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1. INTRODUCTION

In this field, the notion of almost para-complex structure on a smooth manifold has been
studied, in the first papers by Libermann, P. [9], Patterson, E. M.[12] until now, from several
different points of view. Moreover, the papers related to it have appeared many times in
a rather disperse way, and a survey of further results on para-complex geometry (including
para-Kéhler geometry) can be found for instance in [2] Bl [5]. Also, other further signifiant
developments are due in some recent surveys [1l 8, [13], where some aspects concerning the
geometry of para-complex manifolds are presented on the tangent and cotangent bundles.
See also [7, 6, 1T}, 15l 16].

The main idea in this note consists in the modification of the Sasaki metric. First we
introduce a new metric called ¢-Sasaki metric on the tangent bundle T'M over a para-Kahler-
Norden manifold (M?™, ¢, g). This new metric will lead us to interesting results. Afterward
we construct almost para-complex Norden structures on tangent bundle equipped with the
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p-Sasaki metric and investigate necessary and sufficient conditions for these structures to
become para-Kéahler-Norden, quasi-para-Kéahler-Norden. Finally we characterize some prop-
erties of almost para-complex Norden structures in context of almost product Riemannian

manifolds.

2. PRELIMINARIES

Let T'M be the tangent bundle over an m-dimensional Riemannian manifold (M™, ¢g) and
the natural projection 7 : TM — M. A local chart (U,z"),_ Tm on M induces a local chart
(7Y U), 2% y),— Tm on TM. Let C°°(M) (vesp. C*°(T'M)) be the ring of real-valued C*
functions on M (resp. TM) and 3% (M) (resp. S%5(TM)) be the module over C*°(M) (resp.
C>®(TM)) of C* tensor fields of type (r,s).

We have two complementary distributions on T'M, the vertical distribution V' and the

horizontal distribution H, defined by :

Vew = Ker(dﬂxu)—{a \xu aieRL

i 0 Y i
H(:v,u) = {CL @’(x,u) - UJP'Lja k‘ (zu), @ € R},

where (z,u) € TM, such that T(, yTM = H ) O V(gw)-
Let X = X'.0
are defined by

XV = Xii, (2.1)
oy’
0 0 0
X" = X'— =X —y/T% 2.2
(5:1:2 {8 7 y Z]a k} ( )
For consequences, we have (£i)H = 5‘; and ( 8‘;)‘/ = (< o 83 )i=Tm is a local

adapted frame on TTM.

Lemma 2.1. [I8] Let (M, g) be a Riemannian manifold and R its tensor curvature, then for
all vector fields X,Y € S{(M) we have:

(1) (X7 Y1), = [X Y] = (Re(X, Y)u)Y,

(2) [(X7.YV], = (VxY),,

(3) XV, vV, =0,

where p = (z,u) € TM.

An almost product structure ¢ on a manifold M is a (1,1) tensor field on M such that

0% =idyr, ¢ # Fidys (idyy is the identity tensor field of type (1,1) on M). The pair (M, )
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is called an almost product manifold.

A linear connection V on (M, ¢) such that Vo = 0 is said to be an almost product connec-
tion. There exists an almost product connection on every almost product manifold[4].

An almost para-complex manifold is an almost product manifold (M, ¢), such that the two
eigenbundles TM™ and T M~ associated to the two eigenvalues +1 and —1 of ¢, respectively,
have the same rank. Note that the dimension of an almost paracomplex manifold is neces-
sarily even [3].

An almost para-complex Norden manifold (M?™, ¢, g) is a real 2m-dimensional differentiable
manifold M?™ with an almost para-complex structure ¢ and a Riemannian metric g such

that
9(pX,Y) = g(X,¢Y), (2.3)

forall X,Y € %(l)(M ), in this case g is called a pure metric with respect to ¢ or para-Norden
metric (B-metric)[13].

A para-Kihler-Norden manifold is an almost para-complex Norden manifold (M?™, ¢, g) such
that ¢ is integrable i.e Vi = 0 (B-manifold), where V is the Levi-Civita connection of g
[13] [16].

