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CHARACTERIZATION OF MATRIX CLASSES ASSOCIATED WITH
p-ABSOLUTELY SUMMABLE SEQUENCES OF BI-COMPLEX NUMBERS

SUJAN MUHURI *, BINOD CHANDRA TRIPATHY , AND KRISHNENDU DAS

Abstract. In this paper, we have characterized the bi-complex matrix transformations
on ¢,(Cz) space. We provide the necessary and sufficient requirements for an infinite bi-
complex matrix to belong to B(¢2(Cz),¢2(C2)). Additionally, we study when an infinite
bi-complex matrix transforms ¢1(Cz) into £oc(C2) and provide a counterexample for the
converse statement. We also provide some non trivial examples to support our claims.
Keywords: Bi-complex numbers, Cq-linear operators, Characterization of matrix classes,
p-Absolutely summable sequences, Sequence spaces.

MSC (2020): 40A05, 40C05, 46A45, 46B45, 47105, 47L25.

1. INTRODUCTION

The concept of bi-complex numbers are four-dimensional vectors that can be recognized
similarly to complex numbers, which are two-dimensional vectors. Bi-complex numbers were
initially developed using pairs of complex numbers. Why were bi-complex numbers used?
What are their advantages and disadvantages? In order to answer those questions, the
notion of bi-complex numbers was introduced by Segre [14]. The work of Price [12] contains
a detailed review of the bi-complex space. In recent years, many authors [1, 2, 3, 5, 6, 7, 8,
9, 10, 11, 12, 13, 15] have studied bi-complex numbers. Their theory finds applications in
various fields of mathematics and physics, such as electromagnetic theory, fluid dynamics, and
special relativity. Now, it has become a subject of research in both physics and mathematics,
attracting significant interest from researchers because of its numerous applications in various
domains of mathematical sciences and related disciplines.

Throughout the article, we denote the set of all bi-complex sequences by w(Cs).
Segre [14] defined the bi-complex number as follows:

2z =wi + jwy = (a+ib) + j(c+id) = a+ib+ jc+ijd,

where wy,ws € C(i);a,b,c,d € R and i? = j2 = —1,ij = ji.
Here we consider C(i) as the set of all complex numbers with imaginary units .
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The set of bi-complex numbers C, is defined by
Cy ={z =w1 + jwy : w1, wy € C(3)}.

The four idempotent elements in Cy are 0,1, e; and ey, where e; = 1';” and ey = 1_2”.

Every bi-complex number z = w; + jws can be uniquely expressed as complex combination
of e; and ey as follows;
Z = a1€1 + ages,
where op = w1 — w9 and ag = wy + ws.
If we consider the two bi-complex numbers z = o/lel + O/Qeg and w = all/el + ageg, then we

have the following:
ztw = <oz/1 :I:o/{) e1+ (aé:l:ag) e,
2w = (o/lo/l/) e; + (a;ag) €s.
A function || - [|c, : C2 — RT U {0} such that
Izlle, = VIwil? + fwal?
| [? + [z

is a real valued norm on Cy, where z = wy + jws = aje; + ages.

This norm satisfies the following properties:
lzwlle, < V2[|zlic; wlic, and ||z £ wle, < |I2lle; + lwlic,-

With the above norm, Cs forms a modified Banach space.

Let (X(Ca), || - [[x(c,)) be any bi-complex sequence space, then X (Cy) can be written as
X(Cy) = X1(C)er + X(C)ez, where X1(C) = {(&k1) : € = (&) = (Ekp€1 + &k 2e2) € X(C2)}
and X3(C) = {(&k2) : & = (&) = (k101 + &k 2e2) € X(C2)} and the norm || - || x(c,) is given
by

1
fexcen = 5y (1l o)+ Pokelie)

where || - ||x,(c) and || - [ x,(c) are the norms over the spaces Xi(C) and X3(C), respectively.
Again, if (Y/(C), | - ly(c)) is any given complex sequence space, we can always define a bi-
complex sequence space (Y (Ca), || - [ly(c,)), where

Y(Cy) = {f = (&r1e1 + &r2e2) : k1), (Ckp2) € Y(C)} and the norm is given by

1
levien = 5y (I e+ ol o)

Let A= [@nk] be an infinite matrix of bi-complex numbers @, where
App, = CLILk(fl + aikez, aLk, aik € C(3), for all n,k € N.

