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ON THE ZAGREB INDICES OF THE ZERO-DIVISOR GRAPH OF Z,

RAVINDRA P. MAHALE * AND KISHOR F. PAWAR

Abstract. In this paper, we compute the first and second Zagreb indices, first and second
multiplicative Zagreb indices, first and second Zagreb coindices, first and second multiplica-
tive Zagreb coindices of the Beck’s zero-divisor graph I'o(Z,), where n = p*, pq, pgr and
p,q,r are distinct primes. These indices are important in chemical graph theory and net-
work analysis, providing information about the structural characteristics of graph.
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1. INTRODUCTION

The zero-divisor graph is a graphical presentation of an algebraic structure and has

emerged as a powerful tool for investigating its structural properties of the structure. In
1988, while studying coloring of a ring, Beck [3] took all the elements of a ring as the vertices
of the graph, connecting two vertices by an edge if and only if the product of corresponding
elements in the ring is zero. After modification of Beck’s definition, Anderson and Livingston
[1] introduced the zero-divisor graph by removing all the non zero-divisors from the vertex set,
denoted by I'(R). Subsequently, extensive research has been conducted on zero-divisor graphs
within both commutative and non-commutative context, encompassing thorough analyses of
their spectral and non-spectral graph characteristics.
Graph invariants are structural properties of the graph that gives quantitative measures its
characteristic. The Zagreb indices are a set of topological indices in graph theory, used to
characterize molecular graphs, particularly in the field of chemical graph theory. These in-
dices can record information of degree-based information of the molecular graphs and have
been been successfully employed in modeling a host of physico-chemical properties of organic
compounds; including boiling points, stability, strain energy.

The first Zagreb index M; was first introduced by Gutman et al. [8] in 1972 is the sum of
the squares of the degrees of all vertices in the graph

M(G)= ) d(v)*

veV(Q)
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It can be also expressed as a sum over edges of G,
My(G) = Y [d(u)+d(v)].
(u,v)€E(G)
The second Zagreb index Ms(G) is the sum of the product of the degrees of pairs of adjacent
vertices in the graph.
My(G)= Y dw)d().

(uv)EE(G)
In [4, 9, 11], the principal characteristics of M;(G) and My(G) are explained in detail.
The first and second Zagreb indices are strongly related with the total m-electrons energy of
conjugated hydrocarbons. Zagreb indices provides information about the topological features
of a graph which are used in quantitative structure activity relationships (QSAR). They
offers various chemical applications to predict several properties and activities of molecules.
Different molecular structures can have different Zagreb indices, which can be helpful in
comparing and classifying compounds based on their structural properties.
Eliasi et al. [6] and Todeschini et al. [13, 14] have introduced modified version of conventional
Zagreb indices using multiplication operations, are

[L@= 1] dw?
VeV (G)

[L@&= [ dwdw).

(u,w)€EE(Q)
Doslié¢ [5] introduced these calculations involving summations over edges of complements of
graph G and referred as Zagreb coindices. The first Zagreb coindex of graph G is
M@= Y )+ d)],
(u,0)EE(G)
The second Zagreb coindex is defined in [5] as
My(G) = > [dw)d(v)).
(u,0)EE(G)
In 2013, Xu et al. [15] introduced the concept of multiplicative Zagreb coindices.
M = [ ldw+dw)
o (u,0)¢E(G)
LG = ][I dwdw).
(u,0)EE(G)
In this article, we use Beck’s definition of the zero-divisor graph to compute the first Zagreb
index, second Zagreb index, first multiplicative Zagreb index, second multiplicative Zagreb
index, first Zagreb coindex, second Zagreb coindex, first multiplicative Zagreb coindex and
second multiplicative Zagreb coindex of the zero-divisor graph I'g(Z,) for n = p*, n =

pq, n = pqr, where p, q, r are distinct primes.

2. PRELIMINARIES

We use the partition of vertex set of zero-divisor graph I'g(Z,,) given in [10, Remark 2.2].

Remark 2.1. (Partition of zero-divisor graph) Let Ly be the ring of integers modulo

pF. Then we can write Lo(Zyr) = Ufill A, where A; are disjoint subsets of T'o(Zyk), for
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1<i<k+1, where Ay, Ag, -, Agy1 for 1 <i < k+ 1, which are defined as follows

A = (PH\{0},
A =\ Aruf{o),
Ay = ("N A1U AU {0}),

Aper = NH{UZE A U {0},

A = {unit vertices},
Apyr = {0}

Also, we can write A; = {kip* ™ 1 ki =1,2,...,(p" — 1); ptk;}, for 1 <i <k —1. Thus for
any 1 <i <k, |Ai| = p" = pU= = ¢(p') and |Agsa| = 1.

Lemma 2.1. [10] Let A; be subsets of V(I'o(Zyk)) which are defined in the above Remark
2.1, for1 < i <k; and let s, t be two integers with 1 < s <t < k, then ZEZS |A;| = pt —p¥ L.

The following lemma gives the adjacency among the vertices in the partitioning sets A;, Aj;.

Lemma 2.2. [10] Let p be a prime, To(Z,x) be zero-divisor graph of Z,x and x € A;, y € Ay,
L if z#y, i+j<k

fori,j€{1,2,--- k+1}. Then d(z,y) =
2, if x#y, i+j>k.

First we state the results given in Mahale et al. [10], which we use frequently.

