most important topic in differential geometry and up
to date from the past to the present. In the theory of curves there are many special types
such as Frenet curves; slant curves, Legendre curves and these are studied in many different
manifolds. In particular, Legendre curves have an important role in geometry and topology
of almost contact manifolds. Among the papers on Legendre curves studied on contact
manifolds in the literature, the most basic ones can be listed as [3 [19].
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On the other hand, studies on Frenet Legendre curves are newer. These studies, which
are a source of motivation for us, can be briefly listed as [27, 23]. In this study, different from
previous studies which are focused on curvature and torsion, we handled the maps, which
briefly mentioned below, in terms of different cases of «, 5 and 9.

Harmonic maps which were defined by Sampson and Eells, in [8] have a wide field of study
due to their wide applications such as physics, mathematics and engineering.

Besides, in [14], Jiang obtained biharmonic maps between the Riemannian manifolds by
generalizing harmonic maps.

f-harmonic maps have a physical meaning as the solution of inhomogeneous Heisenberg
spin systems and continuous spin systems, [4]. For this reason, the maps in question are
of interest not only for mathematicians but also for physicists. f-harmonic maps between
Riemannian manifolds were introduced by Lichnerowicz in 1970 and then examined by Eells
and Lemaire in [9].

On the other hand, the strong relationship between f-harmonic and harmonic maps is
summarized by Perktas et.al. as follows, in [25]. The first one, extending bienergy functional
to bi- f-energy functional and obtaining a new type of harmonic map called bi-f-harmonic
map. The second one extending the f-energy functional to the f-bienergy functional and ob-
tain another type of harmonic map called f-biharmonic map as critical points of f-bienergy
functional, [30, 22].

f-biharmonic maps, which are the generalization of biharmonic maps, are defined by Lu,
in [18]. Lu defined also f-biharmonic maps between Riemannian manifolds, in [6]. However,
Ou gave complete classification of f-biharmonic curves in three dimensional Euclidean space
and characterization of f-biharmonic curves in n-dimensional space forms, [21]. In addition,
recent studies can be summarized as; [12, [1], 13} [16].

Moreover, bi-f-harmonic maps as a generalization of biharmonic and f-harmonic maps
introduced by Ouakkas et. al., in [22]. In addition, Roth defined a non-f-harmonic, f-
biharmonic map as a proper f-biharmonic map, [26]. It should be emphasized that there is
no relationship between f-biharmonic and bi- f-harmonic maps.

Biminimal immersions and biminimal curves in a Riemannian manifold were defined by
Loubeau and Montaldo, [17].

Finally, f-biminimal immersions were defined by Karaca and Ozgiir, in [IT]. They con-
sidered f-biminimal curves in a Riemannian manifolds.

Based on these studies in this paper, first we give basic notions which will be needed
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in other sections. In section 3.1, we show that there is no f-harmonic Frenet Legendre
curve in three dimensional normal almost paracontact metric manifold. In section 3.2, we
get f-biharmonicity condition of a Frenet Legendre curve in three dimensional normal al-
most paracontact metric manifold and determine this condition in different cases such as
[B-para-Sasakian, a-para-Kenmotsu and paracosymplectic manifolds. In section 3.3, we ob-
tain bi- f-harmonicity condition of a Frenet Legendre curve in three dimensional normal
almost paracontact metric manifold and also discuss this condition in various manifolds. In
section 3.4, we obtain biminimality condition of a Frenet Legendre curve in three dimensional
normal almost paracontact metric manifold. Finally in section 3.5, we get f-biminimality
conditions of Frenet Legendre curves in three dimensional normal almost paracontact metric

manifold.

2. PRELIMINARIES

This section, includes some definitions and propositions that will be required throughout

the paper.

Definition 2.1. Let (N,g) and (N,3) be Riemannian manifolds, then a harmonic map
é:(N,g) — (N,g) is defined as the critical point of the energy functional

1
B(o) = 5 [ laoPdu,

where vy is the volume element of (N, g). Then by using Euler-Lagrange equation 7(¢) of the

energy functional E(¢p), where it is the tension field of map ¢, a map called as harmonic if
7(¢) := traceVde = 0. (2.1)

Here V is the connection induced from the Levi-Civita connection vV of N and the pull-back

connection V?, [11].

Biharmonic maps, which can be considered as a natural generalization of harmonic maps,

are defined as below.

Definition 2.2. A map ¢ : (N, g) — (N, g) is defined as a biharmonic map if it is a critical

point, for all variations, of the bienergy functional

Bx0) = 5 [ (@) v,
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Then the Euler-Lagrange equation 1o(¢), for the bienergy functional Es(¢p), where 1o(¢) is
the bitension field of map ¢ equals to

79(8) = trace(VOV? — VL)(¢) — trace(RY (dp, 7($))d¢) = 0, (2.2)
if ¢ is a biharmonic map. Here RN, the curvature tensor field of N, is defined as
RY(X,Y)Z = VVYZ - VYV Z - VX4 2,
for any X,Y,Z € T(TN) and V? is the pull-back connection, [I1].

One can easily see that harmonic maps are always biharmonic. Biharmonic maps which

are not harmonic are called proper biharmonic maps, [24].

