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ON GEOMETRY OF THE PARALLEL SURFACE OF THE TUBE
SURFACE GIVEN BY THE FLC FRAME IN EUCLIDEAN 3-SPACE

KEBIRE HILAL AYVACI SIMSEK * AND SULEYMAN SENYURT

ABSTRACT. In this study, first, the parallel surfaces of the tube surfaces given with the
Flc frame are defined. By calculating the Gaussian and mean curvatures of these parallel
surfaces, it was found the conditions developable and minimal. Afterwards, the conditions
for parameter curves on the parallel surface to be asymptotic, geodesic and curvature lines
were investigated. It has been proven that the tube and parallel tube surface preserve the
Gaussian transform. Finally, examples of these surfaces are given.
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1. INTRODUCTION

It is known that two surfaces with a common normal are called parallel surfaces. Parallel
surfaces have various uses in the design field and in the modeling of forging casting molds
[25]. It has been one of the surfaces that has been the focus of attention of many mathe-
maticians from past to present,[22} [8 [0 10} [T, [IT]. A large number of papers and books have
been published in the literature which deal with parallel surfaces in both Minkowski space
and Euclidean space. Kilic showed that if a parallel transformation on E™ is a connection-
preserving transformation, the fundamental curvatures of the underlying surface are constant
[14]. Taleshian used Euler’s theorem to examine the orthogonal curvatures of parallel hyper-
surfaces and stated that if the parallel transformation preserves the second fundamental form,
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the fundamental hypersurface defines a hyperplane [23]. Fukui and Hasegawa studied the
singularities of parallel surfaces [12]. Onder and Kiziltug gave the relations between Bertrand
and Mannheim partner D-curves on parallel surfaces in 3-dimensional Minkowski space [19].
Dede, Ekici and Coken first defined parallel surfaces in Galilean space and examined the rela-
tionship between them, and then obtained the first, second fundamental forms and Gaussian,
mean curvatures of the parallel surface depending on the first, second fundamental forms and
Gaussian, mean curvatures of the main surface [5]. Savci studied the relationship between the
Darboux frame, geodesic curvatures, normal curvatures, and geodesic torsions of the curves
lying on the parallel surface pair, showed that the parallel surface of a non-developable ruled
surface is not a ruled surface, and obtained that the parallel surface of a Weingarten ruled
surface is also a ruled Weingarten surface [20].

Craig worked on parallel surfaces of the ellipsoid [2]. Eisenhart wrote a section on parallel
surfaces in his work “A treatise on the differential geometry of curves and surfaces” [7].
Nizamoglu stated that the parallel ruled surface is a curve that depends on a parameter and
gave some geometrical properties of such a surface [18]. Hacisalihoglu and Tarakci defined
surfaces with constant ridge distance and showed that a parallel surface is a special case of a
surface with constant ridge distance [24]. Again, Hacisalihoglu and Yasar studied the parallel
surface of a hypersurface in Lorentz space and obtained new characterizations [27]. Cdken,
Ciftci and Ekici worked on parallel surfaces of timelike ruled surfaces [3]. Dae Won Yoon
studied parallel Weingarten surfaces in Euclidean space and showed that for a surface to be a
Weingarten surface, it is necessary and sufficient that its parallel surface is also a Weingarten
surface [28]. In recent years, Kiziltug has taken a curve on a surface and obtained the image
of this curve on a parallel surface and examined the characteristic features of this curve on
the parallel surface [15, 16} [17]. Unliitiirk and Ozﬁsaglam showed that the image of a curve
that is geodesic on M by normal transformation in Minkowski 3-space on the parallel surface
M, is also a geodesic [26].

Given any curve in three-dimensional Euclidean space, an orthonormal vector system called
the Frenet frame can be established at every point of this curve. The Frenet frame defines
the curvature and torsion functions of the curve that characterize the curve. However, the
disadvantage of this frame is that the Frenet frame cannot be established at points where
the second derivative of the curve is zero. With the Flc frame defined by Dede in 2019, the
singular points occurring in the second derivative of the curve were eliminated and a new

frame was established. This shows that the Flc frame can be established along the curve,
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including the points where the Frenet frame cannot be established. Thus, the deformation
on the surfaces created by taking this frame as a reference was also minimized, [4].

