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Abstract. The concept of Ricci-Yamabe (RY) soliton is such an approach that unifies

the geometric properties of Ricci solitons and Yamabe solitons. Because of the wealth of

geometric properties and applications in differential geometry and mathematical physics, the

research on RY solitons has gained increasing interest. This paper is devoted to conformal

Riemannian submersions whose total spaces possess Ricci-Yamabe (RY) solitons and gives

some examples for clarification.
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1. Introduction

Physically occurring waves which maintain their shape after interaction with other waves

are known as solitons. Solitons are viewed as self-similar solutions of some wave equations

in mathematics. From the idea of solitons, Richard S. Hamilton [4] defined Ricci solitons as

self-similar solutions of nonlinear partial differential equations in the context of geometric

flows. Recently, solitons have gained much significance and attention in differential geometry

due to its important link with curvature flow and geometrical analysis on manifolds. More

specifically, Ricci solitons naturally occur while studying Ricci flows, invented by Richard

Hamilton, in terms of their singularity formation and asymptotic behavior. After the advent

of the Ricci flow by Hamilton, several geometers started investigating geometric solitons.

Moreover, the spectacular application of Ricci flow by Grigori Perelman [12] to prove the

famous Poincaré Conjecture made the study of solitons a very important field in modern

geometry. Thus, soliton structures become important in the study of manifolds admitting

different geometric structures.

The topic of geometric flows became one of the most important in contemporary differential

geometry after the introduction of Ricci flow and Yamabe flow by Hamilton in the 1980s. The

self-similar solutions to such flows generate Ricci solitons and Yamabe solitons, respectively.

Thus, it is reasonable to consider RY solitons, which are the fixed points of the RY flow.
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A Riemannian manifold (M, g) equipped with a vector field ζ is said to admit a RY soliton

(RY soliton) if
1

2
Lζg + αRic+

(︃
λ− β

2
κ

)︃
g = 0, (1.1)

where Ric is the Ricci tensor, κ is the scalar curvature, λ, α, β are constants, and Lζ denotes

the Lie derivative along ζ. The soliton is called expanding, steady, or shrinking according to

whether λ is positive, zero, or negative.

Note that

(1) if ζ is gradient of some smooth function f on M , then the above notion is called

gradient RY soliton.

(2) if we replace λ in equation (1.1) by a smooth function, then we say that (M, g) is an

almost RY soliton.

On the other hand, conformal Riemannian submersions (CRSs) provide a rich geometric

framework that generalizes Riemannian submersions, in which the differential restricted to

the horizontal distribution is conformal with a positive dilation function rather than an

isometry (see [2]).

A surjective smooth map between two Riemannian manifolds

F : (M, g) → (N,h)

is said to be Riemannian submersion if it has maximal rank at every point p ∈ M and the

differential F∗p maps the horizontal space (KerF∗)
⊥) isometrically onto TF (p)N . The fibers

of F over q ∈ N is defined by F−1(q). Moreover, the submersion F is called a conformal

(horizontally conformal) submersion (CS) if the restriction of F∗ to the horizontal distribution

(KerF∗)
⊥ is conformal, that is, there exists a positive smooth function σ (the dilation) such

that [1]

h(F∗X,F∗Y ) = σ2g(X,Y ), (1.2)

for all X,Y ∈ Γ((KerF∗)
⊥).

Note that F is called horizontally weakly conformal map at p ∈ M if either

(1) F∗p = 0, or

(2) F∗p maps the horizontal space conformally onto TF (p)N .

A horizontally weakly conformal map F : M → N is said to be horizontally homothetic if

the gradient of its dilation σ is vertical at regular points. Equivalently, σ is constant along

horizontal directions.

In recent times, an increased amount of research is being conducted on the relationship

between the theory of solitons and submersions. The work of Meriç and Kılıç [9] involved

studying Riemannian submersions with total manifolds possessing Ricci solitons, and Meena

and Yadav [6] further expanded the study to include conformal Riemannian submersions.

In [8], Meriç discussed Riemannian submersions whose total manifolds are almost Yamabe

solitons to Riemannian manifolds. But still, there is no study about the CSs whose total

manifolds admit RY solitons.

This paper aims to fill this gap. We organize our work as follows. Section 2 recalls essential

preliminaries on the study. The main results have been discussed in Section 3, where we have
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considered CSs from a RY soliton and established a condition for the fibers/base manifold

to be (almost) RY solitons/Einstein manifolds. Section 4 deals with the examples of these

mappings, and conclusions are drawn in Section 5.

2. Preliminaries

In this section, we give a brief review of basic facts; cf. [15].

