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POINTWISE BI-SLANT LIGHTLIKE SUBMANIFOLDS OF INDEFINITE

NEARLY KÄHLER MANIFOLDS

ABHISHEK SHRIVASTAVA ID , VIQAR AZAM KHAN ID , AND SANGEET KUMAR ID ∗

Abstract. In this paper, we introduce the notion of pointwise bi-slant lightlike subman-

ifolds of an indefinite nearly Kähler manifold and provide a characterization theorem for

the existence of these submanifolds. Following this, we provide a non-trivial example of

pointwise bi-slant lightlike submanifolds of indefinite nearly Kähler manifolds and then de-

rive some conditions for the distributions associated with this class of submanifolds to be

involutive. Further, we provide a characterization for a pointwise bi-slant lightlike sub-

manifold of an indefinite nearly Kähler manifold to be a bi-slant lightlike submanifold and

investigate the geometry of totally umbilical pointwise bi-slant lightlike submanifold of an

indefinite nearly Kähler manifold. Finally, we obtain necessary and sufficient conditions

for foliations determined by distributions on pointwise bi-slant lightlike submanifolds of an

indefinite nearly Kähler manifold to be totally geodesic.

Keywords: r-lightlike submanifold, Metric connection, Slant distribution, Bi-slant lightlike

submanifold.
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1. Introduction

Chen [4, 5] introduced the notion of slant submanifolds of Kähler manifolds as a generaliza-

tion of holomorphic and totally real submanifolds. Following this, Lotta [15, 16] introduced

and studied concept of slant submanifolds in contact manifolds. Further, Carbrerizo et al.
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[1] studied slant submanifolds in Sasakian manifolds. Afterwards, several generalizations of

slant submanifolds were introduced and studied by Carriazo [2, 3], Sahin [19] and Papaghuic

[18]. Etayo [9] generalized the notion of slant submanifolds to quasi- slant submanifolds of

Kähler manifolds. On a similar note, Chen and Garay [6] generalized the notion of slant

submanifolds to pointwise slant submanifolds of a Kähler manifold.

Due to interesting applications in study of asymptotically flat spacetimes, even horizon of

Kerr and Kruskal black holes, electromagnetic fields, focus of geometers shifted towards the

study of geometry of manifolds and submanifolds endowed with indefinite metric. The the-

ory of lightlike submanifolds of semi-Riemannian manifolds was introduced by Bejancu and

Duggal [8] which differs from it’s non-degenerate counterpart due to non-trivial intersection

of tangent and normal bundle. Further, Sahin [20, 22] introduced notion of slant and screen

slant lightlike submanifolds of Kähler manifolds. Following this, several generalizations of

slant and screen slant submanifolds of indefinite Kähler manifolds were introduced and stud-

ied by Shukla et al. [23, 24]. Moreover, slant and screen slant lightlike submanifolds in

framework of Contact and indefinite nearly Kähler manifolds were studied as in [21, 12, 14].

Gupta et al. [11] studied pointwise slant lightlike submanifolds of indefinite Kähler manifolds.

Further, Kumar et al. [13, 17] studied the theory of screen bi-slant and pointwise bi-slant

lightlike submanifolds of indefinite Kähler manifolds. However, the concept of pointwise bi-

slant lightlike submanifolds is yet to be explored in indefinite nearly Kähler manifolds.

Therefore, in this paper, we introduce the notion of pointwise bi-slant lightlike submani-

folds of indefinite nearly Kähler manifolds. Then, we give a characterization theorem for the

existence of pointwise bi-slant lightlike submanifolds of indefinite nearly Kähler manifolds

and provide a non-trivial example of this class of lightlike submanifolds. We further derive

integrability conditions for the distributions associated with these submanifolds and give

some conditions for a pointwise bi-slant lightlike submanifold of an indefinite nearly Kähler

manifold to be a bi-slant lightlike submanifold. Finally, we investigate the geometry of to-

tally umbilical pointwise bi-slant lightlike submanifolds of indefinite nearly Kähler manifolds

and obtain necessary and sufficient conditions for foliations determined by distributions on

pointwise bi-slant lightlike submanifolds of an indefinite nearly Kähler manifold to be totally

geodesic.



