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NULL HYPERSURFACES IN INDEFINITE NEARLY KAEHLERIAN
FINSLER SPACE-FORMS

SAMUEL SSEKAJJA*

ABSTRACT. We study the geometry of null hypersurfaces, M, in indefinite nearly Kaehle-
rian Finsler space-forms F?". We prove new inequalities involving the point-wise vertical
sectional curvatures of F?", based on two special vector fields on an umbilic hypersurface.
Such inequalities generalize some known results on null hypersurfaces of Kaehlerian space
forms. Furthermore, under some geometric conditions, we show that the null hypersurface
(M, B), where B is the local second fundamental form of M, is locally isometric to the null
product Mp x Mp:, where Mp and Mp: are the leaves of the distributions D and D’ which

constitutes the natural null-CR structure on M.

1. INTRODUCTION

A Finsler manifold is a manifold F where each tangent space is equipped with a Minkowski
norm, that is, a norm that is not necessarily induced by an inner product. This norm also
induces a canonical inner product. However, in sharp contrast to the Riemannian case, these
Finsler-inner products are not parameterized by points of IF, but by directions in the tangent
space of IF. Thus one can think of a Finsler manifold as a space where the inner product does

not only depend on where you are, but also in which direction you are looking. For example,

Received:2019-02-06 Revised:2019-05-23 Accepted:2019-08-22
2010 Mathematics Subject Classification.Primary 53C25, Secondary 53C40, 53C50.
Key words: Null hypersurfaces, Totally umbilic hypersurfaces, Indefinite Finsler spaces

* Corresponding author

187



188 SAMUEL SSEKAJJA

length, geodesics, curvature, connections, covariant derivative, and structure equations all
generalize. However, normal coordinates do not [22]. More details on the basics of Finsler
spaces can be found in [I7, 22], and any other references cited therein. Subspaces of definite
Finsler spaces have been investigated in details. For example, [12] has studied the geometry
of CR-submanifolds of Kaehlerian Finsler spaces.

Indefinite Finsler spaces have also been studied by many researchers, for instance see [8]9].
Null subspaces naturally exists in indefinite spaces, and in case of semi-Riemannian spaces,
they have been investigated to a good depth by a lot of scholars like [1], 2, [7, [T}, 14}, 15, 16, 18],
191 21]. Despite such numerous work on null subspaces of indefinite semi-Riemannian spaces,
there is only one paper by A. Bejancu [4] which talks about null hypersurfaces of indefinite
Finsler spaces. The paper lays out the geometric objects induced on such hypersurfaces and
also discusses the structure equations involving the vertical curvature tensors. The aim of
this paper is to extend his work by fully investing the geometry of null hypersurfaces (M, g)
in indefinite nearly Kaehlerian Finsler space-forms. Several new classification results are
proved on totally umbilic hypersurfaces, as well as the geometry of the null hypersurface
(M, B), where M is the second fundamental form of M. Such a hypersurface has also been
studied by Bejan and Duggal in [7]. The paper is arranged as follows; Section [2| focusses on
the basic preliminaries on Finsler spaces as well null subspaces necessary for the rest of the
paper. In Section |3} we discuss totally umbilic hypersurfaces in which we give conditions on
the sectional curvature of F depending on two vector fields U and V on M, as well as its null
sectional curvature (see Theorems and . Finally, Section 4]is devoted to the geometry

of (M, B) in which we show that its a product manifold under some geometric conditions

(see Theorems and [4.3).

2. PRELIMINARIES

Let 7" be a smooth 2n-dimensional manifold and T3 " be the tangent bundle of M.
Leti: M —s TM" be the natural imbedding, i.e., i(x) =0, € Txﬂ%, for = € M. Let
us put T™M =T M%\i(ﬂ%). The coordinates of a point of T M" are denoted by (z%,v"),
where (z?) and (y') are the coordinates of a point = € " and the components of a vector
Yy € TIM%, respectively. Consider a continuous function L(zx,y), for (z,y) € TM/7 defined

on TM" and suppose that the following conditions are satisfied

(1) L is smooth on TM .
(2) L(x, \y) = AL(z,y), for all A € [0, 00).
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(3) The metric tensor

1 9212

= 2ay0y" 21)

9ij(z,y)

is positive definite.

Then, we say that (M%, L) is a Finsler manifold [22].

Let 7 : TM — M°" be the natural projection and VT — T be the pullback
bundle of 731" by m. A bundle morphism J : S )7 (N 7 'TM, 7’ = —Iis said
to be a Finslerian almost complex structure [12] on M. Let u € TM’, then WJITM% =
{u}xT. wﬂh, x = 7(u), denotes the fiber over u in 1T Moreover, any ordinary almost
complex structure J : M — TMM, T =1 , admits a natural lift to the Finslerian
almost complex structure .J given by J, X = (u, J,7X), z = n(u), X € ﬂqleM%, uweTM,
where 7 denotes the projection onto the second factor of TM x TM". Denote by VT M
the vertical vector bundle over TM/, that is, VI'M' = ker dm, where dr is the differential of
w. Then, any section of VT’ M’ is called a Finsler vector field. Also, any section of the dual
vector bundle V*TM' is a Finsler 1-form.

