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POINTWISE BI-SLANT LIGHTLIKE SUBMANIFOLDS OF INDEFINITE
NEARLY KAHLER MANIFOLDS

ABHISHEK SHRIVASTAVA , VIQAR AZAM KHAN , AND SANGEET KUMAR *

ABSTRACT. In this paper, we introduce the notion of pointwise bi-slant lightlike subman-
ifolds of an indefinite nearly Kéahler manifold and provide a characterization theorem for
the existence of these submanifolds. Following this, we provide a non-trivial example of
pointwise bi-slant lightlike submanifolds of indefinite nearly Kéhler manifolds and then de-
rive some conditions for the distributions associated with this class of submanifolds to be
involutive. Further, we provide a characterization for a pointwise bi-slant lightlike sub-
manifold of an indefinite nearly K&hler manifold to be a bi-slant lightlike submanifold and
investigate the geometry of totally umbilical pointwise bi-slant lightlike submanifold of an
indefinite nearly K&hler manifold. Finally, we obtain necessary and sufficient conditions
for foliations determined by distributions on pointwise bi-slant lightlike submanifolds of an
indefinite nearly Kéhler manifold to be totally geodesic.

Keywords: r-lightlike submanifold, Metric connection, Slant distribution, Bi-slant lightlike
submanifold.
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1. INTRODUCTION

Chen [4, 5] introduced the notion of slant submanifolds of Kédhler manifolds as a generaliza-
tion of holomorphic and totally real submanifolds. Following this, Lotta [I5] [16] introduced

and studied concept of slant submanifolds in contact manifolds. Further, Carbrerizo et al.
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[1] studied slant submanifolds in Sasakian manifolds. Afterwards, several generalizations of
slant submanifolds were introduced and studied by Carriazo [2], [3], Sahin [19] and Papaghuic
[18]. Etayo [9] generalized the notion of slant submanifolds to quasi- slant submanifolds of
Kéahler manifolds. On a similar note, Chen and Garay [6] generalized the notion of slant
submanifolds to pointwise slant submanifolds of a Kéhler manifold.

Due to interesting applications in study of asymptotically flat spacetimes, even horizon of
Kerr and Kruskal black holes, electromagnetic fields, focus of geometers shifted towards the
study of geometry of manifolds and submanifolds endowed with indefinite metric. The the-
ory of lightlike submanifolds of semi-Riemannian manifolds was introduced by Bejancu and
Duggal [8] which differs from it’s non-degenerate counterpart due to non-trivial intersection
of tangent and normal bundle. Further, Sahin [20, 22] introduced notion of slant and screen
slant lightlike submanifolds of Kéhler manifolds. Following this, several generalizations of
slant and screen slant submanifolds of indefinite Kéhler manifolds were introduced and stud-
ied by Shukla et al. [23] 24]. Moreover, slant and screen slant lightlike submanifolds in
framework of Contact and indefinite nearly Kéhler manifolds were studied as in [21], 12} 14].
Gupta et al. [I1] studied pointwise slant lightlike submanifolds of indefinite Kéhler manifolds.
Further, Kumar et al. [I3] [I7] studied the theory of screen bi-slant and pointwise bi-slant
lightlike submanifolds of indefinite Kéhler manifolds. However, the concept of pointwise bi-
slant lightlike submanifolds is yet to be explored in indefinite nearly Kéahler manifolds.

Therefore, in this paper, we introduce the notion of pointwise bi-slant lightlike submani-
folds of indefinite nearly Kéhler manifolds. Then, we give a characterization theorem for the
existence of pointwise bi-slant lightlike submanifolds of indefinite nearly Kéahler manifolds
and provide a non-trivial example of this class of lightlike submanifolds. We further derive
integrability conditions for the distributions associated with these submanifolds and give
some conditions for a pointwise bi-slant lightlike submanifold of an indefinite nearly Kéhler
manifold to be a bi-slant lightlike submanifold. Finally, we investigate the geometry of to-
tally umbilical pointwise bi-slant lightlike submanifolds of indefinite nearly Kahler manifolds
and obtain necessary and sufficient conditions for foliations determined by distributions on
pointwise bi-slant lightlike submanifolds of an indefinite nearly Kéhler manifold to be totally

geodesic.
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2. PRELIMINARIES
Definition 2.1. Let (N,g) be m—dimensional submanifold of semi-Riemannian manifold
(N,g) of dimension (m + n) equipped with metric g of index q(# 0), where, m,n > 1 and
m+n—12>q > 1. We assume that metric g on TN 1is degenerate, then, metric g is
degenerate on TN+ which gives rise to a distribution Rad(TN) :p € N — Rad(T,N) given
by Rad(T,N) = T,N N T,N*. We call N as r—lightlike submanifold if Rad(TN) is a

smooth distribution of rankr >0 (1 <r <mn )on N.

Let S(T'N) and S(TN‘) be non-degenerate subbundles of Rad(TN) in TN and TN+
respectively such that TN = Rad(TN) L S(TN) and TN+ = Rad(TN) L S(TN+). More-
over, for local coordinate neighbourhood U of N and local frame field {&;}, {i € 1,2,.....,r}
of I'(Rad(TN)), there exists a local null frame {V;} of sections with values in the orthogonal
complement of S(TN*) i.e, S(TN*)* such that

g(Nzagj) = 52]7 g(NlaN]) = 07 for 7/7.] € {1727 ...,T}. (21)

In view of Theorem (1.3), Chapter 5 (see, [§]), there exists a lightlike transversal vector
bundle /tr(TN) complementary to Rad(TN) in S(TN+)* locally spanned by {N;}. Next,
consider the vector bundle tr(T'N) in TN|y defined by

tr(TN) = ltr(TN) L S(TN4),

and therefore

TN|y =TN @ tr(T'N) = S(TN) L (Rad(TN) @ ltr(TN)) L S(TN™). (2.2)

Let V be Levi-Civita connection of N. Then, for Z1, Zo € T(T'N) and V € T'(tr(TN)), Gauss

and Weingarten formulae are given by
NV Zy =V2,Z0+ W21, 2Z3), Vg,V = —AvZy + V4V, (2.3)

where {h(Z1,22),V% V} € T(tr(TN)), {Vz,Z2, Ay Z1} € T(T'N) and h, Ay represent sec-
ond fundamental form on I'(T'N) and linear shape operator on N respectively. In view of

Eq. (2.2), we give the the Gauss and Weingarten formulae as
N Zs =N 7,20+ W (21, Zo) + h*(Z1, Zo), (2.4)

V2,V =-AyZy+ VY LV + V5 SV + DY(2,,SV) + D*(Z,,LV) (2.5)
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where, Z1,Z, € T(TN), V € T'(tr(TN)), h* and h* are I'(itr(TN)) and T'(S(TN1)) valued
lightlike second fundamental form and screen second fundamental form of N, V! and V*
are lightlike and screen transversal linear connections on N respectively and D! : I'(T'N) x
I'(S(TN1)) — T(itr(TN)), D* : T(TN) x T'(itr(TN)) — T'(S(T'N*)) respectively are bi-
linear mappings, where L and S are projection morphisms onto ltr(TN) and S(TM=). In
particular, if N € T'(ltr(T'N)) and W € T'(S(TN*)), then, from Eq., we have

