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ON THE GEOMETRY OF LP-SASAKIAN MANIFOLDS ASSOCIATED
WITH THE EXTENDED QUASI-CONFORMAL CURVATURE TENSOR

MALLANNARA SIDDALINGAPPA SIDDESHA , RAVUTHANAHALLI THIMMEGOWDA NAVEEN
KUMAR *, PRABHAKARAN SWAPNA SANGEETHA , AND VENKATESHA

Abstract. The geometry of LP-Sasakian manifolds and their interaction with various
curvature tensors—particularly conformal, quasi-conformal, and concircular tensors—has
been extensively studied in the literature. However, most existing works focus on classical
curvature tensors or standard quasi-conformal curvature structures under general or well-
known curvature restrictions. The present study introduces and investigates an extended
quasi-conformal curvature tensor, which generalizes the traditional quasi-conformal cur-
vature tensor by incorporating additional structural components adapted to LP-Sasakian
manifolds.

In particular, we focus on LP-Sasakian manifolds with in the frame work of the extended
quasi-conformal curvature tensor satisfying the vanishing conditions K.(U1,Y1)Z1 = 0 and
(R(&,Y1) - Ke)(Ur, Vi)W = 0. Furthermore, the existence and properties of Ricci soliton
structures are also examined.

Keywords: LP-Sasakian manifolds, extended quasi conformal curvature tensor, n-Einstein
manifold, scalar curvature.

MSC (2020): 53C15, 53C25, 53C50.

1. INTRODUCTION

The extended quasi-conformal curvature tensor is a generalization of several well-known
curvature tensors in differential geometry, designed to unify and extend notions like con-
formal, concircular, and quasi-conformal curvature. Its importance becomes clearer when
you look at both its structural role and its applications in special manifolds, including LP-
Sasakian manifolds. Its relevance becomes evident once we understand the limitations of the
usual curvature measures.

In 1989, Matsumoto [8] first introduced the concept of LP-Sasakian manifolds. Subsequently,
Mihai and Rosca [10] independently presented the same notion and established several signifi-

cant results. Since then, LP-Sasakian manifolds have been extensively investigated by various
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researchers, including Bagewadi et al.,[3], De et al.,[4], Mihai et al.,[9], Shaikh et al.,[12, 14]
and many others. Recently generalized Ricci-type solitons and almost Ricci-Bourguignon
solitons on Lorentzian para-Kenmotsu geometry has been studied by [11, 15].

On the other hand, in [17] Yano and Sawaki introduced and investigated a tensor field
K on an (2n + 1)-dimensional Riemannian manifold that generalizes both the conformal
curvature tensor and the concircular curvature tensor as particular instances. This tensor

field K is called the quasi-conformal curvature tensor and is defined as follows:
K(Ul,Yl)Zl = aR(Ul,Yl)Zl (11)
+b[S (Y1, Z1)U1 — S(Uy, Z1)Y1 + g(Y1, Z1)QU: — g(Ui, Z1)QY1]

r a
- — +2b Yi. Z1) U1 — g(Uqy, Z1)Y;
o+ 1 {2n+ }{9( 1, Z1)Uy — g(Ur, Z1)Y1},

where each of Uy, Y1, Z1 belongs to the tangent space 1), M, while a and b are constants and

r denotes the scalar curvature. In particular, when a = 1 and b = —ﬁ, then the quasi
conformal curvature tensor coincides with the conformal curvature tensor.

Subsequently, De et al. [5] introduced and formulated an extended version of the quasi-
conformal curvature tensor, referred to as the extended quasi-conformal curvature tensor,

which is defined by:
K. ()2, = KU, Y1)Z1 —n(U1)K(£,Y1) 2, (1.2)
—n(Y1) K (U1,§) 21 — n(Z1) K (U, Y1)¢.