Definition 2.3. A map ¢ : (N,g) — (N, g) is said to be an f-harmonic if it is critical point

of f-energy functional,
1
By(0) = [ 7ldofdu,,
N
where f € C®(N,R) is a positive smooth function. Then the f-harmonic map equation

obtained by using Fuler-Lagrange equation as follows;

75(¢) = f7(¢) + dd(gradf) = 0, (2.3)

where T¢(¢) is the f-tension field of the map ¢.

f-harmonic maps are generalizations of harmonic maps, [2) 7).

Definition 2.4. A map ¢ : (N,g) — (N,g) is said to be an f-biharmonic if it is critical

point of the f-bienergy functional
1
By p(¢) = 2/ Flr(9) P,
N
The Euler-Lagrange equation for the f-biharmonic map is given by
72,4(6) = f2(¢) + AfT(S) + 2V, ,7() = O, (24)

where T 1 (¢) is the f-bitension field of the map ¢.

A f-biharmonic map turns into a biharmonic map if f is a constant, [6].

Definition 2.5. A map ¢ : (N,g) — (N, ) is said to be a bi-f-harmonic if it is critical

point of the bi-f-energy functional

1
Bja(0) = 5 [ Irs(0) v,
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The Euler-Lagrange equation for the bi-f-harmonic map is given by

712(0) = trace(VOf(VO74(9)) — FVanTs(9) + FRN (r4(0), dp)dp) =0,  (25)
where T¢2(¢) is the bi-f-tension field of the map ¢, [22].

Definition 2.6. An immersion ¢ : (N,g) — (N, g) is called biminimal if it is critical point
of the bienergy functional Ey(¢) for variations normal to the image ¢(N) C N, with fized
energy. Fquivalently, there exists a constant A € R such that ¢ is a critical point of the

A-bienergy functional,
Ea\(¢) = E2(9) + AE().

The Euler-Lagrange equation for a A- biminimal immersion is

[T (&) = [r2(@)] " — Alr(¢)] - =0, (2.6)

for some value of X € R, where [.]* denotes the normal component of [.]. An immersion is

called free biminimal if it is biminimal for A = 0, [11], [17].

Definition 2.7. An immersion ¢ : (N,g) — (N,g) is called f-biminimal if it is a critical
point of the f-bienergy functional Es ¢(¢) for variations normal to the image ¢(N) C N,
with fived energy. Equivalently, there exists a constant A € R such that ¢ is a critical point

of the \-f-bienergy functional,

Exf(p) = Ez(d) + AEf().

Using the Euler-Lagrange equations for f-harmonic and f-biharmonic maps, an immersion
is f-biminimal if
(20, (D] = [12,1(9)]7 = Alry(9)]F = 0, (2.7)

for some value of A € R. An immersion is called free f-biminimal if it is f-biminimal for

A= 0. If fis a constant then the immersion is biminimal, [11].

Definition 2.8. A differentiable manifold N*"*1 is called almost paracontact metric man-
ifold if it admits a tensor field ¢ of type (1,1), a vector field &, a 1-form n and a pseudo-

Riemannian metric g satisfying the following conditions:

P=T-n®E nE) =1, ¢=0, geX oY)=—g(X,Y)+nX)nY),  (238)
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where X, Y € TN and I is the identity endomorphism on vector fields. g is called compatible
metric and any compatible metric is necessarily of signature (n+1,n). In an almost paracon-
tact metric manifold N, nop = 0 and rank(p) = 2n. From (2.8), g(X,¢Y) = —g(¢X,Y)
and g(X,&) = n(X), for any X, Y € TN. The fundamental 2-form of N is defined by
O(X,Y) = g(X,pY). An almost paracontact metric manifold (N, ¢, &,1n,g) is said to be nor-
mal if /' (X,Y) —2dn(X,Y )¢ = 0, where A is the Nijenhuis torsion tensor of ¢, [15] 29].

Proposition 2.1. [27] For a three dimensional almost paracontact metric manifold N, the

following conditions are mutually equivalent:

i- N is normal,

ii- there exist a, B functions on N such that
(Vx @)Y = a(g(eX,Y) = n(Y)pX) + 5 (9(X,YV)E —n(Y)X), (2.9)
iii- there exist o, B functions on N such that
Vx§=a(X —n(X)§)+peX. (2.10)
Moreover, the functions o, B realizing (@ as well as are given by

2a0 = trace{X — Vx &}, 20 = trace{X — ¢V x ¢}

For a three dimensional normal almost paracontact metric manifold where o, 8 = constant,

the curvature tensor field equation becomes

RXY)Z = (5+2(c%+8) (oY, 2)X — (X, 2)Y)

+ 9(X,2) (% +3 ((12 + 62)> n(Y)¢
— (530 +8Y) n(¥m(2)X
— 9(¥.2) (5 +3(a? + 89 n(X)¢

+ (54307 +8Y) n(Xm(2)Y, (2.11)

where X,Y,Z € TN and r is the scalar curvature, [24].

