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ABSTRACT. In this paper, we derive L, —biharmonic equations for null hypersurfaces M in
Generalized Robertson-Walker (GRW) spacetimes using linearized operators L, o0<r<
dim(M)) built uniquely from the rigged structure given by a timelike closed and conformal
rigging vector field ¢. After providing a characterization for L,—harmonic null hypersur-
faces we study L, —biharmonic null hypersurfaces for r = 0 and » = 1 in low dimensions:
null surfaces and 3—dimensional null hypersurfaces.
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1. INTRODUCTION

Consider an isometric immersion ¥ : M™ — E™ from a Riemannian manifold M™ into the
Euclidean space E™. Denote by H and A the mean curvature vector field of M™ and the
Laplace operator of M"™ with respect to the induced Riemannian metric of E™. From the
Beltrami’s formula Ay = nH we see that M is minimal in E™ if and only if its coordinate
functions are harmonic. Observe that A%y = nAH. Manifolds with AH = 0, or equivalently
A?1) = 0 are called biharmonic. Obviously, minimal submanifolds (i.e H = 0) are biharmonic.
The question that arises is whether the class of biharmonic submanifolds is reduced to that
of minimal submanifolds. Several authors have proved it in some cases (cf. [I], 16} 18|, 20] 22]
and notes in the report [14]).
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A well-known Bang-Yen Chen’s conjecture says : Any biharmonic submanifold in pseudo-
Euclidean space E&*” is minimal. But in contrast to the Euclidean case (s = 0, where the
conjecture is not entirely solved), the conjecture generally fails for submanifolds in a pseudo-
Euclidean space. B.-Y. Chen and S. Ishikawa [I3] gave examples of nonminimal biharmonic
(also called proper biharmonic) space-like surfaces with constant mean curvature in pseudo-
Euclidean spaces IE;1 (s = 1,2) and proper biharmonic surfaces of signature (1,1) in E;‘
(s =1,2,3) in [I5]. Furthermore, in case of hypersurfaces, Chen has found a good relation
between the finite type hypersurfaces and biharmonic ones [I7, Chapter 11].

The Laplacian operator A involved in the biharmonicity can be seen as the first one of a
sequence of n operators Ly = A, Lq,...,L,_1, where L, stands for the linearized operator
of the first variation of the (r 4+ 1)—th mean curvature arising from normal variations of the
hypersurface. They act on smooth functions by L. (f) = tr(T, o V2f), where T} is the r—th
Newton transformation associated with the shape operator of the hypersurface, and V2f is
the self-adjoint linear operator metrically equivalent to the Hessian of f. With this extension
of the Laplace operator A = Ly and inspired by the Chen’s conjecture, it appears natural
to generalize the definition of biharmonic hypersurfaces replacing A by the L,. Along these
lines, the L,—conjecture has been formulated (cf. [5]) as follows:

L,—Conjecture 1.1 : Every Euclidean hypersurface 1 : M"™ — R"*! satisfying the condi-
tion L2¢ = 0 for some r, 0 < 7 < n — 1 has zero (r + 1)—th mean curvature (equivalently,
(r + 1)—minimal).

This L,—conjecture has been generalized (cf. [6]) for hypersurfaces of simply connected
space forms as follows :

L,—Conjecture 1.2 : Let ¢ : M" — Q"!(c) be a hypersurface immersed into a simply
connected space form Q" !(c). If M is L,—biharmonic then H,,1 is zero.

Recently, L,—biharmonic hypersurfaces have been considered when the target space is
pseudo-Riemannian and scrutinized by several authors [3, 19, 27, 28, 26] and references
therein. In particular, it is shown in [27, Theorem 1.1] that on any L;—biharmonic spacelike
hypersurfaces in Ef with mutually distinct principal curvatures, if the k—th mean curvature
Hj, is constant then the same is for Hy11. It is worth mentioning that all the hypersurfaces
involved in the above quoted works are either spacelike or timelike, hence nondegenerate.
To fill the gap, the present work focuses on L,—biharmonic null (degenerate) hypersurfaces
in generalized Robertson-Walker (GRW) spacetimes. As it is predictible due to the extra

difficulties presented by the singularities of null hypersurfaces, our following results provide
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(partial) characterizations of such L,—biharmonic null hypersurfaces, involving sometimes

auxilliary screen foliations.

Theorem 1.1. Let

b MM () CRT,

be a connected isometric immersion of a null hypersurface in a GRW spacetime M;H_Q(c)
where m =n+2+c%, t = c¢(c —1)/2 with ¢ = 1,0, —1, furnished with a timelike closed and
conformal rigging vector field (. Then M is L,—harmonic for some 0 <1 < n if and only if
one of the following holds :

(a) M is r—mazimal;

(b) M is (r 4+ 1)—mazimal and ¢ is parallele along M C R72,

Theorem 1.2. Let n € {1,2} be integer,

v M — M () CRYY,
be a connected isometric immersion of a null hypersurface in a GRW spacetime WH(C)
where m = n + 2+ c%, t = c(c — 1)/2 with ¢ = 1,0, -1, furnished with a non unit timelike
closed and conformal rigging vector field C.
(1) For ¢ =0, M is biharmonic (i.e zo—biharmonic) if and only if it is totally geodesic,
1.e null hyperplane. In particular the null mean curvature H vanishes.
(2) For ¢ # 0, if M is biharmonic then the null mean curvature H is leafwise constant

along the screen foliation induced by ¢, but not on the whole M.

The following is a null version of the result in [27, Theorem 1.1] for » = 1 in generalized

Robertson-Walker spaces.

Theorem 1.3. Let

b MM I () CRY,

be a connected isometric immersion of a null hypersurface in a GRW spacetime M;Hrz(c)
where m = n + 2+ c%, t = c(c — 1)/2 with ¢ = 1,0, —1, furnished with a non unit timelike
closed and conformal rigging vector field (. Then,

(1) Forn=1,v¢: M*> — M?(c) - Rﬁf is Ly —biharmonic.

(2) Forn =2, if M3 is Li—biharmonic and the null mean curvature function H ::ﬁl

is leafwise constant in the screen foliation F induced by ( then the same is for the
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* *
second order mean curvature Ho. Moreover, if Ho is constant on the whole null

hypersurface M3 then this constant is zero and M is 2—mazimal.

Throughout the paper, all geometric objects (manifolds, metrics, connections, maps,. . .)

are smooth. The Lie algebra of vector fields on a manifold N is denoted by X(N).

2. NULL HYPERSURFACES AND RIGGED STRUCTURES

A hypersurface M of a Lorentzian manifold (M, g) is null if the metric tensor is degenerate
on it, i.e the induced structure from the Lorentzian ambient manifold is degenerate.

A rigging for a null hypersurface M is a vector field ¢ defined in some open neighbourhood
of M such that ¢, & T, M for all p € M. If { is defined only over M, then we call it a restricted
rigging. If a rigging exists, then we can take the unique null vector field £ € X(M) such that
9(¢, &) =1 (called rigged vector field) and the (screen) distribution given by S, = Cpl NT,M
for all p € M. We can also define the rigged metric as the Riemannian metric on M given by
J = g+ w®w, where w = i*a, v is the g-metrically equivalent one-form to ¢ and i : M — M
is the canonical inclusion map. The rigged vector field £ is unitary and orthogonal to S with
respect to g. Moreover, w is g-metrically equivalent to &, and is called the rigged one-form.
The vector field N = ( — % 9(¢, ¢)¢ is the unique null vector field defined on M, orthogonal
to the screen distribution S and such that g(V, &) = 1.

