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THE APPROXIMATION OF BIVARIATE GENERALIZED
BERNSTEIN-DURRMEYER TYPE GBS OPERATORS

ECEM ACAR * AND AYDIN IZGI

ABSTRACT. In the present paper, we introduce the generalized Bernstein-Durrmeyer type
operators and obtain some approximation properties of these operators studied in the space
of continuous functions of two variables on a compact set. The rate of convergence of these
operators are given by using the modulus of continuity. The order of approximation using
Lipschitz function and Peetre’s K- functional are given. Further, we introduce Bernstein-
Durrmeyer type GBS (Generalized Boolean Sum) operator by means of Bogel continuous
functions which is more extensive than the space of continuous functions. We obtain the
degree of approximation for these operators by using the mixed modulus of smoothness and
mixed K-functional. Finally, we show comparisons by some illustrative graphics in Maple
for the convergence of the operators to some functions.
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1. INTRODUCTION

Let f(z) be a function defined on the closed interval [0, 1] the expression

uste) = Butria) = 31 (5) (Rt o L
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is called Bernstein polynomial of order n of the function f(z). The polynomials B, f(x)
were introduced by S. Bernstein (see [5]) to give an especially simple proof of Weierstrass
approximation theorem. The generalizations of Bernstein polynomials were investigated
in [I5]- [12]. In 1988, [15] the function of two real variables function f be given over the unit

square

s:[0,1] x [0,1]

then the bivariate Bernstein polynomial of degree (n,m), corresponding to the function f, is

defined by means of the formula

Bun(®) = Bun(fim.) =331 (5. 2) (1) (M)at - oy hp - )

There are many investigations devoted to the problem of approximating continuous func-
tions by classical Bernstein polynomials, as well as by two-dimensional Bernstein polynomials
and their generalizations.

In 1967, Durrmeyer [I1] introduced the following positive linear operators of the classical
Bernstein operators, which modify with each function f integrable on the interval [0,1] the
polynomial

1
0

Maf(@) = (04 D)3 pa@) [ pus (00,
k=0

which p,, (z) = (£) (¥)2*(1 —2)"~*. D. C. Morales and V. Gupta [9] studied two families of
Bernstein-Durrmeyer type operators. The Baskakov Durrmeyer operators were introduced
in 1985 and many properties of such operators were studied comprehensively. Gupta [13]
presented the approximation properties of these operators. In 2007 [1] local approximation
properties of a variant of the Bernstein-Durrmeyer operators were given.

In this paper, firstly we introduce bivariate generalized Bernstein-Durrmeyer operators.
We investigate the properties of approximation of generalized Bernstein-Durrmeyer polyno-
mials and the order of approximation using Lipschitz function and Peetre’s K- functional.
Then, we define the Generalized Boolean Sum (GBS) operators of generalized Bernstein-

Durrmeyer type and study the degree of approximation in terms of the mixed modulus of

smoothness.
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2. CONSTRUCTION OF THE BIVARIATE GENERALIZED BERNSTEIN-DURRMEYER TYPE

OPERATORS

Let D = [-1,1] x [-1,1], (z,y) € D, n,m € N and f defined on the interval C'(D). We

define the linear positive operators Dy, ,,,(f;x,y) in the following way:

Dy (fi2,9) = ”“m“22¢nmy / / o8 (6 f(tu)dtdu  (23)

k=0 j=0

where
ond(z,y) = ok (2)el, (1)

and

() = 2% <Z) (14 2)k(1 — z)" k.

