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A NOTE ON POINTWISE SEMI-SLANT CONFORMAL SUBMERSIONS

MOHAMMAD SHUAIB *

ABSTRACT. As a generalization of pointwise slant submersions, we investigate pointwise
semi-slant conformal submersions from almost Hermitian manifolds onto Riemannian man-
ifolds in the present work. With the investigation of the distributions’ leaves geometry, we
explore integrability conditions for distributions. In this study, we additionally explore the
notion of pluriharminicty.
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1. INTRODUCTION

The theory of submersions and immersions had originally been developed and proposed
by B. O’Neill [27] and A. Gray [14]. They studied the geometrical properties of Riemann-
ian manifolds and discovered certain Riemannian equations for them. When discussing the
characteristics between differentiable structures in differential geometry, submersions theory
becomes an intriguing subject. Mathematics and physics identically study Riemannian sub-
mersions because of their many applications, most prominent among them being Yang-Mills
and Kaluza-Klein theories.(see [9], [42], [25], [21]). In 1976, B. Watson [41] glanced into
Riemannian submersions from almost Hermitian manifolds onto Riemannian manifolds. Af-
terwards, B. Sahin [34] investigated the geometry of Riemannian submersions and geometric

properties. He defined anti-invariant Riemannian submersions onto Riemannian manifolds
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by using an almost Hermitian manifold. He establishes that their vertical distribution is
anti-invariant under the almost complex structure of the total manifold. Numerous writers
examined and developed this work by examining anti-invariant submersions [4], [34], semi-
invariant submersions [35], slant submersions [12], [36], and semi-slant submersions [I§], [28],
among other topics. Tastan, Sahin, and Yanan [40] defined and examined hemi-slant sub-
mersions from almost Hermitian manifolds as a generalization case of semi-invariant and
semi-slant submersions.

In this contribution, T. W. Lee and B. Sahin [24] extended their concept of slant sub-
mersion a step further by expanding it to include pointwise slant submersions from almost
Hermitian manifolds onto Riemannian manifolds. In doing so, they discovered a technique
for illustrating examples for this kind of submersions. Additionally, they established charac-
terizations for pointwise slant submersions. B. Fuglede [15] and T. Ishihara [22] introduced
the concept of conformal submersion as a generalisation of Riemannian submersions and
talked about some of their geometric characteristics. It is clear that conformal submersion
with dilation A = 1 is a Riemannian submersion. Gudmundsson and Wood [17] investigated
conformal holomorphic submersion as a generalisation of holomorphic submersion. The neces-
sary and sufficient conditions for harmonic morphisms of conformal holomorphic submersions
have been established. Later on, conformal anti-invariant submersions , [37], [31], conformal
semi-invariant submersions [5], conformal slant submersions [3], and conformal semi-slant
submersions [2] have been studied and defined by Akyol and Sahin. Conformal hemi-slant
submersions [38], [39], conformal bi-slant submersions [6], and quasi bi-slant conformal sub-
mersions [7] have all been studied geometrically recently, and several decomposition theorems
have been covered. They also extended the notion of pluriharmonicity to almost contact met-
ric manifolds, from almost Hermitian manifolds.

In this paper, we investigate pointwise semi-slant conformal submersions from Almost
Hermtian manifold onto a Riemannian manifold. The structure of the paper is as follows.
Section 2 introduces almost contact manifolds, precisely Kaehler manifold with the properties
required for this study. In the third section of our paper, we define pointwise semi-slant
conformal submersion and report a few intriguing findings. The prerequisites for distribution
integrability and the totally geodesicness of its leaves were covered in detail in Section 4.

Lastly, the notion of J-pluriharmonicity is discussed at the end of the study.
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Note: In this paper, we will use abbreviation as follows:
Pointwise semi-slant conformal submersion- PWSSCS
Almost Hermitian manifold- AHM
Kaehler manifold- KM
Riemannian manifold- RM

Horizontal conformal submersion -HCS

2. PRELIMINARIES

We shall provide a few fundamental ideas and consequences that are highly productive for

our paper.

Definition 2.1. [§] Let II be a Riemannian submersions between two Riemannian manifolds.
Then 11 is called a horizontally conformal submersion (HCS), if there is a positive function
A such that

(01, 1) = 35021101, TLTA) 2.1)

for any Uy, Vi € ['(ker IT, )L, If the dilation function X = 1 then, HCS become RS.

Let IT : (©1,91,J) — (©2,92) be a Riemannian submersion. A vector field X on O is
called a basic vector field if X e I'(kerIL,)* and Il-related with a vector field X on O, i.e
IL.(X(¢)) = XII(q) for ¢ € ©;.

The formulae given by B . O'Neill of two (1,2) tensor fields 7 and 2 are

Q[ElFl ijVﬁEqu/Fl +”//VﬁE15§F1, (2.2)

T F1 =9Vyp, VEL+ VN yp HF, (2.3)

for any Fy,Fy € T(T©;) and V is Levi-Civita connection of g;. From equations (2.2)) and
(2.3), we can deduce

Vo Vi=Tp Vi+ ¥V Vi (2.4)
Vi, X1 = Fp X1+ 9V X (2.5)
Vg, Ui =5 U + 1V 5, Uh (2.6)
Ve 1 =9V i+ 2 1 (2.7)

for any vector fields Ul, Vi € I'(kerIL,) and Xl, Y, € I'(ker IL,)* [13].