In this study, the parallel surfaces of tube surfaces defined using the Flc frame are first
introduced. The Gaussian and mean curvatures of these parallel surfaces are calculated to
determine the conditions under which they are developable or minimal. Next, the criteria for
the parameter curves on the parallel surfaces to be asymptotic, geodesic, or curvature lines
are analyzed. It is also demonstrated that both the tube surface and its parallel surfaces

preserve the Gaussian transform. Finally, examples of these surfaces are provided.

2. PRELIMINARIES

In this section, we remind some basic concepts that will be used throughout the paper.
Let A = A(t) be a regular space curve satisfying non-degenerate condition A’ (t) A X" (t) # 0.
Then, the orthonormal vector system called Frenet frame is defined by

XN AN ()
N @® AN @)

N(t) = B(t) AT(t)

where T is tangent, N is principal normal, and B is binormal vector field. The Frenet

formulas are given by

T' = k0N, N' =—wnT+mB, B'=—mN , ||X| =7

where the curvature x and torsion 7 of the curve are, [4]

- HX(t) /\X'(t)H - <X(t) /\)\”(t),)\m(t)>
Vo N AN@IF

9

The n'* degree polynomial with parameter ¢ is defined as
P(t) = Mt + Ay 1t T Mt Xg, A #0

where n € No, \; € R, (0 < i < n), [4]. Now let us define a curve such that, X : [a,b] —
E™  A(t) = (Ai(t), A2(t), ..., An(t)). If each A;(t) are polynomials for 1 < i < n, then
At € RJs] is defined to be an n—dimensional polynomial curve [4]. The degree of such a

polynomial curve as A(t) is given by

deg A(t) = maz {deg (M (1)) , deg (Aa(t)) , .., deg (Au(£))}
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The definition of the Flc frame of a polynomial space curve A = A(t) given by Dede in [4] is

as follows

T(t) = Hi\\,g;”, D (t) =

N () AN (1)
N (t) AXM(2)

, Da(t) = Di(t) AT(t)

where the prime / indicates the differentiation with respect to s and (™ stands for the n'”

derivative. The new vectors Dy and D, are called binormal-like vector and normal-like vector,

respectively. The curvatures of the Flc-frame dy, ds, and d3 are given by

g = T0D2) ) (T Dy) o (Do Da)
n n n
where |\ || = 1. The local rate of change of the Fle-frame called as the Frenet-like formulas
can be expressed in the following form
T 0 dy da T
Dy | =n| —-d; 0 ds D,
Dy’ —do —ds 0 Dy

The relationship between the Frenet and Frenet like frame (Flc) is given by

T 1 0 0 T
Dy | =10 cosf sinf N
D; 0 —sinf cosf B

and the relations between the curvatures of two frames are

d de
dy = kcos, dy = —ksind, 0 = arctan <_d2> , ds = F + 7
1

where § = <(N, D). Let E3 be a 3-dimensional Euclidean space provided with the metric
given by

< X, X >=da? + da + da?

where (x1,22,23) is a rectangular coordinate system of E3. Recall that, the norm of an
arbitrary vector X € E3 is given by || X|| = /< X, X >, [13]. The parametric equation of a
parallel surface is given as: Let M; and Ms be two surfaces in 3-dimensional Euclidean space

and the unit normal vector field of M; be Z. If there is a function f defined as

f:My — My, f(P)=P+rZ,
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where r is a constant number, then the surfaces M; and My are called parallel surfaces.

Given the surface M,
M, ={P+rZ,: P e M,r € R and r=constant }

the set M, given by the equation is a surface parallel to M. The normal vector field of the

surface M, is computed as

M,, N M,
Nag, (t,0) = 2T
Mr(7 ) HMrt/\Mfr

oll

In addition, the first and second fundamental forms of the surface M, are given by

I = Edt® + 2Fdtdo + Gdb?,

II = Ldt? + 2Mdtdf + Ndb?

while the Gaussian and mean curvatures are

LN — M? g EN-2FM+GL

K= EG - F?’ 2(EG — F?)

where the coefficients are found by following:

E=<M,,,M,, >, F=<M,,M,,> G=<DM,,, M, >,

L=<M,, Ny, > N=<M

TtH

NMT >, M =< MT’()g)NMr > .

