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Abstract. In this paper, we study Riemannian concircular structure manifolds. Some
basic concepts and some basic properties such manifolds are established. Also in the last
section, some flat and some symmetric properties of a Riemannian concircular structure
manifold are studied.
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1. INTRODUCTION

In the study of the geometry of Riemannian manifolds, intrinsic vector fields such as
torse-forming, torqued, concircular, recurrent, and parallel vector fields play a fundamental
role. In the year 1939, in a Riemannian manifold M the notion of concircular vector fields
introduced by Fialkow [13]. Indeed, in a Riemannian manifold a concircular vector field
seems the theory of a transformation. For example, a concircular vector field plays an
important role in the study of a concircular mapping [25]. Subsequently, in 1965, Tashiro
provided a classification of Riemannian manifolds admitting concircular vector fields, which
has since become a cornerstone in this field [24]. Following these foundational works, the
study of manifolds equipped with specific vector fields was expanded by various authors.
For instance, Yano developed the theory of torse-forming vector fields [26]. Then Mihai
and Mihai [18] investigated some applications of the existence of torse formings on Sasakian
and Kenmotsu manifolds. Furthermore, Chen and his co-authors extensively studied the
properties of torqued and parallel vector fields, particularly in the context of Ricci solitons
([9], [10], [12]). The Riemannian manifolds with different vector fields have been studied
by several authors ([4], [13], [17], [16], [19], [24], [25], [26]). Recently, Chaubey and Suh
introduced a new class of Riemannian manifolds known as Riemannian concircular structures

manifolds (briefly, (R;CS¢)n)-manifolds [6]. They also studied of semisymmetric and the
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conformally flat (R;CS;),-manifolds. Also Chen et al. studied almost Ricci solitons on
(R;CS¢)s-manifolds [11].

In differential geometry, the Riemann curvature tensor Ry, is the most common way
used to express the curvature of Riemannian manifolds. It assigns a tensor to each point of a
Riemannian manifold (i.e., it is a tensor field). The nature of a manifold mostly depends on
its curvature tensor. Using the tools of conformal transformation geometers have deduced
conformal curvature tensor. In the similar way with the help of projective and conharmonical
transformations, the notion of projective curvature and conharmonical curvature have been
defined [21]. Apart from conformal curvature tensor, the projective curvature tensor and
conharmonical curvature tensor are another important tensors from the differential geometric
point of view.

A central theme in the analysis of Riemannian manifolds is the classification of spaces
based on curvature symmetry conditions. The most basic of these is ”flatness” (Reyr = 0)
and ”local symmetry” (VRey = 0) [23]. Here Ry denotes the curvature tensor of the
manifold M, V is the Levi-Civita connection of the Riemannian metric § and Ry, (Y1, ¥2)
acts as a derivation on R, for all vector fields ¥ and 99 on M. If the manifold M satis-
fies the condition Ry, (Y1, Y2) - Rewr = 0, then M is called a semisymmetric manifold and
M satisfies the condition Ry, (91, %2) - Spic = 0, then M is called a Ricci semisymmetric
manifold. Hence, every Ricci semisymmetric manifold automatically satisfies the Ricci sym-
metric condition VSg;. = 0, although the converse does not hold in general. Also every
semisymmetric manifold is Ricci semisymmetric, but in general the converse part is not true.
The properties of symmetric spaces have been studied by several authors in Riemannian and
semi-Riemannian manifolds ([2], [3], [7], [15], [19], [22]). Apart from, using these definitions,
if a (semi-)Riemannian manifold satisfying Peyr - Rewr = 0 and Peyr - Sric = 0 is called projec-
tive symmetric and projective Ricci symmetric. In an n-dimensional Riemannian manifold

(M, g) the projective tensor P, is defined by
Pcur(ﬁb 192)193 = Rcur(ﬁly 192)193
1
=1 (SRic(V2,93)01 = Spic(U1,03) 92}