It is obvious that 7 and 2l are skew-symmetric, that is

g(QlXElaFl) = —g(El,QlXFl), g(ﬁvEl,Fl) = —g(El, 9‘7F1), (28)
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for any vector fields E1,Fy € I'(T,01). Since 7, is skew-symmetric, we say that II has

totally geodesic fibres if and only if 7 = 0. For the special case when IT is HCS, we have

Proposition 2.1. Let IT : (01, gx;) — (02, 92) be a HCS with dilation X\ and X,Y be the
horizontal vectors, then
.1 FN 9 1o 1
AQY = SV, V] - Xg(X, V)grady(5)) (29)

measures the obstruction integrability of the horizontal distribution

The second fundamental form of smooth map II is provided by the formula
(VIL) (U, V1) = vglﬂ*ffl — LV Vi, (2.10)
if (VH*)(Ul,Vl) = 0 for all Ul,f/l € I'(T,01), then II is said to be a totally geodesic map

where V and V!!* are Levi-Civita and pullback connections.

Lemma 2.1. Let I1: O — Oy be a HCS. Then, we have
(i) (VIL)(X1, Y1) = X1 (In\IL (Y1) + Yi(InIL(X1) — g1(X1, V1)L (grad InA,
(i) (VIL)(U1, V1) = —TL.(F;;, Vi)
(iif) (VIL)(X1,0h) = ~TL(V, U1) = —IL(Ag U1)

for any horizontal vector fields X1,Y1 and vertical vector fields U, Vi [8].

Let (O, g) be an AHM. This means that © admits a tensor field J of type (1,1) on © such
that
JP=—1, g(JX,JY)=g(X,Y) for all X,Y € ['(TO). (2.11)

An AHM O is called KM if
(Vg J)Y =0, for all X,Y € I(TO) (2.12)
where V is the Levi-Civita connection on ©. The covariant derivative of J is defined by
(Vi)Y =VgJY —JVY (2.13)

for all vector fields X,Y in ©.

Here, we recall the definitions which will be helpful for our text.

Definition 2.2. LetII be a Riemannian submersion from AHM (01, g1, J) onto RM (O3, g2).
If for any non-zero vector X € [(kerII,), the angle G(X') between JX and the space kerIL,

is constant,i.e., it is independent of the choice of point p € ©1, and choice of tangent vector
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X in ker 1L, then we said I1 is slant submersion. In this case, the angle 6 is called the slant

angle of submersion.

Now, we recall the definition of pointwise slant submersion defined by T.W. Lee and B.

Sahin [24]

Definition 2.3. LetII be a Riemannian submersion from AHM (01, g1, J) onto RM (O3, g2).
If at each given point q € O, the wirtinger angle O(X) between JX and the space ker I, is
independent of choice of the non-zero vector X € [(kerIL,), then we say that I1 is a pointwise
slant submersion. In this case, the angle @ can be regarded as a function on ©1, which is

called slant function of the pointwise slant submersion.

3. POINTWISE SEMI-SLANT CONFORMAL SUBMERSIONS (PWSSCS)

In this section, we will review the definition that will aid us in discussing and investigating
the concept of pointwise semi-slant conformal submersions PWSSCS from almost Hermitian

manifolds.

Definition 3.1. Let IT : (©1,¢91,J) — (O2,92) be a HCS where (01, ¢91,J) is a AHM and
(©2,92) is a RM. A HCS 11 is called a PWSSCS if there exists a distribution ® such
that kerII, = © @ DY, J(D) = © and for any given point ¢ € ©1 and X e (D%),, the
angle § = 0(X) between JX and space (D7), is independent of choice of non-zero vector
Xe (@9)(1, where ©Y is the orthogonal complement of ® in kerIL,. In this case, the angle 0

can be regarded as a slant function and called pointwise semi-slant function of submersion.

If we suppose m; and ms are the dimensions of ® and ©?, then we have the following:
(i) If m1 =0, ma # 0 and 0 < 0 < 7, then II is a pointwise slant submersion.
(i) If m1 # 0 and mg = 0, then II is a invariant submersion
(ii) If my # 0, ma #0 and 0 < 6 < 5, then II is a pointwise semi-slant submersion.
We are providing the example of PWSSCS for support of our study.
Let IT be a PWSSCS from an AHM (©1,g1,J) onto a RM (O3, g2). Then, for any
W e (ker IT,.), we have
W =PW + QW (3.14)
where P and Q are the projections morphism onto ® and ©. Now, for any W e (ker I1,,),

we have

JW =W + (W (3.15)
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where YW € T'(kerIL,) and (W € I'(ker II,)*. From equations and , we have
JU =J(PW) + J(QW)
=0(PW) + (W) + »(QW) + ((QW).
Since JD =D and ((PW) = 0, we have
JU = p(BW) +4(QW) + ((QW).
Now, we have the following decomposition
(ker IL)* = ¢@% @ p, (3.16)

where p is the orthogonal complement to ¢ in (ker IT,)* such that g is invariant with

respect to .J. Now, for any X € I'(ker IT, )+, we have
JX =BX +e¢X (3.17)

where BX € I'(kerIL,) and ¢X € I'(kerIL,)*.

Lemma 3.1. Let (01,91, J) be an KM and (O, g2) be a RM. If 11 : ©1 — O is a PWSSCS,

then we have
—W = *W + BCW, (oW + €W =0, —Y = (BY + €2V, »BY + BEY,
for any vector field W € T'(kerIL,) and Y € T'(kerII,)*.

Proof. On considering the equations (2.11)), (3.15)) and (3.17)), the proof of Lemma exists. O

Since I1 : ©; — O4 is a PWSSCS, let us present some helpful investigations that will be

applied in this paper.

Lemma 3.2. Let II be a PWSSCS from an AHM (©1,g1,J) onto a RM (Os, g2), then we

have

YW = (= cos?0)W, (3.18)

for any vector fields W e T(D?).

