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SOME RESULTS IN THE THEORY OF QUASILINEAR SPACES
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ABSTRACT. In this study, we present some new consequences and exercises of homogenized
quasilinear spaces. We also research on the some characteristics of the homogenized quasi-
linear spaces. Then, we introduce the concept of equivalent norm on a quasilinear space.
As in the linear functional analysis, we obtained some results with equivalent norms defined
in normed quasilinear spaces.
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1. INTRODUCTION

In the 1986, Aseev [1] presented the quasilinear spaces and normed quasilinear spaces
which are generalization of linear spaces and normed linear spaces, respectively. The biggest
difference between quasilinear space and linear space is that it has a partial order relation. He
gave some properties and some results which are quasilinear provisions of some conclusions
in classical linear functional analysis. Later, in [I], he presented the some new concepts in
normed quasilinear spaces. Further, in ([7], [10], [11], [12], [2], [9], [8] etc.), they have proposed
a series of new concepts and new results of quasilinear spaces. In [7], they introduced the

concept of proper quasilinear space which is a new notion of quasilinear functional analysis.
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In the same study, they presented concept of dimension of a quasilinear space which are
very meaningful to improvement of quasilinear algebra.

In the light of all these studies, in [6], we extended the notion of inner product spaces to
the quasilinear conditions. After giving this new definition, we obtained some new concepts
on inner product quasilinear spaces such as Hilbert quasilinear spaces and some orthogonality
concepts. Further, in [6], we examined the sample of quasilinear spaces ”IR™” interval space
and we presented the quasilinear spaces Is, Icg, Ilo and Ily. Also, we have studied to clarify
geometric properties of inner product quasilinear spaces in [13]. Furthermore, we tried to
enlarge the results in quasilinear functional analysis in [3], [4] and [5].

In this paper, we present some new conclusions of homogenized quasilinear space. Also, we
obtain some results with considerable advantages about features of homogenized quasilinear
spaces. Furthermore, we obtain some results with equivalent norms in a normed quasilinear

space.

2. PRELIMINARIES

In this section, we give some definitions and results on quasilinear spaces given by Aseev

(.

Definition 2.1. [I] A quasilinear space over a field R is a set Q with a partial order relation
"<7” with the operations of addition @ X Q — @ and scalar multiplication R x Q@ — Q
satisfying the following conditions:

(Q1) ¢ =q,

(Q2) q =z ifqg=wand w < z,

(Q3) g =w, if g =w and w < g,

(Q4) a+w=w+q,

(Q5) ¢+ (w+z2) = (¢ +w) + 2

(Q6) there exists an element 0 € Q such that g+ 0 = ¢,

(Q7) a-(B-q) = (a-p)-q,

(@8) a-(g+w)=a-q+a-w,

(Q9)1-q=q,

(Q10)0-q =0,

(Q11) (a+B)-q=2a-q+f-q,

(Q12) g+ 2z 2w+, if ¢ 2w and z < v,

(Q13) a-qg =X a-w, if g 2w
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for every q,w, z,v € Q and every o, B € R.

The considerable instance which is a quasilinear space is the set of all closed intervals of
R with the relation ” C 7, algebraic sum operation M + N ={m+n:m € M, n € N} and
the real-scalar multiplication A - M = {Am : m € M}. We indicate this set by Q¢ (R). Also,
the set of all compact subsets of R is Q(R).

Let @ be a quasilinear space and W C ). Then W is called a subspace of @, whenever W
is a quasilinear space with the same partial order relation and the restriction of the operations
on @ to W. An element g € @ is said to be symmetric if —¢ = ¢, where —g = (—1) - ¢, and

Qg denotes the set of all symmetric elements of Q).

Theorem 2.1. W is a subspace of a quasilinear space Q if and only if, for every, g,w € W
and a, ER, a-q+ f-we W [12].