Recently, authors Al Hussein and Habeeb [1, 2] investigated and studied the geometric prop-
erties and applications of Quasi Sasakian manifolds endowed with generalized Sasakian space
form structures in the framework of the pseudo-quasi conformal curvature tensor.
Motivated by the above, the present work investigates certain aspects of LP-Sasakian man-
ifold admitting specific geometric properties associated with the extended quasi-conformal
curvature tensor. The organization of the paper is as follows. After presenting the neces-
sary preliminaries, Section 3 examines LP-Sasakian manifolds for which the extended quasi-
conformal curvature tensor vanishes, that is, K.(U1,Y1)Z; = 0. In Section 4, we analyze
LP-Sasakian manifolds satisfying the condition (R(&,Y1) - K¢)(Up, V1)W1 = 0. The final

section summarizes and concludes the findings established throughout the paper.

2. PRELIMINARIES

An (2n + 1)-dimensional differentiable manifold M is said to be an LP-Sasakian manifold
[8] if it possesses a (1,1)-tensor field ¢, a unit time like vector field £, a 1-form 7 and a

Lorentzian metric g that fulfill the following conditions:

n(€) = —1,0°U1 = U1 +n(Uh)E, (2.3)
9(oUr,0Y1) = g(U1, Y1) +n(U1)n(Y1), (2.4)
9(U1,§) = n(lh), Vy,&=eU; (2.5)
(Vuo)(Y1) = g(Ur, Y1)§ +n(Y1)Ur + 2n(Ur)n(V1)E, (2.6)

for all vectors Uy, Y7 € T, M, where V represents the covariant derivative associated with the

Lorentzian metric g.
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It is readily observed that the following relations are satisfied in an LP-Sasakian manifold

[8]:

¢ = 0, n(elh) =0, (2.7)
rank¢ = 2n. (2.8)

As before, if we assume
QUy, Y1) = g(Ur, ¢Y1) and Vy,§ = ¢Un, (2.9)

for arbitrary vector fields Uy, Y;, then the tensor Q(Uy, Y1) defines a symmetric (0,2)-type
tensor field [8].

Moreover, since the vector field 7 is closed in an (2n + 1)-dimensional LP-Sasakian manifold,
it follows that [8, 10]:

(Von) (Y1) Q(U1, 1), (2.10)
QU,€) = 0, (2.11)
for any Uy,Yr € T, M.

Consider an (2n + 1)-dimensional LP-Sasakian manifold M equipped with the structure
(¢,€,m,9). The following relations are satisfied [8]:

RULYV)Z1 = g, Z20)Ui — g(Ur, Z1)Y1, (2.12)

R(EY1)Z1 = g, Z21)§ — n(Z1)Yh, (2.13)

R(U,Y1)§ = n(Y1)Ur —n(Un)Y1, (2.14)

S(U,€) = 2nn(lh), (2.15)

S(@Ur, Y1) = S(Ur, Y1) + 2nn(Un)n(Y1), (2.16)

for any Uy, Y1, 21 € T,M, where R is the Riemannian curvature tensor and S is the Ricci
tensor of the manifold.

Additionally, for an (2n + 1)-dimensional LP-Sasakian manifold with extended quasi-

conformal curvature, the following holds:

2n
+9(Ur, Z1)n(Y1)§ — g(Y1, Z1)n(U1)§ + 2n(Ur)n(Z1)Y1
—2n(Y1)n(Z1)Ur } + b{S(Y1, Z1)U1 — S(Ur, Z1)Y1
+n(Y1)S(Ur, Z1)§ — n(U1)S(Y1, Z1)€ + 9(Y1, Z1)QU1
—9(U1, Z1)QY1 + 2n(Ur)n(Z1)QY1 — 2n(Y1)n(Z1)QUn
+2nn(Y1)g(Ur, Z1)§ — 2nn(Un)g(Y1, Z1)€
+4nn(U1)n(Z1)Y1 — 4nn(Y1)n(Z1)U1},

K (U, Y1)Z = [a - 2n7:|— : (i n Qb)] (g1, 2001 — g(Uy, Z))Y;  (2.17)
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K65 = Ja- 5 (5 20)| ot z0e - nzy 219

