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ON THE QUADRATIC VARIATION OF SOME SEQUENCES OF
FRACTIONAL PARTS

MIHOUB BOUDERBALA * AND BELKACEM CHAOUCHI

Abstract. Let a,b be real numbers such that b > a > 0, and let ¢ = b — a. Let x be a
real number and n a positive integer (n € N*). The present study focuses on proving the

following asymptotic formula

S]] - oo

with ¢ = b — a, uniformly for z > 1000725/3(1 +b)?? generalization of the following result

2 <{%} B {nj_1}>2 = @ﬁ‘*‘o ($3/7) (z > 0),

n>1

established in previous literature for the specific case a = 0 and b = 1.
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1. INTRODUCTION

The sums involving the integer part function were introduced by Dirichlet in the middle

of the 19" century when he proved that

>N 1= la/n| =xlogz +x(2y - 1)+ O0('?), x>0,

n<z dln n<x
where |t] denotes the integer part of ¢ € R, and + is Euler’s constant (see [1], [7]). For
the reader’s convenience, we note that the notation f = O(g) (Landau notation) should be
understood in the sense that there exists a constant C' > 0 and a real number xg such that for
all x > xo, |f(z)] < Cg(z) (see [9]). Later, this research topic became very popular among
mathematicians, and there is a vast amount of literature focusing on estimating sums of the

form
> f(lw/n)),
n<x
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where f is an arithmetic function; see [4], [5], [6], [8], [11], [12], [13] and the references therein.
These references are considered essential as they provide historical and language-specific
insights into sums involving integer part functions. This diverse array of references forms a
solid foundation for readers seeking a nuanced understanding of these kinds of sums. The
significance of the results obtained in both [6] and especially in [5] sparked our curiosity about

the possibility of other similar cases that might offer a broader extension of the established

S¢(x;a) == Z; f (L% — aJ) , (1.1)

—14a

results

where a is a positive real number and x > 0. This, in particular, shaped our goal of in-
vestigating and resolving all challenges that contribute to formulating an ideal approximate
expression for sums of the form (1.1). In our study, f is an arithmetic function satisfying
some assumptions to be made precise later on. We recall that some techniques used in the

previously cited articles are primarily based on the well-known Ramanujan hypothesis:
(H):|f(n)]<n®, n>1¢e>0.

Here, the notation f < ¢ (Vinogradov notation) means that there exists a constant C' > 0
such that |f(n)] < Cg(n) for all sufficiently large n (see [9]). In this work, we opt for the use
of another improved version of this hypothesis given by

(H') : |f(n)] < n(logen)™®, n>1,aecR.

Observe here that hypothesis (H') is more general than hypothesis (H). Additionally, we
denote by {t} =t — |t] the fractional part of ¢t € R. Before proceeding further in our study,
we need to introduce the parameter m € [1,z/4] chosen according to certain requirements,
and the integer k = |z/n — a]. Immediately, one has

z/n—(a+1)<k<z/n—a and z/(k+a+1)<n<z/(k+a).
This allows us to write the sum (1.1) as follows:

St(x;a) = Z f(k)([:z/(k:—i—a)J —|z/(k+a+ 1)j) = S’fc(:v;a, m) —l—S}(m;a,m), (1.2)

k<x—a

Si(aia,m) =Y f(k) (ﬁ” - {Hz“D

Stsa,m) = > f&)(lz/(k+a)| - [z/(k+a+1)]).

m<k<zr—a

where

and

Keeping in mind the hypothesis (H'), we easily deduce that

St(w;a,m) < Z (x/n)(logm)™ < xz(logm)~*log(z/(m + a)). (1.3)
n<z/(m+a)

We will now discuss the estimation of the sum Sgc(a:;a, m). Let {t} =t — [t] denote the
fractional part of t. We can then rewrite

Sfc(x;a,m) = My (z;a,m) + Ry(x;a,m), (1.4)
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where

zf (k)

My (. a,m) := k; k+a)k+atl)
and  Rjy(z;a,m) = k;f(k) <{k+ﬁ+1} - {kia}) .
As a direct consequence of the hypothesis (H'), we deduce that
M¢(z;a,m) = :L‘Z 0T a){ékj Py + O (z(logm)~**1). (1.5)

k>1

At this level, the use of the Cauchy—Schwarz inequality leads to

1

Ry(aom) < | 3 1B Z<{k+2+1}_{kia})2

k<m k>1

[SIES

Observe that if the function f satisfies hypothesis (H'), then

1/2

Byam <momm (S ({2 ) ) ae

k>1

Our strategy now is to provide an explicit estimate for the quantity R;(x;a,m), referenced
n (1.6). Achieving this is equivalent to deriving an asymptotic formula for the sum Q(z;a, b),
which is defined as follows

