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EXPONENTIAL DECAY FOR A THERMO-VISCOELASTIC BRESSE
SYSTEM WITH SECOND SOUND AND DELAY TERMS

MOHAMED HOUASNT*, SALAH ZITOUNI, AND RACHIDA AMIAR

ABSTRACT. In this paper, we consider a thermo-viscoelastic Bresse system with second
sound and delay terms, where the heat flux is given by Cattaneo’s law. Regardless of the
speeds of wave propagation and the stable number, which is introduced in [14, 5], we
prove an exponential stability result using energy method under suitable assumptions on

the weights of the delays and the frictionals damping.

1. Introduction

In the present paper, we consider the following thermo-viscoelastic Bresse system with

second sound and delay terms

(

p1ow — k(2 + 1 + lw),, — kol (we — lp) + pipr + powy (x,t —11) =0,

patbu = bibee + k (0r + 0+ 1w) + 0 [ g (t = ) Yoz (2, 5) ds + 16, = 0,

prwie — ko (we — 1), + Kl (pr + ¥ + lw) + Mwi + Aawy (2,1 — 72) =0, (1.1)
P30t + gz + Yz = 0,

agqe + Bq+0, =0,
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with the initial data and boundary conditions

90($7O):300(x)7 (Pt(wvo):(pl(x)’ w(wvo):%(iﬂ)v wt(wvo):d}l(x)v
w(z,0) =wp (z),w (2,0) = wy (x),0 (2,0) =6y (z), 0;(x,0) =6 (),

q(x,0) =qo(v), q (x,0) =q1 (z).

90(07t) = 1y (Oat) = Wy (Ovt> :9(07t) ZW(L7t) :¢(L7t) :Sox(Lat) ZQ(Lat) =0,
Pt (x7t_7—1) = fO ($7t_7—1)7 (]I,t) € (O7L) X (077—1)7 (12)
wi (z,t — 1) = fo(z,t — 1), (x,t) € (0,L) x (0,72).

where (z,t) € (0,L) x Ry, p1, p2, p3,, B, k, ko, 1,b,0,7, 11, A1 are positive constants, pe and
Ao are real numbers, 71, 70 > 0 represent the time delays, 0 is the difference temperature, g is
the heat flux and ¢ is a positive function satisfying some conditions to be determined later.

Originally, the Bresse system consists of three wave equations where the main variables
describing the longitudinal, vertical and shear angle displacements, which can be represented

as (see [06]):

p1ow = Qz +IN + Fi,
p2Yy = My — Q + Fy, (1.3)
p1wit = Ny —1Q + F3,

where in our work

t
M = wa—5/0 g(t—s)va(,,8)ds, N =kho(we —lp), Q@=Fk(pz+v+Iw),

F, = —U1Pt — U2t (.,t — Tl) , F5 =0, and F3 = —A\jwr — Aawy (.,t — TQ) .

N, @Q and M denote the axial force, the shear force and the bending moment. By w, ¢, and
1, we are denoting the longitudinal, vertical and shear angle displacements. Here p; = pA,
p2 =pl, b=FEI, kg = EA, k = kgGA and | = R~!. For material properties, we use p for
density, F for the modulus of elasticity, G for the shear modulus, &k for the shear factor, A
for the cross-sectional area, I for the second moment of area of the cross-section and R for
the radius of curvature and we assume that all this quantities are positives. Also by F; we
are denote external forces. The Bresse system (, is more general than the well-known
Timoshenko system where the longitudinal displacement w is not considered (I = 0).

The issue of existence and stability of Bresse system has attracted a great deal of attention
in the last decades (e.g. [11 2} 3], 6} 10} TT), 12, 16} 17, 18], 2T, 22]). In the absence of viscoelastic

damping (g = 0), frictionals damping p; = A; = 0 and delay terms ps = Ao = 0, Keddi et
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al. [I4] studied the following one-dimensional thermoelastic Bresse system

prow — k (pz + 9 + w), — kol (wy — lp) =0,

P2ttt — by + k (0z + 1 + lw) + 70, = 0,

prwie — ko (we —l@), + Kkl (¢ + 9 + lw) =0, (1.4)
P30t + Gz + Ytz = 0,

\ Tq + Bq+ 0, =0,

where the heat conduction is given by Cattaneo’s law effective in the shear angle displacement.
They established the well-posedness of the system and proved, under a condition on the

parameters (, k and kg, which is

(1 _TRes\ (pr _p2y TV _ _
g._<1 p1><k‘ b) =0 and k = ko,

that the system was exponentially stable depending on the stable number of the system, and
showed that in general, the system was polynomially stable if { # 0 and k = kg. Li et al.

