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ABSTRACT. In this paper, we investigate some geodesics and F-geodesics problems on tan-
gent bundle and -unit tangent bundle 77’ M equipped with the ¢-Sasaki metric over para-
Kihler-Norden manifold (M?™, ¢, g).
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1. INTRODUCTION

On the tangent bundle of a Riemannian manifold one can define natural Riemannian
metrics. Their construction makes use of the Levi-Civita connection. Among them, the so
called Sasaki metric [15] is of particular interest. That is why the geometry of tangent bundle
equipped with this metric has been studied by many authors. The rigidity of Sasaki metric
has incited some researchers to construct and study other metrics on tangent bundle. Among
them, we mention [20] 22]. The geometry of tangent bundle remains a rich area of research
in differential geometry to this day.

Geodesics on the tangent bundle has been studied by many authors. In particular the
oblique geodesics, non-vertical geodesics and their projections onto the base manifold. Sasaki
[16] and Sato [I7] gave a complete description of the curves and vector fields along them
which generated non-vertical geodesics on the tangent bundle and unit the tangent bundle
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respectively. They proved that the projected curves have constant geodesic curvatures (Frenet
curvatures). Nagy [9] generalized these results to the case of locally symmetric base manifold.
Yampolsky [18] also did the same studies on the tangent bundle and unit the tangent bundle
with the Berger-type deformed Sasaki metric over Kéhlerian manifold, in the cases of locally
symmetric base manifold and of the constant holomorphic curvature base manifold. Also,
we refer to [2), [1T], 13| 21].

The notion of F-planar curves generalizes the magnetic curves and implicitly the geodesics
(see [5], [8]), but the notion of F-geodesic, which is slightly different from that of F-planar
curve [I]. Recently, a number of articles on magnetic curves, F-planar curves and F-geodesics
have been published in the mathematical literature (see [3] 4, [10]).

In previous works, [20, 22], we proposed the p-Sasaki metric on the tangent bundle over
para-Kéhler-Norden manifold (M?™, ¢, g), where we studied the para-Kihler-Norden prop-
erties on the tangent bundle and the geometry of p-Sasaki metric on tangent bundle re-
spectively. In this paper, after the introduction and generalities, in Section [3| we study the
geodesics on @-unit tangent bundle with respect to the p-Sasaki metric, where we establish
necessary and sufficient conditions under which a curve be a geodesic with respect to this
metric (Theorem Corollar and Corollar, then we discuss the Frenet curvatures
of the projected of the non-vertical geodesic (Theorem Theorem Corollar and
Theorem . In section 4| we investigate the F-geodesics and F-planar curves on tangent
bundle with respect to the p-Sasaki metric (Theorem Theorem and Theorem . In
the last section, we study the F-geodesics and F-planar curves on the ¢-unit tangent bundle

with respect to the p-Sasaki metric (Theorem m Theorem and Theorem [5.4)).

2. GENERALITIES ON THE ¢-SASAKI METRIC

Let T'M be the tangent bundle over an m-dimensional Riemannian manifold (M™, g) and

the natural (bundle) projection m : TM — M. A local chart (U,z"),_i— on M induces a

i=1,m
local chart (ﬂfl(U),mi,fi)izlfm on TM. Denote by Ff'j the Christoffel symbols of g and by

V the Levi-Civita connection of g.

The Levi Civita connection V defines a direct sum decomposition
T yTM = Vige) TM & Hy yTM.
of the tangent bundle to TM at any (x,£) € TM into vertical subspace

Ve TM = Ker(dn(.g) = {a'- w0, a' € R},

s
o
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and the horizontal subspace

i 0 icipk O i
H(Ivf)TM = {a %kw,{) —a gjrij@kx,g), a' € R}.

Let Z = Z° B(Zi be a local vector field on M. The vertical and the horizontal lifts of Z are
defined by

-0
Vv 7
Z = Z'—
ogr’
9 9
H ) k
Z = Z - — OITE —).
(axl é. Z]agk;)
We have H(aii) = 32,2' - 5]FZ% and V(a(zz‘) = 5(21'7 then (H(aii)7v(aii))i:m is a local

adapted frame on TTM.

An almost product structure ¢ on a manifold M is a (1,1)-tensor field on M such that
©? =idyr, ¢ # Fidys (idyy is the identity tensor field of type (1,1) on M). The pair (M, )
is called an almost product manifold.