Moreover, we have the following decompositions :

T,M = T,M & span(Np), T,M = span{&,} &S, (2.1)

for all p e M.

The rigging technique presents two main advantages. The first one is that all the geomet-
ric objects defined above from the rigging are tuned together in a way that allows linking
properties of the null hypersurface with properties of the ambient space. The second one is
the presence of the Riemannian rigged metric g, which geometry is reasonably well coupled
with the ambient geometry in most cases and it allows us to use Riemannian tools for the
study of the null hypersurface [23].

We get from decompositions

VuV =VyV + B(U,V)N, VuN = -AU) +1(U)N (2.2)
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where V, V are the Levi-Civita connection of M and the induced (projected) connection
on M, respectively. The induced connection V is torsion free but, in general, is not metric,
which makes it less useful in the theory. The second fundamental form B, the one-form 7

(also called rotation one form) and the screen second fundamental form C' are given by
B(U> V) = _g(vU£7 V)v T(U) = _g(vU§7 C):

for all U,V € X(M), where P : TM — S is the canonical projection associated to the second
decomposition in (2.1)). The vector field V&€ = V7€ is tangent to the null hypersurface M

and can be decomposed as
J— *
Vu§ =—-1(U)§— A (U),

where ;1 (U) € §. The endomorphism ;1 is the shape operator of & and satisfies
B(U,V) = g(A (U),V) = g(U. A (V)),  B(U)=0.
Some useful identities in the theory are the following:
—20(U, X) = dw(U, X) + (L¢g) (U, X) 4+ 9(¢, Q) B(U, X), (2.3)
the Gauss-Codazzi equation

9(RuvW. &) = 9((Vu A) (V). W) = g((Vv 4) (U). W) (2.4)

<

+7(U)g(A (V), W) = 7(V)g(A (U), W),

(Leg)(X,Y) = —2B(X,Y) (2.5)

for all U, V,W € X(M),X,Y € S, and the Raychaudhuri equation[9] :

Ric(6, &) = E(H) + (&) H — | A|I%,

where H denotes the (non-normalized) null mean curvature of the null hypersurface given by

n

Hp = ZB(GZ', 6i),

=1

with {e1,...,e,} an orthonormal basis in S,. In particular, H = —&Rfé.
If B =0, then it is said that M is totally geodesic and if B = pg for certain p € C°(M),

then M is totally umbilical. Observe that these definitions do not depend on the chosen
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rigging, although the tensors B, 7 and C' do depend. Throughout, the Levi-Civita connection
on the normalized rigged structure (M, g) will be denoted V and we have for all X Y. Z eS8

C(6,X) = —7(X) = §(Ve&, X),  VxY =Vx Y —§(Vx&Y)E,
being % the connection on the screen bundle §. In particular
J(VxY,Z2)=g(VxY,Z2) =g(VxY,Z) VXY,Z€S.

From now on, we assume M to be a generalized Robertson-Walker (GRW) spacetime of
constant sectional curvature ¢ € {—1,0,1}, which will be denoted H?H(c) throughout. It
is known that such spacetime admits timelike closed and conformal vector field, say (. We
have

——n—+2

My (c)=(I xsF.g), g=—dt*+ f*(t)gr

where f (the warping function) is a smooth positive function on I, and the fiber (F, gr) is an
(n + 1)—dimensional Riemannian manifold of constant sectional curvature cg [29]. So, the
target space m+2(0) of immersion is locally isometric to one of the modele spaces : a de Sitter
spacetime S?H of curvature ¢ = 1, the Lorentz-Minkowski spacetime R?“ when ¢ = 0 or the
anti de Sitter spacetime H?H (actually the universal covering of this pseudohyperbolic space

H?H) of curvature ¢ = —1. Hence, we consider the following orientable isometric immersion

b MM () CRT,

of the null hypersurface in H?H(c) where m = n+2+c? and t = ¢(c—1)/2 with ¢ = 1,0, —1.

Due to the causal character (spacelike or null) of tangent vectors to a null hypersurface in
Lorentzian space, the induced singular metric on the null hypersurface has signature (0,n).
So the timelike concircular vector field  can act as rigging vector field for M. The closed and
conformal vector field ( has the outstanding property that there exists a smooth function
o € C®(M) (the conformal factor) such that V¢ = oU for all U € X(M). In particular
Lcg = 20g. For a closed and conformal rigging, the rotation 1—form vanishes identically

(7 =0) and & is g—geodesic. Moreover, due to the closedness of , Vyé=— ;1 (U) and

VoV =VyV + [B(U,V) — C(U, PV)], (2.6)
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for all U,V € X(M). Also, using (2.3) we derive the following useful relation linking the
shape operators A and ;1
1
A=—2) A —oP, (2.7)

where A = g((, ¢) denotes the length function of (.

For the closed rigging (, the screen distribution S, = C;‘ NT,M is integrable and gives rise
to a foliation .# on the null hypersurface. Moreover, we have shown in [II, Lemma 7] that
the conformal factor o and the length function A\ are constant through the (screen) leaves
Fp, p € M. In other words,

X-0=0 and X-A=0

for all X € S.

3. RIGGED LINEARIZED OPERATORS L, AND TECHNICAL LEMMAS

* *
The shape operator A is self-adjoint and satisfies A £ = 0. Its n+ 1 real valued eigenfunc-
* * *
tions ko= 0, k1, ..., kn are the screen principal curvatures and we let (Xg =¢,X5,...,X,)
*
denote a g—orthonormal basis of eigenvector fields of A, with span(Xy,...,Xn) = S. For
*
0 < r < n, the r — th null mean curvature H, of the null hypersurface with respect to the
*
shape operator A is given by
n + 1 * * * *
< r )HT: Z ki - kiy and  Ho= 1,
0<i1 < <ir<n
*
and the null hypersurface is said to be r—maximal if H,= 0 identically on M. The following
notations will be in use :
* * * * *
Se= Y ki ki Se= > ki ki,

0<i1 <+ <ip<n 0<i1 <--<ir<n
il?“' 7/L‘T‘¢a

In particular §0= 1 and 5*1: H (the null mean curvature).
For 0 <r <n+1, the r—th Newton transformation 7*“7« with respect to the shape operator
A is the End(I(T'M)) element given by

Inductively,
* * r* * *
To=1 and T, = (-1)"S; I+ Ao Tr_1,
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where I denotes the identity of I'(7T'M) and %nﬂ: 0 ( follows Cayley-Hamilton’s theorem).

By algebraic computations, one shows the following.

Proposition 3.1 ([9]).

tr (A oTr 1) = (=1)"1r Sr;
*2 * *x K *
6) t <A oFros) = (0 (818, (4 1) S
A

*

(6) t1F(Tr 10Vy A) = (-1)1X. g, .

Also, for the last item in Proposition replacing V by %, it is easy to show by a

straightforward computation that
* ~ * r—1 *
tr(Ty—1 oVx A)=(-1)"""X- S, . (3.8)
We recall the following from [9, Remark 3, Page 68].

