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SYMMETRY VECTOR FIELDS ON THE 4-DIMENSIONAL
RIEMANNIAN AND LORENTZIAN LIE GROUP Sol}

SIMARJEET KAUR BHATIA AND RAM SHANKAR GUPTA *

Abstract. In this paper, we investigate various symmetry vector fields on the 4-dimensional
Riemannian and Lorentzian Lie group Solg. Using Lie derivatives, we characterize affine vec-
tor fields with respect to the Levi-Civita connection. We further obtain Ricci collineations
vector fields, curvature collineations vector fields, and matter collineations vector fields by
computing the Lie derivatives of the Ricci tensor, Riemann curvature tensor, and energy-
momentum tensor, respectively. These results contribute to the understanding of geometric
and physical symmetries on Solg, relevant in both mathematical physics and differential
geometry.

Keywords: Lorentzian Solg group, affine vector fields, Ricci collineations, curvature collineations,
matter collineations.
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1. INTRODUCTION

The primary objective of all research in gravitational physics is to construct gravitational
potentials that comply with Einstein’s field equations, which is frequently accomplished by
applying symmetries to the geometry that align with the dynamics of the selected matter
distribution. The symmetries of space-time, from a geometric perspective, are expressible
through the nullification of the Lie derivative of certain tensors in relation to a vector. The
concept of a symmetry of Tensor 1" involves a one-parameter group of diffeomorphisms that
keeps T unchanged. According to this formulation, a vector field X that satisfies LxT = 0,
where L is the Lie derivative, corresponds to each symmetry.

Thurston geometries constitute a fascinating subset of Riemannian homogeneous spaces,
which have been thoroughly investigated in three dimensions owing to Thurston’s geometriza-
tion of three-manifolds. This profound result enumerates the potential Riemannian struc-
tures of compact orientable three-manifolds, closely resembling the uniformization theorem
applicable to compact orientable surfaces. In simple terms, any three-manifold can be parti-
tioned into segments, each of which possesses a Riemannian metric that is locally isometric
to one of eight three-dimensional model spaces: the Thurston geometries, i.e., R3, S3, H3,
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S? x R, H? x R, SNL(2,]R), Nilg and Sols. As of now, no analogous geometrization has been
established in four dimensions.

Based on four-dimensional Thurston geometries, Solé is one of them. As stated by Fil-
ipkiewicz [13], there exist 19 model spaces in four dimensions i.e., R* H* §* §2 x §2,
S? x R?, §? x H?, §® x R, H® x R, Soli, Sol}, F*, CP?, CH?, R? x H2, H? x H?, Nil3 x R,
SL(2,R) x R, Nil*, Solffmn. Ishihara [15] demonstrated homogeneous Riemannian 4-spaces
are either locally symmetric or Lie groups that possess a left invariant metric. Furthermore,
Wall [19] provided a comprehensive list of all 4-dimensional geometries that allow for a com-
patible complex structure, which are all the abovementioned 19 model spaces, except H*, S%,
H? x R, Nil?4, Solfn’n. In this paper, symmetries of Solé will be investigated.

Some well-known symmetries are the Levi-Civita connection V symmetries that match
the affine vector fields; the Ricci tensor Ric symmetries that match the Ricci collineations;
and the curvature tensor R symmetries that match the curvature collineations. Research on
curvature collineations was initiated by Katzin et al. in 1969 [16].

Matter symmetries offer a distinct and more physically substantiated perspective on the
symmetries of spacetimes. A Riemannian manifold (M, g) with matter collineation is rep-
resented by a vector field X, which corresponds to a symmetry in the energy-momentum
tensor T' = Ric — (%)Tg, where 7 is the scalar curvature [11, 12]. Extensive research has
been conducted on these symmetries, emphasizing several of them in the past decade that
are pertinent to this paper [6, 7, 8, 9, 10, 14, 18]. Batat et al. worked on the symmetries of
the three-dimensional Heisenberg group [2] in 2017 and in 2020, Belarbi investigated sym-
metries on Sols Lie group [4] and symmetries of five-dimensional solvable Lie group [17].
In the same year, he investigated symmetries of three-dimensional generalised symmetric
spaces [5] and also on the symmetries of Lorentzian four-dimensional generalised symmetric
spaces of type C [3]. Recently, in 2023, Atashpeykar et al. discussed the symmetries of the
pseudo-Riemannian manifold H? x R [1].

Main Results:

We investigate the Lie derivatives of the Levi-Civita connection V to characterize affine

vector fields on the Riemannian Lie group Solg.

Theorem 1.1. Let the vector field X = Fiey + Faoes + Fses + Fyeyq be defined on the Rie-
mannian Lie group Solé. Then:
— X is an affine vector field if and only if

Fy=mae™", Fy=mye", F3=-2yze*, Fj=m, (1.1)

where v1 € R.