A Tachibana operator ¢, : S3(M) — S3(M) applied to the pure metric g is given by

(09)(X,Y,Z) = (¢X)(9(Y,2)) + X(9(¢Y, 2)) + 9((Ly¢) X, Z)

+g((LZQ0)X7Y)7 (24)

for all X,Y,Z € S{(M) [I7], where Ly denotes the Lie differentiation with respect to Y.
In an almost para-complex Norden manifold, a para-Norden metric g is called para-holomorphic

if
(6,9)(X,Y.Z) = 0, (2.5)

for all X,Y,Z € 3§(M)[13].

A para-holomorphic Norden manifold is an almost para-complex Norden manifold (M?™, ¢, g)
such that g is a para-holomorphic i.e ¢,g = 0.

In [13], Salimov and his collaborators showed that for an almost para-complex Norden man-
ifold, the condition ¢,g = 0 is equivalent to Vo = 0. By virtue of this point of view,
para-holomorphic Norden manifolds are similar to para-Ké&hler-Norden manifolds (For com-

plex version see [§]).
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The purity conditions for a tensor field w € I¢ (M) with respect to the para-complex structure
© given by

W(QDX17X2,' o 7Xq) :W(Xl,@XQ,‘ o 7Xq) == W(X17X27”' 7S0Xq)7

for all X1, X, -+, X, € S§(M) [13].
In [I7], an operator ¢, : S4(M) — ST (M) joined with ¢ and applied to the pure tensor

field w, given by
(Ppw) (Y, X1, -+, Xg) = (@Y )(w(X1, -+, Xg)) + Y(w(pXy, -, X))
+w((Lx, )Y, Xo, -, Xg) + -+ +w((X1, -+, (Lx,9)Y),
for all Y, X1, Xo,---,X, € S§(M). If ¢ow vanishes, then w is said to be almost para-
holomorphic.

It is well known that if (M?™, ¢, g) is a para-Kihler-Norden manifold, the Riemannian cur-
vature tensor is pure [13], and
Vy(pZ) =¢VyZ,
R(¢Y,Z) =R(Y,¢Z)=R(Y,Z)p = ¢R(Y, Z), (2.6)
R(¢Y,0Z) = R(Y,Z),
for all Y, Z € S{(M).

Let (M?™ ¢, g) be a non-integrable almost para-complex Norden manifold, if

7 9(Txe)Y.2) =0,

for all X,Y,Z € S(l)(M ), where o is the cyclic sum by three arguments, then the triple

(M?™,p, g) is a quasi-para-Kihler-Norden manifold [5, [10]. It is well known that

x3 9 (VxQY, Z)=0e ¢ ($0)(X,Y, Z) =0, (2.7)

which was proven in [14].
3. ©-SASAKI METRIC

Definition 3.1. Let (M?™,p, g) be a para-Kdhler-Norden manifold. On the tangent bundle

TM, we define a p-Sasaki metric noted g, by
(1) gtp(XHaYH)(a:,u) = gx(Xa Y)a
(2) gtp(XHa YV)(m,u) = 0,

(3) gcp(XVaYV)(:r,u) = gx(XvSOY)a
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where X, Y € S{(M) and (z,u) € TM.
Lemma 3.1. Let (M?™,p,g) be a para-Kdhler-Norden manifold, we have the following
(1) xHg,(YH, ZH) = Xg(v,2),
(2) XVg,(YH z7) = o,
(3) XM, (Y'Y, 2") = go(VxY)V,Z2Y) + g, (V" (Vx2)"),
(4) nggD(YHazH) = 07
for any X, Y, Z € S{(M), where V denote the Levi-Civita connection of (M*™, ¢, g).
Theorem 3.1. Let (M*™, ¢, g) be a para-Kdhler-Norden manifold and (T M, g,) its tangent

bundle equipped with the p-Sasaki metric. If V (resp %) denote the Levi-Chivita connection
of (M, g) (resp (T'M,g,) ), then we have:

(1) FxnY oy = (V) — S (ReX, V)",
(@) (VxnYV)gy = (VxV) (o) + 5 (Baliou, Y)X),
(3) (Tx¥ My = 5 (Ralow, X)),

@) (VxvY) e = 0,

for all vector fields X,Y € S§(M) and (z,u) € TM, where R denote the curvature tensor of

(M*™ ¢, g).