Lemma 2.3. [10] Let A; be subsets of V(I'o(Zy)), for 1 <i < k+1, as in given Remark
2.1. Then the following assertions hold.
(1) A vertex in Agy1 is adjacent to every vertex in Ule A;.

(2) Each vertex of A; is adjacent to every vertex in Uf;i Aj.
k—1

(3) If k is odd, then any two vertices in |J

Uf_ﬁﬁ A; are non adjacent.
- 2

=1 Ai are adjacent; and any two vertices in

E
(4) If k is even, then any two vertices in |J7_, A; are adjacent; and any two vertices in
U L. A; are non adjacent.

2

Next result gives the partition of I'g(Z,q).

-4
Lemma 2.4. [10] Let p and q be distinct primes. Then I'o(Zpq) = \J;_1Ai, where

A ={pki: k1 =1,2,--- ,(¢—1), pthi},
As = {qka: ko =1,2,--- (p—1), q1ka},
Az = {unit verices},
Ay = {0} are such that,

(1) Any vertex of Ay is adjacent to every vertex of Ule A;.

(2) A1, As and As are independent sets.

(3) Each element of Ay is adjacent to every element in As.

The following result of Mahale et al. [10] gives the partition of vertex set of I'g(Zyq, ), for the
sake of completeness we provide the proof.
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Lemma 2.5. [10] Let p,q and r be distinct primes. Then Lo(Zpg) = A1UAU- - - UAg.

Proof. Here p,q and r are distinct primes. The vertex set of I'g(Z,qr) can be partitioned as

Ay ={pk1: k1 =1,2,--- ,(¢qr — 1) with g1 k1 and r { k1 },
Ay ={qka: k2 =1,2,3,--- ,(pr — 1), p{ka,rtka},

Az :{rkg:k3:1,2,3---,( —1), ptks,q1ks},

Ay ={qrka: ks =1,2,3,--- ,(p—1)},

As =A{prks: ks =1,2,3,---,(¢— 1)},

As = {pgke: k¢ =1,2,3,--- ,(r—1)}

)

A7 = {unit vertices}
Ag = {0}
Then the sets A;, Ag, -+, Ag are as desired. O

Lemma 2.6. [2] Let G be a simple graph on n vertices and m edges. Then
(1) M1(G) =2m(n — 1) — M1(G).
(2) Ms(G) =2m? — Mo (G) — %Ml(G).

Lemma 2.7. The number of edges of zero-divisor graph U'o(Z,x) is

k-1

Slkpt +pF —kptt—pT ], if k is odd;

D=

E(FQ(Zpk)) — %
[kp¥ — kpF—1 —p2 +2p% — pF=1] if k is even.

N[

Proof. In the view of Lemma 2.3, the number of vertices of zero-divisor graph I'y (Zpk) is p¥
and we have the degree of each vertex. Thus by Handshaking lemma[7], we get number of
edges of Ig(Z,x) as S04 4 d(v)|As| = 2|E].

Now we have two cases for k.

Case I) If k is odd. From (3) of Lemma 2.3, we get
k+1

—1
Z d()[Ail =3 21 d(v)|Ail + 3207 k+1 d(v)[As| + d(v)|Ag] + d(v)[A (1)
UEA
g -
== -+ > I - p ) + 1L - p*Y)
=1 j= ket
2
+(" 1)
Therefore, |E(To(Zyr))| = 5[kp* + p* — kp"~1 — p%]
Case II) If k is even, then |E(To(Zx))| = 7[ — kph1 —pg + 2pk — pF 1. O

3. ZAGREB INDICES

In this section, we compute the Zagreb indices for the zero-divisor graph I'g(Z,,), for n = pF,

n = pq, n = pqr where p, q and r are distinct primes.

Theorem 3.1. Let p be a prime. Then the first Zagreb index My of To(Zyx) is
P 4 pCED 4 — 3)pF — kp®D - p(FY ik is odd;
My(Lo(Zyr)) = k
P+ p? (k= 2)pF — (k+ 1)p* L +p2,  ifkis even.
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Proof. Using the fact given in the Remark 2.1, the vertex set V(I'g(Z,x)) is partitioned into
k+1sets Ay, As, ..., Apyq with [A;| = p' — p'~!, for any 1 < i < k and |Aj41| = 1. There
are two cases for k.

Case I) If k is odd. In view of Lemma 2.3, we have following subcases.

Subcase 1) Consider the set A4;, for 1 < i < %, the degree of each A; is (pk*i —1). Let

k-1

Vi = UZ A;. Then

k—1 k—1
L k—1

Dod)? =3 "dw)? =) (" - 1)?%A
veV] i=1 vEA; =1
k—1

Now consider

k—1 k1
e 7
SN - =pa-p) | D op
=1 i=1
2k 1 pAJ,__p—(Egi) 2%k—1 3k—1
= 1<_ - — -1 _ 3
p(l—p7) a=p) p p
Also, 23 i =) =230k ) = (k= ) 6F -
i=1 i=1

k—

k—1
N

and Z(pz —p = pT1 — 1 (from Lemma 2.1).
i=1

Thus,_
3k—1 k—1
Z dw)? =p* ' —p T + (k-1 "N+ —1). (3.1)
veVy
Subcase 2) Let Vo = Ui:@ A;. Then degree of each vertex in A; is p%, LRt
respectively. ’
k—1 k—1 A
dodw)? =Y > dw? = " )4
veVs i=ktl veA,; k41
2 2
k_l . . .
— Zp(2k—2z) (pz _ p(z—l))
b1 (3.2)
k—1 '
=p*A-p )
k1l
3k—1 k :
= p 2 — p .
Subcase 3) If v € A then d(v) = 1 and |Ax| = p¥ — p*~1. Thus,
Do dw)? =D d()* Ay = p* —p*" (3.3)