Lemma 2.1. For V(z,y) € D and ¥n,m € N, Bernstein-Durrmeyer operators satisfy

the following equalities:

Dn,m(1;$7y) =1 (2'4)
2x
Dn,m(t;‘ray) =T — n+2
2
Damlui) =y 2L
6n + 6)x? — 4nx 2—2n
D t2 _ 2 (
nm(” U5 Y) =0 = e ) T i DT 3) 05
o (6m + 6)y? — 4my 2—2m .
Y T T mr2)m+3) | (mt2)(m+3)
12n2 4+ 24n + 24 6n2 + 6n
D 34+ udx,y) =25 — 3+ x
nm( v) (n+2)(n+3)(n+4) (n+2)(n+3)(n+4)
N 12n + 48 L 12m? +24m +24
mt2)n+3)n+d) Y mr2)m+3)(m+a)’
n 6m? + 6m n 12m + 48
(m+2)(m+3)m+ 47 " (m+2)(m+3)(m+4)
20n3 + 60n? + 160n + 120 12n% — 16n2 + 4n
D thutiz,y) =2t — x4 z?
nm( v) (n+2)(n+3)(n+ 4)(n +5) (n+2)(n+3)(n+4)(n +5)
—4n3 — 1602 + 32n 4 20m3 +60m? +160m + 120

Tttt 0n+5) " Y T mr)m D m ) m+5)”
12m? — 16m? + 4m 9 —4m3 — 16m? + 32m
Tt mt3mr)m+5)? T mr)mL)mrdmisY
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From Lemma [2.1] we obtained the following lemma.

Lemma 2.2. If the operator Dy, n, is defined by , then for V(z,y) € D and n,m € N
(=2n + 6)z? + 4nz + 2 — 2n
(n+2)(n+3)

(=2m +6)y> +4my + 2 — 2m
(m+2)(m+ 3)

Dn,m((t—x)Q;x,y) = (2.6)

(2.7)

Dn,m((u - y)2; xz, y) =

72n3 + 852n2 + 19161 + 1680 24n
D +— ) _ 4 3
nm((t = 2)%52,y) D+t Dm+5) " mrmt+3)”

N —24n3 — 272n2 — 830n + 840 ,  —4n3 — 64n? — 464n — 960
X
n+2)(n+3)(n+4)(n+5) n+2)(n+3)(n+4)(n+5

)CL‘

Dot — o)tz )_72m3+852m2+1916m+1680 i 24m 3
Y Y ) m+ 3)(m+ ) (m+5)” T (m+2)(m+3)7
+—24m3—272m2—830m+840 2 —4m3 — 64m? — 464m — 960
(m+2)(m+3)(m+D(m+5" " (m+2)(m~+3)(m+4)(m+5)"

Let C(D) is a continuous functions space on the D = [—1,1] x [-1,1]. C(D) is a linear

normed space with the norm

Il = max_  1F@y)].

If f,.m is a sequence on the space C(D), for f € C(D)
lim || fom — fl =0,
n,M—00

then it is called uniformly convergence to the function f.

Lemma 2.3. Let n € N, for every fized xg € [—1,1], there exists a positive constant Mi(xg)

such that Dy, p, ((t —z0)t; :Uo,y> < My (zo)n~t.

Theorem 2.1. If T, ,,, is a sequence of linear positive operators satisfying the conditions

lim HTn,m(lvxvy) - 1||C(X) =0,

n,Mm—00

lim || T ((t — )5 2,y) — ]l o) =0,

7,1M—+00

lim || Tm (v —y);z,y) — y”c(x) =0,

n,Mm—00

lm || Tm (8 + v, y) — (2% + yZ)H(J(x) =0,

n,Mm—00

then for any function f € C(X), which is bounded in R* and X is a compact set,

lim (T (£ 2,9) = (@, 9) ]l o) = O-

7,Mm—00
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In the following theorem we show that the linear positive operator D,, ,, convergences to

f uniformly with the help of Theorem given by Volkov [I§].

Theorem 2.2. Let f € C(D), the operators Dy, , defined by converge uniformly to f

onD C R? as n,m — oc.