Let

F : (M r, g) → (N r, h)

be a Riemannian submersion. The vertical distribution V = KerF∗ and the horizontal

distribution H = (KerF∗)
⊥ are orthogonal complements. For any vector field E on M , we

write E = VE +HE. The O’Neill tensors A and T are defined by [11]

AEF = H∇HEVF + V∇HEHF, (2.3)

TEF = H∇VEVF + V∇VEHF. (2.4)

These tensors satisfy AE = AHE , TE = TVE , and are skew-symmetric. Their properties

include

∇UV = TUV + V∇UV, ∇XU = AXU + V∇XU, ∇XY = AXY +H∇XY, (2.5)

for U, V ∈ Γ(V) and X,Y ∈ Γ(H).

The submersion F is known to be of totally umbilical fibers if; cf. [19], [20]

TUV = g(U, V )H or TUX = −g(H,X)U, (2.6)

where H denotes the mean curvature vector field of the fibers.

For the map F , the second fundamental form is expressed as [3]

(∇F∗)(X,Y ) = DF∗XF∗Y − F∗(∇XY ), (2.7)

where D is the Levi-Civita connection on N .

Let

F : (M r, g) → (N s, h)

be a CS with dilation σ. The following fundamental relation holds for basic vector fields [3]:

F∗(H∇XY ) = ∇N
F∗XF∗Y +

σ2

2
{X
(︁
σ−2

)︁
F∗Y

+Y
(︁
σ−2

)︁
F∗X − g(X,Y )F∗

(︁
gradH σ−2

)︁
}. (2.8)

The tension field ℸ(F ) of F is defined as the trace of the second fundamental form. For a

CS, we have [7]

ℸ(F ) = (s− 2)
σ2

2
F∗
(︁
gradH σ−2

)︁
− (r − s)F∗(H), (2.9)

where H is the mean curvature vector of the fibers. The map F is harmonic if and only if

ℸ(F ) = 0.

Now, we recall the components of the Ricci tensor on the total manifold of a CS. These

formulas are essential for studying RY solitons.

Let {Ui}s+1≤i≤r be an orthonormal basis of V and {Xj}1≤j≤s an orthonormal basis of

H. Denote by RicV the Ricci tensor of the fibers and by RicN the Ricci tensor of the base
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manifold N . If horizontal distribution (kerF∗)
⊥ is integrable, then the horizontal space is

totally umbilical, that is,

AXY = g(X,Y )Hhor,

where mean curvature vector Hhor is given by [3]

Hhor = −σ2

2

(︁
∇Vσ

−2
)︁
. (2.10)

Proposition 2.1. [6] For a CS

F : (M, g) → (N,h)

with dilation σ, the Ricci tensor components on M are as follows:

RicUV = RicVUV −(r − s)g(TUV,H) +

s∑︂
j=1

g((∇UA)XjXj , V )

+
s∑︂

j=1

g(AXjU,AXjV )−
s∑︂

j=1

g((∇XjT )UXj , V )

− sσ4

2
g
(︁
U,∇Vσ

−2
)︁
g
(︁
V,∇Vσ

−2
)︁
, (2.11)

RicUX = (r − s)g(∇UH,X)−
r∑︂

i=s+1

g((∇UiT )UUi, X)

+

s∑︂
j=1

g((∇XA)XjXj , U)−
s∑︂

j=1

g((∇XjA)XXj , U)

−
s∑︂

j=1

g(TUXj ,V[X,Xj ]), (2.12)

RicXY =

r∑︂
i=s+1

g((∇UiA)XY,Ui) +

r∑︂
i=s+1

g(AXUi, AY Ui)

−
r∑︂

i=s+1

g((∇XT )UiY,Ui)−
r∑︂

i=s+1

g(TUiX,TUiY )

+ σ2g
(︁
AXY,∇Vσ

−2
)︁
+ σ−2RicNXHY H

+
3

4

s∑︂
j=1

g(V[X,Xj ],V[Xj , Y ])− (s− 2)

2
σ2g

(︁
∇X gradσ−2, Y

)︁
− σ2

2
g(X,Y )

{︂
∆Vσ−2 − s

(︂
Hhorσ−2

)︂}︂
+

sσ4

4
g(X,Y )

⃦⃦
gradσ−2

⃦⃦2
+

σ4

4
(s− 2)

(︁
Xσ−2

)︁ (︁
Y σ−2

)︁
. (2.13)

Immediate consequences of Proposition 2.1 are as follows:

Corollary 2.1. [6] Let

F : (M r, g) → (N s, h)



Int. J. Maps Math. (2026) 9(2):381–398 / CONFORMAL SUBMERSIONS FROM RICCI-YAMABE SOLITONS385

be a homothetic CS with dilation σ such that the fibers of F are totally geodesic and (kerF∗)
⊥

is integrable. Then

RicXY = g(X,Y ) δ(Hhor) + σ−2RicNXHY H

− 1

4
σ4g(X,Y )

⃓⃓
∇Vσ

−2
⃓⃓2
+

sσ2

2
g(X,Y )

(︂
Hhorσ−2

)︂
,

here δ is used for divergence.