Then the matrix A can be uniquely written as A = Afe; + Afey, where Al = [ailk] and
At = [aik] are infinite matrix of complex numbers.

Now, for any sequence & = (&) = (§,1€1 + &k2€2) € w(Cy), we obtain the sequence A\f, the
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A-transform of &, in the following way;

k=1

(al o1 + alpe)(Errer + Exzea)

I
e

k=1

g

= (aj@kﬁk,lel + aikfhgeg)

£
Il
—

o0 o0
= € Z a:[bk,fk,l + eo Z aik£k12' (1.1)
k=1 k=1

Therefore,

(A&)n = (AT 1)ner + (AT 2)ne2
provided both the series on the right hand side of (1.1) converge for each n € N. In this way,
we transform the Cy-sequence £ into the Cs-sequence ﬁﬁ .

Let w1 (C2) and wo(Cy) be any two bi-complex sequence spaces. For any sequence £ € wq(Cs),

if A¢ exist and is in wo (Cq), then we say that A defines a Co-matrix mapping from w; (Coq)
into w2(Cy). The class of all Cy-matrices A which transform every sequence £ € wi(Ca)
into wa(Cy) is denoted by (w1(Ca),w2(Cz)). In additionally, it can easily be verified that this

transformation is linear. For more details one may refer to [5].

Definition 1.1. [4]

£xlC2) = {€ = (6) € w(Ca) sup el < o0
keN
6(Co) = {5 = (&) € w(C2) : Y &kl < OO} , 0<p<oo.
k=1
Lemma 1.1. [4] £(Cy) is a Banach space with the norm || - ||s (c,) defined by

[€lles(e2) = sup ligklcs, for all &= (&) € loo(Ca).
€

Lemma 1.2. [4] For 1 < p < o0, £,(Cs) is a Banach space with the norm | - ||, (c,) defined
by

1€lle, o) = <Z !&H&) , Jor all € = (&) € £,(Ca).
k=1

Lemma 1.3. [4] (Bi-complex Holder’s Inequality) Let p and q be two real numbers with
1 < p < oo such that % + % =1 and &,n, € Cy, for k € {1,2,3,...,n}. Then

> NIk mllc, < V2 (Z H§k|1%2> <Z H%H%Q) -
k=1 k=1 k=1

Lemma 1.4. [4] (Bi-complex Minkowski’s Inequality) Let p be a real numbers with 1 < p < 0o
such that &g, my, € Co, for k € {1,2,3,...,n}. Then
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D=

S(Z\&Hé’;z) +<ZH%II€:2> -
k=1

k=1

(Z 1€k + ﬁk’\&)
k=1

Theorem 1.1. [10] Let A = [ani] be an infinite matriz satisfying the condition

o0
supz |ank]? < oo.
k

n=1

o0
Then A € B(ls,€3) and ||A| = sup 3 |ank|?.
k n=1
Theorem 1.2. Let A = [ani] be an infinite matriz such that A € B(l2,l2). Then, the
o
bounded linear transformation A assigns a matrix A = [ank] such that (Ax), = Y. ankTk,

k=1
for every x = (xy) € lo. In addition, the following condition is satisfied:

o0
Z lank|? < o0, for all n e N.
k=1

Theorem 1.3. [10] Let A = [ank] be an infinite matriz. If Y |ank| < oo, for alln € N and

k=0
[e.e] o0
lim > |ank| =0. Then Y |ank| is uniformly convergent in n € N.
n—00 7 —

Theorem 1.4. Let A = [an] be an infinite matriz. The necessary and sufficient condition

(o]
for the matriz A € B({1,0,),1 <p < o0 issup » |apk|P < o0o.

n=1

Theorem 1.5. Let A = [an] be an infinite matriz satisfying the condition sup |ank| < oo,
n,k

then A € B({1,0).

