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ALMOST G-CONTACT METRIC MANIFOLD

BELDJILALI GHERICT*

ABSTRACT. In this paper, starting from only a global basis of vector fields, we construct a
class of almost contact metric manifolds and we give concrete example. Next, we study some

essential types belonging to this class on dimension 3 and we construct several examples.

1. INTRODUCTION

Fortunately, the rich theory of vector spaces endowed with a Euclidean inner product can,
to a great extent, be lifted to various bundles associated with a manifold. The notion of
global (and local) frame plays an important technical role.

It should be mentioned however that a global basis of X(M) ( the Lie algebra of smooth
vector fields on a manifold M) i.e., n vector fields that are linearly independent over F (M)
and span X(M ), does not exist in general.

Manifolds that do admit such a global basis for X(M) are called parallelizable. it is straight-
forward to show that a finite-dimensional manifold is parallelizable if and only if its tangent

bundle is trivial (that is, isomorphic to the product, M x R™).
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As an illustration, we can prove that the tangent bundle, T'S', of the circle, is trivial.
Indeed, we can find a section that is everywhere nonzero, i.e. a non-vanishing vector field,

namely
X (cosb, sinf) = (—sinb, cosh).

The reader should try proving that 753 is also trivial (use the quaternions). However, T'S?
is nontrivial, although this not so easy to prove.

More generally, it can be shown that T'S™ is nontrivial for all even n > 2. It can even be
shown that S', S and S7 are the only spheres whose tangent bundle is trivial. This is a
rather deep theorem and its proof is hard.

Here, starting from a Global frame we construct a class of almost contact metric struc-
tures, specifically, many well-known almost contact metric structures ( Sasakian, cosymplec-
tic, Kenmotsu ) in dimension three and we confirm the construction each time with a concrete
example showing that the case is non-vacuous.

This work is organized in the following way:

Section [2|is devoted to the background of the structures which will be used in the sequel.
In Section [3| we give the necessary techniques to construct an almost contact metric struc-
ture from a global frame of vector fields and we give an example. In Section |4} we focus
on the case of three-dimensional and we show how to construct some basic structures with

concrete examples.

2. REVIEW OF NEEDED NOTIONS

An odd-dimensional Riemannian manifold (M?"*1 g) is said to be an almost contact
metric manifold if there exist on M a (1, 1)-tensor field ¢, a vector field £ (called the structure

vector field) and a 1-form 7 such that

(2) 1 *(X) = =X +n(X)E, (2.1)
(3) : g(pX,9Y) = g(X,Y) = n(X)n(Y).
for any vector fields X,Y on M. In particular, in an almost contact metric manifold we also
have
w&=0 and noyp=0. (2.2)
Such a manifold is said to be a contact metric manifold if dn = Q, where Q(X,Y) =
9(X, pY) is called the fundamental 2-form of M. If, in addition, £ is a Killing vector field,
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then M is said to be a K-contact manifold. It is well-known that a contact metric manifold
is a K-contact manifold if and only if Vx& = —¢X, for any vector field X on M.

On the other hand, the almost contact metric structure of M is said to be normal if
No(X,Y) = [p, o](X,Y) + 2dn (X,Y)§ =0, (2.3)
for any X, Y, where [p, ¢| denotes the Nijenhuis torsion of ¢, given by
[, Pl(X,Y) = @*[X, Y] + [pX, 0] = p[pX, Y] — 0 X, Y]
An almost contact metric structures (¢,&,7,g) on M is said to be:

(a) : Sasaki < Q =dnand (p,&,n) is normal,
(b) : Cosymplectic < dQ) =dn =0 and (p,&,n) is normal, (2.4)
(c) : Kenmotsu < dn =0, dQ =2n A Q and (p, £, n) is normal.

where d denotes the exterior derivative.

These manifolds can be characterized through their Levi-Civita connection, by requiring

(1) : Sasaki < (Vxp)Y =g(X,Y){ —n(Y)X,
(2) : Cosymplectic < Vi =0, (2.5)
(3) : Kenmotsu < (Vxe)Y = g(eX, V), —n(Y)pX.

For more background on almost contact metric manifolds, we recommend the reference

1,12, [3] and [5].