—n(Y1)n(Z1)§} + b[2S (Y1, Z1)€ — 6nn(Z1)Y1
+4ng (Y1, Z1)€ — dnn(Y1)n(Z1)€ — 3n(Z1)QY1]

= —K.(Y1,¢)7,
K (U, Y1)E = [a— %Z : (% +2b)} 37(Y1) U1 — 35(U1)Yi] (2.19)
+b[6nn(Y1)U1 — 6nn(Ur)Y1 + 3n(Y1)QU:1 — 3n(U1)QY1],
K.(§,8)7Z1 = 0. (2.20)

Definition 2.1. An (2n + 1)-dimensional LP-Sasakian manifold is called n-Einstein, if its
Ricci tensor S of type (0,2) satisfies
S(U1, Y1) = ag(U, Y1) + Bn(Ur)n(Y1), (2:21)

for all Uy, Y1 € T,M, where o and B are smooth functions. Moreover, if 8 = 0, the manifold

is referred to as an Einstein manifold.

Definition 2.2. In an (2n + 1)-dimensional LP-Sasakian manifold, if the Ricci tensor S
satisfies

(Vw,S)(oUn, ¢Y1) =0, (2.22)
for all Uy, Y1, Wy € T,M, then S is called n-parallel.

A Ricci soliton extends the concept of an Einstein metric and is formulated on a Rie-
mannian manifold (M, g) [6]. Specifically, a Ricci soliton is represented by a triple (g,&, \)
consisting of a Riemannian metric g, a unit timelike vector field &, and a real scalar A,

satisfying
Lyg+25+2X\g =0. (2.23)

Here S denotes the Ricci tensor and Ly represents the Lie derivative taken along the
solenoidal vector field V.
A Ricci soliton on a Riemannian manifold is classified as shrinking, steady, or expanding

depending on whether the scalar A is negative, zero, or positive, respectively.

3. LP-SASAKIAN MANIFOLDS ADMITTING VANISHING EXTENDED QUASI-CONFORMAL
CURVATURE TENSOR

Consider an (2n + 1)-dimensional LP-Sasakian manifold in which the extended quasi-

conformal curvature tensor is identically zero i.e.,
K.(Uy,Y1)Z1 =0, (3.24)

for any choice of Uy, Y1, Z; in the tangent space T, M.
It follows directly from (3.24) that

KUy, Y1)Z1 —n(U1)K (&, Y1) Z1 — n(Y1)K (U1, §) Z1 — n(Z1) K (U1, Y1)§ = 0. (3.25)
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Using (3.25) and then taking the inner product with Wi, we obtain

[a T ot (% * 21’)] lg(Y1, Z1)g(Ur, Wh) — g(Ur, Z1)g(Y1, W) (3.26)

—n(U)n(Wh)g(Y1, Z1) + n(Y1)n(W1)g(Ur, Z1) + 2n(Un)n(Z1)g(Y1, W1)
—2n(Y1)n(Z1)g(Ur, Wh)] + b[S(Y1, Z1)g(Ur, W1) — S(U1, Z1)g(Y1, W1)
+9(Y1, 21)S(Ur, Wh) — g(U, Z1)S(Y1, Wh) — n(Ur)n(Wh)S (Y1, Z1)
+n(Y1)n(W1)S(Ur, Z1) + 4nn(Ur)n(Z1)g(Yr, Wh) — 4nn(Y1)n(Z1)g(Ur, Wh)
—2nn(U1)n(W1)g(Y1, Z1) + 2nn(Y1)n(Wh)g(Us, Z1)

+2n(Ur)n(Z1)S(Y1, Wr) — 2n(Y1)n(Z1)S(Ur, Wh)] = 0.