Corollary 2.2. [6] Suppose that

F : (M r, g) → (N s, h)

defines a horizontally CS which is totally geodesic and admits dilation σ. Then

RicUV = RicVUV , (2.14)

RicXY = σ−2RicNXHY H , (2.15)

RicUX = 0, (2.16)

where X and Y are the horizontal lifts of XH and Y H, respectively.

Theorem 2.1. [6] Consider a CS

F : (M, g) → (N,h)

which is totally geodesic and admits dilation σ. Then the scalar curvature κ of M is given

by

κ = κV + σ−2κN , (2.17)

where κV and κN denote the scalar curvatures of the fibers and the base manifold, respectively.

Theorem 2.2. [6] Let

F : (M, g) → (N,h)

be a horizontally CS. Then F is totally geodesic if and only if

(1) fibers of F are totally geodesic,

(2) (kerF∗)
⊥ is totally geodesic,

(3) F is homothetic.

3. Conformal Submersions from RY Solitons

Throughout this section, we assume that (M, g) admits a RY soliton with potential vector

field ζ, constants λ, α, β, and that F is a CS.

3.1. Potential Field Vertical. We first consider the case where the potential field ζ is

vertical, i.e., ζ ∈ Γ(KerF∗).

Theorem 3.1. Let (M, g, ζ, λ, α, β) be a RY soliton with ζ vertical, and let

F : (M, g) → (N,h)

be a totally geodesic CS. If N is Ricci-flat, then each fiber admits a RY soliton. Moreover, if

ζ is unitary then the corresponding soliton is classified as follows:

(1) shrinking, if βκV > 0,
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(2) steady, if βκV = 0,

(3) expanding, if βκV < 0.

In particular, if β > 0, then the nature of the soliton depends on the sign of the vertical scalar

curvature κV , whereas for β < 0 the classification is reversed.

Proof. Since ζ is vertical, for any U, V ∈ Γ(KerF∗), the RY soliton equation gives

1

2
{g(∇Uζ, V ) + g(∇V ζ, U)}+ αRicUV +

(︃
λ− β

2
κ

)︃
g(U, V ) = 0.

Using the expression for RicUV from Proposition 2.1 and the total geodesicity assumption,

many terms vanish. Then by Theorem 2.1, we obtain

0 =
1

2
Lζg + αRicV +

(︃
λ− β

2
κV
)︃
g − β

2
σ−2κNg. (3.18)

As N is Ricci-flat, we have κN = 0, and thus we get the RY soliton equation on the fiber. In

addition, when ζ is assumed to be a unit vector field, we have 1
2Lζg(U, V ) = 0 for vertical

vector fields. From (3.18) and the assumption of Ricci-flatness of N , we obtain

λ− β

2
κV = 0,

that is,

λ =
β

2
κV .

This completes the classification. □

Theorem 3.2. Let (M, g, ζ, λ, α, β) be a RY soliton with ζ vertical, and let

F : (M, g) → (N,h)

be a CS such that fibers of F are totally umbilical and (KerF∗)
⊥ is totally geodesic. If N is

Ricci-flat, then each fiber admits an almost RY soliton.

Proof. Under the hypotheses that fibers of F are totally umbilical TUV = g(U, V )H and

(KerF∗)
⊥ is totally geodesic, we obtain

RicUV = RicVUV −(r − s)∥H∥2g(U, V ) + δ(H)g(U, V ). (3.19)

From (1.1) and (3.19), we get

0 =
1

2
{g(∇Uζ, V ) + g(∇V ζ, U)}+ α

(︃
RicVUV −(r − s)∥H∥2g(U, V ) + δ(H)g(U, V )

)︃
+

(︃
λ− β

2
κ

)︃
g(U, V )

=
1

2
{g(∇Uζ, V ) + g(∇V ζ, U)}+ αRicVUV +

(︃
λ− β

2
κV
)︃
g(U, V )

+

(︃
− α(r − s)∥H∥2 + αδ(H)− β

2σ2
κN
)︃
g(U, V ).

Since N is Ricci-flat, κN = 0. Then the above equation reduces to

0 =
1

2
{g(∇Uζ, V ) + g(∇V ζ, U)}+ αRicVUV +

(︃
µ− β

2
κV
)︃
g(U, V ),
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where µ = α
(︁
− (r − s)∥H∥2 + δ(H)

)︁
+ λ is a smooth function on M . Thus, each fiber of F

is an almost RY soliton. □

Theorem 3.3. Let (M, g, ζ, λ, α, β) be a RY soliton with ζ vertical, and let

F : (M, g) → (N,h)

be a totally geodesic CS. If M has constant scalar curvature κ, then N is Einstein.