VN =—-AnZi + VY% N+ D*(Z;,N) (2.6)
and
VW = —AwZi + DNZ1, W) + Vi W (2.7)
From Egs. , and , we obtain
9(Aw 21, Za) = g(h*(Z1, Za), W) + §(Z2, D' (Z1, W), (2.8)
9(AwZy,N) = g(D*(Z1, N), W). (2.9)

Let @ be the projection of TN onto screen distribution S(T'N), then using TN = Rad(T'N) L
S(TN), we get

V2,Q%Zy = V5,QZ + W' (21,Q2Z2), Vz,& = —A{Z1 + VF &, (2.10)

where & € T'(Rad(TN)), {h*(Z1,QZ>), V*Ztlg} € I'(Rad(TN)) and {V7 QZ>, AzZl} e I'(S(TN)).
Also, h* : I'(TN) x I'(S(TN) — I'(Rad(T'N)) and A* : T'(T'N) x I'(Rad(T'N) — I'(S(T'N))
are bilinear forms called second fundamental form and shape operator of distributions S(T'N)

and Rad(T N) respectively. Moreover, V* and V*! denote the induced Levi-Civita connection

on S(TN) and Rad(TN) respectively. Then, from Egs. (2.5), and (2.10]), we get
g(h'(21,Q22),€) = g(Ai Z1,QZo). (2.11)
As V is a metric connection on N, therefore for Z1, Zs, Z3 € I'(T'N), one has
(V2.9)(Z2, Z3) = G(h'(Z1, Z2), Z3) + §(h(Z1, Z3), Za). (2.12)

which shows that the induced connection V on NN is not a metric connection.

Definition 2.2. [10] An indefinite almost Hermitian manifold (N, J, g, V) is said to be an

indefinite nearly Kdhler manifold if
j2 =—1, g(jZl, ng) = g(Zl, ZQ), (lej)Zg + (ﬁzzj)zl =0, (2.13)

VZy,Zy € T(TN).
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3. POINTWISE BI-SLANT LIGHTLIKE SUBMANIFOLDS

In view of Lemmas (3.1) and (3.2) stated by Sahin [20], we introduce the concept of

pointwise bi-slant lightlike submanifolds of indefinite nearly Kahler manifolds as follows:

Definition 3.1. A ¢-lightlike submanifold N of an indefinite nearly Kihler manifold N with
index 2q is said to be a pointwise bi-slant lightlike submanifold if the following conditions
hold:
(i) J(Rad(TN)) is a distribution on N such that J(Rad(TN)) N Rad(TN)={0}.
(ii) There exists non-degenerate orthogonal distributions D1 and Dy on N such that
S(TN) = (Jitr(TN) @ JRad(TN)) L Dy L Ds.
(iii) JD1 L Dy and JDo 1 Dy.
(iv) Forp € U C N and each non-zero tangent vector field Z € T'(Dj), (for j = 1,2),
the angle (0;), between JZ and the vector space (D;), is independent of choice of
Z € I'(Dj)p.
Note that the angle 0; is called the slant function on N and the pair {01, 02} is called bi-slant
function on N. At each point p € U C N, (6;), (for j = 1,2) is called the slant angle of
the distribution (Dj),. Moreover, if for j = 1,2, (D), # {0} and (6;), # 0,7/2, then, the

pointwise bi-slant lightlike submanifold is said to be proper.

In view of above definition, the tangent bundle TN of N can be decompsed as:
TN = Rad(TN) L (Jitr(TN)® JRad(TN)) L Dy 1 Ds. (3.14)
For Z e I'(T'N), we have,
JZ =tZ +nZ (3.15)

and for V e I'(tr(T'N))

JV =BV +CV, (3.16)
where tZ, BV € I'(T'N) and nZ,CV € I'(tr(TN)).
Note: In upcoming sections, we will use pw.bi-s.l.s. to denote a pointwise bi-slant lightlike

submanifold and an indefinite nearly Kihler manifolds will be denoted by N, unless other-

wise stated.
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Consider ¢1, ¢2, ¢3, ¢4 and ¢5 be the projections of TN on Rad(TN), J(Rad(TN)),

J(ltr(T'N)), D1 and Dy, respectively. Then, for Z € I'(T'N), we have
Z=¢1Z+ Q22 + @32 + PuZ + G5 Z. (3.17)
Applying J on both sides and using Eq. , we get
JZ = J1Z + JpoZ + Jp3Z + toaZ +ndaZ + tdsZ + ngsZ, (3.18)
where J¢1Z € T'(J(Rad(TN))), Jp2Z € T'(Rad(TN)) and Jg3Z € T'(itr(TN)).

Lemma 3.1. For a pw.bi-s.l.s. N of N, {n¢sZ,n¢s2} € T'(S(TN*')), t¢sZ € T'(D1) and
t¢5Z € T(Ds), for Z € T(TN).

Proof. For ¢ € T'(Rad(TN)), we have
9(niZ,€) = —g(¢iZ,J€) =0 (3.19)

for i = 4,5. Therefore, ng;Z has no component in ltr(T'N), which implies {n¢4Z, n¢s2Z} €
(S(TN*)). On the other hand, Let N € I'(itr(TN)), then using Eqs.(3.19), (2.13), (3.14)

and using the condition JDy 1 Dy, we have

gtsZ,N) = 0 = §(t¢aZ,J1Z) = G(teuZ, Jp2Z) = G(tdaZ, J$p3Z) = G(toaZ, ¢57),
which shows that t¢4Z € I'(D;). Similarly, using Eqgs.(3.19), (2.13)), (3.14) and using the
condition JDy L Do, it follows that t¢5Z € T'(Dy).

We now provide a classification theorem for the existence of pw.bi-s.l.s. N of N.

Theorem 3.1. (Existence Theorem) A q-lightlike submanifold N of N with index 2q is a

pw.bi-s.l.s., if and only if,

(i) J(ItrTN) is a distribution on N such that J(IltrTN) N Rad(TN) = {0}.
(ii) There exists non-degenerate orthogonal distributions Dy and Dy on N such that
S(TN) = (Jitr(TN) ® JRad(TN)) L Dy L Ds.
(iii) JDy L Dy and JDy 1 Dy.
(iv) for {i = 4,5}, there exist functions a; € [0,1) such that t*(¢;Z) = —a;(¢;Z) for all
Z € T(S(TN)), where cos?(0;), = a; such that (;), are the respective slant functions
of (Dj)p for j=i—3 andp € N.
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Proof. Let N be a pw.bi-s.L.s. of N. Then, the conditions (ii) and (iii) hold trivially. Let
JN' € T(Rad(TN)) for N’ € Titr(TN), one has JJN' = —N' € T'(S(TN)), which is a
contradiction. Therefore, we get JN' ¢ T'(Rad(TN)). Again, let JN' € T'(ltr(TN)) for
N’ € T(itr(TN)). Choose ¢ € T'(Rad(TN)) such that g(N',£) = 1. Then from Eq. (2.13),
we derive 0 = g(JN', J€) = g(N',€) = 1, which is again a contradiction to our hypothesis.
Therefore, JN' ¢ T'(ltr(TN)). Consider JN' € T'(S(TN1)) for N’ € T'(itr(T'N)). Choose
¢ € T(Rad(TN)) such that g(N’,€) = 1, then, using Eq. (2.13), we have 0 = g(JN’, J¢) =
g(N’,€) = 1, which is a contradiction to hypothesis. Therefore, JN’ ¢ T'(S(TN+)). Thus,
we conclude that J(Itr(TN)) C S(TN) and J(ltr(TN)) N Rad(TN)={0}, which proves
condition ().