Lemma 3.3. Let IT be a PWSSCS from an AHM (©1,g1,.J) onto a RM (O3, g2), then we

have
(1) 91(¥Z,9W) = cos® 0 1 (2, W),
(ii) g1 (CZ, CW) = operatornamesin?f gl(Z, W),

for any vector fields Z, W e T(9?).
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Proof. The proof of the preceding Lemmas is identical to the proof of Theorem (2.2) of [11].

As a result, we omit the proofs. O

Let us suppose that (O3, g2) be a RM and (01, g1, J) be an AHM. We now analyse how the
Hermitian structure on © influences the tensor fields .7 and 2l of PWSSCS 11 : (©1,¢1,J) —

(@2,92)-

Lemma 3.4. Let I1 : ©; — Oy be PWSSCS with semi-slant function 6 where, (@1,91, J)
KM and (©2,g2) be a RM, then we have

ALCY + V'V BY = BHV YV + A,V (3.19)
OV 4CV + A BY = EHV Y + (ALY (3.20)
YV bV + A5V = BALYV + ¥V iV (3.21)
APV + OV 3V = CALV + (F ViV (3.22)
YV BX + T€X =T X + BHV X (3.23)
ToBX + 9V CX = (T X + €AV X (3.24)
VNGV + ToCV =¥V V = BTV (3.25)
TV + 9V 5V = CTV + (VY V, (3.26)

for any vector fields U,V € T(kerIL,) and X,Y € I'(kerIT,)*.

Proof. By using (2.12)), (2.13) and (2.7) (3.17]), we get first two relations (3.19)) and (3.20)).
Similarly, by considering equations (2.12), (2.13)) (2.7), (2.4)-(2.7) and (3.15) (3.17), the

desired results holds good. O

We will now go through some key conclusions that can be utilised to examine the geometry

of PWSSCS I1: ©1 — O,. From the direct calculations, we can conclude the following:

(Vh)V = YNV — ¥V V (3.27)
(VQV =9V CV = (VY (3.28)
(ViB)Y = ¥V BY - BHV YV (3.29)
(V2Q)Y =9V €Y —HV Y, (3.30)

for any vector fields U,V € I'(kerIL,) and X,Y € I'(kerIL,)*.
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Lemma 3.5. Let (©1,91,J) be a KM and (©2,¢92) be a RM. IfI1: ©1 — O3 is a PWSSCS

with semi-slant function 0, then we have

(V)V =BTV — Tp(V

for all vector fields U,V € T'(kerII,) and X,Y € D(kerIL,)*.

Proof. By using equations (2.13)), (2.4)- (2.7) and equations (3.27)-(3.30), we can obtain the

results. O

The tensor fields v and (, if they are parallel with regard to the Levi- Civita connection

V of ©1, then we obtain
BTV = TV, €TV = TpypV
for any vector fields U,V € T'(T©,).

4. CONDITIONS FOR INTEGRABILITY AND TOTALLY GEODESICNESS

In this section, we discuss the geometry of PWSSCS 11 : (©1,¢1,J) — (O2,¢2) from
KM onto RM in terms of integrability of invariant and slant distribution. Apart from this,
we also examine the necessary and sufficient conditions for the leaves of distribution to be
define totally geodesic foliation on ©1. We start the condition for integrability for invariant

distribution as follows :

Theorem 4.1. Let I1: ©1 — Oy be PWSSCS with semi-slant function 0 where, (01,41, J)
is a KM and (O, g2) be a RM. Then the invariant distribution ® is integrable if and only if

VYN Z + T5CZ € (D) and ¥V Z + T (Z € T(DY), (4.31)
for any vector fields U,V € T(D) and Z € T'(D?).
Proof. For all vector fields U, V € T'(D) and Z € I'(®?) and by using equations ,
and , we have
g(UV),2)=q(VyIV,JZ) — g1(V JU, T Z)

=—q1(VpJZ,IV) + (VI Z,JU).
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Taking account the fact from equations (2.4) and (2.5)) in both part of the above equation in

right hand side, takes the form
9n(VV.2Z) = —q1 (Ve Z,9V) = 01(VgC 2 0V).
By using equation in above relation, we have
n(VgV,2) = (VN Z,4V) = q1( T 2.4V,
In above equation, change the role of U and V, we may yield
(U V. 2) = - (Vb Z + Ty Z, V) — i (VN o0 Z + Ty CZ,9U).
O

Theorem 4.2. Let IT be PWSSCS with semi-slant function 6 from KM (©1,¢1,J) onto a
RM (©3,g2). Then ®° is integrable if and only if

WTHW = 3 C2) = (T (U Z — TCuW), (4.32)
for any vector fields Z,W € T(D?) and U € T(D).
Proof. By using equation , and , we may yield

(2, W),0) = 1 (V zIW, JU) = 91(V . 2, T0),
for every vector fields Z, W € '(®?% and Ue I'(D). By using equation , we can write
0 ([Z,W),U0) = —g1(V oW, JU) — g1 (V30 Z, JU) + g1(V ,CW, JU) — g1(V 3¢ Z, JU).

Now, considering the equation (2.11)) and equation in third and fourth terms, above
equation takes the form

9 ([Z,W),0) = g1(V 5 JYW, U) + g1 (Vi3 JOZ, U) + g1 (TyCW, JU) — g1(F5,C Z, JU). (4.33)

Taking account the fact from 1) in first term, we get 91(V2J¢W, U) = —gl(VZwQW, ﬁ)—
gl(VZCwI/TC U). By using Lemma gl(VZJz/JW, U) = cos? Hgl(VZW, U)—gl(VZCz/JW, U).
The same calculation in second term, we get —gl(VWsz, U) = —cos? Hgl(VWZ, U) +
gl(VWC¢Z , U ). On combining these calculations, finally equation 1} takes the form
91([Z,W),U) = cos® 091 (|2, W], U) — g1(V 4, W, U) + 91(V 43¢ Z, U)

+ g1(THCW, JU) — g1(Fy,¢Z, JU).
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Finally, by using equation ([2.5)), we can write
sin® 091([Z, W), U) = g1( 4,02, U) — g1(TyCoW, U) + g1(TCW — F.¢Z, JU).
From which, we can conclude the result. O

Since II : (©1,91,J) — (O2,92) be a PWSSCS which ensure the availability of slant
distributions. After discussing the integrability conditions of distributions, we are going to
examine the necessary and sufficient condition for which the leaves of distributions defined

totally geodesic foliation on O;.

