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VARIATION-OF-PARAMETERS AND LIPSCHITZ-TYPE STABILITY IN
UNPERTURBED DIFFERENTIAL SYSTEMS WITH INITIAL TIME
DIFFERENCE

COSKUN YAKAR AND DILARA KARSLIOGLU *

Abstract. In this study, we explore the connection between unperturbed differential sys-
tems that exhibit variations in both their initial conditions and the starting time. Through
the application of variation-of-parameters methods, we construct integral representations
that reveal this relationship. To formulate Lipschitz-type stability criteria in the presence
of an initial time shift in nonlinear differential systems, it is essential to employ the varia-
tional framework derived from the unperturbed model.
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1. INTRODUCTION

The variation-of-parameters formula (VPF) is a classical and powerful tool in the qual-
itative analysis of nonlinear differential equations, particularly in describing the structure
and behavior of solutions. In recent years, VPF-based approaches have been extended to
investigate nonlinear systems in the absence of an initial time difference (ITD), as well as to
develop associated differential inequality frameworks (see |2, 4, 5]). Motivated by these devel-
opments, the present paper establishes VPF-based representations that relate unperturbed
systems with different initial data and incorporates the effects of initial time shifts.

The qualitative theory of dynamical systems has a long history, especially in the study of
stability properties of differential equations. Classical results mainly consider perturbations
in the initial state while keeping the initial time fixed, as discussed in [2, 4, 5, 17, 19].
More recently, attention has shifted toward models where both the initial state and the
initial time are perturbed. This leads to the notion of initial time difference (ITD) stability.
In [10, 14], variation-of-parameters techniques were used to analyze relationships between
solutions corresponding to different initial times and initial conditions, leading to the concept
of I'TD-based stability structures.
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A key feature distinguishing ITD stability from classical Lipschitz stability is the refer-
ence framework. Classical Lipschitz stability is formulated with respect to the zero solution,
whereas I'TD-based stability is defined relative to a nontrivial unperturbed trajectory that
incorporates both initial state perturbations and initial time shifts. As shown in Section 4,
standard transformations used in classical stability theory do not directly carry over to the
ITD setting, which highlights a structural difference between the two frameworks.

To develop stability criteria in this generalized setting, we employ the variational system
associated with the underlying unperturbed dynamics. Within this framework, we intro-
duce several notions of ITD-Lipschitz stability, including variation-based and time-shifted
formulations. Our results demonstrate that classical stability theory is insufficient to fully
characterize dynamics under ITD perturbations, and that ITD stability requires a distinct
analytical treatment.

Furthermore, we show that I'TD-Lipschitz stability implies ITD stability, while the con-
verse implication does not hold in general. Additional results are obtained for exponential
asymptotic I'TD-Lipschitz stability and uniform I'TD stability, providing a unified framework
for analyzing stability under simultaneous perturbations in state and initial time.

The study of Lipschitz and exponential stability for nonlinear differential systems has been
extensively developed in the literature. Classical works such as |3, 7, 11] focus on stability with
respect to the zero solution under fixed initial time assumptions. These approaches typically
rely on variation-of-parameters formulas, Lyapunov techniques, and differential inequalities.

More recent contributions, including [1, 13, 16], extend these ideas to systems with time-
dependent perturbations and employ Gronwall-type inequalities to derive stability results.
However, these studies still evaluate stability relative to a fixed reference solution or the zero
equilibrium.

In contrast, the present paper introduces Lipschitz stability under Initial Time Difference
(ITD), where stability is measured with respect to an unperturbed trajectory defined at a
shifted initial time. This framework generalizes classical stability notions by simultaneously
incorporating spatial perturbations and initial time shifts. Unlike previous approaches, we
provide a unified treatment of variation-based, uniform, and exponential asymptotic ITD-
stability. In particular, we establish that I'TD-Lipschitz stability implies ITD stability, while
the reverse implication does not generally hold.

2. PRELIMINARIES

We consider the following nonlinear differential models characterized by different initial
conditions:
o' = f(t,x), x(to) =z0 fort>ty, to € Ry (2.1)

a' = f(t,x), x(po) =yo fort>po, po € Ry (2.2)

Assume that the function f is continuous and possesses continuous partial derivatives with

respect to x, 1.e., % is defined on Ry x R™. Let X = x(t, %o, zo) denote the solution of system
oOX

(2.1) for t > to. Under these assumptions, the derivative v = Deo exists and satisfies

,_ 0f(t, %)

= # z(tg) = I. (2.3)
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where I, is n X n the identity matrix. Moreover, g—f\i not only exists but also fulfills the
identity:

X
SCC + ’Y(tat()v $0) f(t(), -TO) = 0; for t > to (24)
0

For a fixed initial point (po,yo), in the rest of the paper, we shall denote by X = z(t —
¢, to, zo) the solution of (2.1) for { = pg —to > 0 and t > po.