An almost para-complex manifold is an almost product manifold (M, ), such that the
two eigenbundles TM ™ and T M~ associated to the two eigenvalues +1 and —1 of ¢, respec-
tively, have the same rank. Note that the dimension of an almost para-complex manifold is
necessarily even.

An almost para-complex structure ¢ is integrable if the Nijenhuis tensor:
No(X,Y) = [pX, oY ] = o[ X, oY ] — p[pX, Y] + [X, Y]

vanishes identically on M. On the other hand, in order that an almost para-complex struc-
ture be integrable, it is necessary and sufficient that we can introduce a torsion free linear
connection V such that Vi = 0 [14].

An almost para-complex Norden manifold (M?™, ¢, g) is a 2m-dimensional differentiable

manifold M with an almost para-complex structure ¢ and a Riemannian metric g such that:
g(@X,)Y) = g(X,0Y) < g(eX,0Y)=g(X,Y),

for any vector fields X and Y on M, in this case g is called a pure metric with respect to ¢
or para-Norden metric (B-metric)[14].

Also note that

G(X,Y) =g(eX,Y), (2.1)
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is a bilinear, symmetric tensor field of type (0,2) on (M, ) and pure with respect to the
paracomplex structure ¢, which is called the twin (or dual) metric of g, and it plays a role
similar to the Kéahler form in Hermitian Geometry. Some properties of twin Norden metric
are investigated in [0, [14].
A para-Kihler-Norden manifold is an almost para-complex Norden manifold (M?™, ¢, g)
such that ¢ is integrable i.e. Vo = 0, where V is the Levi-Civita connection of ¢ [12] [14].
It is well known that if (M>?™, ¢, g) is a para-Kihler-Norden manifold, the Riemannian

curvature tensor is pure [14].

Definition 2.1. [20] Let (M?™,¢,g) be a para-Kdihler-Norden manifold. On the tangent
bundle TM, we define a p-Sasaki metric noted g¥ by

(1) g?("X, 1Y) ()

92(X,Y),

2) ("X, "YV) ey = 0O,

(3) gcp(VX7 VY)(:E,&) 9z (X7 SOY) = GJC(Xv Y)?

for any vector fields X andY on M and (x,&) € TM, where G is the twin Norden metric of
g defined by (2.1)).

Theorem 2.1. [20] Let (M*™,¢,g) be a para-Kdihler-Norden manifold and TM its tangent
bundle equipped with the @-Sasaki metric g%. If V (resp %) denote the Levi-Civita connection
of (M?™,,q) (resp (T'M, g*®) ), then we have

SV (R(X, 7)),

(1) (Vax)we = VXY )@ —
@) Vg = T3V + 5 (R0t V)X),
() Toxeg = 5 (Ral, X)),

@) Vg = 0,

for all vector fields X and Y on M and (z,§) € TM, where R denote the curvature tensor
of (M?™, 0, 9).

The @-unit tangent sphere bundle over a para-Kihler-Norden manifold (M?™, ¢, g), is the

hypersurface

TEM = {(z,€) € TM, g(€, ) = 1}.
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The unit normal vector field to T M is given by
N ="V

The tangential lift 7X with respect to g¥ of a vector X € T, M to (z,€) € TY M as the

tangential projection of the vertical lift of X to (z,&) with respect to N, that is

X =VX = gf o (X, Niwe)Nwe) = X — g2(X, 09)"€.

(x7
The tangent space T(x,g)TfM of TY M at (z,&) is given by
TooTfM ={"X +7Y /X e T,M,Y € {" C T, M}.

where ¢+ = {Y € T, M, g(Y, p€) = 0}, see [22].

Theorem 2.2. [22] Let (M?™,p,g) be a para-Kihler-Norden manifold and Tf M its p-unit
tangent bundle equipped with the p-Sasaki metric. If@ denote the Levi-Civita connection of

p-Sasaki metric on Ty M, then we have the following formulas.

LOn = H(VxY) - REYE),
29 Y = T(VxY)+ 27 (R(gE V)X)

~ 1
3.Vix™y = SH(R(e€, X)Y),
1.9y = —g(Y,08)"X,

for all vector fields X and Y on M, where V is the Levi-Civita connection and R is its

curvature tensor of (MZm, ©,q).