Theorem 4.3. Let IT be PWSSCS with semi-slant function 6§ from KM (01, ¢g1,.J) onto a
RM (©3,g2). Then ® is defines totally geodesic foliation on ©1 if and only if

TgCvZ = —(F5CZ) and g1 (Y VgV, BX) + 1 (FgoV,€X) =0, (4.34)
for any vector fields U,V € T(D),Z € T(®?) and X € I'(kerIL,)*.

Proof. By considering gl(VUV, Z), for any vector fields U,V € T(®) and Z € T'(D?). Since,
V and Z are orthogonal to each other, this can be write as gl(VUV, Z) = —gl(VUZ, V).

Operating almost complex structure J on both side and using equations (2.11)), (2.12)), (2.13)

and (3.15)), we have

G0(VV,2) = —qi(VpZ,JV) — g1(VCZ, V).
Further, in the light of equations (3.15)) and ({2.5)), we get
B (VeV, Z) = g (Vg Z,V) + g1 (Ve (b 2, V) — g1(FpC 2, TV).

Since, II is a PWSSCS with semi-slant function 6, then by using Lemma [3.2]in first term of

above equation, finally this will takes the form
sin® 091(VV, 2) = g1 (Vb Z,V) — g1(F3C 2, TV).

From this we can get the first part of theorem. For next one, we consider gl(VUV,X ) for
any vector fields U,V € I'(®) and X € T'(kerII,)*. By using equation (2.11)), (2.12), (2.13)

and (3.17), (3.15), this term will takes the form as g;(VyV,X) = g1(VyV, BX + €X).
Finally, considering equation ([2.4), we can write

0 (VeV, X) = (¥ VgV, BX) + g1 ( TV, €X).

From which the second part of theorem holds good. O
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Since, II is PWSSCS with semi-slant function 0 from (01, g1, J) onto (B2, g2). The slant
distribution is mutually othogonal to invariant distribution. After discussion geometry of
leaves of invariant distribution, it is quite interesting to study the leaves of slant distribution

geometrical point of view in following manner.

Theorem 4.4. Let I1: ©1 — Oy be PWSSCS with semi-slant function 6 where, (01, g1, J)
o KM and (©2,g2) a RM. Then ®° is defines totally geodesic foliation on © if and only if
WYV J)PW + T,(PW + T,(WQ) € T(DY) (4.35)
and
D (VY UPZ W) = 91 (TP Z, (W) + g1 (V cPUQZ, W)
= 91(9)2(@2, YW) — sin?0g,([Z, X], W) — 2sin 6 cos 0X (0)g1(QZ, W)
+91(X, gradn \)g1 (CQZ, (W) + 91(CQZ, gradIn Mgy (X, (W) -

— g1(CW, gradIn \) g1 (CQZ, W),

for any vector fields Z,W € T(D%),U € I'(®) and X € T'(ker IL,)*.

Proof. Let us consider for any vector fields Z, W € I'(®?) and U € T(®). In light of equations
(2.11)), (2.12)) and (2.13)) after operating almost complex structure J on both side, we have
91(V,W,0) = g1(V W, JU).

By using decomposition |i gl(VZW,(?) = gl(VZJ(PW +QW), JU) Taking account

the fact from equation (3.15]), we have
g1(V W, 0) = gi(V 20BW, JU) + g1(V ,¢PW, JU)
+91(V,0QW, JU) + g1(V z6QW, JU).
Considering the equations (2.4]) and (2.5)) and since © is invariant under almost structure J,
ie., J® =29, we may yields
G (V W, 0) =g1 (V'Y pPW, JU) + g1 (:T5(PW, JU)
(4.37)
— 1(V40°QW,U) + g1(V 5¢QW, JU).
By using Lemmain third term of above equation, which can be write as —g; (VZ@ZJQQW, U) =
gl(VZ(cos2 H)QW, (7) Then the equation 1) will takes the form as
g1 (V W, 0) =g1 (¥ V PW, JU) + g1(F,CPW, JU)

+ 91(V 5 (cos® )QW, U) + g1(V ,¢QW, JU).
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Since, IT is a PWSSCS with semi-slant function 6, then we can write the above equation as:
g (V,W,0) =g1(¥V ,PW, JU) + g1(T5CPW, JU)
+ gl(VZA(cos2 0)QW,U) + g1(VZCQW, JU).
With simple steps of calculations, finally we get
g(V,W,0) =g1(¥V ,pPW, JU) + g1(T,CPW, JU) + g1(V ,¢QW, JU)
+ 2sin6 cos 0Z(0) g1 (QW, U) + cos? 0g, (VZQW, ).

