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EXISTENCE OF GLOBAL ATTRACTOR FOR A MODEL OF
SUSPENSION BRIDGE

FATIMA ZOHRA MAHDI, ALI HAKEM*, AND MOHAMED FERHAT

ABSTRACT. The goal of this paper is to establish a well-posedness result and the existence of

a finite-dimensional global attractor for the following model of a suspension bridge equations:

et + A%u — Au+ up — / w(s)A%u(z,y,t —s) ds+h(u) = f, in QxR".
0

Furthermore, the regularity of global attractor is achieved. This results extend previous

works

1. INTRODUCTION

From the physics point of view, the suspension bridge equation describes the transverse
deflection of the roadbed in the vertical plane. The suspension bridge equations were pre-
sented by A.C. Lazer and P.J. McKenna[l] as new problems in the field of nonlinear analysis.
Lately, similar models have been studied by many authors, but most of them have only con-
centrated on the existence of solutions, (see for instance [7,8] and the references therein),
while the existence of the global attractors for the suspension bridge equations are most of

our concern.
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Recently, S. Liu and Q. Ma [4] studied the long time dynamical behavior for the following

extensible suspension bridge equations with past history
ug + up + A%+ (o — ﬁHVUH%g(Q))AU - / w(8)A%u(t — s)ds + ku™ = g(z) in QxRT.
Q

They proved the existence of the global attractors by using the contraction function method
and the regularity. We point out here that C.K. Zhong and Q. Ma [9] proved the existence
of strong solutions and global attractors for the suspension bridge equations. Related to
this subject, we can mention the work of J.Y. Park and J.R. Kang [10,11]. In that papers,
they obtained the existence of pullback attractor for the non autonomous suspension bridge
equations and the existence of global attractors for the suspension bridge equations with
nonlinear damping.

The recent work of A. Ferrero and F. Gazzola [2], suggested a rectangular plate model
describing the displacement of a suspension bridge in the downward direction. The plate

Q= (0,7) x (—I,1) is assumed to be partially hinged on the vertical edges
u(0,y) = u2x(0,y) = u(m,y) = tae(m,y) =0, Vy € (=1,1),
and free on the horizontal edges
Uyy (2, 1) + oUzy (2, £1) = uyyy(x, £1) + (2 — 0)Uggy(x, £1) — uy(x, £1) =0, Vz € (0,m).

They established the well-posedness and discussed several other stationary problems. We
also recall the results by S.A. Messaoudi et al ([5,6]), where the authors investigated the

following problem
Ut + AQU + h(’LL(fE, Y, t)) + 5lut(xv Y, t) + 52Ut($, yat - 7-) = f’ in ()X (07 OO),

which describes the downward displacement of a suspension bridge in the presence of a
hanger restoring force h(u) and external force f which includes gravity and a delay term
which accounts for its history. They proved the existence of a finite-dimensional global
attractor. For more details on suspension bridge models, we refer the reader to the new
Book on mathematical models for suspension bridges by F. Gazzola [3]. Motivated by the

previous works, in the present paper we investigate the problem ({1.1)) in which we contribute
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to the results obtained in the cited references.

(

ug + A%u — Au A+ uy — /000 w(8)A%u(x, y,t — s)ds

+h(u) = f, in QxRT,

u(0,y,t) = uz(0,9,1) =0, for (y,t) € (=1,1) x RT,

u(m,y,t) = uge(m,y,t) =0, for (y,t) € (—=1,1) x RT, (1.1)
Uyy (@, £, 1) + ouge(z, £1,) =0,  for (x,t) € (0,7) x RT,

Uyyy (T, £1,8) + (2 — 0)uggy (@, £, 1) — uy(x, £1,t) =0, (z,t) € (0,7) x RT,

U(l’,y,t) = uO(m7y)aut($7yaO) = ul(x,y)v in €,
where Q = (0,7) x (=,1) C R? and f € L?(Q2). The memory kernel g : R — R* is an

absolutely continuous function which may possibly blows up at 0.