Theorem 3.1. Let (M™*1 () be a normalized null hypersurface of a Lorentzian space form
(H?H(C), g) with rigged vector field & and T = 0. Then,

2«

Pro, *
& Sp= (—1) Lt <A o Ty 1> »E1G (Slsr —(r+1) STH) . (3.9)
Consequently, if §T: 0 for somer =1,...,n, then §k: 0 for all k >r.

For each 0 < r < n, the divergence of the operator 1*“7«: X(M) — X(M) with respect to
the rigged connection V is the vector field dive(i‘r) € X(M) defined as the trace of \% 1*%,
that is

= * ~ * n ~ *
div¥(T,) = (Ve Tn) (O + D (Vx, Tv) (X0).
i=1
Using the iterative formula fT: (—1)’”5}] + ;1 ) fr_l, we have
div¥ Ty= (—1)"div" (sr ) +divY (]i o i_l) .

But
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~ %
Z X Sr a — vSr .
(0%

On the other side,

¥ (Rotis) = ¥ (Fx (o fii) )

So, for all U € X(M),
g(av¥ T, U) = §(av¥ Tr1,AU) + 305 (Tr1 Xao (Vx, 4)U)
+(=1)"U- S . (3.10)

* ~ *
We compute Z§ (T,_l Xa, (V X, A) U ) using curvature relations. Before proceeding we

(03
note the following covariant derivative identity which is established by a direct computation.

For all linear operator T : X(M) — X(M) and U,V € X(M),

(Vo) (v) = (Vo) (V) + [BU.TV)E - BU,V)T¢]
5 ([AUTV) + (U, ATV))] € ~ (AU, V) + (U, AV)] T€). (3.11)

Applying (3.11)) with T :;1 and using the fact that ;15 =0and V(=0 ® I we get :

(Vo) (V) = (Vo) (V) + [(A0, 4 V) = (AU, A V)¢, (3.12)
So, for each 0 < o < m,

g (fr—l Xa, (ﬁxajl) U) = (fr_l Xa, (VXQ;Q U)

g
+ [9(A Xa, AU) = g(AXa, AU)| X §(Xx,, Ty ).

Using item (ii) in Proposition and (2.7) we see that the last term in above equality

vanishes. Hence, in closed and conformal setting,

7 (771 Xa, (V. A)U) = §(Tr1 Xao (Vi 4) U)
= 9(Tr1 Xa (Vx.A) U) w0 (Tr1 Xa) w ((Vx,d) U).
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We show that the last term vanishes. Indeed,

W(j:rfl Xa) = fj(fr—l Xaf) (=" 157‘ 1 9(Xa,6)

0 if a0
= L0 X (3.13)
(=)t S, = (=) Spmr i a =0,

*0 * *
where we use the fact that §,_;=5,_1 due to ko= 0. From (3.13)) we need to compute the

second factor just for o = 0.

o ((vxA)U) = G((Vew).e)
= §(VelaU)- A (VeU).€) = 5 (Ve(av) )
= §(Ve (AU) +C(6, AV €) = C(&, au) &y,

Hence, for 0 < a < n,

_/x ~ * * *

7 (Tr1 Xar (Vxo ) U) =g (Tr1 Xa, (Vx, 2) V). (3.14)
Now, Gauss-Codazzi equation (2.4) with 7 = 0 provides

G (RO VIWE) =g (Vo AV, W) =g (Tv AUW),
for all U, V,V € X(M), where we make use of the identity

* * *

(VuB) (V.W) = g (Vo AV, W) +w(W)g(AU, A V).

Hence, (3.14) becomes

5(5&—1 Xa, (6)(& ;1) U) =3 (E(XQ,U) Ty Xa,§>
9 (Tr1 Xa, (Vo 4) (X))

From (3.12)), the following equation holds
(Vo 4) (Xa) = (Vo A4) (Xa) = [9(AV, A Xo) = g(AU, A Xa)| €
and we get

5 (Tr 1 Xe (Vi A) U) =7 (B(Xa,U) Tt Xar) 4 (Tr1 Xa, (Vo 1) (X))
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But

9(Tr1 X (Vo A) (X)) = 7(Tr1 X (Vo 4) (Xa)
(Tt Xo)w ((% }1) (Xa)> . (3.15)

(0%
Due to the relation 1*“7",1 Xoq = (=11 §T_1 X, we see that for a # 0, w(]tr,l Xq) = 0.
Also, for a =0,

w (Vo 2)©) = 5((Yo 4)(©,€) =3 (VoA 9- A (Vo)) = 5 (A (Vue),€) =0,

hence the product w(TT 1 Xa) (( ) ) 3.15|)vanishes identically and we get

9 (Tr1 Xar (Vo 2) (X0)) = §(Tr-1 Xa, (Vo 4) (Xa) -
Therefore, for 0 < o < n,
5 (71 Xar (Vs A) (@) = (R (X U) Dot Xar)
5 (Xar (Tr1 0 (Vo 4)) (X))
Returning back to we have

’§<div€ j*_“r,U) = (dw Tr 1,AU> +Zg( (Xa,U) Tr 1 Xa,i)
+ZQ ((Tr 1 o(Vyy A)) Xa,Xa> +(-1)"U- S,
= <d1v Tr 1,AU> —i—Zg( (Xa, ) TT 9 Xa,AU)

+9 (R(Xa. ) Tro1 Xa, U) .
By iterating this process, we get the following.

Lemma 3.1. )
=~ % .2 _ * xr—1—4
g(av¥ T, U) =339 (R(Xa,o Ti Xa, A U) (3.16)
Corollary 3.1. Let

Wb M M"+2< ) C R?_—i_l—f—l-c

be a isometric immersion of a null hypersurface in m+2(c) where t = ¢(c — 1)/2 with
c = 1,0,—1, furnished with a closed and conformal rigging vector field (. Then, for all
feC>®(M).

divy To=0 and div" (% %f) = tr (% o€2f) . (3.17)
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: . . ——n+2 .
Proof. When the ambient Lorentzian manifold M "2 has constant sectional curvature c, we

—_— * *7‘717@
have for a fixed r,each i =0...r—1 and a =0,...,n the term g <R(Xa,§) Ti Xa, A U)

in (3.16)) vanishes identically. So divV 'f‘r: 0. By definition,

div¥ (T, Vf) = tr (V T, V1) = Zn: g (V. (TrVE), Xa )

a=0
and
Vx. (%’r‘ Vf) = <%XQ f’r) Vi+ j:r <6xa6f> )
So,
aw® (7, 91) = §~ (94, (T ) (X)) + Z (F, (Fx.57).x.)
= _<Vf,d1v )+tr< 5
and the second claim in (3.17) follows from div¥ ('fr) =0. O

For the sake of comparison, note that in [9] using the projected (induced) connection V

we established the following.

Proposition 3.2. [9, Proposition 3] VX € X(M),
r—1 n

« r—1l—a
g(divaT, U) = ZZQ ( (X5, 6) Ta Xz,ng U)
a=0 i=1

r—1

" Z_:; <T<212_1_a U)tr(Ag o Ta) — 7(P(Ag 0 Ta U D)

*1 *2
(Z S, 1k — )) (3.18)
Taking r = 2 and U = £ in (3.18)) leads to

0= g(div” T»,6) = Zg( (Xi,€) TiXi, §) + 7()tr(A 0 T1)

i %2
—r(AoT1 &) +Z§1E —¢ Sy

=1
_ Z Gy Ke(IL) +7(6)tr(4 o 1)

7 %2
(AOT1§ +Z§112 =& S2

=1
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E(Xia Xl)
* * * * *
of the null plane II; = span(X;,&). But Ao T1 £ =0 and tr(4 o0 7T1) =—2 Sa, so

= g(R(&, X;) X, &) stands for the null sectional curvature

where K¢(I;) =

*b %2

Z §1 Ke(Il;) = € Sp +27(€) § — Z Stk - (3.19)

Therefore, we can state the following.