Proof. Since ζ is vertical, for any X,Y ∈ Γ(KerF∗)
⊥, equation (1.1) gives

0 =
1

2
{g(∇Xζ, Y ) + g(∇Y ζ,X)}+ αRicXY +

(︃
λ− β

2
κ

)︃
g(X,Y )

= −1

2
{g(∇XY, ζ) + g(∇Y X, ζ)}+ αRicXY +

(︃
λ− β

2
κ

)︃
g(X,Y )

= −1

2
g(AXY +AY X, ζ) + αRicXY +

(︃
λ− β

2
κ

)︃
g(X,Y ).

Using the assumption that the submersion is totally geodesic and Corollary 2.2, we obtain

ασ−2RicNXHY H +

(︃
λ− β

2
κ

)︃
σ−2h(XH, Y H) = 0,

which can be re-written as

RicNXHY H = − 1

α

(︃
λ− β

2
κ

)︃
h(XH, Y H),

showing that N is Einstein. □

Theorem 3.4. Let (M, g, ζ, λ, α, β) be a RY soliton with ζ vertical, and let

F : (M, g) → (N,h)

be a homothetic CS such that fibers of F are totally geodesic and (KerF∗)
⊥ is integrable.

Then N is Einstein.

Proof. From Corollary 2.1 and (3.1), we derive

0 = −1

2
g(AXY +AY X, ζ) + α

{︃
g(X,Y ) δ(Hhor) + σ−2RicNXHY H

− 1

4
σ4g(X,Y )

⃦⃦
∇Vσ

−2
⃦⃦2

+
sσ2

2
g(X,Y )

(︂
Hhorσ−2

)︂}︃
+

(︃
λ− β

2
κ

)︃
g(X,Y ).

In the case of homothetic submersions, the tensor A is equal to zero (see Theorem 2.2), so

the first term is eliminated. This gives us

RicNXHY H = µh(XH, Y H),

where

µ = −σ2 δ(Hhor) +
σ4

4

⃦⃦
∇Vσ

−2
⃦⃦2 − sσ2

2

(︂
Hhorσ−2

)︂
− σ2

α

(︃
λ− β

2
κ

)︃
is a smooth function on M . Hence N is Einstein. □
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3.2. Potential Field Horizontal. Now we move on to the situation when the potential

field ζ is horizontal, that is, ζ ∈ Γ((KerF∗)
⊥).

Theorem 3.5. Let (M, g, ζ, λ, α, β) be a RY soliton with ζ horizontal, and let

F : (M, g) → (N,h)

be a totally geodesic CS. Then each fiber of F is Einstein.

Proof. Since ζ is horizontal, for any U, V ∈ Γ(KerF∗), the RY soliton equation yields

1

2
{g(∇Uζ, V ) + g(∇V ζ, U)}+ αRicUV +

(︃
λ− β

2
κ

)︃
g(U, V ) = 0.

Since ζ is horizontal vector field and the submersion is totally geodesic, we have∇Uζ = −AζU

(vertical). Now the Lie derivative term becomes

−g(AζU, V )− g(AζV,U) = 0

due to the skew-symmetry of A. Using Corollary 2.2, RicUV = RicVUV . Thus

αRicVUV +

(︃
λ− β

2
κ

)︃
g(U, V ) = 0,

which gives

RicVUV = µg(U, V ),

so each fiber is Einstein with µ = − 1
α

(︂
λ− β

2κ
)︂
. □

Theorem 3.6. Let (M, g, ζ, λ, α, β) be a RY soliton with ζ horizontal, and let

F : (M, g) → (N,h)

be a CS such that fibers of F are totally umbilical and (KerF∗)
⊥ is totally geodesic. Then

each fiber of F is Einstein.

Proof. From (1.1) and Proposition 2.1, we find

α

{︃
RicVUV −(r − s)∥H∥2g(U, V ) + δ(H)g(U, V )

}︃
+

(︃
λ− β

2
κ

)︃
g(U, V )

= −1

2
{g(∇Uζ, V ) + g(∇V ζ, U)} = g(TUV, ζ).

Given that the fibers of F are totally umbilical, we have TUV = g(U, V )H. Thus, the

RHS simplifies to g(H, ζ)g(U, V ). Moreover, since (KerF∗)
⊥ is totally geodesic, the mixed

curvature terms vanish and the scalar curvature splits. Hence

αRicVUV =
[︁
g(H, ζ) + α(r − s)∥H∥2 − αδ(H)

−
(︃
λ− β

2
κ

)︃]︁
g(U, V ).