2. PRELIMINARIES

We present the following conditions about memory kernel

(Hy):pe CHRY)NLYRT), 4/(s) <0< p(s), VseRT,
(HQ)lel—/ p(s)ds =1—pg >0, VsecRT,
0

(H3) : i/ (s) +du(s) <0, VseRT, §>0.

Concerning the forcing term h : R — R, we assume that
(G1) : h(0) =0, and |h(u) —h(v)| < Ko (1+ |[ulP + |v|P)|u—v|, Yu,veR, (2.2)

where Ko > 0 and p > 0. Condition p > 0 implies that H2(Q) — L>®+t1)(Q). In addition,
we assume that

— K1 < H(u) < h(u)u, YueR. (2.3)

As in C.M. Dafermos [12], we introduce the relative displacement past history function as
o' (z,y,s) = u(z,y,t) —u(z,y,t —s), (z,y,s) € QxR t>0. (2.4)
Notice that ¢ satisfies the equation
¢y + ¢y — up = 0, (2.5)

with the boundary condition

¢t($7ya 0) =Y,
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and the initial condition
¢0($7 Y, S) = UO(SU, y) - U(SU, Y, _8) = w(s),
where w represents the history of u. Consequently, problem ([1.1)) becomes

U + (1 — / ,u(s)ds) A%u — Au+ up
- 0
+/ () A2t (s)ds + h(u) = f in Q x (0, 00), (2.6)
0
P+ ¢l —up =0, in Qx(0,00),
with the boundary conditions
U(O,y,t) = uzx(ovyat) =0 for (yvt) € (_l7 l) X RJF)
U(?T,y,t) = ul“w(ﬂ-7y>t) =0 fO’I“ (y7t) € (_lv l) X R+7
Uyy(x, £, 1) + ougy(z, £1,t) =0, (z,t) € (0,7) x RT,
Uyyy (@, £, 1) + (2 — 0)ugay (z, £, ) — uy(x, £1,t) =0, (z,t) € (0,7) x RT,

¢(0,y,5) = ¢4 (0,y,5) =0, for (y,s) € (=1,1) x RY, 0
¢ (m,y,8) = $ou(m,y,5) =0, for (y,5) € (—1,1) xR,
by £l s) +o¢l, (z,£l,5) =0, (x,5) € (0,7) x RT,
Zyy(x, +1,8) + (2 — J)qﬁfcw(x, +l,8) — qﬁty(x, +1,t) =0, (z,5) € (0,7)xRT,
and the initial conditions
w(z,y,0) =uo(z,y), w(z,y,0)=ui(z,y), in Q
(2.8)

(ZSO(x,yaS) = QZ)O(l‘ayaS) = UO(‘Tay) - U($,y,—8), in  §2x [0’+OO>

We will use the standard functional space and denote (.,.) be a L?(£2)- inner product and

||.|l, be LP(£2) norm. Especially, we take
H=Vy=L*Q), V=V =H}Q),
with
H2(Q) = {€ € H*(€),6 =0 on {0,7} x {~L,1}},
equipped with respective inner product and norm,

(u,v) = (Au, Av),  |ully = [|Aullo.

Define
D(A) = {u € HY(Q) such that q; holds},
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where Au = A?u, and equip this space with the inner product (Au,Av), and the norm

| Aul|3 = (Au, Au). We have the following continuous dense injections
DA cVCH=H"CV",

where H*, V* are the dual spaces of H,V respectively.

We consider the relative displacement ¢ as a new variable, we introduce the weighted L?-space
oo
Li(RﬂVg) = {gb :RT — V; such that /0 M(s)”gb(s)H%/ids < oo}7
which is a Hilbert space endowed with inner product and norm

(4, V), = /0 () (ulr) o) vidr,

Jull v, = (s = [ R i=0.1.2
respectively, where Vo = D(A%) and V3 = D(A). Finally, we introduce the following Hilbert
spaces
Ho=V x Hx Ly(R";V), My =D(A)xV x L(R; D(A)),

equipped with the norms
s e, Bllpg = 1 Aull3 + [luell3 + 16115,

and

. 2 t)12
||u’ ut7¢||'H1 = ||VAUH2 + HvutH + ||¢5 ”,U,,D(A%).