Proof. From (22.4)-(2.5)), we obtain

lim ”Dn,m(]-a x??/) - ]‘HC(D) =0,

n,Mm—00

lim || Dy ((t — 2); 2, y) — @[ oy =0,

n,Mm—00

lim || Dn (v = y);2,9) = yllom) =0,

7,M—00

lim || Dy (8 + u*2,y) — (2% + y2>HC(]D)) =0.

n,Mm—00

The proof is obvious from Volkov’s Theorem.
2.1. Degree of Approximation by D, ,,.

Definition 2.1. Let f € C(D) be a continuous function and § a positive number. For

x,y € D, the full continuity modulus of the function f(x,y) is

w(f;6) = max |f(z1,91) — f(2,12)]
V(@1—22)2+(y1—y2)2<0

and its partial continuity moduli with respect to x and y are defined by

W) (f.5) = _
wifi0) = max | max_|f(zny) = flza,y)]

@)(f.8) = _
wifi0) = max | max |f(z,y1) = f(z,92)]-

It is also known that lims_,ow(f;d) = 0 and w(f; A0) < (A + 1)w(f;6) for any X > 0. The

same properties are satisfied by partial continuity moduli.

Theorem 2.3. Let f € C(D), the following inequalities hold:
1D (F32,8) — Pl < 3 (9 (i 9= ) +0@ (£ (28)
n,m ) 7y C(]D)) — ) \/’ﬁ I \/ﬁ N

HDn,m(fQ%y) - f”c(D) < 3w (f: % + 1) . (2.9)

m
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Proof. From ([2.3)-(2.4) and using the properties of the modulus of continuity we

obtain

‘Dn,m(f;l'ay) - f(xvy” S |Dn,m(f(t7u) - f(t7y);$7y)‘ + |Dn,m(f(t7y) - f(l‘ y) x y)|

<Dpm (If(t;u) = f(&;9)]) + Do (1f (8, 9) = f2,9)])

W (f;6,) {1 + %n ; ! is@ﬁ(w) /_11 |t — 2| sOﬁ(t)dt}

k=0
I m+1g~ ! ;
W (f3,) {1 ) SRV U %(u)du}

where d,, 0, are the sequences which tend to zero as n,m — oo. Applying the Cauchy-

Schwartz inequality we obtain

’Dn,m(f;xa y) - f(l‘, y)|

<t (730n) {1 5i 2 Z (/ x)%’é(t)dt) 1/2 (/11 wﬁ(t)dt) 1/2}
k= _
W (f:m) {1 + %mT i </1 y>2¢%(u)dU> v (/11 @%@(u)du) 1/2} .
" =0 — _

Hence we get

n 1/2 1 1/2
Dum(fi2,9) = o, 5)] < o (£360) {1 e (Z @2(@")) ([ ¢~ orehinar) }
" k=0

m 1/2 1 1/2
o (0 4 14 5 T (Z%@)) ([ - wetan)

1

=w<1><f;an>{1+;(0n,m<<t #)’.9) /2}+w<2><f;5m>{1+;n(Dn,m«u—y)?;x,y))l”}-

From and ., we obtain . Using (2.3 and letting

5=/t =P+ (u—yP?

we have




8 E. ACAR AND A. IZGI

Hence, we obtain

|Dnm(f52,y) — f(2,9)] <Dnm(|f(tu) = f(z,9)];2,)

W (f;0nm) {1 + %Dn,m (\/(t —z)? + (u— y)Q;w,y)}

nm

1 n—|—1m+1
@ (f36am) 1+ 5— ZZ%mfvy

k=0 j=0

// (T a7 (= ?) olalt, i

applying the Cauchy-Schwartz inequality, we obtain

Do (f329) = f(9)] <0 (f36m) 4 1+ — ”“’”HZZ%W

1)
nm k=0 j=0

b . 1/2
/ / ((t = 2)* + (u—9)*)" dpn(t, U)dtdu> }
“1J-1

o (fitum) {1+ 5

nm

With (2.6)) and (2.7) we get desired result ([2.9)).