As N is pw.bi-s.L.s. of N, the angle between J¢;Z and Dj at p is constant, therefore for
Z €T(S(I'N)) and p € N, we have

_GUbiZ,t$iZ) __g(6iZ, JteiZ) _ G4 Z t2(6iZ))

9.), — I\ — - _
b = oz ez] ~ N6 Mzl | 6716z
Since, cos(Hj)pzl Lt(iiiZZ‘)l’ therefore we have

62, £(6:2))

cos?(0;), = 9 P (3.20)

We know that (;), is constant on (D;),. Hence, we get

9 Z, 20 2) = —ig(i Z, $: Z),

which gives t?¢;Z = —;¢; Z as g = 9l(p;),x(D;), is non-degenerate. Hence, (iv) holds.
Conversely, suppose that N be a g-lightlike submanifold of N such that the conditions (i) —
(iv) are satisfied. Let J¢ € T'(Itr(TN)) for ¢ € T'(Rad(TN)), one has JJ¢ = —¢ € T'(S(TN))
by condition (i), which is a contradiction. Therefore, we get J¢ ¢ T'(Itr(TN)). Again, let
J¢ € T(S(TNY)) for ¢ € T(Rad(TN)). Choose N’ € T'(Itr(TN)) such that g(N’, &) = 1.
Then from conditions (4), (i7) and Eq. (2.13)), we derive 0 = g(JN', J¢) = g(N', &) = 1, which
is again a contradiction to our hypothesis. Therefore, J¢ ¢ T'(S(TN*)). Now, Consider
J¢ € T(Rad(TN)) for ¢ € T(Rad(TN)). Choose N’ € T'(itr(TN)) such that g(N’, &) = 1,
then, using condition (i) and Eq. (2.13), we have 0 = g(JN’, J¢) = g(N',£) = 1, which
is a contradiction to hypothesis. Therefore, J¢ ¢ I'(Rad(TN)). Thus, we conclude that
J(Rad(TN)) C S(TN) and J(Rad(TN)) N Rad(TN)={0}. Also, by condition (iv), there
exists a function ; such that t?¢;Z = —a;¢;Z for Z € T'(S(TN)). Then using the Egs.
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(2.13) and (3.20)), we obtain

t(¢iZ),t(¢iZ))
9(¢iZ, 4 Z)

cos?(0y), = 24
= Qy,

which shows that the Wirtinger angle is independent of ¢;Z € (D;)p. Hence, the theorem is

proved. O

Corollary 3.1. Assume that N be a pw.bi-s.l.s. of N. Then, fori=4,5 and j =i — 3,

(i) g(t¢iZ1,td;Z2) = cos? (05),9(diZ1, diZ2),
(ii) g(ngiZ1,ng;iZs) = sin? (05),9(0iZ1, diZ2),

where Z1,Zs € T'(TN).
Proof. Let Zy,Zy € T'(T'N), then we have
9(tgiZ1, tdiZa) = G(tdiZ1, thiZa) = —G(diZ1,t°¢iZ2) = —G(9iZ1, —ihi Za) = aig($iZ1, $iZ2),
which leads to g(t¢;Z1,tp;Zs) = COSZ(Hj)pg(qZSiZl, ¢iZ3). Similarly, consider
9(bi21,¢iZ2) = G(T$iZ1, T$iZ2) = g(t¢iZn, tdiZ) + G(ngi Z1, ni Za),
which gives g(n¢; Z1,n¢iZs) = sin®(0;),9(¢iZ1, ¢iZ2), thus the proof is complete. O

Next, we present a non-trivial example of pw.bi-s.l.s. N of an indefinite nearly Kahler

manifold N.

Example 3.1. Consider N be a 6-dimensional submanifold of (R?{G,g) with signature

(= ——+++++++++ + + + +) given by
doul =2t == 2P, S=dd, =, T =t 2=l
312 432
u u
2 = udut, 20— (u”) I (u”) S R S s

2 2

512 612

u u
g4 = S, 215 = Pub, 1 ( 2) (2) Y- S S )

Then TN is spanned by Z1,Zo, Z3, Zy, Z5, Zg, where
Zh1 = 0x1 + Oxy, 2oy = 0xg — Ors,

Zs = 05 + 0xg + urdxg + udx10, Z4 = Ox7 + Oxg + U019 + 10210,

Zs = Ox11 + 0x12 + ub0z15 + u’dr16, Zg = Ox13 + Ox14 + u2 0215 + 1016
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As Rad(TN) = Span{Z;} and JRad(TN) = Span{Zs}, where JZ1 = Zs, thus N is a 1-
lightlike submanifold with ltr(TN) spanned by Ny = 3{—dx1 + dz4} and Jltr(T'N) spanned
by JN| = %{—83:2 — dx3}. On the other hand, by direct calculations, we find that S(TN*)

s spanned by
Wi = —u?0xs — utdxg + Ox19, Wa = —u’dz11 — ub0z14 + Ox16.

Hence, D1 = Span{Zs, Z4} and Dy = Span{Zs,Zs} are slant distributions with the slant

u4)27(u3 2
e and 02 =

angles 01 = OP—(w?)? Thus, N is a proper pw.bi-s.l.s. of RiS.
2+(u5)2+(u6)2 ) 3

Lemma 3.2. For a pw.bi-s.l.s. N of N, nD; and nDy are orthogonal.

Proof. Since N is pw.bi-s.l.s. of N, therefore using Eq.(3.14) and Eq.(3.16) along with
theorem ({3.1) for Z € I'(T'N ), we have

G(n¢aZ,nsZ) = G(J¢aZ — tsZ, J$5Z — tésZ)
= —G(JpsZ,td52) — G(J b5 Z, tdpsZ)
= G(¢aZ, JtosZ) + g(dsZ, Jtpa Z)
= (42,295 7) + (52, 2§ Z)
= —cos?(02)pg(¢1Z, $52) — cos*(61)pg(d5Z, 4 Z)

= 0’
which completes the proof. O

In view of Lemma lb there exists a holomorphic subspace p, C S(T,N 1), such that at

each p € N, we have

S(TN*Y)=nD; LnDy L p (3.21)
and

TN = S(TN) L {Rad(TN) ®ltr(TN)} L nDy L nDsy 1 pu. (3.22)

Also, for V € I'(tr(T'N)), we have V = PV + QV, where PV € I'(itr(I'N)) and QV €
I'(S(TN')). Note that as per Eq.(3.21)) for V € I'(S(T'N1)), we have

QV =1V + Q2V + Q3V,
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where Q1, Q2 and Q3 denote the projections of S(T'N+) onto n.Dy, nDy and p, respectively.