Subcase 4) If v € Apyq then d(v) = p* — 1 and |Ag, 1| = 1. Thus,

S d(w)? = 3 dw)* Apeal = (0F — 1) (3.4)
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Hence, using Equations (3.1) to (3.4) we get
k+1

Zd(v)Q = p2* 4 p(k=1) 4 (k — 3)pk — fpk—D) +p(%)_

Case II) If k is even. The techniques of Case (I) can be applied to obtain Case (II).
k+1

k

3

Zd(v)Q _ p2k _|_p2k71 + (k _ 2)pk _ (k + l)pkfl + p2.

Theorem 3.2. Let p be a prime. Then the second Zagreb index Ms of FO(Zpk) 18

s (8K + 2k + 3)p*F 8 — (3% — 14k + 7)pF+2) — (3% — 6k + 7)p+1)

+(3k% — 6k + 3)p?k — (k2 — 9)p*+3) — (k2 — 12/<: + 23)p*+2) 1 (k2 — 8k + 11)plk+1)
(K2 — 4k 3)p - (4k + 16)p ey (41<: TP 4 k- 16)p™ - 4k +8)p T
4k — 4" — p” T — 4™ —8p™T 1 8p? +8p), if & is odd;

((3K2 + 4k)pF+3) — (3k2 — 4k — 4)pk+2) — (32 + 4k — 4)pF+D) 4 (3k% — 4k)

8p2(p+1)
2k (k2 — 2k — 20)pk+3) — (k2 2k + 28)p<k+2> (k2 — 2k)pltD) — (k2 2k)p*
4k 4+ 20)p"5 1 (4k — 4™ 4 (4 — 4)p™ T — (k — 16)p T £ 4p™ Tt dkp¥
—4kzp§ + 8p¥ — 8p® — 8p® + 8p> , if k is even.

Proof. In the view of Lemma 2.3. There are two cases for k.

Case I) If k is odd.

Subcase 1) As given in (3) of Lemma 2.3, the vertex set V; = U;:Tll A; forms a complete
subgraph of I'g(Z,x) and degree of each vertex in the respective set is (p*=% —1). Thus in

this case we get,

dio=Ydw) Y d(eg) = 3 d@)| A (Jw)(4i] - 1)
i=1 v;,v;€V1 =1

=30 -0 =) [0F - p) (1 = P 1 )]
= k-1 k-1 k-1
2 2 2
= (1 =pNDY "(pF =)+ 51— )Y 0 - p) - 301 Zp —p')
i=1 i=1 i—
_ (k=1) _
_ _ (k=1) 1
= (-1 IEL) + p-1)pF V1 -p 2 )+ v 2)((£+ ) )
k—1 3k—1
+ilp— p*F V) + (1 —p oz )+ pD) — pTo) — ph=D(p — 1) (A5
(3.5)
k=1
Subcase 2) In this case, we take the adjacency in the complete graph (J, 2, A;, from vertex

k-3 k—1

set Vi = ;2 A; to the vertex set Vo = UJ 2,41 Aj. Hence,
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dy = Y d(w)d(vy) = d(v)|Ajl ( > d(v)Aj)
i=1 v, EV1,v, V2 i=1 j=i+1
= " -0 - ( ("7 -1 p“))
i=1 j=i+1
=(1-p ) (p’“pi)(Z(p’“zﬂ))
i=1 j=it1
5 El(k — 1) — 2 AL it (3.6)
1S — ) (p (h-1)-2] = f;
i=1
o ae (PP D(k=3) prE-3)(k-1) pF (k-3)
== 1)2< 4 - 8 T 2(p—1)
+P’““p(p(k53) ~1) prk-Lppz) | p-(k-Lp7 +(k-3)p*
o 12 2(p—1) 2(p—1)°
Lprep T =1 (00
(p—1)? p-DE*-1) )

Subcase 3) By using (2) of Lemma 2.3, we get the adjacency of the sets from vertex set
k—1

Vi = UZ A; to the vertex set Vy = Uf_fﬁl Aj and degree of each vertex of the set Vj is

2
pi=9) respectively.

k—1
2 k—i

d =3 S Al | 3 w4yl
i=1 veA; erA] j_kJrl

2
=1
1=k k-1 = ki k+1—2i
=1-pHr-»p );(p )( 5 )
—1)2pF _ k(1.2 _ kL
- (o) (e - P )
29— (k+1)p 2 +(k—1)p2
* (p—1)? )>
_ ((p—l)ka‘1> p’“‘l(kQ—l)Jr(kﬂrl)(l—p%)Jr2—(l~c+1)p%+(1<;—1)p’%1
B 2 4 p—1 (p—1)2
= (p:Q) [(kz —D)PF2 = 2R R Ak + 1) — 4k —1)p—8p s

(3.7)
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Subcase 4) By using (1) of Lemma 2.3, a vertex in Ay is adjacent to every vertex in

U§:1 Aj.
k
di =Y d(vr)| Apsa|d(v)| Al

i=1 vEA;

e
| |
—

= [ X dlwerdwlail | + > dlvs )l + (0" = )] A

=1 ik+1
b k—1

(S - net -0 s |+ | 3 e - nee -ey | O
=1 i:%

T

k+1

= GF -0 (A - >> + (= D - ()
+" - (1 -p7").

