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ON STANDARD RIEMANNIAN SPACE FORMS AND THEIR

□-BICONSERVATIVE HYPERSURFACES

FIROOZ PASHAIE ∗ AND LEILA SHAHBAZ ID

Abstract. According to a variational problem, the tensor of stress-energy, as specified

by Hilbert (1924), is a bicovariant symmetric tensor with null divergence. This property

is named the conservativeness of stress-energy tensor. In this literature, the stress-energy

tensor associated to the bi-energy function with null divergence is said to be biconservative.

In differential geometric point of view, a hypersurface ξ : Mn → Mn+1(c) of a Riemannian

space form is called biconservative if ∆2ξ has null tangential component, where ∆ is the

Laplace operator on Mn. It is proved that such a hypersurface has constant mean curvature.

We consider the hypersurfaces satisfying a progressive version of biconservativity condition.

The □-biconservativity condition is obtained by substituting the Cheng-Yau operator □

instead of ∆. We prove that □-biconservative hypersurfaces of Riemannian (n + 1)-space

forms (with some additional conditions) have constant scalar curvature.
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1. Introduction

The subject of biconservative submanifolds is an interesting research topic in physics and

mathematics, which has been started by Eells and Sampson ([6]) and followed by some

other researchers (see for instance [10, 15]). From the physical points of view, this subject

deals with the bienergy functional and its critical points arisen form the tension field. In

geometric context, the subject of biconservative submanifolds has received much attentions.

In 2015, Turgay studied the H-hypersurfaces of Euclidean spaces with at most three distinct

principal curvatures ([16]). Also, the biconservative surfaces in spherical and hyperbolical

cylinders have been studied in [8]. Recently, some researchers have studied biconservative

hypersurfaces of Riemannian space forms of dimension 4 or 5 ([9, 17]). In this manuscript we

study the (n+1)-dimensional Riemannian space forms and their hypersurfaces satisfying the

□-biconservativeness condition. The □-biconservativity condition is obtained by substituting

the Cheng-Yau operator □ instead of ∆. The operator □ denotes the linearized operator
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arisen from the first variation of the second mean curvature vector field ([5]). In general, The

operator Lk denotes the linearized operator arisen from the first variation of the (k + 1)th

mean curvature vector field. In fact, L0 = ∆ and L1 = □ are special cases ([1, 2, 3, 4, 11,

12, 14]).

By definition, a hypersurface in a Riemannian space form is called □-biconservative if its

first and second mean curvatures H1 and H2 satisfy the equation

N2(∇H2)− cN1(∇H1) =
3

4
n(n− 1)H2∇H2, (1.1)

where N1 and N2 are the first and second Newton transformations. We show that this

condition gives the constancy of scalar curvature in some cases.

2. Prerequisites

Some preliminary concepts from [1, 2, 12, 13, 19] are the opening discussions. The main

study will be done on the hypersurfaces of standard Riemannian space forms of dimension

(n + 1) and curvature c denoted by Mn+1(c) for c = 0,±1. Clearly, Mn+1(c) is En+1 when

c = 0, Sn+1 when c = 1 and Hn+1 when c = −1. The sphere of radius ρ > 0 is defined by

Sn+1(ρ) = {z ∈ En+2|⟨z, z⟩ = ρ2}.

For convenience, we put Sn+1 := Sn+1(1). Similarly, Mn+1(−1) = Hn+1 is the hyperbolic

space of dimension (n+ 1) and radius (−1). In general, hyperbolic m-space of radius (−ρ),

as a hyperquadric in the Lorentz-Minkowski space Lm+1 = Em+1
1 , is defined by Hm(−ρ) =

{z ∈ Lm+1|⟨z, z⟩ = −ρ2, z1 > 0}.
From now on, we consider a Riemannian hypersurface defined by an isometric immersion

ξ from Mn into Mn+1(c) (for c = ±1, 0). The main tool of our work is the shape operator

S of Mn associated to a chosen (local) orthonormal tangent basis P = {w1, . . . ,wn} and a

unit normal vector field n on Mn. The eigenvalues of S are denoted by the real functions

κ1, . . . , κn on Mn. Using them, the jth mean curvature is defined by (nj )Hj = sj , where

sj :=
∑

1≤i1<...<ij≤n

κi1 ...κij

is the jth elementary symmetric function (for instance, see [1] and [2]).

