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ON SHEFFER STROKE BH-ALGEBRAS
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AND AKIN TARMAN

ABSTRACT. In this study, a Sheffer stroke BH-algebra is introduced and its features are
examined. After showing that the axioms of a Sheffer stroke BH-algebra are independent,
the connection between a Sheffer stroke BH-algebra and a BH-algebra is stated. After de-
scribing a subalgebra and a normal subset of a Sheffer stroke BH-algebra, the relationship
between these structures is shown. A filter of a Sheffer stroke BH-algebra is defined and
the quotient of a Sheffer stroke BH-algebra is constructed. Then a homomorphism between
Sheffer stroke BH-algebras is introduced and its properties are studied.
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1. INTRODUCTION

The notion of BCK-algebras was first formulated in 1966 [9] by Y. Imai and K. Iséki as a
generalization of the notation of set-theoretic difference and propositional calculus, where this
notion was originated from two different ways: one of the motivation was set theory, another
motivation was classical and theory, the other from classical and non-classical propositional
calculus. In the same year, K. Iséki introduced the notion of a BCI-algebra [10]. It is known

that the BCl-algebra is a generalization of a BCK-algebra. Q. P. Hu and X. Li introduced a
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large class of abstract algebras: BCH-algebras [7, [§]. The class of BCI-algebras is a proper
subclass of the class of BCH-algebras. In 1998, Y. B. Jun, E. H. Roh and H.S. Kim introduced
a new concept, called a BH-algebra, which is generalization of BCH/BCI/BCK-algebras [11].
They argued further properties of BH-algebras. In 2011, H. H. Abbass and H. M. Saeed
introduced the notions of (a closed ideal and closed BCH-algebra) with respect to an element
of a BCH-algebra[3]. In 2012, H. H. Abbass and H. A. Dahham introduced the notion
of completely closed ideal of a BH-algebra [2]. In 2014, H. H. Abbass and S. A. Neamah
introduced the notion of a fuzzy implicative ideal with respect to an element of a BH-algebra
[4].

The Sheffer stroke operation was originally introduced by H. M. Sheffer [20]. Since any
Boolean function or operation can be stated by only this operation [12], it attracts the at-
tention of many researchers. It also leads to reduction of axiom systems of many structures.
Also, some applications of this operation have appeared in algebraic structures such as Shef-
fer stroke BG-algebras [13], Sheffer stroke BCK-algebras [14], the Sheffer stroke operation
reducts of basic algebra [I5], a construction of very true operator on Sheffer stroke MLT-
algebras [17], congruences of Sheffer Stroke Basic Algebras [16], a view on state operators in
Sheffer stroke basic algebras [I8] and Bosbach state operators on Sheffer stroke MTL-algebras
[19].

After giving main definitions and concepts of a Sheffer stroke and a BH-algebra, a Sheffer
stroke BH-algebra is defined. It is proved that the axiom system of a Sheffer stroke BH-
algebra is independent. By presenting fundamental notions about this algebraic structure,
the connection between a Sheffer stroke BH-algebras is a BH-algebra is given. It is shown
that Cartesian product of two Sheffer stroke BH-algebras is a Sheffer stroke BH-algebra.
After defining a subalgebra and a normal subset, the relationship between a subalgebra and
a normal subset on a Sheffer stroke BH-algebra is shown. A filter in a Sheffer stroke BH-
algebra is defined. It is proved that the family of all filters of a Sheffer stroke BH-algebra
forms a complete lattice. Then a homomorphism on a Sheffer stroke BH-algebra is defined
and it is shown that the notion of a filter on a Sheffer stroke BH-algebra is preserved under
the homomorphism. It is presented that a quotient of a Sheffer stroke BH-algebra is a Sheffer
stroke BH-algebra. furthermore, a kernel of a homomorphism is constructed and proved that

the kernel is a filter under a condition.
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2. PRELIMINARIES

In this part, we give the basic definitions and notions about a Sheffer stroke and a BH-

algebra.

Definition 2.1. [5] Let A = (A,|) be a groupoid. The operation | is said to be a Sheffer
stroke if it satisfies the following conditions:

(S1) ailaz = ag|as,

(52) (a1]a1)|(a1laz) = a,

(53) al(
(54) (aa

(dz|as)|(azlas)) = ((ailaz)|(ailaz))las,

((a1]@r)[(azlaz)))|(ax|((alas)|(az|az))) = a.

Definition 2.2. [I1] A BH-algebra is an algebra (A, x,0) of type (2, 0) satisfying the following
conditions:

(BH.1) &y * 41 =0,

(BH.2) a1 xas =0 and ag * a1 = 0 imply a1 = ae,

(BH.3) 41 %0 = iy

for all ay,a2 € A.
A BH-algebra is called bounded if it has the greatest element.

Definition 2.3. [I1] A nonempty subset S of a BH-algebra A is called a BH-subalgebra if

a1 *xag €8, for all a;,as € 5.

Definition 2.4. [I] Let A be a BH-algebra. A nonempty subset N of A is said to be normal

if (a1 * x) * (a2 xy) € N, for any ay x ag, xr*y € N.

Definition 2.5. [I] A filter of a BH-algebra A is a non-empty subset F of A satisfying the
following conditions:
(F1) If a1 € F and ay € F, then ag * (a2 * a1) € F and a1 * (a1 * az) € F,

(Fg) If&l € F and a1 xag =0 then ay € F.

Definition 2.6. [6] A BH-algebra A is called an associative BH-algebra if (a1 * ag2) * a3 =

ay * (ag * ag), for all ay,as,as € A.

Definition 2.7. [3] Let A be a BH-algebra. Then the set Ay = {a1 € A|0*xa; = 0} is called
the BCA-part of A.
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3. SHEFFER STROKE BH-ALGEBRAS

In this section, we provide fundamental definitions and concepts regarding a Sheffer stroke

and a BH-algebra.

Definition 3.1. A Sheffer stroke BH-algebra is a structure (A, |,0) of type (2,0), where 0 is
the constant on A and the following azioms hold for all a1,as € A:

(sBH.1) (a1[(a1|a1))[(@[(@ilar)) =0,

(sBH.2) (a1|(azlaz))|(a1|(az|az)) = 0 and (az|(a1]@1))|(az|(a1]d1)) = 0 imply a1 = as.

