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STATISTICAL CONVERGENCE OF DOUBLE SEQUENCES OF
BI-COMPLEX NUMBERS

SUJEET KUMAR * AND BINOD CHANDRA TRIPATHY

ABSTRACT. This article presents the concepts of statistically bounded, statistically bounded
convergence, statistically bounded null, statistically regular convergence, statistically regu-
lar null double sequences of bi-complex numbers, statistically convergent double sequences
in Pringsheim’s sense, and statistically null double sequences in Pringsheim’s sense. We
have established that these spaces are linear, and we have demonstrated their many alge-
braic, topological, and geometric properties using the Euclidean norm defined on bi-complex
numbers. Suitable examples have been discussed.
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1. INTRODUCTION

The notion of convergence double sequence was first proposed by Pringsheim [14]. Bromwich
[2] has some of the earliest works on double sequence spaces. The concept of regular conver-
gence of double sequence was later introduced by Hardy [5]. Additionally, double sequences
of bi-complex numbers were introduced by Kumar and Tripathy in various directions [6], [7],

and [g].
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752 S. KUMAR AND B. C. TRIPATHY

Definition 1.1. [13] Norm (Euclidean Norm) on Cq is defined by

Vlle, = Vw?+ 22 +y2 + 22

=/ |ui|? + |uz|?

_ | + o
5 :

Cy becomes a modified Banach algebra with respect to this norm in the sense that
Iy slic, < V2Ihlle, - llsllc,-

Definition 1.2. Three types of conjugations are defined in the bi-complex numbers (Rochon,

Shapiro [16]) as follows,

(1) i1- conjugation of bi-complex number v is v* = uy + iguz, for all uj,us € C; and
u1,us are complex conjugates of uy, ug respectively.

(2) i9- congugation of bi-complex number v is ¥ = uy — igug, for all uy,us € Cy.

(3) i1ie- conjugation of bi-complexr number =y is v = uy — igug, for all ui,us € C, and

U1, Uz are complex conjugates of uy, ug respectively.

The concept of statistical convergence was introduced Fast [3] and reintroduced by Schoen-
berg [18]. It was also discussed in the work of Zygmund [20]. Subsequently, several researchers
including Fridy and Orhan [4], Maddox [L1], Salat [17], Mursaleen and Edely [12], Rath and
Tripathy [I5], Tripathy [19] and others explored this notion in various contexts”.

A subset E of N is said to have natural density 6(F) if

I(F) = lim —ZXE exists ,

n—00 N
I<n

where x g is the characteristic function of E.

A single sequence (7;) is said to be statistically convergent to L if for each € > 0,6({l € N :
|7 —Lllc, > €}) = 0 and write 8% I or stat —lim~y, = L. A sequence that is statistically
convergent to zero is called a statistically null sequence.

The density of a subset E of N x N is defined as

92(F) = lim Z Z xE(l,m) exists.

n,k— o0 nk
1<n m<k

A double sequence (;,,,) is said to be statistically convergent to L in Pringsheim’s sense if for

every € > 0,62({([,m) € Nx N: ||y, — L|jc, > €}) = 0, written as st — limy 00 Yim = L.
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A double sequence (7y;,,) is said to be statistically null if it is statistically convergent to 0 in
Pringsheim’s sense.
A double sequence (7y;,) is said to be statistically regular convergent if it converges in
Pringsheim’s sense and the following statistical limits exist
stat — lli\rgo Yim = P, exists, for each m € N,

and

stat — lim ~;,, = @, exists, for each [ € N.
m—0o0

For regularly null sequences we have P,, = Q; = L =0, for all [,m € N.

Definition 1.3. Let (vi,,) and (t;,) be two double sequences, then we say that Vi, = tim,
for all most alll and m (in short a.a.l and m) if 2({(I,m) : Vim # tim}) = 0.

Definition 1.4. A double sequence (vy,) of bi-complex numbers is said to be statistically
divergent to oo if for any given G,5({(l,m) : ||mlc, > G}) = 0. Similarly, statistically

divergent to —oo is defined.