Now, we give the order of approximation using Lipschitz function and Peetre’s K- func-

(Do (£ — )2 + (u — )Pz y))l/Q}

tional.

Corollary 2.1. If f additionally satisfies a Lipschitz condition

|f(z1,91) — f(22,90)| < K ((z1 — 22)* + (y1 — y2)2)a/2 O<a<l1

then the inequality
(1 1 a/2
|Dppn(fi2,y) — flz,y)| < K < + > 7

n m

where K' = 3K.

Corollary 2.2. If f additionally satisfies a Lipschitz condition

[f(@1,y) — f(x2,9)| < Ky oy — 2]/
and

f (1) — Fz,0)| < Koy — yo|"?

then the inequality

(1 a/2 (1 a/2
Dnn 3 Ly - ’ SK - K. . ’
Duntiv) ~ fenl <k (1) +3( )

where K| = 3K, K/ = 3K» holds.



INT. J. MAPS MATH. (2022) 5(1):2-20 /BIVARIATE GENERALIZED BERNSTEIN-DURRMEYER TYPE... 9

Let C?(D) be the space of all functions f € C(D) such that gw{, gyf € C(D) fori=1,2.

1£llezmy = 1 fllem) Z ( C(D)) :

Definition 2.2. Let f € C(D). The Peetre’s K-functional is defined by

The norm on the space C?(ID) is defined as

o' f
oyt

ozt

c(D) ‘

K(f;0) = inf <q|lf - gHC]D) + 99l Dy, 0>0p. (2.10)
geC2(D) (D) (D)

Theorem 2.4. For the function f € C(D), we get
|Dn,m (f7.7), y) - f(xa y)| S 2IC (f7 5n,m(xa y)) )

_ 2 2
where O m(z,y) = max (m, m)

Proof. Let g € C?*(D) and t,s € [-1,1]. If we use Taylor’s theorem at point (x,y)

for the function g¢(t, s), we get
¢ 0? 0g(z,
olt,5) — gl y) =220y m>+/ (¢ - ) TIG D gy 4 BTV

9g(z,

Ox ou? Oy
(z,v)

/y s—0) 81}2 ———dw.

From Lemma we have Dy, , (t — x;2,y) = n2f2 ve Dy (U — y; 2,y) = m+2 Applying

the operator D,, ., on the above equation, we obtain

2 t
2y )
- D —v)——-—d )
m+29y+ nm(/y S U ’U,x,y)

Hence,

2z 2y ! &g(u,y)
< D t—u| | ———=|dul|;z,
_‘n+29:p+m+2gy + n,m( x| u" OuZ U 3T,y
5 0%g(z,v
+Dn,m</y |s — v %(1;2) dv ,x,y)
2x 2y 1|0% 5
< Z1=Z11D t— .
_’n+29z+m+29y +2‘61’2 | n,m(( CE) 7x7y)‘
1]02%g(x,v)

n,m ((u - y)25 x,y)‘ .

2‘ ov?
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Using norm for Vz,y € (D), we get

2 2
1Pn.m (9 2,9) = 9@ Yl cw) <, -5 19=lcw) + =7 l9vllcw)

m—|—2H

1 1
< max <n+2’ m—i—2> (HQ:EHC(D) + HQyHC(D)

82
oo
Ay c(D)

). Since Dy, is a linear operator and for V f € C(D), g €

n+2 H(‘)azz

H 022 || o
<0n,m ”9”02(]]]))

2 2

where (5n’m = Imax (m, mE2

C?(D), we have
[1Dnm (f32,9) = F(@:9)l oy < N1Pnm (F = 652, 9)llom)
+ [ Dnm (g5 2,9) — 9(2,9) oy + 1 — 9llom)
<|f- gHC(IDJ) |Dn,m (15 2,9)|
+ [1Dnm (g5 2,9) = 9(@,9) o) + IIf = gllem)
Hence