The hypersurface Mn is named j-minimal if Hj+1 ≡ 0. In special cases, H1 is the ordinary

mean curvature and H2 := (n − 1)n(1 − R), where R is the normalized scalar curvature

function.

The Newton maps on Mn are defined as

N0 = I, N1 = −s1I + S, N2 = s2I − s1S + S2,

where I denotes the identity map on the tangent bundle of M .

The Cheng-Yau operator □ : C∞(Mn) → C∞(Mn) is defined by rule

□(f) = trace(N1 ◦ ∇2f),
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where ⟨∇2f(V),W⟩ = Hessf (V,W) for f ∈ C∞(Mn) and V,W ∈ χ(Mn). In other words,

□(f) is given by □(f) =
∑n

i=1 µi,1(eieif −∇eieif). So, we get

□x = αn[H2n− cH1x],

and

□2x = 2αn[N2(∇H2)− cN1(∇H1)]−
3

2
α2
nH2∇H2

+
[
αn□(H2)− αn(tr(S

2 ◦ N1)− αnH1)H2

]
n

+ c
[
αn□(H1)− α2

nH
2
2 + α2

ncH
2
1

]
x,

(2.2)

where αn = n(n− 1). By definition, Mn is called □-biconservative if x satisfies (□2x)⊤ = 0

(i.e the condition (1.1)).

According to (local) orthonormal tangent basis {wm}n+1
m=1 and its co-frame {ωm}1≤m≤n+1

on Mn+1(c), where wn+1 is positively normal to Mn, by a Cartan Lemma, we have

ωn+1,i =
n∑

j=1

hijωj , (2.3)

where hij = hji for i, j = 1, . . . , n. Therefore, the structure equations of Mn+1(c) (as may be

seen in [19]) are

dωm =
n+1∑
k=1

ωmk ∧ ωk, ωij + ωji = 0,

dωij =

n+1∑
k=1

ωik ∧ ωkj −
1

2

n∑
k,l=1

Rijklωk ∧ ωl.

Of course, we have ωn+1 = 0 and then dωn+1 =
n∑

k=1

ωn+1,k ∧ωk = 0 on M . Also, we have the

Gauss equation Rijkl = (hikhjl − hilhjk), where Rijkl stand for the components of the tensor

of Riemannian curvature on Mn. Finally, we have∑
k

hijkωk = dhij +
∑
k

hkjωki +
∑
k

hikωkj , (2.4)

where hijk is the covariant derivative of hij . Thus, by exterior differentiation of (2.3), we

obtain the Codazzi equation hijk = hikj . One can choose w1, . . . , wn such that hij = κiδij .

On the other hand, the Levi-Civita connection of Mn satisfies ∇wiwj =
∑

k ωjk(wi)wk, and

then wi(κj) = ωij(wj)(κi − κj) and ωij(wl)(κi − κj) = ωil(wj)(κi − κl) whenever i, j, l are

distinct.

3. Examples

We see several samples of □-biconservative hypersurfaces in Sn+1 and Hn+1 with constant

first and second mean curvatures (see [2, 14]).

Example 3.1. Suppose that 0 < ϱ < 1 and Σ0 = Sn(ϱ) ⊂ Sn+1 defined as

Σ0 = {y = (y1, . . . , yn+2) ∈ Sn+1|y21 + . . .+ y2n+1 = ϱ2, yn+2 =
√

1− ϱ2}.
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Its Gauss map is n(y) =
−
√

1−ϱ2

ϱ (y1, . . . , yn+1, 0) +
ϱ√
1−ϱ2

(0, . . . , 0, yn+2). It has a constant

principal curvature κ =

√
1−ϱ2

ϱ of multiplicity n. One can see that Σ0 is □-biconservative

and its mean and scalar curvatures are constant.

Example 3.2. Let 1 ≤ k ≤ n − 1, 0 < ϱ < 1 and Σ1 = Sk(ϱ) × Sn−k(
√
1− ϱ2) ⊂ Sn+1

defined as

Σ1 = {y = (y1, . . . , yn+2) ∈ Sn+1|y21 + . . .+ y2k+1 = ϱ2, y2k+2 + . . .+ y2n+2 = 1− ϱ2},

whose Gauss map is n(y) =
−
√

1−ϱ2

ϱ (y1, . . . , yk+1, 0, . . . , 0)+
ϱ√
1−ϱ2

(0, . . . , 0, yk+2, . . . , yn+2).