The proof of Theorem follows directly from Kozul formula, Lemma and Lemma
B.1

4. SOME ALMOST PARA-COMPLEX STRUCTURES

4.1. We Consider the tensor field J, € S}(TM) by

J,XH = (pX)H
J. XV = (pX)V

for all X € S§(M).
Lemma 4.1. Let (M*™,p,g) be a para-Kihler-Norden manifold and (TM, g,) its tangent

bundle equipped with the p-Sasaki metric. The couple (T'M, J,) is an almost para-complex

manifold .
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Proof. By virtue of (4.8]), we have

JRXM = Jo(J, X1 = Jo (X)) = (X)) = (2 X)1T = X7,
TEXY = Jp(J,XV) = Jo((9X)Y) = (p(pX))V = (¢*X)" = XV,

for any X € (M), then J2 = idra.

Let {E1, -+, Em, Enyi1,--+ , Eap} be local frame of eigenvectors on M such that

ob; =F; , oFEmy; = —FEpy, for all i =1, m.

If Z=Z{El + ZIEY, then

JoZ = Zi(0E)N! + Zy(oE,)Y = ZiEN + Z4EY = 7,
ie. TTM* = Span(Ef ... EX EY ... EV),

If Z=2Z""EL  + Z)VEY , then
JoZ = ZinH(SOEeri)H + Zgl+i(<ﬁEm+i)V = *Z£n+1ErIi+i - Z£n+iE7‘£+i =—Z,

ie. TTM~ = Span(EZ , --- \EX EY . .- E}).

Theorem 4.1. Let (M?™,p,g) be a para-Kihler-Norden manifold, (T M, gy) its tangent
bundle equipped with the @-Sasaki metric and the almost para-complex structure J, defined

by (4.8). The triple (TM, J,,g,) is an almost para-complex Norden manifold.

Proof. For all X,Y € S(M), from we have
() go(Jo XY™ = go((eX)",Y) = g(0X,Y) = g(X,¢Y)
= go(XT, (@) = g (X, J Y1),
(@) go(JoXT,YY) = go((pX), YY) = 0= g (X7, YY) = go (X7, J,Y"),
(#01) go(Jo X", YY) = go((X)", YY) = g(pX,pY) = g(X,Y)
= 9(X,0%Y) = go (XY, (pY)") = go(XV, J,YV).
Since g is pure with respect to ¢, then g, is pure with respect to J,.

Proposition 4.1. Let (M?™, ¢, g) be a para-Kdihler-Norden manifold, (T M, g,) its tangent

bundle equipped with the @-Sasaki metric and the almost para-complex structure J, defined

by (4.8), then we get
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e I

for all XY, Z € S§(M).

Proof. We calculate Tachibana operator ¢, applied to the pure metric g,. This
operator is characterized by , from Lemma we have
L (6,7,90)(XT Y™, 21) = (JpXT)go(Y", 2) = XM g, (J Y1, 21)
+9o (Lyn J) X7, ZM) + g, (Y, (Lyu J,) X ™)
= (pX)gp (YT, ZM) = XM g, ((pY)", Z27)
+9o(Lyn Jo X" — J,(Lyu X'), Z™)
+9o (Y, Lyu J, X — J,(Lyu X))
= (pX)g(Y,Z) = Xg(oY, 2)
0 (Y7, (0X) 1] = T, Iy, XM, 21)
+90 (Y, 127, (X)) = Jp 27, X))
= (pX)g(Y, 2) = Xg(Y, Z) + g([V, 0X] = [V, X], Z)
+9(Y,[Z, o X] - ¢[Z, X])
= (pX)g(Y.2) - Xg(Y, Z) + g((Ly¢)X, Z)
+9(Y, (Lz¢)X)
= (dp9)(X,Y, 2Z).
Since (M?™, ¢, g) is a para-Kahler-Norden manifold, then (¢pg)(X,Y, Z) = 0.
2. (¢J¢9¢)(XV7 YHa ZH) = (JwXV)geo(YHa ZH) - ngga(JsayH> ZH))
+9o (Lyn o)XV, Z™M) + g (YT, (Lgu J,)XY)
= (0X) g, (Y™,2") = XV g, (oY), Z")
+go (YT, (9X)V] = T Y7, X V], ZH)
+90 (Y, 127, (9X)Y] = Jp[ 2", X))