[15] extended this last result to the following Bresse system with delay

;

prpte — k(0 + P + lw), — kol (we — lp) + ppr (z,t — 10) =0,

P2 — bag + k (0r + 9 + lw) + 78, =0,

prwit — ko (we — 1), + Kl (pz + 9 +lw) =0, (1.5)
P30t + 4o + Y2 = 0,

Tqt + Bq + 0, = 0.

They proved that the system is well-posed by using the semigroup method, and under a

similar condition on the precedent parameters, that is

2
P1 P2 p1 ™ P1
¢ (T k:p3> ( bk ) bkps 0 an 0

they showed that the dissipation induced by the heat is strong enough to exponentially
stabilize the system in the presence of a ”small” delay when the stable number is zero.
Motivated by the works mentioned above, we investigate system under suitable as-
sumptions and show that even in the presence of the viscoelastic term (g # 0), the frictionals
damping (A1, 1 # 0) and the second delay term (A2 # 0), we can establish an exponential
decay result regardless of the stable number (. Introducing the viscoelastic term together
with the frictionals damping in the internal feedback of thermoelastic Bresse system with
second sound makes our problem different from those considered so far in the literature. We
prove our result by using the energy method together with some hypotheses on the weights

of the delays and the frictionals damping as well the relaxation function g.
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This paper is organized as follows: In Section 2, we introduce some assumptions needed
in our work. In section 3, we shall give some technical lemmas and state with proof our main

result.

2. PRELIMINARIES

In this section, we present some materials needed in the proof of our results. We also
state, without proof, a local existence result for problem . The proof can be established
by using Faedo—Galerkin method [7]. Throughout this paper, ¢ or C represents a generic
positive constant and is different in various occurrences.

We shall use the following assumptions:

(A1) g:R;y — Ry is a differentiable function such that

g(0) >0, b-— (5/ g(s)ds=b—0dg1 =1>0, (2.6)
0

(A) There exists a non-increasing differentiable function n: Ry — R, such that

J) < —n(t)g(t), t>0 and /Ooon(t)dt:+oo. (2.7)

Remark 2.1. Since g is positive and g(0) > 0 then for any to > 0 we have

t to
/ g(s)ds > / g(s)ds =gy >0, Vt>tp. (2.8)
0 0

We introduce the new variable as in [20]

z1(z, p,t) = @iz, t —11p), z € (0,L),pe€(0,1),t>0, (2.9)
zo(x,p,t) = wi(x,t —T2p), x€(0,L),pe(0,1),t>0. (2.10)
Then, we have
Tth(x7p7t) + le(ﬂj,p,t) = 0, T € (OvL)vp € (07 1)at >0,

T2t (2, p, t) + 22p(2, p,t) = 0, x € (0,L),p€e (0,1),t>0.
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Hence, problem ((1.1))-(1.2) is equivalent to the following system, where (z,p,t) € (0,L) X
(0,1) x Ry

prow — k (pz + U+ lw), — kol (we — 1) + 1oy + poz1(z, 1,t) = 0,

T121, (%, p, t) + 21, (2, p,t) = 0,

patie — bbug + k (0 + 9+ lw) + 8 [ g (t — 8) Yhua (2, 8) ds + 70, = 0,

prwi — ko (we — 1), + Kl (0 + 1 + lw) + Mwp + Aoza(x,1,8) =0, (2.11)
22, (2, p,t) + 22, (2, p, 1) = 0,

P30t + 4w + Yte = 0,

g+ Bg+ 06 =0,

with the following initial data and boundary conditions

¢ (2,0) =¢o (), ¢t (x,0) =1 (2), z € (0,L),
¢(x70):w0 (x)awt ($,0)2¢1 (ZL‘), T € (OvL)a
w(x,0) =wp (x), w(x,0) =wy (x), z e (0,L),
Q(J;?O) = 4o (LIZ), qt (3370) =q1 (ZL‘), T e (O7L)a
9(3370) = 0o (33’), 0 (3370) =0t (J?), x € (OvL)a (212)
21(377P7 O) = fO(xa _pTl)7 22(x7pa 0) = fo(xv _pTQ) (‘Tvp) € (O7L) X (07 1)
21(x,0,t) = oz, t), 22(x,0,t) = wy(x,t) (x,t) € (0,L) x (0, 400),
(P(Ovt):wx (Ovt) = Wy (07t) :9(0,75):0, le (0,—|—OO),
w(Lyt) = (L,1) = 9 (L,1) = q (L,1) = 0, £ (0,+00).
Along this paper, we use the following notations
(fou)(t fo ft—s)(v(t) —v(s))ds, Yve L*0,L),
(fow) fo f(t—s)(v(s) —v(t))?ds.
The energy functional associated to —, is
1 L t
£l = 5 / {ms@? + P2t} + prwi + p3f + ag” + <b - 5/ 9(8)d8> wi} da
0 0
1 L 1 1
+2/0 {51 /0 22z, p,t)dp + {2/0 25(x, pyt)dp + k (z + 1 + lw)z} dx
1 L
+2/0 {k‘o (wy —l<p)2+5(goq/)x)}d1: (2.13)