Using the Poincaré inequality we obtain
Mv]3 < [Av]l3, Yo eV,

where \; denotes the first eigenvalue of A%y = v in €.

In order to obtain the global attractors of the problem (2.6)-(2.8), we need the follow-
ing theorem. The well-posedness of problem (2.6)-(2.8|) can be obtained by Faedo-Galerkin
method (see[13]) and combining with a prior estimate of 3.1, we omit and only give the

following theorem.

Theorem 2.1. Assume that assumptions (H1) — (Hs) , (G1) hold and f € L?(Q2). Problem
(@—(@ has a weak solution (u,u;,¢) € C([0,T),Ho) with initial data (ug,u1, ") € Ho,
satisfying

we L®(0,T;V), w € L®0,T;H), ¢ecL>0,T,L(R"V)),
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and the mapping {ug,u1, p°} — {u(t), us(t), ¢t} is continuous in Ho. In addition, if 2*(t) =
(ui(t),ui(t), ¢*) is a weak solution of problem —(@ corresponding to initial data 2*(0) =

(ud, ul, 8%), i=1,2, then one has
l21(8) = 22(t) I35 < €[|21(0) = 22(0)[|34, ¢ € [0,7],

for some constant ¢ > 0.

The well-posedness of problem — implies that the family of operator S(t) : Ho —
Ho defined by
S(t)(uo, ur,¢%) = (u(t), ue(t), ¢'), =0,
where (u(t), u(t), ¢') is the unique weak solution of the problem (2.6)-(2.8), satisfies the
semigroup properties and defines a nonlinear Cp-semigroup, which is locally Lipschitz con-
tinuous on Hg. Now, we recall some fundamentals of theory of infinite dimensional systems

in mathematical physics. These abstract results will be used in our consideration.

Definition 2.1. A dynamical system (H,S(t)) is dissipative if it possesses a bounded ab-
sorbing set, that is, a bounded set B C H such that for any bounded set B C H there exists
tp > 0 satisfying

S(t)B C B, Vt>tp.

Definition 2.2. Let X be Banach space and B a bounded subset of X. We call a function
®(.,.) which is defined on X x X a contractive function on B x B if for any sequence

{zn}32, C B, there is a subsequence {xni}72, C {an}ie,, such that

lim lim ®(zpk, n) = 0. (2.9)

k—o0 =00

Denote all such contractive functions on B x B by €.

Definition 2.3. Let {S(t)}+>0 be a semi-group on a Banach space (X, ||.||) that has a bounded
absorbing set By. Moreover, assume that for € > 0 there exist T = T(By,€) and ®7(.,.) €
&€(By) such that

1S(T)z — S(T)y| < e+ ®r(z,y),Y(z,y) € Bo,
where @7 depends on T. Then {S(t)}i>0 is asymptotically compact in X, i.e , for any
bounded sequence {y,}5° 1 C X and {t,} with t, — oo, {S(tn)yn}r>, is precompact in X.

Theorem 2.2. [1/] A dissipative dynamical system (H,S(t)) has a compact global attractor

if and only if it is asymptotically smooth.
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Our main result in the following

Theorem 2.3. Assume that assumptions (Hy)—(Hs) and (G1) are fulfilled. Let h € C*(R,R)
and f € L?() be given. Then the dynamical system (Ho, S(t)) corresponding to the system
(2.6) — (2.8) has a compact global attractor A C Ho, which attracts any bounded set in H,

with | [o-

3. GLOBAL ATTRACTOR IN Hj

In order to prove Theorem [2.3] we will apply the abstract results presented in Section 2.
The first step is to show that the dynamical system (Hg, S(t)) is dissipative. The second step
is to verify the asymptotic compactness. Then the existence of compact global attractor is

