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TRANSLATION FRAMED SURFACES GENERATED BY NON-NULL
FRAMED CURVES IN MINKOWSKI 3-SPACE E3}
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ABSTRACT. In this paper, first we obtain the conditions for the existence and uniqueness
of non-null framed curves as well as non-null framed surfaces in Minkowski 3-space. Fur-
ther, we study the timelike and spacelike translation framed surfaces generated by non-null
framed curves and obtain the basic invariants of such surfaces in E3. We also find the cur-
vatures of timelike and spacelike translation framed surfaces generated by non-null framed
curves. Finally, we classify the translation framed surfaces generated by non-null framed
curves lying in mutually perpendicular coordinate planes of E} with ux =0 and pg = 0.
Keywords: Framed curve, Framed surface, Translation framed surface, Curvature and in-
variants of a translation framed surface.
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1. INTRODUCTION

A translation surface is a special case of Darboux surface which is the union of ‘equivalent’
curves (‘equivalent’ in the sense that, the curves are images of one another by some isometries
of the space), also known as generating curves of the surface. A Darboux surface is defined
as the movement of curves by rigid motions of the space. Therefore, it can be parametrized
as X(u,v) = A(v).a(u) + B(v), where o, 8 are two space curves and A is an orthogonal
matrix. When the orthogonal matrix A is identity matrix the surface is called a translation
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surface. Thus, a generalized type of a translation surface is given by

X (u,v) = a(u) + B(v).

Translation surface which is known as the double curve in differential geometry is base for
roofing structures. The construction and design of free form glass roofing structures are
generally created with the help of curved (formed) glass panes or planar triangular glass
facets. Recently, classification of translation surfaces under some conditions on curvatures
has been studied in Euclidean as well as Minkowski space ([1],[10],[11],[15]).

A framed curve in Minkowski 3-space is a curve with an assigned frame which moves along
the curve. In [7], Honda and Takahashi defined the curvature functions of the framed curve
in E3, similar to a regular curve. By using curvature functions, they obtained the existence
and the uniqueness theorem for the framed curves. The curvature functions of a framed
curve are used to investigate the curve along with its singularities. On the other hand, a
framed surface is defined to be a surface with an assigned moving frame which is used to
analyze properties and singularities of the surface. In [4], by using the moving frames in E3,
the basic invariants and the curvatures of framed surfaces are introduced by Fukunaga and
Takahashi. They studied the properties of framed surfaces using the basic invariants of the
surfaces and gave some examples.

In [5], Fukunaga and Takahashi reviewed the theories for framed surfaces, framed curves
and one-parameter families of framed curves in E3. They showed that up to congruence,
the surface along with the moving frame can be determined by the basic invariants of the
framed surface and the curvature of a one parameter family of framed curves. In [6], the
authors studied the translation surfaces with assigned moving frame and discussed the various
singularities that arise on such surfaces with help of the notion of framed curves and surfaces.
In this paper, we study the non-null translation framed surfaces generated by non-null framed
curves in E$. The paper is arranged as follows. There are some basic results in section 2. In
section 3, we study non-null framed curves in E} and obtain the conditions for the existence
and uniqueness of non-null framed curves. In section 4, first we study non-null framed
surfaces in E3 and find their curvatures and existence and uniqueness conditions. Further,
we study the timelike and spacelike translation framed surfaces generated by non-null framed
curves and obtain the basic invariants of such surfaces in E3. We also find the curvatures

of timelike and spacelike translation framed surfaces generated by non-null framed curves.
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Finally, we classify the translation framed surfaces generated by non-null framed curves lie

in the coordinate planes of E3 with pux =0 and py = 0.

2. PRELIMINARIES

The Minkowski 3-space, denoted by E3, is a three dimensional real vector space R? endowed
with the metric tensor (.,.) = —dz? + dy?® + dz2. The (Lorentzian) scalar and cross product
are defined by:

(x,y) = —x1y1 + T2y2 + 23Y3,
(2.1)

T Xy = (—T2y3 + T3Y2, T3Y1 — T1Y3, T1Y2 — T2Y1),

where x = (z1,72,23),y = (y1,¥2,y3) belong to Ef. This space is also known as Lorentz-
Minkowski space. A vector = € E$ is said to be spacelike when (z,x) > 0 or x = 0, timelike
when (x,z) < 0 and lightlike(null) when {x,z) = 0,  # 0. A curve in E$ is called spacelike,
timelike or lightlike when the velocity vector of the curve is spacelike, timelike or lightlike,
respectively. The norm of a vector = € E is defined as ||z|| = \/|(x, z)|. The hyperbolic and

Lorentzian unit spheres are defined as
H§ = {z € E{||(z,2) = -1}

and
St ={z € E}|(z,z) = 1},

respectively. Let v = 7(s) : I — E} be an arbitrary curve. The curve 7 is said to be an unit
speed curve (or parameterized by the arc-length parameter s) if (7/(s),7/(s)) = £1 for any
sel.

For a spacelike curve 7 : I — E$ parametrized with arclength parameter s, let {t,n,b} be the
moving Frenet frame along the curve, where t(s) = 7/(s) is the unit tangent vector, n is the
unit normal vector defined as the unit vector in the direction ¢'(s) such that ¢'(s) = k(s) n(s),
where k(s) is the curvature of the curve and b(s) = ¢(s) xn(s). The second curvature (torsion)
of the curve is given by 7 = €(b/,n), where ¢ = (n,n).The Frenet-Serret equations of the

spacelike curve are given as
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where (t,t) =1, (n,n) = ¢, (b,b) = —¢, (t,b) = (t,n) = (n,b) = 0. If e = 1, y(s) is a spacelike
curve with the spacelike principal normal n and the timelike binormal b, while if € = -1 then
v is a spacelike curve with the timelike principal normal n and the spacelike binormal b.
For a timelike curve -, we define Frenet frame in similar way except for the torsion is given

by 7 = —(b',n). The Frenet-Serret equations are given by

t 0 x O t
| =1k 0 7| =1|n|,
v 0 —7 0 b

where (t,t) = -1, (n,n) =1, (b,b) = 1, (t,n) = (t,b) = (n,b) = 0.