Let F?" be a Finsler space endowed with the Finslerian almost complex structure J. Then,

2" is said to be an almost Hermitian Finsler space [12] if
g(JX,JY) =g(X.Y), (2.2)

forall X, Y € F(VTM/). A connection V in the induced bundle (7~1TM, g) is called metrical

[12] (resp. almost complex) if
Vg=0, resp. VJ=0. (2.3)

A tangent vector Z on TM' is called horizontal if Vzv = 0, where v is the Liouville vector
field. Let N be the distribution of all horizontal vector fields of TM'. 1t is referred to
as the horizontal distribution [12] of V. Then V is regular if its horizontal distribution is
nonlinear connection on TM'. The pair (N, V) consisting of a connection in 71T M and
a nonlinear connection on T is called a Finsler connection on M-". The fundamental
theorem of Finsler geometry asserts that there exists a regular connection V in the induced
bundle (7~1T'M,gq), called a Cartan connection [12] on (MM, L). Consequently, (Mzn, L,J)
is called a Kaehlerian Finsler space if its Cartan connection is almost complex (see [12] for

more details).
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According to Bejancu [3], an a almost Hermitian manifold M is nearly Kaehlerian if its

Levi-Civita connection V satisfies the relation
(VxJ)Y + (VyJ)X =0, (2.4)

for any X,Y € I'(T'M). Tt then follows directly that a Kaehlerian manifold is a nearly
Kaehlerian manifold. Let (M%, L,J) be an almost Hermitian Finsler space. We say that
(M%, L,J) is a nearly Kaehlerian Finsler space if its Cartan connection V satisfies .
Let V be the Cartan connection of the Finsler space (M%, L) and RY its vertical cur-
vature tensor. If u € TM and p is a 2-dimensional real subspace of a fibre 7, 1M2n, let
s(p) = R:(X, Y, X,Y), for some g,-orthonormal basis {X,Y} in p, be the vertical sectional
curvature of (M%, L) [13, p. 97]. Let o : GF» (M%) — TM be the bundle of all 2-subspaces
in fibres of the induced bundle 7~ TN " of (M%, L). Its standard fibre is the Grassmann
manifold Gg2,(R) of all 2-planes in R2". Note that the vertical sectional curvature is a
function s : GFQ(MQTL) — R rather than a function on TM . Let (M%, L,J) be a nearly
Kaehlerian Finsler space; a Finslerian 2-plane p € GFQ(MZTL) is said to be holomorphic if
J(p) = p. The restriction of s to the holomorphic 2-planes is referred to as the holomorphic
V-sectional curvature. Then, (M%,L,j) is said to be a complex Finslerian V-space-form
[12] if there exists ¢ € C* (TM/) such that the following equality s = co o holds on all holo-
morphic 2-planes p € GF> (Hzn) If (V,N) is a metrical Finsler connection (M, L, J) then
the associated vertical curvature EV(X Y, ZW) = E(EV (X,Y)Z, W) is skew-symmetric in
X,Y, respectively in Z, W, and thus the above procedure is easily generalized such as to
yield a well defined conept of (holomophic) V-sectional curvature. Moreover, if the holomor-
phic V-sectional curvature s (constracted with respect to (V, N)), does not depend on the
2-places p € 7, LT but only on the direction u € TM/, then M~ is also referred to
as a complex V-space form with respect to (V, N). Let (MM, L,J) be a nearly Kaehlerian

Finsler space-form. The vertical curvature tensor Ev (X,Y,Z,W) is given by

RY(X.Y,2,W) = {[a(X. W)g(¥. 2) - §(X, Z)5(Y. W) + 5(X, TW)g(¥, T 2)

— (X, TZ)(Y, TW) — 29(X, TY)g(2, TW)] + § [g((Tx D)W, (Vv 7)2)

—9((VxJ)Z,(Vy )W) = 2g((Vx J)Y, (V2 J)W)], (2.5)

for all Finslerian vector fields X,Y, Z, W of " (see [23]). Suppose, instead that g is non-
degenerate on TMQN, i.e., rank(g) = 2n on any coordinate neighborhood of TM. Clearly,

at any point u of TM/, g, is a pseudo-Euclidean metric on the fibre VTM' at u. Denote
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by ¢ the index of g, i.e., ¢ is the dimension of the largest subspace of VTM' on which g is
negative definite. We further suppose g is of constant index, ¢, on TM. In this case g is said
to be an indefinite Finsler metric and F?" = (M%, L,79) is called an indefinite Finsler space
[4, 8, ©]. Furthermore, if F?" is of constant (holomorphic) V-sectional curvature as described
earlier, then we say that F?" is an indefinite Finsler space-form.

Consider a hypersurface (M, g) of M”". From now on, we assume that g is of index ¢, where
1 < ¢ < 2n. In this case ¢ may be degenerate in some points of T'M; suppose g is degenerate
on TM of constant rank (2n — 1). Then we call M a null hypersurface of F?*. Consider,
for each p € T'M, the vector space VTM;- ={X, € ]/Tig7 1 Gp(Xp, Yp) = 0,VY), € VT'M,},
and construct VI M+ = UpeTMVTMIf-. Notice that VT M~ is a one dimensional vector
subbundle of VTM/|TM. Moreover, M is a null hypersurface of F?" if and only if VT M=+
is a vector subbundle of VI'M. Throughout the paper, all manifolds are supposed to be
paracompact and smooth. We denote by F (M) the algebra of differentiable functions on M
and by I'(E) the F(M)-module of differentiabale sections of a vector bundle E over M. We
also assume that all associated structures are smooth.