guaranteed by Theorem

3.1. A Priori estimates in H. First, taking the scalar product in H of the first equation

of (2.6) with v = u; + u, after a computation, we find

1d
3 (1013 + 180l + 1vulg +2 [ H(do—2 [ fuds ) + otlaulf + 613 o
(1= 0)(a ) + (8 )+ 006 0 0 | Wwyudo =0 [ fude =0,
Exploiting (H;) — (Hs) and Hoélder inequality, we have
(1= 0)(ur,v) = (1= O)oll3 — 61 — ) (u,v),
@y = (80t )y = 56+ [ )6 e s
1d 1 d
5l 5 [ LI .
3.11
1d 1 [
Ny~ [ W) s
1dt2 o [ 2 . Ldy g0 O\ 2
> 5 l0 By 5 [ uee s = 5516 Ry + 5112
¢ ty2 (1-1)6? 2
(0", Wy > ||¢ ey = 51 Aullz.
We choose 6 small enough, such that
(1-00 6 1 1
1— — T >1-0, ——60>-
) 201 T 6, 2 b= 4’
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then combining with Hoélder, Young and Poincaré inequalities, we obtain

o (1= S5 ) 180l + (- )l - 001 - )0
26 (1= S50 1l + - ool - \ﬁHAullgH ol
> ot (1- S50 ) haulg + (- oyl - ( I8l + 3l013) (3.12)

1-06" 6 1
—01(1- - Sy

1
> 01(1 = 0) | Aull3 + 713

Collecting with (3.11)) and (3.12), there holds

d
& (10l 018wl + 17l + W0 + 2 [ Htde —2 [ fudo)

1 5
*HvH% +2601(1 — 0)|| Aulf5 + 260( Vul/3 + §H¢tHZ,v (3.13)
+26/ w)udz — 29/ fudx <0.
1 1
Provided that 6y = min{2ez <(1 —9)— 4> 29, % 2 } let
E(t) = vll3 + UAullz + [Vull3 + 1'% v + 2/ H(u)dz — 2/ fudz, (3.14)
Q Q
and
I(t) = ||oll3 + Ul Aull3 + [ Vull3 + 6117 v + 2/ h(uw)udz — 2/ fudz. (3.15)
Q Q
We have
d
It 3.16
S0+ 001(1) <0, (3.16)
which implies
t
B(t) < —6, / I(r)dr + E(0), (3.17)
0

where
E(0) = |juy + Oug||3 + || Auo|3 + || Vuol3 + HqﬁOHZy +2 /Q H(ug)dx — Q/qugdx. (3.18)

Noticing that (2.3))and (3.14)-(3.15)), and using the compact Sobolev embedding theorem we

get
A1+ 26

B0) 2 ol + (1= 215 20 ) w4 IVl + 16y~ M1 (319

Similarly

A1 + 26,
102 ol + (1= 2520 ) 8wl + IVulf + 16l — 00, (320)
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2 A1+ 26
where M; = )\—Hf”% + K1|9|. Therefore, let % <l,and 0 < 0y < A (I — 1), we have
1 1
A1+ 20
[ — —— . 21
o >0 (3.21)

Associated with (3.19))-(3.20)), there exists a positive constant C; such that

E(t) > C1 (||ll3 + Ul Aull3 + [IVul3 + [|¢']

i,v) — M, (3.22)

I(t) = C1 (|Ivll3 + Ul Aul3 + | Vull3 + [l¢*

i,v) — M. (3.23)

So we deduce from (3.22)-(3.23)) and (3.17)) that

Cr (11el3 + Al + I Vul3 + 1612, ) — M1 <

¢ , , X , (3.24)
—90/0 [C1 (0113 + Ul Aullz + [IVull3 + [[6'[5,v) — Mildt + E(0).
Thus, for any p? > ]g—ll, there exists t9 = to(B) such that
lo(to) 13 + Ul Au(to)ll3 + | Vu(to)ll3 + 16 (to)llv < o1, (3.25)

and we end up to.

Lemma 3.1. Assume that assumptions (Hy) — (H3) and (G1) hold and h € C(R,R), f €
L%(Q), then the ball of Ho, Bo = By, (0, p1), centered at 0 of radius p1, is an absorbing set
in Ho for the group S(t). For any bounded subset B in Hy, S(t)B C By fort > to. There

exists a positive constant 1 > p1 such that
AUl + (vl + (Va3 + 116y < Bt Ve to. (3.26)
3.2. Existence of global attractor. First we prove an important Lemma.