A surface in E$ is said to be a spacelike, timelike or lightlike if the metric on the surface
is positive definite, indefinite or degenerate, respectively. The type of a surface can also be
expressed in terms of the causal character of the normal vector of the surface by the following

lemma.

Lemma 2.1. [8] A surface in Minkowski 3-space is spacelike, timelike or lightlike if and only
if at every point of the surface there exists a normal which is timelike, spacelike or lightlike,

respectively.

Definition 2.1. [14] Let v and w be two spacelike vectors. Then, there exists a unique

non-negative real number 6 > 0, such that (v,w) = ||v||||w]|| cos .

Definition 2.2. [14] Let v be a spacelike vector and w be a timelike vector in E3. Then,

there exists a unique non-negative real number 8 > 0, such that (v, w) = |jv||||w]|| sinh 6.

Definition 2.3. [12] Let v and w be two timelike vectors in the same time cone of E3,
i.e. (v,w) < 0. Then, there exists a unique non-negative real number 0 > 0, such that

(v,w) = —|[v]|||wl] cosh 6.
Lagrange’s Identity: For any vectors 1, £ € E3, we have (nx&,nx&) = —(n, n){&, &)+(n, £)2.

3. FRAMED CURVES IN MINKOWSKI 3-SPACE

In this section we define the Frenet type formula for the framed curves and give existence

and uniqueness theorem of the framed curves in E3.

Definition 3.1. [9] Let v : I — E3 be a curve in E3. Then the map (v,91,92) : [ — E$ x ©

is called a spacelike framed curve if

(Y (1),91(t)) = 0, (+/(2),92(t)) =0,V € I,
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such that p(t) = V1(t) x Y2(t) is an arbitrary spacelike vector field, where
O = {(u,v) € S? x H|(u,v) =0} or © = {(u,v) € H3 x S7|(u,v) = 0}.

Definition 3.2. [9] Let v : I — E3 be an arbitrary curve in B}. Then the map (7,91, 92) :

I — E3 x © is called a timelike framed curve if

(Y (), 01(t)) =0, (+/(t),92(t)) = 0,Vt € I,

such that p(t) = 91(t) x Y2(t) is a timelike vector field, where
0 = {(u,v) € §? x S?|(u,v) = 0}.

Definition 3.3. Let (,91,92) and (7,91,92) : [ — E3 x © are framed curves. We say that
v and 7 have the same causal character of the moving frame if the vector triplets {¥1,92, p}

and {91,792, p} have the same causal characters, respectively.

3.1. Frenet-Serret type formula for framed curves. Let (vy,91,92) : I — E} x © be an

spacelike framed curve and p(t) = ¥1(t) x ¥2(t). The Frenet-Serret type formula is given by

19/1 0 —(5,‘11 K9 191
9| = =0k 0 k3| [92], (3.2)
s —0Kky Ok3 O p

where 0 = (¥91,01) = —(02,%2). k1 = (¥),92),k2 = (9),p), k3 = (¥5,p). Moreover

we can find a smooth function 7(¢) such that ~/(t) = 7(¢t)p(t). We call the functions
(1(t),k1(t), k2(t), k3(t)) the curvature of the framed curve.
Similarly, the Frenet-Serret type formula for a timelike framed curve (7,91, 92) can be given

by

19’1 0 K1 — k9 191
/2 = | —K1 0 —K3 192 ) (33)
o —ky —K3 O p

where k1 = (¥, 02), ke = (¥, p), ks = (¥%, p).
3.2. Existence and uniqueness of the framed curves in E}.

Theorem 3.1. Let (7(t), k1(t), ka(t), k3(t)) : I — R* be a smooth map. Then there eist

framed curves (7y,91,92) : I — E3 x © with three different causality whose curvatures are

(7(8), K1 (t), Ra(t), m3(1)).
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Proof. Let ty € I and let {ej, e2, e3} be an pseudo orthonormal basis for E‘rf . First we suppose
that ej is a timelike vector and the basis is positively oriented. We need to solve the following

ODE system

19’1 = k192 + Kap, (3.4)
Uy = —k191 + K3p,
P = kot + K3Va,

with initial conditions, ¥ (tg) = e1,¥2(to) = e2, p(to) = e3. Then by existence and uniqueness

of the solution of a system of ODE, we get {tJ1,32, p} to be the unique solution and define

10 = [ ropl)s (3.5)

to
Then we have to prove that the framed curve (y(t),91(t),92(t)) is a timelike curve with
curvature functions (7, k1, k2, k3). We first show that the moving frame {9(t), J2(¢), p(t)}
is an pseudo orthonormal basis of E? with the same causal properties as of the initial basis

{e1,e2,e3}. Consider the ODE system,
(01,01)" = 261 (01, 92) + 2r2(p, V1),
(92,02)" = =261 (01, 92) + 2K3(p, V),
<p7 P)l - 2K2<1917p> + 2K3<p) 792>7
(01,09)" = k1 (D2, V2) + Kalp,V2) — K1 (D1, V1) + K3(p, V1),
(01, p)" = K102, p) + K2(p, p) + K2 (D1, Y1) + K3(V2, V1),
(92, p) = —r1 (D1, p) + K3(p, p) + ra(D1,02) + K3(Da, V2),
with initial conditions (¥1,91) = 1, (92,02) = 1, (p, p) = —1, (¥1,92) = 0, (¥1, p) =0, (¥2, p) =
0. On the other hand, the constant functions fi(t) = 1, fa(t) = 1, f3(t) = —1, fu(t) =

0, f5(t) = 0, fs(t) = 0 satisfy the same ODE system and initial conditions, so by uniqueness

of the solution,
—(p, p) = (V1,01) = (V2,02) =1, (¥1,92) = (J1,p) = (J2,p) = 0.