Concerning the Gaussian and mean curvatures, the following definitions exist

e A surface is said to be developable and has parabolic points if the Gaussian curvature
vanishes,

e A surface is said to have hyperbolic (resp. elliptic) points, if it has a negative (resp.
positive) Gaussian curvature,

e A surface is said to be minimal if the mean curvature vanishes, [6].

3. ON GEOMETRY OF THE PARALLEL SURFACE OF THE TUBE SURFACE GIVEN BY THE FLC

FRAME IN EUCLIDEAN 3-SPACE

Let M (t) be a polynomial space curve of degree n. We can parametrize a tubular surface

generated by an Flc-frame as follows

K(t,0) = M (t) + 1 [cos 0Dy (t) + sin 0D, (¢)] (3.1)
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where 6 € [0,27), r € R is the radius of the tubular surface and the curve M(¢) is the center
curve of the tubular surface, [4]. The derivatives according to parameters ¢ and 6 of the

tubular surface K (t,0) are, respectively,

K, =v(l —r(cos@d; +sinfdy))T — vrsinfdsDs + vrcos@ds D,

Ky=—rsinfDy + rcosfD;.
The normal vector field of the tubular surface K (t, ) is obtained as
N(t,0) = cosd Dy + sinfD;. (3.2)

If the parallel surface of the tube surface K(t,6) is represented by Kp(t,6), the equation of

this surface is defined as
Kp(t,0) = K(t,0) +eN(t,0).

If the expressions (3.1) and (3.2) are written here, the expression of the parallel surface
Kp(t,0) with respect to the Flc frame becomes,
Kp(t,0) = K(t,0) +eN(t,0)
=M (t)+ (r+¢)[cosODz(t) + sin 0D (t)] .

If the first order partial derivatives of the surface K(t,60) are taken with respect to the
parameters ¢t and 6

K,, =v(1 — (r+¢)(cosOd; +sinfdy))T — v(r + €) sin0ds Do

+v(r+¢)cosfds Dy,
Ky, =—(r+¢)sindDy + (r+¢)cos0Dy,

is found. Here the unit normal vector of the surface is

K, \NK.
N, (t,0) = —L——P° _ — 30D infD7.
(t.6) [Kp Ay~ 2 smos

The coefficients of the first fundamental form of the surface are as follows
E, =< K,,, K, >=12[1 — (r +¢) (cos d; + sinfdy))* + v2(r + ¢)*ds?,
F, < Kp,, Kp, >=v(r +¢)?ds, (3.3)

Gp =< Kp,,Kp, >= (r+ 5)2.
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The second-order partial derivatives of the surface K(t,#) are as follows:

Ky, =[V*(r + €)d3(sinfdy — cosfdy) — v(r + €)(cosfd) + sinfds) (3.4)
— V' (r + €)(cosfdy + sinfds) + V'|T
— [V2(r + €)cosO(d? + d3) + v*(r + €)dydasind + (r + €)sinf(vdz) — v*dy| Dy
— [V*(r + €)sinf(d5 + d3) + v*(r + €)didacost + (r + €)cosf(vds)' — v*ds] Dy,
K,,, =v(r +¢)(sinfdy — cosbda)T — v(r + €)cosfds Dy — v(r + €)sinfds D1,

K,

poy = — (1 +¢€)cosdDy — (1 + ¢)sinfDy. (3.5)

The coeflicients of the first fundamental form of the surface are written as follows

ep =< Kp,,, Ny > = v2(dycost) + dasind) — v*(r + €)(dycos + dasind)? (3.6)

- V2(T + €)d§,
fp =< Kp,y, Np >= —v(r +€)ds, (3.7)

gp =< Kpyys Np >= —(r +¢). (3-8)
With the help of these expressions, the Gaussian curvature K, and the mean curvature H,
of the parallel surface K(t,6) are written as follows, respectively:

K. — —cosfd; — sinfds
P (r+e)[l = (r+e)(cosfdy + sinfds)]’

B 1 —=2(r + ¢)(cosbdy + sinfdy)
P 2(r +e)[1 — (r + ¢)(cosfdy + sinfds)]’

Theorem 3.1. Singular points of the parallel surface Ky(t,0) satisfy the equation

1
r+e

60890d1 + Sing[)dg =
Proof. For the parallel surface K,(t,6) to have singular points at the point (o, 6) ,

”Kpt N Kp9||(t07 00) =0.
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If the necessary operations are carried out from here, the following is obtained:

| Kp, A Kpy|| (t0,600) =0=v(r+¢)(cosfd;(r+e)+sinfdg(r+¢)—1)=0

= (r 4 €)cosbpdy + (r + €)sinbods = 1

1
r+e

= cosbydy + sinbyds =

g

Corollary 3.1. In particular, if 0g = 0 is taken, then di = r—ie In this case, the locus of

singular points of the surface is a curve of the form
Ky (t,0) = M(t) + (r + ) Da(t).