Next, we compute the Lie derivatives of the Ricci tensor Ric and the Riemann curvature
tensor R to identify Ricci collineations and curvature collineations on the Riemannian Lie

group Solg.
Theorem 1.2. Let the vector field X = Fiey + Foes + Fses + Fyeq be defined on the Rie-

mannian Lie group Solé. Then:
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(a) X is a Ricci collineation if and only if
Fr=gi(z,y,2), Fy=ga(z,y,2), F3=g3(z,y,2), Fi=ay, (1.2)
where g1, g2, g3 are smooth functions on Sol}, and as € R.

(b) X is a curvature collineation vector field if and only if
Fi = (asz + by + ca)e™ ", Fy = (asy — bax + c5)e ",
Fy = (—2a3z + cg)e*, Fy = as,

where as, ba, ¢4, c5,c6 € R.

We now turn to the study of matter collineations, which are derived from the Lie derivative

of the energy-momentum tensor 7.

Theorem 1.3. Let the vector field X = Fiei + Fyeq + Fze3 + Fyeq be defined on the Rie-
mannian Lie group Solé. Then:

— X is a matter collineation vector field if and only if

{F1 = (a4 + b3y + cr)e™", Fo = (asy — b3z + cg)e” ", (1.4)

Fg = (—2@42 + Cg)€2t, F4 = a4,

where ay, bs, c7,c8,co € R.

We now shift our focus to the Lorentzian structure on the Lie group Soli, beginning with

affine vector fields under the Lorentzian metric.

Theorem 1.4. Let the vector field X = Fiei1+ Foeo+ Fses+ Fyey be defined on the Lorentzian
Lie group Solé. Then:

— X s an affine vector field if and only if

Py =yze™, Fy=rye !, F3=—2yze*, Fi=ns, (1.5)

where v € R.

Continuing in the Lorentzian setting, we analyze Ricci and curvature collineations using

the Lie derivatives of the Ricci and Riemann curvature tensors.
Theorem 1.5. Let the vector field X = Fiei1+ Foeo+ Fzes+ Fyeq be defined on the Lorentzian
Lie group Solg. Then:
(a) X is a Ricci collineation if and only if
Fy :g4($,y,2§), F2=g5(x,y,2), F3:.96(x7y72)7 F4:a67 (16)

where gu, g5, go are smooth functions on Sol}, and ag € R.
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(b) X is a curvature collineation vector field if and only if
Fy = (ayx + b5y + 013)€_t, Fy = (a7y — b5$ + 014)6_t,
F3 = (—2(172’ + 615)6%, Fy=ar,

where az, bs, c13, €14, €15 € R.

Finally, we consider the Lie derivative of the energy-momentum tensor 7" on the Lorentzian

Lie group S olf)l to determine matter collineations.

Theorem 1.6. Let the vector field X = Fie1+ Fheo+ Fyes+ Fyeq be defined on the Lorentzian
Lie group Solé. Then:

— X is a matter collineation vector field if and only if

Fy = (agz + bey + c15)e™ ", Fo = (agy — bex + c16)e” ",
{F3 = (—2agz + c17)e*, Fy = ag, (18)
where ag, bg, c15, 16, c17 € R.
2. PRELIMINARIES
The group operation associated with the Solg Lie group is given by:
(z,y,2,t) % (', ¢, 2, V) = (x +e'a’, y+ ey, z+e 22, t+1). (2.9)

Let g be the left-invariant Riemannian metric, V the Levi-Civita connection, and R the
curvature tensor on the four-dimensional solvable Lie group Solg. Then the curvature tensor
is defined by:

R(X, Y)Z =VxVyZ -VyVxZ2Z - V[X,y}Z, (2.10)
where X,Y,Z € x(M), and the Ricci tensor is given by:
4
Ric(X,Y) =) glei, e5) g(R(es, X)Y ey), (2.11)

=1

where {e;}}_; is an orthonormal basis.

The Riemannian Sol; Group. The left-invariant Riemannian metric on the Lie group
Solé is:
g = e 2 (dz® + dy?) + e*dz?* + dt?, (2.12)
where (z,y, z,t) are the standard Cartesian coordinates on R*.
The Riemannian Solg Lie group possesses the left-invariant basis vector fields {ej, e, e3,e4}
given by:
o, . 0 _ot O 0

er=¢e'—, eg=¢€e"—, e3=¢e¢ "—, e4=—. (2.13)

Ox oy 0z’ ot
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The Levi-Civita connection V of the Riemannian Lie group Solj satisfies:

Vear=e,  Vaer =0, Veies =0, Vees = e
Vee1 =0, Ve €2 = ey, Ve,e3 =0, Ve, €4 = —€3,
Vese1 =0, Vegse2 =0, Vese3 = —2ey, Ves€4 = 2e3,
Vese1 =0, Vese2 =0, Vese3 =0, Veseqa =0. (2.14)
The Lie brackets of the basis vector fields are:
[e1, e2] = [e1, e3] = [e2,e3] = 0,
[es,e1] = e1, [es,e2] =ea, [eq,e3] = —2e3. (2.15)