Definition 1.5. A double sequence (v,) is said to be statistically Cauchy if for every e > 0,

there exists n = n(e) and k = k(e) such that 02({(l,m) : ||Vim — nkllc, > €}) = 0.

Definition 1.6. [10] The set of bi-complex numbers is a commutative ring. Modules over
rings are defined in the same way as vector spaces are over fields. A module defined over the

bi-complex number ring BC is known as a BC— module or simply module.

Definition 1.7. [6] A double sequence (Vi) of bi-complex numbers is called bounded, if there

exists a real number M > 0 such that

Hf)/lmH(Cz < M? fOT’ all l7m € N.

and the set of all bounded double sequences of bi-complexr numbers, defined by;

2lso(Co) := {7 = (Mim) € 2w(C2) : sup [[vimllc, < OO} .

I,meN

The sequence space 20 (C2) is a normed linear space with respect to

[ Al = sup [[vim |l c,-
l,m



754 S. KUMAR AND B. C. TRIPATHY

2. DEFINITIONS AND PRELIMINARIES

In this paper, the notations 2/ (Cs), 26(Ca), 280(Cs), 2¢%(C2), 265 (Ca), 268 (Cy), 265 (Ca)
are used to denote the spaces of bi-complex double sequences that are statistically bounded,
statistically convergence in Pringsheim’s sense, statistically null in Pringsheim’s sense, sta-
tistically regularly convergent, statistically regularly null, statistically bounded convergent

in Pringsheim’s sense, statistically bounded null in Pringsheim’s sense, respectively.

2loo(C2) := {(yim) € 2w(C2) : F0 < M € Cyq : 62({(I,m) : 1Vimllc, > M}) =0}

2¢(Cy) := {(fnm) € ow(Cyq) : there exists L € Cy such that st — llim Vim = L} :
— 00

m—00

200(C2) = {(%m) € 2w(Cy) : st — ll_lglo Vim = 0} ;

m—r0o0

QER((CQ) = {(’ﬂm) € 2¢(Cy) : st — llim Yim = Ym, €xists for each
— 00

m € N and st — lim -, =7, exists for each [ € N};
m—r0o0

265 (Ca) := {(Wim) € 2¢"™(Ca) : ym =y = L =0, for all [, m € N};

QEB((CQ) = QE(CQ) N QEOO(CQ) and 255(@2) = 250(@2) N QEOO((CQ).

Definition 2.1. [7] Let E be a subset of a linear space X. Then E is said to be convex
(or BC— convez) if (1 — X)(Yim) + ANtim) € E for all (Yim), (tim) € E and scalar X € [0,1].

Definition 2.2. [8] A Banach space X is said to be strictly convex (or BC— strictly convez)
if (im), (tim) € Sx with (Yim) # (tum) implies that [ AM(yim) + (1 = X))l x < 1, for all

A€ (0,1), where Sx is unit sphare.

Definition 2.3. [9] A Banach space X is considered uniformly convex (or BC— uniformly

convez) if, for any € with 0 < & < 2, the following inequalities hold true: |vim|x <

L ltimllx <1 and ||(vim) — (tim) || x > € imply that there is a § = 6(e) > 0 such that

(m) + (tom)

<1-4.
5 =

X
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3. MAIN RESULT

In this section, the following results are established.

Theorem 3.1. If a double sequence (v,) of bi-complex numbers Y, = Uiy + iougyy, for
all I,m € N 1is a statistically bounded double sequence of bi-complex numbers, then the dou-
ble sequences (u1ym) and (ugyy,) of bi-complex numbers are also statistically bounded double

sequences of bi-complex numbers.

Proof. Let (v,,) be a statistically bounded double sequence of bi-complex numbers. There
exists a positive real number M, such that d2({(l,m) : [|[Viml|/c, = M}) = 0, which implies
S2({(l,m) : [luaim + i2vaimllc, = M}) = 0 and 62({(l, m) : [[upimllc, = M}) < 62({(1,m) :
|wiim +i2uaiml|lc, > M}) =0 for p =1,2. Hence, (u1;,) and (uay,) are statistically bounded
double sequences of bi-complex numbers.