By substituting U; = W1 = e;, where e; forms an orthonormal basis for the tangent space at

each point on the manifold, and summing over ¢, ¢« = 1,2, .....,2n + 1, we get
r a
_ —2())2 Yi,71) — g1, Z Vi, Z 9
[a 2n—|—1(2n+ ][”9( 1.21) = (Y1, Z1) + 9(V1, Z1) (3.27)

+n(Y1)n(Z1) + 2n(Y1)n(Z1) — 4nn(Y1)n(Z1)] + b[2nS(Y1, Z1)
—S(Y1,Z1) +rg(Y1, Z1) — S(Y1, Z1) + S(Y1, Z1) + 2nn(Y1)n(Z1)
+ann(Y1)n(Z1) — 8n®n(Y1)n(Z1) + 2ng(Y1, Z1) + 2nn(Y1)n(Z1)
+dnn(Y1)n(Z1) — 2rn(Y1)n(Z1)] = 0.

The equation above can be transformed into

S, Z1) = lig(Y1, Z1) + man(Y1)n(Z), (3.28)
where
I a2n(r —2n — 1) + b2n[r(2n — 1) — 2n(2n + 1)]
b b2n(2n + 1)(2n — 1) ’
S a(4n — 3)[2n(2n + 1) — r] + bdn[r(—2n +4) — (2n + 1)(4n? — 6n)]

b2n(2n+1)(2n —1)

Thus we can state the following:

Theorem 3.1. If an LP-Sasakian manifold has a vanishing extended quasi-conformal cur-

vature tensor, then it is an n-Finstein manifold.

Applying Y1 = Z; = e; once again in (3.28) results in
2n — 1) — b(2n —
. a(2n —1) — b(2n — 3) . (3.29)
a(2n+1)(2n — 1) +b2n(2n +1)(2n — 2)

This leads to the following:

Corollary 3.1. In an LP-Sasakian manifold where the extended quasi-conformal curvature

tensor vanishes, the scalar curvature remains constant.

Similarly, by replacing Y7 by ¢Y; and Z; by ¢Z; in (3.28) and then using (2.5), we obtain

a(r—2n—1)+blr(2n —1) — 2n(2n + 1)]

b(2n + 1)(2n — 1) 9(oY1, ¢Z1). (3.30)

S(¢Yla (;SZl) =
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Applying covariant differentiation to (3.30) with respect to X1, we arrive at
a+b(2n—1)
b(2n+1)(2n —1)

Given that an LP-Sasakian manifold with a vanishing extended quasi-conformal curvature

(Vx,8)(¢Y1,021) = dr(Xy)

9(pY1,021). (3.31)

tensor has constant scalar curvature, it follows from the above equation that
(Vx,9)(oY1,021) = 0. (3.32)

This results in:

Corollary 3.2. An LP-Sasakian manifold with vanishing extended quasi-conformal curvature

tensor and constant scalar curvature possesses an n-parallel Ricci tensor.

Taking an account of (3.28) in (2.23), we get
a2n(r —2n — 1) + b2n[r(2n — 1) — 2n(2n + 1)]
b2n(2n+1)(2n — 1)
a(4n — 3)[2n(2n + 1) — r] + bdn[r(—2n + 4) — n(8n% — 8n — 6)]
* b2n(2n +1)(2n — 1) 2n(Yi)n(Z)

Lyg(Y1, Z1) +

29(Y1, Z1) (3.33)

+2Xg(Y1,Z1) = 0.
By setting Y7 = Z; = e;, the above equation becomes
div(V) + Ab8n*(2n 4 1)(2n — 1) (3.34)
+2a(2n — 1)[r(2n + 3) — 6n(2n + 1)]
+4bn[r(4n® + 2n — 8) — 3(2n + 1)(4n* — 4n)] = 0.
Because V is a solenoidal vector field, it follows that

a(2n —1)[r(2n+3) — 6n(2n + 1)]

+b2n[r(4n? 4+ 2n — 8) — 3(2n + 1)(4n? — 4n)]
A= bAn2(2n + 1)(2n — 1) (3:35)

Consequently, the following occurs:

Remark 3.1. In an LP-Sasakian manifold with a vanishing extended quasi-conformal cur-

vature tensor, the Ricci soliton is of shrinking type.