Lemma 3.2. Let
¢ Mn+1 SN Mn+2< )

. . . . ——n+2
be a isometric immersion of a null hypersurface in a space My ~(c) of constant curvature c,

furnished with a conformal rigging vector field (. Then

*Z *2
& So= Z Sik; - (3.20)
In particular, for n =2
* * ok
§ S2=5152 . (3.21)
Proof. For constant sectional curvature, Fg(l‘[i) =0,i=1,...,n and since 7(§) = 0, we

obtain (3.20)) from (3.19)). O
Now, for n = 2,
%0 %2 % %2 * *2 % x %

*  *
Z S1ki=kaok, + kike=kika (k1 + kz) =5152 .
=1

*
For each Newton transformation T, we can consider the second-order linear differential

operator L, : C®(M) — C*(M) given by

Lo(f) = tr (z*y oV f) (3.22)

where 62]” = %6]" stands for the g—dual of the Hessian H/c;;_s/f of f with respect to g on M.
Observe that when r = 0, EO =Ais nothing but the Laplacian operator on the Riemannian

rigged structure (M, g). Also, the second-order linear differential operator L, defined here

in (3.22) is different from L,(f) = tr (’f} oV (Vf )) as defined in [25] where a hybrid use of

the (projected) induced connection V and the rigged Levi-Civita connection V on (M,q) is
made. But these two connections do not coincide in general. Indeed, the equality V=v

holds if and only if B = C and 7 = 0 (cf. [10, Theorem 4.1]).
From (3.22)) and (3.17) and using divergence properties, we get
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Lemma 3.3. For all f,h € C*>*(M),
~ ~ ~ ~ * o~
Lo(fh) = fLy(h) + hL.(f) + 25 (v £.T, Vh) . (3.23)
For the following orientable isometric immersion
——n+2

Y MM — M (e) TR,

of the null hypersurface in M?H(c) where m = n+2+c? and t = ¢(c—1)/2 with ¢ = 1,0, —1,

we will calculate Er acting on the coordinate components of the immersion v, i.e a function
0 _

given by <¢, a> where a € R, is an arbitrary fixed vector. We let ¥V and V denote the

Levi-Civita connections on R?if+62 and m+2(c), respectively. For all U,V € X(M),
0 ~— —
VoV =VyV —cgUV)y
which, by use of (2.6)) gives
0 ~
Vo V =VuV + BU, V)N — &) + g(AU, V)& — cg(U, V). (3.24)
In particular, for all U € X(M),
0 — ~ *
Vuv€ = Vyé=Vy§ =— AU,
Lemma 3.4. Set h = <w, a>, a € R’llif+c2 with ¢ = —1,0,1 and X\ = (¢, (). Then,

Vh=a"—(a,N - §¢=a—(a,N — ¢ — (a, &N — c{a, Y); (3.25)
Lih = (=) (=10 & +r+ DA +1) Sra | (€.0) + (1) (+1) 1 (C.a)
=1 (n = r)e 5y (1, a), (3.26)

and

Lop = (1™ (= 7)o S+ + DA+ 1) S €4 (<17 (1) S €
= r)e S5 0. (3.27)

Proof. The function h is smooth on M and for all X € X(M),

~ 0
G(X,Vh)=X h=X-(ih,a) = <vX w,a> = (X,a).
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But
a=al + (& a)N + c(h,a)ip, (3.28)

where a” € X(M) is the tangential component of the vector a projected on M in the direction

span(N, ). So, noting that w(a®) = (a, N),

GX,Vh) = (X,a” +(&a)N + (), a)p) = g(X,a") + (£,a)5(¢, X)
= g(X’ QT) - W(X)W(QT) + <€7 a>§(§7 X) = g(Xv a” — <CL, N — £>§) )

and we get Vh=adl — (a, N — £)¢ and the last equality in || follows from |)
Further, note that

0 0 * 0
Vi N=-AU —cw(U) Vy&&=—-—AU and Vyy=U,
hence, a straightforward computation using (3.25) leads to

Vo Vh = —cih,a)PU + (AU- AU, a)¢ + (N — &,a) AU
(AU, a)N + (€, a) AU — ¢(PU, a)ib. (3.29)

On the other hand, applying (3.24) with V = VA leads to
0 ~ ~ o~
Vo Vh = VoVh+ (a, AUNN — €) + {a, AU)E — ¢(PU, a)ib. (3.30)

Therefore, using (3.29)), (3.30) and (2.7) we get

VuVh = <N - %(2 + A&, a> AU — (o€ + cib, a) PU, (3.31)

which in terms of { reads
~ ~ *
VuVh = << (14N a> AU — (o€ + e, a) PU. (3.32)
It follows from (3.32)) that
Loh = tr (f o62h> - Z’g(fy (ﬁxﬁh) ,Xa)
= " [(€— 1+ € @) GTwA Xa, Xa) — (06 + e, ) (T PXa, Xo)]

= ((~(1+Nga) (Ao T,) = (o€ + e a) (6(Ty) = (<1 57
= (C1(r+ D {C = (14 N @) Sr +(=1) (0= 1)(0€ + 01, a) 5,
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Therefore,

L = (1) (0 =)o Sy +(r+ DO+ 1) Spia] (€a) + (<17 (r + 1) Sri (Ca)
HE) T = r)e Sy (),

which is 1' Extend ZT to the R}"—valued function ¢ by setting
I (R

where 1; = €;(¢,e;) and (e1,...,en) stands for an orthonormal basis of RY’; with m =
n+2+c% t=clc—1)/2 and g; = {e;,e;) = £1. We have

Lap = Y el (v, ei)e

=1
= (-1t [(n — )0 Sp +r+ A+ 1) §r+1] Z gi(€, ei)es
=1

+(=1)"(r+1) §r+1 Z gi(C eiei + (=) (n—r)e §T Zé‘,@/}, ei)ei,

i=1 i=1

= (U (=70 5+ + DO+ D) Sra | €
HU (1) S ¢+ (1) (= r)e 5, 4,

which completes the proof. Il

Remark 3.1. Due to §n+1: 0, we see from above expression (3.27) that Enq/; = 0 and that

(M, ¢) is (trivially) L,—harmonic.

Lemma 3.5. Let a € R} be a fized constant vector and U € X(M). Then,

*

Vi€, a)=— Ad", (3.33)
where a® = a — (a,&)N — (i, a)p.
~ ~ ~ * *2 1 %2 *
W) = - (Tar A)U- [(A0aT) + (3 AU+ 0 At ¢
+(€,a) (; AU+ o ZxU) + clih,a) AU (3.34)

Lot a) = (—1)"VSir,a) + (1) (r+ De Spir (0, a)
#1578~ o] S 450420 bz -6 5 ) 6. 83)
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and

L& = (1)™VS 1 +(=1)(r+ e Spir ¥
1. = * 1 * *
+(_1)T+1 (|:2)\ Sl _(T + 1>U Sr+1 +§(T + 2))\ Sri2 _5‘ Sr—l—l) § (336)

Proof. Set v = (£, a). For U € X(M),

§(YnU) = U v=U (.a)=(Vy &a) = (- AU.a)
= (— AUGT) = (U,— Ad") = §(U,— A dT).