Conversely, let (u15,) and (ug,y,) are statistically bounded double sequences of bi-complex

numbers. Then, without loss of generality, we can find M > 0, such that

S2({(l;m) : [lurm|lc, = M}) =0,

and
S2({(l,m) : ||ugim|c, = M}) = 0.

Consequently, the following inequality yields the result;

Sa({(l,m) : ||urim + 2ugiml|c, > M})

< 6({(l,m) : [lurimllc, = M) + 62({(1,m) : [Jugimllc, = M}) = 0.

(By sub-additive property)
Hence, (v;,,) is statistically bounded. O

We formulate the following corollaries based on the previous theorem:

Corollary 3.1. If a double sequence (i) of bi-complex numbers, where Yy, = Tim +
11 Xopm + 12%30m + 1192Ta1m, 18 Statistically bounded double sequence of bi-complex numbers,
then the double sequences (Tpim), p = 1,2,3,4. of bi-complex numbers are also statistically

bounded double sequences.

Corollary 3.2. If a double sequence (Vi) of bi-complex numbers, where Vi, = pumer +
Harm€s, s statistically bounded double sequence of bi-complex numbers, then the double se-

quences (f1ym) and (papy,) are also statistically bounded double sequences.
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Theorem 3.2. If a double sequence () of bi-complex numbers, where vy, = U1pm +i2Uoim
for alll,m € N is statistically convergent to v = uy +igug with respect to the Euclidean norm

on Cy if and only if (uyym) and (ugy,) are statistically convergent to uy and ug respectively.

Proof. Consider (v;,,,) be statistically convergent to . Then, by definition, for every € > 0
o2({(l,m) € NxN: [[yim =7, 2 €}) =0
= &2({(l,m) € Nx N [[(vim — ) +i2(vaim —72)lle, 2 €}) =0
= 02({(l,m) € NX Nt ||y — mllc, + [Iv2im — 2lle, = €}) =0.

Now, consider the set
A ={(,m) e NXN: [y — nllc, > €}

Since, [|[v1im — 71llc, = € implies [[v1m — 11llcy + [v2im — 12llc, > &,

we have,

A: €{(l,m) e NXN: |lyim — 7llc, + 1v2im — 12llc, > €}
= 02(A:) < 62({(1,m) € N XN |lyum — mlle, + [h2im — 72lle, 2 €}) = 0.
Hence, for every € > 0,
o2({(l,m) € N X N: [y1m — nllc, = €}) = 0.
Similarly, for every € > 0,
o2({(l,m) € Nx N [|v2im — 12llc, > €}) = 0.

Hence, the double sequences (y1;,) and (7o) of bi-complex numbers are statistically con-

vergent to 1 and 7 respectively. O

Theorem 3.3. If a bounded double sequence (Vim,), where Yy, = €1fi1im + €2fio1m 18 statisti-

cally Cauchy, then (Yim) is a Cauchy double sequence in || - ||c,-

Proof. Let (v;,,) be statistically Cauchy double sequence of bi-complex numbers; then, for

each € > 0, there exists ng, kg € N, such that

52({(l’m) : ||'7lm - 7n0k0||C2 > 5}) =0.

Substituting vy, = €1411m + €2pt2im, We have

”’Ylm — Tnoko ”(C2 = Hel (,ullm - :U’lnoko) +e2 (N2lm - ,U/2nok0)”(C2'



INT. J. MAPS MATH. (2025) 8(2):751-768 / STATISTICAL CONVERGENCE OF DOUBLE ... 757

Using the properties of the Euclidean norm on Cs, then

||'7lm — Tnoko H(CQ = \/H/Lllm - ulno’ﬂo”(%jg + ||:UJ2lm — H2noko H%Q

Since (y;,) is a statistically Cauchy double sequence of bi-complex numbers, we have;