438 A. SHRIVASTAVA, V. A. KHAN, AND S. KUMAR

2. Preliminaries

Definition 2.1. Let (N, g) be m−dimensional submanifold of semi-Riemannian manifold

(N̄ , ḡ) of dimension (m + n) equipped with metric ḡ of index q(̸= 0), where, m,n ≥ 1 and

m + n − 1 ≥ q ≥ 1. We assume that metric ḡ on TN is degenerate, then, metric ḡ is

degenerate on TN⊥ which gives rise to a distribution Rad(TN) : p ∈ N → Rad(TpN) given

by Rad(TpN) = TpN ∩ TpN
⊥. We call N as r−lightlike submanifold if Rad(TN) is a

smooth distribution of rank r > 0 (1 ≤ r ≤ n ) on N .

Let S(TN) and S(TN⊥) be non-degenerate subbundles of Rad(TN) in TN and TN⊥

respectively such that TN = Rad(TN) ⊥ S(TN) and TN⊥ = Rad(TN) ⊥ S(TN⊥). More-

over, for local coordinate neighbourhood U of N and local frame field {ξi}, {i ∈ 1, 2, ....., r}

of Γ(Rad(TN)), there exists a local null frame {Ni} of sections with values in the orthogonal

complement of S(TN⊥) i.e, S(TN⊥)⊥ such that

ḡ(Ni, ξj) = δij , ḡ(Ni, Nj) = 0, for i, j ∈ {1, 2, ..., r}. (2.1)

In view of Theorem (1.3), Chapter 5 (see, [8]), there exists a lightlike transversal vector

bundle ltr(TN) complementary to Rad(TN) in S(TN⊥)⊥ locally spanned by {Ni}. Next,

consider the vector bundle tr(TN) in TN̄ |N defined by

tr(TN) = ltr(TN) ⊥ S(TN⊥),

and therefore

TN̄ |N = TN ⊕ tr(TN) = S(TN) ⊥ (Rad(TN)⊕ ltr(TN)) ⊥ S(TN⊥). (2.2)

Let ∇̄ be Levi-Civita connection of N̄ . Then, for Z1, Z2 ∈ Γ(TN) and V ∈ Γ(tr(TN)), Gauss

and Weingarten formulae are given by

∇Z1Z2 = ∇Z1Z2 + h(Z1, Z2), ∇Z1V = −AV Z1 +∇t
Z1
V, (2.3)

where {h(Z1, Z2),∇t
Z1
V } ∈ Γ(tr(TN)), {∇Z1Z2, AV Z1} ∈ Γ(TN) and h, AV represent sec-

ond fundamental form on Γ(TN) and linear shape operator on N respectively. In view of

Eq. (2.2), we give the the Gauss and Weingarten formulae as

∇Z1Z2 = ∇Z1Z2 + hl(Z1, Z2) + hs(Z1, Z2), (2.4)

∇Z1V = −AV Z1 +∇l
Z1
LV +∇s

Z1
SV +Dl(Z1, SV ) +Ds(Z1, LV ) (2.5)
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where, Z1, Z2 ∈ Γ(TN), V ∈ Γ(tr(TN)), hl and hs are Γ(ltr(TN)) and Γ(S(TN⊥)) valued

lightlike second fundamental form and screen second fundamental form of N , ∇l and ∇s

are lightlike and screen transversal linear connections on N respectively and Dl : Γ(TN) ×

Γ(S(TN⊥)) → Γ(ltr(TN)), Ds : Γ(TN) × Γ(ltr(TN)) → Γ(S(TN⊥)) respectively are bi-

linear mappings, where L and S are projection morphisms onto ltr(TN) and S(TM⊥). In

particular, if N ∈ Γ(ltr(TN)) and W ∈ Γ(S(TN⊥)), then, from Eq.(2.5), we have

∇Z1N = −ANZ1 +∇l
Z1
N +Ds(Z1, N) (2.6)

and

∇Z1W = −AWZ1 +Dl(Z1,W ) +∇s
Z1
W (2.7)

From Eqs. (2.4), (2.6) and (2.7), we obtain

g(AWZ1, Z2) = ḡ(hs(Z1, Z2),W ) + ḡ(Z2, D
l(Z1,W )), (2.8)

g(AWZ1, N) = ḡ(Ds(Z1, N),W ). (2.9)

LetQ be the projection of TN onto screen distribution S(TN), then using TN = Rad(TN) ⊥

S(TN), we get

∇Z1QZ2 = ∇∗
Z1
QZ2 + h∗(Z1, QZ2), ∇Z1ξ = −A∗

ξZ1 +∇∗t
Z1
ξ, (2.10)

where ξ ∈ Γ(Rad(TN)), {h∗(Z1, QZ2),∇∗t
Z1
ξ} ∈ Γ(Rad(TN)) and {∇∗

Z1
QZ2, A

∗
ξZ1} ∈ Γ(S(TN)).