The following stability concepts are introduced by extending classical notions of stabil-
ity, Lipschitz stability, asymptotic stability, and exponential stability available in the liter-
ature, particularly those developed through variation-of-parameters methods and nonlinear
differential systems; see, for example, [19]. Motivated by this reference, we formulate their
corresponding counterparts under the Initial Time Difference (ITD) framework.

Definition 2.1. We say that X = x(t, po,yo) exhibits ITD stability relative to the solution
X, provided that ¥ € > 0, 3 positive constants 1 = 61(po,€) and d2 = d2(po,€) such that

X —X| <e (2.5)
when ||yo — xo|| < 01 and |po — to] < b2, ¥V t > po.
Furthermore, if the constants 61 and o can be chosen independently of pg, then the solution
X is uniformly ITD stable with respect to X for t > po.

Definition 2.2. We say that X is ITD Lipschitz stable relative to the solution X if and only
if there exists a constant L* = L*(po) > 0 such thal:

1€ = X < £*(po) (llyo — zoll + |po = tol),  for all t > po (2.6)

Moreover, when the Lipschitz constant L* does not depend on the initial time pg, the solu-
tion X is uniformly Lipschitz stable with regard to ITD, As compared with the corresponding
solution X of system (2.1).

Definition 2.3. We say that X exhibits ITD asymptotically LS with respect to the solution
X, if there exists L* = L*(pg) > 0 such that

1 = X < £7(po) (g0 — zoll + lpo — to)) v(t = po), ¢ > po, (2.7)

where v(t — po) — 0 as t — 0.
If the constant L£* is independent of po, then the solution X is said to be uniformly asymp-
totically LS with respect to ITD.

Definition 2.4. We say that X ezhibits ITD asymptotically LS in variation compared to X
if the following two conditions are fulfilled:
(i) 3 a constant L* = L*(pg) > 0 such that:

1X — X[ < L*(po) (lyo — 2ol + |po — tol) v(t — po), > po (2.8)

where v(t — po) — 0 as t — oo.
(it) For every 5 > 0, 3 a constant N* > 0 such that the fundamental matriz solution
~v(t, po,yo) of the associated variational system (as defined in Theorem 3.1) satisfies:

(¢, o o) | SN, it > po, whenever lyo]l < B (2.9)
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If the constant L* does not depend on pg, then the system is said to exhibit uniform ITD
asymptotic LS in variation.
Additionally, when N* remains independent of po, the system satisfies the condition of

uniform ITD asymptotic Lipschitz stability in variation.

Definition 2.5. We say that X exhibits generalized exponential asymptotic LS under ITD,
with respect to the solution X if 3 a constant L* = L*(pg) > 0 such that:

1% — &1 < £*(0) (lyo — woll + [po — to]) exp [S*(p0) = S* )], t=py  (2.10)

where the function S* belongs to the class
K* ={S8" € C[R4,Ry] : 8" is strictly increasing and S*(0) = 0}

and §*(t) — oo as t — oo.

If the constant L* is independent of po, then the solution is called uniformly generalized
exponentially asymptotically LS.

In the special case where p(t) = Bt for some § > 0, the system exhibits ITD exponential
asymptotic Lipschitz stability.

In the subsequent section, we present several established lemmas from the literature [17]

that are essential for the formulation of the main results.

3. VARIATION-OF-PARAMETERS IN NONLINEAR DIFFERENTIAL SYSTEMS UNDER
INITIAL TIME DIFFERENCE

In this section, we examine the stability behavior of the solutions associated with systems
(2.1) and (2.2) as detailed in the subsequent results.
Throughout the remainder of this paper, we shall use the following notations:

X = x(t, po,yo) denotes the solution of (2.2) passing through (po, yo),
X_‘ pu—

x(t,to,z9) denotes the solution of (2.1) passing through (o, zo),
X* = x(t, po,x9) denotes the solution of (2.2) passing through (po, xo).

Theorem 3.1. Assume that f and its partial derivative with respect to x, denoted by Of /0,
are continuous on the domain Ry x R™ ", Let X be the unique solution of (2.2). Define the

matriz-valued function

0
H(t7 L0, yO) = % (tu l‘(t, L0, yﬂ))

Under these conditions, the following result holds:
(i) The derivative v(t, po,yo) := g—;ﬁ exists and satisfies the matriz differential equation
2 =H(t, po, o)z (3.11)

for v(po, Po, Y0) = Znxn, Inxn means the identity matriz.