52({(Z7m) : H:ullm - ,Ulnok’oH(%Zg > 51}) =0,
and
52({(la m) : H,u2lm - NQnok’oH%Q > 52}) =0,
for some e1,&2 > 0, such that e = &% + £3.
This implies that the statistical bounds of (||p1im — Hingke llcy) and (||fam — tongke llc,) are
zero as €1,e2 — 0.
Hence, for any ¢ > 0, we have
”’Wm - ’)/nok’()H(CQ = el(”:ullm - Mlnok)o”(%b) + 62(||M2lm - /-‘Qnok‘o”%z) — 0.
Thus, (vim,) is a Cauchy double sequence of bi-complex numbers in || - ||c,. O

Corollary 3.3. If a double sequence (Vi) of bi-complex numbers, where Yy, = e1p1ym +

eapionm s statistically convergent, then (Yim) is a Cauchy sequence in || - ||c,-

Theorem 3.4. Let () be a statistically convergent double sequence of bi-complex numbers

to L. If (tim) € [(Vim)], then (tim) is also statistically convergent to L in || - ||c,

Proof. Since (y,,) is statistically convergent double sequence of bi-complex numbers to L,
by definition, for every € > 0;

62({(1,m) € NxN: |[yim — Llc, > €}) = 0.
Given that (t;,) € [(Yim)], we have:

1Vim — tim|lc, =0, for all I,m € N.

Now,
[t — Lllc, < lvim — Llic, + tim — Yimllc,-
Substituting ||vm — timllc, = 0, we get
[tim — Lllc, < lim — Lllc.-

Since (7;,,) is statistically convergent to L, for every € > 0:

d2({(l,m) € N X Nt ||y — LHCQ}) =0.



758 S. KUMAR AND B. C. TRIPATHY

It follows that:
S2({(l,m) € Nx N |[ty, — Ll[c, > €}) < 2({(l,m) € NX N [|ypn — Lllc, > €}) = 0.

Hence, the double sequence of bi-complex numbers (#;,,) is statistically convergent to L in

I lle,- U

The decomposition theorem for statistically bounded sequences of bi-complex numbers for
single sequences was demonstrated by Bera and Tripathy [1].

The decomposition theorem for double sequences of bi-complex numbers is as follows.

Theorem 3.5. A bounded double sequence (Sy,) of bi-complex numbers and a statistically
null double sequence (t;,,) of bi-complex numbers exist if a double sequence (Yyy,) of bi-complex

numbers is statistically bounded. This means that (Yim) = (Stm) + (tim)-

Proof. Let (yim), where v, = p1me1 + poimes, be a statistically bounded double sequence.
Then 62(B) = 0, where B = {(I,m) : ||Yimllc, = M}.

Define the double sequences (s;,,) and () as follows:

Yim, if k € B

Sim =
0, otherwise .
0, if k € B¢

tim =

Yim, Otherwise .

From the above construction of (sy;,) and (¢,,), we have
(Vim) = (81m) + (tim),

where (s;,) € 2000(C2) and (ty,,) € 260(Ca). O

We state the following theorem without a proof that can be established by standard

techniques.

Theorem 3.6. Let (V) be a double sequence of bi-complex numbers and L,L' € Cq. If

sta — lim||Yimllc, = L. and sta — lim||Yiml|lc, = L', then L = L'.

Theorem 3.7. A double sequence (Vi) of bi-complex numbers is statistically convergent if

and only if (i) is statistically Cauchy.
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Proof. Let () be statistically convergent to a number L € Cy. Then for every € > 0, the
set

{(lvm)al <nm<k: ”'ylm - L”Cz > 5}

has double natural density zero. Choose two numbers p and ¢ such that ||y, — L|lc, > e.

Now let
A={{l,m),l <n,m <k:|ym— 7pq||<C2 > e},
B={(lm),l <n,m <k |vim— LH(Cz > e},
C={(l,m),l=p<nm=q<k:|vg—Llc, >c}

Then A C B UC, and therefore d2(A) < 62(B) + d2(C) = 0. Hence, (Vi) is statistically
Cauchy.