Now, applying J on both sides, we have
JV = JPV + JQV
= JPV + BQ1V + CQ1V + BQ2V + CQ2V + JQ3V,
where, JPV € Fjltr(TN)) and using Lemma , we have BQ1V € I'(Dy), CQ1V €

[(S(TN1Y)), BQV € T(Dy), CQV € T(S(TN1)) and JQ3V € T'(u). Then, using

Egs. (2.4), (2.7), (2.13) with (3.15) and (3.16]) and equating the components of Rad(T'N),
JRad(TN), J(Iltr(T'N)), Dy, Da, ltr(TN) and S(TN)*, we get

01(V 2, J$122) + p1(NV 2, Jd22Z2) + ¢1(V 2,104 Z2) + $1(V 2,td5Zo2)
+01(V 2, J0121) + 01(V 2, 92 Z1) + 91 (N 2,104 21) + $1(V 2, b5 21 )
= $1(Angs2,21) + $1(Angs2,21) + d1(Angs 2, 21) + d1(Angy 2, Z2) (3.23)

+ ¢1(Anpyzy Z2) + 01(Anps 2 Z2) + J 2V 2, Zo + J$oV 2,71,

$2(V 2, J91Z2) + $2(V 2, 2 Z2) + ¢2(V z,tdaZa) + ¢2(V z,1¢5Z2)
+2(V 2, J$121) + $2(V 2, J $221) + 2(V 2,004 21) + ¢2(V 2,td5Z1)
= ¢2(Angs2,21) + 02(Angy 2. 21) + $2(Angs 2, Z1) + $2(Angs 2, Z2) (3.24)

+ P2 (Angyz, Z2) + d2(Angszy Z2) + J$1V 2, Zo + J 1V 2, 21,

03(V 2, J9122) + $3(V 2, J 92 Z2) + $3(V 2,tdaZ2) + ¢3(V 7,15 22)
+03(V2,J0121) + ¢3(V 2,2 21) + ¢3(V 2,t0421) + ¢3(V 7,105 21 )
= 03(Angs2,21) + 03(Angs 2, 21) + 03(Angs 2, 21) + $3(Angy 2, Z2) (3.25)

+ 03(Angazy Z2) + 03(Angs 2, Z2) + 2BhH(Z1, 7o),

01(V2,J$122) + ¢4(V 2, T $2Z2) + ¢4(V 2,101 Z2) + $a(V 2,5 Z2)
+04(V 2, J0121) + 4(V 2, T $221) + 4(V 2,104 21) + $a(V 2,1¢521)
= P4(Angs2,21) + Ga(Angszo21) + G4(Angs 2, 21) + ¢a(Angs 2, 22) (3.26)
+ 4(Angy2,Z2) + Ga(Angs 2, Z2) + 2BQ1W* (21, Z2)

+ 194NV 7, 2o + 194NV 2, 21,
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b5(Vz, J017Z2) + ¢5(V 2, T2 Za) + ¢5(V z,tdaZa) + ¢5(V 7,165 Z2)
+¢5(V 2, J$121) + ¢5(V 2,J0221) + ¢5(V 2,004 21) + ¢5(V 2,td5.Z1)
= 5(Anps2,21) + 05(Anpsz,21) + 05(Anps 2, 21) + 05(Angy 7, Z2) (3.27)
+ ¢5(Angyz, Z2) + O5(Angs 2, Z2) + 2BQ2h*(Z1, Zo)

+ o5V 7, 2o + 195V 2,21,

W (Zo, Jp1Z1) + W (Zo, T2 Z1) + B (Za, tpaZn) + B (Za, td5 Z1)
+h(Z1, J$1Z2) + BN (Zh, T2 Za) + W (Z1,tpaZa) + W (Z1, L5 7o)
= np3Vz, Zo + 13V 2,21 — V' nd3Zs — D'(Z1,npaZ) (3.28)

— DY (Z1,n¢522) — V'y,ndsZ1 — D'(naZr, Zo) — DN(Za,ne5Z1),

and

W (Za, J¢1 Z1) + h*(Za, Jp2Z1) + B*(Za, tdaZn) + h*(Za, td521)
+h*(Z1, Jp1Z2) + h*(Z1, T2 Za) + h*(Z1,tdaZs) + h*(Z1, ts Zo)
=ngaVz Lo +npsV gz, Za +nosV 7,21 + npsV z, 21 (3.29)
— D*(Zy,n¢322) — Vi npsZs — Ny nds 2o
— D*(Za,n¢321) — Viy,nesZy — Vi nes 2,

+ QCthS(Zl, ZQ) + QCths(Zl, ZQ) + 2CQ3hS(Z1, Zg).

Next, we investigate conditions for the distributions associated with pw.bi-s.l.s. N of N to

be involutive.

Theorem 3.2. For a pw.bi-s.l.s. N of N, the distribution Rad(TN) is involutive, if and

only if
(i) ¢1 (V2 Jd122) + ¢1 (V2 Jd1Z1) = 22V 2,21,
(ii) ¢4 (Vz,Jd12Z2) + ¢pa (VzyJ9121) = 2BQLA* (Z1, Za) + 2t¢4N 2, 71,
(iii) ¢5 (V2 J9122) + &5 (Vo Jd121) = 2BQoh® (Z1, Zo) + 2t¢5V 7,21,
(iv) B (Za, J$1 Z1) + b (21, J$12) = 2065V 2,21,
(V) h*(Za, J1Zy) + W8 (Z1,Jd1Z2) = 204N 2,71 + 2095V 2,71 + 2CQ1h¥(Z1, Zo)

+2CQ2h*(Z1, Z) + 2CQ3h*(Z1, Zo),
for any Z1,Zs € T'(Rad(TN)).
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Proof. Consider Z1,Z; € T'(Rad(TN)), then using Egs.(3.23), (3.26), (3.27), (3.28) and
(3.29), we have

01(V oz J1Z2) + 01(V 2 1 Z1) = Jpo|Z1, Zo| + 2T $2N 2, Z1, (3.30)

Pa(V 2, J91Z2) + da(V 2, J$121) = 2BQ1h*(Z1, Za2) + tda[Z1, Za) + 2t¢aNV 2,71, (3.31)

b5(V 2, J01Z2) + ¢5(V 2,91 21) = 2BQoh®(Z1, Zo) + tos[Z1, Zo) + 2t¢sV 2, Z1,  (3.32)

