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RULED SURFACES WITH 11 N,B;-SMARANDACHE BASE CURVE
OBTAINED FROM THE SUCCESSOR FRAME

GULSAH UZUN || SULEYMAN SENYURT * AND KUBRA AKDAG

ABSTRACT. In this study, ruled surfaces formed by the movement of the Frenet vectors of
the successor curve along the Smarandache curve obtained from the tangent and principal
normal vectors of the successor curve of a curve are definened. Then, the Gaussian and
mean curvatures of each ruled surface were calculated. It has been shown that the ruled
surface formed by the tangent vector of the successor curve moving along the Smarandache
curve is a developable ruled surface. In addition, it was found that the surface formed by
the principal normal vector of the succesor curve along the Smarandache curve is a minimal
developable ruled surface if the principal curve is planar. Conditions are given for other
surfaces to be developable or minimal surfaces.

Keywords: Smarandache ruled surfaces, Sucessor curve, mean curvature, Gaussian curva-
ture.

2010 Mathematics Subject Classification: 53A04, 53A05.

1. INTRODUCTION

The image of a function with two real variables in three-dimensional space is a surface.
Surfaces are used in many fields, such as architecture and engineering [26]. In 1795, Monge
defined the ruled surface as the surface formed by the movement of the line along the curve.
Any ruled surface is formed as a result of the continuous movement of a line along any curve.
These curves are called the base curve and the director curve, respectively. The curvature
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of surfaces was defined by Gauss in the 19th century, and therefore it was named Gaussian
curvature [19]. Gaussian curvatures are related to the dimensions of the surface [27]. Since
the average curvature of the surface is a ratio, it is independent of the size of the surface.
Thus far, many studies [II, Bl [6, [7, &, 9, 10) 12], 3] on the Gaussian curvatures of surfaces
have been conducted.

There are many special curves in differential geometry. One of them is the successor curve.
This curve is defined as, there is a new curve, such that the tangent of one curve the principal
normal of the other curve, by Menninger [14] in 2014. Later, Masal [I1] investigated the
relationships between the position vectors of this curve and defined Successor planes. Thus
far, many studies have been conducted on this concept [5, B0]. Another special curve is the
Smarandache curve defined in Minkowski space [2], 211 28], 29].

In recent years, many studies have been carried out on ruled surfaces whose base curve is
Smarandache curve. Some of these studies can be accessed from [4] [16} 17, 18| 22], 23, 24] 25].

In this paper, we present some special ruled surfaces with 77Ny Bi-Smarandache curves
obtained from their successor frames. We then investigate the properties of these ruled
surfaces by means of Gaussian and mean curvatures. We obtain the conditions that which
of these surfaces developable and which of these minimal. At the end, we visualise the main

idea by providing four examples.

2. PRELIMINARIES

This section provides some basic notions needed to be the following sections. Throughout
this paper, let & = a(s) and 8 = B(s) be two differentiable unit speed curve in E? and their
Frenet aparatus be {T, N, B, k, 7} and {11, N1, B1, k1, 71}, respectively. Then,

"
T = o, N:HZ—HH, B=TAN, r=|[a"||, 7=(N,B),

T" = kN, N=—-xT+71B, B'=—71N.

The surface formed by a line moving depending on the parameter of a curve is called a ruled
surface, and its parametric expression is X (s,v) = a(s) + vr(s). Here, v is a constant.
Besides, a and r are referred to as the base curve and the director curve of X, respectively.
The normal vector field Ny, the Gaussian curvature Ky, and the mean curvature Hx of

X (s,v) are as follows:

X AN Xy

Nx = i1
1 X A X

(2.1)
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B eqg — f? _Eg—2fF +eG
Kx=g6=F X7 T2(EG-F?) (22)
Here,
E - <XS7X$>7 F = <XS7XV>7 G - <XV7XV>7 (23)
€= <X357NX>’ f = <XszX>a g = <XI/V7NX> . (24)

Definition 2.1. [T}, 14] If the unit tangent vector of a is the principal normal vector of 3,

then 3 is called Successor curve of a.