Definition 2.9. A three dimensional normal almost paracontact metric manifold is called;

. B-para-Sasakian if o =0, 8 # 0 and B is constant,
. para-Sasakian if « =0, § = —1,
. quasi-para-Sasakian if « =0 and 8 # 0,

. a-para-Kenmotsu if « # 0, f =0 and « is constant,
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. paracosymplectic if o« = B =0, [29].

Definition 2.10. Let (N, ¢,&,n,9) be a three dimensional normal almost paracontact metric
manifold where o, B = constant. The structural function of the immersed curve v: I C R —

(N, g) is the map ¢y : I — R given by

where T =~'. Then the curve  called as Legendre curve if ¢, = n(T(s)) = 0, [5].

With the help of these definitions, we get f-tension field, f-bitension field, bi- f-tension
field, the biminimality and f-biminimality conditions of a Frenet Legendre curve in a three

dimensional normal almost paracontact metric manifold as in following sections.

3. FRENET LEGENDRE CURVES

Let v : I — N be a curve in a three dimensional pseudo-Riemannian manifold N such
that g(y',~) = €1 where e; = +1 and V. ~" denotes the covariant differentiation along ~.
Then ~ is a Frenet curve with {T', N, B} Frenet Frame if one of the following three cases

hold:

(1) v is of osculating order 1, V_, 7" = 0 (geodesics),
(2) v is of osculating order 2, there exist two ortonormal vector fields 7', N and a positive

function k along « such that
V’YIT = H&QN, V,y/N = —/€€1T,

(3) v is of osculating order 3, there exist three ortonormal vector fields T, N, B and two

positive function x and 7 along ~ such that
VWIT = kea N, VWIN = —ke1T + Te3B, VA/B = —7eg N,

where T = ’yl,g(N, N) = g9 = £1,9(B, B) = €3 = %1, & is the curvature and 7 is
the torsion function, [27].
Note that in this paper, we study with v : I C R — N non-null curve parametrized by
arc length on a pseudo-Riemannian manifold N which is a three dimensional normal almost
paracontact metric manifold where o, 8 = constant. In this case, from Definition [2.1] and

Definition [2.2] tension and bitension fields reduces to

T(v) = VrT (3.12)
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and

() = VAT — R(T,VyT)T =0 (3.13)
[20].
Now, let v : I — N be a Frenet Legendre curve in N and {T, ¢T, &} are ortonormal vector
fields along - where fy/ = T. By differentiating ¢(7,£) = 0 along =, it is obvious that
g(VrT,§) = —e1a. Then VT obtained as below

VT = —e1a€ — 10T, (3.14)

where ¢ is a function defined by § = g(V 7T, ¢T), [27].

Let investigate the necessary and sufficient conditions of a Frenet Legendre curve to be f-
harmonic, f-biharmonic, bi- f-harmonic, biminimal and f-biminimal in a three dimensional
normal almost paracontact metric manifold in terms of different cases of «, 5 and 4.

It should be noted that; throughout our paper, for the sake of shortness, only N will be
called instead of a three dimensional normal almost paracontact metric manifold N where

a, B = constant.

4. f-HARMONIC FRENET LEGENDRE CURVES

In this subsection, we investigated the f-harmonicity condition of a Frenet Legendre curve
in N.
Let v : I — N be a Frenet Legendre curve in N. Then with the help of Definition [2.3] and
equation , f-harmonicity condition obtained as below;

() = fr(y) + dy(gradf) = fVrT + f T = 0. (4.15)

Based on this result, we can express the following theorem:

Theorem 4.1. There is no f-harmonic Frenet Legendre curve in a three dimensional normal

almost paracontact metric manifold where o, B = constant.

Proof. The f-harmonicity condition for this kind of curves obtained by substituting

equation (3.14]), in equation (4.15) as below;
71(y) = fVrT+fT
= f(-e106 —e109T) + f'T

= [T —(e10f)¢ = (e10f)eT = 0. (4.16)
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From equation 1) it is easy to see that f = 0 namely, f is a constant function. This is
a contradiction with the definition of f-harmonic curves.
5. f-BIHARMONIC FRENET LEGENDRE CURVES

In this section, we obtain the f-biharmonicity condition of a Frenet Legendre curve in
N. In addition, we make detailed examinations for a-para-Kenmotsu, S-para-Sasakian and
paracosymplectic manifolds.

First, let determine the f-biharmonicity condition for this kind of curves. By using tension

and bitension field equations, f-bitension field 7 ¢(y) obtained as below, [21];
() = () + (AT +2V 0477
= f(VET — R(T,VoT)T) + f'VoT + 2f V3T = 0. (5.17)

Then by differentiating VT = —e1a€ — e10¢T with respect to T, we obtain V%T and V%T

as below;

VAT = (02 — 10T — e1(af + 6 )T — 65¢ (5.18)
and
VAT =306 T + (a?6 — 8% — €10° — 18 )T + (a® — af? — 16> — 286 ). (5.19)
After that by substutiting V7T into the curvature tensor field formula we find,
R(T,VoT)T = —a(a? + B¢ + 5(% +2(a? + £2))¢T. (5.20)
Finally, we determined the f-biharmonicity condition as below:

m.0(y) = f(VET — R(T,VyT)T) + f V7T + 2f VAT
= (300 f +2(6% — e10®) f)T
+ ((—a?6 — 3% —e10% — e10” — %5)1’ —2e1(af+68)f —e16f )T
+ ((20® —e1a8® —288)f —208f —eraf )¢

= 0. (5.21)
With the help of this result, we can state the following theorems:

Theorem 5.1. Let v : I — N be a Frenet Legendre curve parametrized by arc length in

three dimensional normal almost paracontact metric manifold N where o, 8 are constants.
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Then ~y is an f-biharmonic Frenet Legendre curve iff the following equations hold:

’

300 f +2(02 —e102)f =0,

(026 + 3620 +€10% + 10" + g(s) f42e1(aB+8)f +edf =0, (5.22)

(20 — 162 — 268 ) f — 208f —eraf” = 0.