3. GEODESICS ON @-UNIT TANGENT BUNDLE WITH THE QD—SASAKI METRIC

Let I' = (y(¢),£(t)) be a naturally parameterized curve on the tangent bundle TM (i.e. ¢
is an arc length parameter on I'), where v is a curve on M and £ is a vector field along this

d
curve. Denote v = G, 71 = Voyof, & = V&, & = Voy&f and T = 4. Then
="+ (3.2)

Lemma 3.1. Let (M?™,,g) be a para-Kdihler-Norden manifold, T M its o-unit tangent
bundle equipped with the p-Sasaki metric and T' = (v(t),£(t)) be a curve on TY M. Then we

have

F:ﬁ = H’Yz{ + Té{&a (33)
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Proof. Using , we have

Uy = M+ ="+ 76 + g, 00) e
Since I' = ((t),£(t)) € TY M then g(&, €) = 1, on the other hand

0 = 7g(8 €)= 29(&, %),
ie.
9(&. &) = 0.
Hence, the proof of the lemma is completed.
From , we have
1= yl? + g(&, v&0),

where |.| mean the norm of vectors with respect to the (M?™, ¢, g).
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(3.4)

Theorem 3.1. Let (M?™,p,g) be a para-Kdhler-Norden manifold, TY M its -unit tangent

bundle equipped with the p-Sasaki metric and T = (y(t),£(t)) be a curve on TY M. Then T

is a geodesic on TY M if and only if

v = R(&, 98

7 =0
Moreover,

vl =1

1&)| = Kk =const

i.e. t is an arc length parameter on ~y.
Proof. Using formula (3.3))and Theorem we compute the derivative @FQFQ.
@ T = @ H /+T/
it (H’Yé + T&)( Ve + &)
T H_ /1 | < Ter | o Ho | o Ter
= VH%{/ Y + VH% &+ VT& Y+ VT& &
= M+ T(R(eg, &)v) + 77

If we put @FQFQ equal to zero, we find (3.6)).
From (3.4) we have, 0 = v;9(&, p€) = g(&', ¥§) + g(&;, ¥&}) then,

9(&, 0&) = —g(&f, 8),

(3.6)

(3.7)
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using the second equation of the formula (3.6)), we get g(&;, ¢&,) = 0, then, by (3.5]), we find,

Iy = 1.

On the other hand, as well

W€ = i9(81.€) = 20(&1 &) =0,
then [£]| = k = const, O

A curve T' = (y(t),£&(t)) on TM is said to be a horizontal lift of the curve v on M if and
only if §, = 0 [19]. In general, the horizontal lift I' = (y(t),&(¢)) of the curve v on M does not
belong to T} M, we have & = 0, then 0 = 2g(&], 0€) = 719(&, p€), hence g(&, &) = const # 1

(in general). Then, we have the following corollary.

Corollary 3.1. Let (M*™, ¢, g) be a para-Kdihler-Norden manifold and T{ M its p-unit
tangent bundle equipped with the @-Sasaki metric. If T' = (y(t),£(t)) is a horizontal lift of
and T' € TY M, then T is a geodesic on T{ M if and only if v is a geodesic on M.

The curve I' = (y(¢),v;(t)) is called a natural lift of the curve v on TM [19]. Likewise

as for the natural lift, in the general case it does not belong to T7 M. If v is a geodesic on

M. we have 7' = 0, then 0 = 29(7/, ¥v;) = 19(, ¢1), hence g(v;, py;) = const # 1 (in

general). Then, we get the following corollary.

Corollary 3.2. Let (M>™,¢,q) be a para-Kdihler-Norden manifold and TYM its p-unit
tangent bundle equipped with the p-Sasaki metric. If T = (y(t),v(t)) is a natural lift of
and T' € TY M, then T is a geodesic on T{ M if and only if v is a geodesic on M.