we denote g(t) = g(t7 907w7w707Q7 2172:2) and 5(0> =¢£ (07¢07¢07w07907QO7f07J%> for sim-

plicity of notations.
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For state a local existence result, we introduce the vector function ® = (¢, u, 9, v,w,w,

,q, 21,22) 7, where u = ¢;, v = 1)y and w = wy, using the standard Lebesgue space L?(0, L)
and the Sobolev space H& (0, L) with their usual scalar products and norms for define the

space H as follows

H = H(0,L) x L*(0,L) x [fz}(o,L) X L%@,L)f x [L2(0, L)]* x [L2((0,L) x (0,1))]7,

where
Hi(0,L) = {f € H'(0,L), f(0)=0},
HY(0,L) = {f € H'(0, L), f(L) =0},
H2(0,L) = H?(0,L)n H}(0, L),
H2(0,L) = H2(0, L) N HX(0, L).

Proposition 2.1. Let &5 = (gpg,(pl,wo,wl,wg,wl,eo,qo,fo,}B)T € H be given. Assume that

(A1), (A2), 1 > |pu2| and A1 > |A2| are satisfied. Then Problem - possesses a

unique global (weak) solution satisfying
® = (907 u, w7 v,w,w, 95 q, 21, Z?)T S C (R-i-; H) .

3. Exponential stability

In this section, we state and prove our exponential decay result for the energy of the
solution of system ([1.1)-(1.2]), using the Lyapunov functional which is equivalent to the
energy functional. To achieve our goal, we need the following technical lemmas.

The two inequalities in the following lemma are introduced in [§] and [13] respectively.

Lemma 3.1. For any function g € C([0,+00),R;) and any v € L*(0, L) we have

[gouv(t)])?dx < </0 g(s)ds) gou(t), Vt>0, (3.14)

L ¢ 2 L L
/ (/ g(t — s)vm(s)ds) dr < 2¢; / g o vgdr + 2¢1 / v2dz. (3.15)
0 0 0 0

Lemma 3.2. (Poincaré-type Scheeffer’s inequality, [19]): Let h € H}(0,L). Then it
holds

L L L2
/ h|? da < c/ |he|? da, = —5- (3.16)
0 0 ™

Lemma 3.3. [I0] There exists a positive constant ¢ such that the following inequality holds

for every (p,,w) € [H&(O,L)]3

L L
/ (02 + Y2 + wl)de < C/ (002 + k(P + Va + w2)? + ko(ws — 19)?] da. (3.17)
0 0



EXPONENTIAL DECAY FOR A THERMO-VISCOELASTIC BRESSE SYSTEM 45

Lemma 3.4. Let (¢,¢,w,0,q,z1,22) be the solution of —. Then the energy func-

. . !
tional satisfies, for some ng, ng > 0,

, L 5 L , ) L L L
) < —B/ qzd:n—i—/ (g o¢z)dx—g(t)/ Yidx — ng </ (p,?dx—i—/ z%(x,l,t)dx)
0 2 Jo 2 0 0 0
/ L L
—ny </ wida +/ 22 (x, 1,t)dx> <0
0 0

sl ‘,U/Q‘ < fl < 7'1(2111 — ‘,U,QD and T2 |)\2| < fg < TQ(Q)\l — |)\2|) (318)

Proof. Multiplying Equation 1 by o, 3 by Uy, 1 by wy, 6 by
0; and 7 by q, then integrating over (0, L). Next, multiplying 9 by (§&1/11)z1 and
5 by (&2/72)z2 and integrating over (0, L) x (0, 1) with respect to p and z, we get

where

o7 / (Mm@} + p2v + prwf + pa6® + b7} da (3.19)

Jd ot
24t J,

L L L L
= —m/ w?—h/ W?—uz/ 21(x,1,t)sotdw—ﬁ/ ¢*dx
0 0 0 0

L L t
_/\2/0 z2($7 17 t)UJtdiE - 5/0 d}t/o g(t - $)¢zx(8)d5d$a

{k (e +0 + lw)2 + ko (wy — l(p)2 + aq2} dz

and

L 1
§1/ / z121p(x, p, t)dpdr = / / zl x, p, t)dpdx (3.20)
1 Jo Jo

= 27_1/0 [23(2,1,t) — 23(2,0,t)]dx

L
— 51/ 2(2,1,t)dx — ’51/ ©dr,
27’1 0

L 1

Z/@ /0 Z222p<x7p7t)dpd$ = / / 2d .f o, t)dpda (321)
- 2 /O 22(2, 1, 1) — 22(2,0, 1) dz (3.22)
_ & t 2 & o[* 2
= 272/0 z5(x,1,t)dx — 272/0 widz. (3.23)

Now, we estimate the last term on the left-hand side of .

