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ON A GENERALIZED SUBCLASS OF MEROMORPHIC p-VALENT
CLOSE TO CONVEX FUNCTIONS IN ¢-ANALOGUE.

BAKHTIAR AHMAD* AND MUHAMMAD ARIF

ABSTRACT. In this article, we define a new subclass of meromorphic multivalent close to
convex functions involving in g-calculus associated with janowski functions. We investigate
some useful geometric properties such as sufficiency criteria, distortion problem, growth

theorem, radii of starlikeness and convexity and coefficient estimates for this class.

1. INTRODUCTION

The g-calculus has motivated the researchers in the recent past due to its numerous physical
and mathematical applications. The generalization of derivative and integral in g-calculus
which are known as ¢-analogue of derivative and integral were introduced and studied by
Jackson [I1, 12]. Aral and Gupta [5, 6] used some what similar concept and defined ¢-
Baskakov Durrmeyer operator by using g-beta function. Similarly the author’s in [3| [7]
generalized some complex operators, which are known as ¢-Picard and ¢-Gauss-Weierstrass
singular integral operators.Later, Srivastava and Bansal |20, pp. 62] used the g-analogue
of derivative in Geometric function theory by introducing the g-generalization of starlike

functions for the first time, see also [19, pp. 347 et seq.].
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In 2014, the g-analogue of Ruscheweyh operator were studied by Kanas and Raducanu
[14], and they investigated some of its properties as will. The applications of this differential
operator were further studied by Mohammed and Darus [2] and Mahmood and Sokét [15].
In this article we introduce a subclass of meromorphic multivalent functions in association
with janowski functions and studty its geometric properties like sufficiency criteria, inclusion

property, coefficient bounds, radii problem and distortion theorem.

2. PRELIMINARIES AND DEFINITIONS

Let 2, denote the class of all meromorphic multivalent functions f (z) that are analytic in

the punctured disc D = {z € C: 0 < |z| < 1} and satisfying the normalization
1 o
k
f(z) = Z—p—i—Zakﬂ,z o (2eD). (2.1)
k=1

The g-derivative of a function f is defined by
flgz) — f(2)

0y f(z) = ——F"——=, (2#0), 2.2
where 0 < g < 1. It can easily be seen that for n € N and z € D
Oq {Z anz”} = Z [n,q)anz""", (2.3)
n=1 n=1
where
fn,q] = = — 1+Zn:ql, [0,4] =0.
1-4q =1

For any non-negative integer n the g-number shift factorial is defined by
1, n=0,

[LQ] [2aq] [37(]]"'[71741], n € N.

The Subordination concept has been utilized in the introduction of our new class which can

[na Q}' =

be defined as

Definition 2.1. If hi(2) and ha(z) are two functions both analytic in E, then hi(z) < ha(z),
and we say that hy(z) is subordinated to ho(2) , while there is an analytic function w(z) which
is known as Schwarz function and satisfy the conditions |w(z)| < 1 and w(0) =0 (z € E),
imply that hy1(z) = ha(w(2)). Especially, for a univalent function ha(z) this subordination is
equivalent to h1(E) C ho(E) and hi(0) = ha(0) .

Motivated from the work discussed above and studied in [8, 10} 13 17, 18, 2T, 23], we now
define a new subclass MIKC, , (o, d, A, B) of A as follows;
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Definition 2.2. Let -1 < B< A<1 and0< g < 1. Then a function f € A is in the class
MK, 4 (e, 0, A, B), if it satisfies

_ 2 7P9, Fs (2) p+[pB+ (p—a)(A— B)z
b, a9 (2) g (£2) o (T B2) : (2.4)

where g(z) is in the class MS;(1/2).

_ (1=90)[p,qlf(2) — 620,f (2)
Fs (Z) - [p’ Q]

and the notation "<7” denotes the familiar subordinations.

We note that
(1) For A=1, B=—-1,0 =0 and ¢ - 17 we get MK, (a) the class of meromorphic
multivalent close to convex functions order a.
(2) ForA=1,B=-1,0=0,aa=0and g — 1~ we get MK, the class of meromorphic
multivalent close to convex functions.
(3) For A=1,B=—-1,0 =0,p=1and ¢ — 1~ we get MK the class of meromorphic
close to convex functions of order a.
Equivalently a function f(z) € 2 is in the class MK, , (o, 0, A, B) , if and only if
zlfpaqFa(z)) 11

[p,q]tPg(2)g(tz

o 21P9, Fs(2)
B+ (1= $)(A=B)+ Bpmtais

<1. (2.5)
For our main reults we will need the following.