Let A be a Sheffer stroke BH-algebra unless otherwise stated.
Lemma 3.1. The azioms (sBH.1) and (sBH.2) are independent:

Proof. Consider the groupoid ({0, 1},]p).
(1) Independence of (sBH.1):

TABLE 1. Operation table for independence of (sBH.1)

lp |0 1
01 1
110 0

Then |, satisfies (sBH.2) but not (sBH.1) since (1],(1],1))[p(1]p(1|p1)) = (0],0) =1 # 0.

(2) Independence of (sBH.2):

TABLE 2. Operation table for independence of (sBH.2)

g0 1
010 1
171 0

Then |, satisfies (sBH.1) but not (sBH.2) since (0[4(1]41))|4(0[4(1]41)) = 0|0 = 0 and
(11¢(0[40))[q(1l4(0l40)) = 1[¢g1 = 0 but 1 # 0.
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Example 3.1. Consider a set A = {0,z,y,1}, and define a Sheffer stroke | by Table 3 and

its Hasse diagram is given in Figure 1.

TABLE 3
|10 =z y 1
01 1 1 1
z|1l y 1 y
y|l T T
1 y = 0
1

FIGURE 1. Hasse diagram

Then (A, |) is a Sheffer stroke BH-algebra.

Lemma 3.2. Let A be a Sheffer stroke BH-algebra. Then the following features hold for all

a1, 09,03 € A:

(1) (a1](@ilar))l(alar) = a,

(2) (0l0)|(a1lar) = ax,

(3) (a1/(0[0))[(@1[(0]0)) = a1,

(4) a0 = 00,

(5) a1|((azl(aslas))|(az|(aslas))) = az|((a1l(aslas))l(a|(aslas))),

(6) (ax|((az|(aslas))l(azl(as|as))))|((az|(a1l(aslas))|(a|(as|as)))|(az|(a1|(as|as))|(a:|(ds|
az)))) = 0[0,

(7) ai|(((a1|(azlaz))|(azlaz))|((a1l(azlaz))|(azlaz))) = 00,

(8) ((a1l(az|az))|(a1l(azlaz)))l(asld1) = 0[0,

(9) ((@1](a1|(azlaz)))l(@l(as|(azlaz))))|(azlaz) = 0|0

Proof. (1) Substituting [a2 := (ai|a1)] in (S2), we obtain
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Then we have (ai|(a1]ai))|(ai]a1) = a; from (S1).

(2) By (sBH.1), (S2) and (1), we obtain

(0j0)[(@r]ar) = (((@il(ailar))l(as|(arlar)))l((a|(alar))l(ail(ailas))))l(ala)
= (a1|(a1lai))|(@rlar)

v

= aj.

(3) By (S1), (S2) and (2), we have

(a11(0[0))[(a1|(0]0)) = (((@](d1)[(d1]d1))](0]0))]((@1](d1)](d1]ad1))](0]0)))
= ((0[0)[((@1]a)|(a1la1)))I((0]0)|((a1la1)l(a1]a)))
= (ala1)l(aslar)

= aj.

(4) By (S1), (S2) and (2), it is implied that

|0 = a:[((0[0)[(0]0))
= ((0]0)[(@1a1))[((0]0)|(0]0))
= ((00)[(0]0))[((0[0)[(ax]a1))

= (0]0).

(5) By (S1) and (S3), we have

ai|((az|(aslas))|(azl(aslas))) = (((ailaz)l(ailaz))|(aslas))
= (((azlai)|(azla1))l(aslas))

= az|((a1|(aslas))|(a1|(aslas)))-

(6) It is obtained from (sBH.1) and (5).
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(7) In (S3), by substituting [ag := d1|(az]as)] and [as := az]as] and applying (S1), (S3)
and (sBH.1), we obtain
ar|((a1](azlaz))l(az]az))|((d1](az]a2))|(a2]d2)) = da1|(((d2]dz)ar|(az|as))l
((azlaz)|(a1(az|az))))
= ((a1|(az]az))|(ar|(dz|az)))|
(a1](azlaz))
= (a1](azlaz))|((a:[(az|as))|
(a1|(azlaz)))
= 0|0.

(8) By (S1), (S3), (sBH.1) and (4), we have

((a1l(azlaz))|(ail(azlaz)))|(arlar) = (alar)|((a1|(azlaz))l(as|(azlaz)))
= (((a1|a)|as)|((a1|a1)|as))|(az|az)

= ((a1|(a1lar))|(a1|(a1la)))|(azlaz)

= 0|(az|az)
= olo.
(9) By (S1), (S3) and (sBH.1), we get
((a1](a1](azlaz)))l(arl(ar(azlaz))))l(azlaz) = (azlaz)|((a1l(a|(azlaz)))|
(a1](a1|(azlaz))))

= (((a2]az)|ar)|((az|az)|ar))|
(a1](az2]az))

= (a1|(azlaz))|((@1](az]az))l
(a1](az]az)))

= 0)o.

Theorem 3.1. Let (A,[,0) be a Sheffer stroke BH-algebra. If we define

ay * ag = (a|(azlaz))|(asl(azlaz)),
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then (A, x,0) is a BH-algebra.

Proof. By using (sBH.1), (sBH.2), Lemma[3.2] (3), we have

(BH.1) : a1 x a1 = (a1|(a1las))|(asl(alas)) = 0.

(BH.2): ay*ag = (a1](az2|(az))[(a1](az|(d2)) = 0 and ag + a1 = (az|(a1((a1))|(az|(a1/(a1)) = 0
imply a; = ao.

(BH.3): a1 *0 = (a1/(0]0))|(a1|(0]0)) = a;.

Then (A, ,0) is a BH-algebra. O

Example 3.2. Consider the Sheffer stroke BH-algebra (A,|,0) in Example and define

the binary operation x by Table 4.

TABLE 4
*x |0 x y 1
0j0 0 0 O
zlxz 0 a2 0
yly y 00
111 v = 0

Then (A, *,0) is a BH-algebra.