This implies that {191, 2, p} is a pseudo orthonormal basis of E3. From (3.4), 7/(¢) = 7(t)p(t),
and hence (7/,7') = 7%(p, p) = —7% < 0, considering 7 # 0, this implies that ~ is a timelike

framed curve with curvatures (7, k1, k2, K3).
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Similarly, we can show that (v,91,72) is a spacelike framed curve with the spacelike vector
Y1 if eq is timelike, and is a spacelike framed curve with the timelike vector ¥ if e; is

timelike. O

Proposition 3.1. [2] For any vectors a,b € E3 and an isometry M € SO1(3), we have

(a,b) = (Ma, Mb), (3.6)

axb=Max Mb.

Definition 3.4. [9] Let (v,91,92) and (3,91,92) : I — E$ x © be framed curves of same
causal character. We say that (y,91,92) and (3,91,92) are congruent as framed curves
through a Lorentzian motion if there exists a matric M € SO1(3) and a constant vector

c € E3 such that

() = M(y(t) + ¢, (3.7)

-1 0 O
for all t € I, where the matriz M satisfies MTGM = G, Det(M)=1,G=10 1 0

0 0 1
Lemma 3.1. [9] Let the framed curves (,91,92) and (3,91,92) be congruent. Then their

curvatures coincide, i.e. the curvatures (T,K1, k2, k3) are invariant under a Lorentzian mo-

tion.

Theorem 3.2. Let (v,91,92) and (3,91,92) : I — E} x © be framed curves that have the
same causal character of the moving frames. If they have the same corresponding curvatures

then they are congruent as framed curves through a Lorentzian motion.

Proof. Let tg € I and consider the isometry A € SO;(3) such that ¥;(tg) = AY;(to), p(te) =
Ap(to). If ¢ = H(tg) — A o y(to), define the rigid motion Mz = Az + ¢. We know that by
above lemma 3.6, that the framed curve (M o+, Ay, Ay) satisfies the same ODE system as

(7,91,92). As the initial conditions coincide, then by uniqueness of ODE system,

7(t) = Mo~ (t),

9;(t) = AV;(t), i = 1,2,

which completes the proof. O
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4. TRANSLATION FRAMED SURFACES IN E3

Definition 4.1. A smooth map (0,£,1m) : Q CE? — E3 x © is said to be a spacelike framed

surface if the following conditions hold
os(s,t).£(s,t) =0, ou(s,t).£(s,t) = 0,Y(s,t) € Q, (4.8)

where © = {(u,v) € H2 x S?|u.v = 0}.

Also, we say that the map (0,&,7) : Q C E2 — E3 x O is a timelike framed surface if condition
holds with © = {(u,v) € S} x SZ|u.v =0} or © = {(u,v) € S? x Hi|u.v = 0}.

For a framed surface (o,€&,1m), the map (&,m) : Q — O, is a moving frame while o : Q — E3

is called the framed base surface.

4.1. Basic invariants of a framed surface. Let’s define ((s,t) = £(s,t) x n(s,t), then
with respect to the moving frame {£(s,t),n(s,t),((s,t)} along o(s,t), the basic invariants
are defined as follows

Case(i):- For the spacelike surface, £ is a timelike vector and 7, ¢ are spacelike vectors.

Then
O c1 d
_ 1 1 n : (49)
Ot co do ¢
where ¢; = 04.1, co = 0v.1, d1 = 05.C, da = 0¢.C.
fs 0 Iy mi §
ns| =10l 0 mni|[n| (4.10)
Gs m1 —n1 0 | |(]
& 0 Il mal| |&
| =1l 0 mn2f| |n|;
Gt im2 —n2 0| |C

where 1 = &§s.m, my = &5.¢, n1 = ns.C and lg = &.m, ma = &.¢, n2 = n1.C.
We call the smooth functions ¢;, d;, l;,m;,n; : @ — R, 1 = 1, 2 the basic invariants of the

framed surface. Let the above matrices be denoted by A, Ay, Ao, respectively, as follows

0 1 mq 0 la m2
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Then, using the integrability condition o4 = o4 and Ag s — A1y = A1Agy — Ag/Aq, the basic

invariants satisfy the following conditions:

c1t — d1g2 = co 5 — dany,
dyy — cog1 = dg s — C1n2, (4.11)

c1es + di fo = caeq + domy.

L1y —ming =l s — maony,
mis — long = ma s — ling, (4.12)
N1+ lima = ng s + lomy.

Case(ii):- For the timelike surface, £ is a spacelike vector and one of the vectors n or ( is a

timelike vector and other is spacelike. So let (n,7) = § = —((, (), where 6 = £1, accordingly.
Then

O ca —d
R (4.13)

of ca —daf| |C

where ¢y = 051, co = 0., d1 = 05.C, do = 0;.C.