Lemma 3.2. Under the hypotheses of Theorem there exists a constant ps > p1, such
that

IV AUl + ([ Vue 3 + (|6l vt > to. (3.27)

< 2
pD(AT) = ok

Proof. Multiplying (2.6); by —A¢ = —Au; — 0Au and integrating over €2, we get

1d
§%<ZHVAuH% + || Vs3 + HAuH%) + 01|V AU + 0| Aull2
+ (1= 0)(us, =A¢) + (&' ur) g +0(850) g (3.28)

+ (h(u), —As) + (f, As) = 0.

Similar to previous estimates, we see that

(1= 0)(ur, —A¢) = (1 = 0)[|V<]|3 — 6(1 — 0)(Vu, V),
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1
t 112 + Z110t)2
(¢',w) SIS g+ 512

p,D(A% _2dt

and

” L8
oy 2~ 310 g~ S A

0(¢",u)

c.o

Whereupon

)HVAHQ (1~ 0)[Ve]3 — 0(1 - 0)(Vu, V)

)HVAUHQ *HVG\I%-

Then we get from ([3.28))
1d
2 dt D(at)

0 t112
- el < _
IIV<H2+9||AUII2+ 2T, pazy < (hlw) = £, 49).

(wVAMb+Hde+HAwb+www2 )+ﬂZ1— )|V Au2

(3.29)

Similarly, exploiting the bound ||ul|3 < ¢, which implies that ||h(u)||? < c and
(h(w) = f, Aug + 0Au) < ([[h(u)[[Zoe + IF13) (|1 Auell3 + [ Aull3) < c. (3.30)

So, we have
1d
2dt

0
+29lHVAUHz+*HV<HQ+29HAUHQ+ WHQ pt) = 26

(mVAMb+Hde+HAMb+M¢H2 )+2m1—emvam@

pat) (3.31)

Thus, denote

F(t) = UVAulz + [Vel3 + 1Aull3 + 612 s

We easily get

7 F(t)+60F(t) < C,

where 0y = min{26’(1 —0),20, %, 5}, C = 2¢. By the Gronwall Lemma, we get

¢

Oo

Using the fact that F(¢) > ||[VAu|3+[|[Vue|3+|¢'|*> 5, then (3.27) holds. Next we show
,

D(A1)

F(t) < e %'F(0) +

an essential inequality to prove Theorem )

Lemma 3.3. Under the hypotheses of Theorem [2.3, given a bounded set B C Hy, let z1 =
(u,uz, @) and zo(t) = (v, vy, €) be two weak solutions of problem (2.6)-(2.8) such that z1(0) =
(ug, w1, #°) and 22(0) = (vo,v1,£°) are in B. Then, we have Vt > 0

t
ua@—wxmmosaﬂmamw—@ww%+faéeﬁﬁﬂwM@—wﬁﬁmﬂﬂa<&m>
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where v1 > 0 is a small constant and p,Cs are positive constants.

Proof. Let us fix a bounded set B C Hy. We set w = u —v and ( = ¢ —&. Then (w,()

satisfy
wyy + 1A% w — Aw + wy + / 1(s)A%¢(s)ds + h(u) — h(v) = 0,
0 (3.33)
G = —Cs + wy,
with initial conditions
w(0) = ug — vo, we(0) = ur — v1,¢” = do — &o.
Taking the scalar product in H of (3.33)); with ¢ = w; 4+ 6w, we have
- (UAw]3 + (I3 + [ Vwll3) + 6] Awl]3 + ]| Vewl3 + (1 — 8)(we,<)
—— w S w w w —0)(we, s
o di 2 2 2 2 2 t (3.34)
(¢ w)py +0(C w)y + (h(u) = h(v), ) =0.