4. LP-SASAKIAN MANIFOLDS ADMITTING EXTENDED QUASI-CONFORMAL CURVATURE
TENSOR SATISFYING (R(&,Y7) - Ke)(Up, V1)W1 =0

Let M be an (2n+1)-dimensional LP-Sasakian manifold for which the curvature condition
(R(&,Y1) - K¢)(Up, V1)W1 = 0 holds. The preceding condition implies that
g(Y1, Ke (U1, Vi)W1)€ — n(Ke(Ur, Vi)W1)Y1 — g(Y1, U Ke (€, Vi)W1 - (4.36)
+n(U1) Ke(Y1, Vi)W — g(Y1, Vi) Ke (U, Wi + n(Vi) Ke(Ur, Y1) W1
—g9(Y1, W) Ke (U1, V)€ + (W) Ke(Ur, V1) Y1 = 0.
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In view of (4.36), we have
—g9(Y1, Ke(Ur, V1)W1) — n(Ke(Ur, Vi)Wi)n(Y1) — g(Y1, Ur)n(Ke(§, Vi)Wh) (4.37)
+n(U)n(Ke(Yr, Vi)W1) + n(Wi)n(Ke(Ur, Vi)Y1) +n(Vi)n(Ke (U, Y1)Wh)
—g(Y1, Wi)n(Ke(U1, V1)§) — g(Y1, Vi)n(Ke (U1, §)W1) = 0.

Making use of (2.17)-(2.20) in (4.37), we derive

a5 (s +20) | LoV, W)a(i, U0) — (0 W) (1. V) (139

+g(Vi, Win(Ui)n(Y1) — g(Ur, Wi)n(Vi)n(Y1) + 29(Y1, Ur)n(Vi)n(Wh)
—2g9(Vi, Y1)n(Ur)n(W1)] 4 b[S(V1, W1)g(Y1, Ur) — S(Ur, W1)g(Va, Y1)
+5(V1,Y1)g(Ur, W1) — S(Y1,Ur)g(Va, W) + S(Vi, Wi)n(Ur)n(Y1)

=S(Ur, Wi)n(Vi)n(Yr) + 2ng(Vi, Wi)n(Ur)n(Y1) — 2ng(Ur, Wi)n(Vi)n(Y1)
+8ng(Y1, Un)n(Vi)n(Wi) — 8ng(Y1, Vi)n(Un)n(Wh) + 4ng(Vi, W1)g(Y1, Ur)
—4ng(Uy, W1)g(V1,11)] = 0.

Putting U; = Wp = e;, where e; is an orthonormal basis of the tangent space at each point

of the manifold, and taking summation over i, i = 1,2, .....,2n 4+ 1, we obtain
r a
- L +2b) | (901, VA) — 2ng(Y; Y L
[a m+ 1 (2n+ b ][9( 1, V1) = 2ng(Y1, Vi) + n(Y1)n(V1) (4.39)

=2nn(Y1)n(V1) + 2n(Y1)n(V1) + 29(Y1, V1)] + B[S (Y1, VA1)
—rg(Y1, V1) 4+ 2nS(V1, Y1) — S(Y1, V1) + 2nn(Y1)n(V1)
—rn(Y)n(Va) + 2nn(Yi)n(Vi) — 4n*n(Y1)n(Va) + 8ng(Y1, V1)
+8nn(Y1)n(Vi) + dng(Y1, Vi) — 8n2g(Y1, Vi)] = 0.

The preceding equation can be simplified as

S(Y1,V1) = lig(Yr, Vi) + man(Y1)n(Vh), (4.40)
where
= a(2n —3)[2n(2n + 1) — r] + b2n[4n(2n + 1)(2n — 3) — r(2n — 7)]
S bAn2(2n + 1) ’
my = a(2n —3)[2n(2n + 1) — r] + b2n[2n(2n — 6) — r(2n — 7)] '

bdn2(2n + 1)

Therefore, we can conclude that:

Theorem 4.1. An (2n + 1)-dimensional LP-Sasakian manifold that admits an extended
quasi-conformal curvature tensor and satisfies (R(&, Y1) K¢)(Uy, Vi)W = 0 is an n-Einstein

manifold.