Hence, using Equations (3.5) to (3.8) we get

1
My(To(R)) ) ((3k2 + 2k 4 3)p*Ft3 — (3k2 — 14k + T)p** 2 — (3k2 — 6k +7)

T 8p(p+ 1
p?k L 4 (3k2% — 6k + 3)p*F — (k2 — 9)pFt3 — (k% — 12k + 23)pF*+2 + (k? — 8k
3

F11)ph+! ( 4k‘—|—3)p ~ (4 +16)p E + (A + 2)p 7 4 4k —16)p' 3

4k 1 8)p T~ (dk — 4T — 4p™F — " g g +8p)

Case II) If k is even: The techniques of Case (I) can be applied to obtain Case (II).

1
- - 31{32 +4kﬁ 2k+3 3]{2 — 4k — 4 2k+2 3k2 +4k —4 2k+1
ST 1) (( )p ( )P ( )P

+(3k% — 4k)p?F — (K% — 2k — 20)pHt3 — (k:Q(— 2k 4 28)p**2 4 (K — 2k)pFtt
— (k2 — 2k)pF — 4l<:+20 B 4k — pTE 4 4k —4)p"

( )p* - +§) ) ( )p ( )P
—(4k — 16)p 4p™E 4 4kpT — dkps 4 8p" 5 — 8p — 8p? +8p>

M3(To(R))

0

Theorem 3.3. Let p be a prime. Then the first Zagreb coindex My(Lo(Z,k)) is given by

3k—1

kp?t — (k+1)p?*t —2(k — 1)pF + 2kp"t —p7 7, if k is odd;
(k4 1D)p* — (k+2)p?* 1 — 2kp* + 2(k + 1)pF~1 — p%, if k is even.

Proof We have the vertices in FO(Z k) is p and the number of edges are 5 (kp +pF —kpkt
P = ) if k is odd and 3 [kp* — kpF—? —p2 +2pF — p*~1], if k is even. By using (1) of Lemma
2.6, the first Zagreb coindex is
If k£ is odd:
Mi(To(Zy)) = 2m(n — 1) = Mi(To(Zy))
= 2(4[kp* + pF — k= p T )0 — 1) — [P + pED 4 (k- 3)ph
—kp=1) 4 p(5F)]
Mi(To(Zy)) = kp*™ — (k+ 1)p* =1 = 2(k — 1)p* + 2kpt=t —p*=
If k is even, then M1(Lo(Z)) = (k+ 1)p** — (k + 2)p** =1 — 2kp" + 2(k + 1)p*~! — pz. O
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Theorem 3.4. Let p be a prime. Then the second Zagreb coindex My(To(Z,)) is given by

1
m[zi(kp’f“ FpE T —kpF — p )2 (p+ 1) — (3K + 2k + T)pP 3 + (3K — 14k — 1)

p* 2 4 (3k2 — 6k + 3)p* ! — (3k2 — 6k + 3)p* + (K — 4k + 3)p" ™ + (k? — 12k + 35)
PR — (k2 — 12k + 11)pF+1 + (k2 — 4k + 3)pk + Ak + 4) Ak + 1)p P — 4(k — 3)
A+ 2)p T Ak — 1)p T AT+ 8p"F — 8p? — 8p), if k is odd;

8p2(pl+1)[4((k )P = (ke )k — p E )2 (p+ 1) — (K% + 2k)pF T + (3K2 — 4k — 12)

p2kt2 (3k2 + 4k — 8)p2k+1 — (3k2 + 4k)p + ( k2 —2k+8)p k43 4 (k? — 2k + 40)p b2

3k+2

—(3k? — 4k — 4)p®+3 4+ (k2 — 2k)pF + 4(k + 5) —d4(k—1)p T —dkp' s +12p?
+4(k —4)p R 8p¥ — 4kp% + 4kzp 8p 4 12p® — 8pl, if k is even.
Proof. Using (2) of Lemma 2.6 we get result. O

Theorem 3.5. Let p and q be distinct primes with p < q. Then Zagreb indices of T'o(Zpq)

are given by

(1) Mi(Co(Zyg)) = (pa — 1) (pg+p+q) — (P* + ¢*) + 2.

(2) Ma(To(Zyg)) = 4(pg)* — (p+ @) (3pg — 2) — pq — 1.

(3) 1, (Co(Zpg)) = p*@ V2P D(pg — 1)*.

(1) TL,C0(Z)) = 2590 (pg — 1)1,

(5) Mi(To(Zpg)) = 3(pg)* — 3(p°q +pg* + pg —p—q) + p* + ¢° — 2

(6) E(Fo(qu)) $7(pg)* — 11(P%q + pg®) + 11pg + 5(»* + ¢*) — 3(p + )]

(7) TT, (To(Zpa)) = (0 + 1)@ D17 5 (2p) 75 < (q 4 1) D270 ¢ (29) *=55

(pfl)(qfl)[(gfl)@*l)*l]

X2 '
(FO (qu)) = p(q_1)(Pq—p—1)q(p—1)(pq_q_1)'

Proof. The vertex set V(I'g(Zypq)) is partitioned in given 2.4 as Ay, A, A3, As. The degree
of each vertex in the set A1,...,A4is p, ¢, 1, pq — 1 and the cardinality of the these sets are
(g—1), (p—1), (p—1)(¢g—1), 1 respectively.