We also define the endomorphism 91 A 5 Y2 of x (M) by

(191 AN 192)’(93 = A(ﬁg, 193)191—/1(191, 793)192,

where A is a (0,2)-tensor field and symmetric. For a (0, k)-tensor field T, k < 1 and a
(0, 2)-tensor field A on (M, §), we define the tensor Q(A,T) by

Q(A, T)(?gl, 152, ceey 15]6; 191,792) = —T((ﬁl /\A 192)&1, 152, ey ng) —
_T(’gl’ 1927 EE) 7’l§k‘—17(191 /\A ﬁ2)1§k)

In particular, a (semi-)Riemannian manifold satisfying Reur - Reuwr = LR, @7 Reur), Rewr -
Sric = Lsp. QG Sric), Rewr * Pewr = L., QG Peur)s Peur - Rewr = L1Q(, Reur) and
Pewr - Sric = LQQ(Q,SRiC) is respectively called pseudosymmetric, Ricci pseudosymmetric,
projective pseudosymmetric, projective Ricci pseudosymmetric and Ricci pseudosymmetric
due to the projective curvature tensor, where L., Lsp;., LP... » L1, L2 are the associated

scalars.
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On the other hand, a Riemannian manifold is flat if and only if its curvature tensor
vanishes identically. As is well known that the necessary and sufficient condition for some
curvature tensors defined with the help of the curvature tensor to be flat is that these tensors
vanish identically. In fact, a Riemannian manifold is conformally flat if each point has
a neighborhood that can be mapped to flat space by a conformal transformation. Thus, a
Riemannian manifold is conformally flat if and only if its conformal curvature tensor vanishes
identically. The projective curvature tensor is an invariant under transformations preserving
geodesics on semi-Riemannian manifolds. Moreover, it exhibits geometric features distinct
from other generalized curvature tensors. Also a Riemannian manifold is projectively flat
(respectively conharmonically flat) if and only if its projective curvature tensor (respectively
conharmonical curvature tensor) vanishes identically.

In the year 1987, the notion of quasi-Einstein metric introduced by Koiso [14]. For an
n-dimensional Riemannian manifold M if the Ricci tensor Sg;. satisfies

Skic = g + bi @ 1, (1.1)
where & and b are non-zero smooth functions on M and # is a 1-form ([8], [5]). If the non-
vanishing Ricci tensor Sg;. of M satisfies equation (1.1), then the manifold M is referred
to as a quasi-Einstein manifold [5]. In deed, if b= 0, then the manifold M reduces to the
Finstein manifold, while the Ricci flat manifold is obtained in the particular case a = 0.
In [5], Chaki and Maity studied manifolds under the following assumptions: (i) a and b are
constants and the generator of (QE),-manifold is recurrent, and (i) d+b = 0, 94 = =grada
and Vy, 04 = =01 + A(Y1)04, where A is a dual 1-form of ¥,.

The present paper is organized as follows: After introduction in section 2, we provide
the basic concepts and properties of (R;C'S;),- manifolds. In section 3, we investigate the
flatness and symmetry properties of these manifolds, specifically examining conditions such
as projective flatness, projective symmetry, and various forms of pseudosymmetry within the
framework of Riemannian concircular structures. Also, we give a non-trivial example.

2. Basic concepts of a (R;CS;),-manifold

In this section, we present the fundamental definitions and geometric properties of the
(R;C'St)n-manifold, as established in the foundational works of Chaubey and Suh [6].
Let M be an n-dimensional Riemannian manifold, ¢ is a Riemannian metric and ¢ a

torse-forming vector field on M satisfying
(Vo,0)(02) = ag(d, d2) + m(91)7(d2), ¥ 91,92 € xo (M), (2.2)

where 7(-) = g(+, &) is a 1-form associated with £ and 7 is also a 1-form. If 1-form 7 is closed
on M, then £ is said to be a concircular vector field ([13, 25, 26]). Also, for the torse-forming

vector field £ on M, we can say the followings:

« if m(£) = 0, then £ is a torqued vector field [10],

« if m =0, then ¢ is a concircular vector field (in Fialkow’s sense) [9, 13],

« if the 1-form 7 is closed, then & is a concircular vector field (in Yano’s sense) [25],
« if @ = 0, then ¢ is a recurrent vector field [20],