2 0 n -m €

ns| =0 =6y 0 —ni| [n|, (4.14)
| Gs —om; —n1 0 9

& 0 b —ms| €]

| =06 =8la 0 —nal| |n|-

_Ct —dmg —ng 0

where I; = &,.m, m1 = &.¢, n1 = ns.C and Iy = &.n, ma = &.¢, ng = n;.C.

In particular, if we assume that the vector field 7 is timelike, then the basic invariants are

given by
0 —ll mia 0 —lg mo
—c1 dy
A= ) A1 = —l1 0 ni | AZ = —lg 0 n9
—cy dy
—m ni 0 —my no 0

Again using the integrability conditions, the basic invariants satisfy the following conditions:
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c1e — ding = ¢ 5 — dany,
dy ¢+ cany = da s + c1na, (4.15)

Cllg - b1m2 = 0211 — d2m1.

l1t —ming = la s — many,
mi + lang = ma s + ling, (4.16)
nit — limg = ng s — lamy.

4.2. Existence and Uniqueness of framed surfaces in [E3.

Theorem 4.1. For arbitrary given smooth functions c;,d;, l;, m;,n; : Q — R,i = 1,2, defined
on a simply connected domain 2, satisfying the integrability conditions (4.11) and (4.12))
(respectively, (4.15)) and (4.16)) ), there exists a spacelike (respectively, timelike) framed surface

(0,6,1) : Q — E3 x © such that ¢;,d;, l;,mi,n; are the basic invariants of the surface.

Proof. By the integrability condition (4.12) (respectively, (4.16))), there exists a pseudo or-
thonormal frame {{, 7, (} such that it satisfy ODE system (4.10) (respectively, (4.14])). Fur-

ther, by the integrability condition (#.11)) and (4.15]), there exists a smooth map o : Q — E3
which satisfies the condition (4.9)) and (4.13]). Thus, we get a spacelike (respectively, timelike)

framed surface (o, §,n) with basic invariants (A, A1, Ag). O

Theorem 4.2. Let (0,£,1) and (7,€,7) : Q — E$ x © be framed surfaces of same causal
character with basic invariants (A, A1, As) and (A, Ay, As), respectively. Then (o,€,m) and

(7,€,7) are congruent as framed surfaces if and only if the basic invariants coincide.

Proof. Let (sg,tg) € Uy and consider the isometry A € O1(3), such that &(so,tp) = Ao
&(s0,t0), (50, to) = A o (s, to) and ((s0,t0) = A o ((s0,t0). If ¢ = &(s0,t0) — A 0 o (s0,t0),
define the rigid motion Mx = Az + c. Using the proposition 3.1, we see that the framed

surface (M o0, Ao &, Aon) and (7,£,7) both satisfy the same linear system of differential

equations (4.13)) and (4.14), i.e., basic invariants coincide. Now since initial conditions are

same, by uniqueness theorem of system of ordinary differential equations, we find that Moo =
G, Ao =& Aon=nAo( = (. Conversely, If (5,£,7) and (7,&,7) are congruent then
Moo =6,Ac0& =¢& Aon =17, Ao = (, then again using proposition 3.1, we find that both

framed surfaces have common basic invariants. O
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4.3. Curvatures of a Framed surface in E}. We define curvatures of a framed surface
(0,6,m) : Q — E3 x © using the moving frame {£,7,( = ¢ x n} instead of {os,04,£} as at
singular points it may not be well defined. So first we obtain the matrix associated with the
Weingarten map W : TM — T M with respect to the frame {£,n,{ = £ x n} and then define

the curvatures as determinant and trace of the map, where TM = span{n, }. Thus,

where n€ and (€ are the derivatives of the unit normal & with respect to the vector fields n

and (, respectively. By using equation (4.9)), we get

cp d
where A\ = det Lo

ey do

W(n)=-né = —%(dzﬂs —dioy)€ = —i(dﬁs —d1&),

W(Q =—(§= —%(—0203 + Clgt)ff = —i(—cﬁs + C1ft)-

Also using (4.10]), we get

W) = — (dahy — dala) + (mids — mody)C),

1
W(Q) = =5 ((erlz = e2li)n + (erma — ezm)C).-
Thus, we get the Weingarten matrix as follows

W 1 lidy — lady cila — ealy

midy — mady  c1mo — camy

Now, we define pux = A.detW and pug = )\.%trace(W). By direct calculation we obtain

cq d i m

A=det | = , Wi = det ! ! , (4.18)
co da la mo
1 c1m dy |

g = —={det U e | }. (4.19)
2 Co2 My dg 12
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Where k¢ = (A, ux, i) is the curvature of a spacelike framed surface. Similarly we find the

curvature of a timelike framed surface as follows

c d 1 m ]
A=—det | = , Wi = —det ' ' , (4.20)
co d la ma
) g —m dp -l ]
pr = —={det ! et | ' 1, (4.21)
2 c2 M2 dy Iy

where 6 = (1, 7).

4.4. Translation framed surface generated by framed curves in E3. Let (v, v1,19) :
I - E3 x 0O and (5,71, ) : I — E3 x © be framed curves with the curvatures (1, K2, k3, T)

and (K1, ke, k3, 7) in E}. Let o : I x I :— E$ be the translation surface parametrized as

o(s,t) =(s) +7(1).

Proposition 4.1. [5] Let (o,v{,v5) : Q — E$ x © be a one parameter family of curves with
respect to s and (o,vi, V) : Q — E$ x © be a one parameter family of curves with respect to
t. If p* = v x v§ and p* = vt x VL are linearly independent for each (s,t) € Q, then (0,&,n)

is a framed surface for some smooth mapping ({,n): Q — ©.