Using (2.10), (2.14) and (2.15), the non-zero components of the curvature tensor R are:

R(e1,ez)ea = —ey, R(eq,e3)es = 2eq, R(ey,eq)eq = —e,

R(ez,e3)e3 = 2ea, R(es,eq)eq = —eo, R(es, eq)eq = —des,

R(e1,ez)er = e, R(ey1,e3)e; = —2es, R(e1,es)er = eu,

R(ea,e3)e2 = —2e3, R(ea,eq)e2 = ey, R(es,eq)es = dey (2.16)

Using (2.11), (2.12) and (2.16), the components of the Ricci curvature tensor Ric;; are:
Rici; = Ricjo = Ricjg3 = Ricyy =0,
Ricos = Ricog = Ricog = Ricsg = Ricgy = 0,

Ricgy = —6. (2.17)

Finally, using (2.12), and (2.17), the scalar curvature 7 of the Riemannian Solj Lie group is:

4
7 = trRic = Zg(6i7 ei)RiC(eiu ei) = —6.
=1

(2.18)

The Lorentzian Solj Group. The left-invariant Lorentzian metric of the Lorentzian

Solé Lie group is given by
g = e 2 (dz® + dy?) — e*dz2? + dt?, (2.19)

where (z,y, z,t) represents the standard Cartesian coordinates on R*.

The Lorentzian S ola1 Lie group possesses a left-invariant basis of vector fields {ej, ea, €3, e4}

given by:
0 0 0 0
t ¢ -2t
el=€e—, ex=€_—, e3=€ —, e4=—. 2.20
e TP Ty 7 o ' ot (2.20)
The Levi-Civita connection V on the Lorentzian Sol§ Lie group satisfies:

Velel = €4, veleQ = 07 V6163 = 07 v6164 = —€1

ve2€1 = 07 v6262 = €4, v€2€3 = 07 v6264 = —€2

V€3€1 = O, Ve362 = 0, V63€3 = 264, v63€4 = 263
V64€1 = 0, Ve4€2 = 0, V64€3 = 0, Ve4€4 =0. (2.21)
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The Lie brackets of the basis vector fields are:

le1, ea] = [e1,e3] = [e2,e3] =0,

leq,e1] = e1, lea,ea] =ea, [eq,e3] = —2es. (2.22)
Using (2.10), (2.21) and (2.22), the non-zero components of the curvature tensor R are:
R(e1,e2)er = —ey, R(e1,e3)es = —2e, R(e1,es)es = —€1
R(eg, e3)es = —2ea, R(ea,eq)eq = —eo, R(es,eq)eq = —4des
R(e1,e2)e; = eq, R(e1,e3)e; = —2es, R(e1,eq)er = ey
R(ea,e3)ea = —2es, R(ea, eq4)ea = ey, R(es,eq)es = —4dey (2.23)
Using (2.11), (2.19) and (2.23), the components of the Ricci curvature tensor Ric;; are:

RiCn = RiClg = RiClg = RiC14 = Ri022 = 0,
RiCQg = RiCQ4 = RiC33 = Rng4 = 0, RiC44 = —6. (2.24)
Using (2.19), (2.24), the scalar curvature 7 associated with the Lorentzian Solj Lie group

is:
4

= tr(Ric) = Zg(ei, ei) Ric(e;, €;) = —6. (2.25)
i=1
3. PROOF OF THEOREMS
Throughout the paper, we denote the Cartesian basis {%, 8ay ' B at} by {0z, 0y, 0, 0 }.

Proof of Theorem 1.1. Let X = Fiej+ Fyes+ F3esz+ Fyeq be a smooth vector field on
the Riemannian Lie group Sol}, where Fi, Fy, F3, F; are infinitely differentiable real-valued
functions on Solé .

We compute the Lie derivative of the Levi-Civita connection V in order to determine the

affine vector fields. Using (2.14) and (2.15), we obtain the following equations:

(LxV)(e1,e1) = ( —(BF) + Fy) — 2eL9,Fy + e2ta§F1)el
+< — (Fy + O Fy) + 62t8§F2>62
+< — (875F3 — 2F3) -+ eZtagFg) €3

(= (@OFs+ 2Fy) + 260, Fy + P02 Fy e, (3.26)

(va)(el, 62) = ( — etayF4 + €2tazayF1)€1 + ( — etﬁxF4 + €2taxayF2>€2

+(X0,0,Fy )es + ("OyF1 + 0o Fo) + ¥ 0,0,Fy Jes,  (3.27)

(va)(el, 64 <€t 6 O Fy + axF2)>€2 + (et(ﬁxath + axF3)>€3
+( B Fy + (0.0, Fy + O, Fl))