Theorem 3.2. Let (A,%,0,1) be a bounded BH-algebra. If we define a1|as = (a1 * a3)° and
@Y = 1xay, where ay x (1% a1) = a1 and 1% (1% @) = a1, then (A,],0) is a Sheffer stroke

BH-algebra.
Proof. (sBH.1): By using (BH.1), we have

(@] (@r|an))|(an|(aslan)) = (a1 a1)°|(ar * ar)°

(sBH.2): By using (BH.2), we obtain
(a1/(azlaz))|(a|(az|asz)) = ar * as =0

and (d2|(dﬂdﬂ)’(dg’(dl’dl)) = dg * dl =0 imply &1 = Cng.
,0

Then (A, |,0) is a Sheffer stroke BH-algebra. O
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Example 3.3. Consider a set A = {0,x,y,z,t,u,v,1}, and define the binary operation by
Table 5 and the Sheffer stroke ”|” by Table 6. Then (A,*,0,1) is a a bounded BH-algebra
and (A, |,1) is a Sheffer stroke BH-algebra.

TABLE 5

*
)
8

<
N
-~
IS
<
—

8
S
[an} o s}
a)
8

o O o o o o o o

Theorem 3.3. Let (A,|4,04) and (B,|p,0B) be Sheffer stroke BH-algebras. Then, (A x
B, |axB,04axB) is a Sheffer stroke BH-algebra where the set A x B is the Cartesian product
of A and B, the operation |axp is defined by (a1,b1)|axp(az2,b2) = (a1]|adse,b1|pb2) and

Oaxp = (04,0p).

Definition 3.2. A Sheffer stroke BH-algebra A is called an associative Sheffer stroke BH-

algebra if (] (dis]az))| (a1 |(ao]d2)))|(as]ds) = (@1|(a2l(aslas))) holds for all dy,ds, ds € A.
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Theorem 3.4. Let A be an associative Sheffer stroke BH-algebra. Then the following prop-
erties are hold:

1) (0[(@1]ax))[(0f(ax|a1)) = ax,

ar|(a1](az]az)))l(a1](ar|(az2|d2))) = dz,

ay|(dzlaz))|(a1|(azlaz)) = (az|(d1la1))|(az|(a1la1)),
(

)=
az|(aila1))|(asl(ailar)))|(as|(az|az)) = ai|(azlaz),
)=

1[(@zlaz))))|(azlaz) = 0]0,
(aslas) = ((a1l(aslas))|(ail(aslas)))|(azlaz),

(

(2) (

3) (

(4) (

(5) (dll(d2lé2))!(a1!(a2|a2) = 0 implies a1 = Gz,
(6) (

(7) (

(8) ( |(G2](aslas)) = ((a1](azlaz))|(a1|(az|az)))|(as|(aslas)).

(Ol(@rar))[(Ol(arlar)) = (((@1[(ar|ar))|(ar|(@lar)))l(@lan))|(((a](afar))
(@1](a1]an)))l(aar))
= (@rl(ar|(ar|ar)))|(@|(@|(afar)))
= (@1](0]0))[(a1](0]0))

v

= aj.
(2) By (sBH.1) and (1), we obtain

(ar|(a1](azlaz)))l(arl(ar|(azlaz))) = ((ail(alar))l(asl(aila)))(azlaz)|
((@1](ailar))|(al(alar)))(azlaz)
= (0(az|az2))[(0[(az|az))

= das.

(3) By (82), (sBH.1) and (2),
((az|(ar|ar))|(az|(arlar)))l((@rl(azlaz))|(a|(azlaz))l(a1l(azlaz))l (@] (az|az)))
((@2](a1]a1))[(azl(a1]a1)))|((a1](az|az))|(a1|(dzlaz))| (@] (azla2))l(a1](a2]az2)))

= ((a2[(a1]ar))l(az|(@r|ar)))l(a:l(azlaz)))((azl(@|ar))|(az|(ala)))l (@] (azlaz)))
( ( a1

ag|(@1|(a1](az]a2))))|(az|(a1](a1](az]az2))))

(az|(azlaz))|(az|(az|az))

0.
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Similarly, we get

((a1|(azlaz))l(a1(azlaz)))l(az|(alar)))|((ail(azlaz))|(al(azlaz)))|(az|(ailai))) = 0.
Therefore, we obtain fI"OIIl (SBH.Q) that (dl](dg|dg))|(d1|(&2\é2)) = (CVL2|(CVL1|511))|((V12|((V11|(UZ1))
(4) By (sBH.1), (1) and (3),

((as|(alar))l(as|(a1a1)))l(asl(azlaz)) = ((a1|(aslas))|(ail(aslas)))|(as|(az|az))

= anl(asl(asl(azlaz)))
= a1|(((as|(as|as))|(as|(as|as)))|(azlaz))
= a1/(0[(Gzlaz))
= a1|(az|az).
( ) Let (a1|(a2|a2))|(dl|(d2|dg)) = 0. Then (dg|(dl‘él)”(dﬂ(dﬂdl)) =0 from (3) Thus
a; = ag from (sBH.2).
(6) ((a1](a1|(azlaz)))l(ail(ar|(azlaz))))|(azlaz) = (az|(Gzlaz)) = 0/0 from (2) and (sBH.1).
(7) By (3), we have
((a1l(azlaz))l(a1|(azlaz)))(aslas) = (ai|(az|(aslas)))
= (a1|(as|(az|az)))
= ((a1l(aslas))|(a1|(aslas)))|(az|az).

(8) By (3) and (7), we have

((a1[(aslas))|(a1|(aslas)))|(az|(aalas)) = ((a1](az2](aslas)))l(ar](a2|(aslas))))(@s|as)
= (((@1(azlaz))|(a1|(d2|az)))|(aslas)]
((@1](az|az))|(@1|(a2|az)))l(aslaq))l
(ds]as)
= ((@|(az|az))|(a1|(az2|az)))l(as|(aslas))
= ((@|(az|az))|(a1|(az|az)))l(as|(aslas)).

g

Definition 3.3. A non-empty subset S of a Sheffer stroke BH-algebra A is called a Sheffer
stroke BH-subalgebra of A if (a1](az|az))|(a1|(azlaz)) € S, for all ai,as € S.
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Example 3.4. In Ezample (3.1, S1 = {0,z}, So = {0,y} and S5 = {0,z,y} are subalgebras
of A.