Q(x;a,b) ::Z({nib}—{nia}f, b>a>0. (1.7)

n>1

Certainly, understanding the behavior of the function Q(x;a,b) has been pivotal in deriving
an asymptotic formula for the sum referenced in (1.4). This progress would not have been
achievable without recognizing the critical role played by the sum in (1.5), which serves as a
cornerstone for this development. A notable aspect of this work lies in the investigation of
the intermediate sum (1.7). Indeed, in [3, p. 3] and [2], significant results were established
for the specific case Q(x;0, 1), where it was demonstrated that

Q(x;0,1) = C(3/2)\/:E+ o*"), x>0,

™

Building on these findings, our focus shifts to estimating the more general sum Q(z;a,b)
as highlighted in (1.7). This sum plays a central role in our analysis, providing the neces-
sary tools to describe the asymptotic behavior of the quantity in (1.1), particularly when
considering the estimate given in (1.3). This work can be considered a generalization of M.

Balazard’s approach [3]. Our main result is stated as follows

Theorem 1.1. Let a and b be two real numbers such that b > a > 0 and ¢ = b — a. For
x> 100¢=2/3(1 4 b)?, one has

Qz:0,b) = C(S/Q)\/&—i— o <6139/378x61/126> ‘

™
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2. PROOF OF THEOREM 1.1

2.1. About the sum Q(z;a,b). In this transitional step, we provide an alternative and
useful formulation of the sum Q(z;a,b) defined previously by the formula (1.7). This plays
an important role in our study and helps us justify our main results, namely Theorem 1. To
simplify the notation, we will use Q(z) to denote the sum Q(z;a,b). Let us introduce the
real parameter D (with D < x), a sufficiently large integer, such that the sum Q(x) can be
expressed as follows:

Q(x) = Qo(x) + > Qalx)+ > Qalx)

0<d<D d>D

:gé’d(hak) <{nib}_{nia}>2

Here, g4 is the classical indicator function defined by

where

1 if (h,k) € Eq,
04(h, k) =
0 otherwise.

k:{nian h:{nibJ'

Ey={(h,k) € N*:
At this level, observe that

T T x x
— — < 1 — — — —
max( a b> <n_mln<k a, b),

where

and

(2.8)

k+1 "h+1 h
where 0 < h < k < z (with the convention 2/0 = co). Furthermore, the introduction of the

interval of values of n, denoted by I}, 1), defined as

N x x x x
oy =80 | — 0§ =] 0 |5 -0 5 -

allows us to write Qq(x) as follows
2
-y ¥ <b—k+h> B
hk,‘)eEd?’LEI(h k) n+a n+ ) a

2.2. Study of the sum Qy(z). Our main result concerning the quantity Qo(z) reads as
follows.

Proposition 2.1. For x > %, we have

2
Qo(z) = %\/CTUJHSO?LO (@) :

where

D S Fh S L S 29)

1<k<K

In order to give the proof of this results, we need to use the following auxiliary results
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Lemma 2.1. For x > a?/c, one has

R C==e R IR B C)) N

1<k<K

where

1
FO=D o alm v b (2.11)

and

Proof. Taking into account (2.8), we see that En(z) = {(k, k), k € N, 0 < k <

C.TQ
RS SIS ED SIS SR

T T T x
nggm nggm m—a<n§;—b

Note that if k(k +1) > £, the sum

}. There-
fore,

Z (cx)®
. =, (n+a)?(n+0b)?
k+1 —k

is not well defined. Therefore, let K be the largest integer & such that k(k +1) < %, ie.,

K = b/% + i — %J . From which, we observe that K < \/g when = > % Now, for t > 0,

consider the function .