Conversely, assume that (7;,,) is statistically Cauchy but not statistically convergent. This
implies that there does not exist a unique L € Cy such that ||y, — L|lc, — 0, in the sense of
statistical convergence. Instead, there must exist two distinct points Li, Lo € Co and some

€ > 0, such that the sets
By = {(l7m) : H’Ylm - Ll”CQ < 6} and By = {(lvm) : H’Vlm - L2||(C2 < E}

both have double natural density greater than zero: d2(B1) > 0 and d2(B2) > 0.

Since L1 # Lo, the distance between these two points is positive:
|IL1 — La||lc, =0 > 0.
For (I,m) € By N Ba, we have
[V = Lallc, <&, [[7im — Lollc, <e.

By the triangle inequality

IL1 — Lallc, < 1vim — Lallc, + 17m — Lallc,-
Substituting the bounds for ||y, — L1|lc, and ||Vim — Lal|c,, we get

L1 — La|lc, <& +e=2e.

Since Ly # Lo, their distance ||L; — La||c, = 0 > 0.
Choose € > 0, such that 2e < .

This creates a contradiction because the inequality |[L1 — La|/c, < 2e can not hold when

2e < 6.
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The assumption that (7;,,) is statistically Cauchy but not statistically convergent leads to a
contradiction.
Therefore, if (v;,,) is statistically Cauchy, it must also be statistically convergent to a unique

limit L € Cas. O

Theorem 3.8. Let (Vi) and (t1,) be double sequences of bi-complex numbers. If (ty,) is
a convergent double sequence such that vy, # tin for all I and m, then (V) is statistically

convergent.

Proof. Suppose that d2({(l,m) € N x N : v, # t;,}) = 0 and limy ;00 ||tim|lc, = L. Then

for every € > 0,
{(lm) e Nx N :||ym — Ll|lc, > e} C{(,m) € NXN: v, # tim}-

Therefore,
2({(1,m) € NX N [[yim — Llc, > €})
(3.1)
Co2({(I,m) e Nx N: ||ty — Lllcy, = €}) +02({(l,m) € N X Ny, # tim}).
Since, limy ;00 ||timllc, = L, the set {(I,m) € N x N : ||t;, — L||c, > €} contains finite
number of integers. Hence,

d2({(l,m) e Nx N : ||ty — Ll|c, > €}) =0.
Using the inequality Eq. (3.1), we get
o2({(l,m) € NX N ||y, — L[c, > €}) =0

for every e > 0. Consequently, st — limy ,,—y00 || (Vim)|lc, = L. O

Corollary 3.4. Let (y,) be a statistically Cauchy sequence. Then there exists a convergent

double sequence (tyy,) of bi-complex numbers such that Y, = tim,, for almost all | and m.

The following two theorems, Theorems 3.9 and 3.10, are stated without proof, as they can

be established using standard techniques.

Theorem 3.9. Let the double sequences (Vi) and (ty,) of bi-complex numbers and L, L' €
Cy and o € Co — Oy. If sto — lim || (Vi) |lc, = L and ste — lim ||(t;)||c, = L'. Then
(1) stz —lim ||(Yim + tim)llc, = L+ L

(2) sta —lim|la - (yim)llc, = [lelle, - L
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Theorem 3.10. A double sequence (Vi) of bi-complex numbers is statistically convergent
to a bi-complex numbers L if and only if there exists a subset K = {(n,k) CNxN:n k=
1,2,...} such that 02(K) =1 and

lim y;,,m, = L.
n,k

Theorem 3.11. If (), where Yyn = Uipm+i2Uop, 1S statistically convergent to v = uj+igus
with respect to the Euclidean norm on Cy if and only if (uiyy,) and (ugyy,) are statistically

convergent to u; and ug respectively.
Proof. Consider (v;,,,) be statistically convergent to . Then for every € > 0,

do({(l,m) € NX N [y —Yllc, > €}) =0
= 6({(l,m) e Nx N : |[[(vizm — 1) +i2(v2tm — 72)|lc, > €}) =0

= 52({<l7m) e NxN: H’ﬂlm - ’71”@2 + H721m - 72“@2 > 6}) =0.

