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Abstract. This paper presents a comprehensive investigation into the algebraic integra-

tion of bipolar fuzzy logic and Sheffer stroke BG-algebras, introducing the concept of bipolar

fuzzy Sheffer stroke BG-algebras. By embedding bipolar fuzzy sets—distinguished by their

dual positive and negative membership degrees—into the Sheffer stroke BG-algebraic frame-

work, we systematically examine the structure and properties of bipolar fuzzy subalgebras

and various classes of SBG-ideals. Central to our approach is the analysis of level sets

associated with bipolar fuzzy subsets, through which we establish rigorous correspondences

between these fuzzy constructs and classical subalgebras and ideals. Our results reveal that

the level sets of bipolar fuzzy SBG-subalgebras and SBG-ideals naturally inherit the under-

lying algebraic structure, subject to well-defined conditions. This theoretical advancement

not only enhances the algebraic modeling of systems characterized by uncertainty and dual-

ity but also lays a solid foundation for further applications in logical inference, information

processing, and computational intelligence within bipolar fuzzy contexts.
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1. Introduction

In [2], published in 2008 by C. B. Kim and H. S. Kim, the concept of BG-algebras was

introduced as a generalization of the notion of B-algebras (as defined in [4]). BG-algebras,

generalize Boolean algebras by introducing advanced operations and properties, thereby en-

abling the analysis of complex logical and scientific systems beyond the scope of classical

Boolean logic. Rooted in the foundations of Boolean algebra, BG-algebras provide a versa-

tile framework that has proven valuable in areas such as mathematical logic and fuzzy logic,

where nuanced forms of inference must be represented.

A central operation in logic, the Sheffer stroke (NAND), was introduced by Henry Maurice

Sheffer [10]. This operation is functionally complete, meaning any logical expression or axiom
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can be constructed using only the Sheffer stroke [3]. This property not only simplifies the

formulation of logical systems but also underscores the Sheffer stroke’s fundamental role in

both algebraic and logical contexts. As a result, the Sheffer stroke has inspired extensive

research, including studies on its application to basic algebras and their congruences [6],

MLT-algebras [9], ortholattices [1], new state operators and their filters in basic algebras [7],

Riečan and Bosbach state operators on MTL-algebras [8], and BG-algebras [5, 11].

Sheffer stroke BG-algebras are of particular interest due to their ability to unify vari-

ous logical operations within a single structure, thereby broadening the analytical scope for

logical deduction and facilitating the exploration of relationships among diverse algebraic

frameworks. These algebras have significant implications for both theoretical research and

practical applications, especially in computational models relevant to quantum computing

and fuzzy logic.

Fuzzy set theory, pioneered by Zadeh [13], marked a significant advancement in modeling

uncertainty and vagueness, providing a robust framework for approximate reasoning and

decision-making. Building on this, bipolar fuzzy sets—introduced by Zhang [14]—extend the

concept by simultaneously representing positive and negative information, thus reflecting

real-world situations where data may be contradictory or dual in nature.

This paper contributes to the field by investigating bipolar fuzzy Sheffer stroke BG-

algebras, a novel algebraic system that synthesizes bipolar fuzzy logic with Sheffer stroke

operations. We aim to generalize classical notions of subalgebras and ideals to the bipolar

fuzzy context, with a particular focus on their level sets. These level sets provide a means

to connect membership functions with algebraic properties, offering deeper insight into the

structure of fuzzy subsets.

The motivation for this research lies in the potential of algebraic models equipped with

bipolar fuzzy logic to address contradictions and uncertainties prevalent in decision-making,

data analysis, and computational intelligence. By establishing rigorous correspondences be-

tween bipolar fuzzy subalgebras and ideals and their level sets, this study lays the groundwork

for future applications and extensions within fuzzy algebraic systems.

The list of acronyms is provided in Table 1.1.

Table 1.1. List of acronyms

Acronyms Representation
SBG-algebra Sheffer stroke BG-algebra
BFISBG-ideal bipolar fuzzy implicative SBG-ideal
BVFISBG-ideal bipolar-valued fuzzy implicative SBG-ideal

2. Preliminaries

In this section, basic definitions and notions about Sheffer stroke BG-algebras and bipolar

fuzzy structures concept.
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Definition 2.1. [10] Let (H, |) be a groupoid. The operation | is said to be a Sheffer stroke

operation if it satisfies the following conditions:

(S1) ω | ζ = ζ | ω
(S2) (ω | ω) | (ω | ζ) = ω

(S3) ω | ((ζ | υ) | (ζ | υ)) = ((ω | ζ) | (ω | ζ)) | υ
(S4) (ω | ((ω | ω) | (ζ | ζ))) | (ω | ((ω | ω) | (ζ | ζ))) = ω.

Definition 2.2. [5] A Sheffer stroke BG-algebra (briefly, SBG-algebra) is a structure (A, |)
of type (2) such that 0 is the fixed element in A and the following conditions are satisfied for

all x, y, z ∈ A

(SBG− 1) (ω | (ω | ω)) | (x | (ω | ω)) = 0

(SBG− 2) (0 | (ζ | ζ)) | (ω | (ζ | ζ)) | (ω | (ζ | ζ)) = ω | ω.

To enhance the readability of this manuscript about Sheffer stroke BG-algebras, we will

consistently use the following notation:

ω | (ζ | ζ) = ωζ ,

ω | (ζ | (ω | ω)) = ωζ .

Proposition 2.1. [5] Let (A, |) be an SBG-algebra. Then the binary relation ω ≤ ζ if and

only if ζω | yx = 0 is a partial order on A.

Definition 2.3. [5] Let (A, |) be an SBG-algebra. A nonempty subset G of A is called an

SBG-subalgebra of A if ωζ | ωζ ∈ G for all ω, ζ ∈ G.

Definition 2.4. [5] Let (A, |) be an SBG-algebra. A nonempty subset I of a A is called an

SBG-ideal of A if for all ω, ζ ∈ I

(1) 0 ∈ I,

(2) ωζ | ωζ ∈ I and ζ ∈ I ⇒ ω ∈ I.

Definition 2.5 ([14]). Let X be a nonempty set. A bipolar fuzzy set B on X is defined as

B = {(ω,Ψ−(ω),Ψ+(ω)) | ω ∈ X},

where Ψ+ : X → [0, 1] and Ψ− : X → [−1, 0] are two functions. The value Ψ+(ω) represents

the degree to which the element x satisfies the property associated with the bipolar fuzzy set

B (the positive membership degree), while Ψ−(ω) represents the degree to which x satisfies

an implicit counter-property of B (the negative membership degree).

If Ψ+(ω) ̸= 0 and Ψ−(ω) = 0, then x is interpreted as satisfying only the positive aspect

of B. Conversely, if Ψ+(ω) = 0 and Ψ−(ω) ̸= 0, then x is viewed as not satisfying the

main property of B but partially satisfying its counter-property. It is also possible that both

Ψ+(ω) = 0 and Ψ−(ω) = 0, which indicates an overlap or neutrality between the property

and its counter-property at ω.

For simplicity, we denote the bipolar fuzzy set B by the pair of functions Ψ = (Ψ+,Ψ−).