Lemma 2.1. [22] Let

o0 oo
h(z) = 1+Zdnz" <k(z)= l—i—anz"
n=1 n=1
inD. If k(z) is univalent in D and k (D) is convezx, then
|dn| < [K1], forn = 1.
Theorem 2.1. [4] Let gi(z) € MSp;(c;) withi=1,2. Then
tHth2P g1 (t12) ga(taz) € MS(v),
where y = a1 + a2 — 1 and 0 < [t;] < 1.

Now for t; = 1,to =t and g1(2) = g2(2) = g(z) we get

Corollary 2.1. If g(z) € MS,(1/2) then G(z) = tP2Pg(2)g(tz) € MS,(0) = MS;,
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3. MAIN RESULTS

In this Section we start with sufficiency criteria for this class in the following theorem.

Theorem 3.1. Let f € A be of the form (2.1) . Then the function f € MK, (a,6, A, B), if

and only if the following inequality holds

2oty (U} (14 B) [+ pya) [ansp] + (1+ B

p.q
2 )
+(1—2)(A-B)22A) < (1-2)(A-B)[p.q) (3.6)
Proof. Let us suppose that the first inequality (3.6) holds. Then to show that

feMK,,(a,d,A,B), we only need to prove the inequality (2.5). For this consider

20q F5(2)
G T

B+(1-2)(A-B)+B

Now with the help of (2.2)), (2.3), (2.1 and

204 F5(2)+[p,q)G(2) .
<B+(1—%)(A—B)) [p,q)G(2)+ B2, Fs(2)

20q F5(2)
[p,q]G(2)

1 oo
z) = > + Z brip2™ TP, (2 €D), (3.7)
k=1

we have

o —6)[p,q]—6 n, n 5 %) n
7%+Zn:1((1 e [li,],iq] o+ q]>["+P Q]an+pz +"+[i5]+[p q] Zn 1 bnypz P

(B+1=)(A-B)) (2 +p.a] S0y bz e ) +B (24502 (—“ Vet ZSltnal) n+p,glan 2 +)

. Zo:1 ((%) [n+p,qlan+p+I[p, (I]bn+p)
- (1-£)(A-B)[p.q] o n “
TP e (B(U 5)[p, q 6[p+ .4 [n+p.d] an+p+(B+( —2)(A- B)) [p7q]bn+p)zn+p

)
D (((1 3)p, q] 6 [p+n.q )[ner Qlantp+p, q]bn+p> n+2p

0= a-Bad+T, (B (W)m@q}amﬁ(mu ) (A=B)) pualbnp ) 2420

ooy (2 gl g+ p,a) oot )

<
T =) @-Bpa-xi, (B( e Y ntp gllanp 1+ (B+H(1-2)(A=B) ) palbu-s )

As g(z) € MS;(1/2) then by corrolary G(z) is in the class MS) with representation

(3.7) then by [24

2p
p+n

’bp+n‘ < (3'8)

we get,

Sy (U2t ) i glan |+ 2202 )
= (1-2)(A-B)pa -z, (B( gt ) o gllan 14+ (B+(1-2)(A-B) ) 22

<1

l
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where we have used the inequality (3.6)) and this completes the direct part.
Conversely, let f € MK, , (o, 0, A, B) be given by (2.1)) . Then from (2.5 , we have for z € D,

20q Fg(2)
Gz L

B+(1-2)(A-B)+B

20q Fg(2)
[p,alG(2)

B DDl ((_(1—5)[;;,;3;]5[;;%,(,] ) [n+p,q}an+p+[p,q]bn+p)Z"“‘“
(1-2)(A-B)pa+ o, (B( U2 d2leind ) (g p glag st (B+(1-2) (A= B) ) palbn+p ) 2720

Since |Rez| < |z|, we have

Re 1 ((—(1_6)[”’@,],;](5[“””’] ) [n+p,q]an+p+[p,q]bn+p) Z"+2p
(1-2)(A-B)pa+ o, (B( =22 d2eind) (g p glag o (B+(1-2) (A= B) ) palbn+p ) 220

<1 (3.9)

20qF5 (%)
[p.dlG(2)

in (3.9) and letting z — 1~ through real values, we obtain ({3.6]).