Now,

{(lam) € NxXN: H71Im _71HC2 > 5} - {(l7m) € NxN: H711m _'71”(:2 + ”'YZZm _72“((:2 > 5}'

Thus, we have

o2({(l;m) € NxN: [yum—mlle, 2 €}) < 02({(1,m) € NxN: [yum—mlle, +lram—zllc, = €}) = 0.

Hence for every € > 0,

62({(1,m) € Nx N [[y1m —mille, 2 €}) = 0.

Similarly, for every € > 0,

d2({(l,m) € Nx N [|r91m — 12[lc, = €}) = 0.

Hence, the double sequences (y15,) and (7ya,) are statistically convergent to 7 and ~g,
respectively.
Conversely, let (u1y,) and (ugp,) be statistically convergent to u; and ug respectively.

Then, for every ¢ > 0,

52({(l,m) eENxN: H’mm —’}/1”@2 > 6}) =0.& 62({(l,m) eNxN: ”’)le—’}/g”(cz > 8}) =0.
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We have

{(l’m) eENXN: ||’71lm - 71“@2 > 5} U {(lvm) e NXN: H’V?lm - ’72HC2 > 5}
={(l,m) € Nx N |[(vitm —71) +i2(V2tm — 72)llc, = €}-

Thus,

o2({(l,m) € NX N [[(vim —71) + i2(v2mm — 2)llc, = €})
< 62({(lym) € NXN: |[yum —mlle, 2 e} +{(l,;m) € Nx N [lya1m —2llc, 2 €})
(by subadditive property)

= 02({(l,m) € N N: ||y —vllc, = €}) =0, for every e > 0.
Hence, (vi,,) is a statistically convergent to v with respect to the Euclidean norm on Co. O

We establish the following results based on the apparent proof.

Corollary 3.5. If the double sequence of bi-complex numbers (Vi,), where Y, = uipm, +
1oUsglm 18 statistically convergent to v = uy+isus = p1e1+pses with respect to Euclidean norm

on Cy if and only if (p1ym) and (ponm) are statistically convergent to py and pg respectively.

Corollary 3.6. If double sequences (u1ym) and (o) are statistically convergent to L € Ca,
then double sequence of bi-complex numbers (Y, ) is statistically convergent to L with respect

to Euclidean norm on Cs.
Theorem 3.12. Define the function dyos(co) OV

dgE;o((Cg) : 2£;O(C2) X 2€;O(C2) — [07 OO)? (7775) - dQZ;o((CQ)(’Y7t) = Ssup {||7lm - tlmHﬁcz}7

RS

where ¥ = (Yim),t = (tim) € 2loo(Ca). Then (2o (Ca), d,2 (cy)) @S a complete metric space.
Proof. The proof is trivial from Theorem 9 [7]. O

Remark 3.1. If (y,) be statistically convergent to L € Co with respect to the Fuclidean

norm on Cy, then

(1) (15,,) s statistically convergent to v* with respect to Euclidean norm on Cy and
converse is also true.
(2) (Yim) is statistically convergent to 5 with respect to Euclidean norm on Co and con-

verse s also true.
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(3) (7y,,) is statistically convergent to o with respect to Euclidean norm on Cy and con-

verse s also true.

Remark 3.2. If (v,) be statistically convergent with respect to the Euclidean norm on Ca,

then

(1) (iml2) = (Vim - Yim) is also statistically convergent with respect to Euclidean norm
on Cs.

(2) (iml2) = (vim - fi) is also statistically convergent with respect to Euclidean norm
on Cs.

(3) (imlsy) = (vim -,,,) s also statistically convergent with respect to Euclidean norm

on Cs.

Theorem 3.13. The sets 25;0(((:2), 25(((:2), 250(@2), QER((CQ), 25(])%(((:2),253((:2), 25(?(@2) are
BC-module.