W (Zoy, T Z1) + hH(Z1, T 1 Zo) = ns[Z1, Zo) + 2né3V 2,7y (3.33)
and
20 h° (21, Za) + 2CQah*(Z1, Za) + 2CQ3h*(Z1, Za) + nda[Z1, Za| + 2n¢aN 2,71
+ngs[Z1, Zo] + 205V 2,21 = h*(Za, J¢1Z1) + h*(Zy1, J1 Z2). (3.34)
Then the result follows from Eqgs. (3.30)), (3.31)), (3.32), (3.33)) and (3.34). O

Theorem 3.3. For a pw.bi-s.l.s. N of N, the distribution JRad(TN) is involutive, if and

only if

02 (V2 Jd222) + ¢2 (V 2, J92Z1) = 21V 2,21,

b1 (Vg J92Z2) + ¢4 (V2 J9221) = 2BQLES (Z1, Za) + 264N 2,71,

05 (V2 J92Z2) + ¢5 (Vz,Jp2Z1) = 2BQoh® (Z1, Za) + 2t¢5V 2,21,

W (Za, JpaZh) + B (Z1, Jdp2Zo) = 2n¢3V 2, 21,

(v W (Za, JpaZn) + b (21, Jd2Za) =2n¢aN 2,71 + 2n¢5V 2,21 + 2CQ1h*(Z1, Z2)
+2CQ2h*(Z1, Za) + 2CQ3h*(Z1, Z2),

where Zy, Zy € T(JRad(TN)).

Proof. Let Zy, Zy € T(J(Rad(TN)), then using Eqs.(3.24), (3.26)), (3.27), (3.28) and (3.29)),

we have

G2 (Vg J92Zs) + ¢2 (Vz, J221) = J1[Z1, Zo) + 201V 2,21, (3.35)
¢4 (V2 J9222) + ¢4 (Vz,J2Z1) = 2BQ1W° (21, Za) + t¢a[Z1, Za] + 2664V 2,71, (3.36)
05 (Vz, JbaZa) + 65 (V iz, J$221) = 2BQah® (21, Za) + L5 21, Zo] + 265V 2,21, (3.37)

W (Za, T2 Z1) + B (21, T$2Z2) = nes[Z1, Zo) + 2n¢3V 2,21 (3.38)
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and
noa[Z1, Zo] + 2n¢puN 2,21 + nos[ 21, Zo) + 2n¢sV 2, Z1 + 2CQ1h° (21, Z5)

+20Q2h°(Z1, Z2) + 2CQ3h*(Z1, Za) = h° (Za, JpaZ1) + B° (21, T2 Za) . (3.39)

The result follows from Eqs. (3.35)), (3.36)), (3.37)), (3.38) and (3.39). O

Theorem 3.4. For a pw.bi-s.l.s. N of N, the distribution J(Itr(TN)) is involutive, if and

only if

(1) ¢1(Anpszo21) + 01(Angyzy Z2) + 292V 2,71 = 0,

(i) d2(Angsz,21) + 2(Angsz, Za) +2J 01V 2,21 = 0,

(ili) Pa(Angszo21) + Pa(Angyz, Z2) + 2BQ1I (Z1, Za) + 2t$aV 7,21 = 0,

(iv) ¢5(Angyzo21) + ¢5(Angsz, Z2) + 2BQah* (Z1, Z2) + 2t¢5NV 2,21 = 0,

(v) D*(Z1,n¢p3Zs) + D*(Za,np3Z1) =2n¢p4N 2,21 + 2npsV 2,21 + 2CQ1h*(Z1, Z2)
+2CQ2h*(Z1, Zs) + 2CQ3h*(Z1, Z2),

for any Z1, Zo € T(J(ltr(TN)).

Proof. Consider Z1,Zy € T(J(ltr(TN)), then from Egs.(3.23), (3.24), (3.26), (3.27) and
(3.29), we have

¢1(An¢3z221) + ¢1 (An¢321 ZQ) + j¢2[Z1, ZQ] + 2j(252VZQZ1 =0, (3.40)

2(Angyz,Z1) + d2(Angsz, Z2) + J1[Z1, Zo) + 21V 2,21 = 0, (3.41)

O1(Angs 7, 21) + Ga(Anpszy Z2) + 2BQLE° (21, Z3) + toa[Z1, Zo) + 2tpuN 2,Z1 =0, (3.42)

(;55(An¢3z221) + ¢5(An¢3Z1 Zg) + 2BQ2hs (Zl, ZQ) + tos [Zl, ZQ] + 2t¢5VZQZl =0 (343)

and
ng4|Z1, Zo] + 204N 2, Z1 + ngs|Z1, Zo] + 2n¢s5V 2,21 + 2CQ1h°(Z1, Zs)
+2CQ2h%(Z1, Z2) + 2CQsh*(Z1, Zsy) = D*(Z1,ndsZ2) + D*(Za,ngp3Zy). (3.44)
Using Egs. (3.40), (3.41)), (3.42), (3.43)) and , the assertion follows directly. 0

Theorem 3.5. For a pw.bi-s.l.s. N of N, the distribution Dy is involutive, if and only if

(i) ¢1 (VztdaZa) + ¢1 (VztdaZr) = ¢1(Angaz,Z1) + 01(Angysz, Za) + 2T 62V 2,21,
(i) @2 (Vz,t04Z2) + ¢2 (Vz,t0421) = ¢2(Angaz,21) + $2(Angyz, Z2) +2J 1V 2,21,
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(ili) ¢5 (VzitdaZs) + ¢5 (VzytdaZi) =05(Angs 2, 21) + ¢5(Angy 2, Z2) + 2BQ2b* (Z1, Z2) +
25V 2,21,
(iv) b (Za,t¢aZ1) + W' (Z1,t¢aZa) = 2n¢3V 2,21 — DN(Z1,naZa) — D (ndaZ1, Z2),
(V) npaV 2,71 +npaN 7, Zo + 2npsV 7,21 — VSZ17”L¢4Z2 — VSZQTL(ZMZl +2CQ1h*(Z1, Z2) +
20Qah*(Z1, Z2) + 2CQ3h*(Z1, Za) = h® (Za, tdsZ1) + h® (Z1,td475),

where Z1, Zs € T'(Dy).