Combining with the previous discussion, we can obtain
(1= 0)(wr, ) = (L= 0)|s]3 — 6(1 — ) (w,<),

(v > 5y + Iy

and
) 1—1)6?
0t Wl 2 21— L
We have
01 1—<1 b Aw 1-— 2-60(1-90
51 [Awl]3 + (1 = <)s]13 — 6( )(w,s)
1
> 01(1 - 0) [ Awlf3 + lecllg-
Then we get

1d
5 g7 (A3 + I3+ IV wllz + [1¢Fllyv) + 011 = 0)[| Awll3
t (3.35)

1
I3+ 01 Vwl3+ SR,y < ~(hw) — h(v),¢).

We use ([2.2) and Young’s inequality to obtain

‘_ /Q h(u) — h(v) (wr + Bw)dz

_pP
< Ko | (190755 4 ully 1y + 1ol ) Neollagreny(lelly + 6] ]3) (3.36)

< (K(i%B 4 29K()CB>

< Ko/ (1 + |ulP + |v|?) |w||w + Ow|dz
Q

)3y + 71513
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In above inequality, we have used the fact that |Jw||3 = ||s—6w||3 and cg > 0 is an embedding

constant for L2P+D(Q) < L2(Q). Integrating (3.33), we get from (3.35)

d
= (A3 + (I3 + Vw3 + [1*]15.v) +260(1 = 8)]| Awl]3

dt
1 40

1)
(5-3) I8+ 260wl + 31 (3.37)

Kch 02Kycp
S( o Ty ) Pl

Choosing 6 small enough, such that

+

20(1—-0) >0,

N —
N D

Thus, if we denote
W (t) = U] Awl[3 + [ls]3 + [ Vwll3 + [I¢*I]2,v
then we easily find

d
@W(t) + i W(t) < Csllwll3g,1),

Kch + 02KOCB

5 N which implies that

where v = min{26(1 —0), 1%9, g}, C3 =

t
W(t) < e "W (0) + 03/ e w3y ds
0

Invoking W (t) > ||z1(t) — ZQ(t)H?HO, we deduce (3.32)).

Lemma 3.4. Under assumptions of Theorem the dynamical system (Ho, S(t)) corre-
sponding to the problem @—(@) 1s asymptotically smooth.

Proof. Let B be a bounded subset of Hy positively invariant with respect to S(¢). Denote
by Cp serval positive constants that are dependent on B but not on ¢. For Zé,Zg € B,
S(t)zg = (u(t),ur(t), ¢t) and S(t)z§ = (v(t),ve(t), £Y) are the solutions of —. Then
given € > 0, from inequality , we can choose T' > 0 such that

T 3
15(t) 25 — S(t)z5|lny < €+ C </0 [u(s) — U(S)Hg(p—i-l)d‘s) ; (3.38)

where Cp > 0 is a constant which depends only on the size of B. The condition p > 0
implies that 2 < 2(p+ 1) < oo. Taking ¢ = %(1 — Iﬁ) and applying Gagliardo-Nirenberg

interpolation inequality, we have

lu(t) = v(®) a1y < ClAE) = o@D I5lult) — o)l
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Since ||Au(t)]|2 and ||Av(t)||2 are uniformly bounded, there exists a constant Cp > 0 such

that
2(1—
lu(t) = v(®) 31y < Crllu(t) —v(®)]53" 2. (3.39)
Then, from (3.38) and (3.39)) we obtain
HS(t)Z(l) - S(t)zg”’flo <e+ (I)T(z(l)v 2(2])7

with
. v A
(b, 22) = Cp (/ u(s) = v(s)] @ds)
0

The following proof &7 € € namely ®r satisfies . Indeed , give a sequence (z() =
(ufl, ul, ¢F) € B, let us write S(t)(28) = (u™(t),ul}(t), ™') is uniformly bounded in Hy. On
the other hand,(u™, u}') is bounded in C([0,T],V x H),T > 0.
By the compact embedding V' C H, the Aubin lemma implies that there exists a subsequence
(u™) that converges strongly in C([0,7], H). Thus,

T

lim lim [u"(s) — u”l||§(179)ds =0.
k—ool—o0 Jg

Then ([2.9) holds.
Proof of Theorem Lemma and Lemma imply that (Ho, S(t)) is a dissipative

dynamical system which is asymptotically smooth. Then it has compact global attractor

from theorem

4. ASYMPTOTIC REGULAR ESTIMATES

Theorem 4.1. Under assumptions of Theorem[2.3, then the global attractor A is a bounded
subset of H;.