Theorem 2.1. [T} [14] Let 8 be the Successor curve of o. Frenet apparatus of 5 curve is as

follows:
Ti = —cosON +sinfB, Ny =1, B;=sindN +cosfB, k1 =krcosl, 71 = ksinf.
where, 0 is the angle between binormal vectors B and By and 0(s) = 6y + [ 7(s)ds.

Definition 2.2. [29] A regular curve in Minkowski space, whose position vector is obtained

by Frenet frame vectors on another reqular curve, is called a Smarandache Curve.

Let 8 be the Successor curve of a. It can be observed that the unit curve ~, inspired in
[11], produces Smarandache curves, for all s € I C R, such that

al +bN + cB
Va2 + b2+ 2’

Here, if a, b, and ¢ are nonzero the Smarandache curves produced by v(s) are denoted by

V(s) =

a,b,ceR.

{T N B}-Smarandache Curves. This paper consider {T'N B}-Smarandache Curves.

3. RULED SURFACES WITH 17 N1 B1-SMARANDACHE BASE CURVE OBTAINED FROM THE

SUCCESSOR FRAME

In this section, firstly we define some special ruled surfaces with T} N1 Bi-Smarandache
base curve obtained from the successor frame. Then we examine the properties of these
ruled surfaces by means of Gaussian and mean curvatures. And we give the conditions of

being developable or minimal surface.

Definition 3.1. Let the successor curve of the o curve be B. The ruled surface formed
by targent vector T the vector along the Ty N1By Smarandache curve obtained from the T

targent vector, N1 principal normal vector and By binormal vector of the 8 curve as follows:

®(s,0) = —(Ti+Ni+ Bi)+oT

3l

(3.5)

= 13 (T + (sin® — cos O)N + (siné + cos§)B) + v(—cos N + sin6B).

|
5
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Theorem 3.1. Let the successor curve of the curve a be 8. The Gaussian and mean curva-
ture of the ®(s,v) ruled surface are as follows:

—3cos? sin? 0(((1 + vv/3) cos f — sin )% + sin? 6)

Ko = 1
(sin2 0+ ((1+vV3)cosf —sin 6)2> :

)

ﬁmsin&(?cosQO - (((1 +vV/3) cos ) — sin9)2 + 1)) — V371 +vV3)

3
2

Hg =

2k(sin? 0 + ((1 + vv/3)% cos  — sin §)?)

Proof. Partial derivatives of equation (3.5) are,

P, = %(((1 —i—’l)\/g)COSQ — sin9)T+N>, ®, = —cosON +sinfB, & = kcosdT,
(/i/((l +vv/3) cosf —sinf) — k? — k7 ((1 4 vv/3)sinf + COSG))T
+(/{’+ﬁ2(sin9— (1—vv3) COSH))N—I—/WB

q)ss = ; cI)v’u =0

V3
Thus, from equation ([2.1)) the normal of the surface Ng is given as

sin @7 — sin 6((1 + vv/3) cos§ — sin ) N — cos0((1 + vv/3) cos § — sin§) B
P = 1 .
(sin29 + ((1+vv/3) cosd — sin9)2) ?

Moreover, in equations ([2.3)) and (2.4)) the coefficients of fundamental forms are

K2 K cos 6
Ey = —(((1 —sing)? +1), Fp=— =1
o= ((( + vV/3) cos @ — sin)? + ), @ 7 Go )
k?sinf(sinf — (1+vv/3) cosf + 1) + k7(1 + vV/3)

\/§<sin2 0+ ((1 + vV/3) cos ) — Si1f19)2>é

K cos 0 sin @
fo = , 95 =0

T
(sin2 0+ ((1+vV3)cosf —sin 9)2> :

Ep = —

respectively. Thus, by using equation (2.2)) the Gaussian and mean curvatures are found. O

Corollary 3.1. Let the successor curve of the a curve be 8. If a curve is planar and

0 =7+ kr (k €N), the ruled surface ®(s,v) is the minimal developable surface.

Definition 3.2. Let the successor curve of the o curve be B. The ruled surface formed
by principal normal normal vector N1 along the Ty N1B1 Smarandache curve obtained from

the T1 targent vector, N1 principal normal vector and By binormal vector of the 8 curve as
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follows:

Q(S,U) = %(T1+N1+Bl)+v]\f1
(3.6)

= %(T + (sinf — cos O)N + (sin 6 + cos 0)B) + vT.