Proof. For Zy,Zy € I'(Dy), from Eqgs.(3.23)), (3.24)), (3.27), (3.28)) and (3.29)), we have

01 (Angy 2, 21) + &1 (Angyz, Z2) + 2J 92N 2, Z1 + Ja|Z1, Zo) =1 (V 2, L4 Z2)

+ ¢1 (VgtoaZy), (3.45)

02(Angyz,71) + $2(Angyz, Z2) + 2J 01V 2,71 + J1[Z1, Zo) =2 (V z,t¢4Z2)

+ ¢2 (VZ1t¢4ZQ) ; (346)

&5 (V2 tdaZs) + ¢5 (V 2ot s Z1) = ¢5(Anguz.21) + O5(Angaz, Zo) + tds[ 21, Zo]

+ 2BQ2h° (Zl, Zg) + 2t¢5VZQZ1, (347)

nes[Z1, Zo) + 2n¢3V 2,21 — D'(Z1,n¢1Z2) — D (ndsZy1, Zs) =h' (Za, tsZ1)
+ W (Zy,tgsZy)  (3.48)
and
NP4V 7,21 + ndpsN 7, Zo + 205V 7,21 — Ny npsZo — Ny npsZy + 2CQ1h*(Z1, Za)+

77,(;55[21, ZQ] + 2CQ2hs(Z1, ZQ) + QCQghS(Zl, ZQ) = h° (ZQ, t¢4Zl) + h® (Zl, t¢4ZQ) . (349)

Then the assertion follows from Eqgs. (3.45), (3.46), (3.47), (3.48) and (3.49). O

Theorem 3.6. For a pw.bi-s.l.s. N of N, the distribution Dy is involutive, if and only if

() 1 (Vzitd5Z2) + ¢1 (V2ot571) = ¢1(Angs 2, 21) + 01(Angs 2, Z2) + 2T 92V 2,21,
(it) b2 (VzitdsZ2) + b2 (V2otd5Z1) = d2(Angs 2, 21) + b2(Angs 2, Z2) + 201V 2,71,
(il)) ¢4 (V2 t952Z2) + ¢a (Vzptds Z1) = pa(Angs 2, 21) + pa(Angs 21 Z2) + 2BQ1A° (21, Z2)
+ 2tV 2,21,
(iv) Bl (Za,td521) + Wt (21, tpsZa) = 2n¢3V 2,21 — DY Z1,np5 Zs) — D (nes 21, Zs),
(V) nosVz,Z1 + ngsV z, Zo + 2ndyNV 7,71 — Vszln¢5ZQ — VSZ2n¢521 +2CQh*(Z1, Z2)
+2CQ2h*(Z1, Za) + 2CQsh®(Z1, Za) = h® (Za, tpaZ1) + h* (Z1,tpaZa),

(
(
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for any Z1,Zy € T'(D3).

Proof. Let Z1, Zy € T'(D2). Using Eqgs.(3.23)), (3.24)), (3.27)), (3.28) and (3.29)), we have

01(Anps2,21) + 01(Angs 2, Z2) + 232V 2, Z1 + J2[Z1, Za) =1 (V 2,td52Z2)

+ ¢1 (v22t¢5zl) ’ (350)

02(Angs 2, 71) + $2(Angs 2, Z2) + 2J 01V 2,71 + J1[Z1, Zo) =2 (V 7, tp5Z2)

+ ¢2 (VzuotdsZy), (3.51)

¢4 (Vzitd522) + ¢4 (V2,105 21) = da(Angs 20 21) + Ga(Angs 2, Z2) + tda|Z1, Zo]

+2BQ1h* (Z1, Za) + 2t¢sNV 2,21,  (3.52)

n$3[Z1, Za] + 2063V 2,71 — DN(Z1,n¢5Z2) — D (ngsZ1, Za) =h' (Za, tds21)

+h (Zh,tpsZa)  (3.53)
and

n¢sV 2,21 + 15V 2, Za + 2n¢uN 2,21 — Ny ndsZy — Vg,nes 2y + 20Q10h° (21, Zz)+

n¢4[Z1, ZQ] + QCQQ}LS(Z17 ZQ) + 2CQ3hS(Z1, ZQ) = h® (ZQ, t¢5Z1) + h? (Zl, t¢5Z2) . (354)

The result follows from Egs. (3.50)), (3.51)), (3.52)), (3.53)) and (3.54). O

We now give a necessary and sufficient condition for the induced connection on a pw.bi-

s.l.s. N to be a metric connection.

Theorem 3.7. Assume that N is a pw.bi-s.l.s. of N, then V is a metric connection on

N, if and only if for each Z € T(TN) and £ € T'(Rad(TN)), we have

(i) VzJE+ VijeZ € I'J(Rad(TN)),
(il) VjetZ — AnzJE € T(Rad(TN)),
(iii) Bh(Z,J€) = 0.

Proof. Consider Z € I'(T'N) and £ € I'(Rad(T'N)). Now, by Egs. (2.13), we have

Vz€= —ﬁzjzg = —JVzJ¢ -I-ﬁjng — ﬁng.
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Then using Egs. , and , we get
~J(VzJE+ NV 5. 2) + V jet Z + h(JEtZ) — Apz JE+ VenZ — 2Bh(Z, J€) — 2Ch(Y, J¢)
=Vz§+Nh(Z,9),
Comparing tangential components on both sides of above equation, we derive
V€ = —t(VzJE+ V3 Z) + YV jet Z — Anz JE — 2Bh(Z, JE).
Hence, Vz¢ € I'(Rad(T'N)), if and only if the conditions (i), (ii) and (iii) are satisfied. [

Lemma 3.3. Let N be a pw.bi-s.l.s. of N and (0;),, (j = 1,2) be the slant angle. Then,

for a unit vector Z € I'(D;),,, we have

tZ =cos(8,),(2)Z (3.55)
where Z represents a unit vector in (Dj), such that 9(Z,2) =0.

Proof. Let Z € I'(D;),,, (j = 1,2) such that g(Z, Z) = 1, then we have

_ 2l _Jtz] _

cos(On(2) = 1771 = 17 = 2] (3.56)

Now, define Z = tZ

ik then clearly |Z| =1 and tZ = |tZ|Z. Next from Eq. (3.56)), we have

tZ = cos(0;),(Z)Z.

We know that for an indefinite nearly Kéhler manifold, g(JZ, Z) = 0. Using Lemma(3.1)) and

_ tzZ 1
Eq.(3.15), we get g(tZ, Z) = 0. Further, we have g(Z,Z) =g <\tZ]’ Z) = @g(tZ, Z)=0,

which proves the lemma.

O

Definition 3.2. A ¢-lightlike submanifold N of an indefinite nearly Kdhler manifold N with
index 2q s said to be a bi-slant lightlike submanifold if
(i) J(Rad(TN)) is a distribution on N such that J(Rad(TN))N Rad(TN)={0}.
(ii) There exists non-degenerate orthogonal distributions Dy and Dy on N such that
S(TN) = (Jitr(TN) ® JRad(TN)) L Dy L Ds.
(iii) JDy L Dy and JDy 1 Dy.
(iv) The distribution Dj is slant with slant angle 0; (for j =1,2) i.e, for each p € N and
non-zero tangent vector field Z € (D;),, the angle (6;), between JZ and the vector

space (Dj), is independent of choice of Z € I'(Dj), and p € N.
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If D; # {0} and 6; # 0,7/2, then, the bi-slant lightlike submanifold is said to be proper.

Next, we provide conditions for proper pw.bi-s.l.s. N of N to be a bi-slant lightlike

submanifold.

