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ON QUASI BI-SLANT SUBMANIFOLDS OF A KÄHLER MANIFOLD

IMMERSED AS SEQUENTIAL WARPED PRODUCTS

SOFIA SINGLA ID , MOHAMMAD SHUAIB ID , AND SANGEET KUMAR ID ∗

Abstract. The present paper focuses on the study of a new class of sequential warped

product submanifolds considered by harmonizing one invariant submanifold and two proper

slant submanifolds of Kähler manifolds with the concept of sequential warped products.

In particular, we examine the existence (or non-existence) of proper quasi bi-slant warped

product submanifolds of Kähler manifolds, conceptualized as sequential warped products.

Our claim demonstrates that a Kähler manifold does not admit any proper quasi bi-slant

warped product submanifolds (in the sequential warped product sense). The study advances

the understanding of submanifold geometry in complex manifolds, offering significant in-

sights into the non-existence of such warped product submanifolds and their geometric

implications in Kähler geometry.

Keywords: Warped product submanifolds, Kähler manifolds, slant submanifold, quasi bi-

slant submanifolds.
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1. Introduction

The geometry of submanifolds, studying subsets of higher-dimensional spaces with geomet-

ric structures, emerged in the 19th century through the work of Gauss and Riemann. Their

foundational contributions in differential geometry enabled the analysis of submanifolds’ in-

trinsic and extrinsic properties. The study of invariant, anti-invariant, and CR- submanifolds

of almost Hermitian manifolds began in the mid-20th century, building on Hermitian geom-

etry foundations from Riemann’s theory. Invariant and anti-invariant submanifolds, defined

by their behavior under the almost complex structure, along with CR-submanifolds combin-

ing both properties, were formalized and advanced by Bejancu in the 1970s through studies

on submanifolds in Kähler and complex manifolds [2, 3].

The study of slant submanifolds in almost Hermitian manifolds originated with B.Y.

Chen’s [8] introduction of the concept, defining them as submanifolds where the angle be-

tween the tangent space and its image under the almost complex structure is constant. This
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notion was further extended by N. Papaghiuc [14] to semi-slant submanifolds, which de-

compose the tangent space into invariant and slant distributions. In 2000, A. Carriazo [6]

introduced bi-slant submanifolds, featuring two orthogonal slant distributions with poten-

tially different angles, encompassing semi-slant and hemi-slant types as special cases, where

hemi-slant involves one totally real and one slant distribution. These generalizations have

since been explored in various geometric settings [23], providing a unified framework for

intermediate submanifold classes between invariant and anti-invariant ones.

On the other hand, warped product manifolds were first introduced by R. L. Bishop and

B. O’Neill [5], generalizing Riemannian products to create manifolds with negative sectional

curvature, facilitating the study of geometric properties such as completeness and embed-

dings. In Kähler manifolds, Chen [9] work on CR-warped product submanifolds established

key inequalities and classifications. B. Şahin [17] furthered investigating slant warped prod-

uct submanifolds in Kähler manifolds, proving non-existence for non-trivial cases through

inequalities tied to the warping function and slant angle. Further, Şahin [17, 18] studied

semi-slant and pointwise semi-slant submanifolds of Kähler manifolds immersed as warped

products. Later, several authors have investigated such warped products from a geometric

perspective and obtained a variety of interesting results [13, 12, 21, 1].

Moreover, sequential warped product manifolds, initially introduced by Shenawy [22],

represent a generalization of traditional warped product manifolds. These structures were

thoroughly investigated by De, Shenawy, and Ünal [10, 24], focusing on their properties as

submanifolds in various geometric settings. Additionally, sequential warped products have

been recognized as effective frameworks for modeling generalized Robertson–Walker space-

time and standard static space-time, as demonstrated in further studies. Building on this,

Şahin [19], advanced their application in almost Hermitian manifolds, particularly Kähler

manifolds.

Inspired by this concept, this paper proposes a sequential warped product characterized by

two proper slant distributions and one invariant distribution, which we designate as a quasi

bi-slant sequential warped product. Additionally, we explore the existence of such proper

sequential warped product manifolds of Kähler manifolds that feature two proper slant dis-

tributions and one invariant distribution. The structure of this paper is organized as follows:

Section 2 presents the foundational concepts and preliminaries concerning almost Hermitian

manifolds, with a particular emphasis on Kähler manifolds. In Section 3, we provide an

overview of essential properties and characteristics of sequential warped product submani-

folds of almost Hermitian manifolds. Additionally, this section investigates the existence of

such sequential warped product submanifolds specifically in the context of Kähler manifolds.