Lemma 2.1 ([12]). Let α, β, γ ∈ R. Then the following identities hold:

(1) α−min{β, γ} = max{α− β, α− γ},
(2) α−max{β, γ} = min{α− β, α− γ}.
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3. Bipolar fuzzy implicative SBG-ideals

This section is devoted to the study of bipolar fuzzy implicative SBG-ideals in SBG-

algebras. We begin by formally defining the notion of a bipolar fuzzy implicative SBG-ideal

and investigate its fundamental properties and characterizations. Several key results are

established, including necessary and sufficient conditions for a bipolar-valued fuzzy set to

be a BVFISBG-ideal in terms of its level sets. The relationships between various classes of

bipolar fuzzy ideals—such as sub-implicative, completely closed, and p-ideals—are explored,

and their connections with implicative SBG-ideals are clarified. Moreover, closure properties

under infimum and translation operators are examined. The section also provides illustrative

theorems and propositions that characterize these ideals within specific algebraic settings,

such as medial and implicative SBG-algebras, thereby enriching the structural understanding

of bipolar fuzzy ideals in this context.

Definition 3.1. A bipolar fuzzy set Ψ = (L,Ψ−,Ψ+) on an SBG-algebra L is called a bipolar

fuzzy implicative SBG-ideal of L if

(∀ω, ζ ∈ L)

(
Ψ−(0) ≤ Ψ−(ω) ≤ max{Ψ−(((ωζ | ωζ)

υ) | (ωζ | ωζ)
υ),Ψ−(υ)}

Ψ+(0) ≥ Ψ+(ω) ≥ min{Ψ+(((ωζ | ωζ)
υ) | (ωζ | ωζ)

υ),Ψ−(υ)}

)
. (3.1)

Proposition 3.1. Every BFISBG-ideal of an SBG-algebra L is also a bipolar fuzzy SBG-

ideal of L.

Proof. Let Ψ be a BFISBG-ideal of an SBG-algebra L. Then, the following inequalities hold

for all ω ∈ L:
Ψ−(0) ≤ Ψ−(ω) and Ψ+(0) ≥ Ψ+(ω).

Also,

Ψ−(ω) ≤ max{Ψ−(ζ),Ψ−((ωω | ωζ)
ζ | (ωω | ωζ)

ζ)}
= max{Ψ−(ζ),Ψ−((ω0 | ω0)ζ | (ω0 | ω0)ζ)}
= max{Ψ−(ζ),Ψ−(ωζ | ωζ)},

and
Ψ+(ω) ≥ min{Ψ+(ζ),Ψ+((ωω | ωζ)

ζ | (ωω | ωζ)
ζ)}

= min{Ψ+(ζ),Ψ+((ω0 | ω0)ζ | (ω0 | ω0)ζ)}
= min{Ψ+(ζ),Ψ+(ωζ | ωζ)}.

Therefore, Ψ is a bipolar fuzzy SPG-ideal of L. □

Theorem 3.1. Let Ψ = (L,Ψ−,Ψ+) be a bipolar-valued fuzzy set in L. Then Ψ is a

BVFISBG-ideal of (L, |) if and only if, for all (p, q) ∈ [−1, 0] × [0, 1], the negative p-cut

and the positive q-cut of Ψ (whenever they are nonempty) are implicative SBG-ideals of L.

Proof. Assume that Ψ = (L,Ψ−,Ψ+) is a BVFISBG-ideal of (L, |), and that for all (p, q) ∈
[−1, 0]× [0, 1], the negative p-cut L(Ψ−, p) and the positive q-cut U(Ψ+, q) are nonempty.

Let ω, α ∈ L be such that (ω, α) ∈ L(Ψ−, p)× U(Ψ+, q), i.e.,

Ψ−(ω) ≤ p and Ψ+(α) ≥ q.

Since Ψ−(0) ≤ Ψ−(ω) ≤ p and Ψ+(0) ≥ Ψ+(α) ≥ q, it follows that (0, 0) ∈ L(Ψ−, p) ×
U(Ψ+, q).
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Now, let ω, ζ, υ, α, β, γ ∈ L satisfy

(((ωζ | ωζ)
υ) | (ωζ | ωζ)

υ) ∈ L(Ψ−, p),

(((αβ | αβ)
γ) | (αβ | αβ)

γ) ∈ U(Ψ+, q),

and (υ, γ) ∈ L(Ψ−, p)× U(Ψ+, q). Then we have

Ψ−(((ωζ | ωζ)
υ) | (ωζ | ωζ)

υ) ≤ s, Ψ−(υ) ≤ p,

Ψ+(((ωζ | ωζ)
υ) | (ωζ | ωζ)

υ) ≥ q, Ψ+(γ) ≥ q.

From this, it follows that

Ψ−(ω) ≤ max{Ψ−(ωζ | ωζ),Ψ−(υ)} ≤ p,

and

Ψ+(α) ≥ min{Ψ+(((αβ | αβ)
γ) | (αβ | αβ)

γ),Ψ+(c)} ≥ q,

which shows that ω, α ∈ L(Ψ−, p)×U(Ψ+, q). Hence, L(Ψ−, p) and U(Ψ+, q) are implicative

SBG-ideals of L.

Conversely, assume that Ψ = (L,Ψ−,Ψ+) is a bipolar-valued fuzzy set in L such that

its negative p-cuts and positive q-cuts are implicative SBG-ideals of L whenever they are

nonempty.

Suppose there exists α ∈ L such that Ψ−(0) > Ψ−(α). Then α ∈ L(Ψ−,Ψ−(α)), but

0 /∈ L(Ψ−,Ψ−(α)), contradicting the fact that L(Ψ−,Ψ−(α)) is an implicative SBG-ideal.

Hence,

Ψ−(0) ≤ Ψ−(ω) for all ω ∈ L.

Similarly, suppose there exists ω ∈ L such that Ψ+(0) < Ψ+(ω). Then ω ∈ U(Ψ+,Ψ+(ω)),

but 0 /∈ U(Ψ+,Ψ+(ω)), a contradiction. Therefore,

Ψ+(0) ≥ Ψ+(α) for all α ∈ L.

Now, suppose there exist α, β, γ, ω, ζ, υ ∈ L such that

Ψ−(α) > max
{
Ψ−(((αβ | αβ)

γ) | (αβ | αβ)
γ),Ψ−(γ)

}
or

Ψ+(ω) < min
{
Ψ+(((ωζ | ωζ)

υ) | (ωζ | ωζ)
υ),Ψ+(υ)

}
.

Define

p = max
{
Ψ−(((αβ | αβ)

γ) | (αβ | αβ)
γ),Ψ−(γ)

}
,

q = min
{
Ψ+(((ωζ | ωζ)

υ) | (ωζ | ωζ)
υ),Ψ+(υ)

}
.

Since a /∈ L(Ψ−, s) or x /∈ U(Ψ+, t), this contradicts the assumption that these cuts are

implicative SBG-ideals.

Therefore,

Ψ−(ω) ≤ max
{
Ψ−(((ωζ | ωζ)

υ) | (ωζ | ωζ)
υ),Ψ−(υ)

}
and

Ψ+(ω) ≥ min
{
Ψ+ (xy | xy) ,Ψ+(υ)

}
for all ω, ζ, υ ∈ L. Hence, Ψ is a BVFISBG-ideal of L. □
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Theorem 3.2. A bipolar-valued fuzzy set Ψ = (L,Ψ−,Ψ+) in L is a BVFISBG-ideal of

(L, |) if and only if the fuzzy sets Ψ−
γ and Ψ+ are fuzzy implicative SBG-ideals of (L, |),

where Ψ−
γ : L → [0, 1] is defined by Ψ−

γ (ω) = 1−Ψ−(ω) for all ω ∈ L.