2. MAIN RESULTS

In this section, we establish the main results of this article.

Theorem 2.1. Let A = [ank] be an infinite bi-complex matriz where Gy, = aLkel + aikez,
for alln,k € N. If A = Ale; + Ate, € (X(Cq),Y(Cyq)), where X(Cq) = X1(C)ey + X2(C)ea
and Y (C3) = Y1(C)ey + Y2(C)ez. Then AT € (X1(C),Y1(C)) and At € (X5(C), Yo(C)).

Proof. Given that A = Ate; + Atey € (X(Cy), Y (Cs)). We have, for any sequence £ = (&) €
X(Cy), where & = & 1€1 + &k 2e2, for all k € N; (1) € X1(C) and (§2) € X2(C), which
implies that A¢ € Y (Cy) = Y1(C)ey 4 Y2(C)es.
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Then,

(A\f)n = Z ankfk

k=1

(al o1 + alpea)(Erier + Exoea)

[ T[]e

(aikﬁmm + aik&f’?e?)

k=1
= Z(aikfk,l)el + Z(aikﬁk,z)ez. (2.2)
k=1 k=1

Since, both the series of the right hand side of (2.2) are convergent, So we have
(Ef)n = (ATf)nel + (Aig)n€2=

where Alé = (i’f <aLk5k,1>) € Y3(C) and Al¢ = (f <a?,ik5k,2>) € Y5(C).

k=1 k=1
So, AT transforms the sequence (&1) € X1(C) to the space Yi(C) and A} transforms

the sequence (£;2) € X2(C) to the space Y5(C). Hence, AT € (X1(C),Y1(C)) and A* €
(X2(C), Y2(C)). O

Theorem 2.2. Let A = [ank] be an infinite bi-complex matriz satisfying the condition

M|, = Sup - lankll?, < 0o. Then A € B((2(Ca), £2(C2)) and | Al = [ M]c,.
n=1

Proof. We know that

(o9}
1M |lc, = s%pz [Grl|Z, < o0

n=1

(o]
= supz HaLkel + aikeg||(2c2 < 00

n=1
o) 1 2
T2 I
—supz<\/ank| +|ank|> < 00
n=1 ﬂ

This implies,
o0 o0
M, = SUPZ |a;rlk|2 < oo and My = supz ]aik|2 < oo.
k k

n=1 n—1
Then by Theorem 1.1, we have AT, A' € B(fy,43) and ||At|| = My, | A*| = Ms. Hence,
A= Afe; + Aley € (£2(Cy),l2(Cq)) and it is clear that A s Csy-linear.
Now, we have to prove that A is a bounded linear operator on ly(Cy).
As AT, A* € B(f3, (), we can write

IATE g, < K1llé1lle, and [|A*Eolle, < ka2l
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where &1 = (1) and &g = (€k2) € Lo
We have,

~ 1
18ellesica) = /141G, + 4t6l,

1 9 9 2 2
< ﬂ\/kl 161117, + k2"[1&2117,

k / 2 2
< ﬁ |’§1||g2 + ||€2H£2, where k = max{kl,k:g}.

Thus, [|A&|ley(co) < EllElles(co)-
On the other hand, if we take
M = Myeq + Maes,

we get
~ 1
Al = — /|| A2 + || A2
1A]l 7 [AT][2 + [|A%]
1
=7 M7+ M5 = [|M]c,.

g

Note: The necessity of the stated condition cannot be relaxed. To illustrate this, we
consider the following counterexample. The counterexample below shows that if the condition
is relaxed, the conclusion no longer holds. In particular, the matrix A= (Gnk) does not belong
to B(l2(Cy), ¢2(C2)) because it fails to satisfy the required condition.

Example 2.1. Consider the matriz A = (@), where

i el +eg 0 ... 0...]
%61+%62 0
%614-%62 0

o)
|

@)
)

Jre1+ e

Here, for the first column of the matrix A\, we have

i le—l— le i

—=€1 T —=€2

n=1 n \/ﬁ Co
=2 n N

e

a 2\n n
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So, this matriz does not satisfy the given condition.
Now, ey = (1,0,0,...) € lo(Cy). Then

e1 + e 0 ... O... M e1 + e
%614‘%62 0O ... O... 0 %614—%62
R %614-%62 0O ... 0...]1]0 %614—%62
Aey = ) ) = .