L t 5 d L 5 L
[ untt) [ att=spnsiasiz = 55 [Cwovadr+ ) [ute 29

—g% </Ot9(8)ds /Olwi(t)dw) - g /OL(Q/ 0 g )dx
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L
x,l,t >

L
z% (x,1,t)d )

We have also

1(x, 1, )ppdr < |M2’</ d:v—l—
0

2

Az /

5 ; dx +
So, we conclude

0 < 3 [ ovte— o0 [ e (w21 [T
T2y * 2 0 v 27 2 0 t
(&1l /Lz (& lml /Lz
<A1 5 5 ; widz o 5 ; zi(z,1,t)dx
& _ /L 2
(27_2 5 ; z5(z, 1, t)dx.

Using , we have, for some ny, n6 > 0,

, § L , 5 L L L
Et) < / (g o¢w)d:p—g(t)/ wgdaz—no (/ cpfdx—i—/ z%(x,l,t)d:n)
2 Jo 2 0 0 0
) L L
—ny (/ wida +/ 22 (x, Lt)dx) <0.
0 0

Lemma 3.5. Let (o, ¢,w,0,q,z1,22) be a solution of —. Then the functional

—H2

— A9 o(xz, 1, t)wpdr <

/-
-

D\c\

L t
(0 =2 [ ( | st =) —w<s>ds> dr (3.25)
satisfies for any & >0

L L
() < —p (90—5)/0 wfdx+(b2+529%—2bago)5/o 2da

L L
+ko /0 (pr + 0+ lw)2 do — P29 (0) /0 (g’ o q/)z) dx

45
N ([F I
+C ((5 ) / g oydr + / 62dz. (3.26)
0 2 Jo
Proof. Taking the derivative of Iy, using the third equation in , we obtain

) = —m / e (g o) do — po < / ) / WRda (3.27)

+10=0 [ g(s)ds (o) Yodr +k | (2 + 1 +1w)(goy)de
(o= ffatoas) [ /

L L
+5/0 (gowx)de—/o 0 (goby)da

By using Young’s inequality, and , we get, for any § >0

L L
5/0 (goby)de < 591/0 (goy)da (3.28)
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L L L
/ / 9 p2g (0) ,
—/0 Y (g o) de <6 /0 Yydr — 15 /0 (¢ 0 ts) da (3.29)

L

(g o1y)dr (3.30)

L

L L
(bé/otg(s)ds>/0 (g0 1hy) hpdr < (b2+52g%2bégo)5'/0 Yrdx

L

91
45 (g 0 y)dx (3.31)
L 1t a [t
_/0 0(g<>1/1$)dac§2/0 Hda?—i—? ; (goy)dx. (3.32)

Combining -, the result follows.

Lemma 3.6. Let (¢, ¢,w,0,q,z1,22) be the solution of —, then for ey, es, e3 > 0,

the functional

= PP / / Gi(y)dyda (3.33)

satisfies the estimate

1 1 1 L
L(t) < / wtdx+61/ (I+w+lw)2d:c+c<+++1>/ 0*dx
€1 €2 €3 0
L L
+ (e2 + 2g1€3) / Vide + c/ ¢*dx + 29163/ g oyde. (3.34)
0 0 0
Proof. A simple differentiation of Zs, then exploiting the third and sixth equations
in (2.11)), leads to
() - —m/ wtdxm/ e [ g —/ O
0
k‘P3
(soz + 1 + lw) 0( )dydzx 4 s g(t — 8)vzdsda.
7 Jo 0

Estimate (3.34)) follows by using Cauchy—Schwarz and Young’s inequalities.

Lemma 3.7. Let (¢,%,w,0,q,21,22) be the solution of -(2.13), then for es > 0, the

= apg/ / y)dydz (3.35)
satisfies the estimate

<_/ 0%dx +5/ Q/Jtdx—i—c( 6>/OLq2d33. (3.36)

functional
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Proof. A simple differentiation of Z3, then exploiting the last two equations in (2.11]),

leads to
/ L L L L @
Zs(t) = —pz/ 92dx+a/ querow/ qwtda:—ﬂpa/ 0/ q(y)dydz.
0 0 0 0 0
Estimate (3.36)) follows by using Cauchy—Schwarz and Young’s inequalities.