2. Preliminaries

An almost complex manifold is defined as a pair (M,J), where M is a real differentiable

manifold and J is a smooth field of endomorphisms on the tangent bundle (i.e., Jp : TpM →
TpM , for each p ∈ M) satisfying J2 = −I. When M is paracompact, there always exists

a Riemannian metric g that respects this structure. Such a metric, characterized by the

invariance condition g(JU1, JU2) = g(U1, U2), is referred to as a Hermitian metric on the

almost complex manifold. A differentiable manifold is called almost Hermitian if it is almost
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complex and possesses a Hermitian metric. In the integrable case, such a manifold is simply

called a Hermitian manifold. By definition, a Hermitian manifold (M,J, g) therefore carries a

canonical geometric structure, which includes the complex structure J , the Hermitian metric

g and its unique torsion-free metric connection, the Levi-Civita connection ∇̄.

The fundamental 2-form Ω associated with an almost complex structure J and Hermitian

metric g of an almost Hermitian manifold M̄ is defined by

Ω(U1, U2) = g(U1, JU2), (2.1)

for all vector fields U1, U2 on M̄ . Since g is invariant under J so is Ω, i.e.

Ω(JU1, JU2) = Ω(U1, U2). (2.2)

Definition 2.1. [25] An almost complex manifold endowed with a Hermitian metric is called

a Kähler manifold if its fundamental 2-form Ω is closed. Equivalently, a Hermitian manifold

M̄ is Kähler if and only if its almost complex structure J is parallel with respect to the

Hermitian connection ∇̄, i.e.,

(∇̄U1J)U2 = 0 for all U1, U2 ∈ TM̄. (2.3)

When this condition holds, the connection ∇̄ is referred to as the Kähler connection.

Let M and M̄ be differentiable manifolds of dimensions n and m respectively. Hence, for

every point p ∈ M, the tangent space TpM̄ of M̄ admits the following decomposition

TpM̄ = TpM ⊕ T⊥
p M.

The Riemannian connection ∇̄ of M̄ induces canonically the connection ∇ and ∇⊥ on

TM and on the normal bundle T⊥M respectively governed by the Gauss and Weingarten

formulae, viz.

∇̄U1U2 = ∇U1U2 + h(U1, U2), (2.4)

∇̄U1N = −ANU1 +∇⊥
U1
N, (2.5)

where U1, U2 are tangent vector fields on M and N ∈ T⊥M . h and A are the second

fundamental form and the shape operator respectively and are related as

g(h(U1, U2), N) = g(ANU1, U2). (2.6)

A submanifold M isometrically immersed in a Kähler manifold M̄ with an almost complex

structure J is said to be CR-submanifold, if there exists invariant HT and anti-invariant

distribution H⊥ such that JHT = HT and JH⊥ ⊂ H⊥ [4]. A submanifold M of a Kähler

manifold M̄ is called a slant submanifold [7] if, for every point p ∈ M and every nonzero

tangent vector X ∈ TpM , the angle θ(X) (known as the Wirtinger angle or slant angle)

between JX and TpM is constant, independent of the choice of p and X ∈ TpM . This

constant angle θ ∈ [0, π/2] characterizes the submanifold globally. Special cases include,

θ = 0: M is invariant (holomorphic), θ = π/2: M is anti-invariant (totally real) and 0 < θ <

π/2: Proper slant. A submanifold M of a Kähler manifold M̄ with almost complex structure

J is called a semi-slant submanifold [14] if the tangent bundle TM admits an orthogonal

decomposition TM = HT ⊕Hθ, where HT is an invariant distribution, i.e., J(HT ) = HT and

Hθ is a slant distribution. A submanifold M of a Kähler manifold M̄ said to be hemi-slant
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submanifold if H⊥ is an anti-invariant distribution, i.e., J(H⊥) ⊆ T⊥M and Hθ is slant

distribution [20]. A submanifold M of a Kähler manifold M̄ is called a bi-slant submanifold

if there exists two distributions Hθ1 ,Hθ2 on M such that the distribution Hθ1 (resp. Hθ2) is

slant, i.e., for every point p ∈ M (resp. q ∈ M) and every nonzero vector X ∈ (Hθ1)p, (resp.