= 0.
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3.(07,90) (XYY, Z2M) = (JoXT)go (Y, 27) = XM g (J,YY, 21
9o (Lyv I ) X7, Z7) + g, (YV, (Lyu Jp) X ™)
= go([YV. (pX)"] = J[vV, X", 2")
+9,(YY, (2", (0X)1] = T, [27, x ™))
= 9o (Y, (—R(Z,¢X)u)" + (pR(Z, X)u)")

= —9(R(Z, ¢X)u,¢Y) + g(pR(Z, X)u, Y').
Since the Riemann curvature R of a para-K&hler-Norden manifold is pure, then

(67,9 (X" YV, 2%) = —g(R(Z X)u,Y) +g(R(Z, X)u,Y)

= 0.

4.(6g,90) (XY, ZY) = (JoXT)go (V" 2Y) = XMg,(JoY ™, ZY)
9o (Lyu o) X, ZV) + go (Y7, (Lyv Jp) X ™)
= go(Y", (pX)1] = Jp Y™, X", Z")
+, (Y7127, (0X)1] = J,[2Y, X))
= go((-R(Y, pX)u)" + (¢R(Y, X)u)", Z")
= —g(R(Y, oX)u,0Z) + g(¢R(Y, X)u, pZ)
= —g(R(Y, X)u, Z) + g(R(Y, X)u, Z)

= 0.

The other formulas are obtained by a similar calculation.

Therefore, we have the following result.

Theorem 4.2. Let (M?™, p,g) be a para-Kihler-Norden manifold, (T M, g,) be its tangent
bundle equipped with the @-Sasaki metric and the almost para-complex structure J, defined

by (4.8),then the triple (T M, J,, g,) is a para-Kdhler-Norden manifold.

Corollary 4.1. Let (M*™, ¢, g) be a para-Kdhler-Norden manifold, (T M, g,) be its tangent
bundle equipped with the @-Sasaki metric and the almost para-complex structure J, defined

by (4.8), then the triple (TM, J,, g,) is a quasi-para-Kdihler-Norden manifold.
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4.2. We Consider the tensor field P, € $1(T'M) defined by:

P,XH = —(px)H
PoXY = —(pX)¥

for all X € 33(M), satisfies the following:

2. g, is pure with respect to P,.
3. = .
¢P¢g<p ¢J¢ggo

Therefore we have the following results.

Theorem 4.3. Let (M?™, ¢, g) be a para-Kihler-Norden manifold, (T M, g,) be its tangent
bundle equipped with the p-Sasaki metric and the almost para-complex structure P, defined

by (4.9), then the triple (T'M, Py, g,) is a para-Kdhler-Norden manifold.

4.3. We Consider the tensor field Q,, € 31(T'M) defined by:

Q@XH = (‘pX)V

QXY = (pXx)7 10

for all X € I§(M).

Lemma 4.2. Let (M*™,p,g) be a para-Kihler-Norden manifold and (TM, g,) its tangent
bundle equipped with the p-Sasaki metric. The couple (T'M,Qy) is an almost para-complex

manifold .

Proof. By virtue of (4.10)), we have

Q2XT = Qu(QuX™) = Qu((pX)V) = (p(pX)T = (p*X)7 = X,
QLXY = Qu(QuX") = Qu((pX)) = (p(pX))V = (¢*X)V = XV,

for any X € (M), then Q2 = idry.
Let {E1, -+, Em, Eny1, -+, Eap} be local frame of eigenvectors on M such that

@El = EZ s SOEm+Z = —Em+i, for all 7 = 1,m, then

TTMJF = Span(Ell_I + EY? e 7E717_{ + ET‘)ivETI)—lI+1 - E¥+17 e 7E21—71n - E;/m)a

TTM™ = Span(E{' — EY,--- ,EX —E) . EX |+ Ey .\, - B3, +E3,).
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Theorem 4.4. Let (M*™ p,g) be a para-Kdihler-Norden manifold, (TM,g,) its tangent
bundle equipped with the p-Sasaki metric and the almost para-complex structure Q, defined
by (4.10). The p-Sasaki metric is never pure with respect to Q, i.e The triple (T'M,Q, g,)

is mever an almost para-complex Norden manifold.