Remark 3.1. As a reminder, note that locally we have:

2m 2m i ;
R dry" dry? 0
"n_ z 2T by 2
=2 a2 2 aa Zj)axl’ (38)
=1 4,j=1
and
2m 2m ;
de! dvi .9
I 2 : § : il
=1 ij=1

Example 3.1. Let (R?, ¢, g) be a para-Kdihler-Norden manifold such that

1 0
g =e*da® + eMdy?, o=
0 -1
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The non-null Christoffel symbols of the Riemannian connection are:
Iy, =I%=1

1) Let v be a curve on R?, such that v(t) = (x(t),y(t)), from [B.8), v is a geodesic if and

only if v/ = 0 or equivalently -y satisfies the system of differential equations,

(d? d
' @ G =0
& KA ALR VRN
d? " e dt di Y P
e Yy By
\dit? + (dt) 0
x(t) = In(ert + ¢2)
=
y(t) = In(cst + c4)

where ¢y, co, cgand cq are real constants, hence

C1 2 + C3 ﬁ
cit+co 0 cst+cy Oy

y(t) = (In(crt + c2), In(est + ca)), n(t) =

On the other hand we have

9 e) =1e a=+/1+d,

become Ty = (y(t),v,(t)) € TYR?. Hence from C’orollary the curve T'y is a geodesic on

T/ R2.
2) If Ty = (v(t),&(t)) is horizontal lift of v, such that £(t) = (u(t),v(t)), from (3.9), we have,
du  dx Cs5
dél = dxji I 7+7UZO u(t)201t+62
dt+‘z—:1dtgrij_0@ £+—yv:0 - v(t) = N
v dt = dt cst + ¢

where c5 and cg are real constants, hence

Cy 8 + Cg 8
cit+co0x  c3t+cey 8y’

§(t) =

but when

9, 98) =1 5 = /1 4+,

become Ty = (y(t),£(t)) € TfR%. Hence from C’omllary the curve I's is a geodesic on
T/ R2.

Let I’ be a curve on 7Y M, the cure 7o I' is called the projection (projected curve) of the

curve I on M, where 7 : T M — M is a bundle projection.
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Theorem 3.2. Let (M?™,,g) be a locally symmetric para-Kdhler-Norden manifold, T{ M
its @-unit tangent bundle equipped with the p-Sasaki metric and T' = (y(t),&(t)) be a geodesic

on T M, then all Frenet curvatures of the projected curve w oI are constants.

Proof. Using the first equation of (3.7), we have |vy;| = 1 = const.
On the other hand we have

' = (Vo R)(&, 0€)v + R(E!, 0€)v; + R(&, o&)v + R(EL €)Y,

= R(&, ).
Since
Y9 ) =29(" ) = 29(R(&LL )V, ) = 0,

hence, |y/| = const.

Continuing the process, by recurrence we obtain the following

v = R, 060, p>1 (3.10)
and
19 ") = 290170 4P) = 29(R(E, 0" 1) = 0.
Thus, we get
"] = const, p>1. (3.11)
Let v1 = v, be the first vector in the Frenet frame v1, ..., vo,,—1 along v and let &y, ..., kom—1

the Frenet curvatures of . Then from the Frenet formulas

(1)t = ki
(v3); = —kiwi1+ kv, 2<i<2m-—2
(Vam—1); = —kom—2V2m—2
we obtain
v = () = kive. (3.12)

Now (3.11]) implies k1 = const. Next, in a similar way, we have
’)/g/, = ki (VQ); = —k%l/l + k1kovs. (313)

and again (3.11]) implies ko = const.

By continuing the process, we finish the proof. O
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Proposition 3.1. Let (M?™ p,g) be a para-Kdihler-Norden manifold and T M its p-unit
tangent bundle equipped with the @-Sasaki metric. If T' = (y(t),£(t)) is a curve on TY M,
then we have

(1) @ = (y(¢), p&(t)) is a curve on Ty M.

(2) @ is a geodesic on Ty M if and only if T is a geodesic on Ty M.

Proof. (1) We put u(t) = p&(t), since T' = ((t),£(t)) € TY M, then g(&, ) = 1.
On the other hand, g(u, pp) = (€, p(¥§)) = g(¢€,§) =1 ie.
8(1) = (+(8), (1)) € TFM.
(2) In a similar way proof of (3.6), and using u; = ¢, and pf = g/, we have
Vo, @, = 4/ + Rlop, p)vh) + i
= (0 + R(E& w€)) + (080,

Since the Riemannian curvature tensor is pure, we get

Var® = (v + R, &)v) + T(v€)),

hence,
R i — _R 7/ /
Vq>;<1>2:0 o Vt (905 gt)'Yt
& = 0
v = R(& 9
=
Po= 0

From Theorem and Proposition [3.1] we have the following theorem

Theorem 3.3. Let (M?™, ¢, q) be a locally symmetric para-Kdihler-Norden manifold, M
its p-unit tangent bundle equipped with the p-Sasaki metric and T' = (v(t),&(t)) be a geodesic

on TY M then, all Frenet curvatures of the projected curve ™o ® are constants, where ® =