Theorem 3.5. Let (A,|,0) be a Sheffer stroke BH-algebra and ) # S C A. Then the
following are equivalent:

(a) S is a subalgebra of A,

(b) (a1](a2[(0[0)))[(@1[(a2[(0[0))) € S for any a1,az € S.

Proof. (a) = (b): Since S # (), there exists an element a; € S and
0 = (a1[(axlar))l(al(alar)) € S.

Since S is closed under |, (a2/(0]0))|(a2|(0]0)) € S and thus
(@1]((a2](0]0))[(a2|(0]0))[(a2](0]0))[(a2[(0]0))))[ (@] ((a2|(0]0))[(a2|(0]0))[ (a2](0]0))[(a2[(0]0))))
= (a1](a2[(0]0)))[(a1[(a2((0]0))) € S.

(b) = (a): By using Lemma [3.2] (3), we get (a1|(d2]az2))|(d1(a2]d2)) = (a1]((a2|(0]0))|(d2|
(010))|(a2(0[0))[(a2[(0]0))))I(d1]((a2](0]0)) (a2|(0]0))[(az2[(0]0))[(d2|(0]0)))) = (@1[(az2[(0]0)))|
(52’(0’0))) € S for any ap,as € S. O

(a1

Definition 3.4. The set Ay = {a1 € A|(0|(a1]a1))|(0[(ai|a1)) = 0} is called a BCA-part of
A.

Example 3.5. Given the Sheffer stroke BH-algebra in Fxample[3.1. Then it is obvious that
the set Ay ={0,z,y,1} is a BCA-part of A.

Theorem 3.6. Let A be a Sheffer stroke BH-algebra. Then AL is a subalgebra of A.

Proof. Clearly, 0 € Ay and so Ay is nonempty. Let ai,a2 € A;. By (S2) and Lemma
(4), we have

(0[((ax[(az|az))l(a1[(az|az))l(a1](az]az))|(a1](a2]a2)))) (0] ((a1](d2]az))|(d1[(az]a2))|(d1[(az2]az2))|

= (0[((@1|(azla2))))I(0[((a1|(azlaz))))
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Definition 3.5. A non-empty subset N of A is said to be normal subset of A if
(((a1](ala))[(a1|(ala)))[(az](]b)))|(((@1|(ala))|(d1](ala)))|(d2|(b]b)) € N

for any (a:1[(az2|d2))|(d:1](dz2]dz2)), (al(b]b))|(al(b]b)) € N

Example 3.6. In Ezample N = {0,z} is a normal subset of A when [a; := 0], [ag :=

1],[a := z], and [b := y]. Since (a1](az2|az))|(a1|(azlaz)) = (0[(1[1))[(0[(1[1)) = 0 € N and

(al(b[b))|(al(b]b)) = (= )

|
(((@1](ala))[(a1](a]a)))
= (((O[(x]2))|(0](z[x)))

(wly)|(zl(yly)) = v € N, we have
|(@2[(b]6)))|(((a1](ala))|(@1|(ala)))|(az]|(b]b)))
| (L y)DI((O]Cz|2)) (0] (z|2)))|(LI(y]y))) = 1[1 = 0 € N.

Theorem 3.7. FEvery normal subset N of a Sheffer stroke BH-algebra A is a Sheffer stroke

subalgebra of A.

Proof. If a1,a2 € N then (a;((0]0))|(a1/(0]0)), (a2|(0]0))|(az2|(0/0)) € N. Since N is normal ,
then (a1(az|az))[(@1](az|az)) = ((a1](azlaz))|(a1|(azlaz)))[(0[(010))[((a1|(azl|az))|(a:|
(az2|a2)))[(0](0]0)) € N. Therefore, N is a Sheffer stroke subalgebra of A. O

Remark 3.1. The converse of Theorem does not hold. In E:I:ample N ={0,z,y} is
a subalgebra of A, but it is not normal, since (1|(yly))|(1|(y|ly)) =z € N, (0](1|1))|(0[(1]1)) =
0 € N, while (((1](0]0))[(1[(0]0)))[(y[(1[1))(((1](0]0))[(1](0[0)))I(y[(1]1))) = 0]0 =1 & N.

Proposition 3.1. Let N be a Sheffer stroke normal subalgebra of A. If (a1|(az|az))|(a1|(az|az))
€ N foraj,as € N, then (CulQ|(dﬂ&ﬂ)’(flg’(&lml)) € N.

PT’OOf. Let ((V11|(CVLQ|CUL2))’((§1’((Vl2|cvl,2)) € N . Since (CULQ‘(62‘52)”(&2“&2‘&2)) =0&€ N and Nisa
normal subalgebra,

(ag](ar]ar))|(az|(arlar)) = ((az|(arlar))|(azl(a1]a1)))l((az|(az|az))|(az|(az|az))|(a2](a2]dz2))]
(az|(azlaz)))[((az|(a1]ar))l(azl(ailar)))|((azl(azlaz))|(az](az]dz))|(az|(d2]d2)) (2] (a2|az2))) € N
from (sBH.1) and Lemma [3.2] (3). O

4. ON FILTERS OF SHEFFER STROKE BH-ALGEBRAS

We introduce the notion of filter in a Sheffer stroke BH-algebra in this section.

Definition 4.1. A filter of A is a nonempty subset F' C A satisfying
(SF.1) If ay,a9 € F, then

(az|(az|(aila1)))|(az|(az|(a1la1))) € F
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and
(a1|(a1](azlaz)))l(a1](a1|(azlaz))) € F.

(SF2) If a1 € F and (6/1’(62’&2))‘(&1’(62’62)) = 0, then as € F.

Example 4.1. Consider the Sheffer stroke BH-algebra in Example [3.3. Then it is obvious
that {t,1} is a filter of A.

Theorem 4.1. The family K4 of all filters in A forms a complete lattice.