1D (F32,9) = F@ ) lomy < 2 (1F = gllow) + dam 9]z )

Taking the infimum on the right hand side, we get
[ Dy (f12,9) = f(@,y)] < 2K (f;0nm(2,y)) -

3. CONSTRUCTION OF GBS OPERATOR OF GENERALIZED BERNSTEIN-DURRMEYER TYPE

In 1934, Bogel introduced the term B-continuous and B-differentiable function and es-
tablished important result for these functions [6]-[7]. In 1966, Dobrescu and Matei [10]
gave some approximation properties for bivariate Bernstein polynomials using a generalized
boolean sum. The Test function theorem is given by Badea et al. [4] for Bogel continuous
functions. Sidharth et al. introduced GBS operators of Bernstein—Schurer—Kantorovich type
and studied the degree of approximation by means of the mixed modulus of smoothness and
the mixed Peetre’s K -functional in [17].

In this section, we introduce Bernstein-Durrmeyer type GBS (Generalized Boolean Sum)

operator by means of Bogel continuous functions which is more extensive than the space
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of continuous functions. The degree of approximation for Bernstein-Durrmeyer type GBS
operators are obtained by using the mixed modulus of smoothness and mixed K-functional.
Let X and Y be a compact real intervals and let A, ) f (20, Yo; 7, y] be mixed difference

of f defined by

A(ac,y)f [$07y0;$7y] = f(wvy) - f(xay()) - f(any) + f(x()vy())

for (x,y), (zo,y0) € X x Y. A function f : X xY — R is called B-continuous (Bogel

continuous) at (xg,yp) € X x Y, if

lim A, 20, Y0: T, y] = 0
(z,y)—(x0,y0) ( 7y)f[ 05 Y0; T, Y]

for (z,y) € X x Y. Let the function f: X x Y — R if there exist M > 0 such that

‘A(x,y)f[x07y0;xay]‘ <M

for every (z,y),(zo,y0) € X x Y, then the function f is defined by B-bounded (Bogel
bounded) on X x Y.

Throughout this paper By(X xY") denotes all B-bounded functions on X x Y and Cp(X X
Y) denotes B-continuous functions on X x Y. As usual B(X xY) and C(X x Y) predicate
the space of all bounded functions and the space of all continuous functions on X x Y.

The mixed modulus of smoothness of f € Cp(X x Y) is defined by

Wmized (f751a52) = Sup{‘A(x,y)f ['rO’yU;wvyH : |3§' - $0| < 517 |y - y0| < 52} (311)

for (x,y), (z0,y0) € X xY and for any (01, 02) € (0,00)x(0, 00) with wpigeq : [0,00)x[0,00) —
R.

In 1988-90’s, Badea obtained the basic properties of the mixed modulus of smoothness
Wmized and these properties are similar to usual modulus of continuity. Also; the mixed

modulus of smoothness provide the next inequality for 61,52 > 0

Wmized (fv >\1617 )\252) < (1 + )\1)(1 + )‘Q)Wmi:ced (fa 6la 62) . (3'12)

Let give the concept of Bogel differentiable function. A function f: X xY Cc R? = R is
called B-differentiable function at the point (xg,yo) € X x Y if the limit

. A(Jz,y)f [$07y0§$7y]
lim
(@y)~(z0m0) (T — 20)(y — Yo)

exists and is finite. The limit is call to be the B-differential of f at the point (x,yp) and
is denoted by Tyyf(x0,y0) := TB(f;x0,y0). The space of all B-differentiable functions is
denoted by Tr(X x Y).
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Let f € Cy(D), the mixed K-functional definition is given by

Kmized (fit1,t2) = inf {Hf —g1—g2—h|| o+t HTE’OQH + to HT1%292H
g1,92,h L) 00

o] )
o0

where g1 € C’%’O, g2 € 0%2, h € 0123’2 and for 0 < p,q < 2 C%? denotes the space of the
functions f € Cy(ID) with continuous mixed partial derivates Tg’b f,0<a<p 0<b<q.