(ii) The partial derivative g—;‘; also exists and solves the same differential equation (3.11),

with the initial condition

ax(pOJ L0, yO)

8[)0 = _f(P07y0)7
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and satisfies the identity

oX
Jon +(t, po,yo) f(po,yo) =0, Vt > po.
Po

(iii) Any solution X of the perturbed system (3.12) satisfies the integral identity known as
Alekseev’s formula:

t
X =x" +/ V(ta57y(57:007yO))R*(Svy(’S)panO)) ds (312)
Po

where (t, po, Yo) = 37’2, and t > po.

Proof. A detailed justification of this theorem is available in the literature; see, for instance,

[19, 18] for a comprehensive exposition. O

This section focuses on establishing a formal link between the unperturbed differential
models.

Theorem 3.2. Suppose that the nonlinear differential systems described by (2.1) and (2.2)
possess unique solutions denoted by X and QE', respectively. Under these assumptions, the

following integral identity holds:

~ 1 ~
Foxs /O 7(t, po, §(s)) ds - (o — 7o)

t Ox ~ - ~ ~
— /po {87,00 (t, s,x(s — C)) +7(t,8,ﬂ§(5 - C))f(S —Cz(s — ())]ds, (3.13)

for all t > pg > 0, where the interpolating function is defined by Q(s) = syo + (1 — s)zo,
s € [0,1].
Proof. Assume that both systems (2.1) and (2.2) admit unique solutions: X, associated with

the initial pair (to,zo), and X, corresponding to (po,yo), where t > pg > 0 and py € R.
For consistency of notation, define the auxiliary solution

X = 1‘(t,p0,.7,‘0),

that is, the solution evaluated at time ¢, starting from the shifted initial time py with the
original initial state xg.
Next, define the auxiliary function

E(s) = x(t,s,2(s — (), s € [po, t],
where C~ = po — to, and
z(po — . to, x0) = o.
Applying the chain rule, we obtain

d _89: -

- Ox s\
%5(3) = 8—p0(t,s,x(3 -Q) + a—yo(t, s,z(s — () 2'(s — ¢). (3.14)

Integrating (3.14) from po to ¢, we obtain

X:X*—i—/ %(t,s,x(s—é))+’y(t,s,x(s—§~))f(s—§:,x(s—g:)) ds. (3.15)
PO

dpo
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Let us now consider
S*(r) := z(t, po, Qr)), r e [0,1],
where
Q(r) == ryo + (1 — r)xo.

Differentiating with respect to r, we get

d ox ~
—8* = —(f Q — . 3.16
S () 8y0( 00, 2(r)) (yo — o) (3.16)
Integrating (3.16) over r € [0, 1], we obtain
1
X:X*—l—/ v(t, po, U(r)) dr (yo — ). (3.17)
0
Finally, substituting (3.17) into (3.15), we obtain the desired identity (3.13). This com-
pletes the proof. O

Remark 3.1. Suppose that the nonlinear differential system (2.2) admits unique solutions
X* and 2\?, respectively. In the special case when CN = 0, these solutions are related by the

following integral expression:

1
X=2 4 [l Qs ds (o = 20), 2 m, (3.18)
0
where the function Q(s) is given by the convex combination Q(s) = syo + (1 — s)xg, with
s € [0,1].
Equation (3.18) thus characterizes the dependence between solutions of the same unper-

turbed system (2.2) that differ only in their initial values.

Theorem 3.3. Let the system (2.1) satisfy the assumptions stated in Lemma 2.1, and let X
denote its solution. Then, for any solution X of (2.2) and the corresponding solution X, the
following relation holds:

5 t oy 5
X—X—/poapo<t,u,x(y—o> dv

. / t o (tnaly = 0) £ (v = Loty = O)) v (3.19)

L oy ~
9 0 (yo —
+/0' ay(] (t7p07 (5)> ds (yO xO)a
where Q(s) == syo + (1 — s)xg for s € [0,1].

Proof. Let X be the unique solution of the unperturbed system (2.2), defined for ¢ > po,

and let X be the solution of system (2.1) corresponding to the initial value (to,xo), where

to € Ry. Assume further that all systems admit unique solutions in their respective domains.
Define the auxiliary function

EWw) =z(t,v,x(v =), forv e [po, 1],

with the condition x(pg — 5 ,to, o) = xo. By applying the chain rule, the total derivative of
£ with respect to v yields:
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dgs . Ox > Oz zy dz(v = ()
ES(V) = E(t’ v,a(v—()) + %(ta’/aﬂf(’/ Q) —a
Oz ~ ox - ~ -
= 87/(75’ V,x(l/ - C)) + %(t,l/,x(y - C))f(y - C,QJ(V - C))
= f(r,z(v = (), 0). (3:20)
By integrating (3.20),
X = z(t, po, o) + / fw,z(v —0),0)dv. (3.21)
PO

Now define another auxiliary function

S*(s) := z(t, po, QUs)), where Q(s) := syo + (1 — s)zo, s € [0,1].