Proof. Let {F;}icr be a family of filters of A. If a1,a2 € ;o7 F3, then ay,az € Fj, for all
1 € 1. Since Fi is a filter of A, then ((U12|(d2|(dﬂdﬂ))‘(&g‘(dg‘(dl‘Cull))), (dﬂ(dﬂ(dﬂ&g)))’(él’
(a1](az|az))) € Fy. Thus,

(a2 (2] (a1]d1)))|(d2] (da] (d11d1))), (é1] (1| (da|d2)))] (1] (d1|(d2]d2))) € (1) Fi.

i€l
(Z) Suppose that a; € ﬂiGIE and (dl‘(dg’dg)”(&ﬂ(&gmg)) S ﬂiel F; hold for a1, a0 € A,
that is a1 € F; and (a1|(az|az))|(a1|(az|a2)) = 0 hold for all ¢ € I. Then it is obtained
from (SF.2) that as € F; for all i € I. Then ap € (,c; F.

(it) Let n be the family of all filters of A containing the union | J;c; ;. Then (7 is a
filter of A from (i). If \,c; Fi = (ies Fi and V,;c; Fi = (7, then (K4, A,V) is a
complete lattice.

O

Corollary 4.1. Let B be a subset of A. Then there is the minimal filter (B) containing the

subset B.

Proof. Let e = {F : F is a filter of A containing B}. Then (B) = {z € A:x € (p. F}

is the minimal filter of A containing B. 0
Theorem 4.2. Let S be a subalgebra of A. If

(a1](azlaz))|(a1](azlaz)) = (as|(azlaz))|(as|(az|az)) implies a1 = as
holds for all ay,as,a3 € A, then S is a filter of A.

Proof. (SF.1) Let S be a subalgebra of A and ay,as € S. Then (a1|(az|az2))|(a1](az|az)) € S
and (az|(ailar))|(az|(ailar)) € S. So (a1|(a1](azlaz)))[(al(ai|(azlaz))) € S and (az|(az|(aila1)

))|(az|(az|(aila1))) € S.
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(SF.2) Let a1 € S, (a1|(az|az))|(a1|(az|dz)) = 0. Then (a1|(az|az))|(d1](dz|d2)) = (a2|(dzlaz))|
(az2|(azlaz)). We obtain a; = ag. Thus, az € S. Therefore, S is a filter of A. O

Corollary 4.2. Let S be a normal subalgebra of A. If
(a1](azlaz))|(a1](azlaz)) = (asl(azlaz))|(asl(azlaz)) implies ay = as
holds for all ay,as,a3 € A, then S is a filter of A.
Proof. It is obtained from Theorem and Theorem O
Theorem 4.3. Let A be a Sheffer stroke BH-algebra. If
(a1](ax|(azlaz)))l(ar|(a1l(azlaz))) = as
holds for all a1,as € A, then every non-empty subset S of A is a filter of A.

Proof. Let S be a non-empty subset of A.

(SF.1) Let ay, a2 € S. Then (az|(az|(ailay)))|(az|(az|(ailar))) = a1 € S. Similarly, (a1|(a1|(az|
ag)))|(@1(a1|(d2]dz))) = az € S.

(SF2) Let ay € S, (a1](az|dz))|(d1](dz|dz2)) = 0. Then ay = (a1|(d1](d2|a2)))|(d1](a1|(dz2]d2))) =
(a1/(0[0))[(@1](0]0)) = @1 from Lemma[3.2](3). Thus, ds € S. Therefore, S is a filter of A. O

Proposition 4.1. Let {F'i,i € A} be a family of Sheffer stroke BH-filters of A. Then (;cy F;
is a Sheffer stroke BH-filter of A.

Proof. Let {F;,i € A} be a family of Sheffer stroke BH-filters of A.
(SF1) If a1, az € ey Fi, then ay, a2 € F;, for all i € A. Since F; is a filter of A, we have

(az|(az2[(@1]a1)))|(az|(az|(a1]ar))), (@1|(arl(azlaz)))|(a:](ar|(azlaz))) € F.

Then (az|(az2|(d1]a1)))|(a2|(a2|(a1|ar))), (ar](ar|(azlaz)))|(a1|(a1](az2]az))) € Niex Fi-
(SF.2) Suppose that a; € ;e F; and (a1|(az|az))|(a1|(az|az)) € ey Fi hold for ay, as € A,
that is a; € F; and (a1|(az|az))|(a1|(az|a2)) = 0 hold for all i € A\. Then as € F; for all i € A.

Then ag € ;¢ Fi. Therefore (., F; is a Sheffer stroke BH-filter of A. O

1EA
The union of Sheffer stroke BH-filters of Sheffer stroke BH-algebras may not be a Sheffer

stroke BH-filter as in the following example.

Example 4.2. Consider the Sheffer stroke BH-algebra in Example[3.3 Then it is obvious
that Fy = {t,1} and F» = {u, 1} are two filters of A. The union of that filters is not a Sheffer
stroke BH-filter of A. Since u,t € Fy|J Fy, but (u|(u|(t]t)))|(u|(u|(t]t)) == ¢ F1 | F>.
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Proposition 4.2. Let {F;,i € A} be a chain of Sheffer stroke BH-filters of A. Then | J;cy Fi
is a Sheffer stroke BH-filter of A.

5. HOMOMORPHISMS ON SHEFFER STROKE BH-ALGEBRAS

In this section, we present some definitions and concepts about homomorphism between

Sheffer stroke BH-algebras.

Definition 5.1. Let (A,|4,04,14) and (B,|p,0p,1p) be Sheffer stroke BH-algebras. A

mapping f: A — B is called a homomorphism if

flar|aaz) = f(a1)|sf(az),

for all ai,as € A.

A Sheffer stroke BH-homomorphism f is called a Sheffer stroke BH-monomorphism if it

is injective.

Lemma 5.1. Let (A,|4,04,14) and (B,|B,0p,1p) be Sheffer stroke BH-algebras and f :
A — B be a monomorphism. Then if F' is a filter of A, f(F) is a filter of B.

Proof. Let (A,|4,04,14) and (B, |p,0p,15) be Sheffer stroke BH-algebras and f: A — B

be a monomorphism.