Proof. Assume that Ψ = (L,Ψ−,Ψ+) is a BVFISBG-ideal of (L, |). Then Ψ satisfies the

following: For every ω, ζ ∈ L,

Ψ−
γ (0) = 1−Ψ−(0)

≥ 1−Ψ−(ω)

= Ψ−
γ (ω),

Ψ−
γ (ω) = 1−Ψ−(ω)

≥ 1−max{Ψ−(((ωζ | ωζ)
υ) | (ωζ | ωζ)

υ),Ψ−(υ)}
= min{1−Ψ−(((ωζ | ωζ)

υ) | (ωζ | ωζ)
υ), 1−Ψ−(υ)}

= min{Ψ−
c (((ωζ | ωζ)

υ) | (ωζ | ωζ)
υ),Ψ−

c (υ)}.
Thus, Ψ−

γ satisfies the conditions of a fuzzy implicative SBG-ideal. Since Ψ+ is already

assumed to be one, the claim holds.

Conversely, Conversely, suppose that Ψ−
γ and Ψ+ are fuzzy implicative SBG-ideals of (L, |).

Then for ω, ζ, υ ∈ L we have Ψ−(0) ≤ Ψ−(ω) and

1−Ψ−(ω) = Ψ−
γ (ω)

≥ min{Ψ−
γ (((ωζ | ωζ)

υ) | (ωζ | ωζ)
υ),Ψ−

γ (υ)}
= min{1−Ψ−(((ωζ | ωζ)

υ) | (ωζ | ωζ)
υ), 1−Ψ−(υ)}

= 1−max{Ψ−(((ωζ | ωζ)
υ) | (ωζ | ωζ)

υ),Ψ−(υ)},
Ψ−(ω) ≤ max{Ψ−(((ωζ | ωζ)

υ) | (ωζ | ωζ)
υ),Ψ−(υ)}.

Hence Ψ = (L,Ψ−,Ψ+) is a BVFISBG-ideal of L. □

Theorem 3.3. Let F be a nonempty subset of L. Define the bipolar-valued fuzzy set ΨF =

(L,Ψ−
F ,Ψ

+
F ) in L as follows:

Ψ−
F : L → [−1, 0], α 7→

p− if α ∈ F ,

q− otherwise,
Ψ+

F : L → [0, 1], ω 7→

p+ if ω ∈ F ,

q+ otherwise,

where p− < q− in [−1, 0] and p+ > q+ in [0, 1]. Then ΨF = (L,Ψ−
F ,Ψ

+
F ) is a BVFISBG-ideal

of (L, |) if and only if F is an implicative SBG-ideal of L.

Proof. Assume that ΨF = (L,Ψ−
F ,Ψ

+
F ) is a BVFISBG-ideal of (L, |). Let ω, ζ, υ ∈ L be

such that ω, ζ ∈ F . Then, by the definition of Ψ−
F and Ψ+

F , we have Ψ−
F (ω) = p− and

Ψ+
F (ω) = p+. Since ΨF is a BVFISBG-ideal, it satisfies the conditions Ψ−

F (0) ≤ Ψ−
F (ω) and

Ψ+
F (0) ≥ Ψ+

F (ω), which gives Ψ−
F (0) ≤ p− and Ψ+

F (0) ≥ p+. However, by the definition of

Ψ−
F and Ψ+

F , we also know that Ψ−
F (0) can only be p− or q−, and Ψ+

F (0) can only be p+ or

q+. But since − < q− and p+ > q+, the inequalities above can hold only if Ψ−
F (0) = p−,

and Ψ+
F (0) = p+, which implies that 0 ∈ F . Also Ψ−(ω) ≤ max{Ψ−(((ωζ | ωζ)

υ) | (ωζ |
ωζ)

υ),Ψ−(ζ)} = p−, Ψ+(ω) ≥ min{Ψ+(((ωζ | ωζ)
υ) | (ωζ | ωζ)

υ)),Ψ+(ζ)} = s+, and so

Ψ−(ω) = p− and Ψ+(ω) = p+. Therefore, ω ∈ F . Hence, F is closed under the implicative

SBG-ideal condition, and since 0 ∈ F , we conclude that F is an implicative SBG-ideal of L.
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Conversely, assume that F is an implicative SBG-ideal of (L, |). Let ω, ζ, υ ∈ L. If ω ∈ F ,

then 0 ∈ F , and thus Ψ−
F (0) = p− = Ψ−

F (ω), and Ψ+
F (0) = p+ = Ψ+

F (ω). If 0 /∈ F , then

Ψ−
F (0) = q− > p− = Ψ−

F (ω), and Ψ+
F (0) = q+ < s+ = Ψ+

F (ω), which still satisfies the

required inequality conditions for a BVFISBG-ideal.

Furthermore, suppose α = (((ωζ | ωζ)
υ) | (ωζ | ωζ)

υ) ∈ F and υ ∈ F . Then, since F is an

implicative SBG-ideal, we have ω ∈ F . Hence,

Ψ−
F (ω) = p− = max{Ψ−

F (η),Ψ
−
F (υ)}, Ψ+

F (ω) = p+ = min{Ψ+
F (η),Ψ

+
F (υ)}.

If either η /∈ F or υ /∈ F , then at least one of Ψ−
F (η) or Ψ

−
F (υ) equals t

−, and so

Ψ−
F (ω) ≤ q− = max{Ψ−

F (η),Ψ
−
F (υ)}, Ψ+

F (ω) ≥ q+ = min{Ψ+
F (η),Ψ

+
F (υ)},

which still satisfies the defining conditions.

Thus, ΨF = (L,Ψ−
F ,Ψ

+
F ) is a BVFISBG-ideal of L. □

Proposition 3.2. Let {Ψk = (Ψ−
k ,Ψ

+
k ) : k ∈ ∆} be a family of bipolar-valued fuzzy implicative

SBG-ideals of a SBG-algebra L. Then the infimum∧
k∈∆

Ψk =

(∨
k∈∆

Ψ−
k ,

∧
k∈∆

Ψ+
k

)
is also a BVFISBG-ideal of L.

Proof. Let Ψk = {(Ψ+
k ,Ψ

−
k ) : k ∈ ∆} be a family of bipolar fuzzy implicative SBG-ideals of a

SBG-algebra L. Let ω, ζ ∈ L. Then we have

(
∧
k∈∆

Ψ+
k )(0) = inf

k∈∆
{Ψ+

k (0)} ≥ inf
k∈∆

{Ψ+
k (ω)} = (

∧
k∈∆

Ψ+
k )(ω),

(
∧
k∈∆

Ψ−
k )(0) = sup

k∈∆
{Ψ−

k (0)} ≤ sup
k∈∆

{Ψ−
k (ω)} = (

∧
i∈∆

Ψ−
k )(ω).

Let ω, ζ ∈ L. Then we have

(
∧
k∈∆

Ψ+
k )(ω) = inf

k∈∆
{Ψ+

k (ω)}

≥ inf
k∈∆

{min{Ψ+
k (((ωζ | ωζ)

υ) | (ωζ | ωζ)
υ),Ψ+

k (υ)}}

= min{ inf
k∈∆

Ψ+
k (((ωζ | ωζ)

υ) | (ωζ | ωζ)
υ), inf

k∈∆
Ψ+

k (υ)}

= min{(
∧
k∈∆

Ψ+
k )(((ωζ | ωζ)

υ) | (ωζ | ωζ)
υ), (

∧
k∈∆

Ψ+
k )(υ)},

and
(
∧
i∈∆

Ψ−
k )(ω) = sup

k∈∆
{Ψ−

k (ω)}

≤ sup
k∈∆

{max{Ψ−
k (((ωζ | ωζ)

υ) | (ωζ | ωζ)
υ),Ψ−

k (υ)}}

= max{sup
k∈∆

Ψ−
k (((ωζ | ωζ)

υ) | (ωζ | ωζ)
υ), sup

k∈∆
Ψ−

k (υ)}

= max{(
∧
k∈∆

Ψ−
k )(((ωζ | ωζ)

υ) | (ωζ | ωζ)
υ), (

∧
i∈∆

Ψ−
k )(υ)}.