Corollary 3.2. Ify = § or 6y = 37” 1s taken, then dy = r—ig In this case, the geometric

locus of the singular points of the surface is a curve of the form

Ky(t, ) = M(t) + (r +2)Da (1),
Kylt, 57 = M(1) ~ (r + )i (0).

Theorem 3.2. For K,(t,0) parallel surface:

(i) t parametric curves are asymptotic if and only if
(r+€)d3 + (r + &) (cosfdy + sinfds)? = cosbdy + sinfds.
(ii) The parameter curves 6 are not asymptotic curves.

Proof. (i) For the parameter curves of the parallel surface K,(t,6) to be asymptotic

curves, it is necessary and sufficient that e, = 0. From the equation (3.6]) we find:
ep = 0 = v2(dycost + dasind) — v*(r + €)(dycosd + dasind)? — v*(r + €)d3 =0
= (r+¢e)d3 + (r +¢)(dicosd + dasind)? = dycosd + dasind.

(ii) For the 6 parameter curves of the parallel surface K,(t,6) to be asymptotic curves,
the necessary and sufficient condition is that g, = 0. From the equation (3.8)), since

gp = —r — € and r,€ # 0, the 0 parameter curves cannot be asymptotic.

Theorem 3.3. For K(t,0) parallel surface:
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(i) t parametric curves are geodesic if and only if
v2dyda (1 + €)c0s20 — v cosfsinf(r + ¢)(dT — d3)
—v%(cosOdy — sinfdy) — (r +¢)(vd3)' = 0,
(cost + sind) <v2(r + £)d3(cosfdy — sinfdy) + v(r + €)(cosfd) + sinfdy)
+ (r + €)v'(cosfdy + sinfds) — U’) =0.

(ii) The 0 parameter curves are always geodesic.

Proof. (i) The necessary and sufficient condition for the parameter curves ¢ of the parallel
surface Kp(t,0) to be geodesic curves is that N, A K, = 0. From the equations (3.2)
and (3.4)), the vector N, A K,,, is given by

Ny ANK,,, = (v2d1d2(r + €)cos260 — v2coshsind(r + €)(d2 — d3)
— v?(cosfdy — sinfdy) — (r + 5)(vd3)’)T(t)
+ sinf (v2 (r + €)ds(cosfdy — sinfdy) + v(r + €)(cosfd) + sinfds)
+ (r + &)V (cosfdy + sinfds) — v') Do (t)
— cosf <U2 (r + €)ds(cosfds — sinfdy) + v(r + €)(cosOdy + sinfdy)
+ (r + &)V (cosfdy + sinfds) — v') D1 (t).
For N, A Kp,, = 0 the coefficients must be zero. Therefore,
v2dydo (1 + €)c0s20 — v cosfsinf(r + ¢)(d3 — d3)
—v%(cosOdy — sinfdy) — (r +¢)(vd3)' = 0,
sinf (v (r + €)ds(cosldy — sinfdy) + v(r + €)(cosfd) + sinfds)
+ (r + &)v'(cosfdy + sinfds) v')
cost (v (r + €)ds(cosldy — sinfdy) + v(r + €)(cosfd) + sinfds)

+ (r +e)v'(cosfdy + sinfda) — q/) =0.

If these equations are arranged, the desired result is obtained.
(ii) The necessary and sufficient condition for the parameter curves of the parallel surface
K,(t,0) to be geodesic curves is that N, A Kp,, = 0. Using the equations (3.2]) and

. N, N Kp,, = 0 means that the 6 parameter curves are always geodesic.
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Theorem 3.4. Let the parallel surface K,(t,0) be given. In order for the parameter curves

on the surface to be lines of curvature, the necessary and sufficient condition is that ds =0 .