+<F1 O + € (9,0,Fy + O F4))e4, (3.28)
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(va)(eg, 62) = ( — (F1 + 6tF1) + 62t85F1>61 + ( — (8tF3 — 2F3) + €2t8§F3)€3
+( — (FQ + 8tF2) — 2€tayF4 + 62t8§FQ>62

+( — (OyFy + 2Fy) + 26" 0, Fy + e2t8§F4> ea, (3.29)

(va)(eg, 64) = <€t(8yF1 + 8yatF1)>€1 + <€t(ayF3 + 8yatF3)>€3
+ (1O Fi + 0,0 F1) + B> + 0, ) es

+ (et(ﬁng + 0,0, F) — 6tF4) e, (3.30)

(LxV)(e3,e3) = (2(F1 O + e’4t8§F1>61 + (2(F2 OF) + e*4ta§F2)eQ
+ (zatm — A(e 2. F5 + 2Fy) + e—4ta§F4) es

—l—(?(@th —2F) + e MOy + 4e—2taZF4)eg, (3.31)

(LxV)(ez,eq) = (e 2(0.0,F — 282F1)>61 v (e—%(azatFQ - 2aZF2))62
+<e‘2t(626tF3 — 2(92F3) + 28tF4) es

+<e*2t(azatF4 _20.Fy) — 2(0,Fs — 2F3)>e4, (3.32)

(LxV)(eq,e4) = (8t2F1 — Fl)el + (OEFQ — F2)€2
+(a§F4> et (ang - 4F3> e3. (3.33)

To find affine vector fields F, we solve above system of partial differential equations by
setting all the coefficients of the Lie derivative to zero. Therefore, comparing the components
of e4 on both sides in (3.26), (3.29), (3.31) and (3.33) we get

—(01Fy + 2Fy) 4 2! 0, Fy + e*0?Fy = 0, (3.34)
— (O Fy + 2Fy) + 2e' 0, Fy + e*' 00 Fy = 0, (3.35)
20, Fy — A(e 20, F3 4 2F)) + e H9%F, = 0, (3.36)
and
OPF, =0, (3.37)
respectively.

Similarly, comparing the components of e; on both sides in (3.27), (3.28) and (3.29), we
get

—e' 0y Fy + €*9,0,F1 = 0, (3.38)
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—OFy + €t<8m8tF1 + 8xF1) =0,
and
—(FL+ 0F) + 0, Fy = 0,

respectively.

207

(3.39)

(3.40)

Similarly, comparing the components of e3 on both sides in (3.27), (3.30), (3.31) and (3.32)

we get
!0, Fy + €*10,0,Fy = 0,
et(ang + 8y6tF2) —0:Fy =0
2(Fy + 0 F) + e 92k, =0
and
e 20,00 Fy — 20, F) = 0,
respectively.

(3.41)
(3.42)

(3.43)

(3.44)

Similarly, comparing the components of e3 on both sides in (3.26), (3.28), (3.30) and (3.32)

we get
—(0,F3 — 2F3) + €292 F3 = 0,
et(azath + (9:CF3) =0,
€t(8yF3 + Gyath) =0,
and
e 20,0, F3 — 20,F3) 4 20,Fy = 0,
respectively.

On solving (3.37), we get

F4 = hl(l‘aya Z)t + hQ('Ia Y, Z)‘

where, hy = hi(z,y,2) and ha(z,y, z) are real-valued smooth functions on Solj.

Using (3.49) in (3.34), we get

hi + 2hq.t + 2hy — €2t(6§h1.t + 8§h2))

et
83;F1 - 2 i

and

et <h1 — 2h1.t — 2hy — e2t(8§h1.t + 83}12 + 8§h1)>
5 .
Using (3.49), (3.50) and (3.51) in (3.39), we obtain

0,0 F1 =

92hy = 0 = 92hs.

(3.45)
(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)
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Similarly, using (3.49) in (3.35), we get

et (hl + 2h1.t + 2hoy — €2t(a§h1.t + 8§h2)>

8yF2: 2 )

and

h1 —2h1.t — 2hy — €2t(8§h1.t + 8Zh2 + 8§h1)>
5 .
Using (3.49), (3.53) and (3.54) in (3.42), we obtain

0,0, Fy = eit(

O2hy =0 = 03 ho.
Similarly, using (3.49) in (3.36), we get

2hy — 8hy.t — 8ha + e~ (82hy.t + aghg))

th(
azFS = 4 )

and

2t< — 4hy — 16~y .t — 16~y — 6_4t(262h1.t + 28§h2 — afhl))
0,0 F3 =

4
Using (3.49), (3.56) and (3.57) in (3.48), we obtain

9%hy = 0 = 0?hs.
On solving (3.52), (3.55) and (3.58), we get
hi(x,y,2) = a1z + agy + azz + agxy + asyz + agrz + arxyz + ag,
ha(z,y,2z) = bix + bay + bz + bazy + bsyz + bexz + brryz + 71,
where a;,b;,71 € R, i=1,....,8 and j=1,...,7.
Using (3.49), (3.50), (3.59) and (3.60) in (3.38), we get
as =a4 = a5 = a7y = 0.
Using (3.49), (3.53), (3.59) and (3.60) in (3.41), we get
a; =ag = 0.