Also, h∗ : Γ(TN) × Γ(S(TN) → Γ(Rad(TN)) and A∗ : Γ(TN) × Γ(Rad(TN) → Γ(S(TN))

are bilinear forms called second fundamental form and shape operator of distributions S(TN)

and Rad(TN) respectively. Moreover, ∇∗ and ∇∗t denote the induced Levi-Civita connection

on S(TN) and Rad(TN) respectively. Then, from Eqs. (2.5), (2.6) and (2.10), we get

ḡ(hl(Z1, QZ2), ξ) = g(A∗
ξZ1, QZ2). (2.11)

As ∇̄ is a metric connection on N , therefore for Z1, Z2, Z3 ∈ Γ(TN), one has

(∇Z1g)(Z2, Z3) = ḡ(hl(Z1, Z2), Z3) + ḡ(hl(Z1, Z3), Z2). (2.12)

which shows that the induced connection ∇ on N is not a metric connection.

Definition 2.2. [10] An indefinite almost Hermitian manifold (N̄ , J̄ , ḡ, ∇̄) is said to be an

indefinite nearly Kähler manifold if

J̄2 = −I, g(J̄Z1, J̄Z2) = g(Z1, Z2), (∇Z1 J̄)Z2 + (∇Z2 J̄)Z1 = 0, (2.13)

∀Z1, Z2 ∈ Γ(TN̄).
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3. Pointwise bi-slant Lightlike Submanifolds

In view of Lemmas (3.1) and (3.2) stated by Sahin [20], we introduce the concept of

pointwise bi-slant lightlike submanifolds of indefinite nearly Kähler manifolds as follows:

Definition 3.1. A q-lightlike submanifold N of an indefinite nearly Kähler manifold N̄ with

index 2q is said to be a pointwise bi-slant lightlike submanifold if the following conditions

hold:

(i) J̄(Rad(TN)) is a distribution on N such that J̄(Rad(TN)) ∩Rad(TN)={0}.

(ii) There exists non-degenerate orthogonal distributions D1 and D2 on N such that

S(TN) = (J̄ ltr(TN)⊕ J̄Rad(TN)) ⊥ D1 ⊥ D2.

(iii) J̄D1 ⊥ D2 and J̄D2 ⊥ D1.

(iv) For p ∈ U ⊂ N and each non-zero tangent vector field Z ∈ Γ(Dj)p (for j = 1, 2),

the angle (θj)p between J̄Z and the vector space (Dj)p is independent of choice of

Z ∈ Γ(Dj)p.

Note that the angle θj is called the slant function on N and the pair {θ1, θ2} is called bi-slant

function on N. At each point p ∈ U ⊂ N , (θj)p (for j = 1, 2) is called the slant angle of

the distribution (Dj)p. Moreover, if for j = 1, 2, (Dj)p ̸= {0} and (θj)p ̸= 0, π/2, then, the

pointwise bi-slant lightlike submanifold is said to be proper.

In view of above definition, the tangent bundle TN of N can be decompsed as:

TN = Rad(TN) ⊥ (J̄ ltr(TN)⊕ J̄Rad(TN)) ⊥ D1 ⊥ D2. (3.14)

For Z ∈ Γ(TN), we have,

J̄Z = tZ + nZ (3.15)

and for V ∈ Γ(tr(TN))

J̄V = BV + CV, (3.16)

where tZ,BV ∈ Γ(TN) and nZ,CV ∈ Γ(tr(TN)).