The first Zagreb index M;(I'g(Zyq)) is

Mi(To(Zpg)) = > (0)*+ D@+ > 1)+ > (pg—1)?

u€A; uEAg u€As uEAy
=(q—1)p*+(p—1)*+ (p—1)(g—1)+ (pg — 1)

= (pg—1)(pg+p+aq) — (P* +¢*) +2.
The adjacency of the vertices within the respective sets is provided in the Lemma 2.4. The

second Zagreb index My (I'o(Zpq)) is
My(To(Zpg)) = >, pa+ Y, ppa—1+ > apg—1)+ > (pg—1)1

u€A1,WEAg u€A,WEA, u€A2,vEA, u€A3,vEA,

=palg—1)(p—-1)+plpg—1)(g—1)+qlpg—1)(p—1)+ (pg —1)(p — 1)(¢ — 1)

=4(pq)® — (p+q)(3pg — 2) —pg — L.
The first multiplicative Zagreb index of Lo(Z ) is

HI(FO(ZM)) = H H H 2 x H (pg —1)°

vEAL vEAs vEAS3 vEAY
= (p?)(a=D(g?) =1 (12)p=Dla=D[(pg — 1)]*

= pQ(q_l)QQ(p_l) (pq — 1)2
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The second multiplicative Zagreb indices of I'o(Z,q) is

HQ(Fo(qu)) = I w@x ] ®ea-1x ] @kd-1)

u€A1,v€A2 U€A1,U€A4 UEAQ,’UGA4
x I M-
uEAg,’UEA4

= (pg) VP x [p(pg — 1)]7Y x [g(pg — 1)]P~H) x (pg — 1)~ D@D
= pPla=D)qa0=1) (pg — 1)Pa=1),
The number of edges of I'g(Z,,) are 2pq — p — q. Using (1) of Lemma 2.6, the first Zagreb
coindex of T'o(Zyq) is
Mi(Co(Zpg)) = 2m(n — 1) — M1(To(Zpq))
=2(2pg —p —q)(pqg —1) = [(pg = V)(pg +p+q) — (p* + ¢°) + 2]
=3(pa)* = 3(v°q +pa* +pg—p—q) +p* +¢* — 2.
Using (2) of Lemma 2.6, the second Zagreb coindex of I'o(Z,q) is
My(To(Zyg)) = 5[7(pa)? — 11(p*q + pq?) + 11pg + 5(p* + ¢*) — 3(p + q)-
The second multiplicative Zagreb coindex of (I'g(Z,q))is

Hl(Fo(qu)) = ] @e+vx ] e+p)x [ @+ax ][] (a+1

ueAl,vEA'g, u,v€A1 U,UEAQ UEAQ,’UGA;;
<[] a+1)
u,vEA3
= (p+ 1)la= D=1 » (2p)
% (g +1)PDE-D-1) 9
=(p+ 1)(%1)((1*1)2 x (2p) a3 (q+ 1)(10*1)2(6171)

(p—=1)(p—2) (p=1)(¢—1)[(p—1)(¢g—1)—1]
2 .

x(2q) 2 X 2
The second multiplicative Zagreb coindex of (I'o(Zyq)) is
[L,(To(Zp) =pla VDb x (p2) TEE ¢ DD (g2)

(p=1)(g=1)[(p=1)(¢=1)—1]
x 1 2 N
= pla=D-D(@-1) » pla=D(a=2) » (P-D-1(a-1) » oP-1)(P-2)

= pla=Dpg—p=1) o(p=1)(pa—q-1)

(a—1)(g—2) (p=1)(p—2)
2 2

x (2q)

*1)(4*1)[(12)*”(9*1)*1]

(p—1)(p—2)
2

Theorem 3.6. Let p,q and v be distinct primes with p < q < r. Then Zagreb indices of
L'o(R) where R is Zpqr are given by

(1) M1(To(R)) = (pgr)® +pgr(p+q+r+pg+qr+pr—1)+ P>+ ¢ +r?) —pr(1 +
p+r+pr)—pe(l+p+q+pg) —gr(l+qg+r+aqr)+p+q+r)
(2) Ma(To(R)) = 13(p*¢*r?) — 9(p*¢*r + p°riq + ¢*r?p) + 6(p*qr + ¢*pr + rpq)

— Upgr+4(pg+pr+qr) —2(p+q+r) + 1.
R)) = p2ar=2) ¢(2rr=2),.C2pa=2) (g — 1)2,

R)) = pbpar=2patpr)+pl y o[3par=2(patar)+al s . Brar=(pr+ar)trl s (pgp 1) (Par=1)

(5) Mi(To(R)) = 7(pgr) — 5(P*¢*r + p*r’q + ¢*r°p) + (P*qr + ¢*pr +1°pq) — Ipgr + 5(pq
+pr+qr) =3+ q+7)+ P*F + 7+ ) — (0P + ¢+ ) + (0%g
+p*r + @Pp+ Pr+rPp+rig) + 2.