« if m =0, then ¢ is a concurrent vector field and o = 1 [12],
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« if 7 =0 and o = 0, then ¢ is a parallel vector field [12, 13].
Set 9 = £ in the equation (2.2), we find
an(vy) + () =0, (2.3)
Using the equation (2.3) in the equation (2.2), we obtain
(Vo,0)(02) = a{g(d1, 92) — 0(01)7(02)}, (2.4)
which implies that
v191£ = d{ﬁl - f](ﬁl)g}v (25)
where ¢ is a non-zero scalar and Vg, & = §(01, Dd) = 91(&) = pu(d;) for a certain smooth
function & on M. Here D denotes the gradient operator of §. From the equation (2.4), it
follows directly that the 1-form 7 is closed. Taking the covariant derivative of the equation
(2.3) along ¥ and using the relation 91 (a) = pu(91) together with the equation (2.4), we
infer that 7 is also closed. Hence, the unit torse-forming vector field £ defined in the equation

(2.2) can be regarded as a unit concircular vector field on M in the sense of Yano.
Let the Riemannian manifold M admit a (1, 1) tensor field ¢ such that

agiy = Vg, §, a#0,

which gives

¢U1 = 1 —A(h)E, (2.6)
where the equation (2.5) is used. Thus, we obtain
o' =1-n®¢

In view of the equation (2.6), we have

g(@1,¢2) = g(v1,92) — N(V1)n(V2),
H(2) = g(v2,§).

Also, it follows that if M admits a unit concircular vector field &, a (1,1) tensor field ¢

and a 1-form 7, then we get
& =1 g(¢9:)=3g(,)—nen. (2.7)
On an n-dimensional Riemannian manifold M, if quadruple (¢, £, 7, §) satisfies the equation

(2.7), then the manifold M is called (R;CS;),-manifold. Hence the structure (¢,&,17,3)
defines a (R;CS;) on M. Also we have the followings:

¢ = 0, 7q(¢d1) =0, rank(¢p)=n—1,
(Vo,0)(02) = a20(91)7(92)€ — §(V1,92)€ — N(V2)01],V 91,92 € xo(M).

Also the curvature identies

Reur(91,02)€ = (& + @) {n(01)92 — 7(d2) 01}, (2.8)
and
Reur (& 01)02 = (&7 + @){A1(92)01 — §(h, 92)&}, (2.9)
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hold for any vector fields 91, 92. Using the equations (2.8) and (2.9), we obtain

A(Rewr (91, 02)93) = (& + ) {7(92)§(91, 93) — 7(91)§(V2,V3)}, (2.10)
and
Sric(V1,€) = —(n = 1)(&® + @)7(V1), (2.11)
for all ¥1,02,95 € x, (M) and (&% + 1) # 0 [6].

3. Main results

In this section, we investigate the geometric properties of the (R;C'S;),- manifolds under
various curvature conditions, including projective flatness, projective symmetry and pseu-
dosymmetry. Firstly, we consider a projectively flat (R;CS;),-manifold, which satisfies the

condition
Peur = 0, (3.12)
where Py, is the projective curvature tensor of dimension n and is defined by
Peur (95, 96)04 = Reur (U5, 96)04 — ﬁ{smc(%, V4)95 — Spic(95,94)06}. (3.13)
From (3.12) and (3.13), it follows that
Reur(U5,96)04 = ﬁ{SRic(ﬁﬁﬂh)’ﬁs — SRic(U5,94)U6}- (3.14)
Putting ¥5 = £ in (3.14), we have
Reur(§,96)04 = %{SRic(1967194)§ — Sric(€,94)06}. (3.15)
Taking the inner product of (3.15) with 97, we have
9(Reur (&, 96)0a,07) = ﬁ{SRz'c(ﬁw%)ﬁ(ﬂ?) — Sric(§;V4)9(Vs, U7)}- (3.16)
From (3.13), we find
(@ + )30, 9)00) — 506, 007097)} = —{SmiclPe, 0)0097)  (317)

+(n = 1)(&* + 1)3 (6, 97)7(0) }-
Putting ¥7 = £ in (3.17), we have
Sric(U6,94) = —(n — 1)(&* + 1)§(Vs, Va),
which means that the manifold M is an Einstein manifold. Thus we can state the following;:

Theorem 3.1. Let M be a projectively flat (R;CSy)n-manifold. Then the manifold M is an

Einstein manifold.