(i) Let F be a Sheffer stroke BH-filter of A and a1, a2 € f(F'). Then there exist z,y € F
such that a; = f(z),a2 = f(y). Since F is a filter, then (a2|g(az|s(a1|pai)))|s(az|s
(a2|p(a1]par))) = (FWIa(fW)s(f(@)af(@))a(fWIs(fW)|B(f(@)|sf(2)) =
F((ylayla(zlaz)))|alyla(yla(z|ax)))) € f(F). Hence (az|p(az|5(d1]pa1)))| 5 (a2]p (a2
|B(d1]par))) € f(F). Similarly, (d1|p(d1]p(d2|pa2)))|B(a1]5(a1]5(a2]d2))) € f(F).

(7i) Let a1 € f(F) such that (a1|p(az2|pa2))|s(a1|s(az|paz)) = 0p. Then there exist
x,y € Fsuch that a; = f(z) and @ = f(y). In this case, we have (a1|p(a1|p(a2|pa2)))
|B(d1]B(a1]B(d2]BE2))) = (f(2)|B(f(W)|BSfW)IB(f(2)|B(f(Y)|Bf (1Y) = f((2|a(Ylay)
)a(@|a(ylay))) = 0B = f(04). Since f is an injective, then ((z]a(y[ay))|a(z|a(ylay)))
=04. Thus y € F. So, az = f(y) € f(F). Therefore, f(F) is a filter of B.

g

Theorem 5.1. Let (A,|4,04,14) and (B,|B,0p,1p) be Sheffer stroke BH-algebras and f :
A — B be a homomorphism. If F is a filter of B, then f~'(F) is a filter of A.
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Proof. Let (A, |4,04,14) and (B, |5,05,15) be Sheffer stroke BH-algebras and f : A — B

be a homomorphism. Suppose that F' is a filter of A.

o Let dy,dz € f~1(F). Then f(d,), f(d2) € F. Since F is a filter, then (f(d2)|5((f(d2)|5(f (1)
|8f(a1)))))8(f(a2)|B((f(a2)|8(f(a1)|Bf(a1))) = f((a2|a(az|a(ar|ad1)))]a(Gz]a(G2]a(d1]ad

)))) € F. Therefore, (dg|a(d2|a(d1|ad1)))|a(@2]a(a2] (@1 aa1))) € f~(F). Similarly, (@] (@
| 4(2] 42)))|ad1]a(a1]a(a2]ad2))) € f~H(F).

o Let a1 € f~1(F) such that (d|a(dz|ado))|a(dr|a(az|adz)) = 04. Then f(d;) € F and

f((@1]a(az|adz))|al@i]a(az|adz))) = (f(a1)|s(f(a2)lsf(a2)))|s(f(a1)ls(f(az)|Bf(a2))) = f(

04) = 0p. Hence f(a2) € F. Thus Gz € f~1(F). Therefore, f~1(F) is a filter of A. O

Proposition 5.1. Let A and B be Sheffer stroke BH-algebras and f : (A, |4,04) — (B,|5,0B)
be a Sheffer stroke BH-homomorphism. If

(a1](azlaz))|(a1|(az|az)) = (as|(azlaz))|(as|(az|az)) implies a1 = as
holds for all ay,as,as € A, then Ker(f) is a Sheffer stroke BH-filter of A.

Proof. (SF.1) Let aj,as € Ker(f). Then since f(a;) = 0p and f(a2) = 0p, we have
f((az|a(az|a(dr|ad)))]a(Gzla(Gz|a(@i]aar)))) = (f(az)|s(f(a2)|s(f(@1)|sf(a1)))s(f(G2)|B
(f(az)|B(f(a1)|pf(a1))) = 0p. Hence (az|a(az|a(di]ad1)))|a(Gz]a(dz]a(ar|adr))) € Ker(f).
Similarly, (a1]4(a1|a(dz|adz)))|a(@1]a(@i]a(az|aaz))) € Ker(f).

(SF.2) Let a1 € Ker(f) and aa € A such that (ai|a(az|aae))|a(@i]a(az|aaz)) = 04. Then
f(ar) = 0p and f((a1)]a(G2]ad2))|a(@1]a(G2]aG2))) = f(a1)|B(f(a2)|Bf(a2)))f(a1)5(f(a2)
|Bf(a2))) = f(0a). Weget (05|p(f(d2)5(f(a2))))|8(08|B(f(a2)|B(f(d2)))) = (f(a2)|s(f(a2)
|8(f(a2))))8(f(a2)|B(f(a2)|5(f(az)))). We obtain f(az) = 0p. Thus az € Ker(f). There-
fore, Ker(f) is a filter of A. O

Lemma 5.2. Let N be a normal subalgebra of A. Define a relation ~x on A by a1 ~n Q2
if and only if (a1|(az|az))|(a1|(azlaz)) € N, where a1,a2 € A. Then ~y is an equivalence

relation on A.

Proof. . Reflexive: Since 0 € A, we have (a1|(ai|a1))|(a1|(ai1|la1)) =0 € A ie., a; ~n a for
any a; € A. This means that ~p is reflexive.

. Symmetric: Let a1 ~x ds. Then (ai|(az|az))|(a1|(az|az)) € N and (as|(a1]ar))|(az|(a1lar)) €
N by Proposition We obtain as ~x a1 for any aq, ds € A.

. Transitive: Let a1 ~n a9 and as ~pn a3. Then (al|(5LQ|&2))|(5L1|(5L2|&2)) € N and (&2|(&3|d3))‘
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(a2|(aslas)) € N. By Proposition[3.1], we have (&s|(d2|d2))|(as|(a
mal subalgebra, then (((a1|(as|as))|(a1](as|as)))|(az|(azlaz)))|(((a1](as]as))|(a1|(as|as)))|(az]
(azldz))) = (((ax](as|as))|(ar|(as|as)))[(0]0))[(((a1](as|as))|(a1](as]as)))](0]0))=((a1|(as|as))]

(61’(63’63)) € N. We obtain a1 ~n as for any dl,dg,dg e A. ]

as|(az|az)) € N. Since N is a nor-
)

Lemma 5.3. An equivalence relation ~ is a congruence relation if and only if G1 ~x ao and

x ~yy imply (a1|(z]2))|(@1](z]x)) ~« (a2|(yly))l(azl(yly))-

Lemma 5.4. Let N be a normal subalgebra of A and the binary relation defined as Lemma

5.9 Then ~p is a congruence relation on A.

Proof. Let x,y,ay, as be any elements in A such that @y ~n ag and x ~y y, i.e., (a1](az|az))|

(a1](azlaz)) € N and (z|(y|ly))|(z|(y|ly)) € N. Since N is a normal subalgebra, we get

(((ar|(z|2))|(@r|(z|2)))|(az|(yly))I(((@1|(z|2))|(@1|(z|2)))|(a2|(y]y))) € N. Then (a:|(x|z))]
(a1|(z]x)) ~x (azl(yly))|(az2|(y|y)). Therefore, ~y is a congruence relation on A. O

Denote the equivalence class containing a; by [a1]n, i.e., [a1]y = {a2 € N | a1 ~n a2}

and A/N = {[a1]y | & € A}.

