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PROJECTIVE AND PROJECTIVE-PERMUTATION INVARIANTS FOR
POINT SHAPE RECOGNITION
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ABSTRACT. In the present paper, the complete system of projective invariants of a point
shape and the complete system of invariants under simultaneous projective and permutation
transformations of a point shape are obtained.
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1. INTRODUCTION

Projective invariants and projective-permutation invariants have an important role in com-
puter vision for recognition of shapes (see books [6, (13 14} 17, [I8] and papers [2] [4] [5, [7, [8], L0
11, [16] ). The projectively invariant descriptors of objects in the object recognition problems
can be computed from relations between points, lines and conics that are coplanar on object
surfaces in 3D. (see [4]). By [I, Corollary 6.1.4] and [0, Lemma 5.8.2], the cross-ratio is a
complete system of projective invariants of a regular point shape of size 4. The volume cross
ratios of points and theirs invariants in the projective space are introduced in [23], Section
27].

An extension of the cross-ratio (an harmonic ratio) to n-space is given in the paper [2]. In
the paper Burns, Weiss and Riseman [3], it is proved that there is no a non-trivial function

that is view-invariant for all possible (non-degenerate) 3D point sets of size n for any n. The
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non-existence of such a general-case view invariant is shown for the true perspective, weak
perspective and orthographic models. Moreover, complete classifications of joint invariants
of points for the groups in the Euclidean,affine and projective spaces are given in [15].

Let n, m be natural numbers such that n < m. In the present paper, we give a definition
of a regular nD point set of size m and obtain a complete system of projective invariants
for the system of all regular nD point sets of size m. We investigate fundamental relations
between elements of the complete system of projective invariants. Similar results have ob-
tained for the complete system of invariants under simultaneous projective and permutation

2_invariants, for short) of a 2D and 3D point set of size m. The problem

transformations (p
on complete systems of p?-invariants of a nD point set of size m in computer vision is con-
sidered in papers ([Bl [7, 12} 211 22]). This problem investigated also in projective geometry,
algebraic geometry (theory of hyperelliptic curves) and the invariant theory of binary forms
(see [25]).

Our paper is organized as follows. In section 2, we give the definition of a regular nD
point of size m and obtain the complete system of projectively invariants for the system of
all regular n.D points of size m (Theorem 1). We describe the system of fundamental relations
between elements of the complete system of projectively invariants (Theorem 2). We prove
that the complete system is a minimal complete system of projectively invariants. In section

3, we obtain the complete system of p’-invariants for the system of all regular n.D points of

size m (Theorem 3).

2. PROJECTIVELY INVARIANTS OF A POINT SHAPE AND THEIR COMPLETE AND THE

MINIMAL COMPLETE SYSTEMS

Let R be the field of real numbers, n and m are natural numbers, n > 2, m > n + 1. The
general linear group GL(n,R) is the set n x n invertible matrices with elements in R. The
special linear group SL(n,R) is the set n X n matrices with determinant 1. R, be a group
with respect to the multiplication in R. Let (R,)™ be the m time direct product of the group
R,. We denote the direct product of groups (R,)™ and GL(n,R) by P(m,n). Let (R™)™ be
the m time direct sum of the n-dimensional real linear space R™. We define an action ¥ of the
group P(m,n) on the space (R™)™ by the following: for ¢ = ((r1,72,...,7m),9) € P(m,n),
ri € R,g € GL(n,R), and X = (21, x9,...,2y) € (R™)™, we put

(g, X) = ((r1,72,---,7m), 9), X) = (r1g21, 72972, - - -, TmgTm).-
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The following definitions 1-5 and proposition 2 are known in the literature. (See some

papers ([9, 19], [20, p.11] ). Proposition 1 is given in [I8].

Definition 2.1. Let I',Q € (R™)™. If there exists ¢ € P(m,n) such that Q = ¥(q,T),

then the elements I' and Q are called P(m,n)-equivalent, a relationship which is written

symbolically in this paper as I’ Plmm) Q.