In order to prove Theorem we fix a bounded set B C Hg and for z = (ug, u1, ¢°) € B
, we split the solution S(t)z = (u(t),ut(t), ¢') of problem (2.6)-(2.8) into the sum

S(t)z = D(t)z + K (t)z,
where D(t)z = 21(t) and K(t)z = 23(t), namely z = (u,us, ¢') = 21 + 22. Furthermore,

u =0+ w, ¢t = Ct + fta z1 = (U,’Ut, Ct)) z22 = ('UJ, wt7£t)a
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where 21 (t) satisfies for (z,t) € (0,7) x R" and (z,s) € (0,7) x Rt

v + 1A% — Av + vy + /000 w(s)A%C(s)ds = 0,

G =—C+u,

v(0,9,t) = v22(0,y,8) =0 for (y,t) € (—I,1) x RT,
v(m, Y, t) = Vg (m,y,t) =0 for (y,t) € (—1,1) x RT,

Vyy (@, £, t) + ovge(x, £, 8) =0,  for (z,t) € (0,m) x RT
Vyyy (T, £, 8) + (2 — 0)Vgay (z, £1,t) — vy (2, £1,t) =0, (4.40)
¢"(0,y,8) = 5 (0,y,8) =0,  for (y,s) € (=1,1) x R,
¢H(m,y,8) = Gu(m,y,s) =0, for (y,5) € (—1,1) xRT,
Gy(x, £l s) + 0l (x,£l,5) =0, for (z,s) € (0,7) x RT,
C;yy(a:, +l,s)+ (2 — U)Cfmy(a:, +l,s) — Qj(a:, +l,t) =0,

v(z,y,7) = ur(z,y), (T(2,y,5) = or(z,y,5).

And 25(t) satisfies for (z,t) € (0,7) x Rt and (z,s) € (0,7) x Rt

(wtt +IA%w — Aw + wy + /Ooo w(s)A%E (s)ds + h(u) = f,

& = =& +wy,

w(0,9,t) = wye(0,y,8) =0 for (y,t) € (—1,1) x RT,
w(m,y,t) = weu(m,y, 1) =0 for (y,t) € (=1,1) x RT,

Wyy (2, £, ) + owgy (z, £1,8) =0,  for (x,t) € (0,7) x RT,
Wyyy (2, £1 1) + (2 = ) Wagy (2, £, 1) — wy(z, £1,1) =0, (4.41)
€'0,y,5) = &.(0,y,5) =0, for (y,s) € (=1,1) x RT,
¢'(my,8) = §u(m,y,s) =0, for (y,s) € (=1,1) x R,

&y (@, xl,8) + ol (x,£l,) =0,  for (z,5) € (0,7) x RY,
oy (@, £l 8) + (2 = 0)EL,, (v, £, 5) — £ (x,%1,t) = 0,

kw(x,y,T) =0, {T(x,y,s) :g’F(mayvs) =0.
The well-posedness of the problem (4.40) and (4.41) can be obtained by Faedo-Galerkin

method. Furthermore, combining with a priori estimate of 3.1, about the solution zi(t) of

equation (4.40]), we have the following result:

Lemma 4.1. Under assumptions of Theorem there exists a constant ko > 0, such that
the solution of (4.40) satisfies the following inequality

1D(t)213, < Ce™™",

where C' is a constant.
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About the solution of equation (4.41)), we have the following results:

Lemma 4.2. Under the assumptions of Theorem [2.3, there exists a constant N > 0, such

that the solution of satisfies the inequality bellow
1K ()23, < N.