Note: In upcoming sections, we will use pw.bi-s.l.s. to denote a pointwise bi-slant lightlike

submanifold and an indefinite nearly Kähler manifolds will be denoted by N̄ , unless other-

wise stated.
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Consider ϕ1, ϕ2, ϕ3, ϕ4 and ϕ5 be the projections of TN on Rad(TN), J̄(Rad(TN)),

J̄(ltr(TN)), D1 and D2, respectively. Then, for Z ∈ Γ(TN), we have

Z = ϕ1Z + ϕ2Z + ϕ3Z + ϕ4Z + ϕ5Z. (3.17)

Applying J̄ on both sides and using Eq. (3.15), we get

J̄Z = J̄ϕ1Z + J̄ϕ2Z + J̄ϕ3Z + tϕ4Z + nϕ4Z + tϕ5Z + nϕ5Z, (3.18)

where J̄ϕ1Z ∈ Γ(J̄(Rad(TN))), J̄ϕ2Z ∈ Γ(Rad(TN)) and J̄ϕ3Z ∈ Γ(ltr(TN)).

Lemma 3.1. For a pw.bi-s.l.s. N of N̄ , {nϕ4Z, nϕ5Z} ∈ Γ(S(TN⊥)), tϕ4Z ∈ Γ(D1) and

tϕ5Z ∈ Γ(D2), for Z ∈ Γ(TN).

Proof. For ξ ∈ Γ(Rad(TN)), we have

g(nϕiZ, ξ) = −g(ϕiZ, J̄ξ) = 0 (3.19)

for i = 4, 5. Therefore, nϕiZ has no component in ltr(TN), which implies {nϕ4Z, nϕ5Z} ∈

(S(TN⊥)). On the other hand, Let N ∈ Γ(ltr(TN)), then using Eqs.(3.19), (2.13), (3.14)

and using the condition J̄D2 ⊥ D1, we have

ḡ(tϕ4Z,N) = 0 = ḡ(tϕ4Z, J̄ϕ1Z) = ḡ(tϕ4Z, J̄ϕ2Z) = ḡ(tϕ4Z, J̄ϕ3Z) = ḡ(tϕ4Z, ϕ5Z),

which shows that tϕ4Z ∈ Γ(D1). Similarly, using Eqs.(3.19), (2.13), (3.14) and using the

condition J̄D1 ⊥ D2, it follows that tϕ5Z ∈ Γ(D2).

□

We now provide a classification theorem for the existence of pw.bi-s.l.s. N of N̄ .

Theorem 3.1. (Existence Theorem) A q-lightlike submanifold N of N̄ with index 2q is a

pw.bi-s.l.s., if and only if,

(i) J̄(ltrTN) is a distribution on N such that J̄(ltrTN) ∩Rad(TN) = {0}.

(ii) There exists non-degenerate orthogonal distributions D1 and D2 on N such that

S(TN) = (J̄ ltr(TN)⊕ J̄Rad(TN)) ⊥ D1 ⊥ D2.

(iii) J̄D1 ⊥ D2 and J̄D2 ⊥ D1.

(iv) for {i = 4, 5}, there exist functions αi ∈ [0, 1) such that t2(ϕiZ) = −αi(ϕiZ) for all

Z ∈ Γ(S(TN)), where cos2(θj)p = αi such that (θj)p are the respective slant functions

of (Dj)p for j = i− 3 and p ∈ N .
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Proof. Let N be a pw.bi-s.l.s. of N̄ . Then, the conditions (ii) and (iii) hold trivially. Let

J̄N ′ ∈ Γ(Rad(TN)) for N ′ ∈ Γltr(TN), one has J̄ J̄N ′ = −N ′ ∈ Γ(S(TN)), which is a

contradiction. Therefore, we get J̄N ′ /∈ Γ(Rad(TN)). Again, let J̄N ′ ∈ Γ(ltr(TN)) for

N ′ ∈ Γ(ltr(TN)). Choose ξ ∈ Γ(Rad(TN)) such that ḡ(N ′, ξ) = 1. Then from Eq. (2.13),

we derive 0 = ḡ(J̄N ′, J̄ξ) = ḡ(N ′, ξ) = 1, which is again a contradiction to our hypothesis.

Therefore, J̄N ′ /∈ Γ(ltr(TN)). Consider J̄N ′ ∈ Γ(S(TN⊥)) for N ′ ∈ Γ(ltr(TN)). Choose

ξ ∈ Γ(Rad(TN)) such that ḡ(N ′, ξ) = 1, then, using Eq. (2.13), we have 0 = ḡ(J̄N ′, J̄ξ) =

ḡ(N ′, ξ) = 1, which is a contradiction to hypothesis. Therefore, J̄N ′ /∈ Γ(S(TN⊥)). Thus,

we conclude that J̄(ltr(TN)) ⊂ S(TN) and J̄(ltr(TN)) ∩ Rad(TN)={0}, which proves

condition (i).