Definition 2.2. A real rational function f(x1,x2,...,x) of elements X = (x1,22,...,Tm) €

(R™)™ s called projectively invariant if
f(¥(g, X)) = f(X).
for all g € P(m,n).

Definition 2.3. A set M C (R™)™ is P(m,n)-invariant if ¥(q,X) € M for all X € M and
for all ¢ € P(m,n).

Definition 2.4. Let M be a P(m,n)-invariant subset of (R™)™. Let f; : M — R for

1=1,2,...,k be the projectively invariant rational functions.
A system {f1, fa,..., fx} of is called a complete system of P(m,n)-invariants on the set
M if fi(T) = fi(Q) for alli € {1,2,...,k} and for T,Qx € M imply T Pin) g,

Proposition 2.1. Let M be a P(m,n)-invariant set of (R™)™. Then every projectively

invariant rational function on M if a function of the system {f1, fa, ..., fi}-

Definition 2.5. A complete system of projectively invariant rational functions
W ={f1, fa,-.., fx} is called a minimal complete system of projectively invariant rational

functions if W\ {fi} is not complete for any i € {1,2,...,k}.

Proposition 2.2. W = {fy, fa,..., fx} is a minimal complete system iff f; is not function

of the subsystem {f1, fo,..., fi—1, fit1,---s fm} foralli=1,2,... k.

Let [z1x2 - - - 2] be the determinant of vectors z1, 9, - - - , 2, € R™. Assume that z1,x9,- -,
Ty Tpt1, Tny2 € R™ vectors such that [z1xe - zp_q12k] # 0 for all ¢ = n,n + 1,n + 2 and
[xox3 - xpx;] # 0 for j = n+1,n+ 2. Consider the following cross-invariant of vectors
T1,22, " y T, Tntl, Tnto € R™:

[T122 - Tp—1Tpt1][T223 - - TpTpo)
(122 - - Tp_1@pqo][Toms - TpTnpr]

We denote it by (z1x223 - nTpt1Tnt2). 1t is known that it is projectively invariant.
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Definition 2.6. X = (z1,22,...,2y) € (R™)™ is called reqular if [xp, xp, - - xp, Tp,| # 0

for all natural numbers p1,pa,...,pn such that 1 < p; <py < --- < pp <M.

If X = (x1,x9,...,2y) is regular, from X Plmm) Y, we have Y = (y1,v2,...,ym) € (R™)™

Hence Y = (y1,%2,...,Ym) is also regular. Hence the set of all regular elements is a
P(m,n)-invariant subset of (R™)™.

The cross-ratio obtained from (z1xox3 - - - T Tp412Tn42) by transposition of elements 1 and

xj, where 1 < j <n — 1, will be denoted by Tj (x12223 - - - pZp41Tn+2). Thus
Tj <x1x2x3 cee xj_lxjxj+1 e xnxn+1xn+2) = <J;j:c2x3 cee l’j_lx1l’j+1 e xnxn+1xn+2>

forall j =1,2,...,n—1.
If X = (x1,22,...,2m) is regular, then T} (z 12223 . .. £pTpi1Zn42) # 0 and

Tj (x12223 . . . TnTpy1Znq2) # 00 forall j=1,2,...,n—1.

Theorem 2.1. Regular elements X = (z1,%2,...,2m),Y = (Y1,¥2,...,ym) € (R®™ are
P(m,n)-equivalent if and only if

T (12273 . . . Tp 1T Tn1Zk) = T (V19273 - - - Yn—1YnYn+1Yk) (2.1)
forallj=1,2,...n—1 and for allk=n—+2,...,m.
Proof. Since the function (z1zox3 - - - £pTpt12k) is projectively invariant, P(m, n)-equivalence

of X = (z1,29,...,2m) and Y = (y1,92, ..., ym) implies (2.1). Prove the converse assertion.
Assume that (2.1) holds. We consider vectors ey, ea, ..., ey, ent1 € R, where

er = (1,0,0,...,0),e2 = (0,1,0,...,0),...en = (0,0,...,1),ens1 = (1,1,...,1).