From which the first part of theorem holds good. For the other part of theorem, let us
suppose for any vector fields Z, W € T'(®?) and X € I'(kerIL,)*. We start with considering

the term gl(VZW, X), by using basic calcaltions, this term can be write as gl(VZW, X) =

—g([2,X], W) — gl(VXZ, W). By using equation ( , 1D and 1) this term takes

the form as
(VW X) = —g(12, X, W) —a1(V T Z, JW).
In the light of equations and since ® is invariant under J, we get
9 (V W, X) = —g(12, X, W) = 1 (V¥ PZ, JW) = g1 (V 0QZ, JW) = g1(V 3¢QZ, TW).
By using equations , and , we have
g(VzW. X) = = (2. X, W) = 1 (A yPZ, W) — 1 (VV xdBZ,0W) + 91(V 3 0*QZ, W)

+ g1(VCQZ, W) — g1 (A CQZ, W) — g1(HV 3 CQZ, (W).
(4.38)

Since, IT is a PWSSCS with semi-slant function 6, then with simple steps of calculations,

the fourth term of above equation take place as
a1 (V*QZ, W) = — g1(V ¢ (= cos® 0)QZ, W)
= 2sin 6 cos 0X (0)g1(QZ, W) — cos® O (VXQZ, W).
By using the above equation in , we may write as
B (VW X) == g([Z,X],W) = (A PZ, (W) — 1 (V'Y gy PZ, W)
+01(V ¢ CYQZ, W) — g1 (A CQZ, W) — g1(HV £ CQZ, (W) (4.39)
+ 2sin 6 cos X (0)g1(QZ, W) — cos? Hgl(VXQZ, w).

Now, the first and last term can be write as:

—g([Z, X], W) — cos? 091 (V QZ, W) = sin® 0g1 ([Z, X], W) — cos® 0g1(V ;. X, W).  (4.40)
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Since, Il is a PWSSCS, then by using equation in , we can write
gl(VZW, X) =2sin0cos0X (0)g1(QZ, W) + sin®0g,([Z, X], W) — cos® 991(VZX, W)
— 1 (AP Z, (W) = g1(VV g¥PZ, W) + 91(V 3 CUQZ, W)
— (A CQZ, YW) — g1 (HV 3 (QZ, (W),
(4.41)

Now, using the horizontal conformality of II from Lemma and equations (2.1)), (2.10) in

the last term of above equation, can be written as
OV £CQZ, (W) =5501(VETL(COZ), TL(CW)) — 1501 (VIL)(X, €Q2), TL ()
+ 10 (VTL(CQ2), TL(CW)) — 01X, gradIn N}y (CQZ, ()
— 91(¢QZ, gradIn \)g1 (X, (W) + g1(CW, gradIn N)g1 (X, (QZ).
Now, by using the above relation, equation finally turns into
91(V, W, X) =2sin6 cos 0X (0)g1(QZ, W) + sin? g1 ([Z, X], W) — cos? 0g1(V , X, W)
— L (AZYPZ, (W) — g1 (VY YPZ, W) + g1 (V 1 (QZ, W)
— 91 (A (QZ, W) — g1(X, gradln N) g1 ((QZ, (W)
— 91(¢QZ, gradIn \)gi (X, (W) + g1 (CW, gradIn \)g1 (X, (QZ)
+ 101 (VIIL(CQZ), TL(CTH).

Hence, this proves the theorem completely. O

The study of geometry of leaves of horizontal and vertical distributions of PWSSCS is
very important. We start our discussion with necessary and sufficient conditions for vertical

distribution kerII, is totally geodesic.

Theorem 4.5. Let us suppose that I1 be a PWSSCS with semi-slant function 0 from KM

(©1,91,J) onto a RM (O3, g2). Then kerIl, is defines totally geodesic foliation if and only if

%m(@rl*@@t?),m(cv)) + g1 (A YPU, (V) + 1 (VY ) PU, V)

= coszﬁgl(VXQﬁ, V) — 2sinf cos 0X(0)g1(QU, V) + g1([U, X], V)

(4.42)
+ g1(X, gradIn A)g1(CQU, ¢V) + g1(CQU, gradIn M) g1 (X, ¢V)
— g1(¢V, gradIn \)g1 (X, (QU) — g1 (A ¢ CQU, V),

for any vector fields U,V € T'(kerIl,) and X € I'(ker IT,)*.
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Proof. We start the proof of theorem with considering the term gl(VUV, X ). From simple
steps of calculations with basic definition, this turns into gl(VUV,X ) = —q1([U, X],V) —
(Vg U, V) Operating J, which is a almost complex structure with using equation ,

(2.12)) and (2.13) on second term, this will take place

A A~ ~ A

gl(VUV,X) = _gl([U,X],V) - gl(vXJUa JV)a

for any vertical vector fields U,V and horizontal vector field X. In the light of decomposition

(3.14) and (3.15) the second term of above equation, we can write

A

VgV, X) = =q1([0, X],V) = 2(VPU, JV) = g1(V g QU JV) = 1 (V QU TV).

(4.43)
In the light of equation and , second term of above equation become
~g1(V g ¥PU, JV) = g1 (A ¥PU, (V) — g1(#'V ¢ PU, V). Similarly, from equation (2.11),
and |D third term turns as —g; (VXwQU, JV) = gl(VX¢2QU, V)-i-gl(VXCwQU, V)
In last term, taking account the fact from decomposition and equation , this will
take place as —g1(V xCQU, JV) = —g1(HV ¢CQU, (V) — g1(ACQU, V). Put the values of
all these terms in equation , we get

n1(VgV, X) == qi([U, X], V) + 1 (A yPU, V) — g1 (¥ V g PU, §V) + g1 (V 5 9°QU, V)
+91(V 3 0QU, V) = 1(HV ¢QU,CV) — 1 (A3 (QU, V).