Theorem 5.2. Let N be a normal subalgebra of A. Then (A/N,|,[0]n) is a Sheffer stroke

BH-algebra.

Proof. It we define [a1|n|[a2]n := [ai1|a2]n, then the operation | is well-defined, since if
ay ~y p and dz ~n g, then (a1|(plp))|(a:](plp)) € N and (az2[(qlq))l(az2/(qlg)) € N im-
plies (((a1|(azlaz))|(al(azlaz)))|(pl(qlg))I(((a1|(azlaz))|(@1l(azlaz)))l(rl(qlg))) € N by nor-
mality of N. Then we have (((@1](az]az))|(d1](az|az))) ~n (((pl(alg))l(pl(alg))) and so
((a1[(azlaz))(a1l(azlaz)))n = (((pl(qla))|(pl(glg))))n. Note that [0y = {a1 € A [ a1 ~n
0} = {a1 € A (a1](0]0))(@1|(0]0)) € N} = {a1 € A a1 € N} = N. m

(sBH.1) ([a1]n|([ar]n[@1]n)|([ar]n[([@1] v |[aa]n) = [0]w
(sBH.2) ([a1]n|([a2]n|[az]n)|([a1] v [([a2] v |[a2] n) = [0]n and ([a2]n[([a1]n[[a1] )] ([a2] n|([a@1] v
|[a1]n) = [0]n imply [@1]n = [a2]N-

The Sheffer stroke BH-algebra A/N discussed in Theorem is called the quotient Sheffer

stroke BH-algebra of A by N.

Example 5.1. Consider the Sheffer stroke BH-algebra in Example[3.3. For the normal subal-
gebra F = {0,1} of A, Br = {(0,0), (z,2), (y,¥), (2, 2), (£, 1), (u, u), (v,v), (1,1),(0,2), (¢,0), (2,
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1),(1,2)} is a congruence on A defined by F. Then (A/F,|a,,[0s,) is a Sheffer stroke BH-

algebra with the following Hasse diagram in which the quotient set is A/F = {[0]g,, [z]a,,

[W]sp
(e}

0]3,

FIGURE 2. Hasse diagram

The binary operation |z, on A/F has Cayley table in Table 7.

TABLE 7
e | Ol [#]ge [Ylge [Use
[0z | [Ugr [Uge [sr [Use
[Zlgr | Usr Wlsr [Use [Wlse
Wlge | Mgr [Use [#lse  [7]se
(Use | g Wlge [2]ge  [0ls,

Theorem 5.3. Let N be a normal subalgebra of A. Then [0]n is a normal subalgebra of A.

Proof. Since 04 € [0]n, [0]n is non-empty. Let (ai|(ai]ay))|(ai|(ai]ar)), (az|(az]az))|
(a2|(@zlaz)) € [0]n. Then (((a1](azlaz))|(a1|(azlaz)))|(a1l(azlaz)))|(((a1](azlaz))l(al(azlaz)))|
(ai|(azg|az))) = 0 € [0]n. By Theorem [3.7, [0]x is a normal subalgebra of A. O

Theorem 5.4. Let N be a filter of A and (A/N,|’,[0]n) be a Sheffer stroke BH-algebra. If
F is a filter of A such that N C F, then F/N is a Sheffer stroke BH-filter.

Proof. Let F be a Sheffer stroke BH-filter of A.
o Let [a1]n, [d2]n € F/N, then ([do]n| ([a2]n| ([d1]n] [a1]n)))] ([d2]n] ([a2)n| ([d1] x| [d1]n))) =
[(d2](d2|(d1]d1)))| (2] (a2|(d1]d1)))]n- Hence ([da]n| ([d2)n] ([@1])n] (@] n)| (a2)n | (2] nl ([d1]x

I

[&]n))) € F/N. (Since (da|(d2|(d1d1)))|(d2|(d2](d1)d1))) € F, F is a filter of A).Similarly,

¢
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([ | ([ax]w | ([d2] ] [a2]n)))| ([da] | (@) ([d2)n ] [d2]n))) € F/N.
e Let @1 € F/N such that ([@]n| ([d2]n| [do]n))| ([@]n| ([d2]n| [d2]n)) = [0]n. Then
[(a1(azlaz))[(@1[(az|az))]n = [0]n. Hence ((a1](az|az))|(a1[(azlaz)))[(0[0)[((a1|(az|az))[(a:|(az|
2)))|(0]0) € N. Since ((d1](az|dz))|(a1|(dz]az))) € N, we have a2 € F/N. We obtain
[d2]n = [@1]n, then [do]y € F/N. Therefore, F/N is a filter of A. O

Theorem 5.5. Let N be a normal subalgebra of A. Then the mapping v : A — A/N given
by v(a1) := [a1]n is a surjective Sheffer stroke BH-homomorphism and Kery = N.

The mapping  discussed in above theorem is called the natural(or canonical) homomor-

phism of A onto A/N.

Theorem 5.6. Let ¢ : A — B be a Sheffer stroke BH-homomorphism. If
(a1](dz|az))[(ar|(dzla2)) = (as|(dz|daz))|(as|(az]dz)) implies a1 = a3

hold for all ay,az,as € A, then ¢ is injective if and only if Kero = {04}.