Then, the derivative with respect to s is

d s Ox ~
. Gx - -7 QO . — . .22
L85) = oo, 2) - 30— ) (3.22)
Integrating (3.22) over the interval s € [0, 1] yields:
N L oz -
X = x(t, po, xo) + a—(t, po,Q(s)) ds - (yo — xo)- (3.23)
0 9%o

Combining the expressions in (3.21) and (3.23), we deduce the following identity:

- L oz -
xX=x +/ af(typon(S)) ds - (yo — xo)
0o 0%o
t ~

— | fl,alv=20),0)dv. (3.24)

po
The proof is completed. O

Remark 3.2. Let X denote the solution of the unperturbed system (2.1). Then, for any
solution X of system (2.2), the corresponding solution X satisfies the following integral rep-
resentation:

1 r B
Bt [ b Q) ds (o - )
— /t f(l/,x(u—f),f) dv, (3.25)

where Q(s) := syo + (1 — s)zq for s € [0,1].

Remark 3.3. Suppose that the solution X of the non-linear unperturbed system (2.2) pos-

sesses continuous partial derivatives with respect to both py and yo, that is, g—p“; and g—;’; erist

and are continuous in Ry x Ry X R™. Assume further that the systems (2.2) admits a unique
solution X for all t > po, initialized at the same time.

For 5 =0, the solutions X and X* satisfy the integral relation:
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v * tﬁ v.x(v O v, x(V (v, z(v 14
P /[ (t,v,20)) + 22 (4,0, 0(0) F (v, 0(0)) | d

8P0 Oxg
L ox ~
T o (, po,S2(s)) ds - (yo — z0), (3.26)
0o 0%o

where Q(s) == syo + (1 — s)zg for s € [0,1], and t > po.
This identity characterizes the deviation between (2.1) and (2.2), when the two trajectories

begin at the same initial time but from different spatial positions.

Theorem 3.4. Assume that the system (2.1) satisfies the assumptions stated in Theorem 3.2,
and let X denote its unique solution. Then, for any solution X of system (2.2), the difference

between X and the shifted unperturbed solution X can be expressed as:

t
X — X =x(t, po,yo — xo) + / H (s, cZ(s), 5) ds, (3.27)

PO

where H(s,d(s),C) represents the integrand that depends on the perturbed dynamics, and

J(s) s a trajectory determined by the system’s state evolution.

Proof. Assume that all involved systems admit unique solutions in their respective domains.
Define

S*<S> = fB(t, S, d(8)>7 where CZ(S) = .’IJ(S, Po, yO) - .f(S - 57 lo, xO)v s € (pOa t)
Differentiating S*(s) with respect to s, we compute:

d . B ox ~ oz 5 dd(s)
%5 (5) = g(t, s,d(s)) + == (t,s,d(s)) -

0z
= 005, d(5)) + O (1,5, (5)) - (s, d(5),0)
= H(s,d(s), ), (3.28)

where the function H(s,d(s), () is defined by

H(s,d(s), Q) = F(s,d(s) + (s = ) = f(s = Ca(s = 0))-

Integrating both sides of (3.28) over the interval [p, ], and noting that d(t) = X — X, we
obtain the following representation:

~ ti ~ ~
=2 = alt,poso — o) + [ Fls.d(s). ) ds. (3.29)
P

0

This completes the proof. O

In recent studies, the qualitative dynamics of nonlinear differential systems involving dis-
crepancies in both initial time and position have garnered increasing attention [14, 20]. No-
tably, the concept of Lipschitz stability employed in this context is defined not relative to
the trivial solution, but in reference to the corresponding unperturbed system, which itself
incorporates deviations in both the initial state and starting time. These generalized stability

notions concerning I'TDs are employed in Section 4 to derive further analytical results.
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4. ON LS ANALYSIS OF NONLINEAR DIFFERENTIAL MODELS WITH INITIAL
TIME DIFFERENCE

In what follows, we demonstrate that, in the nonlinear setting, LS under ITD provides a
stronger notion of stability than ITD stability alone, regardless of whether it is uniform or

non-uniform.