Definition 2.2. [I] Let Q be a quasilinear space. A function ||| : @ — R is named a
norm if the following circumstances hold:

NQ1) lqllg >0 if ¢ # 0,

NQ2) g +wllg <llgllg + llwllg

NQ3) [lo-qllg = lal - llallg ,

(
(
(
(NQ4) if ¢ 2w, then |lqllg < [[wllg,

(NQ5) if for any e > 0 there exists an element g. € Q such that, ¢ 2 w+q. and ||ge|o < ¢

then g = w for any elements q,w € Q and any real number o € R.

Let @ be a normed quasilinear space. Hausdorff metric on @ is defined by the equality
ho(q,w) =inf{r >0:¢ 2wz, w g+ 2, |7 <r}.

Since ¢ 2w+ (¢ —w) and w < ¢ + (w — ¢), the quantity hg(g, w) is well-defined for any

elements g, w € @, and

hQ(g, w) < lg —wlg -
Example 2.1. Let X be a Banach space. A norm on Q(X) is defined by

[Alloxy = sup|lallx -
acA

Then Q(X) and Qc(X) are normed quasilinear spaces. The Hausdorff metric is described as
ordinary:

hoe(x)(A, B) = inf{r > 0: A C B+ S,(8), BC A+ S,(6)},
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where Sy.(6) demonstrates a closed ball of radius r about 6 € X [I].
Definition 2.3. Let () be a quasilinear space, M C Q) and m € M. The set
FM — (e M, :z2<m}

is called floor in M of m. If M = Q, then it is called floor of m and written F,, in place of
FM .

Definition 2.4. Let QQ be a quasilinear space and M C (). Then the set

Fo= FY
meM

is called floor in @ of M and is indicated by }“J{% .

Definition 2.5. Let QQ be a quasilinear space. @ is called solid-floored quasilinear space

whenever
y=sup{m € Q, :m <y}

for ally € Q. Other than, Q is called non solid-floored quasilinear space [7].

Example 2.2. Q(R) and Q¢ (R) are solid-floored quasilinear space. However, singular sub-

space of Qc(R) is non-solid floored quasilinear space. For example,

sup {m s m € ((Q0(R)), U{0}), , m C y} = {0} £y
for element y = [-2,2] € (Qc(R)),U{0} . Also, we can not find any element m € ((c(R)), U {0}),

such that m C z for z = [1,3] € (Qc(R)), U{0}.

Definition 2.6. Let @) be a quasilinear space. Consolidation of floor of @ is the smallest
solid-floored quasilinear space @ containing Q, that is, if there exists another solid-floored

quasilinear space W containing Q then @ C W [13].

@ = ( for some solid-floored quasilinear space Q. Besides, QJR\") s = Qc¢(R™). For a

quasilinear space @, the set

R {:e (@) 22y}

is the floor of @ in @
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Definition 2.7. Let Q be a quasilinear space. A mapping ( , ) : Q x Q@ — Q(R) is called an
inner product on Q if for any q,w,z € @ and o € R the following conditions hold:

(IPQ1) If ¢,w € Q, then (q,w) € Qc(R), =R,

(IPQ2) (¢ +w,2) C (¢,2) + (w,2),

(IPR3) (- qw) = a- (g, w),

(IPQ4) (g, w) = (w,q),

(IPQ5) (q,q9) >0 for q € X, and (¢,q) =04 q =0,

(1PQ6) [1(g, w) ey = sup {10} ey 0 € Fb e FE )

(IPQT7) if g 2w and u S v then (q,u) C (w,v),

(IPQ8) if for any € > 0 there exists an element q- € @ such that ¢ < w + ¢ and

Se

(Ge,qe) € Sz (0) then g X w.

A quasilinear space with an inner product is called an inner product quasilinear space [6].
Example 2.3. Q¢ (R), is an ezample of inner product quasilinear space with
(A,B) ={ab:a € A,b € B}.
For any two elements ¢, w of an inner product quasilinear space (), we have

I, wllaey < lallg lwllg -
Every inner product quasilinear space @) is a normed quasilinear space with the norm
described by
lall = /I{a: D o)

for every g € Q.

Definition 2.8. An element q of the inner product quasilinear space Q is said to be orthogonal

to an element w € Q if
1{g, w)llamy = 0-

From here, we can call that ¢ and w are orthogonal and we show q L w [6].