Plugging Y7 = V; = ¢; again into (4.40) gives

_a2n(2n+1)(2n — 1) + b8n*2n(2n + 1)(2n — 3) — (2n—)]
a2n—1)(2n—3)+2n2n2n+1) + 2n — 1)(2n —T7)]

As a result, we can assert that:

(4.41)
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Corollary 4.1. If an LP-Sasakian manifold has an extended quasi-conformal curvature ten-
sor satisfies (R(&,Y1) - Ke)(Ur, V1)W1 = 0, then its scalar curvature is constant.

Now replacing Y7 by ¢Y; and V; by ¢V; in (4.40), gives

where,

a(2n — 3)[2n(2n + 1) — 7] + b2n[4n%(2n — 5) — r(2n — 7)] '

A= bdn2(2n + 1)

Computing the covariant derivative of (4.42) along X, we find
[—a(2n — 3) — b2n(2n — 7)]dr(X;)
bAn2(2n + 1)

Since an LP-Sasakian manifold endowed with an extended quasi-conformal curvature tensor
and satisfying (R(§, Y1) - K¢)(Uy, Vi)W = 0 has constant scalar curvature, it follows that

(Vx,9)(8Y1, V1) = 9(oY1, 9V1). (4.43)

(Vx,8) (oY1, V1) = 0. (4.44)

From this, it follows that:

Corollary 4.2. An LP-Sasakian manifold whose extended quasi-conformal curvature tensor
satisfies (R(&,Y1) - Ke)(Ur, Vi)Wi = 0 necessarily has a Ricci tensor that is n-parallel.

Upon substituting (4.40) into (2.23), we arrive at

Lyg(V1, Y1) (4.45)
+a(2n —3)2n(2n+ 1) —r] + b2n[dn(2n + 1)(2n — 3) — r(2n — 7)]

2 Y]
bdn2(2n + 1) 9(V1,11)
a(2n —3)[2n(2n + 1) — r] + b2n[2n(2n — 6) — r(2n — 7)]
2 Y
If we substitute V3 = Y7 = ¢; into (4.45), we obtain
div(V) + Ab16n3(2n + 1) + a2(2n + 1)(2n — 3)[2n(2n + 1) — 7] (4.46)

+b4n[2n(8n% — 16n% — 5n — 3) —r(2n +1)(2n — 7)] = 0.
Owing to the fact that V is solenoidal, we get

a(2n+1)(2n —3)[2n(2n 4+ 1) — r]

A= _ +b2n[2n(8n® — 1602 — 5n — 3) — r(2n + 1)(2n — 7)] (4.47)
b8n3(2n + 1)

This leads us to conclude that:

Remark 4.1. On an LP-Sasakian manifold whose extended quasi-conformal curvature tensor
satisfies (R(&,Y1) - Ke)(Ur, Vi)Wi = 0, the Ricci soliton is shrinking.
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5. Conclusion:

In general, the extended form of the quasi-conformal curvature tensor aligns with the

extended quasi-conformal curvature tensor defined by De and Sarkar [5]. In this work,

we investigate an n-dimensional LP-Sasakian manifold equipped with the extended quasi-
conformal curvature tensor. Imposing the curvature conditions K.(U1,Y1)Z; = 0 and
(R(&, Y1) - K¢)(Up, Vi)W = 0, we derive the following geometric results:

e The LP-Sasakian manifold to take on a highly ordered, Einstein-type configuration.
e The manifold has uniform curvature distribution at every point.

e The Ricci tensor is stable along the contact distribution.

e The geometry of a manifold does not remain fixed or increase—it diminishes over

time under Ricci flow.
Future research directions:

e Consider non-vanishing or bounded cases, this would help determine whether the
Einstein-type configuration obtained is stable or if small perturbations lead to entirely
different geometric behavior.

e Examining analogous results in Sasakian, Kenmotsu, or trans-Sasakian manifolds
would show whether the conclusions depend heavily on the LP-structure or reflect a

broader phenomenon in contact geometry.
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