PO =2 o+

n>t
with F'(co) = 0 and F(t) = F(0) if t < 0. Consequently, for x > a, we deduce that

z) = 222 L—a Az? g—a — r_ .
Qo() F<K+1 >+ 1;K<F<k ) F(k b))

O
Lemma 2.2. Let 0 <a <bandt > 0. Then,
1 {t}—2(a+b) -1 v?
F(t)=— — O —= 2.12
®) =+ 2 0( %), (212
Proof. Tt suffices to take into account the implication (2.11) and the fact that
1 1 2(a+b) b?
= — — O|— e N*.
(n+a)?(n+b)?2 nt PR <n6> "
O

Before giving the next technical result, we mention that the quantity x/(K + 1) is well
defined. In fact, since K +1 = \/§—|— 0o, where |6y] < 1 and \/g > 3, then 5 —a =
\/ng@O —a = y/ex + O(a). More precisely, %7 = /cx(1 + 01), with 6, = O (V<) and
0, > —%. This is justified by the fact that

3

X
_c> ,
K+1 - 6

(2.13)
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when z > %. Utilizing the result (2.12) we arrive at
Lemma 2.3. For x > %, we have
x 1 b?
F —a|l=——75+0(—].
(&5 ) = s+ (i)

Proof. Taking into account that F(t) = -5 + O (ﬁ) , it follows that

F (&5 a>:1+0“@9+o<b2>.

K+1

‘We have also

Lemma 2.4. Let x > %. Then,
2 (G () = som
et 3 (G GY)

0<k<K
(14 b)?
+o<c%2 .

Proof. Thanks to the estimate (2.12) and by using the inequality (2.13), we conclude that
Z—a> Vaz and r—b> @. Consequently, we see that

k 6
1 1 ( ckt <b2k5>>
_ — _74_0 -
O§K<3<za>3 3(351»)3) 2o e O
ck* 2 K6
- Z a:4+0< 5 )’

0<k<K

where
a_ L5 5y Loasd oy, Loas 3 1
> k= (M= N+ S(M* = N+ _(M*— N*) — —(M - N).
5 2 3 30
N<k<M
A particular case when N =0 and M = K gives
1 1 1 1
Y K=-K'+ K'+ K- _K
5 2 3 30
0<k<K
Now, using the fact that K = \/Z + O(1), we obtain
5/2 2
4T x
Z M= 5c5/2 +O<62>'

0<k<K

Therefore,




Int. J. Maps Math. (2026) 9(2):245-264 / ON SOME SEQUENCES OF FRACTIONAL PARTS 251

On the other hand, one has

2 ((1)4 <{2}_G_2(a+b)_;>_(;§_lb)4({2}_b_2(a+b)_;>)

T

0<k<K 2
:$40£Kk4 ({%} —a— {%}—Fb) 40 (ngQ) .
This allows us to say that
OEQKF@—¢%4%§—®)<O+w:§;ﬁZ§u+wffg“£§2
O

2.3. Study of the sum ), Qq(x).
Proposition 2.2. Let D be a sufficiently large real number. Then,

cr
> Qalx) < 51T h (2.14)
d>D
Proof. 1 d = | % | = | 75| > D, it follows that
cx cx T T
—>———=d — = >D-—1
w7 It a)n+ ) +{n+a} Lﬂw} |
which means that n < ,/7%;. From this, we deduce that
dQux) < ) 1< Dcfl-i-l.
d>D 0<n< /5
O

2.4. Study of the sum ) ,_,.p Qa(z). We start this section by the following useful re-

marks

Remark 2.1. A direct computation justifies the fact that

Xz X
P 1 CShyl T RSyl
and
X X
P S gl e I S S

AS a consequence,
Eg=FEq1UEq2UEg3,

with
B ={(h—d k) :d<k<® -d+nk+1) <, (215)
a
L p<n<Z_yg
k—d+1 nEET
T xd
Ed,QZ{(k*dak):dSkS ™ (k*d)k> 7}7 (216)
a &
a e
—— —a<n< ———b,

kE+1 k—d



252 M. BOUDERBALA AND B. CHAOUCHI

d
Ed,gz{(k—d,k):dgkgg,(k—d)k§%<(k—d+1)(k+1)}, (2.17)
x — < <£_
P a n_k a.

As a result, we can rearrange Qg as follows:

Qo= Qa1+ Qa2+ Qa3,
with

2
Qd,i: Z Z <n—i—an—|—b)_k+h> , (1§Z§3)

h k‘ GEd i nel(h k)

At this level, it is suitable to upper bound the quadratic conditions with respect to k. For

this purpose, let us define

d+ v/d? = 4dt
Kq(t) = {JFQJ , deN, t>0. (2.18)

It is easy to see that Ky(t) is viewed as the largest integer k > d such that (k — d)k < dt,
with Ko(t) = 0.