For a translation surface o(s,t) = v(s) + J(t) defined as above, we have (o,v1,1v2) and
(0,71, 72) as one parameter family of curves on the translation surface with respect to s and
t, respectively. We consider a smooth map (£,7n) : Q2 — O defined by £(s,t) = % and
n(s,t) = p(s), where p = v; x vy and p = ¥y X Uy such that the map (0,£,1) : Q — E} x ©

is a framed surface and o is a framed base surface by the Proposition 4.1. Considering the

above construction we have the following corollary.

Corollary 4.1. Let (y,v1,v2) : I — E3 x © and (3,1,72) : I — E3 x © be framed curves
in Minkowski 3-space such that p(s) and p(t) are linearly independent for all (s,t) € I x I,
then (0,&,n) : I x I — E3 x ©, defined by o(s,t) = v(s) + (t), £(s,t) = % and

n(s,t) = p(s), is a translation framed surface.

Theorem 4.3. Let (y,v1,12) : I — E3 x © and (7,71,02) : I — E3 x © be timelike framed
curves with curvatures (K1, ka2, k3, T) and (K1, Ra,R3,T), respectively in E‘z’ Then the basic

invariants of the timelike translation framed surface (0,&,n) : I x I — E$ x © are obtained
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as follows

1 _
Li(s,t) = NN O (K2(s)ra(s).p(t) — K3(s)vi(s).p(t)),
_ p(s)-p(t)
mi(s,t) = (502 =1 (k2(s)ra(s).p(t) — K3(s)vi(s).p(t)),
-1 -
(s, t) = N ORI (r2(s)v1(s)-p(t) + Ks(s)va(s)-p(t)),
la(s,t) =0,
-1 _ _ _
m2(s7t) = (p(S)ﬁ(t))2 1 (HQ(t)VQ(t)p(S) - /€3(t)V1(t) p(S)),
na(s,t) =0,

where . denotes semi-Euclidean or Lorentzian scalar product.

Proof. Since the framed curves (y(s),v1(s),v2(s)) and (3(s),71(s),2(s)) are timelike, by
construction 7(s,t) = p(s) is a timelike vector field which belongs to the tangent space of
the surface o, therefore it is a timelike surface and furthermore £ and ( are spacelike vector.
Now by using the Lagrange’s identity (u x v, u x v) = —(u, u){v,v) + (u,v)? and vector triple
product (u x v) X w = (v,w)u — (u, w)v for Minkowski space, we have

Ip(s) % A = /=005, PN D), BN + p(), FOD) = v/e(=T F (o), FOD),
where € = (£,£) = 1. Since by definition (of angle), (p(s),p(t)) = — cosh @, therefore —1 +

(p(s),p(t))2 = —1 4 cosh?# = sinh?# > 0. Also since p and p are linearly independent,

p.p # 1 therefore sinh?# > 0. Thus, we have

ci(s,t) = os(s,).n(s,t) = 7(s)p(s).p(s) = —7(s),
dy(s,t) = os(s,t).C(s,t) = 7(s)n(s,t).C(s,t) =0,

ea(s,t) = ou(s,1)n(s,t) = F(O)A(L) (s) = 7(D)p(s).p(0)
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(s, ) = (s, 1)C(5.8) = 7()p(8)-(€(5.8) % p(s)
o pls) x ()
AR FOr0]
= #(0)lots) x A(B) = 7OV AOF — L

Now, by using equation (3.3)), we have ps(s) = ka(s)va(s) — k3(s)v1(s). Thus

1

Li(s,t) = &s(s,t)n(s,t) = T ——— 7 ((p(s) x ps(s))-p(t))

~le(s) x p(t)]]

(p(s) x (=ra(s)r1(s) — w3(s)ra(s)).-p(t))

1
V(p(s).p(t))* —1

1

V(p(s).p(t))? -1

(ra(s)va(s).p(t) — ka(s)vi(s).p(t)),

1 (5,1) = Ea(s,8)-C(5,8) = == (pa(s) X BE))-(p(s) x (t) x p(5))

le(s) x p(0)]2

B (p(s).p(lt))Q —(ps(5) % p(1))-((ps)-p() pls) + (1))
- (/)(S).p(lt))2 — (p(5)-p(t))(p(s) x ps(s))-p(t)
- (p(f)(-f))(gg? 7 (Ra(s)vals).p(t) — ks(s)ra(s).p(t),
m(s,1) = (s, £).C (s, £) = Hp(s)iﬁ(t)”ps(s)-((p(s) % p(t)) % pls))
Y (p(s).;(t))2 =7s(5)-((p(s)-p(£))p(s) + (1))
B \/(P(S)-;(t))2 = (Ps(5)-p(1))
-1
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Corollary 4.2. The curvature k5 = (A, i, o) of the timelike translation framed surface

in Theorem 4.4 is given as follows

A= 7(s)7()V/ (p(s)-p(1))? - 1,

e = (2(8)12()-p(t) = m3(5)1(5).p(D) (72 () 72(t)-p(5) = Fs(B)7 (E)-p(s))
((p(s)-p(1))? = 1)3/2 ’
gy = T FE(O72(8).p(5) = Fs (D7 (1)-p(5)) + 7({) (2(5)a(s).p(E) = Ka(s)(s)2(D)
2((p(s)-p(1))* = 1)

Proof. Using (4.20) and (4.21]) and Theorem 4.4, we have

s, t) = 7(s)7()/ (p(s)-p(1))? — 1,

wr (s, t) = =li(s,t)ma(s,t)

_ (w2(s)va(s)-p(t) — ma(s)vi(s)-p(1)) (Ra(8)Pa(t)-p(s) — Ra(t)ma(1)-p(s))
((p(s).p(t))2 —1)3/2 .