Its principal curvatures are κ1 =

√
1−ϱ2

ϱ of multiplicity k and κ2 = −ϱ√
1−ϱ2

of multiplicity

n − k. One can see that Σ1 is □-biconservative and its mean and scalar curvatures are

constant.

Example 3.3. Let 1 ≤ k ≤ n−1, ϱ > 0 and Σ2 = Hk(−
√

ϱ2 + 1)×Sn−k(ϱ) ⊂ Hn+1 defined

as

Σ2 = {y = (y1, . . . , yn+2) ∈ Hn+1| − y21 + y22 + . . .+ y2k+1 = −1− ϱ2, y2k+2 + . . .+ y2n+2 = ϱ2},

with the Gauss map n(y) = ϱ√
1+ϱ2

(y1, . . . , yk+1, 0, . . . , 0) +

√
1+ϱ2

ϱ (0, . . . , 0, yk+2, . . . , yn+2)

and two distinct constant principal curvatures κ1 =
−ϱ√
1+ϱ2

of multiplicity k and κ2 =
−
√

1+ϱ2

ϱ

of multiplicity n− k. So, Σ2 is □-biconservative.

Example 3.4. Assume that ϱ > 0 and Σ3 = Sn(ϱ) ⊂ Hn+1 is defined by

Σ3 = {y = (y1, . . . , yn+2) ∈ Hn+1|y1 =
√

1 + ϱ2, y22 + . . .+ y2n+2 = ϱ2}.

Its Gauss map is n(y) = ϱ√
1+ϱ2

(y1, 0, . . . , 0)+

√
1+ϱ2

ϱ (0, y2, . . . , yn+2) and it has one constant

principal curvature κ =
−
√

1+ϱ2

ϱ of multiplicity n. So, Σ3 is □-biconservative.

Example 3.5. Suppose that Σ4 is the product Hn(−
√

ϱ2 + 1) ⊂ Hn+1, where ϱ ≥ 0. It can

be represented as

Σ4 = {y = (y1, . . . , yn+2) ∈ Hn+1| − y21 + y22 + . . .+ y2n+1 = −1− ϱ2, yn+2 = ϱ}

with the Gauss map n(y) = ϱ√
1+ϱ2

(y1, . . . , yn+1, 0)+

√
1+ϱ2

ϱ (0, . . . , 0, yn+2), only one constant

principal curvature κ = −ϱ√
1+ϱ2

of multiplicity n. Hence, Σ4 is □-biconservative.

Example 3.6. For each unit constant vector (point) q ∈ En+2 and each real number −1 <

η < 1, we consider the totally umbilical hypersurface

Πq,η := {z ∈ Sn+1 : ⟨z,q⟩ = η} = Sn(
√
1− η2).

Its Gauss map is n(z) = 1√
1−η2

(q−ηz) and its shape operator is S = η√
1−η2

I. In particular,

its first two mean curvatures are H1 =
η√
1−η2

, H2 =
η

1−η2
. So, Ση is □-biconservative.
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Example 3.7. Let w ∈ Ln+2 be a nonzero constant vector such that ⟨w,w⟩ ∈ {0,±1}. The
subset

Υσ := {q ∈ Hn+1 : ⟨q,w⟩ = σ}

is a totally umbilical hypersurface of Hn+1 if σ2 + ⟨w,w⟩ > 0. In fact

Υσ =


Sn(

√
σ2 − 1) ⊂ En+2 (if ⟨w,w⟩ = −1, |σ| > 1)

En (if ⟨w,w⟩ = 0, σ ̸= 0)

Hn(−
√
1 + σ2) (if ⟨w,w⟩ = 1).

Its first and second mean curvatures are constant given by H1 = −σ√
σ2+⟨w,w⟩

and H2 =

σ2

σ2+⟨w,w⟩ . So, Υσ is □-biconservative.