Remark 2.2. As a direct consequence, we can upper bound the integer k appearing in the

definitions of the sets Eq;, i = 1,2,3. More precisely, one has

(1) For Eq,
k< Kgi(z/c)—1, (2.19)

(2) For Egp2,
k> Ki(z/c), (2.20)

(3) For Eg3,
k= Ki(z/c). (2.21)

There is another remark regarding the integer k that appears in the sets E;;,7 = 1,2, 3.

Remark 2.3. The condition k < x/a is redundant for i = 1,3 provided that d < cx/ab.

Indeed, the relation d < % can be rewritten as:
(Kg(z/c) —d)K4(x/c) < dz/c; d<cx/ab< z/a,
and the fact that t — (t — d)t is strictly increasing for t > d, leads to the inequality:
Ka(z/c) < g

2.4.1. Calculation of Qq1(x). In the sequel, for simplicity, we will write K, instead of
Kg(xz/c). In this section, we focus on the quantity Q4 1(z). To this end, we assume that
0 <d < ¢7. Let us introduce the function G, defined as follows

015 (e ts)

Note that according to conditions (2.15) and (2.19), we get

= ¥ Y (i)

d<k<Kgq— 1]C p b<n<%
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Furthermore, the sum

Y ()

T x
FodF1 O<nSg—a

is well defined if
I
k—d+1 k
Immediately, we can conclude that if £ > K41 (recall that Ky = 0), one has

2
Qii= Y. > <d - (nJra)(n+b)> , (2.23)

Ky 1<k<Kgq—1(z/(k—d+1))—b<n<(z/k)—a
which simplifies to

Qui=d> Y (ﬁ‘“J Lc d+1 J

Ky 1<k<K4—1

—2dz )] <G(k: d+1 b) & (5 - >>

Ky 1<k<Kg—1
9 9 x x
Fl———=b)-F(7-a)). 2.24
vt ( <k—d+1 ) k a) (2.24)
Kg 1<k<Kgz—1
For the first sum of (2.24), we obtain

> (E-o- =)

Ky 1<k<Kgz—1

RN (R R F==a)

Kg 1<k<K4z—1
x x
2 (Em =)
Ky 1ohaKy—1 k—d+1 k—d+1
At this level, we use the following well-known “r-telescopic” identity:
Z (uk - uk,,,) = Z Uk — Z Ug - (2.25)
a<k<p B—r<k<p a—r<k<loa
This allows us to write

O R e Sl P S

Kq 1<k<Ky4—1 Ky 1—d+1<k<Kgz—1

- X -4

Kg_1<k<Kgq_1
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Using a similar argument for the second and third sums of (2.24), we obtain

Qs 3 (0G0 )

Kg_1—d+1<k<Kg—d

R )

Ky 1—d+1<k<Kg—d

+2ede Y G(%—)—ch:c 3 G(%—a)

Kg—d<k<K;—1 Kg_1—d+1<k<Kg 1
X xr
— P2 E F <E — a) + Pa? Z F (% — a)
Kg—d<k<K4—1 Kg 1—d+1<k<Kg_1

v 3 ([gme)-[50])
+d Y L% - aJ e 3 E —aJ . (2.26)

Ky—d<k<K,—1 Ky 1—d+1<k<Kq_1

2.4.2. Calculation of Qg2(x). Taking into account (2.16) and (2.20) and the condition
0<d< < we get

ab’
w= % % (e

ZT X
Ka<k<z g —a<n<gig—

It is important to note that the sum

Z ( cx B d)
P P (n+a)(n+b)
is well defined only if the lower bound does not exceed the upper bound, that is, %5 —b >
ki-i-l — a. This condition can be rewritten equivalently as £k < Ky — 1, which provides a
natural upper bound for the summation index. Then, we deduce that

Quz=d > Qkfd‘bJ - hil‘“J)

Kq<k<Kg4i1—1

e 3 (0(5Erma) -6 (75 0))

Kq<k<Kg4i1—1

+? Y (F(kjfrl—a)—F(kfd—b)). (2.27)

Kq<k<Kg4i1—1

The decomposition in (2.27) follows from expanding the square and expressing the resulting

sums in terms of the auxiliary functions F' and G previously defined.