§=(n,m) =—1,s0

,LLH(S, t) :l{clmg —+ comq — dzll}
7(s)(Re(t)v2(t)-p(s) — R (t)ri(t)-p(s))

= {

(p(s).p(t))? — 1
7(t)(p(s)-p(t))*
+ o0) )7 = 102(72(8)-20) = ma()1(5)-2(0)
1
T s)-p(t))? — ka(s)va(s).p(t) — k s
OV AP T (Raa(s)0) (5 ()20}

Proposition 4.2. Let (y,v1,v2) : [ — E3 x © and (3,01,) : I — E3 x © be timelike
framed curves with curvatures (K1, ke, k3, T) and (R1, R, Rs3,T), respectively. Assume that -y
is contained in the xz-plane and % is contained in the zy-plane. Then for the translation
framed surface (o,&,m) : I x I — E} x © obtained by the above curves, i = 0 if and only if

o is a generalized cylinder.

Proof. Let the curve v be contained in the xz-plane and 7 be contained in the xy-plane. Then

we take v1(s) = (0,1,0), #1(t) = (0,0,1) and p(s) = (p1(s),0, p3(s)), p(t) = (p1(t), p2(t),0)

for some real smooth functions pi, ps, p1 and pa, which further gives v5(s) = v1(s) x p(s) =
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(—p3(s),0,—p1(s)) and n(t) = v1(t) x p(t) = (—p2(t), —p1(t),0). Also since vy and vy are

fixed vectors, v; = 0 and 7] = 0 therefore from (3.3)), k1 = ko = k1 = k2 = 0. Hence

K3(s)Rs(t)ps(s)p2(t)
(Pi(s)p3(t) —1)3/2

Thus px = 0 if and only if one of the functions ks, k3, p3, p2 is identically zero on an open

:U’K(S’ t) =

interval in I or I. So, if k3 = 0 or p3 = 0 then v is a part of a timelike straight line, while
k3 = 0 or po = 0 implies 7 is a part of a timelike straight line. In either case o is a generalized

cylinder. O

Proposition 4.3. Let (y,v1,v2) : [ — E3 x © and (3,01,) : I — E3 x © be timelike
framed curves with curvatures (K1, ke, k3, T) and (R1, R, Rs3,T), respectively. Assume that ~y
is contained in the xz-plane and % is contained in the zy-plane. Then for the translation
framed surface (o,&,m) : I x I — E3 x © generated by the framed curves, uy = 0 if and only
if o is a point or is a part of the following surface
m‘ + B, v(t),u(s)),

where B, ¢ are some constants.

Proof. Using the similar constructions {v1, 19, py and {71, 72, p} as in Proposition 4.2, we get

K1 = Ko = k1 = ko = 0. Hence

T(s)ps(s) _  T(H)pa(t) _ C(constant). (4.22)

/@3(5) Rg(t)

By definition k3(s) = v5(s).p(s) = p3sp1 — p1,sp3 and R3(t) = p21p1 — p1,4P2, substituting
into (4.22) we get,

C(p3,sp1 — pr,sp3) = 7(s)p3(s),

C(paap1 — prep2) = —7(t)p2(2).
In the case C' =0, we have T =0 or p3 =0 and 7 =0 or ps = 0. If p3 = 0 and ps = 0 then

k3 = 0 = k3 which contradicts to the equation (4.22)). Thus 7 = 0 and 7 = 0 which implies

that o is a point.
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Now in the case C # 0, replacing ¢ = % in the above equations we get,

p3,sP1 — p1,sp3 = cT(s)p3(s), (4.23)
p2,tp1 — Prtpe = —cT(t)p2(t). (4.24)

Since p is a timelike unit vector we take p(s) = (cosh (6(s)),0,sinh (6(s))), therefore pi s =
6, sinh (0) and p3 s = 0 cosh (6). Using equation (4.23)), we get

0s = c7(s)sinh (6(s)),

/sinhl(é?)de = C/T(S)ds +D,

. . 0 1+Aecfr(s)ds
which gives e” — W,

calculate y(s) = [ 7(s)p(s)ds. Let v(s) = (71(s),0,72(s)), then we get v1(s) = [ 7(s)p1(s)ds =
_ 262cf7'(s)ds 6cfﬂ'(s)ds
—% log (lécfw) and 73(5) = f’T(S)pg(S)dS = %log (iﬁecw)

Let u(s) = %log (M), then ~ is given by

1+A2820f-r(s)ds 0 2Aecf-r(s)ds

1,A262Cf7'(s)ds7 ’ 17A€20f7—(3)d3 ) . NOW we

thus we get p(s) = (

17A€cf7—(s)ds
1 1
7(s) = (= logcosh (cu(s)) — = log (24),0, u(s)).
c c
Similarly, by equation (4.24)), we obtain
1 1 -
()= (- - log | sinh (cv(t))| + - log (24),v(t),0),
A —c [T(t)dt
where ’U(t) = —%log % Thus

o(s,t) =~(s) +7(t)

1 cosh(cu(s))
= (Laog | ) ),
<c ©8 sinh(cov(t)) + B, v(t), uls)
where B is a constant. In fig. 1 we have diagram of the surface when ¢ =1, B = 0. 0
2 e

-0.5
0.5 1

FiGURE 1.
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Theorem 4.4. Let (v,v1,19) : I — E3 x © a spacelike and (,i1,02) : I — E3 x © be
a timelike framed curve with curvatures (k1, k2, k3, 7) and (K1, Ko, R3,7), respectively in E3.
Then the basic invariants of the timelike translation framed surface (o,6,m) : Ix I — E3 x 0,

are obtained as follows

li(s,t) = NS OO (r2(s)va(s).p(t) — k3(s)ri(s).p(t)),
ma(s00) = P (a1 10) = (5910
1) _
(5.) = gl YA ) 70) s (a(e) 7)),
lo(s,£) = 0
1 B _ _
ma(ovt) = ey RaP)(9) — Ra(Om(0).(5)
na(s,t) =0,

where § = (v1,v1) = £1.