In the theory of non-degenerate submanifolds of a Finsler space VT M~ plays an important
role in introducing main geometrical objects, such as second fundamental form, shape opera
tor, induced connection, etc. Contrary to this situation in case of a null hypersurface, VI' M=+
fails to be complementary to VI'M in VT M’|TM. Motivated by the above, the author [4]
(also see [15]) constructed a complementary (non-orthogonal) vector bundle to VT'M in
VTM’\T a which plays the role of VT'M*. In fact, consider a complementary vector bundle
S(VTM) of VITM* in VT M, i.e. we have VT'M = S(VI'M) L VT M. It is easy to see that
S(VTM) is a non-degenerate vector subbundle of VI'M, whose existence is secured by the
paracompactness of M. S(VT'M) is called the screen distribution [4] of M. Next, along to
S(VTM) we have the decomposition VI'M |rar = S(VTM) L S(VT M)+, where S(VT M)+
is the complementary vector bundle to S(VT'M) in VTH/|T M-

Theorem 2.1 ([4]). Let M be a null hypersurface of F*"* and S(VI'M) be the screen distri-
bution of M. Then there exists a unique cector bundle tr(VT M) of rank 1 over T M, such
that for any non-zero section & of VI' M=+ on a coordinate neighborhood U C T M, there exists
a unique section N of tr(VT'M) on U satisfying: g(N,§) =1, and g(N,N) =g(N,X) =0,
for all X e T(S(VTM)|u).
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The vector bundle tr(VT M) above is called the null transversal vector bundle of M with

respect to S(VIT'M). Moreover, we have the following decomposition

VI |ry = SVTM) L {VTM* & tr(VT M)}

= VT M & tr(VTM). (2.6)

Let (M,g) be a null hypersurface of F2". In view of (2.6), the author [4] proves (see
Theorem 2.1) that there is a unique nonlinear connection HT'M [4] on T'M, which is a sub-
bundle of tr(VIT'M) eVTM". Accordingly, HT' M is called the induced nonlinear connection
on TM. Denote by (HTM,V), the induced Finsler connection on M by (N,V) on .

Locally, the Gauss and Weingarten equations of M are given by
VxY =VxY + B(X,Y)N and VxN = —AxyX + 7(X)N, (2.7)

foral X e I(TTM),Y e I'(VT'M) and N € I'(tr(VT'M)). Here, B is called the local second
fundamental form of M, and Ay its shape operator. furthermore, 7 is a differential 1-form
on T'M. It then follows that V is a linear connection on TM. Denote by P the projection of
VT M onto S(VI'M), then the local Gauss and Weingarten formulae of S(VT'M) are given
by

VxPY = VXPY + C(X,PY)¢ and Vx€=—ALX — 7(X)E, (2.8)

for all X € T(TTM) and & € T(VTM+*). Moreover, C is the local second fundamental form
of S(WT'M), and V* is a linear connection on it, which is a metric connection. In general, V
is not a metric connection. In fact, if 1 is a one form on VI'M by n(-) = g(-, N), then Vg is

given by
(Vxg)(Y, Z) = B(X, Z)n(Y) + B(X,Y)n(Z), (2.9)

forall X e I(TTM) and Y, Z € I'(VT'M). Notice that B is degenerate and in fact, B(-, F) =
0. The shape operators AZ and Ay are screen-valued and relate to their shape local second

fundamental forms according to the relations
B(X,Y)=g(A:X,Y) and C(X,PY) = g(AnX, PY). (2.10)

The null hypersurface M is said to be totally umbilic [15] if B = p ® g, where p is a smooth
function on a coordinate neighborhood U4 C T'M. In case p = 0, we say that M is totally

geodesic. In the same line, M is called screen totally umbilic if C = p ® g, where g is a
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smooth function on a coordinate neighborhood & C TM. When o = 0, we say that M is
screen totally geodesic.
Denote by R’ and R, the curvature tensors of V and V. Let further, V° be Schouten-Van

Kampen connection [5] on TM and T° its torsion. Then

-V
R (X,Y)Z :R(X,Y)Z + Ah(X,Z)Y - Ah(Y,Z)X

+ (VKh)(Y, Z) — (VLh) (X, Z) — h(T°(X,Y), Z), (2.11)