Theorem 4.1 (Lipschitz stability). For nonlinear differential systems ezhibiting an ITD,
Lipschitz stability with respect to the reference solution implies I'TD stability—whether uniform

or non-uniform—for the corresponding nonlinear differential system.

Proof. We consider the notion of Lipschitz stability under ITD as given in Definition 2.1.
Suppose that the solution X of system (2.2), initiated at (po,yo), satisfies the Lipschitz
stability criterion with respect to the reference solution X’ of system (2.1), where ¢ =po—to>
0 and t > po.

Then, by definition, 3 a constant L* = L*(pg) > 0 such that:

1 — X < £(po) (lyo — 2ol + |0 — tol), ¥t > po. (4.30)

Let € > 0 be arbitrary. If we select
o — woll < 57 = 1(e.po). amd [po — to] < 57 = 8ale, po),
then it follows that
1 =X <e V> po,
which confirms that X is stable w.r.t ITD to the unperturbed solution X.
Moreover, if the constant £* is independent of pg, then the associated thresholds §; and

are also independent of pg, yielding uniform stability in the sense of ITD. U

Theorem 4.2. ITD stability in nonlinear differential systems does not necessarily imply
Lipschitz stability with respect to initial time shifts.

For a rigorous discussion and proof, see |19, 20|. A specific counterezample illustrating the
failure of this implication in the special case yo = xo and py = to is presented in [2], Example

1.4.

Theorem 4.3. Consider the nonlinear differential systems (2.1) and (2.2), which admit
unique solutions X and X, respectively, defined for t > py, where f = po — to > 0. Assume
that the following conditions hold:

(i) There exist finite, nonnegative constants K*(po) and M*(py) such that

TN (s)ds < K*(po), and  exp (/pm fi(s) ds) < M*(po),

Po
where N*(s), i(s) € C([0,00),R4).
(ii) The function f is Lipschitz continuous and
| £ (8.5 p0.B0) + ) = £ (1= C.¥) |
€]
K*(po)
where l;(t,po, 50) =X — X, and bo := l;(po) = yo — xo.

< p@®b()| + N(t), (4.31)
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Then X is LS under ITD with respect to the reference solution X.

Proof. Let X and X be the unique solutions to (2.2) and (2.1), respectively. Define

b(t) := X — X, bo:=b(po) = yo — o.

Applying the assumptions in (i) and (ii) of Theorem 4.3, we obtain the inequality:

T T ! ~ T |§| *
B < ol + [ (FEIFEN+ g, (s)] ds. (4.32)
We define
d(t) == [[b(@)ll,  z(po) := [Ibol.

Then inequality (4.32) becomes:

d(t) gz(p0)+/ fi(s)d(s) d5+l€*|€’00>/ N*(s)ds.
Po Po

By applying Gronwall’s inequality, we deduce:

i) < (Z(Po) ; ,lelo) / A (s) ds> e / i) ).

1€ = &|| < M*(po) (llyo — @oll + |po — tol) »
which confirms LS under ITD.
Furthermore, if M*(pp) is uniformly bounded with respect to pg, then the same inequality

So, we have

holds with a constant independent of pg, implying uniform Lipschitz stability. O

Theorem 4.4. Consider the nonlinear differential systems (2.1) and (2.2), which admit

unique solutions given by:

o X, defined for t > tg, corresponding to the unperturbed system (2.1);
o X, defined for t > po, corresponding to the shifted system (2.2);

where E = po —to > 0 and X are well-defined in t > pg. Assume further that the following
hold:

(i) The solution X is uniformly LS under ITD with respect to X ;
(ii) IM*; >0 and \; € C([0,00),Ry), such that for the fundamental matriz y(t, s, z(s))
as in Theorem 3.2, the following bounds hold for ||z(s)|| < 5

vt s,2(s)] < M1, [[Rx(s, ()] < Ar(s)lx(s)]l-

Then X is uniformly LS in variation with respect to the solution X, under ITD.

Proof. We start from the representation given in Theorem 3.1 together with (3.12). For
t > po, the difference between the solutions can be written as

X(t) = X(t) = X(po) — X(po) +/ Y(t,s, X(s)) R*(s, X(s)) ds. (4.33)

PO
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Taking norms and applying the triangle inequality, we obtain

1X(t) — X@)| < [IX(po) — X (po)|
+ [ vt s, X ()| IR (s, X(s)) | ds.