Lemma 3.8. Let (¢, ¢,w,0,q,z21,22) be the solution of —, then for & > 0, the

functional

L T
Zu(t) = ;m / Pt <s0+ / @b(y)dy) dx (3.37)
0 0
satisfies the estimate
, k [F 5 ko [T ) Y
Z,(t) < —= | (pet¢+lw)yde—— [ (we—Ilp)Yde+dc | ide
2 Jo 2 Jo 0
1 Lo, Ly
+(c+— prdr +c¢ | zi(x,1,t)dx. (3.38)
Proof. A simple differentiation of Z,, then exploiting the first equation in (2.11]),

leads to

L) = m /OL Pt /Ox Yi(y)dydr — o /OL (Wr/om w(y)dy) z1(z, 1, t)dx

L L L
—k/ (gom+w+lw)2d1‘+p1/ <p,?dx—lk0/ (we — lo)? da
0 0 0

— /OL Pt <so+/0m"¢(y)dy> dz.

Using Cauchy—Schwarz, Poincaré and Young’s inequalities gives (3.38)).

Lemma 3.9. Let (¢, ¢,w,0,q,z21,22) be the solution of —, then for 8 ,es > 0,

the functional
L
L5(t) =2 | bunda (3.39)
0

satisfies the estimate

, b 52 ,72 , L , rL
2w < (240 47 fags /wida:+2gla/ (g0 1) do
2 4(5 €4 0 0

L ) k‘2 L ) L )
+,02/ Yy dx + > / (pr + ¥+ lw)” dx + 64/ 0°dzx. (3.40)
0 0 0
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Proof. A simple differentiation of Z5, then exploiting the first equation in (2.11)),

leads to
, b L L L
I(t) = / 7/192;d$+,02/ %Z)fd:vav/ O dx
2 Jo 0 0
L L t
—/f/ (z + ¥ +lw) zbdac+5/ wx/ g(t — s)hpdsdx.
0 0 0
Using (3.14)), (3.15]), Cauchy—Schwarz, Poincaré and Young’s inequalities gives (3.40)).

Lemma 3.10. Let (p,v¢,w,0,q, 21, 22) be the solution of -(2.19) and for k = ko and

&' >0, the functional

L L
Zs(t) = —p1 /0 ot (we — lp)dz — py /0 wt (g + ¢ +lw) dx (3.41)

satisfies the estimate

L 2 L
Ti(t) < (25’ - kol) / (we — 1p)? da + (pll + Z;) / Y2d (3.42)
0 0
, L P2 )\2 L
+(k:l+26)/ (gow—f—w—i—lw)?dx_q_ L 2 5 / wfda:
0 10 16 ;
, L MQ L )\2 L
+9 / Yide 4 T2 22(x,1,t)dx + 2,/ 22(z,1,t)dz.
Proof. A simple differentiation of Zg, using the first and fourth equations in (2.11)),
leads to
/ L L L
Is(t) = —kol/ (we — lo)* da + pll/ idr + kl/ (pz + 9 + lw)? dz
0 0 0

L L L L
—pll/ w?dx —p1 / wihrdr + pq / ot (we — lp)dx + N\ / wi (pz + ¢+ lw) dx
0 0 0 0

L L
—i—ug/ z1(z, 1,t) (wy — lp) dx + )\2/ zo(x,1,t) (pz + 9 + lw) da.
0 0

Using Young’s inequality for the last five terms in the right-hand side gives (3.42]) under the

condition k = k.
Lemma 3.11. Let (p,¢,w,0,q,z1,22) be a solution of —. Then the functional

t M1 L 2 Al L 9
I?(t):—Pl/ (@%-l—wwt)dx—/ @dw—/ widr
0 2 Jo 2 Jo
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satisfies, for ¢ > 0, the estimate

L L L
Z.(t) < —m / idr — py / widx + c/ (pz + 1+ lw)? dz
0 0 0

L L MQ L
+c/ (we — L) da + c/ Vidr + 22 22(x,1,t)dx
0 0 2 Jo
2

)\2 L 2
+—= 22($,1,t)d.%'.
2 Jo

Proof. Taking the derivative of Zr, by using equations in (2.11)), we get
) L L L )
Z.(t) = —pl/ ©ldx — pl/ widr + k/ (pz + ¢ +lw)” de
0 0 0

L L
+k0/ (we — L) da — k/ (z + 1 + lw) Ydzx
0 0
L L
—sz/ wz1(x,1,t)dx + )\2/ wza(x, 1,t)dz,
0 0
according to (3.17)), we have the following relation where ¢ is a positive constant
L L
[ vt ratldn<e [ ot vt b + - 1)+ 2] da
0 0

We obtain the result by using (3.47) and Young’s inequality.