3. ALMOST G-CONTACT METRIC MANIFOLD

Let {eo, €;}1<i<2n be the global frame of vector fields and {6°, 0'}1<;<o, be the dual frame
of differential 1-forms on a (2n+1)-dimensional smooth manifold M. Define a (1, 1)-tensor

field ¢ on M by

n

n

Y= Z €92; A €9;—1 = Z (921’71 & €9; — 0% X 622‘_1), (36)
=1 =1

i.e. for all vector field X on M, we have

n
X = ) (e Nexi1)X
i=1
n
= Z (g(eai—1, X)ezi — g(e2i, X)ezi1)
i=1
n
= > 0P (X)ey — 0%(X)ezi1,

=1
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and a Riemannian metric g on M wich {e;}o<i<2n+1 is an orthonormal frame, so that
2n
g=> 0'®0. (3.7)
i=0
With these identities, we state the following:

Theorem 3.1. The manifold (M, ¢, eq,0°,g) defined as above is an almost contact metric

manifold.

Proof. According to the conditions (2.1, the data (M, g,¢,eo,0°, g) is an almost

contact metric manifold if only two conditions are satisfied
’X = -X+60°X)eg and (X, oY) = g(X,Y) - 6°(X)° (V).
Using formula we get
peg; = —€2i_1 and pegi_1 = €.

To prove the first condition, we have for all X vectors field on M

o’X = Z (92i_1(X)90€2i - ‘92i(X)3062i—1)
=1

= > (7 (X)eai1 + 07(X)ex)
=1

2n .

= =) 0(X)e
=1

= —X +6°%X)ep.

For the second condition, for all X and Y vectors fields on M we have

9(pX,9Y) = En:(92i_1(X)92i_1(Y)+92i(X)92i(Y))

i=1

2n
= > 0(X)0'(Y)
i=1

2n
= o(x, Zei(Y)eZ)
= g(X,Y —6°(Y)e)
= 9(X,Y) —6°(X)b(Y),

which completes the proof.

We refer to this construction as almost G-contact metric manifold.
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Example 3.1. Let (x;) be the Cartesian coordinates in R® and 0; = 8%1-' Define a global

frame of vector fields on R® by:
eo =05, e1=01+ f05, ex=0y e3=035+h0;, es4= 0,

where f,h are two strictly positive functions on R and let g be the Riemannian metric
defined by

g(ei,ej) = 52’]’ VZ,] S {07 ...,5},

that is, the form of the metric becomes

1+f2 0 fh 0 —f
0 1 0 0 O
g= fh 0 14+h* 0 —h |,
0 0 0 1 0
-f 0 —h 0 1
and the 1-form corresponding to eg is 0° = —f dx1 — h dxs + dxs.

To define v, let us use the formula

2
p = E e2; N\ €1
i=1

= ey/Ne+esNesg

= 0'@e—0PRe+0P®e— 0" ®es,

we get
0 -1.0 0 O
1 0 0 0 O
=10 0 0 -1 0 |,
0 0 1 0 O
0 —f 0 =h 0

where we can check that (R, o, eq,0°, g) is an almost G-contact metric manifold.

Remark 3.1. Any almost G-contact metric manifold is an almost contact metric manifold,

the converse is not true in general.

While this is an area of possible future research we mention briefly that one easily has the

following:
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The fundamental 2-form ® of (¢, e, 6°, g) is :
O(X,Y) = g(X,¢Y)

= Q(X, > (eai A 62¢—1)Y)
i=1

n

= g(X, ; 0%_1(}/)627; — 92i(Y)621'71>

_ Zn: (621’71(Y)92"(X) _ gzi(y)gmel(X))
i=1
_ 2i(QQi/\02i—1)(X7y)’

i=1

we can check that is very simply as follows:

d=20%N0%1 (3.8)
Proposition 3.1. Let (M, ®,¢eg,6°, g) be an almost G-contact manifold. Then, we have
4 =2 69 A @, (3.9)
n
where d denote the exterior derivative and

o = diveg + Z ((Eeog)(egi_l, 62]‘_1) + (Eeog)(egi, egj)>.
1<j
Proof. Let U = > " e2—1 and V = Y7 | e; two vectors fields on M. Putting

d® = 0 09 A ® for a certain functions ¢ on M. Then, we get

3 (0° A ®)(eo, U, V) = n,

3d®(€07 U, V) = (veoq))(Uv V) + (VUCI))(Va é) + (VV(I))(& U)