Proof. Taking the scalar product in H of (4.41); with A¢ = Aw; + 8 Aw, we obtain
1d

WAw||2 + ||A<l|?2 + |[VAw||2) + 01| Aw||? + 0||VAw||2
2dt(H 153+ [|1AcI3 + | 13) | Aw||5 + 0| 13 (4.42)

(1 - 9)(wt7 Aw) + (gt’ wt)u,D(A) + 9(51:) w),u,D(A) + (h(u)v A§) = (fv A§)

Similar to the previous discussion, there yields

(1= 0)(wr, Ac) = (1 = ) Acl3 — (1 — )(Aw,<),

1d 5
(&, we) . pay > §El‘§t||2,D(A 5||§tHi,D(A)
) 1—1)6?
0" W)ty = ~ S pny — s Aw

Then, we get from (4.42])

1d t
52 (4wl + 1A + IV Awl3 + IE12 o)

1-—1 5
+91< 1= G200 awiz + 1 - 1Al + 019 Awlg + S o (wa3)

ol
—0(1 — 0)(Aw,<) + (h(u), As) = (f, Ag).
We have

or (1= U520 ) 14wl + (1 - o)1l - 001 - 0)( 4w,

) (4.44)
> 01(1 = 0)[ Aw||3 + ]| Ac]l3.

By Lemma [3.1{ and the Sobolev embedding theorem we know that h(u), h'(u) are uniformly

bounded in L* that there exists a constant K3 > 0, such that
|h(u)| < Ksz,and |W (u)| < Ks.

Combining with the Hélder, Young and Cauchy and (3.26)), (3.27), it follows that

(h(u), Ag) = gf(h(u), Aw) + 0(h(u), Aw) > %(h(u),Aw) + 0(h(u), Aw)
> Cg(h(u), Aw) + 0(h(u), Aw) — (I (u)ug, Aw)
> & (h(w), Aw) + 0(h(u), Aw) - / W () g | Aw|dae (4.45)
d Q
> a(h(u), Aw) + 0(h(u), Aw) — Kz || Aw2
> & ), Aw) + 0(h(u), Aw) — P aw)2 - K31
= dt ’ ’ 4 T
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and
d
(/,AS) = (f, A+ 04w) = < (f, Aw) +0(, Aw). (4.46)

Thus, collecting (4.44)-(4.46)) from (4.43)) yields

d

= (U AwI3 + 1Al + HVAsz + €12 pay + 2(h(w), Aw) = 2(F, Aw))

0 )
ey (9(1 o) - 4) w3+ SIASIE + 261V A+ DEIE o (4.47)

2,2
+20(h(w), Aw) — 20(f, Aw) < Kgl“l

Taking 0y = min{29(1 —0)— 9 ,20, g, ;} we can obtain from (4.47

© (UAwI+ 18613 + 198w + €12 pay + 2h(u), Aw) — 2(F, Aw))

+90 gzquHQ A + IV AW + €12 pay + 2(h(w), Aw) = 2(f, Aw)) (4.48)
<K3,“%.
- 0l

On the other hand, by the Hélder inequality, the Sobolev embedding theorem and (3.26]), it

d 1

DLl + 200, 401 > L1+ Prl

dt dt K2 (4.49)
—/|h @l > 4L g - 453

a (lHAwH§ 2/, Aw ) - rf \f 713 (4.50)

Therefore, integrating with ( - , we get from

d l 2 2
= (u\@Aw o 2h - \ffnz +11A5[3 + |V Aw] + uftui,D(A))
l 2 z
z (H\@Aw by 200 = 2718 4 DGR + 19wl + 1612 ) <¢,

= 1 4 20
where C = K312 <91 + l) lo (K3u? +1/f3) - Applying the Gronwell’s Lemma, we can

easily see that there exists a constant N such that

follows that

and

(4.51)

lAw|3 + [[Awe]l3 + 1% peay < N.

Proof of Theorem [4.1]
By Lemma and Lemma we deduce that (u,u, ¢') € Hi and we have

1wl + | A3 + 16", 00a) < N
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Now since u(t, r) satisfies (2.6)-(2.8) with initial data (ug,u1,#"), we conclude that

||(U0,U1,d)0||7.[1 < N.

Thus A is a bounded subset of ;.
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