Theorem 5.2. Let v : I — N be a Frenet Legendre curve parametrized by arc length in
three dimensional normal almost paracontact metric manifold N where o, 8 are constants.
Then v is an f-biharmonic Frenet Legendre curve if and only if the function f and the scalar

curvature r are given by;
f=(e10? - 52)_% +c

and

1

6" 18 (af+0)  6(0)2a+606"a — 62163 + 1561(56')?
— _9[n2 2 2 o
r [0°+30%+610%+e1-+3 R 1ea? — 52)? 1,

where 203 — e1a6% — 288 — 268A — ela(A/ + A?) =0 for A= 2& and e1a® — 6% #£ 0.

(e102—62)

Now, we give the interpretations of Theorem (5.1
Case I : Assume that 0 is not equal to a constant.

Case I-1: If N is a three dimensional S-para-Sasakian manifold and § # constant then

we have following equations from (|5.22));
308 f +28%f =0,
(3620 +210° + 16" + L) f + 2618 f +e1df” =0, (5.23)
B8 f+68f =0.

Hence we obtain the following theorem;

Theorem 5.3. There is no f-biharmonic Frenet Legendre curve in a three dimensional [3-

para-Sasakian manifold where § # constant.

Proof. By solving the first and third equations of (5.23|) together, it is easy to see

that there is a contradiction between them.



122 S. N. BOZDAG AND F. E. ERDOGAN

Case I-2: If N is a three dimensional a-para-Kenmotsu manifold and § # constant then

we have following equations from ([5.22));

306 f 4 2(6%2 —e102)f =0,
(025 +216° + 210" + 28)f + 2210 f + 216" =0,
(20° — e1a0?)f —eraf = 0.

So we have the following corollary;

Corollary 5.1. Let v:1 — N be a Frenet Legendre curve parametrized by arc length in a
three dimensional a-para-Kenmotsu manifold N with § is not equal to a constant. Then v is
an f-biharmonic Frenet Legendre curve if and only if the function f and the scalar curvature

r are giwen by,
f=(e10* - (52)7% +c

and

1

b} €168 6(8')202 + 608" o — 6e16%8" + 15¢1(60)2
= —92[a? 52 hall
r [Oé + €10+ €1 5 + 3€1a2 — 53 4(€1a2 — 52)2 ],

where 203 — e1ad? — 6104(14/ + A%) =0 for A= 2L5/ and e1a? — 6% # 0.

(e102—62)

Case I-3: If N is a three dimensional paracosymplectic manifold and d # constant then

we have following equations from ([5.22));

306 f +20%f =0,
(€16% + 10" + gd)f 2618 f 416 =0.

Therefore, we obtain the following corollary.

Corollary 5.2. Let v : I — N be a Frenet Legendre curve parametrized by arc length
in a three dimensional paracosymplectic manifold N. Then for § # constant; v is an f-
biharmonic Frenet Legendre curve if and only if the function f and the scalar curvature r

equal to:

and

/

/3//_

525 355 1.

r=—2e[02+ 071" —367%(8)% + . 5
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Case II : Assume that 6 = constant # 0. Then we investigate the following subcases:

Case 1I-1: If N is a three dimensional g-para-Sasakian manifold and § = constant # 0

then we have following equations from ([5.22]);

82f =0,
(382 +¢e182+ L) f +erf =0, (5.24)
Bf =0

Hence we obtain the following theorem;

Theorem 5.4. There is no proper f-biharmonic Frenet Legendre curve in a three dimen-

stonal B-para-Sasakian manifold with § = constant # 0.

Proof. For § = constant # 0, from the first equation of 1’ we obtain that fl =0,
this situation contradicts the definition of the f-biharmonic curve.
Case 11I-2: If N be a three dimensional a-para-Kenmotsu manifold and § = constant # 0

then we have following equations from ([5.22]);

(62 —e10®)f =0,
T 7
(0 + 16 + ) ref =0,
(202 — 163 f —erf =0.
So, we have;
Corollary 5.3. Let v: 1 — N be a Frenet Legendre curve parametrized by arc length in a

three dimensional a-para-Kenmotsu manifold N. Then vy is an f-biharmonic Frenet Legendre

curve if and only if the function f and the constant scalar curvature r are given by
f — cleas + 6267045
and
r = —6a”,

where f € C*°(N,R) is a positive smooth function dependent on s arc length parameter,

d=|a| and g1 = 1.
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Case I1I-3: Let N be a three dimensional paracosymplectic manifold and § = constant # 0

then we have followings from ([5.22]);

52f =0,
. (5.25)
(£16% + §)f +ef =0.