By the fundamental theorem of projective geometry ([I, p.97]), elements g € GL(n,R) and
71,72, .+, Tn, Tnt1 € Ry exist such that r;gz; = e€;,1 = 1,2,...n,n + 1. Similarly, elements
h € GL(n,R) and q1,q2,...,qn,qn+1 € Ry exist such that g;hy; = e;,1 = 1,2,...,n,n+ 1.

Since the function (z1x9z3. .. Tn_1TpTn12k) IS projectively invariant, we have
((r1gz1)(rage2) -+ (rngzn) (rnt19n+1)(92k)) = (€162 - eneny1(9ak)) = (122 -+ - TpTpi12k) =
(Y1ye - YnYnr1yk) = (@1hy1)(q2hy2) - - (@nhyn) (@nr1hyns1) (hyr)) = (e1e2 - - - enent1(hy))

for all k =n+2,...m. Hence (ejez---epenti1(gzr)) = (e1€2 - enent1(hyy)). Similarly, we

obtain

Tj(e1eze3 - - en—1€nent1(9rk)) = Tj (ereze3 - - - en—1eneni1(hyr)) (2.2)
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forall j =1,2,...n—1landforall k=n+2,...,m.

Let gz = (a1k, a2k - - - ank), hyr = (b1k, bok, - . . buk), k = n+2...,m. Using regularity of
(r1gT1, . Tn19%n41s 9Tnt2y - - - 9Tm) and (qrhyr, - - - gnts1hYn+1, PYnt2, - - -, AYm ), we obtain
[e1€2 ... en_19Tk] = anx 7 0 and [erea...en—19yr] = b, # 0 for all k = n+2,...m. It is

easy to see that
ik

Tj <€1€263 T enflenenJrl(gxk» = Ak (2'3)
n
and
b.
Tj(e1eze3 -+ en_1enent1(gyr)) = ﬁa (2.4)
n

forall j =1,2,...n—1land forall k=n+2,...,m.

. : - b; .
Equations 1' 1) and QD imply Z]TZ = ﬁ for all j = 1,2,...n — 1;k = n +
2,...m. Put dj, = gj—z = ZJ—"Z for all j = 1,2,...n — 1;k = n+2,...m. Then gz =

ank(dlku dgk, e 7dn—lk7 1) and hyk = bnk(dlk) Clgk, ey dn—lkv 1) forall k=n+ 2, Loom.

This means that

P(m,n)
(1,€2, ... €n,enil, GTnt2, ., gTm) ~  (€1,€2,...€n,eni1, RYnta, ... hym).
. P(m,n)
USlng ($1,SU2,...xn,$n+1,$n+2,...,l’m) ~ (61,627...en,€n+1,g$n+2,...,gl‘m),
P(m,n)
(e1,€2, - €ny€nt1,dTn+2,s -« GTm) ~  (€1,€2,...€n,nt1, MYnia, ..., hyn) and
P(m,n) .
(e1,€2, ... nyenit, hynto, o hym)  ~ " (Y1,92, -« - Yns YUnt1, Ynt2s - - - s Ym ), We obtain
P(m,n
x Py 0

Remark 2.1. Theorem means that the system of projectively invariants
Tj (x12223 . . . Ty 1 T Tpt1Tk) (2.5)

forall 3 = 1,2,...n—1 and for allk = n+2,...m is a complete system of projectively

invariants on the set of all regular elements of (R™)™.

Corollary 2.1. Every projectively invariant function f(x1,x2,...,2y) on the set of all reg-

ular elements X = (x1,x2,...,Tm) € (R™)™ is a function of elements of the system (]2.5))

Proof. 1t follows from ([20, Theorem 1 and 1.1]). O

Now we find all fundamental relations between elements of the complete system (2.5 If

X = (z1,22,...,Tm) € (R™)™ is regular, then
Tj (x12223 . . . Tp—1TnTpsr12g) 7 0 (2.6)

forall 7=1,2,...n—1and forall k=n+2,...m.
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Theorem 2.2. Let {cj;,j=1,2,...n—1L;k=n+2,...,m} be a system of real numbers
such that cjp, # 0 for all 5 = 1,2,...n — 1;k = n+2,....,m. Then a regular element