Since, II is a PWSSCS with semi-slant function 6, using Lemma [3.2] above equation turns

into

g1 (VV, X) == g1([0, X], V) + g1 (A PU, V) — g1 (¥'V c$PU, V) — g1 (V g (cos> §)QU, V)
+ 91(V £ C¥QU, V) = g1 (HV £ CQU, CV) — g1 (A (QU, ¢V)
= —g1([U, X],V) + g1 g 0PU, (V) — g1 (V'V g bPU, V) + g1(V 4 (VQU, V)
+2sinf cos X (0)g1(QU, V) — cos? 0g1(V ¢ QU, V)
— 919V CQU, (V) — 1 (A (QU, yV).

(4.44)

Considering equations ([2.1) and (2.10]), second last term of the above equation will be

OV £CQU, V) = 1502(VITL(CQD), TL(CV)) — 5502((VIL) (X, QD). TL(CV)).
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By using the definition of horizontal conformality of II from Lemma [3.2] we can write
N N 1 A N 1 A A
—91(HV QU (V) =502(VTL(CQU), I (CV) = 1502((X (In ML (CQU)

+ ¢QU (In M)IL(X) — g1(X, CQU)IL(gradIn \), IL(¢V)).

Now, by using above two equations in (4.44]), finally we have

g(VV,X) = gi([U,X],V) + 1A PU,CV) — g1 (P V g 0PU, V) + g1 (V ¢ CYQU, V)
+ 2sin 6 cos 0X (0)g1(QU, V) — cos? 9g1(VXQ(7, V)—q1 (QIXQQ(}, YV)
— g1(X, gradIn \)g1((QU, (V) — g1(CQU, gradIn A)g1 (X, (V)

+ 91(X,CQU) g1 (CV, gradn \).

This completes the proof.

Theorem 4.6. Let 11 be PWSSCS from a KM (©1,g1,J) onto a RM (©2,g2). Then the
map I is totally geodesic map if and only if

~

(i) 3=g2(Z(In NILCYW + (Z(In ML Z — g1(Z, W)L (gradIn A), IL(X))
= (T W, X) + 3292 VAL (YW, TL(X))
(ii) cos?091(Tx Y, 2) + 3z {g2(VRIL(UY  T1(Z) — go(VEILLY  T1(€2))} = 0
(iii) cosec? g1 (A,PU, W) + cot? 0 cos® g1 (HV ,QU, W)
= — 2 {92(VIILGYQU, IL(W)) + g2(VIILCQU, L (€W))
for any U,V e D(®),X,Y e (DY) and Z € T'(kerI1,)*, U1 € T'(kerIL,).

Proof. Let us consider go((VIL)(Z,W),1,(X)), for any Z,W € I'(®) and X e T'(kerII,)*.
On using equations (2.10) with definition we may obtain gy((VIL)(Z, W),IL(X)) =
—A2gl(VZW, X). This relation can be turn into

1

FQQ(WH*)(Z, W), IL(X)) = g1(V, W, X).

Taking account the fact that JW = ¢® if W € I'(®) and from equations (2.11)), (3.15)) in
the right hand side of above equation, we get
1 A A ~ ~ N
pgz((VH*)(Za W), IL(X)) = —g1(V 39 W, JX).
By using equations ([2.4)), (2.5) with (3.15)), we can get

0 (VIL)(Z, 1), TL(X)) = g1(Z,0W, X) — (99,00, X). (4.45)
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Since II is PWSSCS, by using definition the second term in the right hand side
of above equation can be turn into —g; (5V2C¢W,X) = %gg((VH*)(ZA,CwVAV),H*(X)) -
$92(VEH*C¢W,H*(X)). By using this in , we may have

{92 (VIL)(Z, ), T (X)) =91 (217, X) 4 3502((VIL)(Z, o), TL (X))
- ﬁgwgmcwmn*()& ))-

Finally with using Lemma we get

%gg((vn*)(z W), L (X)) :%ng(m MILCOW + CoW (In A)TLZ

— gl(Z, {1/1W)H*(gradln A)) + g1(,72¢2W,X)
— 5o (VLU L (X)),

which is part (i). For part (ii), take into consideration go((VIL.)(X,Y),I1,(Z)), for any
X,V eT(®%) and Z € D(kerIL,)*. From equations (2.10) with definition we can write

g2 ((VIL)(X,Y),1L(2)) = ~\2g1(V4Y, Z). In the light of relation (2.11), (2.12) and (3.15),

we get,

3202(VIL)(X,Y), 1(2)) = —g1(V 0¥, T Z) = 1(V (Y, T 2).

By using equations (2.11)), (2.12]), (3.17)), above equations turn into

12 2((VIL)(X, Y), 1L(2)) = g1 (V JYY, Z) — q1(V 3 (Y, BZ + €2).
By using equation (2.5)), we can write
1 A N A A A A
ﬁg2((VH*)(X, V), 1(2)) = 1 (V¥®Y, Z) + g1(V ¢ (UY, Z)
— OV (Y, €2) — g1 (T (Y, B2).
Taking account the fact from equation (2.5) with Lemma we may have

F((VIL)(X, V), TL(2)) = 1(T ¢ (cos* OF , 2) + 1(9V 0, 2)
(4.46)

— OV (Y, €2) — g1(T4 (Y, B2).
Since IT is a PWSSCS from a KM O;, the the first term of equation (4.46) turn into
as g1(V g (cos? 0)Y,Z) = 2sinfcos0X(0)g1(Y,Z) + cos? Ggl(VXY,Z), where the second
term as g1(AV ¢V, Z) = $zgo(VEILCYY T * Z)) — 35 ga((VIL)(X, (yY), 1.(Z)) and
third term as g1(HV (VY Z) = —3592(VEILCY TL(€2)) + 3292 ((VIL)(X, (Y), I1.(€2))
by using equation and definition O
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With all these facts using in equation (4.46[), we can write

(VIL)(X,Y),IL(Z))

FQQ

— 2sin0cos0X ()91 (Y, Z) + cos? 09, (V oV, Z) + %gg(vgﬂ*ﬁb}}, (IL.2))
3 (VIL)(X, C¥). IL(2) ~ 1ye(VEILCY 11 = €2)
+ %gg((VH*)(X, CY),IL(C2)) — g1(Tx (Y, B2).