Hence
∧
k∈∆

Ψk is a BFISBG-ideal of a SBG-algebra L. □

Definition 3.2. A bipolar fuzzy subset Ψ = (L,Ψ−,Ψ+) of a SBG-algebra L is called a

bipolar fuzzy sub-implicative SBG-ideal of L if it satisfies the following conditions:
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(∀ω, ζ, υ ∈ L)


Ψ−(0) ≤ Ψ−(ω),

Ψ+(0) ≥ Ψ+(ω),

Ψ−((ζ|ζω)|(ζ|ζω)) ≤ max{Ψ−(((ω|ωζ)|(ω|ωζ))υ | ((ω|ωζ)|(ω|ωζ))υ),Ψ−(υ)},
Ψ+((ζ|ζω)|(ζ|ζω)) ≥ min{Ψ+(((ω|ωζ)|(ω|ωζ))υ | ((ω|ωζ)|(ω|ωζ))υ),Ψ+(υ)},

 .

(3.2)

Proposition 3.3. Let L be a SBG-algebra. Then every bipolar fuzzy subimplicative SBG-

ideal of L is a bipolar fuzzy SBG-ideal of L.

Proof. Let Ψ = (L,Ψ−,Ψ+) be a bipolar fuzzy sub-implicative SBG-ideal of L. Then

Ψ−(0) ≤ Ψ−(ω), Ψ+(0) ≥ Ψ+(ω),

Ψ−(ω) = Ψ−(ω0 | ω0)

= Ψ−((ω|ωω)|(ω|ωω))

≤ max{Ψ−(((((ω|ωω)|(ω|ωω))υ) | ((ω|ωω)|(ω|ωω))υ)),Ψ−(υ)}
= max{Ψ−((ω0 | ω0)υ | (ω0 | ω0)υ),Ψ−(υ)}
= max{Ψ−(ωυ | ωυ),Ψ−(υ)},

and
Ψ+(ω) = Ψ+(ω0 | ω0)

= Ψ+((ω|ωω)|(ω|ωω))

≥ min{Ψ+(((((ω|ωω)|(ω|ωω))υ) | ((ω|ωω)|(ω|ωω))υ)),Ψ+(υ)}
= min{Ψ+((ω0 | ω0)υ | (ω0 | ω0)υ),Ψ+(υ)}
= min{Ψ+(ωυ | ωυ),Ψ+(υ)}.

Therefore, Ψ = (L,Ψ−,Ψ+) is a bipolar fuzzy SBG-ideal of L. □

Theorem 3.4. Let Ψ = (L,Ψ−,Ψ+) be a bipolar fuzzy SBG-ideal of a SBG-algebra L. Then

Ψ = (L,Ψ−,Ψ+) is a bipolar fuzzy sub-implicative SBG-ideal of L if and only if

Ψ−((ζ | ζω) | (ζ | ζω)) ≤ Ψ−((ω | ωζ) | (ω | ωζ))

and

Ψ+((ζ | ζω) | (ζ | ζω)) ≥ Ψ+((ω | ωζ) | (ω | ωζ)).

Proof. Assume that Ψ = (L,Ψ−,Ψ+) is a bipolar fuzzy sub-implicative SBG-ideal of L. Then
we have

Ψ−((ζ | ζω) | (ζ | ζω))

≤ max
{
Ψ−(((ζ | ζω) | (ζ | ζω))0 | ((ζ | ζω) | (ζ | ζω))0),Ψ−(0)

}
= max

{
Ψ−((ω | ωζ) | (ω | ωζ)),Ψ−(0)

}
= Ψ−((ω | ωζ) | (ω | ωζ)).
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Similarly,

Ψ+((ζ | ζω) | (ζ | ζω))

≥ min
{
Ψ+(((ζ | ζω) | (ζ | ζω))0 | ((ζ | ζω) | (ζ | ζω))0),Ψ+(0)

}
= min

{
Ψ+((ω | ωζ) | (ω | ωζ)),Ψ+(0)

}
= Ψ+((ω | ωζ) | (ω | ωζ)).

Conversely, assume that the given inequalities hold and that Ψ is a bipolar fuzzy SBG-ideal

of L. Then we have

Ψ−(0) ≤ Ψ−(ω), Ψ+(0) ≥ Ψ+(ω) for all ω ∈ L.

Now, from the assumption, we obtain

Ψ−((ζ | ζω) | (ζ | ζω)) ≤ Ψ−((ω | ωζ) | (ω | ωζ))

≤ max
{
Ψ−(((ω | ωζ) | (ω | ωζ))υ | ((ω | ωζ) | (ω | ωζ))υ),Ψ−(υ)

}
,

and similarly,

Ψ+((ζ | ζω) | (ζ | ζω)) ≥ Ψ+((ω | ωζ) | (ω | ωζ))

≥ min
{
Ψ+(((ω | ωζ) | (ω | ωζ))υ | ((ω | ωζ) | (ω | ωζ))υ),Ψ+(υ)

}
.

Hence, Ψ satisfies the condition for being a bipolar fuzzy sub-implicative SBG-ideal of

L. □

Theorem 3.5. Let L be an implicative SBG-algebra. Then every bipolar fuzzy SBG-ideal of

L is a bipolar fuzzy sub-implicative SBG-ideal of L.

Proof. Let Ψ = (L,Ψ−,Ψ+) be a bipolar fuzzy SBG-ideal of L. Then it satisfies Ψ−(0) ≤
Ψ−(ω) and Ψ+(0) ≥ Ψ+(ω) for all ω ∈ L. By the properties of bipolar fuzzy SBG-ideals, we

have

Ψ−((ζ | ζω) | (ζ | ζω))

≤ max{Ψ−(((ζ | ζω) | (ζ | ζω))υ | ((ζ | ζω) | (ζ | ζω))υ),Ψ−(υ)}
= max{Ψ−(((ω | ωζ) | (ω | ωζ))υ | ((ω | ωζ) | (ω | ωζ))υ,Ψ−(υ)},

Ψ+((ζ | ζω) | (ζ | ζω))

≥ min{Ψ+(((ζ | ζω) | (ζ | ζω))υ | ((ζ | ζω) | (ζ | ζω))υ),Ψ+(υ)}
= min{Ψ+(((ω | ωζ) | (ω | ωζ))υ | ((ω | ωζ) | (ω | ωζ))υ,Ψ+(υ)}.

Thereby, Ψ is a bipolar fuzzy sub-implicative SBG-ideal of L. □

Lemma 3.1. In an SBG-algebra L, the following identity holds for all ω, ζ ∈ L:

((ω | ωζ) | (ω | ωζ)) | ζω = ω | ωζ .

Theorem 3.6. Every bipolar fuzzy SBG-ideal of a medial SBG-algebra L is a bipolar fuzzy

sub-implicative SBG-ideal of L.