forany X, Y € I(TTM), and Z € (VT M). Here, (Vih)(Y,Z) = Vih(Y,Z)—h(VY, Z)—
h(Y,V xZ), where V' is the tranversal (linear) connection and h(X,Y) = B(X,Y)N. Further
details regarding the fundamental equations of null hypersfaces can be found in [4, [I5] [16].
As seen above, let £ and N the metric normal and the transversal sections, respectively.
Since (g, J) is an almost Hermitian structure and J¢ is a null vector field, it follows that JN
is null too. Moreover, g(J¢,€) = 0 and, thus, J¢ is tangent to TM. Let us consider S(VT'M)
containing JVT M as a vector subbundle. Consequently, N is orthogonal to J¢ and we have
G(JN, &) = —g(N, JE) = 0 and g(JN, N) = 0. This means that JN is tangent to TM and in
particular, it belongs to S(VT'M). Thus, Jtr(VT M) is also a vector subbundle of S(VT'M).
In view of (2.2), we have g(J¢, JN) = 1. It is then easy to see that JVT M+ @ Jtr(VTM) is a
non-degenerate vector subbbundle of S(VT'M), with 2-dimensional fibers. Then there exists a
non-degenerate distribution Doy on TM such that S(VT M) = {JVT M+ @ Jtr(VTM)} L Dy.
It is easy to check that Dy is an almost complex distribution with respect to J, i.e. JDy = Dy.
The decomposition of VI'M becomes VI'M = {JVTM* @ Jtr(VTM)} L Dy L VT M*. If
we set D := VI'M+ 1L JVTM~* 1 Dy and D' = Jtr(VTM), then VITM = D & D'. Here,
D is an almost complex distribution and D’ is carried by J just into the transversal bundle.
Thus, we have a null CR submanifold as in [15] [16] for null hypersurfaces of semi-Riemannian

manifolds. Finally, let us set

U:=-JN and V:=-J¢. (2.12)

3. TOTALLY UMBILIC HYPERSURFACES

In this section, we prove several charateriazation results on umbilic hypersurfaces of an
indefinite nearly Kaehlerian Finsler space-form F?" := (M (c)*", L,g,.J). To that end, we

have the following.
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Theorem 3.1. Let F?" be an indefinite 2n-dimensional nearly Kaehlerian Finsler space-
form, admitting a totally umbilic null hypersurface (M,g). Then, c satisfies ¢ > 0, ¢ =
0 or ¢ < 0 if and only if the vector field Vi,V is timelike, null (or identically zero), or
spacelike, respectively. Moreover, the umbilicity factor p satisfies the differential equations

Ep+p1(€) — p?> =0 and PXp+ pr(PX) = 0. for any X € T(VTM).

Proof. Setting Y =W = ¢ and X = Z in (2.5)) and using (2.12]), we derive
=V 3c 2 37 = = —
RU(Z,6,.2,6) =~ g(Z,V) ~ S5(V2T)E (V2 T)e). (313)

A straightforward calculation, while considering (2.7)), (2.8) and (2.12]), leads to
(Vz ) =-V5V —C(Z, V)~ pg(Z, V)N + pJZ — 7(Z)V. (3.14)

In view of (3.14)), the second term on the right hand side of (3.13)) becomes

3_, — — - — 3 3 _
(T (V2T)E) = 2 9(VZV.VEV) + 2 pg(VyV, 72)
2 2
+ (2, 0)9(2,V) - P 4(2,2) (3.15)

On the other hand, setting Y = ¢ and X = Z in (2.11)) and taking the inner product of the

resulting equation with &, we get
R'(2.6,2.§) = §((V5h)(&, 2) = (VE)(Z. Z) = h(T°(Z.€), 2),€)
= (p* = p7(8) — €p)9(Z, Z). (3.16)

Using (3.13), (3.15) and (3.16), we get

3¢ 3 * *
(P2 —p7(§) —€p)g(Z,2) = _Zg(Za V)2 - zg(VZV, vzV)
3 P 3p? 3p?
+5p9(VEVIZ) + og(2.U)g(2,V) - Fg(2,2),  (317)

in which we have used the fact that the adapted connection V° coincides with V. Setting

Z=Uand Z=U+V in (3.17) in turn, we get

c+g(ViV,VEV) =0, (3.18)

3c

3 * *
and 2(Ep+ pr(€) — p°) = 1 19Vo Vi Vo V). (3.19)

By considering the facts (VyJ)V = 0 and that M is totally umbilic, we derive V}V =
[p— C(V,V)|§ —7(V)V. Thus, g(Vi V. Vi V) = g(ViV, Vi V) and (3.18)) and (3.19)
implies that &p + p7(€) — p? = 0, proving the first assertions of the theorem and the first

differential differential equation of p.



NULL HYPERSURFACES IN NEARLY KAEHLERIAN FINSLER SPACE-FORMS 195
Next, we prove the second differential equation of the theorem. To that end, and
implies
Xp+pr(X)]g(Y. 2) = [V p+ p7(Y)]g(X. 2) =  [-5(X. V)5V, T Z)
+90Y, V)X, 72) + 29(2,V)g(X, TY)] + 1 a(Tx e, (T 7)2)
—9((VyJ)E, (VxJ)Z) = 25((V 2 )€, (Vx )Y )], (3.20)

for all X,Y,Z € D(S(VTM)). Setting Y = Z =V in (3.20), we get
~Vo+ pr(V)g(X, V) = = (Tv e, (Tx V) (3.21)
Using , we see that (VyJ)V = 0, which helps to derive
VvV = —p¢+7(V)V. (3.22)
Thus, in view of , and , we have
(Vv J)é=-VyV + 7A2V —7(V)V ==VyV +p& —7(V)V. (3.23)
Hence, considering , and , we get
—[Vp+pr(V)]g(X,V)=0, VX e (S(VTM)). (3.24)
Setting X = U in , we get
Vp+pr(V)=0. (3.25)