Po
From Theorem 4.3, the initial perturbation satisfies

1X (po) — X (po)|| < L*(po) (llyo — ol + |po — tol)-

Using assumption (ii), we have
(s, o)l < My, IR (s, )| < Aals)|l,

and assume boundedness of the solutions:

IX(s)I <8, [X(s)] <8
Hence,
~ t ~
12(6) = X)) < O+ M [ Ma(s) |2 (s) ] s,
PO
where
C == L(po)(|lyo — zoll + |po — tol)-
Using
[X () < |X(s) = X(s)[| + [|X ()] < A™(s) + B,
we obtain
t t
A*(t) < C+ M’{/ A1(s)A*(s)ds + ﬁ./\/l*{/ A1(s) ds,
o po
where
AX(t) == (|2 () — X ().
Setting

t
C(t):=C+ ﬁMT/ A1(s) ds,
PO
we arrive at

t
A (t) < C(t) + M / M (5)A*(s) ds.
PO
Applying Gronwall’s inequality yields

¢
Ay < €0 e (M; [ M) ds), 12 g0
po
Since A1 € L'([po, ]), it follows that there exists a constant M* > 0 such that

12 () = X @) < M*(lyo — 2ol + |po — tol),

which shows that X is uniformly LS-stable with respect to X under ITD.

(4.34)

(4.35)

(4.36)

g

Theorem 4.5. Let the nonlinear differential systems (2.1) and (2.2), which admit unique
solutions X and X, respectively, defined for t > po, with ¢ := py — to > 0. Moreover, define

b(t, po, bo) := X — X. Assume that the following conditions hold:
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(i) If S* € K, where
K :={8" € C([0,00),R.) | S* strictly increasing, S*(0) = 0}
limy_,o0 §(t) = 00, and § is an antiderivative of S*, then

IR = B B0 + (e O) + b)) — f(tx(— A~ B
h—0+ h T h—0-— h
< —5(t)[Ib(t)])- (4.37)

(ii) The nonlinear f is Lipschitz continuous, and satisfies

. . . ’5‘ *
18t =) = St = Calt = DI < 7 S £51(0).

where L1 € C([0,00),Ry) and L*2 € C(Ry,R) are such that

/ " exp(S*(w) — §*(p0)) L1 (w) du = L*3(p0).

po

Then, X is generalized exponentially asymptotically LS with regard to the solution X.

Proof. Define
b(t) :== X — X, A*(t) := [|b(D)].

Under assumption (i),

A0 < B4 + Ze =L, A) = Lo =0l

This is a linear inhomogeneous differential inequality. Applying the variation-of-parameters

t
exp< S*(s) ds) ,
PO

<exp< pzs* >[|yo—xo\|+£*< /pexp(/p:s*(s)ds) ’{(u)du].

Using assumption (ii), it follows that

/ " exp(S*(u) — 8 (p0) L5 () du = L£3(p0),

PO

method with the integrating factor

we obtain

and hence
A1) < exp(S*(p0) = S*(®) (llyo — woll + 1] ) -
Therefore,
|X — X|| < exp(S*(po) — S* (1)) (lyo — woll + oo —tol), = po.

Hence, X is exponentially asymptotically LS under I'TD with respect to the reference
solution X, in the sense of Definition 2.5. U
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Remark 4.1. Let the systems (2.2) and (2.1) admit unique solutions X and X, respectively,
for t > po, where C := py — to > 0. Define

b(t) == X — X.

(i) 3 a constant 0 > 0 such that b(t) satisfies the following

[b(t + Rl — 1Ib(0) |

hli%l+ sup Y (4.38)
< hh%E Hi)(t) + [f(t,l’(t — 5) + B(t))h_ f(t,(b(t — 5))]}"” — Hi)(t)H < _HHE(t)H (439)

(ii) The nonlinear f is LS in time, and satisfies
: : : [
t,x(t — —flt—C x(t — < L1(1),
1t z(t = Q) = f(t = Ca(t = Q)| Za(po) 1(t)
for some functions £*1 € C([0,00),R4) and L*2 € C(Ry,Ry) satisfying

/ " exp (8(s — po)) L£71(s) ds = L75(po).

£0

Under these conditions, the solution X is exponentially asymptotically LS w.r.t X.

Proof. Define the difference function & (t) := X — X, and set

A (#) = [|b(D)]]-
Under the assumptions, A*(t) satisfies the inequality
DY A(t) < —0A% (1) + 27, 1), T(p0) = llyo — ol
L*3(po)

This leads to a linear differential inequality, whose solution yields

* —Q(t—po) ’CN‘ /OO 9(s—p0) *
A*(t) <e [T(po) + Ealoo) o, e L*(s)ds]| .