Proof. Let a1, as € Awith p(a1) = ¢(az). Then from (sBH.1), we obtain (p(a1)|(p(az)|e(az2)))|

(p(a1)l(p(az)le(dz))) = Op. So (ail(az]ds))|(ail(azlaz)) € Kerp. Since Kerp = {04},
(&1|(&2|&2))‘(&1‘(&2‘d2)) = OA:((VZ2|(62‘&2))|(&2|(&2|d2)). Then dl = 62. Hence %) 18 injective.

The converse is trivial. g

Theorem 5.7. Let ¢ : A — B be a Sheffer stroke BH-homomorphism. If
(a1](azlaz))|(a1](az|az)) = (as|(azlaz))|(as|(az|az)) implies a1 = as

hold for all a1, a0, as € A, then Kery is a normal subalgebra of A.

Proof. Since 04 € Kerp, Ker ¢ # 0. Let (a1|(az2|az))l(a1](azlaz)), (z|(yly))|(z|(yly)) €

) )
() le(y)

Kerg. Then (p(a1)[(p(a2)lp(az)))l(w(a1)|(p(az)le(dz))) = 0 = (#(z)] DI (@)|((y)
#(y))). Since p(a1) = ¢(az) and p(x) = @(y), we obtain o((((a1)|(z[x))[(a1](x]2)))|(az2|(y[y)))]
((((an)[(zl)) (@ [(x]2))) (@2l (yly)))=(((p(a)|(p()lp(x)] (p(a)[(e(@)e (@) (@) (¢ (y)]
W)INI(((plan)l(e(@)]e(@)))|(ea)| (e ()le())(e(a) (e ()e))=(((pa)] (e (@) e ()
)(p(a)(e(@)e(@))))(w(an)| (e @) le(@)I(((e(an)| (e (@) e @)l (e(a)|(e()]e()] (e (a)|(
¢(x)]¢(x)))) = 0. Then we have ((((a1)|(z|z))|(@1|(z|2)))|((@2](yly)] (@2l (yly))| (a2l (yly))(a2](
yy)))) € Kerg. Hence Kerg is a normal subalgebra of A. O

By Theorem and if ¢ : A — B is a Sheffer stroke BH-homomorphism, then
A/Keryp is a Sheffer stroke BH-algebra.
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Theorem 5.8. Let ¢ : A — B be a Sheffer stroke BH-homomorphism. Then A/Kerp =

Imep. In particular, if ¢ is surjective, then A/Ker = B.

Theorem 5.9. Let N and K be normal subalgebra of A, and K C N. Then A/N =
(4/K)/(N/K).

Theorem 5.10. Let A, B and C be Sheffer stroke BH-algebras, and h : A — B be a
Sheffer stroke BH-epimorphism and g : A — C be a Sheffer stroke BH-homomorphism. If
Ker(h) C Ker(g), then there exists a unique Sheffer stroke BH-homomorphism f : A — B

satisfying f oh = g.

Theorem 5.11. Let A, B and C be Sheffer stroke BH-algebras, and h : B — C be a
Sheffer stroke BH-homomorphism and g : A — C be a Sheffer stroke BH-monomorphism.

If Im(g) € Im(h), then there exists a unique Sheffer stroke BH-homomorphism f: A — B

satisfying ho f = g.

Proof. Foreacha; € A, g(a1) € Im(g) C Im(h). Since h is a Sheffer stroke BH-monomorphism,
there exists a unique ay € B such that h(a2) = g(@1). Define amap f: A — B by f(a1) = as.
Then hof = g. Let a3, as € A, then g((asz|(as|as))|(asl(aslas))) = h(f((a3|(aslas))|(@3|(aslas))))-
Since h is injective, f((as|(aslas))|(@sl(as]as))) = f(as|(aslas))
|f((as](aalas)))=f(as|f(as)| f(aa))|f((a3)| f(as)| f(as)). Therefore, f is a Sheffer stroke BH-
homomorphism. The uniqueness of f follows from the fact that h is a Sheffer stroke BH-

monomorphism. U

Theorem 5.12. Let A and B be Sheffer stroke BH-algebras and f : A — B be a Sheffer
stroke BH-homomorphism. If N is a normal subalgebra of A such that N C Ker(f), then
f : A/IN — B defined by f([a1]n) := f(a1) for all a3 € A is a unique Sheffer stroke
BH-homomorphism such that f o~y = f where v : A — A/N is natural Sheffer stroke BH-

homomorphism.

Corollary 5.1. Let A and B be Sheffer stroke BH-algebras and f : A — B be a Sheffer
stroke BH-homomorphism. If N is a normal subalgebra of A such that N C Ker(f), then
the following are equivalent:

(i) there exists a unique Sheffer stroke BH-homomorphism f : A/N — B such that foy = f
where v : A — A/N is the natural Sheffer stroke BH-homomorphism;

(i) N C Ker(f).

Furthermore, f is a Sheffer stroke BH-monomorphism if and only if N = Ker(f).
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Proof. (it) = (i): It is obtained from Theorem

() = (i) Ty € N, then f(ar) = (Fon)(@r) = F(iinlx) = F(O)w) = F(0) = 0. Thus,
a, € Ker(f).

Furthermore, f is a monomorphism if and only if Kerf = {N} if and only if f(d;) = 0
implies [a@1]y = [0];y = N if and only if Ker(f) C N. O

6. CONCLUSION

In this study, we have given a Sheffer Stroke BH-algebra, and study a Cartesian product,
a filter, a homomorphism between Sheffer stroke BH-algebras, kernel and many features
in Sheffer stroke BH-algebras. After giving basic definitions and concepts about Sheffer
stroke operation and a BH-algebra, we describe a Sheffer stroke BH-algebra and present
basic notions about this algebraic structure. We show that a Sheffer stroke BH-algebra is
a BH-algebra and that a Cartesian product of two Sheffer stroke BH-algebras is a Sheffer
Stroke BH-algebra. After defining a subalgebra and a normal subset, we introduce the
relation between a subalgebra and a normal subset on Sheffer stroke BH-algebra. We define
a filter of a Sheffer stroke BH-algebra. Finally, a homomorphism between two Sheffer stroke
BH-algebras is described and it is stated that mentioned notions are preserved under this
homomorphism. It is shown that a kernel of a homomorphism is a filter of Sheffer stroke
BH-algebra under one condition.
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