An orthonormal set M C @ is an orthogonal set in ) whose elements have norm 1, that

is, for every q, w € M

0, gq#w
[<aw>lomr) =19 1, q=w -
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Definition 2.9. AL, is called the orthogonal complement of A and is showed by

At ={¢eQ: {aw)ll,, =0, we A}

Q(R)

For any subset A of an inner product quasilinear space @, A is a closed subspace of Q

[6].

Example 2.4. Let X = (X1,Xy,...,X,) € IR" and Y = (Y1,Y>,...,Y,) € IR". The

algebraic sum operation on IR™ is defined by
X+Y=X14+Y1,Xo0+Ys,..., X, +Y,)
and multiplication by a real number a € R is defined by
a-X=(a X1, Xo,...,a0- Xp).
If we will be assumed that the partial order on IR"™ is given by
X<Y&e X, RY, 1<i<n

then IR"™ is quasilinear space according to the above processes. Furthermore, different two

norm on IR™ are defined by
X[ = [[(X1, X2, ..., Xn)[| = sup [|Xl|
1<i<n

and

N|=

n
2
110 = (Z ”XiHI]R>
i=1

The quasilinear space IR™, with the inner product

n

<X7Y> = Z <Xi7}[i>IR
=1

s an inner product quasilinear space.

The quasilinear spaces IR"™ and Q¢ (R™) are different from each other. For instance; while
the set A = {(q,w) P+ w? < 1} is element of Q¢ (R?), it is not element of IR2. Further,
B = ([1,3],{4}) € IR? but B ¢ Qc(R?). Thus, IR" and Q¢ (R") are two distinct instances

of quasilinear spaces.
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3. MAIN RESULTS

In this section, we give the concept of homogenized quasilinear space by [5]. Then, we

give new findings about this concept.

Definition 3.1. Let Q be a quasilinear space. Q) is called homogenized quasilinear space

if for all ¢ € Q and af > 0 the following circumstance is satisfied:
(a+B)-g=a-q+pB-q

Obviously, every vector space is a homogenized quasilinear space. However, the inverse is

false.

Theorem 3.1. Qc(Q) is a homogenized quasilinear space for every normed quasilinear space

Q. However, Q(Q) is not homogenized quasilinear space.

Proof. Since Q¢(Q) is a quasilinear space, we have (¢ +8)- A Ca- A+ (- A from
(Q11) for every A € Qc(Q). Now, we only prove the converse. Let a € - A+ 3 - A for every
A € Qc(Q). Then, we obtain

a=a-q+[-w
for a ¢,w € A. From here, we can write

Q 15} .
a+p a+p v

there is two different cases since af > 0:

a=(a+p) “q+

Iftziandk +ﬂ,

i) If o < a+f for a,f € R, then we get -5 5 < land 0< %5

i) Ifa+ g < aforafeR, thenweget1> and0<a+ﬁ

From i) and ii), we obtain 0 < ¢t < 1. Further, clearly t+k = 1. According to the definition

of convexity on quasilinear spaces, we get aQTB -q+ o%iﬁ -w € A. So, we show that
a=(a+p)-z€ A
for a z € A.

Example 3.1. Q(R) is a non-homogenized quasilinear space. Consider the element A =
{1,2,3} € Q(R). Clearly, 2-A = {2,4,6} . But A+ A =1{2,3,4,5,6}. Therefore2-A # A+ A

for ao =1 and B = 1. This shows us that ) (R) is not a homogenized quasilinear space.

Theorem 3.2. Let QQ be a homogenized inner product quasilinear space and q € Q4. Then

there exists at least one w € X such that ¢ = w — w.
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Proof. We know that (a + 8)-w = a-w+3-w for every w € Q and «, 3 € RT. Further
q = —q and ¢ = q since ¢ is a symmetric element of (). Same time, we get ¢ + ¢ = ¢ — q.

From here, we obtain ¢ = % — g since 2 - ¢ = q — q. This complete the proof.