The partial derivates are

Az f ([zo, ] 5 y0)

T, f (20, y0) := Ty (f; 20, %0) = lim

5 (o - a0)
and
T, f (0, 90) == T (f; 20, y0) = i ijz;xi;iz(;,y])
where
Auf ([zo. 2] 590) = f(z,50) — f(x0,%0)
and

Ay f (205 [yo, y]) = f(z0,y) — f(20,Y0)-

Definition 3.1. For f € C(D) and m,n € N, we define the Generalized Boolean Sum (GBS)
operator of generalized Bernstein-Durrmeyer type operator Dy, ., as follows:

n m

1 1 ' 1o
Sun (F(t i) =" IS S okt ) [ [ ot

k=0 j=0

X (f(ty) + f(z,8) = [(t,s)) dtdu,

(3.13)

for (z,y) € D where the operator Sy, m, is well defined on the space Cp(D) and f € Cy(D).
3.1. Degree of Approximation by S, ,,.

Theorem 3.1. For every f € Cy(D), the operator satisfy the following inequality at

each point (z,y) € D
|Sn,m (f’ Z, y) B f('r7 y)‘ < YWmized <f7 n71/27 m71/2) .
Proof. Using the definition of wyized (f; 91, d2) and for 1, d2 > 0 taking the inequality

Wmized (fv 101, )\252) < (1 + )\1)(1 + )‘2)wmi:ced (fa 01, 62)
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we can write

(3.14)

S <1—|— ’tgx‘> <1+ ’8_y|)wmixed(f;51752)
1

for every (z,y), (t,s) € D and for any (d1,d2) > 0. From the definition of A, ) f [t, s;z, ],

we have
f(l', S) + f(t7y) - f(tv 8) = f(xvy) - A(ac,y)f [t7 S5, y} : (315)
If we apply this equality the operator D, ,, and take the definition S, ,,, we can write
Sn,m (f7 x, y) = f(:C, y)Dn,m (1§ x, y) - Dn,m (A(:p,y)f [t’ ST, y] T, y) .

From (2.4)), we have D, ,, (1;2,y) = 1. Taking (3.14) into account and applying Cauchy-

Schwarz inequality, we obtain

|Sn,m (fa m,y) - f($7y)’ SDn,m (A(x,y)f [t, S; l’,y] 3y y)

< <Dn,m (L;2,y) + 61_1\/Dn,m ((t —2)%2,y)

+551\/Dn,m ((s —y)%2,y)

67161\ Do (= 2)2%2,9) D (5 — )% 3, y))

XWmized (f7 517 52) .

From Lemma [2.2| and for every (z,y) € D, we have

4
Dom((t = 2)%2,y) < —
and
Dyl —yPi,0) <
n,m y Ly = m
Therefore, choosing 8; = n™1/2 ve 65 = m~1/2 we get

|Sn,m (fa z, y) - f(l’, y)’ < Ywmiged <f7 n—1/2’ m_1/2) .

Theorem 3.2. Let take Tpf € B(D) with the function f € Ty(D). Then, for every (x,y) € D,

we get
|Snm(f32,y) = [(2,9)] < M| Tf|lo + Winized (TBf;nfl/Q,mfl/zﬂ (nm)~Y2  (3.16)

where M is any positive constant.
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Proof. Let the function f € Tp(ID). From [8], we have the identity

A(az,y)f [t,s;x,y] - (t - $)(8 - y)TBf (§7p>7 r<o<ty<p<s. (317)

From the definition A, ) f [t, s; 7, y] and appliying T f to each side of the equality (3.15)),

we get

Tpf(s,p) = A@yTpf (s,p) +Tof (s;y) +Trf (v,p) = Tpf (z,y).