Hence we have the following nonexistence theorem;

Theorem 5.5. There is no proper f-biharmonic Frenet Legendre curve in a three dimen-

stonal paracosymplectic manifold where § = constant # 0.

6. Bi-f-HARMONIC FRENET LEGENDRE CURVES

In this subsection, we handle bi- f-harmonic Frenet Legendre curves in N. Also we ob-
tained bi- f-harmonicity conditions for a-para-Kenmotsu, p-para-Sasakian and paracosym-
plectic manifolds.

First let determine the bi-f-harmonicity condition in a three dimensional normal almost

paracontact metric manifold. By substutiting equations (3.14)), (5.18]), (5.19) and (/5.20)) into

the bi- f-tension field formula, 772(y) obtained as below, [25];

Tr2(y) = trace(VVf(V74(y)) = fVOnTr (V) + FR(T4(7), dy)dy)
= (FF)YT+GFf +2f))VaT +AffVET + V4T + f2R(VT, T)T
= [(/f") +41f (6% — e10®) + 3265 |T
+ [“3eraff = 2e1a(f ) —AfF 68 + f2(20° — e106% — 288 )T
+ [=3e18ff —2e18(f) —derff (@B +0)
+f2(—g<5 — 0?5 — 3B%5 — £16% — e18" )¢

= 0, (6.26)

which implies the following.

Theorem 6.1. Let v : I — N be a Frenet Legendre curve parametrized by arc length

in three dimensional normal almost paracontact metric manifold N where «, f = constant.
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Then =y is a bi-f-harmonic curve iff the following equations hold:

(ff") +4(0% —e1a®) [ +386 f> =0,

3eraf f 4 2e10(f )2 + 46BF F — (203 — 1062 — 288 ) f2 =0, (6.27)

30Ff +20(f V2 +4(aB+08)ff + (2515 + a2de; + 362061 + 0% + 6" f2 = 0.

Now, we give the interpretations of Theorem [6.1

Case I : Assume that ¢ is not equal to constant. Then we investigate the following
subcases:
Case I-1: If N a three dimensional -para-Sasakian manifold and § # constant then we

have following equations from ((6.27));
(Ff") +482ff +330 2 =0,

20f +6 f =0,

30FF +20(f V2 +40 ff + (gela +382%16+03+6")f2 =0.
\

Then we obtain the following corollary.

Corollary 6.1. Let v: I — N be a Frenet Legendre curve in a three dimensional B-para-
Sasakian manifold N. Then vy is a bi-f-harmonic curve where the function f and the constant
scalar curvature r are given by;
f=072+c
and
r=3e102(0 ) +e10718 — 2515—25’ — 2616% — 682,
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for where § # constant is the solution of —9(8')? +1086'8" — 2626" + 466" = 0 differential

equation.

Case I-2: If N is a three dimensional a-para-Kenmotsu manifold and ¢ # constant then

from (/6.27]), we obtain following equations;
(

(FF) +4(0% —e1a®) ff + 388 f2 =0,

3FfF7+2(F)% + £2(0%2 - 2a%¢1) = 0, (6.28)

30Ff" +20(F)2 + 45 ff + (gsla +a28e + 63 +8")f2=0.
\
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So, we have the following corollary.

Corollary 6.2. Let v : I — N be a Frenet Legendre curve parametrized by arc length
in three dimensional a-para-Kenmotsu manifold N where § # constant. Then v is a bi-f-

harmonic curve iff f is a solution of the non-linear differential equations given in .

Case I-3: If N is a three dimensional paracosymplectic manifold and § # constant then

from (6.27]), we obtain the following equations;

(ffY +4ff62+366 f2=0,
(6.29)

381" +25(f )2 + 45 1 + (5216 +5°+8")2 = 0.

Hence we obtain following corollary.

Corollary 6.3. Let v : I — N be a Frenet Legendre curve parametrized by arc length
in three dimensional paracosymplectic manifold N where § # constant. Then v is a bi-f-

harmonic curve iff f is a solution of the non-linear differential equations given in .

Case I-4: If N ff" =0 and § = constant then via equation 1 , we obtain following

equations;

4f (62 —e10®) + 3f68 =0,

2e1a(f )2 +4ff 08 — f2(20® — £1002 — 288') = 0, (6.30)

20(f V2 +4ff (aB+6)+ fQ(gdsl + a2ey + 3820e1 4+ 62 +6") = 0.

We have the following corollary.

Corollary 6.4. Let v : I — N be a Frenet Legendre curve parametrized by arc length
in a three dimensional normal almost paracontact metric manifold N where ff// =0 and
0 # constant. Then 7 is a bi-f-harmonic Frenet Legendre curve where the function f and

the scalar curvature r are given by;

f=(e10* - (52)7% +c

and
" (aB+8)d 962(5')?
__o[2 2 2 0
r=-2[a’+38°+¢c16"+ e 513 ey SR 8(51042—52)2}’
where 2e1aA? +4A58 — (203 — e108? — 2[36/) =0 for A= 358 and e1a? — 6% # 0.