Proposition 3.1. Let Q) be a homogenized quasilinear space and q € Q). Then F, is convex

subset of Q.
Proof. Let @ be a homogenized quasilinear space. From Definition 2.3} we have
F,={aecQ,:a=q}

for a g € Q). Thus, we obtain

a=<qgand b=gq

for every a,b € F,. From (Q13), we have

v-a=xvy-qand (1-79)-b=(1-7)-q
for every 0 < v =< 1. Hence,

ya+(1=7)-b=2v-q+(1-7)-q
Since, @ is a homogenized quasilinear space,

Yg+(l=7)-q=0+1-7)-q=q¢
for every 0 <X v =% 1. Therefore, we get

vrat(l=7)-b=gq

Thus, y-a+ (1 —7)-be F,.

Remark 3.1. Floor of an element of an inner product quasilinear space Q is convex if and
only if this inner product quasilinear space Q is homogenized. If Q) is not homogenized in the

Proposition 3.1, then Fy is not convex since (a+ ) -q# a-q+ - q.

Example 3.2. IR" is a homogenized inner product quasilinear space. In [0], we showed that

IR™ is an inner product quasilinear space with

(X,Y) = Z (Xi, Yi>I]R :
=1
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For every X € IR™ and a8 > 0, we can write

(@+B)- X = (a+p) (X1,Xz2,...,Xp)
= ((a+p8) X1, (a+p) Xo,...,(a+ ) Xpn).

Then, we obtain

(Oz—i—,@)'X = (a'Xl+5'X1,04-X2+5’X2,...,04'Xn—|—,3'Xn)
= (CM‘Xl,Oé-XQ,...,CV‘Xn)—I—(,B‘Xl,ﬂ-Xg,...,ﬂ'Xn)

= a-X+6-X
since IR is a homogenized quasilinear space.

Example 3.3. All interval sequence spaces Is, all bounded interval sequence spaces Ilso =

{X =(Xp) € IR*® : |(X,,)| < o0} and all convergent interval sequence spaces
Icp ={X = (X,,) € IR*: (X,,) = 0}
are further example of homogenized quasilinear spaces.

Before giving the equivalent norms on the qasilinear spaces, we will give an example to

cartesian product of quasilinear spaces.

Example 3.4. Let (Q be the Cartesian product of quasilinear spaces Q1,Qa, ..., Qn, that is,

Q=0Q1 X Qs X..xQy. The space Q is a quasilinear space with the algebraic sum operation
(q1, 42, Gn) + (w1, w2, ..., wn) = (q1 + w1, g2 + w2 + ... + G + wn)
real scalar multiplication
- (q1,q2, - qn) = (@ g, g2, s - Gn)
and order relation
(q1, 42, Gn) 2 (W1, w2, ..., wn) & @1 2 W1, G2 2 W2, s G X Wy
for every (qi,q2, ...qn) , (W1, w2, .. w,) € Q1 X Q2 X ... X Qp, = Q.

Example 3.5. Let Q and W be the normed quasilinear spaces with ||-||, and ||-||, , respectively.

Define Q@ x W ={z = (q,w) : ¢ € Q and w € W}. The functions

I2]] = max ({lgl]; , [wll2) (3.1)
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I1zllo = Nlglly + llwll, (3:2)

defines norms on Q@ x W. Then @@ x W is normed quasilinear space.

Proposition 3.2. Let ||-||; be a norm on quasilinear space @ and ||-||, be a norm on quasi-
linear space W. From Example we have Z = @ x W is normed quasilinear space with
norms and . Let {(qn,wn)} be sequence in Q@ x W. The following conditions are
satisfied:

i) The sequence {(qn,wy)} is convergent to {(q,w)} in Z if and only if {qn} is convergent
to q in Q and {wy} is convergent to w in W.

ii) The sequence {(qn,wn)} is Cauchy sequence in Z if and only if {g,} is Cauchy sequence

in @Q and {w,} is Cauchy sequence in W.