X = (z1,22,...,2m) € (R™M)™ exists such that
Tj (212223 . . . -1 TnTp1Tk) = Cjk (2.7)
forallj=1,2,...n—1 and forallk=n+2,...m

Proof. Let e1,ea,...,en,enr1 € R™ be vectors in Theorem . Consider the element X =
(1,22, Ty Tpt1y - - - Tim) € (R™)™, where

x1 = e = (1,0,0,...,0),22 = ea = (0,1,0,...0),..., 2, = €, = (0,0,0,...1), 41 =
en+1 = (1,1,1,...,1), z = (C1k, Coky - - -, Cn—1k, 1) for all k = n+2,...m. It is easy to see
that hold for X. Since ¢j;, #0 for all j =1,2,...n—Lik=n+2,...,m, implies
that X is regular. O

Corollary 2.2. The system (2.5)) is a system of functionally independent projectively invari-

ants on the set of of all reqular elements X = (x1,x2,...,Tm) € (R™)™.
Proof. Tt follows from Theorem O

Corollary 2.3. The system (2.5 is a minimal complete system of projectively invariants on

the set of of all regular elements X = (x1,22,...,2m) € (R™)™.
Proof. Tt follows from Proposition [2.1] and Corollary [2.2] O

3. PROJECTIVE-PERMUTATION INVARIANTS OF A POINT SHAPE

Let S(n,m) be the group of all permutations of the numbers n + 2,n 4+ 3,...,m and
P(m,n) x S(n,m) is a direct product of groups P(m,n) and S(n,m). We define an action
of the group P(m,n)x.S(n, m) on the space (R™)™ as follows: for ¢ = ((r1,72,...,7m),9,h) €
P(m,n) x S(n,m), X = (x1,22,...,Tm) € (R")™, h € S(n,m),

1 2 ... n+1 n4+2... m
h= : (3.8)
1 2 ... n+1 h(n+2)... h(m)
we put B(qa X) = ((7’1, R Tm)vg7 h)7X) = (T’lgl'h(l),?"le’h(g), s 7rmgxh(m))7 where h(]) =]

forj=1,2,...,n+ 1.

Definition 3.1. Elements A, B € (R™)™ is called P(m,n) x S(n, m)-equivalent if there exists

(m,n)xS(n,m)

q € P(m,n) x S(n,m) such that B = [3(q,A). In this case, we write A Plmmz B.
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Definition 3.2. A rational function f(x1,...,zmy) of X = (x1,...,2m) € (R™)™ is called
P(m,n) x S(n,m)-invariant if f(a(q, X)) = f(X) for all ¢ € P(m,n) x S(n,m).

Forj=1,2,...n—1k=n+2,...m, we put Tj3(X) =T (x12223 . . . Tp_1ZnTp+12k). We
denote the algebra of polynomials of all Tj,(X) by A(n,m). Let {z;:j=1,2,...n—1} be
independent variables. We consider the following function

m—n—1 n—1
H (1 + Tk(X)Zi>
= =1

k=1

and define the polynomials Uy, y,. ., ,(X) € A(n,m) by the following equality

m—n—1 n—1
<1+ZTk(X)Zi>:1+ S Unmena (020 (39)

1< <m—n—1

It is obvious that every function Uy py. r, ,(X) is P(m,n) x S(n, m)-invariant.

Theorem 3.1. Regular elements X = (x1,22,...,Zm),Y = (Y1,¥2,---,Ym) € (R™)™ are

P(m,n) x S(n,m)-equivalent if and only if
UTlrz...rn_l(X) = Unrz...rn_l(y) (310)

forlSZ?_llngm—n—l.