As N is pw.bi-s.l.s. of N̄ , the angle between J̄ϕiZ and Dj at p is constant, therefore for

Z ∈ Γ(S(TN)) and p ∈ N , we have

cos(θj)p =
g(J̄ϕiZ, tϕiZ)

|J̄ϕiZ| |tϕiZ|
= −g(ϕiZ, J̄tϕiZ)

|ϕiZ| |tϕiZ|
= −g(ϕiZ, t

2(ϕiZ))

|ϕiZ| |tϕiZ|
.

Since, cos(θj)p=
|tϕiZ|

|J̄(ϕiZ)| , therefore we have

cos2(θj)p = −g(ϕiZ, t
2(ϕiZ))

|ϕiZ|2
. (3.20)

We know that (θj)p is constant on (Dj)p. Hence, we get

g(ϕiZ, t
2ϕiZ) = −αig(ϕiZ, ϕiZ),

which gives t2ϕiZ = −αiϕiZ as g = g|(Dj)p×(Dj)p is non-degenerate. Hence, (iv) holds.

Conversely, suppose that N be a q-lightlike submanifold of N̄ such that the conditions (i)−

(iv) are satisfied. Let J̄ξ ∈ Γ(ltr(TN)) for ξ ∈ Γ(Rad(TN)), one has J̄ J̄ξ = −ξ ∈ Γ(S(TN))

by condition (i), which is a contradiction. Therefore, we get J̄ξ /∈ Γ(ltr(TN)). Again, let

J̄ξ ∈ Γ(S(TN⊥)) for ξ ∈ Γ(Rad(TN)). Choose N ′ ∈ Γ(ltr(TN)) such that ḡ(N ′, ξ) = 1.

Then from conditions (i), (ii) and Eq. (2.13), we derive 0 = ḡ(J̄N ′, J̄ξ) = ḡ(N ′, ξ) = 1, which

is again a contradiction to our hypothesis. Therefore, J̄ξ /∈ Γ(S(TN⊥)). Now, Consider

J̄ξ ∈ Γ(Rad(TN)) for ξ ∈ Γ(Rad(TN)). Choose N ′ ∈ Γ(ltr(TN)) such that ḡ(N ′, ξ) = 1,

then, using condition (i) and Eq. (2.13), we have 0 = ḡ(J̄N ′, J̄ξ) = ḡ(N ′, ξ) = 1, which

is a contradiction to hypothesis. Therefore, J̄ξ /∈ Γ(Rad(TN)). Thus, we conclude that

J̄(Rad(TN)) ⊂ S(TN) and J̄(Rad(TN)) ∩ Rad(TN)={0}. Also, by condition (iv), there

exists a function αi such that t2ϕiZ = −αiϕiZ for Z ∈ Γ(S(TN)). Then using the Eqs.
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(2.13) and (3.20), we obtain

cos2(θj)p =
g(t(ϕiZ), t(ϕiZ))

g(ϕiZ, ϕiZ)

= αi,

which shows that the Wirtinger angle is independent of ϕiZ ∈ (Dj)p. Hence, the theorem is

proved. □

Corollary 3.1. Assume that N be a pw.bi-s.l.s. of N̄ . Then, for i = 4, 5 and j = i− 3,

(i) g(tϕiZ1, tϕiZ2) = cos2 (θj)pg(ϕiZ1, ϕiZ2),

(ii) g(nϕiZ1, nϕiZ2) = sin2 (θj)pg(ϕiZ1, ϕiZ2),

where Z1, Z2 ∈ Γ(TN).

Proof. Let Z1, Z2 ∈ Γ(TN), then we have

g(tϕiZ1, tϕiZ2) = g(tϕiZ1, tϕiZ2) = −g(ϕiZ1, t
2ϕiZ2) = −g(ϕiZ1,−αiϕiZ2) = αig(ϕiZ1, ϕiZ2),

which leads to g(tϕiZ1, tϕiZ2) = cos2(θj)pg(ϕiZ1, ϕiZ2). Similarly, consider

g(ϕiZ1, ϕiZ2) = g(J̄ϕiZ1, J̄ϕiZ2) = g(tϕiZ1, tϕiZ2) + g(nϕiZ1, nϕiZ2),

which gives g(nϕiZ1, nϕiZ2) = sin2(θj)pg(ϕiZ1, ϕiZ2), thus the proof is complete. □

Next, we present a non-trivial example of pw.bi-s.l.s. N of an indefinite nearly Kähler

manifold N̄ .