On the other hand, setting X =V and Y = Z = U in (3.20)), we derive

~[Up+ pr(U)] = S5(Vu)E, (VoT)V) (3.26)

A straightforward calculation, using , and (2.12)), we derive (VyJ)¢ = —VyV —
7(U)V and (VyJ)V = —JVyV — 7(U)E. Thus, (3.26) gives
Up+pr(U) =0. (3.27)
Next, let Y = Z = JX in , for some X € I'(Dy), we get
Xp+ pr(X)]g(TX, TX) = 2 g((VxT)TX, (V3 6. (3.28)

As 0 = (VxJ)X =VxJX — JVxX by (2.4), we have JVx JX + VxX = 0. Using this

relation, we derive

(VxD)TX =VxT'X —IVxJX = —VxX - IVxJX = 0. (3.29)



196 SAMUEL SSEKAJJA
Considering (3.28]) and (3.29), we get

Xp+pr(X) =0, VX €T(Dy). (3.30)

Hence, part (3) of the theorem follows from (3.25)), (3.27)) and (3.30)), which completes the

proof.

As consequence, we have the following results.

Corollary 3.1. Let F?" be an indefinite nearly Kaehlerian Finsler space-form, such that

JV =0. If F?" admits a totally umbilic null hypersurface (M, g), then ¢ = 0.

Proof. From (3.18)), we have ¢ + ¢g(V§;V,V;V) = 0. Also, from the assumption
JV =0, we see that (VyJ)V = 0, which implies that —JV;;V = 7(U)¢ — C(U,V)V, in
which we have used (2.7) and (2.8). Thus, g(V{V,V§V) = g(JV;V, JVEV) = 0, which

gives ¢ = 0.

Corollary 3.2. Let F?" be an indefinite 2n-dimensional nearly Kaehlerian Finsler space-
form. If B2 admits a totally umbilic null hypersurface (M, g), such that V is parallel with

respect to V*, then ¢ = 0.

Proof. From (3.18)), we have ¢ = 0. By (3.17), we have 2p%¢(Z,U)g(Z,V) —
0%9(Z,7) = 0, for all Z € T(VTM). Setting Z = X € I'(Dy) in this relation and noticing
that g(X,U) = g(X,V) =0, we get p = 0. Thus, M is totally geodesic which completes the

proof.

Corollary 3.3. Let F?" be an indefinite nearly Kaehlerian Finsler space-form, admitting a
totally umbilic null hypersurface (M, g). If M is also screen totally umbilic, then M is screen

totally geodesic.

Proof. By a straightforward calculation, we have ¢g(Vy&,U) = g(Vy&,U) =
g(JVy&,N). In view of 1) we have JVyé = VyJE 4 (VeJ)U, and the previous re-
lation simplifies to

9(Vu€,U) =g(Vu I N) +9((VeJ)U,N)

But using (2.8), we see that ¢(Vy&,U) = —B(U,U) = —pg(U,U) = 0. Thus, in view of
(3.31), we get o = 0, showing that M is screen totally geodesic which completes the proof.



NULL HYPERSURFACES IN NEARLY KAEHLERIAN FINSLER SPACE-FORMS 197

Let x € M and £ be a null vector of T, M. A plane H of T, M is called a null plane
directed by & if it contains £, g, (&, W) = 0 for any W € H and there exists Wy € H such that
9o (Wo, W) # 0. Thus, the null section curvature of H with respective to £ and the induced
connection V of M, is defined as a real number K¢(H) = g,(R(W,£)&, W)/ g(W, W), where
W # 0 is any vector in H independent with £ (see [I5] or [I6] for more details). Moreover, the
author in [20] proved that an n(where n > 3)-dimensional Lorentzian manifold is of constant

curvature if and only if its null sectional curvatures are everywhere zero.

Theorem 3.2. Let F?" be an indefinite 2n-dimensional nearly Kaehlerian Finsler space-
form, admitting a totally umbilic and screen totally umbilic null hypersurface (M,g). Then,
the null sectional curvature K¢(H) of M wvanishes if and only if V' is parallel with respect to
V.

Proof. Considering and Corollary we have
9(R(X,Y)Z, PW) = §(R(X,Y)Z, PW), (3.32)

forall XY e I'(TTM) and Z,W € I'(VTM). Setting X = PW =W andY =Y = ¢ in
(3-32) and using ([2.5)), we have

3¢ 3_ = =, = —

9(RW, )&, W) = =W, V)* + Z5(Vw D&, (Vw T)9). (3.33)

But in view of (2.8) and (2.12)), we have (VyJ)é = —VwV + pJW — 7(W)V. Thus, from
(3.33) , we have

(Vw D&, (Vwd)€) = g(VwV,VwV) = 20g(Vw V, JW) + p*g(W, W)

Q|

= 9(Viy V. Viy V) = 2pg(Viy V, JW)
—20°g(W,U)g(W, V) + p>g(W, W). (3.34)

Suppose that V' is parallel with respect to V*, then the term g(V7;, V, V7§, V) vanishes. More-
over, —2pg(Vy,/V, JW) vanishes too. Furthermore, by Corollary we have ¢ = 0 and

p = 0. Then, (3.34) reduces to

(Vw)E, (Vwd)E) = =2p°g(W,U)g(W, V) + p*g(W, W) = 0. (3.35)

Q|

Hence, considering (3.35) in (3.33]), we see that K¢(H) = 0. The converse is obvious, and
the proof is complete.