Using (3.52), (3.59), (3.60), (3.61) and (3.62) in (3.50), we get
ot
Fi=a1 + 5 ((1 + 2t)(agzx + agx) + (b1x2 + bya?y
+bea’z + bra®yz) + 2(bowy + bszy + bsayz + 'yl:r)),

where a7 € R.
Using (3.55), (3.59), (3.60), (3.61) and (3.62) in (3.53), we get

eft
Fry=as+ T3 ((1 + 2t)(azzy + agy) + (boy® + bazy?

+bsy?z + brxy®z) + 2(biay + bazy + beryz + '71y))7

where as € R.

(3.53)

(3.54)

(3.55)

(3.56)

(3.61)

(3.62)

(3.63)

(3.64)
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Using (3.58), (3.59), (3.60), (3.61) and (3.62) in (3.56), we get
o2t
Fy =a3+ - ((1 — 4t)(a3z2 + 2agz) — 4(b32? + bsy2?

+hgx2? + b7a:y22) — 8(b1xz + boyz + byzyz + ’ylz)>,

where ag € R.
Using (3.63) in (3.40), we get

Using (3.65) in (3.47), we get

Using (3.65) in (3.45), we get
az = 0.
Using (3.65) in (3.46), we get
by = bg = 0.
Using (3.64) in (3.43) and (3.44), we get
bs = ay = 0.
Using (3.61) ~ (3.62) and (3.66) ~ (3.70) in (3.59) ~ (3.60), we find
hi(z,y,z) =0,
ha(z,y,2) = .

209

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)
(3.72)

Now, using (3.71) ~ (3.72) in (3.49) and (3.66) ~ (3.70) in (3.63) ~ (3.65), we obtain

(1.1). Thus the proof of Theorem 1.1 is complete.

g

Proof of Theorem 1.2. Let X = Fiej+ Fyes+ F3es3+ Fyeq be a smooth vector field on
the Riemannian Lie group Sol}, where Fi, Fy, F3, F; are infinitely differentiable real-valued

functions on Solé .

Using (2.15) and (2.17), we compute the Lie derivative of the Ricci tensor Ric with respect

to X for each pair of basis vectors {e;}, obtaining:

((Lx Ric)(e1,e1) =0, (LxRic)(e1,e2) =
(LxRic)(e1,e3) =0, (LxRic)(e1,eq) = 766@ o Fa,
(Lx Ric)(ez,e2) =0, (LxRic)(eg,e3) =
(Lx Ric)(ez,eq4) = —6€'0, Fy, (LXRic)(eg, e3) =0,
\ (LxRic)(es,eq) = —6e 29, Fy, (Lx Ric)(eq,eq) = —120,Fy.

(3.73)

These relations (3.73) give the necessary and sufficient conditions for X to be a Ricci

collineation on S olé. Solving them under the assumptions of Theorem 1.2 yields the stated

form of X given in (1.2).
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Now, to prove Theorem 1.2(b), we compute the Lie derivative of the curvature tensor R

in order to determine the curvature collineations. Using (2.15) and (2.16), we obtain the

following equations:
(LxR)(el, €2, 61) = ( — et(8yF1 + 8zF2)>61 — S(Btang) €3

—2 <F4 - etawFl)eg,

(LXR)(el, €2, 62) = (2(F4 - 6tayF2)>61 + 3(€t(9IF3) €3
+(6t(ayF1 + 3xF2)>62,
(LxR)(e1,e2,e3) = (26t6yF3 — 6_2t82F2>61 + (e_2tazF1 — Qet&UFg)eg,
(LxR)(e1,e3,e1) = (2(6—%8251 n etang))el n 3(6—%32&)62
+4 (F4 - etaxﬂ)eg + 3(6_2t62F4) e4,

(LxR)(e1,e3,e3) = (26t6yF3 - e_2t8ZF2) e — 2¢' <8yF1 + 3xF2>63,

(LxR)(e1,e3,e3) = 4(6721582.}73 + 2F4>€1 - 6(et8xF4) eq

—2 <6tamF3 — 6_2t8ZF1) €3,

(LxR)(e2,e3,e3) = 4(6727:82F3 + 2F4) ey — 6<et8yF4) e4q

—2 (6_2tazF2 - etﬁyF3> €3,

(LxR)<62, ey, 62) = —((9th + 5 + etayF4) €g — 3<8tF3 — 2F3>63

) <F4 — etayFQ) e,

(LxR)(e2,eq4,e4) = —2(8tF4) es — 3et <8yF3)eg

+(8th + s + etayF4) ey,
(LxR)(eg, ey, 61) = 2(8tF1 + P — Zet81F4) es + <4€t8xF3 + e_QtGZF1>e4,