Therefore, 6(5 ,ay = — ;1 a’'. Using this expression, we get by direct computation that for
al U, W € X(M),

(Vo Vi, W) = —<aT + (4, )N, (VU Z) W>

—(AU,W)w(a®) + (AU, W)(¢, a)
It is easy to check that if T' € End(T'M) is a self-adjoint operator with respect to g then

<(VUT)V, W> - <V, (VUT)W> +w(V)B(U,TW)
—W(TV)B(U,W) — w(W)B(U,TV) + w(TW)B(U, V).

Applying this for T' = ;1 leads to

(Vo S, W) — ~(((Vu &) a" W)+ w(W)BU A o)~ w(a")BU, AW)

* * 2 T *
0, ) (Vo A) W N ) ) = (AU, W)w(a”) + (s, a) (AT, ).
But < (VU ;1) VV,N> = <;1AU, W) and due to , we get
* 1 =2 *
(Vo A)WN) = (=22 U-caUW)
where A = ((, (). Also, by Gauss-Codazzi equation with 7 = 0, the following equation holds,
(R(U,V)E,W) = ~(R(U, V)W, &) = (Vv A)U — (Vu A)V, W),

and since the ambient space has constant sectional curvature c, the left hand side van-

ishes, which leads to ((Vy zl)U, W) = (Vu IZ)V, W). Therefore, <(VU ;1) aT,W> =
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< (vaT Z) U, W> and
0 ~ * % 2 1 =2 * *

(Vu Vo, W) = < . (vaTA) U— < A U,aT>N+ (2A AU+cA U> (€, a) +c<1/1,a>AU,W>.
and this leads to

0 ~ * *2 T 1 x2 *

VoV = — (VQTA) U < A Ua >N+<§,a) (2/\A U+UAU>

*
+c(,a)AU + B(U)E +~v(U)p. (3.37)

Taking respectively £ and 1) components both side leads to S(U) = 0 and y(U) = ¢ <;1 U, aT>.
Hence,

0 ~ * * 2 T 1 x2 *

Vo Vv = —(Vard) U= (A Ua")N+(&a)(AA U+o AU

e, ) AU + ¢ (AUaT ) . (3.38)

0 ~
Computing the same term Vi Vv using the right hand side of (3.24]), we get

0 ~ ~ o~ x2 o
VuoVv = VyVv—(AUa" )(N-=¢)
1. %2 *
—<—2AZ1 U—aAU,aT>§+c<Z1U,aT>w. (3.39)
By comparing (3.38])‘and (3.39)) and using (2.7)) we get,
~ ~ * *2 1 2 *
VoVv = —(V,rA)U — [<A U,aT> + <2)\A U+ac AU, aT>} £
1. %2 * *
+(&, a) <2)\ AU+ocA U) +c(y,a) AU. (3.40)
Finally, taking into account that
* ~ * *2 * T
(Var A)U = (Voo A)U = [(AU— A AU, ")),
we get the desired relation (3.34]). Now,

tr(j*y V)
* ~ * 1 * *2 * *
—tr (TT oV,r A> -0+ (&, a) (2)\tr(TT oA )+otr(T, o A)> +

e(,ayr (T, 0 4).

Li(ga) =
531
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and (3.35)) is straightforward from Proposition The last claim (3.36)) follows from

rg Zgz( 5761) €;

where we use (3.35) componentwise. O

Before the next statement, we recall the following from [I1, Lemma 4 (4)], where ¢ is a

closed and conformal vector field.
Ric(U,¢) = —(n+ 1)U - o, (3.41)

forall U € X(M). Since our ambient space MnH(C) has constant sectional curvature c, it

follows from ([3.42)) that

U-0=—-cw(U) forall UeX(M). (3.42)
Taking U = £ provides
£-0=—c (3.43)
It turns out that
Vo = (£-0) = —ct. (3.44)

Furthermore, for U € X(M),
VyVo = %U(—cé) =c ZlU, (3.45)

and we get

L,o =tr (]*“T (6U€J)> =(-1)"(r+1)c §T+1 . (3.46)

As for o, the function A = ({, ) is (screen) leafwise constant and VA = 20¢. Therefore,

VA = 20¢. (3.47)
Hence, for all U € X(M),
VuVA = —2ew(U)E — 20 AT, (3.48)
and
LoA=tr (fy (%Uﬁw — (—1)r! (2c S, +2(r + 1)o §T+1> . (3.49)

Following the same steps as above for the function v = (£, a), we establish the following.
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Lemma 3.6. Let a € R be a fized constant vector and U € X(M). Then,

V(¢ a)=oa’ + (0(§ = N) — e, a) &, (3.50)
or equivalently
V(¢ a) = oa+ (o(& = N) =y, a) € — o(&,a)N — co{a, 9)); (3.51)
VoViC,a) = —cw(U)d” — o (ola, &) + cla,v)) PU

~[(A+ Dola,€) = 0(a, ) — cla, ¥)] AU
{5+ NulU)E -~ uU)C + Uia) &

FGa) = (-7 [((r =70 +26) B, +r 4 DO Do Sria] (60
+(=1)"* [(n —r)ea S —(r+ 1 gﬂl} (¥, a)
—i—(—l)r(T + 1)0' ér-i—l <€7 CL>;

and

[

L.¢ = (=1 [((n —r)o? + 2¢) Sh +r+1)(A+1)o §r+1] §
H=1 (0= 7)o Sy —(r+ Ve Sra| ¥
(1) (r + 1)o S €. (3.52)

Now, we compute E,QA,Z) Starting from 1}

LW,a) = (1 0+ DL (S (G ) + (<) eln = 1)L, (S0 (0,0)
U+ DL (A1) S (60)) + (-1 =)L (0 5 (6,a)

We compute each term using Lemma [3.3, (3.33) (3.36), (3.50). (3-52)), (3-44), (3.46)), (3.47)
and (3.49):

() 4+ DL (S (@) = 2170+ Do Tr V Sriasa)
Ho+ 1) (1L S+ + Do | G
~(r+ 1) (n=1)0? +20) 5.5
+@+¢xx+maéilk¢@

* Kk *2
~r+ D[ =)o 581~ + De S
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+2c gr (6 §r+1):| <wa CL>;

~ /% T 5
(_1)r+1c(n—T)Lr (Sr <w7a>) _ (_1)r+1( _ ) [L S, ( )TJrl(n—T’)C }(%a)
Hn—m4m—rws-ﬂ FDA+1) 58 ] (€ a)
—(n = 7)(r + 1) SrSri1 (Ca)
+2(=1)"(n — r)c< 7,V S, a>;

e DL (A1) S (60) = @+ DO+D) S (V Srina)
F2(=1)(r+ DA+ 1) (T 04V G,
(1204 1)e By (6, a)
+[<%)\(>\+ 1)(r +1) Sy
~(r + 1+ 1)o) i
+%)\()\ F 1)+ 1) +2) Sri1 801
—(r+1)(A+1) Sr1 (& Spr1)
H=1) o+ DO+ 1)L, S
L2+ 1) 5501 4200+ 120 5y
~4(r + o 5y (€ Srn)] (6, 0)

() (=)L (0 5 (€a)) = (01 5 (V Srara)
+2(=1)"(n — 7)o <z*’ro AV §a)
—( r)(r+1)oc SrST—i—l (¥, a)
( r+10.L Sr

<%)\U Sy — 1)(0 + 02)) S8
+2(n —1)e Sy (& Sp) + 5A(n ) +2)0 Sy Srio
~(n =17 5, (€ Sr1)| (€. a).