Thus RicVUV = ˜︁µg(U, V ), where ˜︁µ is a smooth function, proving each fiber is Einstein. □

Theorem 3.7. Let (M, g, ζ, λ, α, β) be a RY soliton with ζ horizontal, and let

F : (M, g) → (N,h)

be a totally geodesic CS. Then N admits a RY soliton with potential field ζH = F∗ζ.
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Proof. In the case of X,Y, ζ being horizontal, from the property of F as a totally geodesic

CS, we obtain F∗(∇XY ) = DF∗XF∗Y and F∗(∇Xζ) = DF∗XF∗ζ. Then from (1.1),

0 =
1

2
{g(∇Xζ, Y ) + g(X,∇Y ζ)}+ αRicXY +

(︃
λ− β

2
κ

)︃
g(X,Y )

=
1

2
σ−2{h(DXHζH, Y H) + h(DY HζH, XH)}+ ασ−2RicNXHY H

+σ−2

(︃
λ− β

2
κ

)︃
h(XH, Y H).

The multiplication by σ2 will give us the RY soliton on N :

1

2
{h(DXHζH, Y H) + h(DY HζH, XH)}+ αRicNXHY H +

(︃
λ− β

2
κ

)︃
h(XH, Y H) = 0.

Thus (N,h, ζH, λ, α, β) is a RY soliton (with the same constants λ, α, β but note the scalar

curvature term uses κ from M , not κN ). □

Theorem 3.8. Let (M, g, ζ, λ, α, β) be a RY soliton with ζ horizontal, and let

F : (M, g) → (N,h)

be a homothetic CS such that fibers of F are totally geodesic and (KerF∗)
⊥ is integrable.

Then N is an almost RY soliton.

Proof. Using (1.1) and the homothetic condition together with Corollary 2.1, and (2.8), we

obtain after simplification

0 =
1

2
{h(DXHζH, Y H) + h(DY HζH, XH)}+ αRicNXHY H

+

{︃
δ(Hhor)− 1

4
σ4
⃦⃦
∇Vσ

−2
⃦⃦2

+
s

2
σ2(Hhorσ−2) + λ− β

2
κ

}︃
h(XH, Y H).

This shows that N satisfies

1

2

{︃
h(DXHζH, Y H) + h(DY HζH, XH)

}︃
+ αRicNXHY H +

(︃
µ− β

2
κ

)︃
h(XH, Y H) = 0,

where µ = δ(Hhor)− 1
4σ

4
⃦⃦
∇Vσ

−2
⃦⃦2

+ s
2σ

2(Hhorσ−2) + λ is a smooth function on M . Hence

N is an almost RY soliton. □

Remark 3.1. We obtain the scalar curvature of the Ricci–Yamabe soliton manifold M as

κ =
−2λr

2α− βr
. (3.20)

4. Examples

We next provide explicit examples to demonstrate our findings.

Example 4.1. Let M = {(x1, x2, x3) ∈ R3 : x3 > 0} with metric

g = dx21 + dx22 +
1

x23
dx23,

and Let N = R2 with the Euclidean metric

h = dy21 + dy22.
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The map

F : M → N

defined as

F (x1, x2, x3) = (x1, x2)

yields

KerF∗ = span{∂x3}

and

H = span{∂x1 , ∂x2}.

The dilation is σ = 1, implying that F is a Riemannian submersion. The fibers are totally

geodesic, and N is flat (and therefore Ricci-flat). We take the potential vector field for the

vertical direction ζ = ∂x3. It can be easily shown that (M, g) admits Ricci Yamabe soliton

structure with ζ being vertical, α = 1, β = 2, λ = 1
2 (the scalar curvature of the fiber

κV = 1/2). The fiber is one-dimensional, therefore, Ricci-flat and there exists an induced RY

soliton. This supports Theorem 3.1.

Example 4.2. Let M = R3 with metric

g = e2x3dx21 + e2x3dx22 + dx23,

and let N = R2 with metric

h = dy21 + dy22.

Consider the function

F (x1, x2, x3) = (x1, x2).

Here (x1, x2) gives a CS with dilation σ = ex3. The fibers are vertical lines

{x1 = constant, x2 = constant}

and their metrics are dx23 and are totally geodesic. The horizontal potential field

ζ = ∂x1 .

By using corollary 2.2, the Ricci tensor of M can be expressed as

RicXY = σ−2RicNXHY H = 0

since N is flat. So the scalar curvature κ = 0. The RY soliton equation becomes

1

2
Lζg + λg = 0.

Since a straightforward calculation yields

L∂x1
g = 0,

then we get that the equation is satisfied with λ = 0. This means that (M, g, ζ, 0, α, β) is

a steady RY soliton regardless of the values α, β. Since N is a flat manifold, hence a RY

soliton (Theorem 3.7). Moreover, the fibers are also Einstein (Theorem 3.5).