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

Lemma 3.12. Let (o, ¥, w,0,q, 21, 22) be the solution of -. Then the functional

Ig defined by

L 1
Zs(t) :Tl/ / e 2P 2 (x, p, t)dpdx (3.48)

o Jo

satisfies
, L L
Ts(t) < —21Ig(t) — C’l/ 22(x,1,t)dx —i—/ 2. (3.49)
0 0

Proof. By differentiating Ig, then by using > and 5, and integrating by

parts, we get

L rl
Iy(t) = —2/0 /062T1pz121p(x,p,t)dpd:1:

L rl L rl d
= —27'1/ /e_QTlpz%(a:,p,t)dpdx— /(e_QTlpz%(:v,p,t))dpdx
0 Jo o Jo dp
L L

— _21‘8(15)—/ e_2lef(m,1,t)dx+/ cp?dw.
0 0
L L
= —218(75)—01/ z%(x,l,t)dx—k/ gofdx
0 0

for C1 > 0.
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Lemma 3.13. Let (p,¢,w,0,q,z1,22) be the solution of —. Then the functional
Is defined by

L 1
Ty(t) = TQ/ / e 2P 3 (x, p, t)dpda (3.50)
0 0
satisfies
, L L
Zy(t) < —2I9(t) — 02/ 22(z,1,t)dx —|—/ widz. (3.51)
0 0
Proof. By differentiating Ig, then by using 9 and 5, and integrating by
parts, we get
, L 1
Iy(t) = —2/ / e_QszZQZQp (x, p, t)dpdz
0 0

L rl L rl d
= —27-2/ / e 2P 22(x, p,t)dpdr — / — (e72™Pz3(, p, t)) dpdx
0 Jo o Jo dp
L L
= _219(t)—/ 6_2722§(x,1,t)da:+/ widz.
0 0
L L
= —2[g(t)—02/ z%(x,l,t)da:—i—/ widx
0 0

for Cy > 0.

Now, we are ready to state and prove the main result of this section. First, we define a

Lyapunov functional £ as follows
9
L(t) = NE(t)+ ) NIi(t) (3.52)
i=1

satisfies, for V;, i = 1,2, ...,9 are positive constants to be proprerly chosen later, with suffi-

ciently large N, one can easily prove that
a1€(t) < L(t) < a€(t), Yt>0 (3.53)
where o and as are positive constants.

Theorem 3.1. Let (¢,v,w,0,q,21,22) be the solution of -(2.19) and assume that
(A1), (A2), k = ko, p1 > |pe| and Ay > |X\a| hold. Then, the energy functional satisfies,

E(t) < cre @ Jio n(s)ds, Vvt >0

where c¢1 and co are positive constants.
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From the estimates of the previous lemmas we have

L L
{=noN + c¢N4 + lp1 N — p1 N7 + Ns}/ prdx + {P290N1 - %J\b + Pst} / Yide
0 0
L L
—I—{—noN lplNG—p1N7+Ng}/ wtzd.%'—i-{—BN—i-CNg—l—CNgg}/ qzdx
0 0

b A2 L
g(t) + (e2 + 2g1e3) No + <2 4 Z) N; + cN7}/ V2dz
4 0

1 11 ps Lo
+cNy(—+ —+—+1) — N3+ e&Ns 0% dx
€1 €9 €3 2 0

ko r 2
——N4 — lkoNg + cN7 / (wy — o)~ dx
0

k I{ZQ L
+ {61]\72 — —Ns+ b — N5 + lkNg + CN7} / (o + ¥+ lw)2 dx
0
/ )\% / L 2
—nogN + ?N7 — C] Ny z5(x,1,t)dx
0
+{-

mNg}/ 2w, p,t)da + [~ mNg}/ 2w, p,t)d

+{e(0' Ny +2g1e3N5) } /0 ) (90 vs)do + N5 /0 (9" 0wr)da

L
+0 / |:<N3 + paN1 4+ cNy + N6) th + <2N6 + kNl) (gom +Y+ lw)2 + 2Ng (wm — l(p)Q
0