ﬁel + ﬁeg ﬁel + ﬁ@Q

But (61 + ea, %61 + %62, %61 + %62, ﬁel + ﬁez, ) ¢ EQ(CQ).

Theorem 2.3. Let A = [@nk] be an infinite bi-complex matriz such that Ac B(5(Cyq), l2(Cy)).
Then the bounded linear transformation A assigns a matriz A = [@ny] such that

(e e}
(A)n =Y @nkbs, for every & = (&) € £o(Ca).
k=1
In addition, the following condition is satisfied

oo
Z ||Clnl<:||(2c2 < oo, foralln e N.
k=1

Proof. Consider the bi-complex sequence (e;g) defined as e}C = (0,0,...,e1 + €2,0,0,...) =

6261 + eieg, is a basis for ¢5(Cy), where eL = ei = (0,0,...,,1,0,0,...), (6;2), (e,ic) is a basis of

ly. Therefore, for any sequence £ = (&) € ¢2(Cs) such that

§= Z Epey = < Z §k71€;2) er + <Z sz,2€i> €.
k=1 k=1 k=1

Since, A is a Ca-bounded linear transformation, we have

Ag =g Ay
k=1

On the other hand, since, ¢, € £5(Cy), for every k € N. By hypothesis
Aey, = (G1g, Aoy - Gk, --) € La(Ca).
This implies,

lankllcs = J5\/lahyl? + lak, /2.

[anli2, =3 (labil® +1ak,l?)

For the next part, since

So

<lal, |2+ |at, |2,
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Taking summation on both sides, we get

o0 (o] (o @]
S llankl2, < D labyl? + > lah, >
k=1 k=1 k=1

Then by Theorem 1.2, we can write
o0 oo
Z |ajlk|2 < oo and Z |aik|2 < 0.
k=1 k=1

o
Hence, > HankH%Q < 00, for all n € N. This completes the proof. O
k=1

-~ o0
Theorem 2.4. Let A = [a,] be an infinite bi-complex matriz. If > ||ank|c, < oo, for alln €
k=0

o0 o0
N and lim Y ||[@nkllc, =0. Then Y |[ankllc, is uniformly convergent in n € N.
0 =1 k=1

Proof. Given that

> Nankllc, < oo, for each n € N,

k=0
1 o0
= 72 |CLLI§!2 + ]aik|2 < 00, for each n € N
k=1

(o.9) oo
= Z |ailk| < oo and Z |aik\ < o0, for each n € N
k=1 k=1

where
~ % 1
Qnk = Q€1 +a,€2.

Since le > |l@nkllc, = 0, then for all € > 0 there exist N(¢) € N such that

o0
> lankllc, < &, for all n.> N(e).
k=1

As, |ank| < == \/|ank\2+|ank|2<5and |ank| < == \/\ank|2+|a |2 <e.
Then, hm Z |ank\ =0 and hm Z |ank] =0.
Then using the Theorem 1.3, there ex1st M;(e) and Ma(e) such that

al | <= and at | < E, for all n € N.
kZMl kZMZ
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Take M = max{M;, Ma}. Then for all n € N,
- 1
D Namle, = = 3= Vlalel + la, P
k>M k>M
1 1
< = D lall+ o= D lal
V2 k>M V2 k> M
< D lalil+ X lay
k>M k>M
< ELE_,
-2 2 7
Hence, the theorem is proved. O
Theorem 2.5. Let A = [ank] be an infinite bi-complex matriz. Then the necessary and

sufficient condition for the matriz A € B(f, (C2),£p(Cs)),1 < p < o0, is that

oo
sup 32 [, < oo.
k n=1

Proof. Necessity: Let us assume that A € B(£1(Cs), 0,(Cy)). i.e., A is a Co- bounded linear

transformation from ¢;(Cs) into £,(Cs).