By applying assumption (ii), namely

/ =Pl £ (s) ds = L*5(po),

o
we obtain
A (t) < e |yo — ol +1C] |
which implies
1 — || < e~ [|lyg — o + [po — tol]
So, we get
12 — x| < e [|lyg — o]| + [po — o]

Therefore, 3 a constant £* such that
1€ = X < £ ([lyo — @oll + [po — to) ,

and the exponential decay is governed by the constant M* := £* > 0. By applying Defini-
tion 2.5 with p(t) = At for some constant § > 0, X is exponentially asymptotically LS under
ITD, with respect to the reference trajectory X. O
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Theorem 4.6. Let the nonlinear differential systems (2.1) and (2.2) admit unique solutions
X and X, corresponding to the initial values (to, o) and (po,yo), respectively. Let X be well-
defined for t > po, where ¢ := py — to > 0. Suppose that the assumptions of Theorem 4./
hold:

(i) The solution X to the unperturbed system (2.2) is exponentially asymptotically LS
under ITD, with respect to the trajectory X.
(i) 3 a constant N* > 0 and A € C([0,00),R) such that

IV (t, 5, 2(s))| < N7 exp[=B(t = 5)] and |R*(s,2(s))[| < A(s)[[z(s)]],
where ||z(s)|| < B for some 3 > 0.

Then, the solution X of the unperturbed system (2.2) is exponentially asymptotically LS in

variation under ITD, with respect to the solution X.

Proof. Under the assumptions of Theorem 4.4 and hypotheses (i)—(ii), we consider the fol-

lowing decomposition:

1% = 1 < [1b(¢2, po, bo) +/ [yt s, 2(s)) - (IR (s, 2(s)) | ds

PO

t
< M (llyo = wol| + |po — tol) =) 4 [ N*A(s)e™ =9 |la(s) | ds,

PO
where b(t) = X — X, and ||y(t, s, z(s))|| < Ne Pt=%) by assumption.
Now, define
A*(t) := e7Pl=ro) | ¥ — x||.
Then,

t
A() € M* (Ilyo — w0l + loo — tol) + | A*A(s)A*(s) ds.
PO
By Gronwall’s inequality, this yields

A*(t) < [M* (lyo = zoll + |po — to])] - exp (N/ A(s) dS) :

[40]
Then we have

1€ — Xl < £7(8, po) (Ilyo — wol| + [po — to]) e,

where the constant £*(3, pg) is given by
L*(B, po) := M* - exp <N*/ A(s) ds) :
PO

Thus, X is exponentially asymptotically LS in variation with respect to the reference
trajectory X, under ITD. O

Theorem 4.7. If a nonlinear differential system exhibits exponentially asymptotic (uniform)
LS under ITD, then the corresponding nonlinear differential system is also asymptotically
(uniform) LS under ITD.
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Proof. The result follows directly from Definition 2.3, which characterizes asymptotic LS in
the presence of an initial time shift. Since exponential decay implies asymptotic behavior,

the claim is immediate. For brevity, the detailed steps are omitted. Il

Theorem 4.8. If a nonlinear differential system satisfies exponentially asymptotic (uniform)

LS in variation under ITD, then it also satisfies asymptotic (uniform) LS in variation under

ITD.

Proof. This result is a direct consequence of Definition 2.4, which characterizes LS in variation
with respect to initial time shifts. Since exponential decay implies asymptotic decay, the

conclusion follows immediately. Detailed verification is omitted for brevity. g

5. NUMERICAL VALIDATION OF THE MAIN THEORETICAL RESULTS

In this section, we numerically illustrate the theoretical results obtained for Lipschitz sta-
bility under Initial Time Difference (ITD). The purpose of these examples is to compare two
solutions of the same unperturbed differential system corresponding to different initial states
and shifted initial times.

More precisely, let

X (t) = X (t;to, zo)

and

X (t) = X(t; po, yo),
where
po = to +C.
Then the theoretical results imply that there exists a constant C' > 0 such that
1(t) = X (D) < C(llyo — zoll +[¢[), ¢ > po.

The following examples confirm this estimate numerically.

EXAMPLE 1: PREDATOR—PREY SYSTEM

Consider the nonlinear unperturbed system
‘é—f =z(l —x) — azy,

d
Y= —By +yxy,

where z(t) and y(t) denote prey and predator populations.
Choose parameters
a=05  B=03  ~v=02
Let the reference solution be generated by
to =0, z(0) = 0.60, y(0) = 0.40.
Let the second solution of the same system be generated by

po =005 #(0.05)=0.61,  §(0.05) =0.41.