4(e1a?—62)
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Case I-5: If N a three dimensional -para-Sasakian manifold, ff = 0 and § # constant
then from equation ([6.30]), we obtain following equations;

(

4f'6+38 f=0,

2f'64+6f =0, (6.31)

2e10(f )2 + 416 ff + fQ(ga 13625 + 8% +10”) = 0.

We have the following nonexistence theorem.

Theorem 6.2. There is no bi-f-harmonic Frenet Legendre curve in a three dimensional

B-para-Sasakian manifold where ff' =0 and § # constant.

Proof. When first and the second equations of solved together, we obtain
8 f =0. For § # constant and & f = 0; we get that f = 0 which is a contradiction to the
definition of bi- f-harmonic curve.

Case I-6: If N a a-para-Kenmotsu manifold, ff” = 0 and § # constant then from

equation (6.30) we have following equations;
4f' (0% — e10?) + 300 f =0,

2¢1(f)? — f2(2a% — €10%) = 0,

2610(f )2 +der ff'6 + fQ(%(S + 0204183 +16") = 0.

Then, we have the following corollary.

Corollary 6.5. Let N be a a-para-Kenmotsu manifold where ff =0, 6 % constant and
~v: I —> N be a Frenet Legendre curve. Then 7y is a bi-f-harmonic curve where the function

f and the scalar curvature r are given by;

3

f=(e102=6%)75 ¢

and
1! !/

) (6")? 962(5')?
_ 2 2 e
r=—2[a*+¢e1d +e +351a2—52+8(51a2—52)2]’

where & is the solution of 3516%(0')2 —2(202 —£16%) (102 — 62)% = 0 differential equation and

and e10 — 6% # 0.
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Case I-7: If N is a paracosymplectic manifold, ff = 0 and § # constant then from
(6.30]), we obtain following equations;

Aff'62 4+ 3f258 =0,
2e10(f )2 4+ de ff 6 + f2(g(5 +e183+60")=0.

We have the following corollary.

Corollary 6.6. Let N be a paracosymplectic manifold where ff =0, § # constant and
v : 1 — N be a Frenet Legendre curve. Then vy is a bi-f-harmonic curve where the function

f and the scalar curvature r are given by;
3
f = (5_4 + C

and

1

) 6815/ 961
= -2 2 e —
r €10 €1 5 + 52 152

Case II : Assume that § = constant is not equal to 0. Then we shall investigate the

following subcases:

Case II-1: If N a three dimensional g-para-Sasakian manifold then we have following

equations from ([6.27));

(ff) +4ff o2 =0,

fr8=0, (6.32)

\Sff” +2(f )2+ fZ(gsl +38% + %) = 0.
Hence, we give the following theorem;

Theorem 6.3. There is no proper bi-f-harmonic Frenet Legendre curve in a three dimen-

stonal B-para-Sasakian manifold where § = constant # 0.

Proof. From (6.32)), the proof is obvious.
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Case II-2: If N a three dimensional a-para-Kenmotsu manifold and § = constant # 0

then we have following equations from (6.27]);
(FF7) +Aff (8% —e10?) =0,

3ff +2(f)% = f2 (202 — 6%) =0,

3ff+2(f)2 + f2(gel + a?e; +6%) = 0.

So, we have the following corollary;

Corollary 6.7. Let v : I — N be a Frenet Legendre curve in a three dimensional o-
para-Kenmotsu manifold N. Then ~ is a bi-f-harmonic curve where § = constant # 0,
the constant scalar curvature equals to 1 = —60a2 and the function f is a solution of the

non-linear differential equations given as;

(Ff) +4ff (62 —e1a?) =0,
3aff” +2a(f)? — (20, — ad?) = 0.

Case II-3: If N a three dimensional paracosymplectic manifold and § = constant # 0

then we obtain the following equations from (6.27));

(ff) +4ff o2 =o,
(6.33)

3Ff"+2(f)2 + f?(gal +62) = 0.

Then we have,

Corollary 6.8. Let v : I — N be a Frenet Legendre curve in a pracosymplectic manifold

N. Then ~ is a bi-f-harmonic curve where § = constant # 0, the scalar curvature r is given

by;

1" !

r=—6;— — 451(f—)2 — 92¢16°

f f

and the function f is a solution of the non-linear differential equations given in equation

:

Case II-4: If N a three dimensional normal almost paracontact metric manifold, ff =0

and § = constant # 0 then from ([6.27)), we obtain that 7 is a bi- f-harmonic Frenet Legendre
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curve if and only if
4ff (6% — e10?) = 0,

2e1a(f )2 +Af 65 — [2(20° — e106%) = 0, (6.34)

2e10(f )2 + der ff af + f?(g(s 028 + 3826 +210%) = 0.

Hence we give,

Corollary 6.9. Let v : 1 — N be a Frenet Legendre curve parametrized by arc length in N
where o, B = constant, ff =0 and § = constant # 0. Then v is a bi-f-harmonic curve iff

f is a solution of non-linear differential equations given in equation .

Case II-5: If N a three dimensional g-para-Sasakian manifold and § = constant # 0

then we have following equations from (6.27));
4ff'6* =0,

ffop =0, (6.35)

e10(f )2 + £ (565 + 3820 +16%) = 0.
So, we have the following nonexistence theorem.