Finally, by using the Lemma in fourth and fifth terms, the above equations takes the

form
3292 ((VIL)(X,Y), IL(2))
- %gg()z(ln MILCY + (Y (InMILX — g1(X, (V)L (gradIn \), TL,(€2))
_ %gg(f((ln MILCYY + Co¥ (In VL X — gy (X, Co¥)IL (gradIn A), TL.(2))
- %gg(VgH*CY,H( «€2)) — g1(T4CY,BZ)
4 cos 01 (V oV, 2) + égﬂvgn*cw, IL(2)).
This is the proof of part (ii). For (iii) part, we consider

1 ~ A ~ ~ ~
FgZ((VH*)(Z7 Ul)7H*W) - _gl(H*vZU17H*W)J

for any U} € T'(kerIL,) and Z, W e I'(kerIL,)L. By using equations (2.11)), (2.12), (3.14) and
(3.15), we can write

1 ~ A « PN A A A
ﬁgz((VH*)(Z, 01),ILW) = — g1(V4,PU, W) + g1 (V ,02QU, W) — g1(V ,¢QU, W)

~ 919V 50QU, W) — g1 (A,¢QU, BW).
Since PWSSCS, then by using Lemma [3.3] and definition of horizontal conformality the
above equation turn into

pgg((VH*)(Z, Up),ILW) = — g1 (A,PU, W) —sin202(0)g:(QU, W) + cos? 091 (V,QU, W)

— 5 (L9Y ,C6Q0), L (1)) — 550 (Y 1(Q0), T (€17))
~ 1 (A5CQU, BIV).

(4.47)

The second term on right hand side of above equations become 0 since Qﬁ and W both are

orthogonal, whereas the third term reduces with equations (2.11)), (2.12)) and Lemma as,
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— cos? H(gl(VZwQQU, W) + cos? Hgl(VZC@ZJQU, W)) + cos? Hgl(VZCQU, BW + €W). With
this value equation (4.47) reduces to

1 . A .
FQQ((VH*)(Z7 Ul)v H*W>
= gl(QLZIPﬁ, W) — cos? Bgl(VZwZQU', W) + cos? Ggl(VZCwQU, W)
+ cos? Ggl(VZCQU, BW + QﬁW) + cos? Hgl(VZQU, W) (4.48)

A A 1 N A
— L9V ,C0Q0), 1L (1)) = £V 2(Q0), T (€17))

— g1(AL,LQU, BW).

Since II is a PWSSCS from KM onto RM, by using the formula of second fundamental
form of II and Lemma [3.3] sixth term in the right hand side of above equations reduces to
592(Z (I MILLYQU + QU (In MIL.Z — g1 (Z, (¥QU)IL.(grad In \), ILW) and the seventh
term as %gg(?(ln MILCQU + ¢CQU(In MIL.Z — g1(Z,({QU)IL(gradln \), ILLEW). Putting
these values in equation , we have

S29((VIL)(Z,Th), TLW)

%gz(?(ln MILCYQU + QU (In MILZ — g1(Z, (YQU)IL (gradIn X), ILW)

+ %QQ(Z(IH MILCQU + ¢QU (In ML Z — g1(Z, CQU)L, (gradin \), IL.CW)
— I(ALPU, W) — cos® 01 (V ,0°QU, W) + cos® g1 (V ,CQU, W) — g1 (A,(QU, BW)
+ cos? 091(VZCQU, BW + (’lW) + cos? Hgl(VZQU, W)

1 A o 1 A B
- F92(VEH*C1¢@U7H*W) - FQQ(VEH*CQUv ILEW).

Finally, by using definition of horizontal conformality with Lemma and equation ([2.7)),

we can write

1 AoA N
FgQ((VH*)(Zv U1)> H*W)

1

= sin® O{FQQ(Z(IH MILCYQU + QU (In MILZ — g1 (Z, (pQU) L, (gradIn X), ILW)

+ %gﬂ(ln MILCQU + CQU(In MIL.Z — g1(Z, CQU)IL(gradn \), IL.EW)}

1

1
)\2 92 NG}

— sin® 0 go(VIIL(YQU, ILW) — sin® 6 " 92(VIILCQU, ILEW)

— g1 (ALPU, W) + cos” g1 (V ,QU, W),

from which we can get part (iii) of Theorem.
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5. PLURIHARMONICITY

In this section, we discussed the concept of J-pluriharmonicity on AHMs which was once
studied and defined by Y. Ohnita [26]. Let II be a PWSSCS from KM (01, g1, J) onto a RM
(02, g2). Then PWSSCS is J-pluriharmonic, ©-J-pluriharmonic, ®-.J-pluriharmonic, (D —

©9)-¢ pluriharmonic, ker IT,-J-pluriharmonic, (ker IT,)*-J-pluriharmonic and ((ker IT,)* —

ker IT, )-¢-pluriharmonic if

(VIL)(X,Y) + (VIL)(JX,JY) = 0,

(5.49)

for any X,Y € I'(®), for any X,Y € T'(DY), for any X € I(D),Y € (DY), for any

X,V e ['(kerIL,), for any X,V e I'(kerIT,)* and for any Xe F(kerH*)J—,ff € I'(kerIL,).