Theorem 3.2. Let the successor curve of the a curve be 3. The Gaussian and mean curva-

ture of the Q(s,v) ruled surface are as follows:

V37T

Ko=0, Hp= .
Q 7 2k(1 + 0V3)

Proof. Partial derivatives of equation (3.6|) are,

Qs = %((COS@—SinQ)T—F(l-FU\/g)N), Qv =T, Qs = kN Qup =0,

(k' (cos @ — sin @) — k7(cos O + sin0) — k2(1 + vVv/3))T + (k%(cos 0 — sin 0) + £’ (1 + vV/3))N + k(1 +vV3)B

st =
V3

Thus, from equation (2.1 the normal of the surface N is given as Ng = —B. Moreover, in

equaitons (2.3)) and (2.4) the coefficients of fundamental forms are

2

Eq = %((cos@ —sinf)? + (1 + v\/g)z), Fg =

e — _5T
T3

respectively. Thus, by using equation (2.2)) the Gaussian and mean curvatures are found. O

%(cos@ —sinf), Gg =1,
(1+vV3), fo=g9=0.

Corollary 3.2. Let the successor curve of the a curve be 8. If a curve is planar, the ruled

surface Q(s,v) is the minimal developable surface.

Definition 3.3. Let the successor curve of the o curve be 5. The ruled surface formed by
binormal vector By the vector along the Ty N1B1 Smarandache curve obtained from the Ty

targent vector, N1 principal normal vector and By binormal vector of the 3 curve as follows:

M(s,v) = %(T1+N1+B1)+v31 5.7
3.7

= %(T + (sin® — cos )N + (sinf + cos0)B) + v(sin N + cos 0B).
Theorem 3.3. Let the successor curve of the a curve be 5. The Gaussian and mean curva-
ture of the M (s,v) ruled surface are as follows:

—3sin? 0 cos? 0
(C082 0+ (cos@ — (1 +vV3) sin0)2)2,
B —V/3k cos0(2sin? +(cos§ — (1 + vv/3)sinf)? + 1) — V37(1 + vV/3)
= S .

2/@((:0529—1— (cosf — (1 +U\/§)sin0)>§

Ky =

Hyy
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Proof. Partial derivatives of equation (3.7)) are,

M, = %((COSQ— (1+vV3)sind)T + N), M, =sinN + cosfB,

My, = —ksin0T, M,, =0,
(K'(cos @ — (1 4+ vv/3)sin6) — k7(sinf + (1 — vv/3) cos ) — k)T
+ (K" + Kk*(cos 0 — (1 +vV/3)sin6))N + k7B
V3

Thus, from equation ([2.1) the normal of the surface N, is given as

Mss =

cos 0T — cos 0 cosf — (14 v/3)sin @) N + sin( cos 6 — (1 +vV/3)sin ) B
M= ; :

(et (o1 0500

Moreover, equations (2.3) and (2.4) the coefficients of fundamental forms are

K2 Ksin 6
Ey = — 0—(1 3)sinf)’> +1), Fy=-—-, Gu=1
M= ((cos® — (1 +vV3)sinh)> +1), Fu 50 oM=L
—k7(1+vV3) — k2 cos O((cos§ — (1 + vV/3)sin6)? + 1)
EM = 1 ’
\/g(coszﬂ—i—(COSG—(1+U\/§)Sin9)2)2
—ksinfcosf
v = s gu =0.

ol

(cos29 + (COSG — (1 +vV3) sin9)2>

respectively. Thus, by using equation ({2.2)) the Gaussian and mean curvatures are found. [J
Corollary 3.3. If the 0 = m+kn (k € N), the ruled surface M(s,v) is a developable surface.

Definition 3.4. Let the successor curve of the o curve be 5. The ruled surface formed by
T1 Ny the vector along the T1 N1 By Smarandache curve obtained from the Ty targent vector,

Ny principal normal vector and By binormal vector of the B curve as follows:

u(s,v) %(T1+N1+B1)+L2(T1+Nl)

S

(3.8)

= L (T + (sinf — cos )N + (sinf + cos §) B)

e (T — cosN +sindB).