Int. J. Maps Math. (2026) 9(2):245-264 / ON SOME SEQUENCES OF FRACTIONAL PARTS 255

To proceed further, we focus on the first sum of (2.27). By introducing an intermediate

term, we can split this expression into two more manageable parts

X T
2 Qk-d_l‘bJ - h;‘“-) =
Kat+1<k<Kgi1
T T
2 <{k—d—1_bJ_{k—d—1_a>
Kat1<k<Kgi .
X X
D> Qk_d_l‘J - hf“_)
Kat1<k<Kqp,

This decomposition is strategic: the first term on the right-hand side captures the difference
between the parameters a and b, while the second term exhibits a telescopic structure.
The use of the telescopic identity, introduced in (2.25), gives us
x x T
Kﬁl;gd“ Qk —d—1 “J Lk GD Kd+1_d_ZI<kSKd+l Lk; “J
© .
" Kd—d<zk:<Kd+1 Lk‘
This transformation is crucial as it converts the original sum into boundary terms that will
be easier to estimate in subsequent sections.
A similar manipulation applies to the second and third sums of (2.27), where we apply
the same telescopic technique to the functions G and F. After collecting all terms and
reorganizing the summation indices, we obtain

Qumir S (p(En)-r(Eo0)

Kyg—d<k<Kgy1—d—1

Y (0o )

Kd—d<k,‘§Kd+1—d—1

— 2cdx Z G (% — a) + 2cdx Z G (% — a)

Kgi1—d—1<k<Kg41 Kg—d<k<Kg+1
2.2
2 2 Z 2 2 T (2.28)
+ cx Z F T a) —c’z Z F i a
Kyp1—d—1<k<Kgi i Kg—d<k<Kz+1

s (][

Kq—d<k<Kg4,—d—1
X X
SCANEED DI S EXSED DR
Kd+1—d—1<k‘§Kd+1 Kg—d<k<Kgq+1

The final expression (2.28) separates the main terms (involving differences F'(- —a) — F/(- —b)
and G(- —a) — G(- — b)) from the boundary terms, which will be shown to contribute to the

error estimate.
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2.4.3. Calculation of Qq3(x). For 0 < d < £, and from (2.17) and (2.21), we get
(| =T 4] ) = 2ed SN Y
= (|1 )~ L) e (o () o (i
2,2 roo_ ) L
+cx (F <Kd+1 a) F<Kd a>>. (2.29)

2.4.4. Calculation of Q4(x). Keeping in mind (2.26), (2.28), (2.29) and the fact that for
0 <d< &, we write

aw=a| > -5 ([pee [ -])

Ky 1—d+1<k<Kg—d Kg—d<k<Kg4y1—d—1

+ 2cdx Z — Z

Ky 1—d+1<k<Kg4—d Kg—d<k<Kg4y1—d—1

e w oy e -r ()

Kq_1—d+1<k<Kq—d Kg—d<k<Kq,,—d—1

L D VD DR N ]

Kg1—d—1<k<Kg., Kq 1—d+1<k<K4 ,

+ 2cdx | 2 Z — Z — Z G(%—a)

Kg—d<k<Kg, Kd+1—d—1<k‘SKd+1 Ky 1—d+1<k<Kg4_1

+ 2 3 + 3y 2 ¥ F (% - a> . (2.30)

Kd+1—d—1<k‘§Kd+1 Ky 1—d+1<k<Kg4_1 Kg—d<k<Ky

2.4.5. Estimate of Q4(x) for d > 1.

~__
—
@Q
—~
>R
|
IS
~
|
Q
—~
>R
|
S§
~
~—

Proposition 2.3. For 0 <d < — 1, we have

(b+1)2

1+b)4d®
Qg = 9(d)vcx +5(d) + O <(C)> ,
with
2 2 _ 2 _ _
_ 325d 7 48d +1;)6d QW - 48d 1;6d 2

wo-( 2 m (e ()

Kg—d<k<Kg4y1—d—1 Kg_ 1—d+1<k<Kg4—
(2.31)

9(d)

Remark 2.4. In this section, it is necessary to recall some useful technical results established
in [3, p. 12], [4, p. 421}, and [2, p. 4-6].

(1) For0<d<z/c and x > ¢, one has:

K1 — Kq = (x/ﬁ — \/&) \/EJF O(1). (2.32)
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d+1)Vd+1—dVd rz\3/2
2 g = () 3+ (E)

Kq<k<Kg41

+O((d+1)%).

x\1/2
Koy — Kg < (@) (0<d<z/ce).