o0 o0
We have to prove that sup Y [|@nll¢, < oo or 3 [[auk¢, < oo, for all k € N.

n=1 n=1

Consider the bi-complex sequence (e},) defined as e, = (0,0,...,e1 + €2,0,0,...), for each

k e N.
Then, Ae) = (Qix, G2k, @3k, .., Gnk, --..), which is the k-th column of A.
Now gez € (,(Cy), then ng;{ng(Q) < o0o. This implies that
1
o] ) o]
(Z Hankﬂ&) < oo, forall ke N= supz [@nkllE, < oo

n=1 k n=1

Hence, the necessary condition is proved.

Sufficiency: Let A = [@nk] be an infinite bi-complex matrix such that

oo
M = Supz [@nk|lE, < 00,1 <p < oo

n=1

Let & = (&) be any sequence in ¢1(Cs), then

I€llesca) = D Néklic, < oo.
k=1
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Now,

¢

£5(Ca2) (nzl

n=1
1
0o 00 P
<> (Z )P [[@nk I H&k\l&)
k=1 \n=1

o9 o) %
=> V2 &%llc, (Z Hankyy{é2>
k=1 n=1

oo
1
<V2MP Y |éklic, < oo

This implies that Eﬁ = ( > ankgk) € 1,(Cy), ie., A transforms any sequence in ¢1(Cy)
k=1 n

into the space £,(Cs), for 1 < p < oco. Also, it is clear that A is a Cy-linear transformation.
However, HEngp(CQ) < \/iM% €14, (c,)- This implies that A is a Cy-bounded linear trans-
formation from ¢;(Cs) into £,(Cs).

Hence, A € B(41(Cy), ,(Cy)). O

Note: The above condition can not be relaxed. For this we consider the following example.

Example 2.2. Consider the matriz A = (ap;), where

€1+ eo e1 + e e1+eg...
1 1 1 1 1 1
5€1+ 562 5e1+35€e2 ... e+ 5ex...
1 1 1 1 1 1
- §€1+§€2 §€1+§€2 §€1+§€2...
A= . . .
1 1 1 1 1 1
5614—;62 E€1+E€2 561—1—562...

For any column of the matriz }1\; we have

oo

D

n=1

1 1|

—e1 + *62
n

g2 <2> <n>
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o0
If p=1, then ) ni = oo. Thus the matrix does not satisfy the given condition. If we take

P

n=1
&= (e1+e2,0,0,..) € £1(Cy), then we have

~ 1 1 1 1
A€ = (61 + eo, 561 + 562, vy —€1 + 562, ) , does not belong to £,(Cs).
n

This implies that A ¢ B({1(Cy), £,(Cy)).
However, if we take 1 < p < oo, then Y # convergent.

n=1

Therefore, the matriz A satisfies the given condition, i.c., A € B(t1(Cy), £,(Cy)).

Theorem 2.6. Let A = [ank| be an infinite bi-complex matriz satisfying the condition

sup ||@nk|lc, < oo, then A € B(t1(Cy), £so(Cs)). The converse, however, is not true.

n,k

Proof. Let A = [d,;;] be an infinite bi-complex matrix such that

M = sup |[ank|lc, < oo.

n,k

(o)

Let £ = (&) be any sequence in £1(Cz), then [|£]ls, (cy) = 22 I€kllc, < oo
k=1

For all n € N,

o0 oo
> G < Y ll@wélic,
k=1 Co k=1
oo
< \/§Z||ank”@2”€k”@2
k=1
<

V2)  M|&llc,
k=1

< VM)l
k=1
= V2M|l¢]le, ey < oo

Therefore, sup
n

< \/§M||§H41(<C2) < 0o and hence, A¢ € (o(Cy). Also, it is
Ca
clear that A is a Cs-linear transformation.