Proof. Suppose that (g, wy,) — (¢,w) € Z. Then corresponding to each € > 0, 3

ng € N such that the following inequalities hold for n > ng :
(s wn) = (gw) +a$ (@, 0) 2 (Gnywn) + s, ||as,|| < e
Here, af ,, = (bin, cin) and a5, = ( 5.m c§n) . Since Z is quasilinear space, we get

In 2q+b1,, =g t0b5,

and
Wy W+ €], WS Wy + G,
Also, since‘ as || = max ( b, ‘1, i ‘2> <€ or ‘ a;nHO = ‘ b, ) + ||¢5 1]|. < €, we obtain
b, ‘1 < eand Hcg,n ‘2 < € according to and . This proves that the sequence {g¢, }

is convergent to ¢ in @ and the sequence {wy,} is convergent to w in W. The opposite can be
shown in a similar way.

Let {(gn,wn)} be a Cauchy sequence in Z. For an arbitrary € > 0 there exists a ng € N
such that

(anwn) = (Qma wm) + a(inv (Qmawm) = (Qna wn) + a%,na Ha;nH <e€
for all m,n > ng, and thus also
In 2 Gm + 01,y @m 2 qn 05,

and

Wy = Wy, + ci,n? Wy, = Wy, + Cg,n'



INT. J. MAPS IN MATH. / SOME RESULTS IN THE THEORY OF QLS

< € for two norms defined in and (| . since

let {g,} is Cauchy sequence in @ and {w,} is Cauchy sequence in W. Then

Further, we obtain ‘ b5

for any € > 0 there exists a ng € N such that

Gn = G+ b5y G X 05, [0, <e
and

Gn 2 Gm + S ns Gm = Gn + 5, HCENHQ S
for all n,m > ng. Since Q and W are quasilinear space, we get

€

(qn,wn) = (Qm + bi,n? W, + Ci,n) = (qm, wm) + ( ina Cl,n) )
(@m>wm) = (gn + 050 wn + 50) = (Gnswn) + (b5, ¢5,) -

Consequently, we obtain H (lf cs )H < € because

,Mn? zn

€
bi,n

¢ oIl < €. This com-
2

pletes the proof.

Theorem 3.3. Let Q1,Qo, ..., Q, be Banach quasilinear spaces over the same scalar field R
with norm ||-||; (1 <1 < n), respectively. Then the product space Q = Q1 X Q2 X ... X Qy is

Banach quasilinear space with norm

lall = max (lael)-
Proof. Let ¢* = ((q%,q%,...,q,{) , (q%,qg,...,qg),..., (q’f,q%,...,qﬁ) ,) be a Cauchy

sequence in (). For e¢ > 0, there exists a number ny such that for k,m > ng there are

elements af ,,, b5, € @ for which

(Qfaqgv'”vqg) = (qin’qgn’7q;rln) + (ai)i,k,m’

A

(@' a5 ol = (abiabsodl) + (@) pm

@)t

IN

€.

From here, we get

k
4q; _q;n

k k k
H(Qqu2""aQn> _(q{njqén’m’q;n)‘ = max ‘ 0
1=i=<n i

(k,m — o). Hence, qu - quHZ — 0 for every 1 < i < n when k,m — oo. This proves that
the (qlk) is a Cauchy sequence in @); for every 1 <14 < n. Since @); is Banach, (qf) converges
to a ¢; in Q;, (k — 00). Note that this implies that for e > 0 there exists a ng such that for
k>ng:

<e

g+ @i @ Sa @i, @),
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for every 1 =< ¢ < n. Since

k k k k
Hq — qH = H<q17q2,~-,qn> —(q1,925 -+, qn) ‘
1=i<n v i

IN

67
we have ¢* — ¢ € Q, (k — o). Consequently, Q is Banach quasilinear space.

Proposition 3.3. If Q1,Q2, ..., Q, are solid-floored quasilinear space then QQ = Q1 X Q2 X

oo X Qp 1s solid-floored quasilinear space.

Proof. Let Q); is solid-floored quasilinear space for every 1 < ¢ < n. From the

Definition [2.5, we have
¢ = sup{w; € (Qi), 1 w; = ¢}
for every g; € Q;. Since (@ is a quasilinear space, we obtain
(w1, w2, .oy wn) = (q15G2; -+ Gn)
such that (wy,wa,...,w,) =w € @, and (¢1, g2, -..,gn) = ¢ € Q. From here, we have
q = sup {(wi, wa, ..., wn) € Qr : (W1, W2, ..., wn) = (q1,92, -, qn)} -

Now, we introduce the concept of equivalent norms on the same quasilinear space. Also,
we concentrate on the Hausdorff metric properties for two equivalent norms that are defined

on a quasilinear space.