Proof. For the parameter curves of the parallel surface K,(t,#) to be lines of curvature, it is

necessary and sufficient that Fj, = f, = 0. From the equations and we write
v(r+e)?ds =0 and —v(r+e)ds =0.
Here ds = 0 since v, r # 0. O
In this case, the following result can be given:

Corollary 3.3. If the parameter curves t and 6 on the parallel surface Ky(t,0) are planar,

these curves are the curvature lines of the surface.

Theorem 3.5. Let (K, K,) be the pair of parallel surfaces in E3. There is a relation between

the Gaussian transformations,
n="p
where the unit normal vectors of the surfaces K and K, are N and N, respectively.

Proof. Let the coordinates of the unit normal vectors K and K, be o; = (o, o, 3) and

§i = (&1,82,83), respectively.
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is the Gaussian transform of the surface K. On the other hand, the Gaussian transform of

the surface K, is as follows, where f : K — K, is the parallel transform:

np:K;,,—)S2

FOX) — (7)) = SO &) o)
i=1 !
- 0
= Z(&' o f(X))WU(X)
i=1 ¢

i 0
ZZai(X)aT/—iU(X)

=1

= np(X)

Since the Gaussian transformation will be provided for VX € K, n = 7, is obtained. 0

Example 3.1. Let M : I — R3 be a polynomial curve with center curve M(t) = (t,t5,1%).

If the derivatives of the curve M(t) are calculated, it is as follows:
M'(t) = (1,8t7,9%),
M"(t) = (0,56t°,72t7),

MO (t) = (0,0, 362880).

The Flc frame vectors of the polynomial curve M (t) are found as follows, respectively:

() = L0 —( 1 8t 98 )
M ()] VBIHT6 1+ 6411 + 17 /8116 + 64114 + 1 /81¢16 + 64¢14 + 1
M MO 7 1
Dy(t) = APO MO (ST 0).
|M/(t) x MOt)|| — \\V645 +1" V64t + 1

_ 9¢8 72t15
- ( V64 1 14/31116 | 64t1% + 1) /6411% | 11/S116 1 64018 + 1
V64tE 1
V81116 4 6414 + 1)'
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On the other hand, Flc curvatures are as follows:

di(t) = (T'(t), D2(1)) . 7217 (8t14 + 1)

e AGT. V64 s 1T (81816 + 64¢14 + 1)3/2’
da(t) = (T'(t), D1(t)) _ 56t

2 M) V64T 1 1 (81416 4 64414 1 1)
gy (D200 Di(®)) 50414

W= M) (64t 4+1) (81¢16 +64¢1 + 1)

If the radius v = 0.25 is taken, the parametric equation of the tube surface K(t,0) is as

follows:(—1 <t <1, —71<6<m)

K(t,0) =

(t 9t3 cos 0 n 27 sin 0
46418 1181416 + 64114 + 1 64t + 17

8 18t15 cos 0 sin 0
VAT 1181116 + 6414 1 46414 + 17

oy o8 0+v/64t14 + 1 )
44/81116 1+ 64114 + 1/

If € = 0.5 is taken, the equation of the parallel surface Ky(t,0) is as follows: (=1 <t <

1, —7<0<m7)

27t8 cos 6 6t7 sin @
K,(t,0) = (t - + ,
464114 + 1V/81¢16 4 64¢14 + 1 64¢14 + 1
8 54t1° cos 6 3sin

)

t — —
V644 + 18116 + 6414 + 1 46414 + 1

o4 3cos0v64t14 + 1 )
481116 + 6414 + 1/
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(A) K(t,0) tube surface (B) Kp(t,0) parallel surface

4. CONCLUSION

In this study, first of all, the parallel surfaces of the tube surface given with the Flc frame
were defined. It was seen that the surface created by investigating the geometric features
of this parallel surface was developable and minimal. The parameter curves of the parallel
surface were examine. Subsequently, the tube surface and parallel surface were shown to
preserve the Gaussian transform. Finally, the tube surface, which accepts a polynomial curve
as its center curve, and the parallel surface of this tube surface, are given as an example,
and are shown. This work can be studied in various spaces such as Minkowski space and

Galilean space, and can also be repeated for higher-dimensional curves.
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