Putting all the above together, we get the following.

Proposition 3.3. Let

n+2

7/13Mn+1—>M1 ()CR1+t

be a isometric immersion of a null hypersurface in the Robertson-Walker space WH(C)

where m =n+ 2+ c%, t = c¢(c — 1)/2 with ¢ = 1,0, —1, furnished with a timelike closed and
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conformal rigging vector field (. If X = (¢, () denotes the squared length function of ( and o

its conformal factor, Then,

L) = [+ D)OA+1) Spir +(0= 1) (¥ Sri1,0)
+2(=1)(r + DO+ 1) (T 0 AVSp41,a)
2(-1)"(n—r)o <(1*“7»O;1ﬁ§r,a>
+2(-1)"(r+1)o <Cl*’r§§r+1,a>
(—1)

_|_

* o~k

+2(=1)"F (n — T)C<TTVST,G>
+AL(E a) + AL(C a) + AT (Y, a) (3.53)

for a fived a € RY,;; and

L2y = |(r+1)(A\+1) §r+1 +(n—r)o| V §r+1
P21 (r 4+ DA+ D (Tr 0 AVSr 11
H2(=1)"(n =)o (Ty 0 ANS,
+2(=1)"(r + D)o Tr Vi1
A1) (= P)e Tr VS,
+ASE 4+ ASC + AV (3.54)

with Aﬁ, A,g and A}fj as follows :

AL = (=)™ +1)(A+1) rSr—i—l +(=1)Mo(n - T)ZT@
1 *2 *x2
r+1)\<2/\+1 —2(r+1)o >ST+1+c(n—r)aST

1 * *x %
+(n—r <2)\0 S1+(r+1)(eA — 202)> SrSr+1

—_

_l’_

(r+1)(r+2)AXA\+1) Sr+1Sr+2

}—‘1\3

)
+-(r+2)(n—r)Ao STSH-Q +2(n —1)ec §T (& gr)
)

(r+ 1A+ 1) Spp1 +o(n+ 3r+4) 3‘4 (& Srin); (3.55)

— N

~ % *x2 F—
Ay = (r+1) [(—I)TLTSTH +(r+1)0 S,y —(n—71)c srsrﬂ] (3.56)

and

~ % *2 %2
AY = c[(—l)rﬂ(n—r)Lr Sr+(n =128, —(r+1)2A S, 1

—2(r + 1)(n — 1) SrSre1 —2(r + 1) Sy (& Spa1)]. (3.57)
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Remark 3.2. Observe that
~ % ~ * * * ~ % * ~ *
VS,= PVS, +(§ Sr)§, TrVS,=P [Tr Vsr} +(=1)" S (& Sr)€

and similar formulas for 6§7+1 and 1*17« %ﬁm. So we get the following useful equivalent

formula for

L2 = |(r+1)(A+1) S +(n—r) ] PV Sy
+2(=1)"(r + 1)(A + 1)(Tr o A)VSTH

2(—=1)"(n — )a(TT o A)VST

+2(=1) [ VS

)

+

"(r4+1)0oP TrVSri1
2(—1)"*+ (n — r)eP T\ VS,
+ AS €+ ASC+ AY; (3.58)

+

with

A = (U™ DO+ DISes H(—1) o (n — 1) L,S,
2 2
4+ 1A <2()\ F1) 51 =20 + 1)cr> S,y +e(n—1)%0 3,

* K

1 *
+(n—r) <2>\U S1+(r+1)(eA - 202)) SrSr+1

—~

For D+ 2AN+1) St S
Fo(r 4 2) (= 1)AT 8rSrye —2(r + )0 Sr (€ Sypn)- (3.59)

[\D\ }—t[\:ﬂ =

Definition 3.1. A connected isometric immersion
W M — BT () C R™
. 1 = q

of a null hypersurface in M?H(C) furnished with a rigging vector field ¢ is said to be
L,—biharmonic if the position vector field 1 satisfies the condition E%w = 0.

Remark 3.3. Based on (3.58),(3.59), (3.56), (3.57%) and Theorem a r—mazimal null

hypersurface

G MM M () CRY

is biharmonic. For this, we fix that proper zr—bz’harmomc null hypersurfaces are Er— bthar-

monic, but not r—mazximal.
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4. EXAMPLES

Example 4.1 (Null cone torus). Let n > m > 2 be integers. Consider
M={zel"®| —af+ai+ - +al,1=0, ah o+ +a5,5=1}0{zo>0}.

It is easy to see that M = A6”+1 X ST s a null hypersurface of the De Sitter spacetime

S?H given by the product of the lightcone AB”'H of dimension m+ 1 with the n —m standard

sphere S"™™ (a null cone torus). A timelike closed and conformal rigging for M is given by

¢ =00+ zox,
with (null) rigged vector field
1
é-: - (:E[)a'xla"' 7$m+170;" 70>
T
Then the shape operator is
0 e 0
1
;l ~ o I ‘ 0
0 On—m
0

and we get that

H,= (4.60)

0 if m+1<r<n+1

Based on Remark we see that M = AE”H XS s Ek—bihmmonic form+1 <k <n+1.

Example 4.2 (Null cone cylinder). Let 1 < m <n — 1 be integers, and
M={zel"?| —ad+al+ - +22,,=0, x>0}

This null cone cylinder Ag‘“ x R*™™ s a null hypersurface in L™ 2, for which a natural

timelike closed and conformal rigging is given by the constant vector field

¢=0d
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with corresponding rigged vector field

1

f: - (l‘o,xl,...,.Z‘erl,O,...,O).
Lo

Similar computations as in above Example show that the hight order mean curvatures

are given as in and A6”+1 x RP=™ 4g Ek—biharmom‘c form+1<k<n-+1.

5. PROOFS OF MAIN RESULTS
5.1. Proof of Theorem The L,—harmonicity condition reads

0=Lv = (=1 |[(n=1)0 5 +(r+ DA S €+ (1) (r+ 1) S ¢
+(—1)"! [c(n —r) §T }w.

This is equivalent to

§7~+1: 0, o 5*7: 0 and ¢ §T: 0.

Obviously, due to Theorem if §r: 0 the above system is satisfied. Assume g'ﬁé 0. Then,

§T+1: 0 and o = 0 and the latter implies ¢ = 0 due to (3.43]). O

5.2. Proof of Theorem We prove cases n = 1 and n = 2 separately.

e Casen = 1.