Proof. Let Ψ = (L,Ψ−,Ψ+) be a bipolar fuzzy SBG-ideal of a medial SBG-algebra L. Then
by definition, for all ω ∈ L we have Ψ−(0) ≤ Ψ−(ω) and Ψ+(0) ≥ Ψ+(ω). Note that in a
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medial SBG-algebra, the following identity holds:

(ζ | ζω) | (ζ | ζω) = ω.

Therefore,

Ψ−((ζ | ζω) | (ζ | ζω)) = Ψ−(ω),

and

Ψ+((ζ | ζω) | (ζ | ζω)) = Ψ+(ω).

Next, we observe that

Ψ−(ω) ≤ max{Ψ−(ωυ | ωυ), Ψ−(υ)}

= max
{
Ψ−(((ω | ωζ) | (ω | ωζ))υ | ((ω | ωζ) | (ω | ωζ))υ), Ψ−(υ)

}
.

Similarly,

Ψ+(ω) ≥ min{Ψ+(ωυ | ωυ), Ψ+(υ)}

= min
{
Ψ+(((ω | ωζ) | (ω | ωζ))υ | ((ω | ωζ) | (ω | ωζ))υ), Ψ+(υ)

}
.

Thus, the conditions for Ψ to be a bipolar fuzzy sub-implicative SBG-ideal are satisfied.

Hence, every bipolar fuzzy SBG-ideal of a medial SBG-algebra L is indeed a bipolar fuzzy

sub-implicative SBG-ideal. □

Theorem 3.7. Let L be an SBG-algebra satisfying the following condition:

(∀ω, ζ, υ ∈ L)

(
Ψ−(ζυ | ζυ) ≤ Ψ−(((ω | ωζ) | (ω | ωζ))υ | ((ω | ωζ) | (ω | ωζ))υ)

Ψ+(ζυ | ζυ) ≥ Ψ+(((ω | ωζ) | (ω | ωζ))υ | ((ω | ωζ) | (ω | ωζ))υ)

)
. (3.3)

Then every bipolar fuzzy SBG-ideal of L is also a bipolar fuzzy sub-implicative SBG-ideal of

L.

Proof. We are given that the following inequality holds:

Ψ−((ζ | ζω) | (ζ | ζω)) ≤ Ψ−((((ω | ωζ) | (ω | ωζ)) | ζω) | (((ω | ωζ) | (ω | ωζ)) | ζω))

= Ψ−((ω | ωζ) | (ω | ωζ)).

Similarly, we have

Ψ+((ζ | ζω) | (ζ | ζω)) ≥ Ψ+((((ω | ωζ) | (ω | ωζ)) | ζω) | (((ω | ωζ) | (ω | ωζ)) | ζω))

= Ψ+((ω | ωζ) | (ω | ωζ)).

Hence, Ψ is a bipolar fuzzy sub-implicative SBG-ideal of L. □

Theorem 3.8. Every medial SBG-algebra is an implicative SBG-algebra.

Theorem 3.9. Let Ψ = (L,Ψ−,Ψ+) be a bipolar fuzzy SBG-ideal of a SBG-algebra L. Then

Ψ is a BFISBG-ideal of L if and only if the following condition holds:

(∀ω, ζ ∈ L)

{
Ψ−(ω) ≤ Ψ−(ωζ | ωζ),

Ψ+(ω) ≥ Ψ+(ωζ | ωζ).
(3.4)
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Proof. Let Ψ be a BFISBG-ideal of L. Then

Ψ−(ω) ≤ max{Ψ−(0),Ψ−((ωζ | ωζ)
0 | (ωζ | ωζ)

0)}
= max{Ψ−(0),Ψ−(ωζ | ωζ)}
= Ψ−(ωζ | ωζ),

and
Ψ+(ω) ≥ min{Ψ+(0),Ψ+((ωζ | ωζ)

0 | (ωζ | ωζ)
0)}

= min{Ψ+(0),Ψ+(ωζ | ωζ)}
= Ψ+(ωζ | ωζ),

for all ω, ζ ∈ L.
Conversely, let Ψ = (L,Ψ−,Ψ+) be a bipolar fuzzy SBG-ideal of L satisfying the inequality

(3.4). Then it is evident that Ψ−(0) ≤ Ψ−(ω) and Ψ+(0) ≥ Ψ+(ω) for all ω ∈ L. Since

Ψ−(ω) ≤ Ψ−(ωζ | ωζ)

≤ max{Ψ−((ωζ | ωζ)
υ | (ωζ | ωζ)

υ),Ψ−(υ)},

and
Ψ+(ω) ≥ Ψ+(ωζ | ωζ)

≥ min{Ψ+((ωζ | ωζ)
υ | (ωζ | ωζ)

υ),Ψ+(υ)},
for all ω, ζ, υ ∈ L. Therefore, we conclude that Ψ is a BFISBG-ideal of L. □

Theorem 3.10. Let L be a medial SBG-algebra satisfying the following condition:

(∀ω, ζ ∈ L)

(
Ψ−((ω | ωζ) | (ω | ωζ)) ≤ Ψ−(ωζ | ωζ)

Ψ+((ω | ωζ) | (ω | ωζ)) ≥ Ψ+(ωζ | ωζ)

)
. (3.5)

Then every bipolar fuzzy sub-implicative SBG-ideal of L is a bipolar fuzzy implicative ideal

of L.

Proof. Let Ψ be a bipolar fuzzy sub-implicative SBG-ideal of a medial SBG-algebra L satis-

fying the inequality (3.5). Then we obtain that

Ψ−(ω) = Ψ−((ζ | ζω) | (ζ | ζω))
≤ max{Ψ−(((ω | ωζ) | (ω | ωζ))0 | ((ω | ωζ) | (ω | ωζ))0),Ψ−(0)}
= max{Ψ−((ω | ωζ) | (ω | ωζ)),Ψ−(0)}
= Ψ−((ω | ωζ) | (ω | ωζ))

≤ Ψ−(ωζ | ωζ),

and
Ψ+(ω) = Ψ+((ζ | ζω) | (ζ | ζω))

≥ min{Ψ+(((ω | ωζ) | (ω | ωζ))0 | ((ω | ωζ) | (ω | ωζ))0),Ψ+(0)}
= min{Ψ+((ω | ωζ) | (ω | ωζ)),Ψ+(0)}
= Ψ+((ω | ωζ) | (ω | ωζ))

≥ Ψ+(ωζ | ωζ).

Thus, Ψ is a BFISBG-ideal of L. □

Theorem 3.11. Let L be an implicative SBG-algebra. Then every BFISBG-ideal of L is

also a bipolar fuzzy sub-implicative SBG-ideal of L.
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Proof. Let Ψ = (L,Ψ−,Ψ+) be a BFISBG-ideal of an implicative SBG-algebra L. By def-

inition, Ψ is also a bipolar fuzzy SBG-ideal of L. Therefore, we have Ψ−(0) ≤ Ψ−(ω) and

Ψ+(0) ≥ Ψ+(ω) for all ω ∈ L. Hence, for all ω, ζ, υ ∈ L, we obtain

Ψ−((ζ | ζω) | (ζ | ζω)) = Ψ−((ω | ωζ) | (ω | ωζ))

≤ max{Ψ−((ωζ | ωζ)
υ | (ωζ | ωζ)

υ),Ψ−(υ)},
and

Ψ−((ζ | ζω) | (ζ | ζω)) = Ψ+((ω | ωζ) | (ω | ωζ))

≥ min{Ψ+((ωζ | ωζ)
υ | (ωζ | ωζ)

υ),Ψ+(υ)},
Thus, Ψ satisfies the defining conditions of a bipolar fuzzy sub-implicative SBG-ideal of

L. □

Corollary 3.1. Let L be a medial SBG-algebra. Then every BFISBG-ideal of L is also a

bipolar fuzzy sub-implicative SBG-ideal of L.