Example 4.3. Let M = R3 with metric

g = dx21 + e2x1dx22 + dx23,
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and let N = R2 with metric

h = dy21 + dy22.

Let us define

F : M → N

such that

F (x1, x2, x3) = (x1, x3)

with dilation factor σ = ex1. Here the fibers are the lines {x1 = constant, x3 = constant}
having the metric e2x1dx22. They are non-totally geodesic since their mean curvature vector

does not vanish. We choose the horizontal potential field

ζ = ∂x2 .

Because ζ is horizontal and Killing, we have Lζg = 0. The scalar curvature κ is a constant

(indeed, κ = 0, since the metric is a warped product with both base and fiber having zero

scalar curvatures). We verify that the RY soliton equation is satisfied for λ = 0. The base

manifold N is a flat manifold, but by Theorem 3.8 the base manifold N admits an almost

RY soliton since the dilation and mean curvature produce a non-constant function µ. Thus,

if the submersion is not totally geodesic, the induced structure is broader than an RY soliton

structure.

To support the theoretical results established in the preceding sections, we now revisit the

examples from [6] and extend them to the framework of RY solitons.

Example 4.4. Let M = {(x1, x2) ∈ R2 : x2 > 0} be a Riemannian manifold with metric

g = e−2x2 dx21 + dx22. (4.21)

Let N = R with metric h = dy21. Define F : M → N by

F (x1, x2) = x1. (4.22)

Define the orthonormal basis

e1 = ex2
∂

∂x1
, e2 =

∂

∂x2
. (4.23)

Then,

KerF∗ = span{e2}, (KerF∗)
⊥ = span{e1}. (4.24)

The non-zero Christoffel symbols for the metric g = e−2x2dx21 + dx22 are

Γ2
11 = e−2x2 , Γ1

12 = Γ1
21 = −1. (4.25)

Using the Christoffel symbols, we compute

∇e1e1 = e2, (4.26)

∇e1e2 = −e1, (4.27)

∇e2e1 = 0, (4.28)

∇e2e2 = 0. (4.29)
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For the diagonal metric g = e−2x2dx21 + dx22, the Gaussian curvature is

K = − 1

2
√︁

|g|
∂x2

(︄
∂x2g11√︁

|g|

)︄
. (4.30)

Since
√︁

|g| = e−x2 and ∂x2g11 = −2e−2x2, we get

K = − 1

2e−x2
∂x2

(︃
−2e−2x2

e−2x2e−x2

)︃
(4.31)

= − 1

2e−x2
∂x2(−2ex2) (4.32)

= − 1

2e−x2
(−2ex2) = −1. (4.33)

Therefore,

κ = 2K = −2, (4.34)

and

Ric(e1, e1) = Ric(e2, e2) = −1, Ric(e1, e2) = 0. (4.35)

Thus for arbitrary X1, Y1 ∈ Γ(TM),

Ric(X1, Y1) = −(a1a3 + a2a4), (4.36)

where X1 = a1e1 + a2e2 and Y1 = a3e1 + a4e2.

Let Z1 = a5e1 + a6e2. Using (4.26)-(4.29), we have

∇X1Z1 = ∇a1e1+a2e2(a5e1 + a6e2) (4.37)

= a1a5∇e1e1 + a1a6∇e1e2 + a2a5∇e2e1 + a2a6∇e2e2 (4.38)

= a1a5e2 − a1a6e1. (4.39)

Thus,

g(∇X1Z1, Y1) = a1a5a4 − a1a6a3, (4.40)

and

g(∇Y1Z1, X1) = a3a5a2 − a3a6a1. (4.41)

Therefore,

1

2
(LZ1g)(X1, Y1) =

1

2
{g(∇X1Z1, Y1) + g(∇Y1Z1, X1)}

=
1

2
(a1a4a5 + a2a3a5 − 2a1a3a6). (4.42)

Also,

g(X1, Y1) = a1a3 + a2a4. (4.43)

The RY soliton equation is

1

2
(LZ1g)(X1, Y1) + αRic(X1, Y1) + βκg(X1, Y1) = 0. (4.44)

Substituting the computed values

1

2
(a1a4a5 + a2a3a5 − 2a1a3a6)− α(a1a3 + a2a4)− 2β(a1a3 + a2a4) = 0. (4.45)
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For the special choice a1 = 1, a3 = 1, a4 = 0, a5 = 1, this simplifies to

−a6 − α− 2β = 0. (4.46)

Hence,

α+ 2β = −a6. (4.47)

Remark 4.1. The metric g = e−2x2dx21 + dx22 represents the hyperbolic plane with constant

curvature K = −1.