The following result follows easily from Theorem [3.2]
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Corollary 3.4. Let F?" be an indefinite 2n-dimensional normal nearly Kaehlerian Finsler
space-form, admitting a totally umbilic null hypersurface (M,g). Then, the null sectional
curvature Ke(H) of M vanishes.

4. GEOMETRY OF (M, g) FROM THE DISTRIBUTIONS D AND D’

In this section, we give new results on the null hypersurface (M, g) based on the nature of
D and D’ with respect to the second fundamental form B of M. Denote by @) the projection
morphism of TM onto D. Then, in view of , any X € I'(WVT'M) can be written as
X = QX +u(X)U, where u is a 1-form locally defined on M by u(-) = g(-, V). Applying J

to this relation we have
JX = FX +u(X)N, (4.36)

where F is a (1,1)-tensor globally defined on M by F = J o Q). Moreover, it is easy to see

that (F,u,U) is a local almost contact structure on M, satisfying
F?=-T+4+u®U ulU)=1. (4.37)
Notice that (F,u, U) is never an almost contact metric structure on with respect to degenerate
metric g. Using , and , we derive
(VxF)Y +(VyF)X =u(Y)ANX + u(X)ANY — 2B(X,Y)U, (4.38)
and
B(X,FY)+ B(Y,FX)=-B(X,V)n(Y) - B(Y,V)n(X)
—g(VxV)Y) —g(VyV, X) —uw(X)7(Y) — u(Y)7(X), (4.39)
for any X, Y €e (VT M).
Theorem 4.1. Let F?" be an indefinite 2n-dimensional normal nearly Kaehlerian Finsler

space-form, admitting a totally umbilic and screen totally umbilic null hypersurface (M,g).

If F' is parallel then ¢ = 0.

Proof. Suppose that F' is parallel. Then, and the facts M is totally umbilic
and screen totally umbilic, gives ou(Y)X + ou(X)Y = 2pg(X,Y)U. In view of Corollary [3.3]
M is screen totally geodesic and thus, we have 2pg(X,Y)U = 0. Hence, p = 0 and M is
totally geodesic. On the other hand, (VxF){ = 0 and gives VxV = —7(X)V, which
together with gives ¢ = (. This completes the proof.
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In [6], the authors introduced the concept of mized geodesic non-degenerate CR-submanifolds
of a space form. More precisely, a CR-submanifold is called mixed geodesic if its second
fundamental h satisfies h(X,Y) = 0, where X € I'(D) and Y € I'(D'). Here, D is a
J-invariant distribution on M and DY is an anti-invariant distribution which is orthog-
onal and complementary to D in M. As we have already secured a CR structure on a
null hypersurface (M, g) (see Section [2)), in which the invariant distribution D is given by
D =VTM~+ L JVTM* 1 Dy and its complementary (but not orthogonal) distribution D’

by D' = Jtr(VT M), we can define the concept of mixed geodesic for M as follows.

Definition 4.1. Let (M, g) be a null hypersurface of a complex space. Then, M is said to
be mixed totally geodesic if B(X,Y) =0, for X € I'(D) and Y € T'(D").

It follows that any totally geodesic null hypersurface (M, g) of F?" is trivially mixed geodesic.
Notice that the distribution D’ in integrable while D is generally non-integrable. In fact,
it is easy to show, using ([2.4)) and (2.7)), that D is integrable if and only if

B(X,JY) - B(Y,7X) = 25((Vx )Y, £), (4.40)

for all X,Y € I'(D). A null hypersurface (M, g) will be called mized foliate if M is mixed
totally geodesic and holds, i.e. D is integrable. Since D and D’ are not g-orthogonal
distributions, one may not be able to describe the nature of (M, g) depending on the leaves
Mp and Mp: of D, assumed integrable, and D’, respectively. However, when M is mixed
foliate, we know that D Lp D’. This prompt us to consider the null hypersurface (M, B),
that is; the null hypersurface M endowed with its local second fundamental form B, instead
of its natural degenerate metric g. Notice that (M, B) is also degenerate since the second
fundamental form B is degenerate. More precisely, B({,-) = 0. It is easy to see that the
radical distribution of (M, B) is kerAZ. Such hypersurfaces were also studied by C. L. Bejan
and K. L. Duggal [7]. A distribution D on M will be call B-totally null if B vanishes on D.
It follows that a totally geodesic M is B-totally null hypersurface.
The following lemma is fundamental to our study of (M, g) and (M, B).