Now choose values of z on the real axis so that

is real. Upon clearing the denominator

Taking ¢ — 1~ we get the result.

Corollary 3.1. [4] Let f € A be of the form (2.1)) . Then the function f € lim,_,,- MK, 4 (a, 6, A, B),
if and only if the following inequality holds

ooty (S22 (14 B) (p 4 ) fansp| + (1+ B

+1-2)A-B)Z) < (p-a)(A-B).

Now we calculate the coefficients estimates for this newly defined class.

Theorem 3.2. Let f € MK, ,(, 9, A, B) and be of the form (2.1)). Then

[p,q)? 2 n—1 1
apinl S G (o 20— @A - B) S5 k).

Proof. For f € 2 is in the class MK, , (o, 0, A, B), if it satisfies
g Fy(x)  L+IBE (- 54 B)):
[p,qltrg (2) g (t2) 1+ Bz '
Now if
G(z) = tP2"g(2)g(tz)
and
h(z) = outal2) (3.10)
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and it will be of the form

h(z) =1+ Z dpz".
n=1

Since
hz) < 1+[B+(111%B)Z(A—B)]z 1y Wz—i-
Then by Lemma [2.1] we get
4y < =)A= 5) (3.11)

Now putting the series expansions of h(z), G(z) and f(z) in (3.10)), simplifying and comparing

the coefficients of 2P*t" on both sides
(1-9)[p,q]—d[p+n,q]

- p.al? [p +n, Q] Qptn = bp+n + bp+n—1d1 +

bp+n72d2 + ...+ bp+1dn,1.

Taking absolute on both sides, using the triangle inequility and then using (3.11)) and (3.8)

we obtain

(1-8)[p,q] —6[p+n.q] 2 | (p~a)(A-B) "\~ 2p
q]Q [p + n? Q] ’ap+n| S n+p + D 22 p+i’

)

which implies that

.q)? 2 n—1
tpnl < Gy (i 20— @)= BT 7).

where |a1] =1 and we get the desired proof.
Taking ¢ — 1~ we get the coefficient estimates for the class which was studied by Arif et.

al. [4].

Corollary 3.2. Let f € A be of the form (2.1), and f € lim,_,;- MIC, (o, 6, A, B) ,then

2 2 n—1
]ap+n| S (p+n)((17§)p*5(p+n)) (;ﬁpn + 2<p - a)(A - B) Zi=2 ﬁ) :

The next result is about the distortion theorem for this class of functions.

Theorem 3.3. If f € MK, ,(a,6, A, B) and has the form (2.1) . Then for |z| =r

—C'r T +1 r r -
AU CHU-N" < |5, Fy (z)] < RAGECHLY

where C =B+ (1 - 2)(A - B).
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Proof. Suppose that f € MK, ,(,0, A, B). Then we can write

—210,Fs (2) - 1+Cxz
[p,qlG(z) 1+ Bz

then with |z| = r and

—210,F5 (2) 11— CBr? < (C — B)r
[p,q|G(2) 1—-DB?r2|~ 1- B?r2’
simplification gives us
. 20, F.
1-Cr < 200F5 (2) < 1—|—C’r' (3.12)
1—Br [p,q|G (2) 1+ Br
Now since G(z) € MSy, thus we have
1— p+1 1 p+1
U= ey < WH (3.13)
rp rp
Now by using (3.13)) in (3.12)), we obtain the required result.
In the following we give the growth theorem for this class.
Theorem 3.4. Let f € MK (p, i1, A, B) and has the form (2.1) . Then for |z| =r
1 P < < 1 p
A U lf(2)] < r—p+7'17“ ,
where
_pa((p—a)(A=B) — (p(1+ B) + (p— @)(A - B)))
(p+1) A+ B)[p+1,q((1-6)[p.,g —dp+1.4])
Proof. Consider
PO = |54 Dty 7
P — n+p s
1 o)
< w + Z ’an+p| |Z|n+p
n=1
= = + i |G p| TP
v n=1 "
As |z] =r < 1sor™P < rP and
ICIES T S (314)
= — n-+p .

Similarly

1 [e.e]
|f(2)| = w TPZ |an+pl (3.15)
n=1
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Since (3.6 implies that

D (((k&[pﬂ;}é[pm,q}) (1+ B) [n+p,q]|an+p| +

(1+B+0-2)A-B))2d) < (1-2)(4-B)pd.