+ %
Theorem 3.4. Let the successor curve of the o curve be 5. The Gaussian and mean curva-

ture of the u(s,v) ruled surface are as follows:

K= —6sint @

)

((\/5 + v\/§)2 sinZ @ + ( —v/25sin2 0 + (\/5—}- 'U\/g) cos@sin9)2 (\/icosesim? — (\/§+ v\/g)(cos2 0+ 1))2)‘
(((\/i—i— v\/g) cosf — v/2sin 9)2 + (\/5 + v\/§)2 — sin? 9)
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2v/6k sin3 0 — /6K SinG(((\/i + v\/g) cosf — /2sin 0)2) - 2\/g'r(\/§ + v\/§)2

H, =

[NE

((\/§ +vv/3)2sin? 0 + ((\/§+ v\/g) cos 0 sin 6 — v/2sin? 6’)2 + ((\/§+ vv/3) cos 0 sin @ — /2 cos? 9)2) .
25(((\/5 +vv/3) cosf — \/ﬁsin0)2 + (V2 4+ vV/3)? — sin? 0)

Proof. Partial derivatives of equation (3.8) are,

s = %(((\@—i—v\/g) cos — V2sinO)T + (V2 +vV3)N), ps = E(COSGT—F N),
1 .

Ly = E(T —cosON +sinfB), py =0,
((\/§+U\/§)(/€/C080 — kTsinf — k?) — ﬂ(m’sin@—l—;wcos@))T
+</€2((\/§+ vV/3) cos ) — \/ﬁsinﬁ) + (V2 + U\/g)H/)N + (V24 vV3)kTB

Hss = .

V6
Thus, from equation ([2.1) the normal of the surface IV, is given as

(\/5—5— v\/g) sin 0T — ((\/5—1— v\/g) cos0sin — /2 sin? 9)N - ((\/5—1— U\/g)(COS2 0+1)— V2 cos 0sin G)B

Ny = 1-
((\/5+ vv/3)2sin? 0 + ((\/§+ vV/3) cos O sin § — +/2sin? 9)2 + ((\/§+v\/§)(0052 6+ 1) — v/2cosfsin 9)2> 2

Moreover, in equations (2.3) and (2.4) the coefficients of fundamental forms are

2 .
B = " (V2 + 0/3) cos — V3sin0)® + (V2 + uV/3)%), FH:—HT;%G, Cu=1, g.=0,

267(V2 + vV/3)? + K2 sin@(((\/ﬁ—‘r vV/3) cos @ — +/2sin 9)2 + (V2 + v\/§)2)

ey = — )

\/é((\/ﬁ +vv3)%sin? 0 + ((v/2 + vV/3) cos 'sin 0 — /2 sin? 49)2 + ((v2 + vV/3) cos 05in § — /2 cos? 9)2)

N

sin? @

((\/5 + v\/§)2 sin2 6 + ((\/§+ v\/g) cos 0sin @ — v/2sin? 9)2 + ((\/i + v\/?:) cos0sin @ — /2 cos? 6‘)2) %

f,u =
respectively. Thus, by using equation (2.2)) the Gaussian and mean curvatures are found. [
Corollary 3.4. If the 0 = kn (k € N), the ruled surface u(s,v) is a developable surface.

Definition 3.5. Let the successor curve of the o curve be 5. The ruled surface formed by
T1B1 the vector along the Ty N1 By Smarandache curve obtained from the Ty targent vector,

Ny principal normal vector and By binormal vector of the B curve as follows:

P(s,v) = 13(T1+N1+Bl)+%(T1+BI)

Sl

(3.9)

= 13 (T + (sin 6 — cos )N + (sinf + cos0) B) + 7 ((sin@ — cos )N + (sinf + cos 0)B).

!
&l
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Theorem 3.5. Let the successor curve of the a curve be 3. The Gaussian and mean curva-

ture of the ¥(s,v) ruled surface are as follows:

K - —6(cos? 0 — sin? 9)?