Theorem 6.4. There is no proper bi-f-harmonic Frenet Legendre curve in a three dimen-

stonal B-para-Sasakian manifold where § = constant # 0.

Case II-6: If N a three dimensional a-para-Kenmotsu manifold and 6 = constant # 0

then we have following equations from (6.27));

;

fI (8 —e1a?) =0,

2e1(f)2 — f2(2a% — £162) = 0, (6.36)

21 (f)? + fQ(g +a2+e182) =0.

Corollary 6.10. Let v : I — N be a Frenet Legendre curve parametrized by arc length in
three dimensional a-para-Kenmotsu manifold N where § = constant # 0. Then vy is a proper
bi-f-harmonic curve iff the scalar curvature equals to r = —6a? and the function f is the

solution of 2(f )2+ ff (€102 — a?) — f2(2e102 — §2) = 0.
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Case II-7: If N a three dimensional paracosymplectic manifold and § = constant # 0

then we have following equations from (6.27));

4ff' 62 =0,
(6.37)

e16(f )2+ L (55 + 6% = 0.

Then we give

Theorem 6.5. There is no bi-f-harmonic Frenet Legendre curve in a three dimensional

paracosymplectic manifold where § = constant # 0.

7. BIMINIMAL FRENET LEGENDRE CURVES

In this section, the conditions for a Frenet curve to be biminimal are obtained in N. Be-
sides, detailed calculations have been made for various manifolds as in the previous sections.
By using normal components of tension and bitension fields, the condition of being biminimal

curve is obtained by using the formula given as below, [11], 17];

[rax (V)] = [ (N]F = Alr(9)]*F =0. (7.38)

Let determine the biminimality condition for a Frenet Legendre curve in N. First, let give

the tension and bitension fields respectively;
() = —e10€ — 10T,

() = 366'T + (—3B%5 — a6 — ga —16% — e18")pT + (=285 + 20° — ae182)E.

Hence by using normal components of tension and bitension fields the biminimality condition

is obtained as below;

AT = (=38%5— 0?5 — 26 — 16 — 18 + Ae1d)T
+ (—2ﬁ5/ + 203 — ae18? + Aera)é
= 0. (7.39)

By using this condition, we can give the following theorems;

Theorem 7.1. Let v: I — N be a Frenet Legendre curve in a three dimensional normal

almost paracontact metric manifold N where o, 8 = constant. Then vy is a biminimal curve
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iff the following equations hold:

3526 + %0 + 56 +e16° + €10 — Ae1d =0,
(7.40)

—2ﬁ5/ +2a2 — ae16%2 + Aeja = 0.

Theorem 7.2. Let v : 1 — N be a Frenet Legendre curve in a three dimensional normal
almost paracontact metric manifold N where o, f = constant. Then 7y is a biminimal curve

where the scalar curvature v is given by;

1"

] /
r=—21—- — 45§ —6a® — 6432,
0 o

where § is the solution of the second differential equation of .

Now, we give the interpretations of Theorem
Case I: Assume that § is not constant. Then we shall investigate the following subcases.

Case I-1: If N is a three dimensional S-para-Sasakian manifold and § # constant then

from ([7.40]), we obtain following equations;

3826+ 56 +e10° + €16 — Aerd = 0,
(7.41)

286 = 0.
Then we obtain the following nonexistence theorem.

Theorem 7.3. There is no biminimal Frenet Legendre curve in a [B-para-Sasakian manifold

where § # constant.

Case I-2: If N is a three dimensional a-para-Kenmotsu manifold and ¢ # constant then

from (7.40]), we obtain following equations;

0?5 — 8 —£10° — £10” 4+ \e1d = 0,
(7.42)

203 — ae18% + deja = 0.

So we give,

Theorem 7.4. There is no biminimal Frenet Legendre curve in a three dimensional a-para-

Kenmotsu manifold N where § # constant.
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Proof. From ((7.42), we find that § = v/2e;02 + X but we accept § # constant where
a = constant.
Case I-3: If N is a three dimensional paracosymplectic manifold and § # constant then

from ((7.40f), we obtain following equation;

T 3 7

55 +€15 + 615 — )\815 =0.
Hence we have,

Corollary 7.1. Let v : I — N be a Frenet Legendre curve in a three dimensional para-
cosymplectic manifold N and § # constant. Then ~ is a biminimal curve iff the scalar

curvature v is given by;

1

r = —251% — 26152 — 2)\51.

Case II: Assume that j=constant is not equal to 0. Then we shall investigate the following
subcases:
Case II-1: If N is a three dimensional 3-para-Sasakian manifold and § = constant # 0

then from ((7.40f), we obtain following equation;
2, T 2
307+ 5 +e10" —Aer = 0.
Hence, we give the following theorem.

Corollary 7.2. Let v: 1 — N be a Frenet Legendre curve in a three dimensional B-para-
Sasakian manifold N and § = constant # 0. Then v is a biminimal curve where the constant

scalar curvature r is given by;
r=2e10% — 68% + 2\ey.