Definition 3.3. A bipolar fuzzy SBG-ideal Ψ = (L,Ψ+,Ψ−) of a SBG-algebra L is said to

be bipolar fuzzy closed if it satisfies the following condition:

(∀ω ∈ L)

(
Ψ−(0ω | 0ω) ≤ Ψ−(ω)

Ψ+(0ω | 0ω) ≥ Ψ+(ω)

)
. (3.6)

Definition 3.4. Let Ψ = (L,Ψ+,Ψ−) be a bipolar fuzzy SBG-ideal of a SBG-algebra L.
Then Ψ is called a bipolar fuzzy completely closed SBG-ideal of L if it satisfies the following

condition:

(∀ω, ζ, υ ∈ L)

(
Ψ−(ωζ | ωζ) ≤ max{Ψ−(ω),Ψ−(ζ)},
Ψ+(ωζ | ωζ) ≥ min{Ψ+(ω),Ψ+(ζ)},

)
. (3.7)

Theorem 3.12. Let L be a SBG-algebra satisfying the following condition:

(∀ω, ζ, υ ∈ L) (((ωζ | ωζ) | ωυ) | ((ωζ | ωζ) | ωυ)) | υζ = 0 | 0. (3.8)

Then L is implicative if and only if every bipolar fuzzy closed SBG-ideal of L is a BFISBG-

ideal of L.

Proof. Let L be a SBG-algebra satisfying (3.8). Assume that L is implicative and let Ψ =

(L,Ψ+,Ψ−) be a bipolar fuzzy closed SBG-ideal of L. Then Ψ is a bipolar fuzzy SBG-ideal

of L. Thus, for all ω ∈ L, we have

Ψ−(0) ≤ Ψ−(ω) and Ψ+(0) ≥ Ψ+(ω).

Also, for all ω, ζ, υ ∈ L, we have

Ψ−(ω) ≤ max
{
Ψ−(υ),Ψ−(ωυ | ωυ)

}
= max

{
Ψ−(υ),Ψ−((((ω | ω)ω | xy)υ | υ) | (((ω | ω)ω | xy)υ | υ))

= max
{
Ψ−(υ),Ψ−(((ω | ζω) | (ω | ζω))υ | ((ω | ζω) | (ω | ζx))υ)

}
.

Similarly,

Ψ+(ω) ≥ min
{
Ψ+(υ),Ψ+(ωυ | ωυ)

}
= min

{
Ψ+(υ),Ψ+((((ω | ω)ω | xy)υ | υ) | (((ω | ω)ω | ωζ)υ | υ)) |

= min
{
Ψ+(υ),Ψ+(((x | ζω) | (ω | ζω))υ | ((ω | ζω) | (ω | ζω))υ)

}
.
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This implies that Ψ is a BFISBG-ideal of L.
Conversely, suppose that every bipolar fuzzy closed SBG-ideal of L is a BFISBG-ideal.

Then, from equation (3.8), we have

υζ = ωυ | (ωζ | ωζ).

Using identities (S1) and (S3), we also have

υζ = ((ω | ωυ) | (ω | ωυ))ζ .

Then, applying (S2) and Lemma 2.1(3), it follows that

υ = (ω | ωυ) | (ω | ωυ).

Now, we derive

(ω | ωζ) = (((ζ | ζω) | (ζ | ζω)) | ((ζ | ζω) | (ζ | ζω)))y

= ((ζ | ζω) | (ζ | ζω)) | (y | (((ζ | ζ) | ζω) | ((ζ | ζ) | ζω)))

= ((ζ | ζω) | (ζ | ζω)) | yy

= ((ζζ | (ζ | ζ)ζ) | (ζζ | (ζ | ζ)ζ)) | ζω

= ζ | ζω,

for all ω, ζ ∈ L, which means that L is implicative. □

Proposition 3.4. Let A be an implicative SBG-algebra satisfying equation (3.8). Then every

bipolar fuzzy completely closed SBG-ideal of A is also a BFISBG-ideal.

Proof. Let Ψ be a bipolar fuzzy completely closed SBG-ideal of an implicative SBG-algebra

L. By definition, Ψ is a bipolar fuzzy SBG-ideal of L. Note that

Ψ−(0ζ | 0ζ) ≤ max{Ψ−(0),Ψ−(ζ)} = Ψ−(ζ)

and

Ψ+(0ζ | 0ζ) ≥ min{Ψ+(0),Ψ+(ζ)} = Ψ+(ζ).

These inequalities imply that Ψ is a bipolar fuzzy closed SBG-ideal of L. Hence, Ψ is a

BFISBG-ideal of L. □

Corollary 3.2. Let L be a medial SBG-algebra satisfying equation (3.8). Then every bipolar

fuzzy completely closed SBG-ideal of L is a BFISBG-ideal.

Definition 3.5. A bipolar fuzzy set Ψ on an SBG-algebra L is said to be a bipolar fuzzy

p-ideal of L if it satisfies the condition:

(∀ω, ζ, υ ∈ L)


Ψ−(0) ≤ Ψ−(ω)

Ψ+(0) ≥ Ψ+(ω)

Ψ−(ω) ≤ max{Ψ−(((ωυ | ωυ) | ζυ) | ((ωυ | ωυ) | ζυ)),Ψ−(ζ)}
Ψ+(ω) ≥ min{Ψ+(((ωυ | ωυ) | ζυ) | ((ωυ | ωυ) | |ζυ)),Ψ+(ζ)}

 . (3.9)

Definition 3.6. Let L be an SBG-algebra. The subset

A+ = {x ∈ A : 0ω | 0ω = 0}

is called the BCA-part of L.
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Theorem 3.13. Let A = A+ be an SBG-algebra. Then every bipolar fuzzy p-ideal of L is a

BFISBG-ideal of L.

Proof. Let Ψ be a bipolar fuzzy p-ideal of L. Then

Ψ−(ω) ≤ max{Ψ−(((ωζ | ωζ) | (0 | ζω)) | ((ωζ | ωζ) | (0 | ζω))),Ψ−(0)}
= max{Ψ−((ωζ | ωζ)

0 | (ωζ | ωζ)
0),Ψ−(0)}

= max{Ψ−(ωζ | ωζ),Ψ
−(0)}

= Ψ−(ωζ | ωζ),

and
Ψ+(ω) ≥ min{Ψ+(((ωζ | ωζ) | (0 | ζω)) | ((ωζ | ωζ) | (0 | ζω))),Ψ+(0)}

= min{Ψ+((ωζ | ωζ)
0 | (ωζ | ωζ)

0),Ψ+(0)}
= min{Ψ+(ωζ | ωζ),Ψ

+(0)}
ω = Ψ+(ωζ | ωζ).

Hence Ψ is a BFISBG-ideal of L. □

Theorem 3.14. Let Ψ = (A,Ψ−,Ψ+) be a BFISBG-ideal of A. Then, for every (θ, ϑ) ∈
[±, 0]× [0,∓], the bipolar fuzzy (θ, ϑ)-translation

ΨT2

(θ,ϑ) = (A,Ψ−
(θ,T2)

,Ψ+
(ϑ,T2)

)

is also a BFISBG-ideal of A.