/d d /d
$+*—1<Kd £+d.
2 c

(2) For0<d<uz/c and x > ¢, one has:

K, — dx L4 d L0 (dg/z 1/2,, 1/2) +0(1).
Ve T2
S k= d\/dw +0 (d5/2 -1/2 W) +0(d).

Kg—d<k<K,y
Z 13— x <d2 /dm L0 <d7/2 1/261/2) +O(d2)> .
a—d<k<Ky ¢

Z . (d+1)2V/d+1—d*Vd (i)5/2+0((d+1)20_2x2).

)
Kd—d<k:§Kd+1—(d+1)

Lemma 2.5. Fort >0 and b > a > 0, we have

G(t) = W+O<(1+b>2>,

t 2 t3

Proof. For t > 0, n € N* and b > a > 0, we have according to (2.22)
1

Gt)y=y —————,
®) nz;t (n+a)(n+0)
Then
1 {t} 3 3
Zﬁ_t +Ot 3:2t2 ot
n>t
1 -3
> =007,
n>t

which allows us to conclude that

G<t) t2 3

t a+b+1 2
{} +O<1+b>.

Lemma 2.6. For 0 <d < — 1, we have

517
P SRR (St et
—d* (Va+1-Va) Ve

w5 ({F-{Ee)

Kd—d<k§Kd+1—d—1
+ O(cd?).

257

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)
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Proof. By a direct computation, we obtain

S SR (S ) B CE )
Kg—d<k<Kgii1—d—

e 3

Kg—d<k<Kg41—d—-1
Then we use the result noted (2.32), and get

o el

:d2<\/ﬁ—\/8>\/&+d2 > ((x

x
Ky—d<h<Kg1—d—1 ko b) N (% - a)) + O(cd?).

Lemma 2.7. For 0 <d <

cr
W 1, we have

2cdx Z (G (x

Kq—d<k<Kg41—d—-1

3

S (E) (5o (7o) o (S222).

:2d<d\/ﬁ—(d+l)\/d+1>\/§

c

(2.42)

Proof. For practical reasons, we set

=Y (el e)
Kg—d<k<Kgii—d—
as follows:

According to (2.34), the contribution to the sum S of the error term of (2.40) is expressed

3/2 = 3/2 9
S<<(1+b)2(Kd+1—Kd)<cci> < (1+b)? mEESY <d> <(1+b)d

cx -z
According to formulas (2.33), (2.34), and (2.35), the contribution to the sum S of the 1/¢
term of (2.40) is

( 1 1 )
Z m

r—a
Ky—d<k<Kg1—d—1 ‘K

o

:d\/a_(d+1)vd+1x71/2671/2+0

(1) w0(2)
3 T xTc
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a+b+1
2

Finally, the contribution to the sum .S of the term {t}_T

O P HCROEE

Kyg—d<k<Kg41—d—1

I (R

Kq—d<k<Kgii—d—1

- Y B m oo (U,

Kd—d<k§Kd+1—d—1

of (2.40) is expressed as follows:

We obtain relation (2.42) by collecting these estimates. O
Lemma 2.8. For 0 <d < 9(bﬁf1)2 — 1, one has

f S (5 (i)

Kg—d<k<Kg41—d—1
_PVd—(d+ 1)2\/m\@
i ikt f(x x 249
P (TS )
Kg—d<k<Kg4—d—1
+ O (cb?*d?) .

Proof. For practical reasons, we set
x x
(F(2) - (z-0)
> ; il
Kg—d<k<Kgy1—d—1

According to (2.34), the contribution of the error term of (2.12) is estimated as follows:

5/2 = 5/2
<<(1+b)2(Kd+1_Kd)<d> < (1+10)? C(d+1)<d> L (1402

CT

cx 32

The contribution of the term 3% of (2.12) is given by

1 1 ck* b2k>
S T ) " (5o ()
Ky—d<k<Kgii—d—1 3 (E - a) 3 (E - b) Kq—d<k<Kg,,—d—1

then from (2.34) and (2.39), it follows that

1 B 1 VA —(d+1)2/d+1 )32 b2d?
2 (3( )‘ ; 10 (G5).

3.2
c°r
Kyg—d<k<Kgi,—d—1
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1+4(a+b
{p-