4.4. We Consider the tensor field F, € 31(TM) by

X = =(pX)% (4.11)
F, XV = (pXx)V

for all X € 33(M).

Lemma 4.3. Let (M*™,¢,g) be a para-Kihler-Norden manifold and (T M, g,) its tangent
bundle equipped with the @-Sasaki metric. The couple (T'M,F,) is an almost para-complex

manifold .

Theorem 4.5. Let (M?™, ¢, g) be a para-Kdihler-Norden manifold, (TM,g,) its tangent
bundle equipped with the p-Sasaki metric and the almost para-complex structure Fy, defined

by (4.11). The triple (T'M, F,, g,) is an almost para-complex Norden manifold.
Proof. With the same steps in the proof of Theorem we get the results.

Proposition 4.2. Let (M>™,¢,g) be a para-Kdihler-Norden manifold, (TM, g,) its tangent

bundle equipped with the p-Sasaki metric and the almost para-complex structure I, defined

by (4.11)), then we get
1.

(
2. (
3. (
4. (
5. (o gy
6. (
7. (
8. (

for all X,Y,Z € S§(M), where R denote the curvature tensor of (M, g).

Proof. We calculate Tachibana operator ¢, applied to the pure metric g,. With

the same steps in the proof of Proposition we get the results.
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Theorem 4.6. Let (M>™, ¢, g) be a para-Kdhler-Norden manifold, (T M, g,) be its tangent
bundle equipped with the p-Sasaki metric and the almost para-complex structure F,, defined
by . The triple (T M, Fy, g,) is a para-Kdhler-Norden manifold if and only if M is flat.

Proof. For all X,Y,Z € S{(M) and h,k,l € {H,V}

(¢F,9.) (X" Y 2) =0 =

Theorem 4.7. Let (M?™, ¢, g) be a para-Kihler-Norden manifold, (T M, g,) be its tangent
bundle equipped with the p-Sasaki metric and the almost para-complex structure F,, defined

by (4.11). The triple (TM, F,, g,) is a quasi-para-Kdihler-Norden manifold.

Proof. For all X,Y,Z € SH(TM),

7 (6,90)(X.Y, 2) = (6,7,95) (X, Y, 2) + (0,,90)(V, 2, X) + (8,7,95)(Z, X, ¥)
XY,z

By virtue of Proposition we have
H yH oHY _
L. XH’YQ-H’ZH(QSJS@g(P)(X Y5, Z ) = 0,

14 H H _ —
2. XV7YO—H7zH(¢JSDg@>(X 7Y 7Z ) - QQ(R(Y,Z)X,u)+2g(R(Z,Y)X,u)—O,

174 174 H B
3. XVquV’ZH((ﬁJgog‘P)(X 7Y ,Z ) = O,

\%4 V 7V —
b v o B2, 9KV, 2Y) = 0

then, (T'M, J,, g,) is a quasi-para-Kéhler-Norden manifold.
4.5. We Consider the tensor field K, € S}(T'M) defined by:

KeXT = (07 (4.12)
K, XV =—(pX)V

for all X € S§(M), satisfies the following:
1. Ko =—Fop.
2. g, is pure with respect to K.
3. ¢K¢,9cp = _d)FLpggo'

Therefore we have the following results.
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Theorem 4.8. Let (M?™,,g) be a para-Kdihler-Norden manifold, (T M, gy) be its tangent

bundle equipped with the @-Sasaki metric and the almost para-complex structure K, defined

by (4.12), then we have

1. The triple (TM, K, g,) is is a quasi-para-Kdhler-Norden manifold.
2. The triple (TM, K, g,) is a para-Kdhler-Norden manifold if and only if M is flat.