Example 4.5. Let M = R2 with metric

g = e2x1 dx21 + dx22. (4.48)

Let N = R with metric h = dy21. Define F : M → N by

F (x1, x2) = x2. (4.49)

Define the orthonormal basis

e1 = e−x1
∂

∂x1
, e2 =

∂

∂x2
. (4.50)

Then

KerF∗ = span{e2}, (KerF∗)
⊥ = span{e1}. (4.51)

For the metric g = e2x1dx21 + dx22, the non-zero Christoffel symbol is

Γ1
11 = 1. (4.52)

For the orthonormal basis, we compute:

∇e1e1 = ∇e−x1∂x1
(e−x1∂x1) (4.53)

= e−x1 [e−x1∇∂x1
∂x1 + ∂x1(e

−x1)∂x1 ] (4.54)

= e−x1 [e−x1∂x1 − e−x1∂x1 ] = 0, (4.55)

∇e1e2 = ∇e2e1 = ∇e2e2 = 0. (4.56)

Thus all connections vanish

∇eiej = 0 for all i, j ∈ {1, 2}. (4.57)

For a diagonal metric g = diag(e2x1 , 1), the Gaussian curvature K = 0.

Therefore,

κ = 0, Ric = 0. (4.58)

Using (4.57) and (4.58), the RY soliton equation becomes

1

2
(LZ1g)(X1, Y1) = 0. (4.59)

Remark 4.2. The metric g = e2x1dx21 + dx22 is flat. Under the coordinate transformation

u = ex1, the metric becomes g = du2 + dx22, which is the standard Euclidean metric.

Any vector field Z1 gives a RY soliton with arbitrary constants α, β. In particular, any

constant vector field is a Killing vector field for this flat metric.
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Example 4.6. Let M = {(x1, x2, x3) ∈ R3 : x3 > 1} with metric

g = x−2
3 (dx21 + dx22 + dx23). (4.60)

Let N = {(y1, y2) ∈ R2 : y2 > 1} with metric h = dy21 + dy22. Define F : M → N by

F (x1, x2, x3) = (x2, x3). (4.61)

Define

e1 = x3
∂

∂x1
, e2 = x3

∂

∂x2
, e3 = x3

∂

∂x3
. (4.62)

Then,

KerF∗ = span{e1}, (KerF∗)
⊥ = span{e2, e3}. (4.63)

The non-zero Christoffel symbols are

Γ1
13 = Γ1

31 = −x−1
3 , Γ2

23 = Γ2
32 = −x−1

3 , (4.64)

Γ3
33 = −x−1

3 , Γ3
11 = x−1

3 , Γ3
22 = x−1

3 . (4.65)

Using the Christoffel symbols

∇e1e1 = e3, (4.66)

∇e2e2 = e3, (4.67)

∇e1e3 = −e1, (4.68)

∇e3e1 = −e1, (4.69)

∇e2e3 = −e2, (4.70)

∇e3e2 = −e2, (4.71)

∇e3e3 = −e3. (4.72)

For U = e1 ∈ Γ(KerF∗), we have

TUU = ∇e1e1 = e3. (4.73)

For totally umbilical fibers, TUU = g(U,U)H = H. Thus,

H = e3. (4.74)

So the fibers are totally umbilical with mean curvature H = e3.

[e2, e3] = [x3∂x2 , x3∂x3 ] (4.75)

= x3[∂x2 , ∂x3 ] + x3∂x2(x3)∂x3 − x3∂x3(x3)∂x2 (4.76)

= −x3∂x2 = −e2. (4.77)

Since [e2, e3] = −e2 ∈ (KerF∗)
⊥, the horizontal distribution is integrable.
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For X = ae2 + be3 ∈ Γ(KerF∗)
⊥, we have

∇XX = ∇ae2+be3(ae2 + be3) (4.78)

= a2∇e2e2 + ab∇e2e3 + ab∇e3e2 + b2∇e3e3 (4.79)

= a2e3 − abe2 − abe2 − b2e3 (4.80)

= (a2 − b2)e3 − 2abe2. (4.81)

The horizontal part is

H∇XX = (a2 − b2)e3. (4.82)

For (KerF∗)
⊥ to be totally geodesic, we need H∇XX = 0 for all a, b. This requires a2 = b2

for all a, b, which is false.

Conclusion: The horizontal distribution is NOT totally geodesic.

The metric g = x−2
3 (dx21+dx22+dx23) is the standard hyperbolic metric on H3 with constant

curvature K = −1. Thus:

κ = −6, Ric = −2g. (4.83)

For ζ = W ∈ Γ(KerF∗) and U, V ∈ Γ(KerF∗), we have

1

2
(LW g)(U, V ) + α(−2)g(U, V ) + β(−6)g(U, V ) = 0. (4.84)

Thus,
1

2
(LW g)(U, V )− (2α+ 6β)g(U, V ) = 0. (4.85)

For the 1-dimensional fiber, this equation can be solved for appropriate W and parameters

α, β.