As is well known that a Riemannian manifold of dimension n, (n > 3) is projectively flat

if and only if it is of constant curvature ¢. Then we can write
Reur(V5,06)04 = ¢{g(Js, V4)05 — §(I5, V)6 }. (3.18)
Comparing (3.14) and (3.18), we get

c= _(d2 +/]‘)’
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which means that the manifold is of constant curvature — (&2 +/i). Since & is constant scalar

then the smooth function ji must be a constant. Thus we have the following:

Corollary 3.1. A (R;CSy),-manifold is projectively flat if and only if the smooth function

[ 48 a constant.

Now we consider the condition Py Reyr=0 on a (R;C'St),-manifold. Thus we have
(Peur (91, 92) Reur ) (93, 95 )94=0,
which turns to
Peur(91,92) Reur (93, 95)94 — Reur (P oy, (U1, 92)03, U5)04 (3.19)
—Reur (93, Peur (U1, 92)95)04 — Reur (U3, U5) Peur (Y1, 92)04 = 0.
Putting ¥ = £ in (3.19), we obtain

2

(& + ) o2 M)ﬁ(ﬁz, Reur (V3,95)04)€ + §(V2,95)g(93, 94)§

{-
,93)3(05,94)€ + G(V2,93)7(94)05 — G(I2,95)7)(94) 03
)

i)

—g(d2
—g(92,94)0(95)03 + g(I2, ¥4)7)(93) V5 } (3.20)
+(d + - 1

R S N )Sch(7927 Reur (93, U5)04)§ — Sric(V2,93)G(U5, 94)§
+SRric(V2,93)70(04)05 — Sgic(V2, U5)70(04)V3 + Sric(V2,95)§(V3, ¥4)&
—Skric(V2,94)1(05)V3 + Sric(¥2, V1)1 (03)95} = 0.

of

Taking the inner product of (3.20) with &, we have

(a0 Rear (0. 95)04) = (02, 93)i (0. )
,03)1(04)7)(U5) — §(92,95)0(I4)0(93) + §(V2,U5)G(V3, ¥4)

)1(95)1(93) + §(D2, 94)7(93)7(05) } (3.21)
) { Sric(V2, Reur(93,05)04) — Spic(V2,73)g(95,94)

(92)1(95) — Sric(V2, 95)0(94))(V3)

+8ric(V2,75)§(03, U4) — Sric(V2, V4)7)(I5)7(93) + Sric(V2,94)7(I3)7)(V5) = 0.

Putting J3 = £ in (3.21), we have

(a + 1)3(V2, Reur (€, V5)04) +

L S, Rewr (&, 95)01) = 0.
Using the equation (2.9), we get
(0% + 1)*{G(02,95)(04) — §(0,05)71(92)} (3.22)
i : (&% + 2){Sric(V2,95)7(01) — Sric(Va, U5)7)(92)} = 0.
Putting 94 = ¢ in (3.22), we have
Sric(¥2,95) = —(n — 1)(&2 + 1)§(92, 95)

+
n

which means that the manifold is an Einstein manifold. Thus we can state the following:
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Theorem 3.2. Let M be a (R;CS;)n-manifold satisfying the condition P -R =0. Then the

manifold M is an Einstein manifold.