But

(p(1+B)+ (p—a)(A— B)) 2;11?} + ((1*5)[nqkﬁpf;z}q])[pﬂ,q](1+B) S [any]

0o — ,ql—0[p+n,
< oy (g2t (14 B) [0+ p, ] lanpl +

(1+B+(1—%)(A—B)> %)

Hence

(p(1+ B) + (p—a)(A - B)) ZIETIJ} + ((1—5)[p,fI]—(SLP-[;’léj]])[P—i—l,q](l—i-B) S anp|

< (1-9)(A=-B)[p,dq),

which gives

S Naniy < [p.a)” ((p—a)(A—B)—(p(1+B)+(p—a)(A-B)))
n=11"ntpl = (p+1)(1+B)[p+1,4)((1-0)[p,a] -5 [p+1,4])

Now by putting this value in (3.14)) and (3.15) we get the required result.

In the next two results we determine the radii of convexity and starlikeness of order o.

Theorem 3.5. Let f € MK (p,u, A, B). Then f € MCy (o) for |z| < r1, where

o= (Gl (i dptng) >+2
1 Grmntpto)paP(G-a)(A-B) 2L B p-a) (A B ) -

Proof. Let f € MK} (p, i, A, B). To prove f € MC(0), we only need to show

")+ (p+1) f(2)
2f"(2) + (1420 —p) f'(2)

Using ([2.1) along with some simple computation yields

<1

> L o < 1. (3.16)

n=1

From (3.6)) , we can easily obtain that

Sz (EReg=tnad) (14 B) [0+ p,q] [ansy|

< [pd((p=c)(A=B)=2(p(1+B)+(p—a)(A-B))p)
= p(p+1) )

00 p(p+1)(1+B)[n+p,ql((1-9)[p,g] = [p+n,9])
= Yna1 [p,q1?((p—a)(A—B)—2p((1+B)+(p—a)(A-B))) |antpl < 1.
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Now inequality (3.16|) will be true, if the following holds

$ (ptn)(n+p+o) n+2p

§o0 p(p+1)(1+B)[n+p,q](1-0)[p,q] - [p+n,q]) |anp|
n=1 Tp,q|?((p—a)(A—B)—2p((1+B)+(p—a)(A—B))) 1“"+P

which implies that

n+2p p2(p—0)(p+1)(1+B) [n+p,q] ((1—8)[p,q| —8[p+n,q))

2] )t p+ o) ((0—) (A~ B)~2p((14 B) +(p—0) (A=)

and so

< (gt Dl bl ) )iz
Gt a2 (p—) (A= B) ~2p((1+ BY+p—a) (A= B))

)

=T1.

we get the required condition.

Theorem 3.6. Let f € MK (p, i1, A, B). Then f € MS; (o) for |z| < ra, where

r = (Gl (bt )+2
2 (n+p+0)[p.al*((p—) (A= B)=2p((1+ B)+(p—a)(A-DB))) ’
Proof. We know that f € MS;, (o), if and only if
@) 4pfE) |
2f'(z) = (p—20)f(z)|
Using and upon simplification yields
. /n +p+o n+2p
_ 1. Nl
5 (LT lanay 4 < (3.17)

n=1

Now from (3.6)) we can easily obtain

p(p+1)(14B)[n+p,q]((1-0)[p,q] =6[p+n,q])
= Lt G (=) (A-B)-2p(11 B) 1 (o) (A-By) |npl < 1.

For inequality (3.17]) to be true it will be enough if

2020 (B2 fangpl |2 <

ZOO p(p+1)(1+B)[n+p,q](1-0)[p,q] —d[p+n,q]) |anp| -
n=1 Tp,q|?((p—a)(A—B)—2p((1+B)+(p—a)(A—B))) 1“n+P

This gives

nt2p (p—o)p(p+1)(14+B) [n4p,q] ((1-9)[p,q] =4 [p+n,q])

2] (e F) (=) (A=B) —2p((1+ B)+ () (A-B)))

and hence

1
(p=0)p(p+1)(14B) [n+p,a) (1=8) [p.g)~Slp+n.al)  \7+2p _
KRS (<n+p+a)Lp,qP((p—a)(A—B)—2p<(1+B>+<p—a>(A—B>>)) =T

Thus we obtain the required result.
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