4. Main results

We study the hypersurfaces of standard Riemannian space form Mn+1(c) for c = 0,±1 that

satisfies the condition (1.1). Some similar studies may be found for the ordinary biconserva-

tiveness condition in [7, 16, 18]. Let ξ : Mn → Mn+1(c) be a □-biconservative hypersurface

which has at most two distinct principal curvatures. We show that such a hypersurface in

Mn+1(c) under some additional conditions has a constant scalar curvature. First, we see a

lemma which has a similar proof to the Lemma A in [15].

Lemma 4.1. Suppose that ξ : Mn → Mn+1(c) is a hypersurface with principal curvatures of

constant multiplicities. Then, the distribution generated by principal directions is completely

integrable. Also, each principal curvature of multiplicity greater than 1 is fixed on each

integral submanifold of its distribution.

Theorem 4.1. Suppose that ξ : Mn → Mn+1(c) be a □-biconservative hypersurfaces having

exactly one principal curvature of multiplicity n. Then, its scalar curvature is constant.

Proof. We define U := {p ∈ Mn : ∇H2
2 (p) ̸= 0} and show that it is empty. We assume

that the set U is non-empty and then we derive a contradiction. In the orthonormal tangent

frame field on U containing principal directions, the shape operator satisfies Swi = λwi for

i = 1, . . . , n. Also, we have

µi;2 =
1

2
(n− 2)(n− 1)λ2, H2 = λ2. (4.5)

By condition (1.1) and constancy of H1, we have N2(∇H2) =
3
4n(n − 1)H2∇H2, which, by

expressing the vector field ∇H2 in the orthonormal basis ∇H2 =
∑n

i=1⟨∇H2,wi⟩wi, gives

⟨∇H2,wi⟩(µi;2 − 3
4n(n− 1)H2) = 0 for every i.

If ⟨∇H2,wi⟩ ̸= 0 for an i, then we obtain µi;2 =
3
4n(n−1)H2, which using equalities (4.5),

gives that H2 = 0 on U . So U = ∅. This is a contradiction which gives the constancy of H2

on Mn. □

Theorem 4.2. Suppose that ξ : Mn → Mn+1(c) is a hypersurface of a Riemannian space

form satisfying the condition (1.1). If it has constant mean curvature and its shape operator

has only two eigenvalues η and λ of multiplicities 1 and n− 1 (respectively), then its scalar

curvature is constant.
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Proof. We define U := {p ∈ Mn : ∇H2
2 (p) ̸= 0} and show that it is empty. We assume that

the set U is non-empty and then we derive a contradiction.

In the orthonormal tangent frame field on U containing principal directions, the shape

operator satisfies Swi = λwi for i = 1, . . . , n. Also, we have

In the orthonormal tangent frame field on U containing principal directions, the shape

operator satisfies Swi = λwi for i = 1, . . . , n− 1 and Swn = ηwn. Also, we have

µ1,2 = . . . = µn−1,2 = (n− 2)λη +

(
n− 2

2

)
λ2, µn,2 =

(
n− 1

2

)
λ2,

nH1 = η + (n− 1)λ,

(
n

2

)
H2 =

(
n− 1

2

)
λ2 + (n− 1)λη,(

n

3

)
H3 =

(
n− 1

3

)
λ3 +

(
n− 1

2

)
λ2η.

(4.6)

By expressing the vector field ∇H2 in the orthonormal basis ∇H2 =
∑n

i=1⟨∇H2,wi⟩wi,

from equality (1.1) we have

⟨∇H2,wi⟩(µi;2 −
3(n− 1)n

4
H2) = 0

for every i. On the other hand, we have ⟨∇H2,wi⟩ ̸= 0 on V for some i. Therefore, we have

µi,2 =
3

4
n(n− 1)H2, (4.7)

for some i. Two different situations can arise.

Situation 1. ⟨∇H2,wi⟩ ̸= 0, for at least one i ≤ n − 1. Equality (4.7) (applying (4.6))

gives

(n− 9)(n− 2)λ2 = 4(n+ l)λη.

If λ ̸= 0, then we have η = − (n+3)(n−2)
2(n+1) λ, which gives λ = 2(n+1)n

n2−n+4
H1 andH2 = −8n(n−2)(n+1)

(n2−n+4)2
H2

1 .

If λ = 0 then H2 = 0. In each case, the constancy of H2 is guaranteed.