Y ∈ (Hθ2)q) the Wirtinger angle θ1(X) (resp. θ2(Y )) between JX and TpM (resp. TqM) is

constant, independent of p (resp. q) in M and X ∈ TpM (resp. TqM) [6].

In this context, we revisit the definition of quasi bi-slant submanifolds of almost Hermitian

manifolds as established by R. Prasad et al., [15].

Definition 2.2. A submanifold M of an almost Hermitian manifold M̄ is said to be a quasi

bi-slant submanifold if there exists distribution HT , Hθ1 and Hθ2 such that

(i) TM = HT ⊕Hθ1 ⊕Hθ2,

(ii) JHT = HT ,

(iii) JHθ1 ⊥ Hθ2 , JHθ2 ⊥ Hθ1,

(iv) for every point p ∈ M and every nonzero vector field Y1 ∈ (Hθ1)p, the angle θ1 between

JY1 and (Hθ1)p is constant, independent of the choice of p ∈ M and Y1 ∈ (Hθ1)p,

(v) for every point q ∈ M and every nonzero vector field Y2 ∈ (Hθ2)q, the angle θ2 between

JY2 and (Hθ1)q is constant, independent of the choice of q ∈ M and Y2 ∈ (Hθ2)q.

The angles θ1 and θ2 are called the slant angles.

As the generalization of warped product and doubly warped product, here is the definition

of sequential warped product manifolds.

Definition 2.3. [11] For pseudo-Riemannian manifolds (Mi, gi) (i = 1, 2, 3), let f : M1 →
(0,∞) and h : M1 ×M2 → (0,∞) be smooth positive functions. The sequential warped prod-

uct, denoted (M1 ×f M2) ×h M3, is the product manifold M1 ×M2 ×M3 endowed with the

metric ḡ = g1⊕f2g2⊕h2g3. Here, f and h are the warping functions. Notably, if all (Mi, gi)

are Riemannian, then this construction yields a Riemannian manifold.

Proposition 2.1. [11] Consider a sequential warped product manifold (M1 ×f M2) ×h M3

equipped with the metric ḡ = (g1 ⊕ f2g2)⊕ h2g3. Let Xi, Yi, Zi ∈ X(Mi) denote vector fields

on the respective factor manifolds for i = 1, 2, 3. Then

(i) ∇̄W1W2 = ∇̄W2W1 = W1(ln f)W2,

(ii) ∇̄W3W1 = ∇̄W1W3 = W1(lnh)W3,

(iii) ∇̄W2W3 = ∇̄W3W2 = W2(lnh)W3,
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(iv) R̄(Wi,W3)Wj =
−1
h Hh(Wi,Wj)W3, for i, j = 1, 2.

Remark 2.1. Consider smooth positive functions f : M1 → (0,∞) and h : M1×M2 → (0,∞)

defined on the Riemannian manifolds M1 and M1 × M2, respectively. Then the sequential

warped product M = (M1 ×f M2)×h M3 is said to be proper if the following three conditions

hold for all non-zero vector fields X1 ∈ Γ(TM1) and X2 ∈ Γ(TM2):

X1(ln f) ̸= 0, X1(lnh) ̸= 0, X2(lnh) ̸= 0.

3. Quasi bi-slant warped product subamnifolds as Sequential warped

product subamanifolds

B. Sahin [19] introduced the concept of sequential warped products in Kähler manifolds,

considering factors that are holomorphic, totally real, and pointwise slant. He further estab-

lished fundamental inequalities and a characterization for the associated warping functions.

As a natural consequence, it is obvious to seek an answer to the following question.

Question: Does a Kähler manifold admit any proper sequential warped product submani-

fold with one holomorphic factor and two proper slant factors?

To answer this affirmative, we investigate the geometry of a quasi bi-slant submanifold of a

Kähler manifold immersed as a sequential warped product.