=
(2(sin0 + cos 0)% + (V2 + vv/3)%((sin? 6 — cos? )2 + (sin 20 — 1)2)).
(1 —sin20)((vV2+vv3)2 — 1) +2)

Y

3k(sin 6 + cos0) (V2 + vv/3)?(sin 20 — 1) + 2(sin 6 — cos §)? — 2)
—37(V2 +vV3)

Hy =

1 -

\/é(Q(Siné? + cos )% 4+ (V2 + vv/3)?((sin? 6 — cos® §) + (sin 20 — 1)2).) :
(1 —sin20)((vV2+vv3)2 — 1) +2)

Proof. Partial derivatives of equation (3.8|) are,

g = (V2 + vV3)(cos § — sin )T + \@N), gy = —=(cos @ —sin )T,

5

6 V2
1 . .

Uy = %(smﬁ —cosO)N + (sinf + cos0)B, 1, =0,

(((ﬂ + vV/3)(k/(cosf — sin @) — k7 (sinf + cos b)) — \/§H2>T

+(ﬁl€/ + k2(v/2 + vv/3)(cos  — sin 9))]\7 +V2kTB

V6

wss =

Thus, from equation (2.1)) the normal of the surface Ny, is given as

N, = V2(sin 6 4 cos )T + (/2 + vv/3)(sin? @ — cos? )N + (v/2 + vv/3)(sin 20 — 1)B

1

(2(sin9 +cos )2 + (V2 + v\/§)2((sin2 6 — cos? )2 + (sin 26 — 1)2)> 2

Moreover, in equations ([2.3)) and (2.4) the coefficients of fundamental forms are

Ly = 22((\/5+v\/§)2(1 —sin26) +2), F,=

\%(sin& —cosfl), Gy =1,

KT(4 — 20V/6) + K% (sin 6 + cos ) (2 + (V2 + vv/3)?(1 — sin 26))

\/6<2(sin0 + cos )2 + (V2 + vv/3)2((sin? 6 — cos? 6)2 + (sin 20 — 1)2))

€y = —

)

NI

—#(cos? @ — sin? 6)
fo=— 1
(2(sin9 + c0s6)? + (V2 + vv/3)?((sin? 6 — cos? 0)2 + (sin 20 — 1)2)> ’

) 91/):0

respectively. Thus, by using equation (2.2)) the Gaussian and mean curvatures are found. O

Corollary 3.5. If the § = T + %ﬂ (k € Z), the ruled surface ¥(s,v) is a developable surface.
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Definition 3.6. Let the successor curve of the a curve be 8. The ruled surface formed by
N1 By the vector along the Ty N1B1 Smarandache curve obtained from the T4 targent vector,

Ny principal normal vector and By binormal vector of the B curve as follows:

n(s,v) = %(Tl + N1+ Bi) + (N1 + Bi)

(3.10)

= %(T + (sin® — cos O)N + (sin 6 + cos ) B) + %(T +sinON + cos0B).

Theorem 3.6. Let the successor curve of the a curve be 8. The Gaussian and mean curva-

ture of the n(s,v) ruled surface are as follows:
—6cos? 0

((\/Q + v\/g) cos 0)2 — (\/50052 0 — (\/5 + ’U\/g) sin § cos 9)2
—i—(\/icosesinﬁ — (V2 4+ vV3)(sin? 0 + 1))2
((ﬂcosG — (V24 v/3) sin 49)2 + (v2 + vV/3)? — cos? 0)

K, =

NI

67(V2+vV3)2 + 3k cos@((\@ +vv3)? + (V2cos0 — (V2 +vV/3) sin 9)2 — 2cos? 9)
H. — _

n =

[N

((ﬂ + vV/3) cos 9)2 — (\/icos2 6 — (v/2 4 vV/3) sin 6 cos 9)2
+(V2cosOsing — (vV2 4+ vv/3)(sin® 6 + 1))2
((\/QCOSQ — (\/§ + v\/g) sin 0)2 + (\/§ + 11\/5)2 — cos? 9)

V6r

Proof. Partial derivatives of equation (3.10|) are,

K K
s = —((V2cos8 — (V2 +vvV3)sinO)T + (V2 +vV3)N), ng = ——=(sindT — N),
0 \/6(( (V2+0v3)sin )T + (VZ+uVB)N), 5 tsin )
1
My = E(T+sin0N+cos0B), Mo = 0,

(/ﬁ’(\/ﬁcose — (\/§+ v\/g) sin@) — m'((\/i + v\/g) cos 0 + \/isine) — /<c2(\/§+ v\/g))T
+(I€/(\/§+ vV/3) + k% (V2cosf — (V2 + vv/3) sin 9)>N + k7(V2 +vV3)B
V6