Situation 2. ⟨∇H2,wn⟩ ̸= 0 and ⟨∇H2,wi⟩ = 0, for each i ≤ n − 1. The equality (4.7)

(using identities (4.6)) gives λ = 0 or η = 2−n
6 λ.

Assuming λ ̸= 0, we get λ = 6n
5n−4H1 and H2 =

24n(n−2)
(5n−4)2

H2
1 . If λ = 0 then we get H2 = 0.

Again, in each case, the constancy of H2 is guaranteed.

Therefore, we get U = ∅, which is a contradiction. So H2 is constant on Mn and then the

scalar curvature of Mn is constant. □

Theorem 4.3. Suppose that ξ : Mn → Mn+1(c) is C-biconservative hypersurface of Rie-

mannian space form and suppose that η and λ are its only principal curvatures of multiplic-

ities ℓ and n− ℓ (respectively), where 2 ≤ ℓ ≤ n− 2. Then, it has constant scalar curvature

if its mean curvature is constant.

Proof. We define U := {p ∈ Mn : ∇H2
2 (p) ̸= 0} and show that it is empty. We assume

that the set U is non-empty and then we derive a contradiction. In the orthonormal tangent

frame field on U containing principal directions, the shape operator satisfies Swi = ηwi for
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i = 1, . . . , ℓ and Swi = λwi for i = ℓ+ 1, . . . , n. Also, we have

nH1 = ℓλ+ (n− ℓ)η, n(n− 1)H2 = (ℓ− 1)ℓλ2 + (n− ℓ)(n− ℓ− 1)η2 + 2(n− ℓ)ℓλη,

µi;2 =
2∑

s=0

(
ℓ− 1

s

)(
n− ℓ

2− s

)
λ2−sηs, (i = 1, . . . , ℓ),

µi;2 =
2∑

s=0

(
ℓ

s

)(
n− ℓ− 1

2− s

)
λ2−sηs, (i = ℓ+ 1, . . . , n).

(4.8)

By expressing the vector field ∇H2 in the orthonormal basis ∇H2 =
∑n

i=1⟨∇H2,wi⟩wi,

from equality (1.1) we obtain

⟨∇H2,wi⟩(µi,2 −
3

4
n(n− 1)H2) = 0,

for i = 1, . . . , n. On the other hand, we have ⟨∇H2,wi⟩ ̸= 0 on U for at least one i and so

µi,2 =
3

4
n(n− 1)H2. (4.9)

Two different situations can arise.

Situation 1. ⟨∇H2,wi⟩ ̸= 0, for at least one i ∈ {1, . . . , ℓ}. Equality (4.9) (using (4.8))

gives (ℓ− 1)(ℓ+ 4)η2 + (n− ℓ− 1)(n− ℓ)λ2 + 2(n− ℓ)(ℓ+ 2)ηλ = 0. Hence, λ = d0η, where

d0 = −

(
n− ℓ+ 2

n− ℓ− 1
±
√
n(ℓ+ 3)(n− ℓ) + (n− ℓ)(5n− 5ℓ− 4)

(n− ℓ− 1)(n− ℓ)

)
.

Hence, we get η = n
n−(n−ℓ)(1−d0)

H1 and λ = nd0
n−(n−ℓ)(1−d0)

H1, which give H2 = d1H
2
1 for a

constant d1. Hence, the constancy of H2 is guaranteed.

Situation 2. Suppose that for each i ≤ ℓ we have ⟨∇H2,wi⟩ = 0 and for at least one

i ≥ ℓ+ 1, ⟨∇H2,wi⟩ ̸= 0. From equality (4.9), we get

[3n(n− 1− 2ℓ) + ℓ(5 + ℓ)]η2 + 2ℓ(n+ 2− ℓ)λη − [2n(n− 3− 2ℓ) + ℓ(9− ℓ)]λ2 = 0,

which gives ℓη(6η + (n − 2)η) = 0. If η = 0 then H2 = 0. Otherwise, we have λ = −n−2
6 η,

which gives η = 6n
(6−n+ℓ)n−4(n−ℓ)H1 and λ = − n(n−2)

(6−n+ℓ)n−4(n−ℓ)H1 and then H2 = d2H
2
1 for a

constant d2. So, in each case, the constancy of H2 is guaranteed.

Therefore, U = ∅, then H2 and the scalar curvature are constant on Mn. □
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