+ [0+ 8% - 25bgo) N1 +291N5] ¢F +291N5 (9 0 )| do
2

p29(0 Ny 5 & 2, M 2
5/[ wm)+4cq+ —N5ys + <4+4 New; | dx

N. 2
+// ﬂNG_i_J QO?—F&NGZ%(x,l,t)+72N62:§(x717t) dx.
5 ), |\ 4 4 4 1

By taking e = €3 = ¢4 = N5 = Ng = N7 =1, Ny = Ny and Ng = Ny, we arrive at

L L
L) < {—noN+cNy+lpr—p1+ Ng}/ idx + {(—pggo - p;) N1+ pz} / Prda
0 0

L L
+ {—nON —lpy —p1 + Ng}/ wfd:c + {—BN + cNy + cNg}/ ¢*dx
0 0

5 —b L
—Nzg(t)+(1+291)N1+2-1-724-6}/ %%dﬂ?
0
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2

k k L
+{€1N1—2N4+b+“€+0}/ ((pm—i-w—i-lw)zdx
0

2 L
+{—n0N+CN4+'L;2—ClN8}/ Z%(x,l,t)dx
0

/ A L,
+< —nyN + 5 CNg z5(x, 1, t)dx
0

+ {—mNs} (/OL 22(x, p, t)de + /OL z%(x,p,t)dx)

+{(c(5’)+2gl) Nl}/OL (gowx)daz—f—Ng/OL (glowx) d

/ 1 /
+5'Cy (N1, N3, Ni)E(t) = 5 Ca(N1, Na, Ni)E'(8).

Let us choose Ny large enough such that

Ik
—70]\[4 — ko +c < 0.

Picking Ny and choose Ny large enough so that

<—P290 - ?) N1+ p2 <0,

choose €1 small enough so that

2

k k
€1N1—§N4+?+lk+c<0.

Next, we select N3 large enough such that

1 1
She(=43) )M BN +1<0.
2 €1 2

Finally, we choose N sufficiently large to satisfy

/ ! 2
—ngN + cNy+ Ng +p1 (1 - 1) <0, —noN_ClN8+%<O'
, 2
—ngN + Ns —p1 (1 +1) <0, —noN +cNy— C1Ns + 2 <0,

—BN +¢eNy+cN3 <0, —NSg(t)+(1+2g1) N+ L +142+c<0.
Therefore, (3.54) takes the form

, , Cy (N1, N3, Ny) L
£/(8) < = [Co— Cr (N1, No, Ny) 87| €(t) — 2 L 4)€(t)+(3’3/ (g0 v)dz
0

for some positive constants Cy, Cq,Co, C3. At this point, we take § < g—‘;, then for some
mg > 0, we obtain

" &)

£(#) < —mo(t) + C /O (g 0)de — 2E (). (3.54)
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Multiplying (3.54]) by n(t) gives

L Co o\
WL D) < =man(E(®) + Can(t) [ (o vde = FE W (359)

The second term can be estimated, using (Aa), as follows

L L t
Can(t) /0 (go)ds = Canlt) /O /0 9t — 3) (U (1) — ()2 dsdx

—Qg”e’(t),

so for some Cyq > 0, (3.55|) becomes as follows

IN

ML (1) < ~mon()E () — Che) — e (1) (3.56)

We have

F0) =) (2)+ e)) ~ e

Therefore, using (3.56|) and the fact that n/(t) <0, we arrive at,

Fo =0 (£0+ Few) +aw (0 +Fem) <aw (¢

/

(t) + 75 (t)> .

So

/

F(t) < —mon(t)E(t) — CLE(D).
Now, we set
G(t) = F(t) + C1E(L) ~ E(2),

gives

’ /

G (1) = F (1) + C4€ (t) < —mon(t)E(®). (3.57)
A simple integration of over (to,t) leads to
G(t) < G(tg)e ™ Jio 1) (3.58)
Recalling and estimate completes the proof.

Acknowledgments.
The authors wish to thank deeply the anonymous referee for his/here useful remarks and

his/here careful reading of the proofs presented in this paper.



[

2]

3]

[9]

(10]

(11]

(12]

(13]

(14]

(15]

[16]

(17]

18]

EXPONENTIAL DECAY FOR A THERMO-VISCOELASTIC BRESSE SYSTEM 55
REFERENCES

F. Alabau-Boussouira, J.E. Mun6z Rivera, D.S. Almeida Junior, Stability to weak dissipative Bresse
system. J. of Math. Anal. and Appli., 374, 481-498, (2011).

M. O. Alves , L. H. Fatori, J. Silva, R. N. Monteiro, Stability and optimality of decay rate for a weakly
dissipative Bresse system, Math. Meth. Appl. Sci., 38(5), 898-908, (2015).

A. Benaissa, M. Miloudi, M. Mokhtari, Global existence and energy decay of solutions to a Bresse system
with delay terms, Comment. Math. Univ.Carolin., 56(2), 169 -186, (2015).