= —®(V,Vyd®) — ®(Vy0°,U)

= > (0¥ 1(Vub) + 6% (Vo))
=1
= g(Vub”,U) +g(Vve°, V)

= divg+ Y ((Lepg)leait,eio1) + (Lepg)(eainesy)

which implies 0 = .
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4. 3-DIMENSIONAL ALMOST G-CONTACT METRIC MANIFOLD

Let {eg,e1,e2} be the global frame of vector fields and {6°,6',6?} be the dual frame of
differential 1-forms on a 3-dimensional smooth manifold M3. Define a (1, 1)-tensor field ¢

on M by
4,0:62/\61:01(862—92@61 (4.10)

and a Riemannian metric g on M wich {e; }o<i<2 is an orthonormal frame, so that
2
g=> 0'®0. (4.11)
i=0

According to the theorem (M3, ¢, eq,0% g) is an almost G-contact metric manifold.
Through the rest of this paper, we are mainly interested in dimension three. Below we
recall certain results concerning this case.

For an arbitrary 3-dimensional almost contact metric manifold (M3, £, 7, g), we have
d® = 2an A D. (4.12)
A 3-dimensional almost contact metric manifold M is normal if and only if for all X

vectors field on M ([4], Prop. 2)
Vex§ = pVx¢, (4.13)
or, equivalently,
Vxé=—ap’X — BpX, (4.14)

and for a normal almost contact metric manifold M we have ([4], Corollary 1)
V& =0 and dn=pB2. (4.15)

where a and (8 are the functions defined by 2a = div€ and 28 = tr(pVE) and V is the

Levi-Civita connection on M.

From formulas (2.4]) and (4.12)-(4.15]), one can easily proof that

(a) : Sasaki & a=0, f=1and (¢,£,n) is normal,
(b) : Cosymplectic < a = =0and (¢,£,n) is normal, (4.16)

(c) : Kenmotsu < a=1, f=0and (¢,&,n) is normal.

As a consequence of the above formulas (2.5)), we immediately obtain the following result:
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Theorem 4.1. A 3-dimensional almost G-contact metric manifold is:

(1) : G — Sasaki < Vxeg=—pX,
(2) : G — cosymplectic < Vxeg =0, (4.17)
(3) : G — Kenmotsu & Vxeg=—¢*X.

for all vectors field X on M.

Proof. According to the cases given in formulas (2.5) we have:

(1): An almost G-contact metric manifold is Sasakian if and only if
(Vxp)Y = g(X,Y)eo — 0°(Y)X, (4.18)
taking Y = eg with 6°(Vxeg) = 0, we obtain
(Vxp)eo=0"(X)eg — X & —9Vxey=0"X)eg — X
& —¢*Vxey = —pX
& Vxeg = —pX,
we proved that if M is G-Sasakian then Vxey = —pX. Conversely, suppose that
Vxeo=—pX. (4.19)

It is easy to see that V xeq = ¢V xep, then the structure (¢, e, 6°) is normal and also we

have ( see [4], Prop. 2)

Vxeo = —ap?X — BpX. (4.20)

From formulas (4.19) and (4.20)), we get

a=20 and 8=1,

following formulas (4.16]), M is a G-Sasakian manifold.

(2): An almost G-contact metric manifold is cosymplectic if and only if
(Vxg)Y =0, (421)

taking Y = ey, we obtain Vxey = 0.

Conversely, suppose that

Vxeo = 0. (4.22)



ALMOST G-CONTACT METRIC MANIFOLD 183

It is easy to see that V,xeg = ¢Vxeg = 0, then the structure (¢, €0,0°) is normal, using

formulas (4.14) , we get
a=08=0,

following formulas (4.16)), M is a G-cosymplectic manifold.