Theorem 3.8. A proper pw.bi-s.l.s. N of N is a bi-slant lightlike submanifold of N, if

and only if,
9(Anz,Y, Zj) + g(Any Z5, Zj) = 29(A,2,Y, Zj) + 9((V 2,1)Y, Z;),
where forp € U C N, Z; € I'(Dj), is a unit vector field, Zj € I'(Dj)p is a unit vector field

such that g(Z;,Z;) = 0 for j =1,2 and Y € T(TN).

Proof. Assume N be a proper pw.bi-s.L.s. of N and Z; € I'(D;), for p € U C N, be unit
vector field. For Y € T'(T'N), using Egs. (3.15)), (2.4), (2.5), (2.7) and (3.55)), we have

Vy JZ; = — sin(0;),(2)Y ((8;)p(2)) Z; + cos(0),(2)(Vy Z; + B (Y, Z;) + h*(Y, Z)))

— Apz,Y + ViynZ; + DN(Y,nZ;) (3.57)
aand

V2, JY =V 7Y + b (Z;,tY) + h¥(Z;,tY) — Apy Z; + V' L(nY) + V5 S(nY)

+ DY(Z;,S(nY)) 4+ D*(Z;, L(nY)). (3.58)

Again, using Eqs. (2-4), (B-15) ans (3:16), we get

J(VZ].Y) + j(ﬁij) :tVZjY +tVyZ; + nVZjY +nVyZ; + 2Bhl(Zj, Y)

+2Bh*(Z;,Y) +2Ch*(Z;,Y). (3.59)
As N is an indefinite nearly kihler manifold, therefore, using Eq. (2.13)), we get
VyJZ; + ﬁzjjy = j(ﬁZjY) + J(Vy Z;).

Using Eqs. (3.57)), (3.58) and (3.59)) , comparing tangential parts of resulting equation and
taking inner product with respect to Z; € I'(D;),, we have
— sin(0;)p(2)Y ((07)p(2)) + c0s(0,)p(2)9(Vy Zj, Z;) — 9(Anz, Y. Z;) — 9(Any Zj, Z;)

+ g(VthY, Z_]) = g(tVZj}/, Z_]) + g<thZj7 Z_J) + 2g(Bhl<Zj7 Y)7 Z_J) + QQ(BhS(Zj7Y)7 Z_J>
(3.60)
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Next from Eq. (2.12)), we have (Vyg)(Z;,Z;) = 0, which gives g(VyZ;, Z;) = 0. Then

consider,
tVy Z; Z tVy Z
o2 2) o (190237
1
= 0 ’ 9(tVy Z;,tZ;)
1 2
= 157087 (03)p(2)9(Vy Z;, Z;)
tZ;]
=0. (3.61)
Also, from Eq. (2.8]), we have
29(BI(Y, Z;), Z5) = —2(h*(Y, Z;), T Z) = —2g(h*(Y, Z;),nZ;)

29(Anz,Y. Zj). (3.62)

Now, using (3.61) and (3.62)) along with the fact that g(Vy W, W) = 0 in (3.60)), we have
—sin(0;)p(2)Y ((01)p(2)) =9(Anz,Y, Z;) + 9(Any Zj, Zj) — 9((V 2,1)Y, Z;)
- 29(AnZ_jY7 Zj)a (363)

As N is proper pw.bi.s.l.s. of N, N is a bi-slant lightlike submanifold iff Y'((6,),(Z)) = 0

i.e, 0; is independent of choice of p € N which proves the theorem. O

Theorem 3.9. Assume N be a proper pw.bi-s.l.s. of N. If

(i) there exists tr(TN) which is parallel along TN with respect to metric connection V.

(ii) t is parallel with respect to induced connection V on N.

Then, N becomes a bi-slant lightlike submanifold of N.

Proof. Assume that Y € I'(T'N), Z; € I'(D;), for j = 1,2, where p € U C N. Then,
using Lemma , {nZ;, nZ;}€ T(S(TN+)) C T'(¢tr(TN)). Since tr(T'N) is parallel along
TN with respect to metric connection V, we have, {VynZ;, VynZ;}€ I'(tr(T'N)) which
implies Anz,Y = A,z Y = 0. Similarly, using the fact that tr(T'N) is parallel along TN
with respect to metric connection V and Eq., we get A,y Z; = 0. Also, by condition
(i), (Vz;t)Y = 0. As N is proper pw.bi.s.Ls. of N, from Eq. , Y ((0;)p(Z2)) =0 ie,
¢ is independent of choice of p € N which proves the theorem. O

Definition 3.3. [7] A lightlike submanifold (N,g) of a semi-Riemannian (N,g) is called

totally umbilical, if there exist a transversal curvature vector field H € T'(tr(T'N)) on N such
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that
W21, Z2) = Hg(Zv, Zs), (3.64)

for Zy,Zy € T(TN). Using Egs. and , clearly N is totally umbilical, if and only
if there exist smooth vector fields H' € T(Itr(TN)) and H® € T(S(TN*1)) such that

W(Zy,Z2) = H'g(Z1, Zo), h*(Z1,Z2) = Hg(Z1, Zs), D(Z1,V) =0, (3.65)
for Z1,Z5 € T(TN) and V € T(S(TN1)).

Theorem 3.10. Assume that N be a totally wmbilical proper pw.bi-s.l.s. of N. Then N
becomes a bi-slant lightlike submanifold of N, if H® € T'(up).

Proof. Let Z € T'(Dj), for some j = 1,2 and p € U C N. Then, using Eq. (3.64) and
Corollary (3.1f), we have

NViztZ = Nzt Z + cos*(0;),9(Z, Z)H.

Now, applying .J on both sides of above equation and using Eqs.([2.7), (3.15) and Theorem
(3.1), we get,
sin2(0;)ptZ(0,)pZ — c05*(0;)p,NViz2Z — ApiztZ + ViyntZ + DNtZ,ntZ) =

c0s%(0,),9(Z, Z)(JH' + JH®) +tVz7tZ +nVztZ.  (3.66)

Comparing transversal components of above equation and taking the inner product of result-

ing expression with ntZ, we have
cos®(0,),9(Z, Z)g(CH*,ntZ) + g(nVyztZ,ntZ) = g(ViyntZ,ntZ). (3.67)

Using the fact that V is a metric connection on N with respect to g along with Eq.(2.7) and
Corollary (3.1f), we have

1 _
g(VipntZ,ntZ) = 5(5in2(9j)pg(tZ, tZVZ(0;),y + sin®(0;)pVizg(tZ,12)). (3.68)

Further using Eq.(3.68]) in Eq. (3.67) along with Corollary (3.1) and hypothesis that H® €

I'(pp), we acquire
1 _
sin®(0;)pg(Vizt Z,tZ) = 5 (51n2(0,)p9 (t2, £ 2)tZ(0;), + sin®(0;)pVizg(tZ,tZ)).  (3.69)
As V is metric connection on N with respect to g, thus we have

Vizg(tZ,tZ) = 2G(NVigt Z,t 7). (3.70)
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Next using Eq.(3.70) in Eq.(3.69)), we get,
sin2(0;)pg(tZ,t2)tZ(0;), = 0.