L. Bouzettouta, S. Zitouni, Kh. Zennir and A. Guesmia, Stability of Bresse system with internal dis-
tributed delay, J. Math. Comput.Sci., 7(1), 92-118, (2017).

L. Bouzettouta, S. Zitouni, Kh. Zennir and H. Sissaoui, Well-posedness and decay of solutions to Bresse
system with internal distributed delay, Int. J. Appl. Math. Stat., Vol. 56(4), (2017).

J.A.C. Bresse, Cours de Méchanique Appliquée. Mallet Bachelier, Paris (1859).

M. Chen, W. Liu, W. Zhou, Existence and general stabilization of the Timoshenko system of thermo-
viscoelasticity of type III with frictional damping and delay terms, Advances in Nonlinear Analysis, 7(4),
547-570, (2016).

A. Djebabla and N. Tatar, Exponential stabilization of the Timoshenko system by a thermo-viscoelastic
damping, Dynamical and Control Systems, Vol. 16(2) , 189-210, (2010).

L. H. Fatori, J.E. Munoz Rivera, Rates of decay to weak thermoelastic Bresse system. IMA J. Appl.
Math., 75(6), 881-904, (2010).

M. Ferhat, A. Hakem, Asymptotic stability properties of solutions to a Bresse system with a weak
viscoelastic term, Ser.Math.Inform. 31(4), 825-838, (2016).

M. Ferhat, A. Hakem, Well-posedness and asymptotic stability of solutions to a Bresse system with time
varying delay terms and infinite memories, Facta universitatis (Nis), 31(1), 97-124, (2016).

Z. Han , G. Xu , Spectral analysis and stability of thermoelastic Bresse system with second sound and
boundary viscoelastic damping. Math. Methods Appl. Sci., 13(4), 1395-1406, (2013).

J. Hao, F. Wang, energy decay in a Timoshenko-type system for thermoelasticity of type III with dis-
tributed delay and past history, FElect. J. Differ. Eqns., 2018, 1-27, (2018).

A. A. Keddi, T.A. Apalara and S.A. Messaoudi, Exponential and polynomial decay in a thermoelastic-
Bresse system with second sound, Appl. Math. Optim. 77 (2), 315-341, (2018).

G. Li, Y. Luan, W. Liu, Well-posedness and exponential stability of a thermoelastic-Bresse system with
second sound and delay, Hacettepe J of Maths € Statistics, In appear.

F. Z. Mahdi, A. Hakem, Global attractors for a nonlinear Bresse system with delay in the internal
feedbacks, Commun.Optim. Theory 2019, Article ID 7, (2019).

F. Z. Mahdi, A. Hakem, Global Existence and Asymptotic Stability for the Initial Boundary Value
Problem of the Linear Bresse System with a Time-Varying Delay Term, J. Part. Diff. Eq., 32 (2), 93-111,
(2019).

S. A. Messaoudi and J.H. Hassan, New general decay results in a finite-memory Bresse system, Pure and

Applied Analysis 18(4), 1637-1662, (2019).



56 MOHAMED HOUASNI*, SALAH ZITOUNI, AND RACHIDA AMIAR

[19] D. S. Mitrinovic, J. E. Pecaric, A. M. Fink, Inequalities involving functions and their integrals and
derivatives. Dordrecht: Kluwer Academic, . (Mathematics and its applications (East European Series);
vol. 53), (1991).

[20] A. S. Nicaise, C. Pignotti, Stabilization of the wave equation with boundary or internal distributed delay,
Di . Int. Equs. 21 (9-10), 935-958, (2008).

[21] M. L. Santos, D.S. Almeida Junior, Numerical exponential decay to dissipative Bresse system. J.Appl.
Math. 2010, 1-17, (2010).

[22] J. Soriano, J. M. Rivera, L. Fatori, Bresse system with indefinite damping. J. Math. Anal. Appl. 387(1),
284-290, (2012).

FACULTE DES SCIENCES ET DE LA TECHNOLOGIE, UNIVERSITE DJILALI BOUNAAMA, ROUTE THENIET EL
HAD, SOUFAY 44225 KHEMIS MILIANA, ALGERIE, OR
DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCES, ANNABA Univ, P.O. Box 12, ANNABA 23000,
ALGERIA

Email address: m.houasni@yahoo.fr

DEPARTMENT OF MATHEMATICS AND INFORMATICS, SOUK AHRAS UNI1v, P.O. Box 1553, SOUK AHRAS,
41000, ALGERIA

Email address: zitsala@yahoo.fr

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCES, ANNABA UN1v, P.O. Box 12, ANNABA 23000,
ALGERIA

Email address: rrachida-2000@yahoo.fr



	1. Introduction
	2. Preliminaries
	3. Exponential stability
	References