(LxR)(eg, éq, 63) = —6(875F1 + Fl))el - 4(8,5F3 —2F3 + 6_2t8ZF4) €3

—6 <F2 + 8tF2> € + (S(e_QtOng + 2F4))€4,

(LxR)(es,eq,e4) = 3(67%82}71)61 + 3(672'583}72) ey — 8(875F4> es

14 (ath —2F + e_2t32F4) es.

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)



Int. J. Maps Math. (2026) 9(2):200-218 / SYMMETRY VECTOR FIELDS ON Sol} 211

To find curvature collineation vector fields F, we solve above system of partial differential
equations by setting all the coefficients of the Lie derivative to zero. Therefore, comparing
the components of e4 on both sides in (3.77), (3.79), (3.80), (3.82) and (3.84), we get

3e 29, Fy =0, (3.86)
—6€'0,Fy = 0, (3.87)
—6e'0,Fy = 0, (3.88)
O Fs + Fy + €0, Fy = 0, (3.89)
and
8(e 29, F3 + 2Fy) = 0, (3.90)
respectively.

Similarly, comparing the components of e; on both sides in (3.74) , (3.75) and (3.78), we

get
—e' (0, F1 + 0, F2) = 0, (3.91)
2(Fy — €'0,F) =0, (3.92)
and
2'0, F3 — e 210, Fy = 0, (3.93)
respectively.

Similarly, comparing the components of es on both sides in (3.74) and (3.76), we get
—2(Fy —€'0,F1) =0, (3.94)
and
e 29, Fy — 2e'0,F5 =0, (3.95)

respectively.
8

Similarly, comparing the components of e3 on both sides in (3.81), (3.83) and (3.85), we

get,
—3(0cF3 — 2F3) = 0, (3.96)
2(0uFy + Fy — 2€'0,Fy) = 0, (3.97)
and
—80:Fy = 0, (3.98)
respectively.

On solving (3.86), (3.87), (3.88) and (3.98), we get
Fy=as, a3 € R. (3.99)
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Using (3.99) in (3.94), we get
Fi = azze™" + h3(y, 2, 1), (3.100)
where h3(y, z,t) is real valued smooth function.
Using (3.99) in (3.92), we get
Fy = azye™" + hy(z, 2, 1), (3.101)
where hy4(z, z,t) is real valued smooth function.
Using (3.99) in (3.90), we get
F3 = —2a3ze® + hy(z,y,1t), (3.102)
where hs(x,y,t) is real valued smooth function.
Using (3.100) in (3.97), we get
hs(y, 2,t) = he(y, z)e™ ", (3.103)
where hg(y, z) is real valued smooth function.
Using (3.101) in (3.89), we get
ha(z,2,t) = hy(z, 2)e™". (3.104)
where h7(z, z) is real valued smooth function.
Using (3.102) in (3.96), we get
hs(x, z,t) = hg(x,y)e*, (3.105)
where hg(x,y) is real valued smooth function.
Using (3.100), (3.101), (3.103) and (3.104) in (3.91) we get
he(y, 2) = bay + ho(2), (3.106)

where hg(z) is real valued smooth functions.
and

h7(x,z) = —box + hio(2), (3.107)
where hio(z) is real valued smooth functions.

Using (3.100), (3.102), (3.103), (3.105) and (3.106) in (3.95), we get
hg(Z) =y, c4 €R, (3.108)

Ozhs(z,y) = 0. (3.109)

Using (3.101), (3.102), (3.104), (3.105) and (3.107) in (3.93), we get
hlo(z) =c5, c5 € R, (3.110)
Oyhg(x,y) = 0. (3.111)

On solving (3.109) and (3.111), we get



Int. J. Maps Math. (2026) 9(2):200-218 / SYMMETRY VECTOR FIELDS ON Sol

hs(z,y) = c3, c3 € R.

Using (3.106) and (3.108) in (3.103), we get

ha(y, z,t) = (bay + ca)e™", where ¢4 € R.
Using (3.107) and (3.110) in (3.104), we get

ha(x,2,t) = (—baz + c5)e” ", where c5 € R.
From (3.105) and (3.112), we get

hs(z,y,t) = c3e?t, where ¢4 € R.
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(3.112)

(3.113)

(3.114)

(3.115)

Using (3.99) and (3.113) ~ (3.115) in (3.100) ~ (3.102), we obtain (1.3). Thus the proof

of Theorem 1.2 is complete.