Since g is non-degenerate on I'(D;), and N is proper pw.bi-s.l.s., thus we conclude that

tZ(6;),=0; this shows that 6; is independent of choice of p € N which proves the result. [

Definition 3.4. A lightlike submanifold (N, g, V) of (N,g,V) is called totally geodesic if any
geodesic of N is a geodesic of N. Using Eq.(2.4), (N,g,V) is totally geodesic in (N,g,V)
if and only if the second fundamental form vanishes on N i.e, h'(Z1, Z3) = h*(Z1, Zs) = 0
VZy, Zy € T(TN).

Theorem 3.11. Assume N is a totally umbilical pw.bi-s.l.s. of N with H* € T'(u) and
Y,V €T (u) for VeT(S(TNY)) and Z € T(D;), for j=1,2. Then, N is totally geodesic in
N.

Proof. Let Z € I'(Dj), for some j = 1,2 and p € N. Then from Eq. (2.13)), we have

VzJZ = JV zZ. Further using Eqs. (2.4)), (2.7), (3.15)) and (3.16]), we obtain

VtZ +h(Z,tZ) + h¥(Z,tZ) — Any Z+DYZ,nZ) + VynZ =

tNV2Z +nNVyzZ+BhNZ,Z) + Bh¥(Z,Z)+ Ch*(Z,Z).  (3.71)

On comparing the tangential components on both sides of above equation and using Eq.(3.65)),

we get
VytZ — AnzZ =tV 37+ g(Z, Z)BH' + g(Z, Z)BH®.
taking inner product with J¢ € T'(Rad(TN)), where ¢ € T'(Rad(TN)), we get

9(VztZ,J€) = §(AnzZ, J€) =gtV 22, J€) + g(Z. Z)g(BH', J¢)

+9(Z,2)g(BH?®, J¢). (3.72)

Now, using Eqgs.(2.13)), (3.15), (2.12) and (3.16)), we have

§(tV22,J€) =0 = g(BH®, J€) = §(AnzZ, JE). (3.73)
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Also,

§(VztZ,JE) = §(NztZ,JE) = — §g(V 2 JtZ, JE)
= _g(ﬁthZa 5) - g(vzntzv f)
=g(h'(Z,1°2),¢)

= c05°0,(2)9(Z, Z)g(H',¢€). (3.74)

Using Eqgs.(3.16) and (2.13)), we get

g(BH', J¢) = g(H', ). (3.75)
Now, using Eqs., and in , we have
9(Z, 2)g(H', )(1 + cos*(6;)p(Z)) = 0.
As g is non-degenerate on I'(D;),, therefore one has g(H I, &) = 0 which further implies that
H'=0. (3.76)

Secondly, On comparing the transversal components of Eq.(3.71]) and then considering the

inner product of resulting part with JH?®, we get
9(VinZ, JH®) = g(Z,Z)g(H*®, H®). (3.77)

As V is a metric connection, we have (Vzg)(nZ, JH®) = 0), which on using Eq. (2.7)
together with hypothesis H* € T'(11) and V3,V € T'(u), for V € I'(S(T'N1)) yields that

a(VynZ, JH®) = 0. (3.78)
Then using Eq. in Eq., we get
9(Z, Z)g(H* , H") = 0.
As the slant distribution is non-degenerate, therefore,
H?° =0. (3.79)

Thus, the proof follows. O
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4. ToTaLLY GEODESIC FOLIATIONS DETERMINED BY DISTRIBUTIONS

In this section, we investigate the conditions for foliations determined by distributions

Rad(TN), D1 and D5 to be totally geodesic.

Theorem 4.1. Assume N be a pw.bi-s.l.s. of N. Then, Rad(TN) defines a totally geodesic

foliation if and only if
g(An¢4Wz1 + An¢5WZ1, tZQ) = g(VthW + letVV, tZg),

for Z1,Z5 € T(Rad(TN)) and W € T(S(TN)).

Proof. In order to show that Rad(T'N) defines a totally geodesic foliation, it is sufficient to
show that Vz, Zy € I'(Rad(TN)) for Zy, Zy € T(Rad(TN)). Using the fact that V is a metric
connection along with Eq.(2.13) and (2.4), for Z1,Zs € I'(Rad(T'N)) and W € I'(S(T'N)),

we get

g(Vlez, W) = —g(ﬁzle, sz) — g(?WJZl, ng) + g(ﬁle, jZQ). (4.80)

Moreover, using Egs.(3.18) and (3.22)) in Eq.(4.80)), we get

g(VZ1 Zy, W) = g(VthW + Vwtzy — An¢4WZ1 — An¢5WZ1, tZs),
which proves the theorem. O

Theorem 4.2. Assume N be a pw.bi-s.l.s. of N. Then, Dy defines a totally geodesic
foliation if and only if
(i) V2, JW +VwJZ1 has no components along D1, S(TN*) and Vi Z; has no com-
ponent along D .
(i) AnyZy has no component along D;.
(i) Vz, W' has no component along D .
(iv) V2,V has no component along D;.

for Zy € T(Dy), N € T(ltr(TN)), W € TJ(itr(TN)), V € TJ(Rad(TN)) and W € T'(Dy).

Proof. Assume Z1,Zy € I'(Dy). To show that Vz Zs € I'(Dy), it is sufficient to show that
V 2, Z3 has no components along Rad(T'N), JRad(TN), Jitr(T'N) and Dy. For W € T'(Dy),
using the fact that V is a metric connection along with Eqs.(2.4) and (2.13)), we have

(V2 Za, W) = —g(N g, JW +VwJZ1,JZ) + §(VNwZ1, Z2). (4.81)
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For N € I'(Itr(TN)), using the fact that V is a metric connection along with Eqs.(2.4)
and ([2.6)), we have

9(Vz2,22,N) = g(AnZ1, Z). (4.82)

Also, for W’ € T'(JItr(TN)), using the fact that V is a metric connection along with Egs. (2.4)),

we have
§(Vz, 2, W' = —g(VZIW’, Z3). (4.83)

Now, consider V' € I'JRad(TN), using the fact that V is a metric connection along with

Eqgs.(2.4)), we have

9(V2, 22, V) = =g(V2z,V, Z3). (4.84)

hence, the result follows from Eqgs.(4.81)), (4.82), (4.83) and (4.84). O

Following the same procedure as above, it can easily be shown that

Theorem 4.3. Assume N be a pw.bi-s.l.s. of N. Then, Dy defines a totally geodesic
foliation if and only if
(i) Vz, JW +VwJZ1 has no components along Do, S(TN*) and Vyw Z1 has no com-
ponent along Do.
(i) ANyZy has no component along Do.
(iii) Vz, W' has no component along Ds.
(iv) Vz,V has no component along Ds.

for Zy € T(Ds), N € T(Itr(TN)), W € TJ(itr(TN)), V € TJ(Rad(TN)) and W € T'\(Dy).
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