Proof. We prove that the set 2/o(Cs) is a BC-module. The proofs for the other sets follow
analogously based on their respective definitions.
Let, (9im), (tim) € 2000 (C2). By definition of vector addition,

. 1
lim —
l,m—00 Ilm

1{(l,m) € Nx N [|(yim)llc, > M}| =0,

) 1
lim l—|{(l,m) e NXN: [[(tim)|lc, = M}| =0.

l,m—o0 (M

Consider the sum (V) + (tim), using the triangle inequality for the norm || - ||c,, we have;

1(Vim) + () lley < (i) [l + () llc,-

Now, analyze the density condition for (vi,) + (tim);

lim li\{(l’m) € NXN: [[(vim) + (tim)llc, = M}|.

l,m—o0 M

By subadditivity of the density measure, this is bounded by

) 1 . 1
lim ——[{(l,m) € NxN: [[(yim)llc, =2 M} + lim -—[{(l,m) € NXN: |[(tim)|c, = M}
Ilm l,m—oo Im

I,m—00 - ,

Since, both terms on the right-hand side are zero by assumption, we conclude.

. 1
lim —[{(L,m) € N x N || (ym) + (tim) ez = M} =0,

l,m—o0
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Thus, (Vim) + (tim) € 2€00(C2), showing closure under addition Let a € Cy and (y,,) €

20 (C2). By definition of scalar multiplication,

.1
lim -—{(l,;m) € NxN:||(vim)lc, =2 M} =0.

l,m—o0 IM

For the scalar product a - (), using the property of the norm

HCL ’ (’7lm)||C2 = |CL|((:2 ’ H(’Vlm)”cw

where |a|c, is the modulus of a in Cs.

Now analyze the density condition for a - (y,);

) 1
lim - |{(l,m) € NxN:la- (yim)lc, = M}.

l,m—o0 I
This is equivalent to;

My

1
lim —|{( NxN: (o)l >
11m lm|{( 7m) € X ||(7l )H(C2 fl ’a‘c2

l,m—o0

Since, the right-hand side is zero by the assumption that (y;,) € 2£s0(Cz), we conclude

. 1
lim -—[{(l,m) e NxN: la- (yim)lc, > M}| =0.

l,m—00 Ilm -

Thus, a-(Vim) € 2fe0(C2), showing closure under scalar multiplication. Since 2/, (C2) satisfies
closure under addition and scalar multiplication, it is a BC-module.

Similarly, using analogous arguments, the other sets can be shown to be BC-modules. 0

Theorem 3.14. The classes of the double sequences 2fso(Ca),2¢%(Cs), 26 (Ca), 262 (Cy),

28 (Cs) of bi-complex numbers are BC-conver.

Proof. We first prove the BC-convexity for QE;O(CQ). The other classes can be established

similarly. Let (Yim), (tim) € 2€00(C2). Then there exist constants My, Mo > 0 such that

.1
lim ——|{(l,m) € NxN: [|(yim)llc, = Mi}| =0,

l,m—00 Ilm -

.1
lim - |{(l,m) € Nx N ||(tim)llc; = M2}| = 0.

l,m—o00

Define M = max{M;i, M>}. For 0 < A <1, consider the convex combination

(8im) = A(ym) + (1 = A) (tim)-

Using the triangle inequality, we have

1Om)llcs < Al (vm)lles + (1 = Ml (Em) e, -
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For (I,m) € N x N such that ||(0;)||c, > M, at least one of ||(Vim)llc, > M or

||(tim)||c, = M2, must hold.

Thus,

L, m) [ (Gim)llc, = M < [{(L,m) : [(vim)llc, = Mi} + {(Tm) : [[(im)llc, = Ma}.
Dividing by Im and taking the limit as [, m — oc.

lim ——{(L,m) : [[(6m) ey > M}| =0.

l,m—00 Ilm

Hence, (0jn,) € 2000 (Ca). Proving 2 (Ca) is BC-convex. Similarly, the other cases can be

established. O

Remark 3.3. The classes of the double sequences 2o (Ca),26%(Cs), 265 (C2), 265 (Cy), 265 (C2)

of bi-complex numbers are not BC-strictly convex.