On the other hand, Hﬁ{HZOO(Q) < \/§M\|f||gl(c2), for all £ € ¢1(Cy), this implies that A is a
Cy-bounded linear transformation from ¢1(Cs) into £ (C2). Hence, Ac B(t1(Cq), £so(Ca)).
This completes the proof. O

& ~
E ankfk

k=1

For the converse part, consider the following example.
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Example 2.3. Let A = [d,;] be a infinite matriz bi-complex matriz such that

-61 + e2 0 0 0...
0 2e1 + 2e9 0 0...
. 0 0 3e1+3ey ... 0...
A= . . .
0 0 0 ... ney+nes...
Here,
lannllc. = [lner + nezlc,
1
= —\/n?2+n?
V2
1
= —V2n?
V2
= n.
Then,

sup [|ank(|c, = oo.
n,k

But we can show that, A € B(£1(Cs), lso(C2)).
For any sequence £ = (&,) = (§n,1€1 + &n2e2) € £1(Ca), we have

oo
1€llexic) = D naer + &nealle, < oo
n=1

Therefore,
lim [[€n1e1 + &n2€2(lc, = 0.
n—oo

This tmplies that, for some real number ¢ > 0 and for n € N, we have

¢
l€n1€1 + Enzezllc, < ol

Thus, A¢ = ( > Zinkfk) = (a,,&). To show AE = (a,,,&n) € Loo(Cs), we have to show that
k=1

Sup [[apnénllc, < oo.
n

Now,
lannénlle, = [l(ne1 +nea) - (€nier + Enzea)llc,
< V2|ner + neslc, [|énae1 + Enzealic,
1 c
S \/5‘5\/”24’”2'?
V2¢
=

Therefore, Eg € l(Cy). It is also easy to show that A is Co-linear and bounded transfor-
mation from £1(Csy) into so(Ca). This implies that Ae B(l1(Cy), lx(C2)).
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Theorem 2.6 gives only the sufficient condition for an infinite bi-complex matrix A € B(£1(Cs), loo(C2)).

In the following theorem, we establish the necessary and sufficient conditions for an infinite
bi-complex matrix A such that A € B(l1(Cs),450(Cy)).

Theorem 2.7. Let A = [ank] be an infinite bi-complex matriz. Then the necessary and

~ o0
sufficient condition for the matriz A € B(£1(Ca),lx(Cs)), is sup > ||ankllc, < oc.
n k=1

Proof. Necessity: Let A = [ank] be an infinite bi-complex matrix such that A € B(t1(Cy), (o (C2)).
oo

Let & = (&) be any sequence in ¢1(Cs), then M1 = Y [|&k]lc, < oo.
k=1

~ o0 ~ 00
Thus, Af = Z 6nk§k c E(X)(CQ) i.e., HA&H@OO(CQ) = sup‘ Z ankfk < 0.
k=1 n

k=1

(62
Now, for any n € N,

oo oo
> A < Y l@nnéellc,
k=1 Co k=1
o0
< V2 l@nklic,lléklic,
k=1
o
< V2Y My fanklle,
k=1
o
< V2-M,; Z |@nkllc, < oo, for all n € N.

k=1
o0
This implies that, sup > ||@nk|lc, < oo.
n k=1

Sufficiency: Let A= [ank] be an infinite bi-complex matrix satisfying the condition
oo

My = sup ) |[@nkllc, < oo.
n k=1

Let & = (&) be any sequence in ¢1(Cs) such that Y [|&kllc, < oo.
k=1

To show ﬁg = > @il € Loo(Cy), we have to show that

k=1
o0

> ks
k=1

HESHZOO((CQ) = sup < o0.

(62

Now, for any n € N

oo o0
> e < V2) lanklle, llgklic,
k=1 Cy k=1

oo

< Va LY e, < oo

k=1

oo o~ ~
This implies that, sup || Y @ik < V2 Myll&klley(cy) < 00. ie., AE € £(Cy). So, A
n k=1 Co

transform every sequence of £1(Cz) into £+ (C2). Also, it is easy to show that Aisa Co-linear
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transformation.

On the other hand, since || A¢||,(c,) < V2 - Mal|€]ls(cy), for all € € 61(Cy).

Therefore, A is a Co-bounded linear transformation from ¢;(Cs) into £, (C3). Hence, A €
B(¢1(Cq), £ (Cy)). This completes the proof. O
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