Case II-2: If N is a three dimensional a-para-Kenmotsu manifold and § = constant # 0

then from ((7.40)), we obtain we obtain following equations;
—042 — % — 8152 + /\61 = 0,

202 — 0% + \ep = 0.

Then we obtain the following corollary.
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Corollary 7.3. Let v : I — N be a Frenet Legendre curve in a three dimensional a-
para-Kenmotsu manifold N and § = constant # 0. Then v is a biminimal curve where the

constant scalar curvature v s given by;
r = —6a”.

Case II-3: If N is a three dimensional paracosymplectic manifold and § = constant # 0

then from ((7.40f), we obtain following equation;

3—1—6152 —Xe1 = 0.

So we have,

Corollary 7.4. Let v : I — N be a Frenet Legendre curve in a three dimensional para-
cosymplectic manifold N. Then 7 is a biminimal curve where the constant scalar curvature

T 1s given by;

r=—216% + 2)\e;.

8. f-BIMINIMAL FRENET LEGENDRE CURVES

Finally in this section, we give f-biminimality conditions for a Frenet curve in N and also
particular cases such as: §-para-Sasakian, a-para-Kenmotsu and paracosymplectic manifolds.
From the Definition 2.7, we know that the condition of being f-biminimal curve given as

below, [11];

[ (NI = (2,0 (M) = ALy (7)) - = 0.

Then using the normal components of tension and bitension fields, given by and
, f-biminimality condition is obtained as below;
Feas(NIY = [(—a?6 —38% —e16° — 10" — gd +e1d)f
— 21(aB+8)f —e1df ]eT
+ ((20® —£1a8% =286 + Aera)f —208f —eraf )¢
= 0. (8.43)

Theorem 8.1. Let v: I — N be a Frenet Legendre curve in a three dimensional normal

almost paracontact metric manifold where o, 8 = constant. Then v is an f-biminimal curve
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iff the following equations hold:

(a%0ey + 36%0e1 + 6% + 6 + 2515 —X)f +2(aB+8)f +6f =0,
(8.44)

(203 — 1002 — 288" + Aera) f — 268f — eraf’ = 0.

Now, we give the interpretations of Theorem [8.1
Case I: Assume that § is not constant. Then we shall investigate the following subcases:

Case I-1: If N is a three dimensional S-para-Sasakian manifold and § # constant then

from (8.44)), we obtain following equations;
2 3 1" r v "
(38%0e1+6°+0d + 16 =N f+20 f +6f =0,
2
(8.45)
BEf) =0,

Corollary 8.1. Let v : I — N be a Frenet Legendre curve parametrized by arc length
in three dimensional B-para-Sasakian manifold N where 6 # constant. Then v is an f-

biminimal curve iff the function f and the scalar curvature r equals:

1
f - 5 +c
and
r=2(A—6%— ‘% —38%) — 451(%)2 —2616(2(8)' 6" —6"672).

Case I-2: If N is a three dimensional a-para-Kenmotsu manifold and ¢ # constant then

from (8.44)), we obtain following equations;

(0201 + 8% +8" + Ze16 = M) f + 20 +8f =0,
(8.46)

(2043 - 610452 + )\Ela)f - Elaf” =0.

Corollary 8.2. Let v : I — N be a Frenet Legendre curve parametrized by arc length in
three dimensional a-para-Kenmotsu manifold N and § # constant. Then ~y is an f-biminimal

curve iff f is a solution of non-linear differential equations given in .

Case I-2: If N is a three dimensional paracosymplectic manifold and 0 # constant then

from (8.44]), we obtain following equation;

(€16% + 216" + gé Ae1d)f 2608 f +erdf = 0. (8.47)
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Corollary 8.3. Let v : I — N be a Frenet Legendre curve parametrized by arc length in
three dimensional paracosymplectic manifold N and § # constant. Then 7y is an f-biminimal

curve iff f is a solution of non-linear differential equation given in .

Case II: Assume that § = constant is not equal to 0. Then we shall investigate the

following subcases:

(a?de1 + 3B3%0e1 + 63 + 2515 -\ f+ 2(aﬁ)f/ + (5f” =0,
(8.48)

(207 — e100% + Aera) f — 208f —eraf” =0,
Case II-1: If N is a three dimensional g-para-Sasakian manifold and é = constant # 0 then
from ({8.44]), we obtain following equations;

(382021 + 0% + gglfs ) f+of =0,
(8.49)

208f = 0.

Then we obtain the following nonexistence theorem;

Theorem 8.2. There is no proper f-biminimal Frenet Legendre curve in a three dimensional

B-para-Sasakian manifold where § = constant # 0.

Proof. From the second equation of (8.49)), the proof is obvious.
Case II-2: If N is a three dimensional a-para-Kenmotsu manifold and § = constant # 0
then from (8.44)), we obtain following equations;

(a2e1 + 6% + gsl — NS+ [ =0,
(8.50)

(2021 — 2+ N f — f =0.

Corollary 8.4. Let v : I —> N be a Frenet Legendre curve in a three dimensional o-
para-Kenmotsu manifold N and 6 = constant # 0. Then v is an f-biminimal curve where
the constant scalar curvature equals to 1 = —60a2 and the function f is a solution of the

non-linear differential equations given in .
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