(v(2), ¥5(1))-

Now we study the geodesics on p-unit tangent bundle with the p-Sasaki metric over para-
Kéahler-Norden manifold of constant sectional curvature. From Theorem (3.1 we have the

following
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Corollary 3.3. Let (M?™, ¢, g) be a para-Kdhler-Norden manifold of constant curvature
c# 0, TY M its p-unit tangent bundle equipped with the p-Sasaki metric and T = (y(t),&(t))

be a curve on TY M. Then T is a geodesic on T M if and only if

o= cg(pé ) — ca(&r, ) e
i =0

(3.14)

Theorem 3.4. Let (R?™, p, <,>) be a para-Kdihler-Norden real euclidean space Tf]R2m its
p-unit tangent bundle equipped with the @-Sasaki metric. Any geodesics T' = (y(t),&(t)) on
TYR?™ is the following form

Yi(t) = a't+b

gty = dt+d
where y(t) = (YL(t),...,v*™(t)),E(t) = (EX(t), ..., 2™ Y(t)) and oa',b',c',d" are real con-

(3.15)

stants.

4. F-GEODESICS ON TANGENT BUNDLE WITH THE QO—SASAKI METRIC

Let (M™,g) be an Riemannian manifold and F' be a (1,1)-tensor field on (M™, g). A
curve v on M is called F-planar if its speed remains, under parallel translation along the
curve 7, in the distribution generated by the vector 7, and Fy; along «. This is equivalent

to the fact that the tangent vector ~; satisfies

Vi = o1(t)y; + 02 F, (4.16)

where g1 and gy are some functions of the parameter ¢, see [5, [7, [§].

We say that a curve v on M is an F-geodesic if v satisfies:
W = P, (4.17)

One can see that an F-geodesic is an F-planar curve, but in general an F-planar curve is
not always an F-geodesic, the F-geodesic generalize the geodesics, see [I], [3].
Let V be the Levi-Civita connection of p-Sasaki metric on tangent bundle 7'M, given in

the Theorem 211

Theorem 4.1. Let (M*™,¢,g) be a para-Kihler-Norden manifold, TM its tangent bun-
dle equipped with the p-Sasaki metric and F be a (1,1)-tensor field on M. A curve I' =
(v(t),&(t)) on TM is an "F-planar with respect to V if and only if the

v = 017 + 02F ) + R(&, 06)v;
V=08 + 02FE,
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Proof. Using Theorem and (3.2)), we find

- /IO H. | Ve
vy = V(H% 4 Vg)( Y+ &)
= %H /H% + 6H /Véé + %v%H’yé + %v&VEQ
Yt Yt
= 0/ + R(e€, €)v) + €/ (4.18)

On the other hand,
Vp I = ol + o"FT}
= (" + V&) + e"F (T + 7€)
= o™+ e"F™ + 01V¢ + 0"'FYE

= Moy + 02F ) + V(1€ + 02F8)). (4.19)

From (4.18)) and (4.19), the result immediately follows. O

Corollary 4.1. Let (M?™, p, g) be a para-Kdhler-Norden manifold and TM its tangent bun-
dle equipped with the @-Sasaki metric. A curve I' = (y(t),&(t)) on TM is an Pp-planar with
respect to \Y if and only if the

v = 017 + 0297i + R(&L, 0€)i
7= 01§, + 0208

In the particular case when g; = 0 and g2 = 1 in the Theorem [4.1] we obtain the following

result.