Theorem 5.1. Let II be a PWSSCS from KM (©1,g1,J) onto a RM (O, g2). Suppose that

I is ©0-J-pluriharmonic. Then ©Y defines totally geodesic foliation on ©1 if and only if

Ve ILIY1 + V?Xlﬂ*cfﬁ =TL(HV ¢, (V1 + A ¢, WY1 + T ¢ PPPYYT + OV ¢ CYPPYT)

IL (4, 0°QUY1 + 9V, ¢ (VQUY1)

— cos? HH*(%Xlw(waﬁ + %XleY/l)v
for any )é'l,Yl e T'(DY).

Proof. For any X 1s Vi e I'(®?%) and using the pluriharmonicity of J with equation
get
0 = (VIL)(X1, V1) + (VIL)(J X1, JY7)
. I . .
= —H*V)élYl + VJXIH*JYl —ILV ;% JY1.

Now, from the above equation, we can write

- . X
LV Y1 = Vg LIV —ILV, ¢ JY1.

2.10

, We

The second term in the right hand side of above equation with using equation (3.15)), takes
the form as H*nglwl}l + H*wal Cfﬁ + H*VCX1¢Y1 + H*legfﬁ. Now, equation can

be write as
N R o e
1.V :lYl —VJX1H*JY1 — H*V¢X1¢Y1 H*VWQCYl

—ILV ¢ V1 — ILV ¢ (V1.
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Taking account the fact that II is PWSSCS with using equations (2.5)), (2.6)), (2.10) and
(3.14), we have

H*V)élyl =— H*(%chyl + vawXICYi + Q[CXll/Jyl + chxlwyl)
+ {¢X1(In MITLCYL + ¢Vi(In MIT.C Xy — g1(¢ X1, (V1)L (gradIn \)}
= Ve LTV = Vi TLOY) + TL(JV ¢ J(PYY + QUY7)).
Operating J in the last term in the right hand side of above equation with Lemma [3.2] and
equations ([2.5) and , we may have
ILYV ¢ Y1 ={¢X1 (I A)ILGY: + (Vi (In MILCX = g1(CXq, (V1)L (grad In A)}
+TL( T, ¢ WP PYYL + V'V g O PYYL + T ¢ CUPYYL + SV ¢ CPPYYY)
(T, QUYL + V'V o QUYL + T CYQUYL + OV ¢ (YQuyY1)
= cos” 1L (7,5, YCQUYL + ¥V 5 CQUY1 + T3 QUY1 + ¥V ¢ QUY1)
H*(%Xlgyl + OV, Y1+ Apg, ¥Y1 + “VVgxl@Wl)
I Y 0] Y
— VJXIH*JYl - VCX1H*CY1.

O

Theorem 5.2. Let II be a PWSSCS from KM (©1,¢1,J) onto a RM (O2,g2). Suppose
that 11 is ((ker IT,)* — ker I1,.)-J-pluriharmonic. Then the horizontal distribution (ker IT,)*

defines totally geodesic foliation on ©1 if and only if
LV W = VI TL(JW) + cos* 011 RAgg, QW — cos® OT1.( Ry, CQW
= sin? 0{€Y1 (In MIL (CYQW) + CYQW (In MIL.(€V1) — g1 (CYQW, €V1) L gradIn A}
+ cos? 0J{€V1 (In MIL, (CQW) + CQW (In )T, (€Y1) — g1 (CQW, €¥1)IL,gradIn A}
T ( Ty PUW + Ty QUW + U YPW + HV g1 (V)
— sin? evgﬁn*(w@ﬁ/) + cos? erlgyl IL.(CQW),

for any Y1 € D(kerIL,)* and W e I'(kerIL,).

Proof. For any Y, € T'(kerIL,)t, W e D'(kerIl,) and using equations (2.10), (3.14), (3.15)

with considering the fact that the pluriharminicity of J, we can write

X i . . o .
MLV g, (W = ~TL(Vyg, ¥W + Vg (W + Vg, ¥ W) — ILV g W+ VL TLTT
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Now, by using equations (2.4)), (2.6), (3.14), (3.15) and from the Lemma above equation

can takes the form as
LV gy (W = = Il (T (W + 9V, (W) = ILV g, W+ VI TLIW — LV oy CYQW
+ L (JV gy JUW + TV o5 JOW) — cos® 0T (T V 5 JQW)
+ L (— Ty, PUW — ¥V gy PYW — T QUIT)
+ I (=7 Vi QUW — Ay YPW — ¥V o ¢PW).

By using the horizontal conformality of II, Lemma[3.2] equations (3.15]) and (2.10] with some

simple steps of calculations, we may have
TLV gy (W = — cos™ 011, (. QW) + cos® 0L ((Agy CQW) + sin® 6(VIL,) (€Y7, QW)
— sin? evgﬂn*(w@m + cos? 0.J (VIL) (€Y1, CQW) + cos? 0V 5. IL, (CQW)
TL(Zg9, CW + 9V 5, (W) = ILVy W+ VI TLIW
T ( Ty, PUW + ¥ Vo POW + Ty QUIV + ¥ V. QuIV)
— I (Ugy, YPW — ¥V oy $PW).
Finally, by using the Lemma the above equation takes the form
LV € W
=sin? 0{&Y] (In ML (CYQW) + CpQW (In MIL, (€Y7) — g1 (€Y1, CYpQW)IL, (gradln )}
cos? 0J{€Y1 (In MIL(CQW) + (CQW (In MIL.(€Y1) — g1 (€Y7, CQW)IL(grad In \)}
— TL(Fagg, (W + 9V g9 (W) = TLV o, W 4 VI TLIW — cos” 011 (2yy, QW)
— T ( Ty, POW + ¥ V. POW + Ty QU + ¥V QUIV) + cos® 1L ((Agy, CQW)
— L% Uy, YPW — V'V PW) — sin® OV (5 TL(CDQW) + cos® 0TV . TL(CQW).
From the above equation, we can get the proof of Theorem O
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