Proof. Since the framed curves (y(s), v1(s), v2(s)) is spacelike and (7(s), 71(s), 72(s)) is time-
like, by construction o(s,t) = 4/(t) is a timelike vector field which belongs to the tangent
space of the surface o, hence o is a timelike surface and £ and n are spacelike vectors, ( is a

timelike vector. Thus, we have

lp(s) x p(t)]l = V/e((p N (D), (1)) + (p(s), p(1))?) = V/e(1 + {p(s), p(1))?),
we have (p(s),ﬁ(t)) = sinh 6, 1—|—< (), p(t))% = 14sinh? f = cosh? § > 0, hence € = (£,£) =1,
and ||p(s) x p(t)| = /1 + ( (t))2, we have

ci(s,t) = as(s, t).n(s, t) = 7(s)p(s).p(s) = 7(s),

di(s,t) = 05(s,1).C(s,t) = 7(s)n(s,1).C(s,1) = O,
ca(s,t) = o(s, 1).n(s, ) = T()p(t).p(s) = T(t)p(s)-p(t),
da(s,t) = o1(s,1).C(s,t) = T(1)p(1)-(£(s, 1) X p(s))
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By using (3.2), we have ps(s) = —dra(s)v1(s) + drs(s)va(s), hence

v
lp(s) x p(D)]

5 ((p(s) x (=0ra(s)r1(s) + dra(s)ra(s))-p(t))

hi(s,t) = &s(s,t)n(s,t) = ((p(s) x ps(s))-p(t))

= e e e momle) b (s (=on(s) A(0)

= G e ) A o) AA0)
(5,

B 1
lo(s) = p(1)]2

= T ) % P (s) o) + 50)

(ps(s) x p(t))-(p(s) x p(t) x p(s))

—_

= 1+ <,0(8) ﬁ(t)>2(l_€2(t)ﬂg(t).p(5) - "_{3(75)51(75)-,0(5)),

n2(svt) = nt(sﬂt)'C(‘S?t) = pt(87t>.C(S,t) = O-C(Sat) = 0.

115
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Corollary 4.3. The curvature k5 = (A, i, ) of the timelike translation framed surface

given in Theorem 4.5 is given as follows

g = — r2(8)v2(8).p(t) = ()1 (5).p(1)) (Fa(D)Fa(t).p(s) = Fs(t)7(t).p(s))
(1+ (p(s)-p(t))?)3/? ’
7(s) (Ra(t)7a(t).p(s) — Rs(t)P1(t).p(s)) — T(t)(ra(s)va(s)-p(t) — ka(s)ri(s)-p(t))

Proof. Using (4.20) and (4.21)) and Theorem 4.5, we have
s, t) = 7(s)7(t)V/1 + (p(s).0(t))2,

i (s, t) = —=li(s,t)ma(s,t)

(ra(s)va(s).p(t) — Ka(s)vi(s).p(t)) (R
(1 + (p(s)-p(

(
)

t)a(t).p(s) — k()i (t)-p(s))
)2)3/2 :

2
t

1
pE(s,t) =— §{Clm2 + comy — daly }

_ 1 7(s)(Ra(t)7a(t)-p(s) — Ra(t)(E)-p(s))

—a 1+ (p(s)-p(t))?
7(t)(p(s)-p(t))?
T (o(o) ()2 F2()2()-P(8) = ra(s)(9)-A()
_ - 1
— 7)1+ (p(s).p(t))? N RO O (ka(s)va(s).p(t) — k3(s)v1(s).p(t))}

Proposition 4.4. Let (y,v1,v2) : I — E$ x© be an spacelike and (7,01, 2) : I — E3x0O be a
timelike framed curve with curvatures (K1, k2, k3, T) and (R1,Ra, k3, T), respectively. Assume
that 7y is contained in the yz-plane and 7 is contained in the xz-plane. Then for the translation

framed surface (o,6,m) : I x I —E3 x O, ux =0 if and only if o is a generalized cylinder.

Proof. We take v1(s) = (1,0,0), #1(t) = (0,1,0) and p(s) = (0, p2(s), p3(s)), p(t) = (p1(t),0, p3(t))
for some real smooth functions pa, p3, p1 and ps. Then we get va(s) = p(s) x vi(s) =
(0, p3(s), p2(s)) and a(t) = v1(t) x p(t) = (—ps(t),0,—p1(t)). Since v and v are fixed
vectors, f = 0 and 7j = 0 therefore k1 = ko = k1 = k2 = 0. Now by following the similar

steps to the Proposition 4.2 we get the result. O
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Proposition 4.5. Let (y,v1,v2) : I — E$ x© be an spacelike and (3,v1,2) : I — E3xO be a
timelike framed curve with curvatures (K1, ka2, k3, T) and (R1,Ra, k3, T), respectively. Assume
that 7y is contained in the yz-plane and 7 is contained in the xz-plane. Then for the translation
framed surface (0,&,n) : I x I — E3 x ©, py = 0 if and only if o is a point or is a part of

the following surface

o(s,t) = (v(t),u(s),%log ‘WD,

where ¢ is some constant.