Finally, according to (2.34) and (2.39), the contribution of the term i of (2.12) is
expressed as follows:
1 x 1+4(a+0)
2 allid-———=
Kg—d<k<Kyi,—d—1 (f—a)
1 x 1+4(a+0)
NZEY ({k ~b} - 2>)
(-9
E* rrx x b2d?
N Z x4<{k_a}_{k:_b})+0<c3m2>
Kd—d<k’§Kd+1—d—1
Summing up, we obtain the desired result, namely the relation (2.43). O

Lemma 2.9. For 0 <d < —1, and Kg—d < k < K4, we have

E - aJ - ﬁ + 0(a). (2.44)

Proof. Since k — d% < d according to (2.35), one has

(b+1)2

|7 —a| =7 +0() = /5 +0(a).

Lemma 2.10. For 0 <d < — 1, one has

(b+1)2

2cdx Z G (% - a) = 2d*Vedx + O (@) +0 (Cg/Q(l + b)2d7/2> . (2.45)

21/2
Ky—d<k<Ky

Proof. According to (2.40), we see that

R R - R R ) )

K —d<k<Kj,4 Kg—d<k<Ky

Using (2.37), we obtain
1/2 75/2
3 E_d Jde o2\ o207
x zV c T x3/2

K —d<k<Kjy4

From (2.35), we can see that

k2 k2 dK2 d?
P e E D D

a—d<k<Ky Kg—d<k<K,
a+b+1 K2 (a+b+1)d? 5 kK2 (1+0b)2d?
_ < — (1 —_—<<
2 Z x2 < cx (145) Z x2 < cr
Kg—d<k<Ky Kq—d<k<Ky
Then, the lemma’s result is deduced. O
Lemma 2.11. For 0 <d < (b+1)2 — 1, we have
d2
a? Z F (% - a) = gvdcx +0 (b2d3) +0 <c3/2d7/2x_1/2> : (2.46)

Ky—d<k<K,
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Proof. According to (2.12), one has

S r(i-a)- % (;;J;j({;_a}_2<a+b>_;)+o(i§4)>_

Ky—d<k<K, Ky—d<k<Ky,

Using (2.38), we get
d
1 [(d [de P\ 2
AT iy iy B I o=
Z 32 32| Ve ™ 1 * <c>
Kg—d<k<Kg4
By using the fact that K; < %x, it follows that

> (i reen—5)+o(5r)) <5

Kg—d<k<K,

The combination of formulas (2.41) through (2.46) and (2.30) leads to the proposition 2.3
2.5. The estimate of the sum Q(z).

2.5.1. About the main term in Q(x). In order to appear the main term and the error

term involving the parameter D, we give another formulation of Q(x).

Proposition 2.4. For two real numbers x and D such that 3 < D < ﬁ — 1, we have
3/2 1+0b)4D4
Qz) = €3/2) /e + R(D) + O <(+)> —|—O< Cx) 7
T c D
with

R(D)=60+ Y 6(d).

1<d<D
Here, the quantities 5o and 6(d) are defined by (2.9) for d =0 (resp. by (2.31) ford > 0).

Proof. According to the propositions 2.1, 2.2 and 2.3, the use of the estimate 9(d) < d—3/2,
and the following equality (see [2, p. 11] and the equations (12)—(13)), we conclude that
Ya<pV(d) = -2+ @ +0 (D‘l/Q) , and we get

Q(x)—w;rm\/&+5o+ > 5(d)+0<(1+i)4D4>+0(ﬁ>.

D
1<d<D

g

2.5.2. The estimate of the sum R(D). To bound the sum R(D), we will exploit the
following result due to van der Corput.

Lemma 2.12. Let a and b be real numbers such that b —a > 1, and let f : [a,b] — R be
a twice continuously differentiable function with a monotonic second derivative of constant

sign. Then we have

n _} b " 1/3 1 1
> (o —g) < [rortas e o e

a<n<b

Proof. See [10, p. 32]. O
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By partial summation, we derive the following estimate from (2.47).