From (3.54)) withn =1 and r =0,

T * ~ * * ~ % «&
Ly = [(A +1) S1 430 | PVS1 +2(A + 1) AVS) + Ay £ + ASC + ALy,
with
*& ~* A * *2
Ao = —(A+DAS +§[(A+ 1) 51 —30] S,
+(eA — 20?) §1 —20(&- §1) + co, (5.61)
C ~ % *2 *
Ay = AS1+08—cS1 (5.62)
and

*2 * *
Ag) = c[c —AS; =20 51 —2(§ S1) (5.63)
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* ~
where we used Sa= 0. Therefore, the condition L(Q)w = 0 is equivalent to

(A+1) 51 +30 <

* ~ % *
P = — P . 4
APV S, 20t 1) VS1 (5.64)
~ x *2 *
ASi+0 8 —cS51=0 (5.65)
*2 * *
c[c NS, —20 81 —2(6- 51| =0 (5.66)

~ % A * *2 o * *
~(A+ A8 +5 [()\ +1) 5 —30—} Sy +(eh —20%) S —20(6- S1) +co=0.  (5.67)
Assume PV 5“175 0. Then, we see that PV 5’1 is an eigenvector field of ;1 with

eigenfunction (a screen principal curvature)

(A +1) §1 +30
200+ 1)

Since the null surface M is 2—dimensional, it follows that I;: 0 or E:él. But each
* *

of the two cases implies S1=S1 (0, A) which leads to a condradiction since o and

A are leafwise constant. We conclude that P%g“l: 0 and §1 is leafwise constant.

*
Observe that by the Raychaudhuri equation , if §1 is constant on the whole M,

this constant is zero. But the case ¢ # 0 implies 3’1# 0. Indeed, 5‘1: 0 in (5.67)) leads

to o =0on M and ¢ = —£ - ¢ = 0 which is a contradiction. Hence, for ¢ # 0, §1
is not constant on the whole M. To go further, let (£, X) be a local g—orthonormal

~ 2
basis of M. Since v§1: (& §1)5 :§1 & we get

~ ~* *3

~ %k ~ ~ % ~ *2 ~ *2
A S1=9(VeVS1,6) +9(VxVS1, X = g(Ve(S1 £),8) +9(Vx(S, €),X) =5 . (5.68)

Consider the case where ¢ = 0 and assume 5’175 0. From (5.65) and (5.68) we get

2
(5’1 +0) 5’1: 0. Therefore §1: —o. Then we get
2 *2 *
o :Slzf Si1= —f'U:CZO.

*
Therefore, 0 = 0 on M and S1= —o = 0 which is a contradiction.

e Casen = 2.

With r» = 0, equation (3.54)) reads

~ * ~ * * ~ % *5
Ry=[0+1) &5 +40} PVS; +2(A+1) AVSy + Ag &+ ASC + Ay, (5.69)
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with
& ~ % 1 * *2 1 * 9] *
ho = O+ DA S +A[(A+1) 51 =20 §) +2[520 51 +e - 207 51
+AA+1) 5’15’2 +2\o 5’2 +4co — 20 (& §1) (5.70)
~ x *2 *
Ay = ASi+08, —2¢5, (5.71)
and
w *2 * *
AO = C 4C— )\ Sl —40 Sl —2(§ Sl) . (572)

Therefore, the biharmonicity condition amounts to

(A+1) Sy +do_~ =

* ~ * *5
=— P =0, A= d Ay =0. :
APVS, 20+ 1) VS1, Ag=0, o0=0 an 0 (5.73)

Assume P%él;’é 0. Then we see from the first equation in (5.73) that

s (A+1) 8 +Ho
= 2N+ 1)

is a screen principal curvature. Also, it is easy to see that the screen shape operator

is (with ko= 0),

0 0 0
00 0 .
. . o (A1 S o .
A=10 k1 0] = 2\ + 1)
0 0 Jo

3(A+1) 1 +do
2\ + 1)

From Raychaudury equation and due to 7(¢) = 0 and Ric(¢,€) = 0, we have

e — 1[50+ 1)2 & +16(A+ D)o &1 +1602 (5.74)
5'51—m[(4‘)51+ A+1)o S + O’] .

Now, we treat the cases ¢ = 0 and ¢ # 0 separately.

Assume ¢ # 0. Eq. (5.74) in the last equation in (5.73|) yields
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x2 4o(A+5) * 1602
A —de = 0.
(A+5) 5, + N1 Sl+(>\+1)2 c=0

But, A+5 # 0, otherwise we get ¢ = 0 from (3.43)) and (3.47)) which is a contradiction.

* *

So, S1=S1(A, o). Therefore, since A and o are (screen) leafwise constant, the same is
* ~ %

for S1 and we get PV,S1= 0 which is a contradiction.

Assume now that ¢ = 0. It follows from the third equation in (5.73)) that

~ *2

ASi=-03. (5.75)

Also,
x 1/ %2 x \ G7) 3 x2 4o« 402

Therefore, by replacing the expressions (5.75)), (5.76) and (5.74) in the second equa-
tion in (5.73]) we get
2 3

1 x3 1 x2 Ao 9
Z>\()\+1) Sq +§(11)\+8)a S, + A +204+2)=0

A+1

which is polynomial in 5*1 with degree 3 since A(A + 1) # 0. Therefore, §1:§1(A, o)
which implies again a contradiction PV 5’1: 0 since A and o are (screen) leafwise
constant. Finally, we conclude that P€§1: 0 and 5‘1 is (screen) leafwise constant.
Now we are interested in knowing whether 5’1 can be globally constant over the

whole hypersurface M, in which case this constant would necessarily be zero. For

this, observe that due to (5.72) and the last equation in (5.73)), ¢ # 0 implies || ;1H2 =

*
& §17# 0 and the answer is negative. It remains to analyze the case where ¢ = 0. Use

(5.71]) and the third equation in ((5.73]) to get

~ % *2
Also, 0 = ¢ = —£ - 0 and being leafwise constant, we see that o restricts to a constant

over the whole M. Assume this constant to be zero. From the second equation in

(5.73) and (5.70) we get

*  x2 *

S1(S1 +2 S2) = 0. (5.78)

* *
In this relation, assume S2# 0, then by Theorem S1# 0 and we get

1 /%2 * * 1 =2
5 (Sl —5' Sl) =So= —5 517
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* *2
ie & S1= 2 S,. Before we go further, we note the following. Choose a local
*
g—orthonormal frame (Xo, X1, X9) consisting of eigenvectors of A such that Xy = &

and X1, Xy € I'(S). Then, by a straightforward computation, &31: £ (& 3’1)—(5- 5*1

*3 *

~ 3
)5*1. Therefore, 0 = A§1: 4 §1 —2 81, thus, §1= 0 : a contradiction. So, in (5.78)),

* *
we have So= 0 and consequently S1= 0. Now, assume that ¢ restricts on M to a non

*
zero constant. Substituting (5.77)) and S92 in the second equation in (|5.73|) yields

*3 *2 * * *
AMA+1) Sy +(A+ D)o §; —40* 51 — [AA+1) §1 +(A + 2)0} (& S1)=0.
Taking again derivative with respect to £ both side leads to

AA+1)(¢ 5*1)2 + [—2)\()\ +1) 5? +(BA+2)o §1 —I—GUQ] (& 51)

* 2
- [(5A +2) 51 +A2 + oA+ 40} o 5=0 (5.79)

Observe that since &- §1: 0 implies 5*1: 0, we infer that &- 5*1 is solution of Eq.
(5.79). Consequently, we have

2 *
AN +1) 5y —(3\+2)o 51 60

AT . (5.80)
(5A+2) S1 4N £ oA+ 40| §=0

£ Si1=

& §1= 0 or

*
Observe that S;= 0 is incompatible with the second system in (5.80|) as it implies

o = 0 which is a contradiction. So, for this system, 5’175 0 and we get
(5A+2) §1 +A2 + oA + 4o = 0.