4.6. Now consider the almost product structure F, defined by (4.11). We define a tensor
field S of type (1,2) and linear connection Von TM by,

S(

lal
=
I

[(%Fv?Fw)X/ + Fw((%f/F@)y) - F@((%)}Fw)f/)]. (4.13)

!
< Dol
!
!
!

Y - S(X,Y). (4.14)
forall X,Y € SY(T M), where V is the Levi-Civita connection of (T'M, ge) given by Theorem

V is an almost product connection on TM (see [, p.151] for more details).

Lemma 4.4. Let (M?™,¢,g) be a para-Kdihler-Norden manifold, (TM,g,) be its tangent
bundle equipped with the @-Sasaki metric and the almost product structure F, defined by
(4.11). Then tensor field S is as follows,

(1) SOV =~ (R(X Y ),

(2) S(X, YY) = S(R(pu, Y)X)",

(3) S(XV,YH) = —(R(pu, X)Y)",

(4) S(XV7YV> =0,
for all X,Y € (M)
Proof. (1) Using (4.11) and (4.13)), we have

Sxt yty = %[(%FﬂHFSD)XH + F,(VyuF) XH) — Fy(Vxn Fp)YH)]
= % [6(¢y)H (QOX)H + Fw(e((py)HXH) — F‘p (%YH ((pX)H)
—ﬁyHXH + F, (6XH ((pY)H) + 6)(HYH]
= %[(vach)H - %(R«OYa eX)u)” = (eVey X)H

2 (PREY, X)) + (0VyeX)! 4 L (pR(Y, pX )
STy X)T 4 LR X)) — (pVxp) )

SR Y)Y+ (Vx¥) — L(R(X.Y)w)].
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Using ([2.6) we have

S(xXH yH) — —%(R(X,Y)u)v.

(2) By a similar calculation to (1), we have

S(XH vV (Veyv o) X7 + Fy(Vyv F)X ) — Fy(Vxn Fp)YY)]

N = DN =

[ = Vi (X)) — Fuo(V oy XY — Fy (Vyv (X))
—6vaH — F4P (%XH ((PY)V) + %XHYV]

[— %(R(wu, Y ) X)T + %(QDR(QOU, Y X)H

N | =

45 (R (ou V)pX)! — L(R(pu, V)X
~(@Vxe¥)" + 3 (pR(ou, V)X

+(VxY)V + %(R(w, V) X)H].

Using (2.6) we get
1

The other formulas are obtained by a similar calculation.

Theorem 4.9. Let (M?™, ¢, g) be a para-Kihler-Norden manifold, (T M, g,) be its tangent
bundle equipped with the @-Sasaki metric and the almost product structure F, defined by
(4.11). Then the almost product connection v defined by |D is as follows,

(1) VxaY? = (Vx1)H,
(2) VxaYV = (VxY)Y,
(3) Txv = 2 (Rpu, X1,

(4) VyvYV = o,

for all X,Y € S§{(M).

Proof. The proof of Theorem [4.9] follows directly from Theorem Lemma [4.4] and
formula (4.14)).

Lemma 4.5. Let (M?™,¢,g) be a para-Kdihler-Norden manifold, (T M, g,) be its tangent

bundle equipped with the @-Sasaki metric and the almost product structure F, defined by
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1| and T denote the torsion tensor of @, then we have:

(1) f(XH7YH> = (R(X,Y)u)v7
(2) T YY) = = S(Rlpu V)X,
(3) TV Y = S(Rleu V)",

() T(x",v") = o
for all X,Y € S§(M).

Proof. The proof of Lemma [£.5] follows directly from Lemma [£.4] and formula

for all X,Y € SL(TM).

From Lemma [£.5] we obtain

Theorem 4.10. Let (M?™, ¢, g) be a para-Kdihler-Norden manifold, (T M, g,) be its tangent
bundle equipped with the @-Sasaki metric and the almost product structure F, defined by
1D then V is symmetric if and only if M is flat.
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