Now we consider the condition Pey,-Spgic=0 on a (R;CSt),-manifold. Thus we have
(Pcur (1917 192) 'SR'L'C) (193’ 795):07
which turns to

SRic(P oy (V1,92)03,95) + Sgic(V3, Peur (91, 92)05)=0. (3.23)

cur

Putting 91 = £ in (3.23), we have

SRiC(Pcur (57 192)1937 195) + SR’ic(ﬁ?n Peur (57 192)795):0 (324)
Using (3.13) in (3.24), we obtain
(& + 1){Sric(V2,93)0(95) + Sric(V2,95)7(V3)} (3.25)

+(n = 1)(a” + 1)*{G(02,93)7(95) + §(2,95)7(93)} = 0.
Putting J5 = £ in (3.25), we get
SRic(ﬁ% 193) = _(n - 1)(042 + ﬂ)g(ﬁ% 193)7

which means that the manifold is an Einstein manifold. Thus we can state the following:

Theorem 3.3. Let M be a (R;CS;)n-manifold satisfying the condition Peyr-Sgic=0. Then

the manifold M is an Einstein manifold.

Now we consider pseudo-symmetric (R;C'S;),-manifold, which satisfies the condition

Rcur ‘Rcur = ERcur Q (g’ Rcur)

which turns to

(RCUT(ﬁla 192) . Rcur)(ﬁ?n 195)'ﬁ4 = ERcur((ﬁl /\g 192) : ,Rfcur)(ﬂiia 795)§4a

and
Reur (01, 92) Reur (U3, 95) 04 — Reur (R oy, (91, 92)03,95)04
_Rcur (7937 Rcm‘ (1917 192)’195)794 - Rcur (7937 195)7201”‘ (7317 192)794
= LR, 101 Ng92)Rewr (93, 95)04 — Rewr (91 Ng ¥2)03,95)04
—Reur (U3, (V1 Ng 92)05)04 — Reur (U3, 95) (01 Ng P2)04},
or,

Reur (91, 92) Reur (U3, U5)04 — Reur (R, (91, Y2)03, U5)04
~Reur (93, Reur (91, 92)05)01 — Reur (93, U5) Rewr (91, ¥2) V4
= LR 1902, Rewr(93,95)04)01 — §(91, Reur (93, U5)04)02) (3.26)
=9 (U2, 93)Rewr (Y1, 95)04 + §(01,93) Rewr (92, V5 )04
—g(¥2,95)Rewr (93, 91)04 + §(V1,V5)Rewr (U3, 92)04
—g(V2,94)Reur (U3, 95)01 + §(V1, Va) Reur (93, U5) 02}
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Putting 91 = ¥4 = £ in (3.26), we get
(& + 1) (1 + Lo, ){3(92,93)05 — §(92,95)0s} = 0,

which means that
ERcu'r = _1

Thus we can state the following:
Theorem 3.4. Every (R;CS;),-manifold M is a pseudo-symmetric manifold satisfying
Reuwr Reur=—Q(g, Reur)-
Now we consider pseudo-symmetric (R;CS;),-manifold, which satisfies the condition
Reuwr Reur= LqQ(SRics Reur),
which turns to

(Rcur(ﬁly 192) : Rcur)(7~937 195)194 = ‘Cq((ﬂl /\SRic 192) : Rcur)(ﬁi’n 195)1947

and
Rcur (7917 792)7?'01”’ (7937 795)794 - Rcur (Rcur (7917 792)7937 195)194
_Rcur (1937 Rcur (7917 02>795)194 - Rcur(ﬁ?n ﬁS)Rcur(ﬁla 192)194
= L{(V1 Aspie V2)Reur (V93,95)04 — Rewr (V1 Asp,, V2)03,75)04
_Rcur('ﬂ& (191 /\SRic 792)195)194 - Rcur(ﬁi’n 195)(191 /\SRZ-C 192)194}3
or,