But 5\ 4+ 2 # 0, otherwise 20 = ¢ - A =0 and ¢ = 0, a contradiction. Therefore,

* A+ oN+4do

= .81
51 SA+2 (5:81)
from which we get
& S1= 20 [5A% + 4) — 180] (5.82)
(BA+2)2 ' )
Replacing (5.81)) in the first equation of the system in (5.80)) yields
* A+ or+40\®  3A+2 M 4or+4 602
€ 5=2 +oA+4do + + oA+ 007 o . (5.83)
BA+ 2 AA+1) BA+2 AAF1)
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From (5.82)) and ([5.83) we see that A = A(0) = const i.e 0 =& - XA =20 i.e 0 =0 and
this is a contradiction. So the second expression of &- 5’1 is not admissible and we
conclude that &- 5‘1: 0 is the only one solution, and this implies ,§1: 0 and the proof

is complete. O

5.3. Proof of Theorem From (3.54) with n =1 and r =1,
=9 * ~ * * * o~ % * ~ * *E C ,[/)
L =2(A+1) S2 PV Sg —4(A+1)(T1 0 A)V S2 —40P T1 V.S2 + Ay E+A¢C+HAT Y, (5.84)

with

*

*& ~ % 1 * *2 jo s
A=2\+1)L; So +2)\<§(/\ +1) 51 —40) So +3AA+1) S283 —40 S1 (& S2)

C ~ * * ¢ *2 * *
A1:2[—L1 5y +2052], and AY :—4c[A52+51 (€ S2)|.

But for the null surface M?2, we have §2:l::ol:‘1: 0. So, E%zp = 0 and M? is L1 —biharmonic
and item (1) is proved.

Let n =2 and r = 1 in (3.54). We treat separately the cases 0 = 0 and o # 0.
e For 0 = 0 we see that ¢ =0 and A\ = cste. So,
~2 * ~ % *x X *2 ~ % *é‘ 4— ’lZ}
Litp =2(A+1) So PV So —4(A+1)(= S1A+ A )PV S2 + Ay §+AjC+ ATy, (5.85)

with
*g *  * C ~ * ’d}
Ai=AA+1) 8182, Aj=L1 S2 and A} =0, (5.86)

* ~
where we used S3= 0. From the L;—biharmonicity condition, the first equality in

5.86|) yields 5'15’2: 0 which implies 5*2: 0. Indeed, if éﬁé 0 then 5’2: 0. Now, by
* *
Theorem S1= 0 implies So= 0.
e For o # 0,

~ * * ~ * *2 ~ %
Ly = [2(A+1) So +40 S1 +0':|Pv52 +4(A+1) |:<81 —M>A A]PVSQ
* *2

—2¢ 5, NS, +20 [(51 +§) A-A ] NS+ A1 €+ ASC+ AV,

*
Assume S is % —leafwise constant. Set

* * o
D= <Sl _A+1)

*2

s *
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The Zl—bihamonicity condition implies

D VS L3 7 (48 +1)| VS 5.87

D PVSy= — §S2+m( S1 +1) Sa . (5.87)
*

Observe that £ is also an eigenvector field of l*) associated to the eigenvalue Ag= 0.

Also, f) is diagonalizable and

* * o *
trace(D) = 2 S R S1 -

Assume PV 5’27& 0. It follows from ([5.87)) that

WES S
N PRV TOWEE Rt
is an eigenfunction for f) Observe that ;\17& 0. Otherwise, 5*2: 2()\_7_7:1)(4 §1

+1) which implies % 5‘2: 0 and this is a contradiction. We find that the third

*
eigenfunction of D is

* ; * * 5 * o
A= raCG(D)— A= 5 S2 +m-

Without losing generality we can choose a local g—orthonormal frame field consisting of

eigenvector fields of 1*) such that

~ %

P
Xo=¢& Xi= %fQ €T(S) and X, €I(S).
‘PVSz‘

In this local frame, 1*) takes the form

X 0 0 0 0 0
* * 1* g *
_ _ — |1 T (45 +1
=10 x 0 |=|0 ~[aStpUsitD 0
0 0 A 0 0 5 Gyt
I 1| 222 T4+ 1)

Taking into account the &, ¢ and 1 components we also derive the following equations :

3 ~ % ~ % 1 * * *2
Ay = 2(A+1)Ly S2 +oL; S1 +2X [2(/\4- 1) S1 —4o| S2 +co S,

*

1 * * ok *
+ 5)\0 S1 +2¢(ch — 202)} S1S2 —40 51 (& S2) =0; (5.88)
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C ~ * *2 * ok
2A1 = —L1 89 +20 So —c §1S2= 0; (5.89)
1/) ~ * * * *2 * % * *
AT = c¢|L1 S1+cS1+cS1—4X Sy —40 S182 —4 51 (& S2)| = 0. (5.90)

* * *x ok ~ *
Observe that since S3= 0, we have £- S9=5152. Let us compute L1 Si.

L S1= ﬁ(il*ﬁ 0656 §1,§) +§<’l*’1 oVx,V §1,X1) +§(f1 oV xaV §1,X2>

~ % *2 *
where V §1= (£ 51)§ = (S; —2 S2)€. Computing each term leads to

*x2 %

* ~ ~ % *4
g (:m oVeV sl,g) — 28, +6 5,55

* *2 *

5(%1 O§X16 §1,X1> = g(fﬁ oVx2V §1,X2> =852 (S; —2 S2).

So,
~ % *2 % x4 *2
L §1=38 5152 —2 Sl —4 SQ . (591)

Assume ¢ # 0. From (5.90) and (5.91)),

*2 *2 *

* *4 *
—4(A+1) Sy +[4 5, —40 S1] S2 =2 81 +¢ S1=0.

Hence, since A + 1 # 0 we see that 5'2:5’2 (g‘l,)\,a) and this implies P@g*g: 0 which is a

contradiction.

_ 2
Assume ¢ = 0. We get from (|5.89)), L1§2: 20 §2 with o constant on M. Using (/5.88]), we

derive
*2 1 x2 9 9y * * x4
4NSy + | (4 + 5)\)0 S1+AN+X—40%) S1 —4oA| S2 —20 §;=0.

But A < 0 since ( is timelike. So, 5*2:5’2 (§1, A, 0) and this implies P@f%: 0 which is again
a contradiction.
Finally, we conclude that 2 §2: 0i.e 5*2 is leafwise constant in the screen foliation .%.
Assume that §2 and hence [}2 is constant on the whole null hypersurface M3. Then

* * ok *
0=¢ §2=95152 and this implies again S2= 0 as shown in previous argument above. O

Discussion. Consider the case where the rigging is a unit timelike vector field, i.e A =
(¢,¢) = —1. Due to VA = 20€ and £ -0 = —c¢, we get 0 = 0 on the null hypersurface M

and ¢ = 0. Hence, when the rigging ¢ is a timelike unit closed and conformal vector field,
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the target space of immersion is necessarily Minkowskian, and ¢ is a Killing vector field in a

neighbourhood of the null hypersurface. Moreover,

29 = [(=1"(r+ DI Sen] ¢

Consequently, the null hypersurface connected isometric immersion ¢ : M"*t — R?H

furnished with a timelike unit closed and conformal vecor field (a Killing rigging ) ¢ is

r—biharmonic if and only if E,@TH: 0.
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