Example 3.1. Consider N be a 6-dimensional submanifold of (R16
3 , ḡ) with signature

(−,−,−,+,+,+,+,+,+,+,+,+,+,+,+,+) given by

x1 = u1 = x4, x2 = u2 = −x3, x5 = u3, x6 = u3, x7 = u4, x8 = u4,

x9 = u3u4, x10 =
(u3)2

2
+

(u4)2

2
, x11 = u5, x12 = u5, x13 = u6,

x14 = u6, x15 = u5u6, x16 =
(u5)2

2
+

(u6)2

2
, u3 ̸= ±u4, u5 ̸= ±u6.

Then TN is spanned by Z1, Z2, Z3, Z4, Z5, Z6, where

Z1 = ∂x1 + ∂x4, Z2 = ∂x2 − ∂x3,

Z3 = ∂x5 + ∂x6 + u4∂x9 + u3∂x10, Z4 = ∂x7 + ∂x8 + u3∂x9 + u4∂x10,

Z5 = ∂x11 + ∂x12 + u6∂x15 + u5∂x16, Z6 = ∂x13 + ∂x14 + u5∂x15 + u6∂x16.
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As Rad(TN) = Span{Z1} and J̄Rad(TN) = Span{Z2}, where J̄Z1 = Z2, thus N is a 1-

lightlike submanifold with ltr(TN) spanned by N1 = 1
2{−∂x1 + ∂x4} and J̄ ltr(TN) spanned

by J̄N1 = 1
2{−∂x2 − ∂x3}. On the other hand, by direct calculations, we find that S(TN⊥)

is spanned by

W1 = −u3∂x5 − u4∂x8 + ∂x10, W2 = −u5∂x11 − u6∂x14 + ∂x16.

Hence, D1 = Span{Z3, Z4} and D2 = Span{Z5, Z6} are slant distributions with the slant

angles θ1 =
(u4)2−(u3)2

2+(u3)2+(u4)2
and θ2 =

(u6)2−(u5)2

2+(u5)2+(u6)2
. Thus, N is a proper pw.bi-s.l.s. of R16

3 .

Lemma 3.2. For a pw.bi-s.l.s. N of N̄ , nD1 and nD2 are orthogonal.

Proof. Since N is pw.bi-s.l.s. of N̄ , therefore using Eq.(3.14) and Eq.(3.16) along with

theorem (3.1) for Z ∈ Γ(TN), we have

g(nϕ4Z, nϕ5Z) = g(J̄ϕ4Z − tϕ4Z, J̄ϕ5Z − tϕ5Z)

= −g(J̄ϕ4Z, tϕ5Z)− g(J̄ϕ5Z, tϕ4Z)

= g(ϕ4Z, J̄tϕ5Z) + g(ϕ5Z, J̄tϕ4Z)

= g(ϕ4Z, t
2ϕ5Z) + g(ϕ5Z, t

2ϕ4Z)

= − cos2(θ2)pg(ϕ4Z, ϕ5Z)− cos2(θ1)pg(ϕ5Z, ϕ4Z)

= 0,

which completes the proof. □

In view of Lemma (3.2), there exists a holomorphic subspace µp ⊂ S(TpN
⊥), such that at

each p ∈ N , we have

S(TN⊥) = nD1 ⊥ nD2 ⊥ µ (3.21)

and

TN̄ = S(TN) ⊥ {Rad(TN)⊕ ltr(TN)} ⊥ nD1 ⊥ nD2 ⊥ µ. (3.22)

Also, for V ∈ Γ(tr(TN)), we have V = PV + QV , where PV ∈ Γ(ltr(TN)) and QV ∈

Γ(S(TN⊥)). Note that as per Eq.(3.21) for V ∈ Γ(S(TN⊥)), we have

QV = Q1V +Q2V +Q3V,
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where Q1, Q2 and Q3 denote the projections of S(TN⊥) onto nD1, nD2 and µ, respectively.