Example 4.7. Let M = R3 with metric

g = 4(dx21 + dx22 + dx23). (4.86)

Let N = R2 with metric h = dy21 + dy22. Define F : M → N by

F (x1, x2, x3) = (x1, x3). (4.87)

Define

e1 =
1

2

∂

∂x1
, e2 =

1

2

∂

∂x2
, e3 =

1

2

∂

∂x3
. (4.88)

Then

KerF∗ = span{e2}, (KerF∗)
⊥ = span{e1, e3}. (4.89)

Since the metric is flat, all Christoffel symbols vanish

∇eiej = 0 for all i, j ∈ {1, 2, 3}. (4.90)

Thus both KerF∗ and (KerF∗)
⊥ are totally geodesic.

For X1 = e1 and X2 = e3:

F∗(e1) = F∗(
1
2∂x1) =

1
2∂y1 , (4.91)

F∗(e3) = F∗(
1
2∂x3) =

1
2∂y2 , (4.92)

F∗(e2) = 0. (4.93)
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Then

h(F∗e1, F∗e1) = h(12∂y1 ,
1
2∂y1) =

1
4 = λ2g(e1, e1) = λ2 · 1. (4.94)

So λ = 1
2 .

Thus F is a horizontally conformal submersion with constant dilation λ = 1
2 .

• Fibers are totally geodesic: ∇e2e2 = 0

• Horizontal distribution is totally geodesic: H∇XX = 0 for all X ∈ Γ(KerF∗)
⊥

• F is homothetic (constant dilation)

Therefore, F is totally geodesic.

The metric is flat, so

κ = 0, Ric = 0. (4.95)

Using (4.90) and (4.95), the RY soliton equation becomes

1

2
(Lζg) = 0. (4.96)

So ζ must be a Killing vector field.

For the flat metric g = 4(dx21 + dx22 + dx23), the Killing vector fields are

• Translations: ∂x1 , ∂x2 , ∂x3

• Rotations: xi∂xj − xj∂xi

Any constant vector field

ζ = c1∂x1 + c2∂x2 + c3∂x3 , c1, c2, c3 ∈ R (4.97)

gives a RY soliton (M, g, ζ, α, β) for arbitrary α, β.

5. Conclusion

In this paper, we considered conformal Riemannian submersions whose total manifolds

possess RY solitons. The curvatures of such submersions have been analyzed and some

curvature relations have been derived, using which we obtained sufficient conditions for the

fibers as well as the base manifold of a given submersion to inherit Einstein, almost Einstein,

and Ricci Yamabe solitons. Thus, this paper is a continuation of the research performed on

Riemannian submersions admitting Ricci solitons ([17], [18]) or RY solitons ([10]). In fact,

our results include those in [6] if α = 1 and β = 0.

One of the significant aspects of this paper is the comparison between Ricci soliton and

Ricci–Yamabe soliton cases. As the equation of RY soliton includes a scalar curvature term,

it may be considered an extension of the equation of Ricci soliton. This implies that when a

Riemannian submersion is taken into account, in addition to the soliton constant, the scalar

curvature of the manifold is included in the induced Einstein structure on the base manifold.

Unlike Ricci soliton, the constancy of the scalar curvature turns out to be one of the essential

conditions for the base manifold to be Einstein. Particularly, whenever the scalar curvature

is a constant, the RY case becomes similar to the Ricci soliton case, while variable scalar

curvature gives almost Einstein manifolds.

The findings in this study have shown that the use of CS geometry offers a natural environ-

ment for the discussion of interaction between RY solitons and the geometric flow structure.

There are still several possible research areas that one could explore in the future. One might
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analyze the situation when the potential vector field has horizontal and vertical components,

or explore gradient RY solitons using the technique of CSs. One could also explore the im-

pact of the dilation factor on the resulting geometric structure and explore the connection

between conformal harmonic morphisms and RY solitons or η-Ricci-Yamabe solitons [16].

Another approach would be to conduct analogous analysis for statistical manifolds, semi-

Riemannian manifolds, contact manifolds, or even warped products. These results open up

new directions for studying conformal submersions in the context of generalized solitons and

geometric flows.

The conformal Riemannian map was introduced in [14], generalizing conformal submer-

sions. Recently, Clairaut conformal submersions and Clairaut conformal Riemannian maps

whose total manifolds possess Ricci solitons were explored in [13] and [5]. As in the present

study, these mappings may be explored in the near future for total manifolds possessing RY

solitons.
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[9] Meriç, Ş., & Kılıç, E. (2019). Riemannian submersions whose total manifolds admitting a Ricci soliton.

International Journal of Geometric Methods in Modern Physics, 16 (12), Article 1950196.
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