Lemma 2.13. Let a and b be real numbers such that b —a > 0, and let f : [a,b] — R be
a twice continuously differentiable function with a monotonic second derivative of constant

sign. Let (Un)a<n<p be a sequence of real numbers. Then we have

1 b U U
Un, n)} — = U "3 a , 2.48
3y (1 =g) <o [ @ o) (248)

where

U = max|v,| + Z |Un+1 — Un-
a<n<b

And one has
Proposition 2.5. For z > 100(1 +b)?/1/c and 1 < D < (z/c)'/?", one has
R(D) < z'3n(z/c) + ¢ 2/ #1237 D7/4,
The proof of this proposition is based on the following lemmas.

Lemma 2.14. For 0<d <% and Kg—d <k < K41 — (d+ 1), one has

92 21.4 2 43
Jed W 2ed U s
x x x x
Proof. 1t suffices to show that
27.2 27.4 27.2
e ck ck:+17 2cd_ck 2cd < (d+1)? ck Ck—i—16 _@+d2
22 T x x2 22 T

In fact, we choose K; — d as the largest integer verifying k% + dk — % < 0, which allows us
to say that k2 € { dk + 4d5’3 —(d+ 1)k + (d+1) } 0

Lemma 2.15. For z > 100(1 + 5)2Y/10/¢c and 1 < d < (z/¢)Y/2L, one has
5(d) < ¢/ g8/T 4 (mT1/B43/4,,29/84

. . . 21/10
Proof. A simple computation shows that if x > M, then (%)1/21 < ﬁ -1
Let us define vy, = &£ ]§ 2Cd +d?. Since the sequence (vy) is increasing, Lemma 2.14 implies
that 221
max |Ug| + v —vg| K ( ) .
vk | > [Or1 = on] < (7

Kd7d<k§Kd+17(d+1)
Applying (2.48) to the two functions f(t) = ¥ —a and f(t) = 7 — b, and taking into
account (2.34) and (2.35), we obtain

1
Z Vs <{f(n)} _ 2) < 221,37 4 6771/84d3/4x29/847 (2.49)
Kg—d<k<Kgi1—(d+1)
In the case where Ky —d < k < K441 —d — 1, we obtain the same result by following all the

same arguments. Il

Lemma 2.16. For x > 1+ ¢, one has

8o < z'/21n(2z/c) 4+ ¢/ 12/,
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Proof. We have 3y = Sy K ({(F 0}~ (5 -0), i K= | /251 4]
Using the same reasoning as in the proof of Lemma 2.15, we deduce that

5o < /31 (2 ) + 3/, (2.50)
C

According to Proposition 2.4 as well as Lemmas 2.15 and 2.16, we get

D)=do+ Y o(d) <o (2) 42D
1<d<D

g

2.5.3. The estimate of the sum @Q(z). Combining the results obtained in propositions 2.4

and 2.5, we give the following result.

Proposition 2.6. For z > 100(1+ b)2Y//c and 1 < d < (z/c)*/?', we have

aw = 2 o ([ ) o (i) co (LD o (1)),

Proof of theorem 1.1. We are now ready to assemble all the previous estimates to establish

our main result. For
x> 100(1 + b)2H/101) (2.51)

and 1 < d < (x/c)'/?', the combination of the results from propositions 2.5 and 2.6 indicates

that
4794
Qz) — (3/2)f<< jcx +672/21 3/TpT/4 4 (1+0)"D 4231 <§>
C

c
This inequality represents the total error bound as a sum of four distinct terms, each arising

from different stages of our analysis.

To optimize this bound, we must choose the parameter D carefully. We choose D =
P0/1894:2/63 ¢4 balance the first two error terms. This strategic choice ensures that neither
term dominates the other, leading to the sharpest possible estimate. This quantity satisfies
the bounds 1 < D < (z/c)'/?! if

x> max(c?0, ¢=2/3), (2.52)

We now verify that all remaining error terms are dominated by the main error term. On
the other hand, under the assumptions (2.51) and (2.52), it follows that

19/126
2131 (f) < /3 (E) / « (139/378,,61/126
C C

which shows that the logarithmic term is absorbed into the main error bound.
It remains to control the term involving the parameter b. Keeping in mind and that

x> (14 b)He13/15 (2.53)
we conclude that

(1+b)*D* = (14 b)*!1/89,8/63 o (139/378,61/126
C

This demonstrates that the dependence on b is also properly controlled under our assump-

tions.
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Finally, we consolidate all conditions into a single requirement. Further, observe that if

x > 100c2%/3(1 4 b)?, the three conditions (2.51), (2.52), and (2.53) are satisfied, and the

result is demonstrated. This completes the proof of Theorem 1.1. Il
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