(6) My(To(R)) = 5[6p%¢°r? = 15(p*¢*r + p*rPq + ¢*r?p) + 9(p?¢* +p*r? + ¢*r®) + 19(p?qr

+¢*pr+7r2pq) — 17pgr — 5(pg +pr+qr) — (p+q+7) + 7(P*q +p*r + ¢°p

+*r +rp+r2) + (P + ¢ +1?).
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H (To(R (p+ q)(pfl)(t;{fl)(v"*l)2 x (p+ T)(pfl)(qfl)Q(Tfl) x (g + r)(pfl)z(qfl)(rfl)
% pz[(qr)2—5qr+2q+2r] x q2ler)?=5pr+2p+2r] o .5 ((p)* ~5pq+2p+2q]
% (H_p)(pfl)[(471)2+(T*1)2+(q*1)2(T*1)2] « (1+q)(qfl)[(p*1)2+(7’*1)2+(p*1)2(7"*1)2]
x (147) D=0 +(a= 12 +(p-1)*(a=1)*]  9(=1)*(a=1)*(r=1) y 9 (p=1)*(g=1)*
% 9(P=1)*(r=1)?+(q=1)*(r—1)>~(p—1)(¢—1)(r—1)
w 9(1=p)(¢=—p+1)+(1—r)(p—r+1)+(1-q)(r—g+1)
H (To(R)) = p[q2r2p+2(pq+pr)—(p+q7’)—4pq7“+1] x q[P2T2q+2(pq+qr)—(q+pr)—4pqr+1]

« plP?@®r+2(pr+qr)—(r+pg)—4pgr+1]

Proof. The vertex set of Tg(Zp,) can be partitioned into | J5_; 4; as given in the proof of
Lemma 2.5. The degree of each vertex in the sets Ay, Ao, ..., Agisp, q, r, qr, pr, pq, 1,
(pgr — 1) respectively.

The total number of vertices in sets Aj, Ag, A3, -+, Agis (¢ — 1)(r — 1), (p — 1)(r —
1), (p—1D(q—-1), (p—1), (¢—1), (r—=1), (p—1)(g—1)(r — 1), 1 respectively. Then we
have the result.

The first Zagreb index of To( pqr) is

M(To(R)) =D ()7 + D (@ + D)2+ D (@) + Y )+ ) (pg)°

uEA uEAg uceAs uEAy uEAs u€Ag
+ > (1) + Y (par — 1)
uc€Ar ucAsg

=(@—-Dr-D)p"+@-1)r—-D¢+@—-1)(q—1r*+ (p—1)(gr)?
+(g—1)(pr)* + (r = 1) (pg)* + (p — 1) (g — 1)(r — 1) + (pgr — 1)
= (pgr)® +pgr(p+q+r+pg+qr+pr—1)+ P>+ +72) —pr(l+p+r

+pr) —pa(l+p+a+pg) —qr(l+q+r+qr)+ (p+q+r).
By the adjacency between the vertices as given in the Lemma 2.5, the second Zagreb index
of To(Zpgr) is

My(To(R)) = > plan)+ >, pper—1)+ > ap)+ Y. qlpgr—1)

u€A,WEA, u€A1,vEAS u€A2,vEA; u€Az,vEAg

+ Y )+ Y. vl -1+ D qr(pgr—1)
u€ Az, vEAg u€As,v€Ag u€EAy,vEAg

+ > e+ Y, e+ D>, pred)+ Y, pripgr—1)
u€A4,vEA; u€A4,vEAg uEAs,vEAg uEAs,vEAg

+ Y palpar =)+ Y Lpgr—1)
uEAG,UEAg ’LLEA7,’UEA8

= (pgr)(qg —1)(r = 1)(p — 1) + p(pgr — 1)(g — 1)(r — 1) + pgr(p — 1)
(¢—1)(r—1)+qlpgr —1)(p—1)(r — 1) +pgr(p —1)(g — 1)(r — 1)
+r(pgr —1)(p — 1)(g — 1) +qr(pgr —1)(p — 1) + (grpr)(p — 1)(¢ — 1)
+(qrpg)(p — 1)(r — 1) + (prpg)(¢ — 1)(r — 1) + pr(pgr — 1)(¢ — 1)
+pq(pgr — 1)(r = 1) + (pgr — 1)(p — 1)(g — 1)(r — 1)1q1
= 13(p%¢°r?) = 9(°¢*r + p*r’q + ¢*r®p) + 6(p?qr + ¢’pr + r?pq) — 1lpgr

+4(pg +pr+qr) =2(p+q+7) + 1
The first multiplicative Zagreb index of I'o(Zpq) is
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[T, @) =TT w?x [T @?*x [T (< [T (a)* x TT r)* x I wa)?