Lemma 4.1. Let (M, g) be a mived foliate null hypersurface of F*. Then,
2cg(Y,Y) =4B(JY,VyU) — 4B(Y,V3,U)

+3(Vay DU, (Vy D)g) = G((Vy U, (V3 1)8),

for allY € T'(Dy).
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Proof. For any X,Y € I'(D), we have
(VxB)(Y,U) = -B(VxY,U) - B(Y,VxU), (4.41)

where we have used the fact that M is mixed totally geodesic. Then, interchanging X and
Y in (4.41) and subtracting the new relation from (4.41)), we get

(VXB>(Y7 U) - (VYB)(Xv U)
=-B([X,Y],U)+ B(X,VyU) — B(Y,VxU)

= B(X,VyU) — B(Y, VxU). (4.42)

In view of (4.42)) and (2.11f), we derive

GR(X,Y)U,¢) = B(X,VyU) — B(Y,VxU), (4.43)

for any X,Y € I'(D). On the other hand, (2.5) gives

BY(X,Y,0,6) = So(X,7Y) + 1[a(Tx T)&, (Ty T)0)
—g(VxJ)U, (VyJ)E) — 29((Vx )Y, (VuJ)E)). (4.44)

Notice that (V4yJ)Y = 0, for any Y € T'(Dy). In fact, by (2.4) we have (Vy J)Y = 0, which

implies that VyJY = JVyY. Then, using this relation, we derive
(Voy DY = —(Vy N)TY =VyY + T VyY = 0. (4.45)

Setting X = JY, where Y € T'(Dy), in (4.43) and (4.44)), and considering (4.45)), we get the

lemma. Hence, the proof.

As a consequence of Lemma [4.1, we have the following result.

Theorem 4.2. Let (M, g) be a mized foliate null hypersurface of an indefinite nearly Kaehle-
rian Finsler space-form F2", such that F is parallel. Then ¢ = 0. Moreover, (M, B) is locally
a null product manifold Mp x Mp:, where Mp is a leaf of the invariant distribution D, which

is a B-totally null manifold and Mp: is a curve of the anti-invariant D’.

Proof. The assumption F' is parallel implies that

VxU = u(VxU)U, YXeT(VTM). (4.46)
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Using (4.46) and the fact that M is mixed foliate, we derive
B(JY,VyU) = u(VyU)B(JY,U) = 0, (4.47)
and B(Y, V3, U) = u(V3,U)B(Y,U) =0, (4.48)

for any Y € T'(Dg). On the other hand, applying (2.7)), (2.8)) and the assumption F is parallel,

we have

(VxJ)Y = —u(Y)AyX + B(X,Y)U + [B(X, FY)
+ Xu(Y) +u(Y)7(X) —u(VxY)|N, (4.49)
for any X,Y € I'(WT'M). Replacing Y by U and ¢ in (4.49), in turns, we get

(Vx U = —AxX + [1(X) — u(VxU)]N, (4.50)

and (VxJ)é = —[B(X,V)+u(VxE)]|N =0, (4.51)

respectively, for any X € I'(VWI'M). Considering (4.47)), (4.48), (4.50) and (4.51)) in Lemma
we get 2cg(Y,Y) = 0 for any Y € I'(Dy), which implies that ¢ = 0 as Dy is non-

degenerate. Next, let us consider the manifold (M, B). As F is parallel, (4.38) implies
that

2B(X,Y)U = u(Y)AnX + u(X)ANY, (4.52)

for any X,Y € I'(WI'M). Since u vanishes on D, implies B(X,Y) = 0, for any
X,Y € I'(D). Thus, the distribution D is totally B-degenerate. Furthermore, using ,
we derive B(U,U) = C(U,V) and AyV = 0. From (4.46), D’ is parallel. Notice that FX
has no component in D’ for any X € I'(VT'M). In fact, by and (2.12)), we have
g(FX,V)=g(JX,V)=—-g(JX,J§) = —g(X,&) =0, ie. FX € T(D) for all X € T(VTM).
Using this fact and the assumption that F is parallel, we have VxFY = FVxY € I'(D), for
any X € I(VTM) and Y € T'(D), hence, D is parallel too. Consequently, since D Lp D’
by the mixed geodesic assumption and that D and D’ are integrable distributions, then by
the arguments originally used by de Rham [10], (M, B) is locally a semi-Riemannian product
Mp x Mp:, where Mp is a leaf of the invariant distribution D, which is a totally null manifold
with respect to B, and My is a curve of the anti-invariant distribution D’, which completes
the proof.

The following results follows immediately from Theorem [£.2]
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Corollary 4.1. There exist no mized foliate null hypersurface (M, g) of an indefinite nearly
Kaehlerian Finsler space-form F?", such that F is parallel and ¢ # 0.

Corollary 4.2. Let (M, g) be a mized foliate null hypersurface of an indefinite nearly Kaehle-
rian Finsler space-form F?", such that F is parallel and C(U,V) = 0. Then, the following
holds;
(1) =0,
(2) (M, B) is locally a null product manifold Mp x Mp:, where Mp is a leaf of the
mwvariant distribution D, which is a B-totally null manifold, and Mp: is a B-null
curve of the anti-invariant D',

(3) each leaf Mp carries a Kaehlerian structure (F) g|,).

In case J is parallel, such that both D’ and J(VTM™) are parallel distributions on M, we

have the following result.