Reur (91, 92) Reur (93, 95)04 — Reur(R oy (91, 92) 03, U5) 04
~Reur (U3, Rewr (91, 92)95)04 — Rewr (U3, 95) Reur (91, 92) 04
= Ly{Sric(V2, Reur (93, 95)04)91 — SRic(V1, Reur (U3, U5)04) 02
—SRic(V2,93)Reur (91, U5)04 + Sric(V1, U3) Rewr (U2, 95) 04 (3.27)
—SRic(V2,95)Reur (U3, 91)04 + Sric(V1, 95) Reur (93, U2) 04
—SRic(V2, 94)Reur (93, 95)01 + Spric(V1, 94) Reur (93, 95) 02}
Putting ¥ = 94 = £ in (3.27), we get
(&% + 1)*{§(02, 03)05 — §(D2, V5) 03 — Reur (I3, U5) 02} (3.28)
= Lq(&” + 1){Sric(92,95)03 — Spic(92,93)05 — (n — 1)(&° + 1) Reur (93, 95)02}
Again putting ¥3 = £ and taking the inner product with £ in (3.28), we obtain

—n=1D®+ @)Ly — (1 —a%—f) .
Sric(V2,75) = ( ) M)ﬁ ( M)g(ﬁ%ﬁsﬁ)
a

1(02)7(05),
which means that the manifold M is an #-Einstein manifold. Thus we can state the following;:

Theorem 3.5. Let M be a (R;CS;)n-manifold satisfying the condition Reur-Rewr= LqQ(SRics Reur)-
Then the manifold M is an f-Einstein manifold.
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Now we consider pseudo-Riccisymmetric (R;CS;),-manifold, which satisfies the condition
Rcur'SRic: ‘C’SRz'cQ(gﬂ SRiC))
which turns to
(Reur(91,92) - Sric)(V3,05) = Lsg,. (91 Ag V¥2) - Sric) (93, 75),
and
SRic(R oy (V1,72)03,95) + Sric(V3, Rewr (U1, 92)05) (3.29)
= Ls{Sric((th N U2)U3,05) + Sric(V3, (V1 Ag ¥2)U5)}.
Putting ¥ = € in (3.29), we get
(02 + ) {71(93)SRic(92,95) — §(92,93)Spic(€, I5)
+1)(05)Sric(V2,U3) — §(V2,U5)SRic(§,93)} (3.30)
= L5 19(02,93)S g (€, 95) — 1(03)SRic(V2,5)
+3(02,95)Sric(§,93) — 1(V5)SRic(V2,93)}.
Again putting Y3 = £ in (3.30), we have
(6% + i + L) {Sric(V2,95) + (n = 1)(&* + 3)§(02,05)} = 0
Since a2 + ji + Ls;,,.9 # 0, we have
Sric(92,95) = —(n — 1)(&” + 1)§(V2, U5),

which means that the manifold M is an Einstein manifold. Thus we have the following:

Theorem 3.6. Let M be a (R;CS;),-manifold satisfying the condition ReurS ric=L5p,;, @G, Sric)-
Then the manifold M is an Einstein manifold.

Let M be a ¢-symmetric (R;CS;),-manifold which is satisfying the condition

¢2((v194RCuT)(19131927193)) =0. (3'31)

Then we have
—(Vo,Reur) (1,92, 93) + 1((V9, Reur) (U1, 92, 93)) = 0. (3.32)
Putting ¥3 = £ in (3.32), we have
(Vs Reuwr)(91,02,8) = Vo, Reuwr(V1,92,8) — Reur( Vo, V1, 72,8)
—Reur (U1, V9,92,€) — Reur (V1, 92, V0,6),

which turns to
&% + i){7(91)02 — A(92)01}
+ ){vlh( (191))192 + ﬁ(ﬂl) \YON 192 (333)

o4 (N(92))01 = 1)(79,01)02}
d(d -+ ){77(291)192 — 77(192)191} — Oqucur(’ﬁl,ﬁg,ﬂﬂ =0.