This follows from the following example for the case 2/o(Cs). The other classes can be

established similarly.

Example 3.1. Let the double sequences (Vi) & (tim) of bi-complex numbers defined by

(2= Bier + (L + Lir)es (ﬁ + Zi)er + (% - %21)62 0 0
(5 = e+ (J5 + Fier (54 Bier+ (5 - Bgies 0 0
() = | V2V e
lm) — ’
0 0 0 0
and
0 (% + %11)61 + (% - %11)62 0 0
oy — | 5~ T (e Fgies G+ Btiner+ (G = Hfies 0 0
Im) =
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Then, ||(vim)l ez (ca) = Im) [l 105 (cq) = 1 and

1 1 1
H (261 +5e ) Vi) { (261 + 62) }(tzm)

2056 (C2)
= sup (;el—k 62>’Ylm {1 <€1+ 62) }tlm
I,meN C,
1 V3 f 1
:z,sr;lgN[ (1—711)614-(44- 1! 1)e2, ( 2\[ Q\f )61+(2f 2\[ i1)es, 0,0, ...,
1 2 2 1 2V2. 1 2[
(%— Wt i1)e 1+(2\f W )62’(6 +T“)61+(6 i1)ez, 0,0, ...,
0.,0,...,
o e + (= — Zi)en0,0,.
f f R f .
1 2 1 2 2V2 . 1 2V2.
(\[ 75 )€1+(\/5 75 )62,( +—5 1)61+(§_T“)62’9’9""’
0,0, ...,
1 2 . 1
_ (0,(2\/5 +ﬁ21)61+ (ﬁ 2\/» )62,0 0,.
1 2 2v/2 1 2v2,
(% 2\[ )61—|—(2\f \[ )62,(6—|—TZ1) 1+(6_ 6 21)62,9,9,...,

= SUD; meN {%, 1,9} = 1. for A = (3e1 + 3€2) € Ca.

Hence, oloo(Ca) is not BC-strictly conver.

Remark 3.4. The classes of the double sequences 2 (Ca),267(Cs), 265 (C2), 265 (Cy), 265 (C2)

of bi-complex numbers are not BC-uniformly convex.
This follows from the following Example.

Example 3.2. Let the double sequences (Vi) & (tim) of bi-complex numbers defined by

(3 - Bier+ G+ Lier (L + % Der+ (5 — Zi)es 0 6
(%—%i1)61+(\/+§11)62 (% \/ )€1+(% %il)@ o 0

(Vim) = P
0 0 0 6
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and
(—% + @il)el + (—% - §i1)€2 (% + %il)el + (% - %il)@ o 0
) (% - %il)el + (% + %h)ez (% + %il)@l + (% - %il)@ o 0
Im) —
0 0 0 0

Then || (yim) |,z () = IEm) 65 (o) = 1 and

1(im) = Gl c2) = 5P {vim = timllc, = 1;m € N}

I,meN
2 2V3. 2 2V3,
= sup (5 ——5—i)er + (5 + ——i1)e2
1,meN 2 2 2 2 c
2
= 2.
and & < ||(vim) — (tim)|ly05 () = 2-
On the other hand,
('Ylm) 'Qi_ (tlm) — sup Tim '2|‘ tim
2020 (Ca) I,meN C,
1 2 1 2
= sup ——l—iil el + 7_£’51 €2 )
I,meN 3 3 3 3 Cs
1 2 1 2
f+£i1 e+ 7_£i1 el
3 3 3 3
Co
1 n 2 . n 1 2 .
— 4+ —1 |e — — —1 |e
NG 1]e NG 1]e2 .
=1.
Thus, there does not exist d(g) such that
(Vim) + (tim) <1-s.
2000 (C2)

Therefore, we have olo(Ca) is not BC-uniformly convex.

Similarly, other classes can also be proved.
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