By definition of a quasi bi-slant submanifold M of a Kähler manifold M̄ , considering the

decomposition of the tangent bundle of M , we have TM = HT ⊕Hθ1 ⊕Hθ2 , which indicates

that TM is decomposed into three distributions of which one is holomorphic (invariant)

while the other two are proper slant distributions. This yields that a quasi bi-slant subman-

ifold of a Kähler manifold can be immersed either as a doubly warped product submanifold

or as a sequential warped product submanifold. From the stated two type of warped prod-

ucts, the most simple possible warped products for quasi bi-slant submanifolds are sequential

warped products and in this context, the possible sequential warped products for this class

of submanifolds are as follows:

(i) (MT ×f1 Mθi)×f2 Mθj ,

(ii) (Mθi ×f1 MT )×f2 Mθj ,

(iii) (Mθi ×f1 Mθj )×f2 MT ,

where MT is invariant submanifold and Mθi ,Mθj are proper slant submanifolds of M̄ for

i, j = 1, 2.

For any vector fields U1 ∈ Γ(TM) and U2 ∈ Γ(TM⊥), we have

JU1 = tU1 + nU1 (3.7)

and

JU2 = bU2 + cU2, (3.8)
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where tU1 and bU2 are the tangential components of JU1, whereas nU1 and cU2 are the

normal components of JU2.

For any vector fields U1 ∈ TMT and X1 ∈ TMθi , by using Proposition 2.1, we have

g(∇tX1U1, X1) = (U1 ln f1)g(tX1, X1) = 0.

From Eqs. (2.3), (2.4) and (3.7), we have

0 = g(∇tX1U1, X1)

= g(∇̄tX1U1 − h(tX1, U1), X1)

= −g(JU1, ∇̄tX1tX1)− g(JU1, ∇̄tX1nX1).

In the light of Eqs. (2.5), (2.6) and Proposition 2.1, we get

(JU1 ln f1) cos
2 θig(X1, X1) = −g(h(JU1, tX1), nX1). (3.9)

On replacing U1 by JU1 in Eq. (3.9), we have

(U1 ln f1) cos
2 θig(X1, X1) = −g(h(U1, tX1), nX1). (3.10)

By replacing X1 by tX1 in Eq. (3.10), we acquire

g(h(U1, X1), ntX1) = cos2 θi(U1 ln f1)g(X1, X1). (3.11)

On the other hand, for any U1 ∈ TMT and X1, X2 ∈ TMθi , by using Eqs. (2.3), (2.4) and

(3.7), we have

g(h(tX1, U1), nX2) = g(∇̄U1tX1 −∇U1tX1, nX2)

= −g(∇̄U1nX2, tX1)

= −g(∇̄U1JX2, tX1) + g(∇̄U1tX2, tX1)

= g(t2X1 + ntX1, ∇̄U1X2) + g(tX1,∇U1tX2)

= g(t2X1, ∇̄U1X2) + g(ntX1, ∇̄U1X2) + g(tX1,∇U1tX2).

In the light of Eq. (2.4) with Proposition 2.1, we get

g(h(tX1, U1), nX2) = − cos2 θig(X1, ∇̄U1X2) + g(ntX1, ∇̄U1X2) + g(tX1,∇U1tX2)

= − cos2 θig(X1,∇U1X2) + g(ntX1, h(U1, X2)) + g(tX1,∇U1tX2)

= −cos2θi(U1 ln f1)g(X1, X2) + g(ntX1, h(U1, X2)) + (U1 ln f1)g(tX1, tX2)

= g(ntX1, h(U1, X2))− cos2 θi(U1 ln f1)g(X1, X2) + (U1 ln f1)g(tX1, tX2).

From the above equation, it is easy to obtain that

g(h(tX1, U1), nX2) = g(ntX1, h(U1, X2)). (3.12)

Taking X1 = X2 in Eq. (3.12), we get

g(h(tX1, U1), nX1) = g(ntX1, h(U1, X1)). (3.13)

By using Eqs. (3.10), (3.11) and (3.13), we have

(U1 ln f1) cos
2 θig(X1, X1) = 0.
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As Mθi is proper slant submanifold and X1 is non-null vector, therefore we get U1 ln f1 = 0,

which implies that f1 is constant on MT .