Taking Tsf € B(D) and above equation into account, we can write

|Dnn (A f [ts;a,y]52,9)|
=[Dnm (t = 2)(s —y)TBS (s, p) 5 2,9)|
<Dy (It = 2lls =yl | Ay TS (s, )] 52, 9)
+ Dy ([t = 2l|s = y[ (ITBf (. y)| + T f (2, 0)| +|TBf (2, 9)]) ;2. y)
<Dy (|t = 2|5 = Ylwmizea (T3 15 — 2| [p = yl) s 2,y)

+ 3 T8l oo Dnm ([t — xl|[s —y|;2,y) .

Also, since the mixed modulus of smoothness wyizeq 18 nondecreasing, we have

Wmized (TBf; ‘{ - x’a ’p - y‘) SWmized (TBfS |t - .%", ‘3 - y’)

< (L+ 07t — =) (14655 — yl) Wiizea (f; 01, 02) -

Substituting in the above equality and applying the linearity of the operator D, ,, and using

the inequality of Cauchy-Schwarz, we get
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1Snm (f32,9) = F(@,9)| = |Dnm (D) f [t sz, 9] 53,9) |
<375 oo /Do (£ — 2)2(5 — y)2: 2.)

+ [Dnm (It = z[|s — yl;2,9)

+ 67 D ((t = 2)%|s — yl; 2, y)

+ 05 Dy (|t — 2|(s — y)*; 2, y)

+07105 Do (= 2)(s = 9)%5 2, y) | Winiea (f5 61, 52)
<35 loc o/ Do (¢ — 2)2(5 — )2 2,)

+ {\/Dn,m ((t—2)2(s —y)%2,y)

67 D (¢ = )15 — )% 2,)
1651/ Do (¢~ 2)2(s — )% 2,9)

+51_152_1Dn,m ((t - x)Q(S - y)Q; xz, y)] Wmized (fa 51; 52) .

From Lemma 2.2, we have

Dn,m((t - x)zﬂfa y) <

SR

and

3|

Dn,m((u - y)2§ z, y) <
For (z,y), (t,s) €D, p,q € 1,2 and taking
Dn,m ((t - $)2p(s - y)2q; x,y) = Dn,m ((t - 55)217; x,y) Dn,m ((S - y)Qq; ﬂ?,y)

into account, choosing 81 = n~1/2 ve dy = m~/2, we get the desired result (3.16).
In the following theorem, we evaluate the order of approximation of the sequence {.S,, ,(f)}

to the function f € Cy(D) in terms of mixed K-functional.

Theorem 3.3. Let the operator Sy, given in . Then, for every f € Cy(D) we get

2 2
n,m y L, - ) §2 mize sy ] - 13
Sum () = F(09)] < Woiaca (£ 2.2 ) (3.15)
Proof. For the function g; € 0?3’0 (D) using Taylor formula, we get

t
gl(tv S) = g1 (;Ua y) + (t - x)TéOgl(xa y) + / (t - u)Tgpgl(u’ y)du
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([6]). Since the operator Sy, », reproduces linear functions

t
Sn,m (g1;2,9) = g1(x,y) + Sn,m </ (t— u)Tf}’Ogl(u, y)du; x, y)

and the definition of S, ,, operator for g1 € CJQB’O(D), we get

t
[Snam (915, 9) = g1 (2 )| = \Dn,m ( / (t =) |73 (w.y) = T30 (u.8)] dusa, y) '

[t 1TB () = T3 (0.5) sz )
< ‘TB ng —a)%2,y)
<[[75%: Hoo "

For g5 € 0%2(]1])),

S
|Sn,m (92;2,y) — g2(2,y)| = | Dnm (/ (s =) [Tg’292(v,y) — Ty ga(v, S)} dv;w,y) ‘
)