Theorem 4.3. Let (M, g) be a mixed foliate null hypersurface of an indefinite nearly Kaehle-
rian Finsler space-form F?", such that VJ = 0 and the distribution D' is parallel. Then,
¢ = 0. Moreover, if JVTM™ ) is also parallel, then the following holds;
(1) if 7 =0, the type numbers of M and S(VT' M) satisfiestyr(x) < 1 andtgoyran(v) <1,
for any x € M,
(2) (M, B) is locally a null product Mp x Mpr, where Mp is a leaf of D, which is a
B-totally degenerate manifold of complex dimension, and Mp: is a B-null curve of
D,
(3) (M, g) is totally geodesic,

(4) (F,g|,) is a Kaehlerian structure on the leaf Mp.

Proof. As VJ =0, we have
(VxF)Y =u(Y)AyX — B(X,Y)U, (4.53)
and (Vxu)Y = —-B(X,FY)—uY)r(X), VX, Y e '(VTM), (4.54)

in which we have used (2.7), (2.8) and (4.36)). Setting Y = U in (4.53)) and (4.54), we,

respectively, get

VxU=FANX +7(X)U and 7(X)=u(VxU). (4.55)
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On the other hand, setting Y = £ in and taking the second relation of , we get
VxV =FA X —7(X)V. (4.56)

First, suppose that D’ is parallel, then by we have
FANX =0 and VxU=7(X)U, VX eI'(VTM). (4.57)

Considering (4.57) in Lemma we get
cg(Y,Y) = 2r(Y)B(TY,U) — 2r(JY)B(Y,U) = 0, (4.58)

for all Y € I'(Dy), in which we have used the fact that M is mixed geodesic. As Dy is
non-degenerate, gives ¢ = (.

Now, suppose that J(VT M=) is parallel, then implies FA{X = 0 and VxV =
—7(X)V, for any X € I'(VT'M). Equivalently, we have

AIX = B(X,V)U and VxV = —7(X)V. (4.59)

Notice that, as D' and J(VTM 1) are parallel distributions on M, we see, from and
, that the vector fields U and V are parallel with respect to V if and only if 7 = 0.
Hence, part (1) follows easily from Corollary 1 of [I4, p. 184]. Furthermore, it is easy to
show that D is also parallel. In fact, as D is integrable, and VJ = 0 implies that
B(X,FY) = B(Y,FX), for any X,Y € I'(D). Setting Y = £ in this relation and using the
facts =V = F¢ and B({,FX) = 0, we get B(X,V) =0, for any X € I'(D). Thus, the first
relation of gives

AIX =0, VX eI (D). (4.60)

In view of (4.60) and (4.53), we have

(VxF)Y =0, VX,Y eT(D). (4.61)

Using together with the fact FX € I'(D) for any X € I'(VT'M), we get VxFY =
FVxY € I'(D). Hence, D is parallel. Since D 1 p D’ by the assumption of mixed geodesic,
and that D and D’ are integrable, we see that (M, B) is locally a product manifold Mp x Mpy,
in which we have considered de Rham’s [10] arguments on the existence of product manifolds.
Here, Mp is a B-totally null leaf of D as B =0 on D (see (4.60)), and M is a B-null curve
of D', as B=0on D' by and the fact M is mixed geodesic. Furthermore, Mp has

complex dimension since D is an invariant distribution. We have also seen that B = 0 on
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both D and D', which means that M is totally geodesic, proving part (3). Finally, part (4)
follows from (4.37)) and (4.61)), which completes the proof.

Corollary 4.3. The only mized foliate null hypersurfaces of an indefinite nearly Kaehlerian
Finsler space-form F?", such that V J = 0 and the distributions D' and J(VT M) parallel are

the geodesic ones.
By definition of Lie derivative along vector fields, we have

(Lvg)(X,Y) = B(V,Y)n(X) + B(V, X)n(Y)

+g(VxV,Y) 4 g(X,VyV), VX,Y e T(VTM), (4.62)

in which we have used . In view of , we can rewrite as
(Lvg)(X,Y)=—-B(X,FY)—-B(Y,FX) —u(X)7(Y) —u(Y)7(X). (4.63)
In case the distribution J(VTM™) is killing, becomes
B(X,FY)+ B(Y,FX)+u(X)r(Y) +u(Y)r(X) = 0. (4.64)

In particular, if X, Y € I'(D), gives B(X,FY)+ B(Y,FX) = 0. Moreover, if JV =0
and D is integrable, then the last relation and and gives B(X,Y) = 0, for all
X,Y € I'(D). Furthermore, if D’ is parallel, we see from that B(X,U) = C(X,V),
for all X € I'(VT'M). Also note, from and the facts B=0on D and FX € I'(D) for
any X € I'(VT'M), that the distribution D is parallel. Thus, putting all the above together,
and considering Theorem we have the following result.

Corollary 4.4. Under the assumptions of Theorem if instead the distribution J(VT M)
is killing then (M, B) is locally a null product Mp x Mp:r, where Mp is a leaf of D, which
is a B-totally degenerate manifold of complex dimension, and Mp: is a B-non-null curve of

D', unless C(U,V) = 0.
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