Proof. Assume that Ψ = (A,Ψ−,Ψ+) is a BFISBG-ideal of A. Then for all ω ∈ A and

(θ, ϑ) ∈ [±, 0]× [0,∓], we have

Ψ−(0) ≤ Ψ−(ω) and Ψ+(0) ≥ Ψ+(ω).

It follows that

Ψ−
(θ,T2)

(0) = Ψ−(0)− θ ≤ Ψ−(ω)− θ = Ψ−
(θ,T2)

(ω),

Ψ+
(ϑ,T2)

(0) = Ψ+(0)− ϑ ≥ Ψ+(ω)− ϑ = Ψ+
(ϑ,T2)

(ω).

Now let ω, ζ, υ ∈ A. Since Ψ is a BFISBG-ideal, we have

Ψ−(ω) ≤ max
{
Ψ−(q),Ψ−(υ)

}
, Ψ+(ω) ≥ min

{
Ψ+(q),Ψ+(υ)

}
,

where

q = (ωζ | ωζ)
υ | (ωζ | ωζ)

υ.

Subtracting θ and ϑ respectively, we obtain

Ψ−
(θ,T2)

(ω) = Ψ−(ω)− θ ≤ max
{
Ψ−(q)− θ,Ψ−(υ)− θ

}
= max

{
Ψ−

(θ,T2)
(q),Ψ−

(θ,T2)
(υ)
}
,

Ψ+
(ϑ,T2)

(ω) = Ψ+(ω)− ϑ ≥ min
{
Ψ+(q)− ϑ,Ψ+(υ)− ϑ

}
= min

{
Ψ+

(ϑ,T2)
(q),Ψ+

(ϑ,T2)
(υ)
}
.

Therefore, the (θ, ϑ)-translation fT2

(θ,ϑ) = (A,Ψ−
(θ,T2)

,Ψ+
(ϑ,T2)

) satisfies the conditions of a

BFISBG-ideal of A. □

Theorem 3.15. Let Ψ = (A,Ψ−,Ψ+) be a bipolar fuzzy set on an SBG-algebra A. If there

exists a pair (θ, ϑ) ∈ [±, 0]× [0,∓] such that the (θ, ϑ)-translation

ΨT2

(θ,ϑ) = (A,Ψ−
(θ,T2)

,Ψ+
(ϑ,T2)

)

is a BFISBG-ideal of A, then Ψ itself is a BFISBG-ideal of A.
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Proof. Suppose there exist (θ, ϑ) ∈ [±, 0]× [0,∓] such that the (θ, ϑ)-translation

ΨT2

(θ,ϑ) = (A,Ψ−
(θ,T2)

,Ψ+
(ϑ,T2)

)

is a BFISBG-ideal of A. Then, for all ω, ζ, υ ∈ A, we have

Ψ−(0) ≤ Ψ−(ω) and Ψ+(0) ≥ Ψ+(ω).

Ψ−(0)− θ = Ψ−
(θ,T2)

(0) ≤ Ψ−
(θ,T2)

(ω) = Ψ−(ω)− θ,

Ψ+(0)− ϑ = Ψ+
(ϑ,T2)

(0) ≥ Ψ+
(ϑ,T2)

(ω) = Ψ+(ω)− ϑ.

Now let x, y, z ∈ A. Then

Ψ−(ω)− θ = Ψ−
(θ,T2)

(ω)

≤ max{Ψ−
(θ,T2)

((ωζ | ωζ)
υ | (ωζ | ωζ)

υ),Ψ−
(θ,T2)

(ζ)}
= max{Ψ−((ωζ | ωζ)

υ | (ωζ | ωζ)
υ)− θ,Ψ−(ζ)− θ}

= max{Ψ−((ωζ | ωζ)
υ | (ωζ | ωζ)

υ),Ψ−(ζ)} − θ,

Ψ+(ω)− ϑ = Ψ+
(ϑ,T2)

(ω)

≥ min{Ψ+
(ϑ,T2)

((ωζ | ωζ)
υ | (ωζ | ωζ)

υ),Ψ+
(ϑ,T2)

(υ)}
= min{Ψ+((ωζ | ωζ)

υ | (ωζ | ωζ)
υ)− ϑ,Ψ+(υ)− ϑ}

= min{Ψ+((ωζ | ωζ)
υ | (ωζ | ωζ)

υ),Ψ+(υ)} − ϑ,

Hence Ψ−(ω) ≤ max{Ψ−((ωζ | ωζ)
υ | (ωζ | ωζ)

υ),Ψ−(υ)} and Ψ+(ω) ≥ min{Ψ+((ωζ | ωζ)
υ |

(ωζ | ωζ)
υ),Ψ+(υ)}. Hence Ψ = (A,Ψ−,Ψ+) is a BFISBG-ideal of A. □

Theorem 3.16. Let Ψ = (A,Ψ−,Ψ+) be a bipolar fuzzy set in A. Then, Ψ = (A,Ψ−,Ψ+)

is a BFISBG-ideal of A if and only if for every (q−, q+) ∈ [−1, 0]× [0, 1], the sets NU (Ψ, q−)

and PL(Ψ, q+) are implicative SBG-ideals of A, whenever these sets are nonempty.

Proof. Assume that Ψ = (A,Ψ−,Ψ+) is a BFISBG-ideal of A. Let (q−, q+) ∈ [−1, 0]× [0, 1]

be such that the level sets NU (Ψ, q−) and PL(Ψ, q+) are nonempty. Consider any ω ∈ A with

ω ∈ NU (Ψ, q−), which implies that Ψ−(ω) ≥ q−. Since Ψ = (A,Ψ−,Ψ+) is a BFISBG-ideal

of A, it follows that

Ψ−(0) ≤ Ψ−(ω)

1−Ψ+(0) ≤ 1−Ψ+(ω)

Ψ+(0) ≥ Ψ+(ω)

≥ q−.

Hence, we have 0 ∈ NU (Ψ, q−).

Next, let ω, ζ, υ ∈ A be such that(
(ωζ | ωζ)

υ | (ωζ | ωζ)
υ
)
, υ ∈ NU (Ψ, q−).

Then

Ψ−((ωζ | ωζ)
υ | (ωζ | ωζ)

υ
)
≥ t−, and Ψ−(υ) ≥ q−.
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Since Ψ = (A,Ψ−,Ψ+) is a BFISBG-ideal of A, it follows that

Ψ−(ω) ≤ max
{
Ψ−
(
(ωζ | ωζ)

υ | (ωζ | ωζ)
υ
)
, Ψ−(υ)

}
,

1−Ψ−(ω) ≤ max
{
1−Ψ−((ωζ | ωζ)

υ | (ωζ | ωζ)
υ
)
, 1−Ψ−(υ)

}
,

1−Ψ−(ω) ≤ 1−min
{
Ψ−((ωζ | ωζ)

υ | (ωζ | ωζ)
υ
)
, Ψ−(υ)

}
,

Ψ−(ω) ≥ min
{
Ψ−((ωζ | ωζ)

υ | (ωζ | ωζ)
υ
)
, Ψ−(υ)

}
≥ q−.

Hence, ω ∈ NU (Ψ, q−). Therefore, NU (Ψ, q−) is an implicative SBG-ideal of A.

Let ω ∈ A be such that ω ∈ PL(Ψ, q+). Then Ψ+(ω) ≥ q+. Since Ψ = (A,Ψ−,Ψ+) is a

BFISBG-ideal of A, we have

Ψ+(0) ≥ Ψ+(ω),

1−Ψ+(0) ≥ 1−Ψ+(ω),

Ψ+(0) ≤ Ψ+(ω) ≤ q+.

Hence, 0 ∈ PL(Ψ, q+).