Proof. Since Uy, ry..r, ,(X) is P(m,n) x S(n, m)-invariant, P(m,n) x S(n, m)-equivalence of
X = (x1,29,...,%m) and Y = (y1,¥2, - .., Ym) implies (3.10). Prove the converse assertion.
Assume that (3.10)) holds. Then (3.9) and (3.10)) imply the equation

m—n—1 m—n—1

n—1 n—1
T 0+> 7))z = [ O+ Tu(¥)z). (3.11)
i=1 k=1 i=1

k=1

By the theorem on the unique factorization in the algebra A(n,m) (see [24, p.91-94]), a
permutation (3.8)) exists such that

n—1 n—1
i=1 =1

forallk=n+2,...,m.
This equality implies
Ty (w12023 . .. 2p1&nTny12k) = Tj (Y19293 - - - Yn1YnYnt1Un(k) )
j=12..n—Lk=n+2,...,m.
By Theorem 1, these equalities imply P(m, n)-equivalence of elements X = (z1, x2,. ..,z )and
RY = (Yn(1),Yn@): - - > Yn(m))> where h(j) = j for j = 1,2,...... ,n + 1. This means

P(m,n)xS(n,m)-equivalence of elements X = (z1,%2,...,%y) and Y = (y1,%2,...,Ym). 0O
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Let S(m) be the group of all permutations of the numbers 1,2, ..., m and P(m,n)xS(m) is
a direct product of groups P(m,n) and S(m). We define an action § of the group P(m,n) x
S(m) on the space (R™)™ as follows: for ¢ = ((r1,72,...,7m),g,h) € P(m,n) x S(m),

X = (z1,22,...,%,) € (R™M)™, where

1 2 - m
h = , (3.12)
h(1) h(2) ... h(m)

we put
5(Qa X) = ((T17T27 cee 7rm)7ga h)aX) = (T‘lgl'h(l),rzgl'h(g), s 7rmg$h(m))'

Definition 3.3. Elements A, B € (R")™ is called P(m,n) x S(m)-equivalent if there exists

q € P(m,n) x S(m) such that B = ((q, A). In this case, we write A Plmnlxstm) g,

Definition 3.4. A rational function f(x1,xa,...,Tm) of elements X = (x1,x9,...,Tm) €

(R™)™ s called P(m,n) x S(m)-invariant if f(a(q, X)) = f(X) for all ¢ € P(m,n) x S(m).

Definition 3.5. X = (z1,22,...,2m) € (R™)™ is called strongly regular if [xp, xp, - - - xp, ] # 0

for all natural numbers p1,pa,...,pn such that 1 < p; <ps < - < pp <M.

If X = (x1,29,...,2y) is strongly regular, Y = (y1,y2,...,ym) € (R™)™ and X Playm) Y
then Y = (y1,92,...,ym) is also strongly regular. Hence the set of all strongly regular
elements is a P(m,n)-invariant subset in (R™)™.

For j =1,2,...n—1L;k =n+2,...m, we put Tj,(X) = T} (x12223 . . . Tn—1ZnTr41Tk),
where X = (x1,22,...,2y,). We denote by A, the algebra of real polynomials of T, (X); j =
L,2,...n—=1;k=n+2,...m. Let tand {z;,[j = 1,2,...n — 1;k =n+2,...m} be indepen-
dent variables. We consider the following function

m  n—1
I |e- 3 & rneoam)|
hes(m) k=n+2 i=1

We define the polynomials Uy, p,.. . (X) € Appm by the following equality

m n—1
I1 [t— > (Zm(h(X))zm)] = (3.13)
)

heS(m k=n+2 i=1
ml—1 m
Y (e > Ur,(X) - T Gritam 20,
=1 TSRS =) k=n+2
where m!=1-2.-...-mandi=1,...,n—1;5=1,...,m —n — 1. It is obvious that every

function Uy, (X) is P(m,n) x S(m)-invariant.
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Theorem 3.2. Strongly reqular elements X = (x1,z2,...,2m), Y = (Y1,Y2,- -, Ym) € (R™)™
are P(m,n) x S(m)-equivalent if and only if

U, (X) = U, (Y),

rz]( ) T’L]( ) (3'14)
1<r+4+r---4+rpa1<m-n—-1:=1,....n—1;5=1,..., m—n— 1.

Proof. A proof is similar to the proof of Theorem [3.1] O
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