(3): An almost G-contact metric manifold is Kenmotsu if and only if
(Vx@)Y = g(pX,Y)eo — 0°(Y)pX, (4.23)

taking Y = ey, we get Vxey = —cng. we proved that if M is G-Kenmotsu then Vxeg =

—p?X. Conversely, suppose that
Vxeo = —¢°X. (4.24)

we obtain
Vexeo = —¢°X = ¢V xeq,
therefore, the structure (g, eg, °) is normal and also we have ( see [4], Prop. 2)

Vxeo = —ap?X — BpX. (4.25)

From formulas (4.24) and (4.25)), we get

a=1 and 6=0,
following formulas (4.16]), M is a G-Kenmotsu manifold.

5. EXAMPLES

Let (2,9, z) denote the Cartesian coordinates in R3. We denote the global frame of vector
fields on R? by (eq, e1,e2) and the dual frame of differential 1-forms by (6°,6',6?) such that
0'(ej) = d;; for all 4,5 € {0,1,2}.

Example 5.1. (G-Sasakian manifold)

Consider
0° = dz + 2zdy, 60'=dy, 6%=dz,
and
ep = g e1 = —QZE + g e g
07 9 TP or 'y’ ° 0z

For the non-zero Lie brackets of (e;), we have:

[e1, ea] = 2ep.
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Define an almost contact structure (¢,eq,0°) on M by assuming
yey = 07 pep = ez, pey = —e1.

Let g be the Riemannian metric on M for which (e;) is an orthonormal frame, so that
g=>0"®0". Itis obvious that (p,eq,0°, g) is an almost contact metric structure on R3.

For the Levi-Civita connection corresponding to g, we have
veoeo = Velel = Vege2 = 07 Veoel = vele(] = —e€2,

Veo€2 = Ve,e0 = €1, Ve €2 = —=Ve,e1 = €.
We can easily check that i € {0,1,2}
Ve, €0 = —e;.
Knowing that (Vxp)Y = VxeY — VXY for all X and Y wvectors fields on M, one can
check that
(Vep)ej = dijeo — 0°(ej)ei,
for alli,j € {0,1,2}. Therefore, (R3, ¢, eq,0°, g) is a G-Sasakian manifold.

Example 5.2. (G-cosymplectic manifold)

For the global frame
0 0 0 0

e =+, €1 = 7, €2 = 7,

oz 0z oy 0z

we define a Riemannian metric g by

g(eo,e1) = g(eo, e2) = g(er,e2) =0,

gleo,e0) = gler,e1) = g(ea,e2) =1

that is, the form of the metric becomes

1422 0 —=x
9= 0 1 0 ,
—x 0 1

and the corresponding 1-forms are

0 =dz, 0'=dy, 0*=—zdx+dz,
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To define v, let’s use the formula p = ex A ey, we get

0 0 O
Y = z 0 -1
01 0

where we can check that (p,&,n,g) is an almost G-contact metric structure on E3.
It is easy to see that for all i,j € {0,1,2},
[€i7 6]'] =0,

therefore, all components of the Levi-Civita connection are zero. Then, for all i € {0,1,2}

we obtain
veieo = 0,
which shows that (R3, ¢, eq,0°, g) is a G-cosymplectic manifold. One can verify this result by

classical reasoning, using formulas .

Example 5.3. (G-Kenmotsu manifold)

Consider
0° = —zdx +dz, 0'=e*dr, 0% =é*dy,
and

ey = %, el :e_z<g—|—asg>, ey = e_zg.

For the non-zero Lie brackets of (e;), we have:

[eo,e1] = —e1, [eo,e2] = —e2, [e1,e2] = —we “es.

Define an almost contact structure (¢, eq,0°) on M by assuming
peg =0, e =ea, e = —ey.

Let g be the Riemannian metric on M for which (e;) is an orthonormal frame, so that
g=>0"®0". Itis obvious that (v, e, 0°,g) is an almost contact metric structure on R3.

For the Levi-Civita connection corresponding to g, we have
veoe[) = ve()el = VeOGZ = V6162 =0,
Ve, €0 = e1, Ve,€0 = €2, Ve, €1 =€

Ve,01 = z€ e, Ve,e2 = —eg — xe “ey.
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We can see that for alli € {0,1,2}
Ve,€0 = —<,026i.
Knowing that (Vxp)Y = VxoY — VXY, one can check that
(Vx@)Y = g(pX,Y)eo — 0°(Y)pX,
for all X,Y € {eg,e1,ea}. Therefore, (R3, ¢, e0,0°, g) is a G-Kenmotsu manifold.
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