Next, let ω, ζ, υ ∈ A be such that(
(ωζ | ωζ)

υ | (ωζ | ωζ)
υ
)
, υ ∈ PL(f, t

+). Then Ψ+
(
(ωζ | ωζ)

υ | (ωζ | ωζ)
υ
)
≥ q+ and

Ψ+(υ) ≥ q+. Since Ψ = (A,Ψ−,Ψ+) is a BFISBG-ideal of A, we have

Ψ+(ω) ≤ max{Ψ+
(
(ωζ | ωζ)

υ | (ωζ | ωζ)
υ
)
,Ψ+(υ)}

1−Ψ+(ω) ≤ max{1−Ψ+
(
(ωζ | ωζ)

υ | (ωζ | ωζ)
υ
)
, 1−Ψ+(υ)}

1−Ψ+(ω) ≤ 1−min{Ψ+
(
(ωζ | ωζ)

υ | (ωζ | ωζ)
υ
)
,Ψ+(υ)}

Ψ+(ω) ≥ min{Ψ+
(
(ωζ | ωζ)

υ | (ωζ | ωζ)
υ
)
,Ψ+(υ)}

≥ q+.

Hence, ω ∈ PL(Ψ, q+). Therefore, PL(Ψ, q+) is an implicative SBG-ideal of A.

Conversely, suppose that for all (q−, q+) ∈ [−1, 0]×[0, 1], the setsNU (Ψ, q−) and PL(Ψ, q+)

are implicative SBG-ideals of A, provided they are nonempty.

Let ω ∈ A. Since Ψ−(ω) ∈ [−1, 0], choose q− = Ψ−(ω). Then

Ψ−(0) ≥ Ψ−(ω) = q−,

which implies 0 ∈ NU (Ψ, q−) ̸= ∅. By assumption, NU (Ψ, q−) is an implicative SBG-ideal of

A, and therefore 0 ∈ NU (Ψ, q−) holds. Consequently,

Ψ−(0) ≥ q− = Ψ−(ω),

and so

Ψ−(0) = −1−Ψ−(0) ≤ −1−Ψ−(ω) = Ψ−(ω).

Now let x, y, z ∈ A. Note that

Ψ−((ωζ | ωζ)
υ | (ωζ | ωζ)

υ
)
, Ψ−(υ) ∈ [−1, 0].

Choose

q− = min
{
Ψ−((ωζ | ωζ)

υ | (ωζ | ωζ)
υ
)
,Ψ−(υ)

}
.

Then

Ψ−((ωζ | ωζ)
υ | (ωζ | ωζ)

υ
)
≥ t−,
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and

Ψ−(υ) ≥ q−,

so (
(ωζ | ωζ)

υ | (ωζ | ωζ)
υ
)
, υ ∈ NU (Ψ, q−) ̸= ∅.

By assumption, NU (Ψ, q−) is an implicative SBG-ideal of A, and hence ω ∈ NU (Ψ, q−),

which implies

Ψ−(ω) ≥ q− = min
{
Ψ−((ωζ | ωζ)

υ | (ωζ | ωζ)
υ
)
,Ψ−(υ)

}
.

By Lemma 2.1 (1), we have

Ψ−(ω) = −1−Ψ−(ω)

≤ −1−min{Ψ−((ωζ | ωζ)
υ | (ωζ | ωζ)

υ
)
,Ψ−(υ)}

= max{−1−Ψ−((ωζ | ωζ)
υ | (ωζ | ωζ)

υ
)
,−1−Ψ−(υ)}

= max{Ψ−
(
(ωζ | ωζ)

υ | (ωζ | ωζ)
υ
)
,Ψ−(υ)}.

Let ω, ζ ∈ A. Since Ψ+(ω) ∈ [0, 1], choose q+ = Ψ+(ω). Then, as

Ψ+(0) ≤ Ψ+(ω) = q+,

it follows that ω ∈ PL(Ψ, q+) ̸= ∅. By assumption, PL(f, t
+) is an implicative SBG-ideal of

A, hence 0 ∈ PL(Ψ, q+).

Therefore,

Ψ+(0) ≥ q+ = Ψ+(ω),

and thus

Ψ+(0) = 1−Ψ+(0) ≥ 1−Ψ+(ω) = Ψ+(ω).

Let ω, ζ, υ ∈ A. Note that

Ψ+
(
(ωζ | ωζ)

υ | (ωζ | ωζ)
υ
)
, Ψ+(υ) ∈ [0, 1].

Choose

t+ = max
{
Ψ+
(
(ωζ | ωζ)

υ | (ωζ | ωζ)
υ
)
,Ψ+(υ)

}
.

Then,

Ψ+
(
(ωζ | ωζ)

υ | (ωζ | ωζ)
υ
)
≤ q+

and

Ψ+(υ) ≤ t+,

which implies (
(ωζ | ωζ)

υ | (ωζ | ωζ)
υ
)
, υ ∈ PL(Ψ, q+) ̸= ∅.

By assumption, PL(Ψ, q+) is an implicative SBG-ideal of A, and therefore x ∈ PL(Ψ, q+),

which yields

Ψ+(ω) ≥ q+ = max
{
Ψ+
(
(ωζ | ωζ)

υ | (ωζ | ωζ)
υ
)
,Ψ+(υ)

}
.
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By Lemma 2.1 (1), we have

Ψ+(ω) = 1−Ψ+(ω)

≤ 1−max{Ψ+
(
(ωζ | ωζ)

υ | (ωζ | ωζ)
υ
)
,Ψ+(υ)}

= min{1−Ψ+
(
(ωζ | ωζ)

υ | (ωζ | ωζ)
υ
)
, 1−Ψ+(υ)}

= min{Ψ+
(
(ωζ | ωζ)

υ | (ωζ | ωζ)
υ
)
,Ψ+(υ)}.

Hence Ψ = (A,Ψ−,Ψ+) is a BFISBG-ideal of A. □

4. Conclusion

In this paper, we have systematically developed the theory of bipolar fuzzy Sheffer stroke

BG-algebras, focusing on the interplay between bipolar fuzzy sets and algebraic structures

defined by the Sheffer stroke operation. By introducing and analyzing the notions of bipolar

fuzzy subalgebras and various classes of SBG-ideals, we have established clear criteria under

which the level sets of bipolar fuzzy subsets correspond to conventional algebraic substruc-

tures and ideals. This approach provides a rigorous algebraic foundation for representing

and manipulating dual (positive and negative) information within SBG-algebras.

Our results demonstrate that the framework of bipolar fuzzy sets not only extends the

expressive power of fuzzy algebraic systems, but also enables a more nuanced treatment of

uncertainty and contradiction in logical and computational contexts. The equivalence con-

ditions and closure properties we have proven for bipolar fuzzy (implicative, sub-implicative,

completely closed, and p-) SBG-ideals contribute to a deeper understanding of the algebraic

behavior of these fuzzy structures.

The integration of bipolar fuzzy logic with Sheffer stroke BG-algebras, as presented here,

paves the way for further research into the algebraic modeling of complex systems character-

ized by ambiguity, duality, or inconsistent information. Future investigations may include the

study of categorical aspects, the extension to other algebraic systems, or the application of

these results to areas such as soft computing, knowledge representation, and decision support

systems.

In summary, this work highlights the foundational role of level set techniques in relat-

ing bipolar fuzzy membership functions to algebraic properties, thereby enriching both the

theoretical landscape and the potential applications of fuzzy algebraic systems within math-

ematics and computer science.
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