Theorem 4.2. Let (M?*™,¢,q) be a para-Kihler-Norden manifold, TM its tangent bun-
dle equipped with the p-Sasaki metric and F be a (1,1)-tensor field on M. A curve I' =
(v(t),£(t)) on TM is an PF-geodesic with respect to ¥V if and only if the

Vi = Fryp + R(&, 98

v = Fg

Corollary 4.2. Let (M?™, ¢, g) be a para-Kdhler-Norden manifold and TM its tangent bun-
dle equipped with the @-Sasaki metric. A curve T = (y(t),£&(t)) on TM is an Hp-geodesic
with respect to v if and only if the

Vi = ey + R(& 9€)
=t
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Theorem 4.3. Let (M?™, ¢, g) be a para-Kdihler-Norden manifold, TM its tangent bundle
equipped with the p-Sasaki metric and F be a (1,1)-tensor field on M. IfT' = (y(t),&(t)) is
a horizontal lift of a curve v, then I' is an "F-planar curve (resp. "F-geodesic) if and only

if v is an F-planar curve (resp. F-geodesic).
Proof. Let v be an F-planar with respect to V on M, i.e. v satisfies

W% =017+ 2P,

where g1 and g2 are some functions of the parameter ¢. Since I' = (y(t),£(t)) is a horizontal

lift of a curve y then ¢, = 0 and from (3.2)), we have T, = fly]. Using (4.18)), we get,

61“;112 = H%g,
o1, + 02F})
= o™+ e"F™,

= ol + 0"FT.

i.e. T be an HF-planar with respect to V. In the case of o1 =0 and g2 = 1, we get that I" is

an #F-geodesic if and only ~ is an F-geodesic. O

Corollary 4.3. Let (M?™,p,g) be a para-Kihler-Norden manifold, TM its tangent bundle
equipped with the p-Sasaki metric. If T' = (y(t),&(t)) is a horizontal lift of a curve v, then
I' is an Hp-planar curve (resp., fp-geodesic) if and only if v is an @-planar curve (resp.,

p-geodesic).
Example 4.1. Let (R?, ¢, g) be a para-Kdihler-Norden manifold such that

1 0
0 -1

g=da® +dy’, o=

Let I' = (y(t),&(t)) such that y(t) = (z(t), y(t)) and £(t) = (u(t),v(t))
1) From the Corollary I' is an Hp-geodesic if and only if the

(= z(t) = are’ + ag
wW=en ) vi=—y ) v = aze”" +ay
Y = & u = u(t) = bie’ + by

v == v(t) = bze™! + by
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where a; and b;, i = 1,4 are real constants.

2) From the C’omllary I is an Ho-planar if and only if the

z" = (01 + 02)2
W=eamteen ) v =(a-e)y
& = o1& + 029§ u" = (01 + 02)u’
V" = (01 — 02)v'
([ 2(t) = £ [(el(@r+e)dtygy
y(t) = = [(eJ@—eit) gy
- u(t) = + [(ef(erte2)dt) gy
v(t) = + [(efler—e2)dtygy
For example: 01(t) = and 02(t) = L, we find
t+1 t—1
x(t) = c1t3 — 3eit + o
y(t) =cgln(t — 1)% + cst + ¢4
u(t) = dit3 — 3dit + da
v(t) = dsIn(t — 1)% + dst + d4

where ¢; and d;, i = 1,4 are real constants.

Example 4.2. Let (R?, ¢, g) be a para-Kihler-Norden manifold such that

1 0

a 0
g = eXdx® + e¥dy?, o= and F = , a,beR".

0 -1 0 b

The non-null Christoffel symbols of the Riemannian connection are:
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Let T' = (v(t),&(t)) be a horizontal lift of a curve vy, such that y(t) = (z(t),y(t)) and £(t) =

(u(t),v(t)) then & =0, from we have,

d{h 2 v 4 2'u =0 u(t) = A
+ E =0 & ef\(t)

/ I,y — 2
ij=1 v +yv=0 v(t)——ey(t)

where A1, Ay are real constants.

v is an F-geodesic if and only if v, = F~y,, from (3.8) we have

2"+ (2")? = ax’ x(t) = In(Ee™ + )
4

'+ ()7 = by y(t) = (e’ + pua)
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where i1, W2, W3, g are real constants.
A1 A2
» 1 at » W3 bt
e e et 4 g

The horizontal lift T = (In(2e®™ + po), In(42e + puy) ) is an HF-

a
geodesic on TR?.
v is an F-planar if and only if v, = 017, + 02Fy,, where o1 and g2 are some functions of

the parameter t, from (3.8) we have

—

n(i f(ef(91+092)dt)dt)
n(+ [(ef(ertbe2)dty gy

2"+ (2')? = (e1 + ag)a’ a(t)
&

v+ (v)? = (02 + bo2)y/ y(t) =

—_

—1 1
For example: If 01(t) = - and 02(t) = ) we find

A1
2
v(t) =
L (> b 4 oy

where o, i = 1,4 are real constants, then T = (z(t),y(t),u(t),v(t)) is an Tp-planar on TR2.