O

Proof of Theorem 1.3. Let X = Fiey+ Fyes+ Fez+ Fyey be a smooth vector field on
the Riemannian Lie group Sol 0, Where Fy, Iy, F3, Fy are infinitely differentiable real-valued

functions on Solj. The Energy momemtum tensor T = Ric — (3)g is:

300 O
03 0 O
00 3 O
0 00 -3

Using (2.15), we compute the Lie derivative of the energy-momemtum tensor 7" with

respect to X for each pair of basis vectors {e;}, obtaining:

((LxT
LxT

(LxT)(er, e1) = —6[Fy — €', F1],
(LxT)(e1,e2) = 3¢'[0: Fz + 9y F1],
(LxT)( ) =3[e 20, + €' 0, Fy),
(LxT)(e1,eq) = 3[0pF1 + F1 — €' 0, Fy),
(LxT)(e2,e2) = —6[Fy — €' 0, F)],
(LxT)(ez; e3)
(LxT)(e2, e4)
(LxT)(es; e3)
(LxT)(es, e4)
( )

€1, €1
€1,€2

€1,€3

LxT 'Oy Fs + e 20, ),
O Fs + Fy — "9, Fy),
e 29, F3 + 2Fy),
O1F3 — 2F3 — e 20, F)y),

€2,€3

~
>
~

€2,€4
Lx
LxT
LxT)(eq,e4

N

€3,€3

€3, 64

I
|
=]
S
,31

(3.116)

These relations (3.116) give the necessary and sufficient conditions for X to be a matter

collineation on Solg. Solving them under the assumptions of Theorem 1.3 yields the stated

form of X given in (1.4).

O
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Proof of Theorem 1.4. Let X = Fiey + Faea + Fzesz + Fyeq be a smooth vector field
on the Lorentzian Lie group Soli, where Fy, Fy, F3, F; are infinitely differentiable real-valued

functions on Solé.

We compute the Lie derivative of the Levi-Civita connection V in order to determine the

affine vector fields. Using (2.15) and (2.21), we obtain the following equations:

(LxV)(e1,e1) = ( — (0,Fy + Fy) — 2€'0, Fy + €292 F1)61
+( — (F2 + atF2> + €2t8§ Fg)@g + ( — <8tF3 — 2F3) + €2t8§ Fg)eg

+( (04 Fy + 2Fy) + 26L0, Fy + €207 F4) e,

(LxV)(e1,e2) = ( — etOyF4 + €2tamayF1>61
+( —eloxFy + thaxang) es + (thamang)eg

+(et(8yF1 O, F) + e%axaym)%

(va)(el, 64) = < — O Fy + et(ax(’?tFl + 8$F1)>61
+<et(8x8tF3 + ang))eg n (ef(axatFQ n 8xF2)>eg

+<F1 + O Fy + et(azathl + 8$F4)>€4,

(LxV)(e2, e2) = ( — (P + 8, Fy) + eZtagFl)el + ( —(OF; — 2Fy)
—I—(:’QtaZFg)eg + ( — (F2 + 8th) — 26t6yF4 + €2ta§F2) €2

— ((8tF4 + 2F4) — 2€t6yF2 — 62t6§F4) €4,

(LxV)(es, eq) = (et(ayF1 4 ByatF1)>61 i (et(ayFQ + 8,0, Fy) — atF4) e

+(€t(ayF3 + 8yatF3)>€3 + (et(ayF4 + (9y8tF4) + 5 + atF2>€4,

(LxV)(es, e3) = ( _F + OF) + e’4t8§F1)61 + ( —Fy + B F)
+e—4ta§F2) es + ( —20,Fy + 4(e~28,F3 + 2F))

+674ta§F4> ey + ( — 2(8tF3 —2F3) + 674t5'3F3 + 4672t82F4> es,

(LxV)(es, e4) = <e—2t(azatpl - 26ZF1)>61 n (e—%(azatpg - zaZFQ))eQ
+(€_2t(8z8tF3 — 28ZF3) + 2(9tF4> es

+(e*2t(azatF4 20, Fy) + 2(0Fs — 2F3))e4,

(3.117)

(3.118)

(3.119)

(3.120)

(3.121)

(3.122)

(3.123)
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(LxV)(eq, e1) = (Q?Fl - F1>el + (a,?F2 - FQ)e2
+ (97 Fy ) e+ (0PFy — 4Ry )es, (3.124)

Solving the above system of partial differential equations by setting all coefficients of the
Lie derivative to zero, we find that the affine vector fields are given by (1.5). Thus the proof
of Theorem 1.4 is complete. O

Proof of Theorem 1.5. Let X = Fiej + Faes + Fzes + Fieq be a smooth vector field
on the Lorentzian Lie group Solg, where F1, Iy, F3, Fy are infinitely differentiable real-valued
functions on Solg.