Now, applying J̄ on both sides, we have

J̄V = J̄PV + J̄QV

= J̄PV +BQ1V + CQ1V +BQ2V + CQ2V + J̄Q3V,

where, J̄PV ∈ ΓJ̄ ltr(TN)) and using Lemma (3.1), we have BQ1V ∈ Γ(D1), CQ1V ∈

Γ(S(TN⊥)), BQ2V ∈ Γ(D2), CQ2V ∈ Γ(S(TN⊥)) and J̄Q3V ∈ Γ(µ). Then, using

Eqs. (2.4), (2.7), (2.13) with (3.15) and (3.16) and equating the components of Rad(TN),

J̄Rad(TN), J̄(ltr(TN)), D1, D2, ltr(TN) and S(TN)⊥, we get

ϕ1(∇Z1 J̄ϕ1Z2) + ϕ1(∇Z1 J̄ϕ2Z2) + ϕ1(∇Z1tϕ4Z2) + ϕ1(∇Z1tϕ5Z2)

+ϕ1(∇Z2 J̄ϕ1Z1) + ϕ1(∇Z2 J̄ϕ2Z1) + ϕ1(∇Z2tϕ4Z1) + ϕ1(∇Z2tϕ5Z1)

= ϕ1(Anϕ3Z2Z1) + ϕ1(Anϕ4Z2Z1) + ϕ1(Anϕ5Z2Z1) + ϕ1(Anϕ3Z1Z2) (3.23)

+ ϕ1(Anϕ4Z1Z2) + ϕ1(Anϕ5Z1Z2) + J̄ϕ2∇Z1Z2 + J̄ϕ2∇Z2Z1,

ϕ2(∇Z1 J̄ϕ1Z2) + ϕ2(∇Z1 J̄ϕ2Z2) + ϕ2(∇Z1tϕ4Z2) + ϕ2(∇Z1tϕ5Z2)

+ϕ2(∇Z2 J̄ϕ1Z1) + ϕ2(∇Z2 J̄ϕ2Z1) + ϕ2(∇Z2tϕ4Z1) + ϕ2(∇Z2tϕ5Z1)

= ϕ2(Anϕ3Z2Z1) + ϕ2(Anϕ4Z2Z1) + ϕ2(Anϕ5Z2Z1) + ϕ2(Anϕ3Z1Z2) (3.24)

+ ϕ2(Anϕ4Z1Z2) + ϕ2(Anϕ5Z1Z2) + J̄ϕ1∇Z1Z2 + J̄ϕ1∇Z2Z1,

ϕ3(∇Z1 J̄ϕ1Z2) + ϕ3(∇Z1 J̄ϕ2Z2) + ϕ3(∇Z1tϕ4Z2) + ϕ3(∇Z1tϕ5Z2)

+ϕ3(∇Z2 J̄ϕ1Z1) + ϕ3(∇Z2 J̄ϕ2Z1) + ϕ3(∇Z2tϕ4Z1) + ϕ3(∇Z2tϕ5Z1)

= ϕ3(Anϕ3Z2Z1) + ϕ3(Anϕ4Z2Z1) + ϕ3(Anϕ5Z2Z1) + ϕ3(Anϕ3Z1Z2) (3.25)

+ ϕ3(Anϕ4Z1Z2) + ϕ3(Anϕ5Z1Z2) + 2Bhl(Z1, Z2),

ϕ4(∇Z1 J̄ϕ1Z2) + ϕ4(∇Z1 J̄ϕ2Z2) + ϕ4(∇Z1tϕ4Z2) + ϕ4(∇Z1tϕ5Z2)

+ϕ4(∇Z2 J̄ϕ1Z1) + ϕ4(∇Z2 J̄ϕ2Z1) + ϕ4(∇Z2tϕ4Z1) + ϕ4(∇Z2tϕ5Z1)

= ϕ4(Anϕ3Z2Z1) + ϕ4(Anϕ4Z2Z1) + ϕ4(Anϕ5Z2Z1) + ϕ4(Anϕ3Z1Z2) (3.26)

+ ϕ4(Anϕ4Z1Z2) + ϕ4(Anϕ5Z1Z2) + 2BQ1h
s(Z1, Z2)