Based on the above, we can assert the following result:

Theorem 3.1. There do not exist any proper sequential warped product submanifold of a

Kähler manifold M̄ of the form (MT ×f1 Mθi) ×f2 Mθj where MT is invariant submanifold

and Mθi ,Mθj are the slant submanifolds of a Kähler manifold M̄ for i, j = 1, 2.

Moreover, from the computation in the prior section, with U1 ∈ TMT and X1, X2 ∈ TMθi ,

we infer that

Theorem 3.2. There do not exist any proper sequential warped product submanifold of a

Kähler manifold M̄ of the form (Mθi ×f1 MT )×f2 Mθj , where MT is invariant submanifold

and Mθi ,Mθj are the slant submanifolds of a Kähler manifold M̄ for i, j = 1, 2.

The subsequent theorem demonstrates that a Kähler manifold M̄ does not admit a quasi

bi-slant sequential warped product submanifold of the form (Mθi ×f1 Mθj )×f2 MT .

Theorem 3.3. There do not exist any proper sequential warped product submanifold of a

Kähler manifold M̄ of the form (Mθi ×f1 Mθj ) ×f2 MT where MT is invariant submanifold

and Mθi ,Mθj are the slant submanifolds of a Kähler manifold M̄ for i, j = 1, 2.

Proof. Let us suppose for any U1 ∈ TMT and X1 ∈ TMθj , by using Proposition 2.1, we get

g(∇JU1X1, U1) = (X1 ln f2)g(JU1, U1) = 0.

From Gauss formula and considering the above fact, we have

g(∇JU1X1, U1) = g(∇̄JU1X1, U1).

By using Eqs. (2.3) and (3.7), we may write

g(∇JU1X1, U1) = −g(tX1 + nX1, ∇̄JU1JU1).

Considering Eq. (2.4) and Proposition 2.1, we get

(tX1 ln f2)g(U1, U1) = g(h(JU1, JU1), nX1). (3.14)

By using the polarization identity for any U1, V1 ∈ TMT and X1 ∈ TMθj , we have

(tX1 ln f2)g(U1, V1) = g(h(JU1, JV1), nX1). (3.15)

On the other hand, considering

g(AnX1JU1, JV1) = g(−∇̄JU1nX1 +∇⊥
JU1

nX1, JV1),

by using Eq. (2.5). Further, in the light of fact from Eqs. (2.3) and (3.7), we can write

g(AnX1JU1, JV1) = g(JX1, J∇̄JU1V1)− g(tX1, ∇̄JU1JV1)

= g(X1,∇JU1V1 + h(JU1, V1)) + g(∇̄JU1tX1, JV1)

= g(X1,∇JU1V1) + g(∇JU1tX1, JV1).
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In the light of Proposition 2.1 and Eq. (2.4), we get

g(AnX1JU1, JV1) = g(X1, ∇̄JU1V1) + (tX1 ln f2)g(JU1, JV1)

= −g(∇JU1X1, V1) + (tX1 ln f2)g(U1, V1)

= −g(∇JU1X1, V1) + (tX1 ln f2)g(U1, V1)

= −(X1 ln f2)g(JU1, V1) + (tX1 ln f2)g(U1, V1),

which implies that

g(h(JU1, JV1), nX1) = −(X1 ln f2)g(JU1, V1) + (tX1 ln f2)g(U1, V1). (3.16)

From Eqs. (3.15) and (3.16), we have

(X1 ln f2)g(JU1, V1) = 0.

Then taking U1 = JU1 in the last equation, we get (X1 ln f2)g(U1, V1) = 0. As MT is

non-degenerate, thus we have ln f2 = 0, which implies that f2 is constant on Mθj . □

4. Conclusion

Inspired by B. Şahin’s [19] investigation into the existence of sequential warped product

submanifolds in almost Hermitian manifolds, where such warped products were found to

exist, we explored the existence of proper sequential warped product submanifolds in Kähler

manifolds, which we name this type of warped products as proper quasi bi-slant warped

product submanifolds. Our findings reveal that no such proper warped product submanifolds

exist in Kähler manifolds. This opens a scope for future research to investigate whether

warped product submanifolds of this type exist in nearly Kähler manifolds or almost contact

metric manifolds. On a similar note, one may look to characterize the notion of sequential

warped products for submanifolds involving one or two pointwise slant factors in different

ambient space settings.
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