vEA;] vEA2 vEA3 vEAY vEAs5 vEAg
< [T @2 x ] (war — 1)
vEA7 vEAS
= (p)Q(q—l)(r—l) x (q)2(p—1)(r—1) % (T)Z(p—l)(q—l) % (qr)Z)(p—l) % (pr)Q(q—l)
x (pg)*" Y x 1 x (pgr — 1)

p— p(2qr—2)q(2pr_2)r(2pq_2) (pqr — ]_)2

The second multiplicative Zagreb index of I'g(Zpqr) is

[Laoom) = JI »ax I swer-1x JI awr)x [ awer-1)

u€A,WEAY u€A,WEAS u€A2,vEA; u€AsvEAg

x I rweox I rwer—0)x ] e x ] e
uEA;;,UEAG uEAg,UEAg ’LLEA4,UEA5 ’LLEA4,’U€A6

x ] awer-1)x [ prwa)x ][] erer—1)
u€A4,v€A8 u€A5UEA6 ’LLEA5,’UEA8

x I wpaper—1)x I 1per—1)
uEAG,UEAg ’LLEA7,U€A8

= (pqr)(qfl)(rfl)(pfl) x [p(pqr — 1)}(!1*1)(7"*1) X (pqr)(pfl)(ffl)(qfl)
x[q(pgr — 1))@=V s (pgr)@=Da=D0=1) 5 [r(pgr — 1)]@-Dl—1)
x(pgr?) =D s (pgPr) =D o [gr(pgr — 1)) x (pPgr)@ DD
x[pr(pgr — 1)]@=1 x [pq(pgr — 1))=Y x (pgr — 1)p=Dla=Dr=1)
= (pqr)?Par—2patar+pr)+(pratr) o 200 =47 o (2PrPTT . 2P4P 4
x (pgr — 1)Par=1)
= pBrar—2patpr)+p] ¢ ¢Brar—2patar)+d o pBrar—prta)+r] o (pgr — 1)Per—1),
The first Zagreb coindex of I'g(Zpq,) is
M (To(R)) = 2m(n—1) — Mi(R)
= 2[4pgr — 2(pq +pr +qr) + (p+ g+ 1) — U(pgr — 1) — [(par)? + pgr(p + q
+r+pg+qr+pr—1)—pr(l+p+r+pr)—pe(l+p+q+pg) —qr(l
+q+r+qr)+(+q+7)+ @+ ¢ +r?)
= T(par)? = 5(p*¢*r + p*r’q + ¢*r’p) + (P*qr + ¢*pr + r?pq) — Ipgr + 5(pq
+pr+qr) =3(p+a+71) + (0% + 9P+ %) — (0P + ¢ + %) + (0
+p*r 4+ ¢*p + ¢*r 4+ r*p + r2q) + 2.
By using (2) of Lemma 2.6, the second Zagreb coindex Ms(I'g(Zpqr)) is given by
My(To(R)) = 3[5p%¢*r? — 15(p%¢*r + p*r’q + ¢*r’p) + 9(p* ¢ + p*r? + ¢*r?) + 19(p?qr
+@*pr +1°pq) — 1Tpgr — 5(pq + pr+ qr) — (p+ q +7) + T(p°q + p°r + ¢*p
+@*r +r’p +r?q) + (P + ¢* +r?)).
The first multiplicative Zagreb coindex of I'g(Zyq,) is

[[[tor) = JI @+rax I @+nx JI @+ex J[ @+po

u€A,vEAs u€A1,vEA3 u€A1,vEAs ucAi,vEAg

x I @e+ux I[ e+px JI G@+nx ] (¢+a)
u€A1,vEA7 u,vEA] u€A2,v€A3 uEA2,v€EA,

< J[ @+po)x J[ @+x J[ @+ox J[ @+a)
u€A2,v€Ag u€A2,v€A7 u,vE Az uE A3, vEA,

X H (r+pr) x H (r+1) x H (r+r) x H (gr+1)
uEA3,vEAs uEAs,vEA7 u,vE A3 uEA4,vEAT

x II @+ae)x JI @r+0x I Gr+pr)x J[ a+1)

u,vEAy uEAs,vEA7 u,VEAs u€Ag,vEA7
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< I] wa+pe)x [ @+

u,v€ Ag u,vEA7
= (p + q)(q—l)(r—l)(p—l)(r—l) (p + T)(q—l)(r—l)(p—l)(q—l) (p _|._ p'r')(q_l)(r_l)(q_l)

% (p 4 pg)TDE=DE=1) () 4 1)@=DE-DE=D(a=1)(r=1) ¢ (gp) G
% (q + )P DE-DE-D@D) 5 (g 4 gr)E-DE-DE-1) (g 4+ pg)E-DE-D-1)
(g + 1)P-DO=DE-1(a=D)(r=1) 5 (94) P=HEREE= D@D 1)
x(r 4 pr)® D@ DE=1) 5 (p 4 1)E-D@DE-Da-1)(r1) 5 (g TG0
s (gr + 1)@ DE-D@D0-1) 5 (247) =52« (pr 4+ 1)@ DE-Da-1)(-1)

x(2pr) THE ¢ (pg + DIEDED@ D) o (9p0) T
><2(p*l)(qfl)(v'*1)[(123*1)(1171)(7'*1)*1]