Using (2.12) and (2.15), we compute the Lie derivative of the Ricci tensor Ric with respect

to X for each pair of basis vectors {e;}, obtaining:

(LxRic)(e1,e1) =0, (LxRic)(e1,e2) =

(LxRic)(e1,e3) =0, (LxRic)(e1,eq) = —Geté? . Fy,

(LxRic)(es2,e2) =0, (LxRic)(es,e3) = (3.125)
(Lx Ric)(eg, e4) = —6€'0, Fy, (LxRZC)(eg, e3) =0,

(Lx Ric)(es, eq) = —6e 240, Fy, (Lx Ric)(eq, e4) = —120,F).

These relations (3.125) give the necessary and sufficient conditions for X to be a Ricci
collineation on Sol3. Solving them under the assumptions of Theorem 1.5 yields the stated
form of X given in (1.6).

Now, to prove Theorem 1.5(b), we compute the Lie derivative of the curvature tensor R
in order to determine the curvature collineations. Using (2.15) and (2.23), we obtain the

following equations:
(LxR)(el, €2, 61) = ( — et(ayFl + 8;5F2)>61 — 3<6tayF3) €3

—2<F4 — D, F)es, (3.126)
(LxR)(e1,e2,e2) = (2(F4 — etayF2)>61 + 3<et6IF3> es3
+(6t(8yF1 + axF2)>ez, (3.127)
(LxR)(e1,ea,e3) = — (2et8yF3 + e—%ang) el + (e_QtazFl + Qetang),) e, (3.128)
(LxR)(e1,e3,e1) = (2(6_2t5ZF1 — etaxF3)>el + 3(6_2t82F2) €9

4 <F4 - etaxF})eg n 3(6_2t82F4) e, (3.129)

(LXR)(el, es, 62) = — (2€t8yF3 + 6_2taZF2>61 —2¢! (8yF1 + (9ng> €3, (3.130)

(LxR)(e1,e3,e3) = —4(e*2t8zF3 + 2F4) e1 + 6<et8xF4> e4

+2 (atang - e_2t8ZF1) es, (3.131)
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(LxR)(e2,e3,e3) = —4 (C_Qtang + 2F4> e + 6<€t<9yF4) €4
—2(67%8;;172 - etayF;;)eg,

(LxR)(eg, €4, 62) = —<8tF2 + I + etﬁyF4) €2 — 3(8151'73 - 2F3)€3
—2<F4 — etang) €4,
(LxR)(ez,eq,e4) = —2(3,5F4) eg — 3et ((%Fg)@g
+ (0P + Py 4 €0, Fy e,
(LxR)(€3, €4, 61) = 2(8,5F1 + Fi — 2€taxF4> €3 + ( — 4€taxF3 + 6_2tazF1)64,
(LxR)(eg, ey, 63) = 6<8tF1 + F1>€1 + 4(875F3 — 2F3 — 672tazF4>63

+6 (F2 + Oth)eg - (8(6_2t0zF3 + 2F4))€4,

(LxR)(es,eq4,e4) = 3(672’&82}71)61 + 3(67%82172) ey — 8<8tF4> es

—|—4( - (ath — 2F3) + e_2t82F4) €4.

(3.132)

(3.133)

(3.134)

(3.135)

(3.136)

(3.137)

Solving the above system of partial differential equations by setting all coefficients of the Lie

derivative to zero, we find that the curvature collineation are given by (1.7). Thus the proof

of Theorem 1.5 is complete.

g

Proof of Theorem 1.6. Let X = Fiey + Faes + Fzesz + Fyeq be a smooth vector field
on the Lorentzian Lie group Solg, where Fy, F, F3, Fy are infinitely differentiable real-valued

functions on Solé‘. The Energy momemtum tensor T' = Ric — (3)g is:

30 0 0
03 0 0
00 -3 0
00 0 =3

Using (2.15), we compute the Lie derivative of the energy-momemtum tensor 7" with

respect to X for each pair of basis vectors {e;}, obtaining:
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((LxT)(e1,e1) = —6[Fy — 'O, F1],
(LxT)(e1,e2) = 3e' [0, F> + 0, F1],
(LxT)(e1,e3) = 3[6_2t82F1 —e'0, 1),
(LxT)(e1,e4) = 3[0Fy + Fy — €'0, Fy],
(LxT)(e2,e2) = —6[Fy — "0, Fy),

(3.138)
(LxT)(e2,e3) = 3[—e'0yF3 + e~ 20, Fy),
(LxT)(ea,eq4) =3[0 Fo + Fy — etayF4],
(LxT)(es, e3) = —6[e 210, Fy + 2Fy],
(LxT)(e3,eq) = —3[0:F3 — 2F3 + e 20, Fy],
(LxT)(eq,e4) = —60,Fy.

These relations (3.138) give the necessary and sufficient conditions for X to be a matter

collineation on S olé. Solving them under the assumptions of Theorem 1.6 yields the stated

form of X given in (1.8). O
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