Thus, from equation ([2.1)) the normal of the surface NNV, is given as

Nss =

((\@ + vV/3) cos 9)T — (\/§c052 0 — (v/2 +vv/3)sinf cos G)N
+(V2cosfsinf — (V2 + vv/3)(sin?6 + 1)) B

3
=

((\@ + vV/3) cos 9)2 + (\@cos2 0 — (V2 + v/3) sin @ cos 9)2
+(V2cosfsinf — (V2 + vv/3)(sin? 6 + 1))2
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Moreover, in equations ([2.3)) and (2.4)) the coefficients of fundamental forms are

E, =

fn:

/{62((\/5%89—(\/§+v\/§)sin0)2+(\/§+vx/§)2), F:LOSH G, =1,

\/6 )
—2r7(V2 + vV/3)% — K? 0089((\@ +0V3)* + (V20080 — (V24 vV/3) sin 0)2>

((\/i + v/3) cos 9)2 + (\/icos2 0 — (v/2 4+ vv/3)sin 6 cos 9)2

V6
+(V2cosfsinf — (v2 +vv/3)(sin? 6 + 1))2

—Kkcos 0

10 gnzo
2

(V2 4 vV/3) cos 0)2 + (V2cos? 6 — (V2 4 v/3) sin 6 cos 0)2
+(V2cosfsind — (V2 + vv/3)(sin? 6 + 1))2

respectively. Thus, by using equation (2.2)) the Gaussian and mean curvatures are found. [OJ

Corollary 3.6. If the 0 = § +kn (k € N), the ruled surface n(s,v) is a minimal developable

surface.

Definition 3.7. Let 3 be the Successor curve of a. The ruled surface formed by T1N1By

the vector along the T1N1B1 Smarandache curve obtained from the Ty targent vector, Ny

principal normal vector and By binormal vector of the B curve as follows:

I'(s,v)

= 13(T1+N1+Bl)+%(T1+N1+Bl)

Sl

= 13 (T + (sin@ — cos@)N + (sin@ + cos0)B) + %(T + (sin@ — cos @) N + (sin 6 + cos 0) B)
(3.11)

Sl

Theorem 3.7. Let 8 be the Successor curve of a. The Gaussian and mean curvature of the

['(s,v) ruled surface are as follows:

V37 + V3k((sin 6 + cos ) (sin 6 — cos 0) cos 20
2k(1 4 v)(2 — sin 20)v/2 + sin 20 '

Kr =0, Hp=

Proof. Partial derivatives of equation (3.11)) are,

1
I, = H(\/—g?})((COSQ—SiHG)T—FN), Igy = —=((cosf — sin )T + N),

1

V3

(14 v) (' (cosf —sin6) — k7(sin 6 + cos ) — k)T + (K’ + K£*(sinf — cos0)) N + KTB

5 gl

r, (T + (sin@ — cos )N + (sin6 + cos ) B), Ty, =0,

Fss =

V3

Thus, from equation (2.1) the normal of the surface Nr is given as

(sin® + cos 0)T — cos 20N + sin 20B

Np —
r V2 +sin 20
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Moreover, in equations ([2.3)) and (2.4)) the coefficients of fundamental forms are

?(14+v)?*(2 —sin20
B = J”’)é n20) g0 Gp=1,
7(1+v) + £2(1 4 v)((sin @ + cos §)(cos § — sin §) cos 26)

K
er = —
V6 + /3sin 26

respectively. Thus, by using equation (2.2)) the Gaussian and mean curvatures are found. [

fr=0, gr=0

)

Example 3.1. Let § Salkowski curve [15] be the Successor curve of a. The equation of this

— 1, .
curve for m = 5 is as follows:

3 —4‘/\%)0118 (sin( ‘(1%40'2)5) - 4‘[\}100_18(sin( \(1}62)8) — 1sins,

Bls) = -
V10 | _ Vio-1 (Cos(ﬁo+2)s) + 4\/\/1100_—18((:08(\(}02)8) + = 2 Ccos s, f’l cos(\;fo)

44/10+8 V10

The Successor frames of B curve {T1, N1, B1} are as follows:

Ti(s) = ( —cosscos £ — fosmssmﬁo, —sinscosﬁ—i—ﬁcosssinﬁ, %Sinﬁ )7

N1(8)= ( \/310 sin s, \[0 CoS S, ﬁ >a

in
— S111 § COS fO fO COS § COS —= fo’ \fO COS fO )

Bi(s) = < —cos ssin fo fo sin s cos = ﬁo’

The graphs of the ruled surfaces obtained from these frames for s € [—m, ] and v € [—1,1]

are shown figures[1}[7;

1.5—]
1—]
0.5—]
o—]
—o_sli
1
_0_5— l _=u T T L | l T L T T l L L] T T ' T T T L I T ¥ T T l T L T L
; —0.s5 o 0. 1

\d — 1.5 ~—=1

s

FIGURE 1. The ruled surface ®(s,v) = %(Tl + N1+ By) +vTh
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FIGURE 2. The ruled surface Q(s,v) = %(Tl + N1+ By) +vVy

FIGURE 3. The ruled surface M(s,v) = %(Tl + N1+ By) +vB;
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FIGURE 4. The ruled surface p(s,v) = 5=(T1 + N1 + B1) + Z5(T1+ M)

&l

[

- ¥
ii i h . )
llllllllllllll’lllllllll

il

FIGURE 5. The ruled surface ¥(s,v) = %(Tl + N1+ By) + %(Tl + By)

S
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FI1GURE 7. The ruled

surface T'(s,v) = %(Tl + N1+ By) + %(Tl + N1+ By)
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Example 3.2. Let the Salkowski curve in Example be the main curve. From [15] and
Theorem [2.1) the Successor frames are as follows:

—cos ([ tan \/S’Iods) (ﬁ sin s) + sin (ftanﬁds) (— cosssin V.o ﬁ sin s cos ﬁ),

Ti(s) = cos(ftanﬁds) (ﬁ coss) —sin(ftanﬁds)(—sinssinﬁ + ﬁcosscos ﬁ), )

cos (ftan\/siods)ﬁ + sin (ftcm\/siods) (ﬁ cos \/Sio)

Ni(s) = _— s 1 g in —S_ i s 1 g in S 3 gin S
(s) COS 5 COS 5 — 7 sinssin 2o, —sin s cos ﬁo+ﬁo sin s sin %, —A= sin % )

sin (ftanﬁds) (% sins) — cos (ftan\/siods) (cosssin \/5‘10 + ﬁ sin s cos ﬁ),

Bi(s) = —sin (ftanﬁds) (ﬁ cos s) — cos ([ tan \/Siods)(sinssin A5 ﬁ oS S cos \/‘}O),

—sin ([ tan \/Siods)ﬁ + cos (ftanﬁds) (ﬁ cos ﬁ)

The graphs of the ruled surfaces obtained from these frames for s € [—m, 7| and v € [—1,1]
are shown figures [§{14);

|
o o
P GO

llllllllllllll

FIGURE 8. The ruled surface ®(s,v) = %(Tl + N1+ By) +vTh
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FI1GURE 9. The ruled surface @
F1GURE 10. The ruled surface M (s,v) =
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FIGURE 11. The ruled surface pu(s,v) = %(Tl + N1+ B1) + 5(Ty + M)

|

= =

L Lh
lllllllll?lllll

FIGURE 12. The ruled surface 9(s,v) = L(T1 + N1+ By) + %= (Th + By)

3 V2
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— 0.6

FIGURE 13. The ruled surface n(s,v) = %(T1 + N1+ By) + %(Nl + By)

FIGURE 14. The ruled
surface T'(s,v) = == (T} + Ny + By) + % (T} + N1 + By)

V3 V3
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Example 3.3. Let 5* anti Salkowski curve [I5] be the Successor curve of a. The equation

of this curve for m = % s as follows:

B*(s) = @ _2fo (% cos(5 + COS(%)«S)) + S sin ssin %5,
40 .
_2\%0 (% sin(% + COS(%)S)) + g cos s sin —— fo __Q\QO(\}OS + Sm(\/zio)s)

The Successor frames of B* curve {1}, Ny, B} are as follows:

Ti(s)=( — ain eain S s
() COSSS]H\F +f0 Sll’lSCOS\f7 Sin S SIin —=— Ji0 fO COS S COS fO’ \fO COS /10 ’

N7 (s) (\/‘}Osms —ﬁcoss, ﬁ ),

*
By (5) = — COS S COS —2 sin s sin — sin s cos + Cos s sin sin .
Vio fo ﬁo’ f fo ﬁo’ fo fo

The graphs of the ruled surfaces obtained from these frames for s € [—m, 7| and v € [—1,1]

are shown figure {{15121]};

I

= =

A A
?lllll]ll

LLlllllllll‘ll

0815

FIGURE 15. The ruled surface ®(s,v) = %(Tl + N1+ By) +vTh
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FIGURE 16. The ruled surface Q(s,v) =
F1GURE 17. The ruled surface M (s,v) =
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-llll'Illll TyrT T ¥ Ml
_l_s_l_lo-s | | |-|||-|rnl' 0_0-5

0 0.5 1 1.5 1 0.5

FIGURE 18. The ruled surface u(s,v) = \%(Tl + N1+ By) + \%(Tl + Ny)

FIGURE 19. The ruled surface 1(s,v) = \%(Tl + N1+ B1) + 55(Ty + By)
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FIGURE 20. The ruled surface 7(s, v)\/ig(Tl + N1+ By) + \%(Nl + By)

0.6

_WS
I>—05 0 = : 05 —05

15 1.5

F1GURE 21. The ruled

surface I'(s,v) = \/L??(TI + N1+ By) + \/Lg(Tl + N1+ By)



INT. J. MAPS MATH. (2024) 7(2):179-206 / RULED SURFACES WITH T N;B;- SUCCESSOR... 201

Example 3.4. Let the Salkowski curve in Example be the main curve. From [15] and

Theorem [2.1) the Successor frames are as follows:

—cos(s + C)(\/STO sin s) + sin(s + ¢)( — cos s cos \/STO \}0 sin s sin ﬁ),
Ty (s) = cos(s + c)(\/?’IO cos s) + sin(s + ¢) ( — sin s cos ﬁ + \TO Cos s sin fo) )

—cos(s + c)ﬁ + sin(s + ¢) (% sin W)

. . . s 3
Ni(s) = cosssmf \[0 sin s cos \/Io —sinssin —% — \[0 COS § COS o, ,
3
— g cos
3 _ S
sin(s + )(fo sin s) + cos(s + ¢)( — cos s cos 70 fo sin s sin \/Io)’

Bi(s) =] sin(s+c )(\TO cos s) + cos(s + ¢)( — cos s cos \/‘}0 \[0 sin s sin \ﬁO)’

)

sin(s + c)ﬁ + cos(s + c)(ﬁ sin ﬁo

The graphs of the ruled surfaces obtained from these frames for s € [—m, 7] and v € [—1,1]

are shown figures @-@};

FIGURE 22. The ruled surface ®(s,v) = T(TI + N1+ By) + 0T
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FIGURE 23. The ruled surface Q(s,v) = 13 (Th + N1 + B1) + vINy

S

FIGURE 24. The ruled surface M (s,v) = %(Tl + N1+ By) +vBy
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> 4

FIGURE 25. The ruled surface p(s,v) T1+ N1+ By) + %= (Th + N1)

_ 1
V3 NG

FIGURE 26. The ruled surface 9 (s,v) = J=(T1 + Ni + B1) + 55 (T + By)
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FIGURE 27. The ruled surface n(s,v)L(Tl + N1+ By) + (N1 + By)
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F1GURE 28. The ruled

surface I'(s,v) = L (T + N+ By) + 2 (Th + N1 + By)
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4. CONCLUSION

This study defined ruled surfaces which one their base curve are 177 N;Bi-Smarandache
curve. There base curves targent vector, normal vector and binormal vector is successor
curves Frenet aparatus. The Gaussian and mean curvatures of the surfaces were obatined
using the coefficients of the first and the second fundamental forms. The conditions for the
surfaces to be developable and minimal were given. These surfaces were drawn. This paper
can be studied in Euclidean, Lorentz and dual space. New ruled surfaces can be defined and
similar work can be done, by changing the base curve. Also, the singularity of surfaces can

be examined.
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