Proof. Working with the same frames {v1, 19, py and {1, 72, p} as defined in the Proposition
4.4, we get k1 = Ko = K1 = ke = 0. Since p is an spacelike unit vector and p is a timelike unit
vector so we take p(s) = (0,cos0(s),sinf(s)) and p = (cosh 0(t),0,sinh §(¢)) and by following
the similar steps to the Proposition 4.3 we obtain
1
1(s) = (0,u(s), + log (2ese (eu(s)))).
1
A1) = (0(£),0, - log cosh (cu())),
c

where u(s) = —21 log(tan (£ [ 7(t)dt + b)) and v(t) = 2 arctan (Ae¢/ 7). Thus
X(s,t) =~(s) +7(t)

= (o0 108 [ )

where c is a constant. In fig. 2 we have diagram of the surface when ¢ = 1. O

FIGURE 2.
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Theorem 4.5. Let (y,v1,v2) : I = E3 x © and (3, 1,12) : [ — E3 x © be spacelike framed
curves with curvatures (K1, k2, k3, T) and (K1, Ko, k3, T), respectively in B}. Then the basic
invariants of the spacelike translation framed surface (o,&,n) : I x I — E3 x ©, are obtained

as follows

c1(s,t) = 7(s),

dl(sv t) =0,

1
l1(s,t) = Ko (8)ra(s — k3(s)vi(s ,
1) = s (s29(6):200) — a5 (5):9(0)
C pl8)a() ]
m1(87t) - 1— (p(S)ﬁ(t))2 (HQ(S)V2<S)'p(t) - H3(S)V1(S) p(t))7
o _
ni(s,t) = NETONOE (r2(s)ri(s).p(t) — K3(s)ra(s).p(t)),
ZQ(S, t) = O,
1 RN _
ma(s,t) = 1— TOEGE (R2(t)12(t).p(s) — Ra(t)r1(t).p(s)),
na(s,t) =0,
where § = (v1,v1) = £1.
Proof. We can prove this theorem using similar steps as the Theorems 4.4, 4.5. O

Corollary 4.4. The curvature Ky = (A, i, pu) of the spacelike translation framed surface

given in Theorem 4.7 is given as follows

A= —7(s)7(t)V/1 — (p(s).p(1))%,

e = (r2(s)va(s).p(t) — k3(s)ri(s).p(t)) (Ra(t)a(t).p(s) — R () (t).p(s))
(1= (p(s)-p(t))?)*/2 ’
= _ 7(s)(Ra ()7 (t).p(s) — R3(t) 71 (t)-p(s)) — T(t)(ra(s)va(s).p(t) — k3(s)vi(s).p(t))
2(1 = (p(s)-p(t))?)
Proof. Proof is similar to the corollaries 4.2, 4.3. 0

Proposition 4.6. Let (v,v1,10) : [ — E3 x © and (3,01,0) : I — E3 x © be spacelike
framed curves with curvatures (ki, ke, ks, T) and (K1, Re, k3, T), respectively. Assume that
is contained in the yz-plane and % is contained in the zz-plane. Then for the translation

framed surface (0,6,m) : I x I —E3 x O, ux =0 if and only if o is a generalized cylinder.
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Proof. We take v1(s) = (1,0,0) and o1 (t) = (0, 1, 0) then there exist real smooth functions pa,
p3, p1 and p3 such that p(s) = (0, p2(s), p3(s)) and p(t) = (p1(t), 0, p3(t)). Now by definition
va(s) = p(s) xv1(s) = (0, p3(s), pa(s)) and va(t) = w1 (t) x p(t) = (—p3(t), 0, —p1(t)) and since
v1 and 7y are fixed vectors, f = 0 and 7j = 0 therefore k3 = ko = k1 = ka2 = 0. Now by

following the similar steps to the Proposition 4.2, we get the desired result. O

Proposition 4.7. Let (y,v1,10) : I — E3 x © and (3,01,2) : I — E3 x © be spacelike
framed curves with curvatures (ki, ke, ks, T) and (K1, Re,R3,T), respectively. Assume that
is contained in the xz-plane and % is contained in the yz-plane. Then for the translation
framed surface (0,&,n) : I x I — E3 x ©, py = 0 if and only if o is a point or is a part of

the following surface

o(s,t) = (U(t),u(s),llog ‘smh(cv(t))‘)

c sin(cu(s))

where ¢ is some constant.

Proof. Working with the frames {11,v2, py and {71, 72, p} as defined in the Proposition 4.6,
we have k1 = Ko = K1 = Ko = 0. Since p and p are spacelike unit vectors so we take
p(s) = (0,cos6(s),sinf(s)) and p(t) = (sinh6(t),0,coshé(t)) and by following the similar

steps to the Proposition 4.3 we obtain
1 .
7(8) = (07 U(S), _E log (2 S (Cu(s))))v
1
~(t) = (v(t), 0, p log (2sinh (cv(t)))),

where u(s) = —Llog(tan (§ [ 7(t)dt + b)) and v(t) = 2 log (%). Thus,

(s, t) =(s) +7(t)

= (0(t) u(s), L 10g |2}y

sin(cu(s))

where c is a constant. In fig. 3 we have diagram of the surface when ¢ = 1. U
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FIGURE 3.
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