SDn,m <

S
/ s — v ‘Tg’zm(v, y) — T g2 (v, 8)) dv; z, yD
i
0,2 2
SHTB 92” Dy ((s —y)%5 3,y)
o0
<[rse]
o0
For h € C’;Q(JD)), we get

h(t,s) =h(z,y) + (t — 2)T5 h(z,y) + (s — y) Ty hz,y) + (t — 2)(s — )T h(z,y)

¢
—|—/(t—u)T huydu+/ S—UT 2z, v)dv
T Y

+ /w (s —y)(t— u)Té’lh(u, y)du + /y (t—x)(s— U)Tllg’zh(x, v)dv

i /zt /ys(t —u)(s = )T h(u, v)dvdu,

Since Sy ((t —x);2,y) =0, Spm ((s — y); 2, y) = 0 and the definition of the operator Sy,

t s
D < | [e=us- v)Té’Zuu,v)dvdu;x,y)‘
z Jy
t
)
t s
<Dpnm (/ / |t —ulls — v ‘Té’Qh(u,v)) dvdu;x,y>
z Jy
1

2,2 Dn’m ((t — ac)2(s — y)2; x, y)

|Sn,m (hyx,y) — h(z,y)| <

<Dn.m ( (t — u)(s — v)T5>h(u, v)dvdu

<4HT2 QhH

oo’I’Lm
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Therefore, we get

[Snm (fr2,y) = fl2, )] <I(f =91 — 92 — ) (z,9)] + [(91 — Snmg1) (2, )]
+ [(92 = Snmg2) (z,9)| + [(h — Spmh) (z,9)]
+ |Sn,m ((f — g1 — g2 — h);x,y)]

1
<2[f —g1— 92— hll +4 HTE’Ong =
oo N
1 11
ey [ ) I S
oo M oo nm
for f € Cy(D). Since the definition of the mixed K-functional and taking the infimum over

all g1 € C?B’O(]D)), g2 € 0%2(]1])), h e C%f(]D)) we get the desired result (3.18)).

3.2. Numerical Examples. The convergence of the operators by illustrative graphics in
Maple to certain functions for two dimensional cases are given and some numerical values
are calculated as follows. For n,m = 1,2,5,10 and the function f(x,y) = 2%y + 2, the
convergence of the operators Dy, , is shown in Fig 1. For n,m = 1,2,5,10 and the function
f(z,y) =1 — 2% + 93, the convergence of the operators Dy, , is shown in Fig 2. It is seen
that if the values of n, m increase, the convergence of D,, ,,, to the function f becomes better.
Finally, one can see that the convergence of the GBS operator S, ,,, has better approach than

the operator D,, ,, for the function f(z,y) = (1 + z + y)sin(z + y) in Fig 3.

— f(r,y)
Dia(f;z,y)

— Do (f;x,y)
Dss(f;x.y)

mm D10.10( f; T, y)

FIGURE 1. The convergence of the D,, ,, operators for f(x,y) = 2%y +y? and

n,m =1,2,5,10.
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TABLE 1. Mean errors of figure

(n,m) mazimize | Dy m(z,y) — f(z,y)|

n,m=>5 1,0204
nm=15 0,5113
nm=25 0,3390
n,m=50 0,1836
n,m=100 0,0957
n,m=150 0,0647

— f(r,y)

Dia(f;z,y)
D) o(f;x.y)

Dss(f;z,y)
m— )10,10(f; T, y)

X 1" Y

FIGURE 2. The convergence of the Dy, ,, operators for f(z,y) =1 — a3 + ¢3

and n,m =1,2,5,10.
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TABLE 2. Mean errors of figure

(n,m) mazimize | Dy m(z,y) — f(2,y)|

n,m=»y 1,0476
nm=10 0,7362
n,m=50 0,2139
n,m=100 0,1131
n,m=>500 0,0066

. f(z,y)
Balf:z, 0
N Sl my)

FIGURE 3. The convergence of the D, ,, operators and the S, ,,, operators

for f(z,y) = (1 4+ 2 +y)sin(z +y) and n,m = 5.
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