= (p+ )P VD= 5 (p 4 p)P=D=D*(r=1) » (g 4 p)P=D*@=D(—1)
w p3l(ar)® =sar+2q+2r] o o 51(pr)° =5pr+2p+21] o 1.51(pa)*~5pa-+2p+24]
(1 + p) - DIG 1 +—-1*+a=120-17] 5 (1 4 )@= DIE-1+r—1*+p-12(—1)
x (1 + r)r=DIp=D*Ha=1)*+(p-1)*(¢=1)] x 2(—1)*(¢-1)*(r—1)* 5 9(p—1)*(g-1)*
% 2(0=1)*(r=1)?+(¢=1)*(r=1)>~(p—=1)(¢=1)(r—1) » 9(1=p)(g—p+1)+(1~7)(p—r+1)+(1—g)(r—g+1)_
The second multiplicative Zagreb coindex of I'o(Zpgr) is
ﬁQ(FO(R)) = (pq>(q,1)(r,1)(p,1)(T,1) x (pr)(qfl)(v"*l)(pfl)(qfl) % (p%)(qfl)(rfl)(qfl)
% (p2g) @ DE-DE-1) ¢ (p)(a-DIr-DE-1)(a-1)r-1) » (p2) =BGz
x (qr)®P=DO=DE=1(a=1) 5 (@2p)E=D=DE=1) « (pg?)P-Dr=1)r-1)
(@)= DI=DE-1(a-1)(r=1) 5 (o2)E=HEREREE 2= 1) (0= 1) (1)
(pr2) D@D 5 (7)E-Dla-DE-1)(a-1)(r-1) 5 (,2)EH=RlG=DE=L=
(
[
(1

(p—1)(p—2)

gr)P=DE-D-D0=1) 5 [(gr)2] 252 x (pr)@DE-Da-D-D)

(pr)?] 75 x (pg) DO DD O o [(pg)?]

(=) (g=1)(r— 1)[(17 Dg=1)(r=1)—1]

X X X X X

)

la*r?p+2(pa-+tpr)=(p+ar)—4par+1] » glp*r?a+2(pa-+ar)—(g+pr)—4pqr+1]
T[P2qzr+2(pr+q7“) —(r+pq)—4pgr+1]

"U

Acknowledgments. The authors would like to thank the referee for some useful com-

ments and their helpful suggestions that have improved the quality of this paper.
Conflict of interest. The authors declare no potential conflict of interests.

REFERENCES

[1] Anderson, D. F., & Livingston, P. S. (1999). The zero-divisor graph of a commutative ring. Journal of
Algebra, 217(2), 434-447.

[2] Ashrafi, A. R., Dosli¢, T., & Hamzeh, A. (2010). The Zagreb coindices of graph operations. Discrete
Applied Mathematics, 158(12), 1571-1578.

[3] Beck, I. (1988). Coloring of commutative rings. Journal of Algebra, 116(1), 208-226.

[4] Das, K. C., Xu, K., & Gutman, I. (2013). On Zagreb and Harary indices. MATCH Communications in
Mathematical and in Computer Chemistry, 70(2), 301-314.

[5] Dosli¢, T. (2008). Vertex weighted Wiener polynomials for composite graphs. Ars Mathematica Contem-
poranea, 1(1), 66-80.



80

R. P. MAHALE AND K. F. PAWAR

[6] Eliasi, M., Iranmanesh, A., & Gutman, I. (2012). Multiplicative versions of first Zagreb index. MATCH

Communications in Mathematical and in Computer Chemistry, 68(1), 217-230.

[7] Gunderson, S. (2014). Handbook of mathematical induction. Chapman and Hall/CRC.
[8] Gutman, I., Rus¢i¢, B., Trinajstié, N., & Wilcox, C. F. (1975). Graph theory and molecular orbitals. XII.

Acyclic polyenes. The Journal of Chemical Physics, 62(1), 33-99.

[9] Gutman, I., & Das, K. C. (2004). The first Zagreb index 30 years after. MATCH Communications in

Mathematical and in Computer Chemistry, 50(1), 83-92.

[10] Mahale, R. P., Pawar, K. F., & Patil, A. A. (2025). Wiener and Harary index of the zero-

divisor graph of Z,. Discrete Mathematics, Algorithms and Applications, 17(6), Article 2450099.
https://doi.org/10.1142/S179383092450099X

[11] Nikoli¢, S., Kovacevi¢, G., Miliéevié, A., & Trinajsti¢, N. (2003). The Zagreb indices 30 years after.

Croatica Chemica Acta, 76(2), 113-124.

[12] Singh, P., & Bhat, V. K. (2020). Zero-divisor graphs of finite commutative rings: A survey. Surveys in

Mathematics and its Applications, 15, 371-397.

[13] Todeschini, R., & Consonni, V. (2010). New local vertex invariants and molecular descriptors based on

functions of the vertex degrees. MATCH Communications in Mathematical and in Computer Chemistry,
64(2), 359-372.

[14] Todeschini, R., Ballabio, D., & Consonni, V. (2010). Novel molecular descriptors based on functions of

new vertex degrees. In I. Gutman & B. Furtula (Eds.), Novel molecular structure descriptors: Theory

and applications I, 73-100.

[15] Xu, K., Das, K. C., & Tang, K. (2013). On the multiplicative Zagreb coindex of graphs. Opuscula

Mathematica, 33(2), 191-204.

(R. P. Mahale) DEPARTMENT OF MATHEMATICS, JET’S ZULAL BHILAJIRAO PATIL COLLEGE, DHULE,

MAHARASHTRA 424002, INDIA.

(K. F. Pawar) DEPARTMENT OF MATHEMATICS, KAVAYITRI BAHINABAI CHAUDHARI NORTH MAHARASH-

TRA UNIVERSITY, JALGAON, MAHARASHTRA 425001, INDIA.



	1. Introduction
	2. Preliminaries
	3. Zagreb indices
	References