5. F-GEODESICS ON @-UNIT TANGENT BUNDLE WITH THE (p-SASAKI METRIC

Let V be the Levi-Civita connection of ¢-Sasaki metric on -unit tangent bundle T7 M,

given in the Theorem

Theorem 5.1. Let (M?™,p,g) be a para-Kdihler-Norden manifold and T M its p-unit tan-
gent bundle equipped with the @-Sasaki metric and F be a (1,1)-tensor field on M. A curve
[ = (y(t),&(t)) on TY M is an HF-planar with respect to v if and only if the

v = 017 + 02Fv; + R(&, 0€)v;
7= 0§, + 02F&,

Proof. From the proof of Theorem |3.1] we find

- ! Hyn N T

VF,@Ft = (% + R($E )0 + & (5.20)
On the other hand,

Vil = ol}+ o"Fr}

= o™ +78) + 02"F (P + 7€)).
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From (3.4)), we have 7¢, = V¢!, then

Vil = o™+ 0" "Fhy) + 01Y€ + 02"'F Y]
= Moy + 02F ) + V(1€ + 02FE))

o1y + 02Fp) + (01€) + 02FE)) (5.21)

From ((5.20)) and (5.21)), the result immediately follows. 0

Corollary 5.1. Let (M?>™,¢,g) be a para-Kdihler-Norden manifold and TYM its @-unit
tangent bundle equipped with the @-Sasaki metric. A curve I = (y(t),£(t)) on TY M is an
Hep_planar with respect to v if and only if the

v = o1 + o207; + R(&, 06
! = o1& + 0206}

In the particular case when p; = 0 and g2 = 1 in the Theorem [5.1], we obtain the following

result.

Theorem 5.2. Let (M?™, ¢, g) be a para-Kdhler-Norden manifold and T M its @-unit tan-
gent bundle equipped with the p-Sasaki metric and F be a (1,1)-tensor field on M. A curve
I' = (y(t),&(t)) on TM is an "F-geodesic with respect to v if and only if the

v = Fry+ R(&, o)y
i =F&

Corollary 5.2. Let (M?™,¢,q) be a para-Kihler-Norden manifold and TYM its @-unit
tangent bundle equipped with the ¢-Sasaki metric. A curve T = (y(t),£(t)) on TY M is an
Hp_geodesic with respect to v if and only if the

v = v+ R(& 9€)
! =t

Theorem 5.3. Let (M?™,p,g) be a para-Kdihler-Norden manifold and T M its p-unit tan-
gent bundle equipped with the p-Sasaki metric. A curve T = (y(t),&(t)) on TY M is an
H(R(&], p€))-geodesic with respect to v if and only if the

v = 2R(&, 0&);
= R(&, pE)E;
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Corollary 5.3. Let (M*™,¢,g) be a para-Kihler-Norden manifold of constant sectional
curvature ¢ # 0 and TY M its @-unit tangent bundle equipped with the @-Sasaki metric. A
curve T' = (y(t),£(t)) on TY M is an H(R(&], o€))-geodesic with respect to V if and only if

the

v = 2c(9(0€ )6 — 9(8t: 70 #8)

i =—cg(& &)k
Theorem 5.4. Let (M?™, p,g) be a para-Kihler-Norden manifold and TY M its @-unit
tangent bundle equipped with the @-Sasaki metric and F' be a (1,1)-tensor field on M. If
[ = (y(t),&(t)) is a horizontal lift of v and T € TY M, then T is an "F-planar curve (resp.,

HE_geodesic) if and only if v is an F-planar curve (resp., F-geodesic).

Proof. Let v be an F-planar with respect to V on M, i.e. y satisfies

7

v = o1+ 02F g,

where g1 and pg are some functions of the parameter ¢t. Since I' = ((¢),£(t)) is a horizontal

lift of a curve 7 then & = 0 and from ([5.20)), we have,

< / H_n
Vil = "

Ho17] + 02 F})

= o™, + 02"'F,
= ol + 0"FT.

i.e. T be an F-planar with respect to V. In the case of 01 =0 and g2 = 1, we get that I" is

an “F-geodesic if and only 7 is an F-geodesic. O
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