9a(
2

4
(d
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Taking the inner product with ¥5 in (3.33), we get
Vo6 + 1) {7(91)3(92, 95) — 71(92)(01,05)}
(@2 4+ ) {79, (7(91))§(02, V5) + 1(01)3(V 9,02, 95) (3.34)
= Vo, (1(02))§(V1,95) — (V9,91)G(92,795)}
— (& + @) {7 (91)§(92,95) — 1(02)(91,95)} = 3G(Reur (91, V2, Va),95) = 0
Putting 93 = 95 = ¢; in (3.34), we obtain
Sric(V1,04) = —(n — 1)(&* + [1)§(91,V4)

which means that the manifold M is an Einstein manifold. So we have the following:

Theorem 3.7. Let M be a ¢-symmetric (R;CSy)y-manifold. Then the manifold M is an
Einstein manifold.

Now let M be a locally ¢-symmetric (R;CS;)s-manifold which is satisfying the condition
(V9 JReur)(01,02,93)) = 0, which means that all vector fields are orthogonal to £. Firstly
as is well known that if the manifold M is of dimension 3, we always have

Reuwr(V1,92)93 = Spic(V2,93)01 — Sgic(V1,73)02 (3.35)
+9(2,03)QV1—3(V1,93) Q02 — g{é(ﬁ%193)191—9(1917193)792}-
Using (3.35) in (3.32), we get
G((V9,Q)V2,93)01—g((V9,Q)V1, U3)02
+G(V2,93)( Vo, Q)01—3(V1,93)( Vo, @)V

¥ . -
- 42(r) {9(V2,93)01—g(V1,93)02} =0.
From the last equation, we obtain
Ya(r) -
42( ){9(1927193)191—9(1917193)192} (3.36)
,r‘ v ~ ~ ~ ~ ~ ~
—(5+ 2(6% + 1)) a{g(92,93)G(01,94)E— (91, 93)G (02, 94)€},
and
. r y v~ ~ . .
(V94 Reur) (01,02,93)) = = (5 + 2(6° + 1)) a{g(a, 93)g (01, 94)—g(01,93)§ (P2, 94) },
(3.37)
respectively. Thus from (3.36) and (3.37), we have
Ya(r) . -
42( ){9(192,193)191—9(191,193)192} =0,

which means that ¥4(r) = 0. Thus, the scalar curvature r is a constant. So, we have the
following;:

Theorem 3.8. A (R;CS;)s-manifold is locally ¢-symmetric if and only if the scalar curvature

r 1s constant.

Now, we give a non-trivial example of a (R;C'S;)s-manifold.
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Example 3.1. We consider the three dimensional manifold M = {(x,y,z) € R® : z # 0}
where (x,y, z) are standard coordinates in R3. The vector fields
192 40

Ay
are linearly independent at each point of M. Here, f(z) is a non-vanishing smooth function
of z and f1(z) # 0. Suppose that the associated metric § of M3 is defined by

01 = ef(z)aax, Oy =€

g =X de @ do + dy @ dy} + dz ® dz

and

S}

(01,61) = §(62,02) = G(63,03) =1,
g(01,02) = g(01,03) = g(02,03) = 0.

Since the metric g is a Riemannian metric, thus M equipped with g is a three dimensional
Riemannian manifold. Let u be a 1-form associated with the unit vector field & = 03 such
that G(0;,03) = u(0;). Then we have

v9i93 = f/(z){ez - g(ezy g)é}a (338)

fori=1,23, where V is the Levi-Civita connection of the metric g. This infers that (M, g)
admits a concircular vector field . Let ¢ is a (1,1)-tensor field on M such that ¢p(01) = 01,
d(02) = 02, ¢(03) =0 and f1(2)p0; = Vg, 03, then by straight forward calculations we notice
that the relations ¢* = [ —u®03, §(03,03) = 1 and §(¢-,¢-) = §(-,-) —u®a for all H;,i = 1,2,3
hold on M. Here I is the identity transformation [6]. Now, by direct calculations, we have

[91,92] = 0, [91, 93] = f/(z)@l, [92, 93] = f/(z)92
Also, non-zero components of V on M are
v9101 - _f/(z)03) v9103 - f/(Z)Hla
V@292 = —f/(Z)Gg, V@203 = f/(Z)Qz.

From (3.38), we conclude that M endowed with the structure (¢, 03,1, g) is a three-dimensional

Riemannian concircular structure manifold.
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