Definition 3.2. A norm ||-| on a normed quasilinear space Q is said to be equivalent to a

norm ||-||, on Q if there are positive real numbers a and b such that for all ¢ € Q we have

allqlly < llgll < bllqllg-

Example 3.6. The following norms on IR?* = {(X1, X5) : X1, X2 € Q¢ (R)} are equivalent:

1@yl = [l + [yl
1@yl = max{|lzl, [[yll}
Theorem 3.4. Let Q) be a quasilinear space and ||-|| and |-||; be equivalent norms on Q. The

sequence {qn} is convergent to q in normed quasilinear space (Q, ||-||) if and only if {qn} is

convergent to q in (Q,|-];) -
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Proof. Suppose that {¢,} — ¢ in normed quasilinear space (@, ||-||) . Then for every

€ > 0 there exists an N € N such that:

U 2 G+ G A2+ G ||| < ﬁ

Vn > N and M € N*. Since the norms ||-|| and ||-||; are equivalent, we have

anll, < Mllg5nl < e

Hence {¢n} — ¢ in (@, [|||;) -
Conversely, let {g,} — ¢ in (Q, ||-||;). Then for every ¢ > 0 there exists an index N such
that

anq+QE,n’ qjqn+q§,n’ qunHl SE

Vn > N. Since the norms are equivalent, we get
m|lqll < llgll; < e

Hence, {q,} is convergent to ¢ in (Q,||-]|) -

Theorem 3.5. Let QQ be a quasilinear space and ||-|| and ||-||; be equivalent norms on Q. The
sequence {qn} is Cauchy sequence in normed quasilinear space (Q, ||-]]) if and only if {g,} is

Cauchy sequence in (Q,|-]|;) -

Proof. Let {¢n} be a Cauchy sequence in (@, ||-||) . For an arbitrary e > 0 there exists
a ng € N such that

€

In = gm + ai,nv Im = qn + ag,m Ha;nH = M

€
ai,n

< e. This

< M|
1

for all n,m > ng. Similar way to the above theorem, we obtain ’ as ,

proves that the sequence {¢,} is Cauchy sequence in (@, ||-||;). The proof of opposite can be

proved by similar way.

Theorem 3.6. Let QQ be a quasilinear space and |-|| and ||-||; be equivalent norms on Q.

(@, [|l) is complete if and only if (Q, ||-||;) is complete.

Proof. Let (@, |-]]) be a complete and |[|-|| and ||-||; be equivalent norms on Q. If {¢,}

is a Cauchy sequence in (Q, ||-||;) , then for an arbitrary e > 0 there exists a ng € N such that

n = Qm + ai,n? Gm = qn + ag,na Hai,nH <e



80 H. BOZKURT AND Y. YILMAZ

for all n,m > ng. From Theorem we have {g,} is a Cauchy sequence in (Q, ||-|;). We
obtain ¢, — ¢ € @ from the completeness of (Q, ||-||) . From Theorem 3.4} we get {g,, n € N}
is convergent to ¢ in (@, ||||;) which proves completeness of (@, ||-||;) . The converse can be

proved similarly.

Corollary 3.1. If two norms ||-|| and ||-||, on a quasilinear space Q are equivalent, then

lgn — q|l = 0 if and only if ||g, — ql|g — O for any sequence (gn) in @ and any q € Q.

If @ is finite dimensional normed quasilinear space, then any two norms on @), are equiv-

alent since @), is a normed linear subspace of Q.

4. CONCLUSION

In this paper, we define the notion of homogenized quasilinear space as a new concept in
quasilinear spaces. We also research on the some properties of the homogenized quasilinear
spaces. Then, we introduce the concept of equivalent norm on a quasilinear space. As in the
linear functional analysis, we obtained some results related to equivalent norms defined in

normed quasilinear spaces.
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