Hence,

lyo — 2ol + |¢| = 1/(0.01)2 + (0.01)2 + 0.05.
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Therefore,
() ~ (1)) < € (V2-0.01+0.05).
10-2 Predator—Prey System: Lipschitz Stability under I'TD
[ [ [ [ [ [ [ [ [
21 —||x(@) - X@)]
o L5}
=
=
=
A
1 [
0.5
| | | | | | | | |
0 1 2 3 4 5 6 7 8
t

FiGurE 1. Deviation between two solutions of the same unperturbed
predator—prey system under different initial data and shifted initial times.

ExaMPLE 2: SIR EPIDEMIC MODEL

Consider the unperturbed SIR system

' = Sl
I' = BST — AT,
R =~I.

Choose
8 = 0.40, ~v = 0.20.

Let the reference solution satisfy

$(0)=0.90,  I(0)=0.10,  R(0)=0.

Let the second solution of the same system satisfy

po = 0.03,

Then
1&(t) — X)) < C(llyo — 2ol 4 0.03).

5(0.03) =0.89,  I(0.03)=0.11,  R(0.03) =0.
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Deviation

C. YAKAR AND D. KARSLIOGLU

1072

SIR Model: Lipschitz Stability under ITD

1.6}

1.2 |

0.8 -

0.4

= || X () - X()l|

FiGURE 2. Deviation between two solutions of the same unperturbed SIR

system with shifted initial times.

ExaMPLE 3: EFFECT OF PERTURBATION MAGNITUDE

We now compare two cases:

The theoretical estimate predicts linear dependence of the deviation with respect to per

Case A: ||lyo — xo|| + |¢] = 0.08, Case B: |lyo — ol + || = 0.03.

turbation size.

Deviation

—e— Larger perturbation
—— Smaller perturbation

10~2 Effect of Initial Perturbation Size

[ [ [ [
3 [
2.5
2 [
1.5
1 [
0.5

| | | | |

0 1 2 3 4

t

F1GURE 3. The deviation scales proportionally with the size of the initial

perturbation, confirming Lipschitz dependence.
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DIsScussION

The numerical experiments demonstrate that:

e the deviation between two solutions of the same unperturbed system remains bounded;

e smaller changes in initial states and initial times produce proportionally smaller de-
viations;

e the observed behavior is fully consistent with the theoretical Lipschitz stability esti-

mates under ITD.

Hence, the numerical results validate the main theoretical conclusions of this paper.

6. CONCLUSION

In this paper, we investigated Lipschitz stability properties of nonlinear unperturbed dif-
ferential systems under Initial Time Difference (ITD). By using the variation-of-parameters
formula together with suitable differential and integral inequality techniques, several new cri-
teria were obtained for comparing solutions generated by different initial states and shifted
initial times.

The main results demonstrate that the classical notion of Lipschitz stability, which is gen-
erally formulated with respect to the zero solution under a fixed initial time, is fundamentally
different from the I'TD framework considered here. In the present setting, stability is measured
relative to a nontrivial reference trajectory while simultaneously incorporating perturbations
in both the initial state and the initial time. This provides a broader perspective for the
qualitative analysis of nonlinear systems.

Compared with the classical works of Lakshmikantham and coauthors |9, 10, 11|, where
variation-of-parameters methods and differential inequalities were developed mainly for sys-
tems with fixed initial time, the present paper extends these ideas to a more general framework
involving time-shifted initial configurations. In particular, the current results show how the
interaction between state perturbations and initial time discrepancies can be handled within
a unified Lipschitz stability structure.

Furthermore, in comparison with the studies of Yakar and collaborators [14, 15, 18, 19, 20],
where ITD-based variation formulas and several stability concepts were introduced, the
present work advances the literature by establishing new Lipschitz stability criteria for nonlin-
ear unperturbed systems, together with uniform, variation-based, and exponential asymptotic
formulations. In addition, the implication from I'TD-Lipschitz stability to I'TD stability was
rigorously proved, while the converse implication was shown not to hold in general.

These contributions indicate that the proposed framework not only extends earlier ITD
studies, but also provides a clearer structural distinction between classical stability theory
and time-shifted stability analysis. Hence, the present approach offers a more flexible math-
ematical tool for studying nonlinear dynamical systems arising in applications where delays,
synchronization errors, or uncertain starting times naturally occur.

To support the theoretical developments, numerical illustrations involving predator—prey
and SIR-type models were presented. The numerical results confirmed that deviations be-
tween trajectories remain bounded proportionally to the magnitude of the initial perturba-

tions, in full agreement with the derived Lipschitz estimates.
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The methods developed in this work may be extended to broader classes of systems such as

delay differential equations, impulsive systems, integro-differential equations, fractional-order

models, and stochastic dynamical systems. It is expected that the present study will motivate

further investigations on generalized stability theories involving shifted initial configurations

and time-dependent uncertainties.
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