+ tϕ4∇Z1Z2 + tϕ4∇Z2Z1,
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ϕ5(∇Z1 J̄ϕ1Z2) + ϕ5(∇Z1 J̄ϕ2Z2) + ϕ5(∇Z1tϕ4Z2) + ϕ5(∇Z1tϕ5Z2)

+ϕ5(∇Z2 J̄ϕ1Z1) + ϕ5(∇Z2 J̄ϕ2Z1) + ϕ5(∇Z2tϕ4Z1) + ϕ5(∇Z2tϕ5Z1)

= ϕ5(Anϕ3Z2Z1) + ϕ5(Anϕ4Z2Z1) + ϕ5(Anϕ5Z2Z1) + ϕ5(Anϕ3Z1Z2) (3.27)

+ ϕ5(Anϕ4Z1Z2) + ϕ5(Anϕ5Z1Z2) + 2BQ2h
s(Z1, Z2)

+ tϕ5∇Z1Z2 + tϕ5∇Z2Z1,

hl(Z2, J̄ϕ1Z1) + hl(Z2, J̄ϕ2Z1) + hl(Z2, tϕ4Z1) + hl(Z2, tϕ5Z1)

+hl(Z1, J̄ϕ1Z2) + hl(Z1, J̄ϕ2Z2) + hl(Z1, tϕ4Z2) + hl(Z1, tϕ5Z2)

= nϕ3∇Z1Z2 + nϕ3∇Z2Z1 −∇l
Z1
nϕ3Z2 −Dl(Z1, nϕ4Z2) (3.28)

−Dl(Z1, nϕ5Z2)−∇l
Z2
nϕ3Z1 −Dl(nϕ4Z1, Z2)−Dl(Z2, nϕ5Z1),

and

hs(Z2, J̄ϕ1Z1) + hs(Z2, J̄ϕ2Z1) + hs(Z2, tϕ4Z1) + hs(Z2, tϕ5Z1)

+hs(Z1, J̄ϕ1Z2) + hs(Z1, J̄ϕ2Z2) + hs(Z1, tϕ4Z2) + hs(Z1, tϕ5Z2)

= nϕ4∇Z1Z2 + nϕ5∇Z1Z2 + nϕ4∇Z2Z1 + nϕ5∇Z2Z1 (3.29)

−Ds(Z1, nϕ3Z2)−∇s
Z1
nϕ4Z2 −∇s

Z1
nϕ5Z2

−Ds(Z2, nϕ3Z1)−∇s
Z2
nϕ4Z1 −∇s

Z2
nϕ5Z1

+ 2CQ1h
s(Z1, Z2) + 2CQ2h

s(Z1, Z2) + 2CQ3h
s(Z1, Z2).

Next, we investigate conditions for the distributions associated with pw.bi-s.l.s. N of N̄ to

be involutive.

Theorem 3.2. For a pw.bi-s.l.s. N of N̄ , the distribution Rad(TN) is involutive, if and

only if

(i) ϕ1

(
∇Z1 J̄ϕ1Z2

)
+ ϕ1

(
∇Z2 J̄ϕ1Z1

)
= 2J̄ϕ2∇Z2Z1,

(ii) ϕ4

(
∇Z1 J̄ϕ1Z2

)
+ ϕ4

(
∇Z2 J̄ϕ1Z1

)
= 2BQ1h

s (Z1, Z2) + 2tϕ4∇Z2Z1,

(iii) ϕ5

(
∇Z1 J̄ϕ1Z2

)
+ ϕ5

(
∇Z2 J̄ϕ1Z1

)
= 2BQ2h

s (Z1, Z2) + 2tϕ5∇Z2Z1,

(iv) hl
(
Z2, J̄ϕ1Z1

)
+ hl

(
Z1, J̄ϕ1Z2

)
= 2nϕ3∇Z2Z1,

(v) hs
(
Z2, J̄ϕ1Z1

)
+ hs

(
Z1, J̄ϕ1Z2

)
= 2nϕ4∇Z2Z1 + 2nϕ5∇Z2Z1 + 2CQ1h

s(Z1, Z2)

+2CQ2h
s(Z1, Z2) + 2CQ3h

s(Z1, Z2),

for any Z1, Z2 ∈ Γ(Rad(TN)).
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Proof. Consider Z1, Z2 ∈ Γ(Rad(TN)), then using Eqs.(3.23), (3.26), (3.27), (3.28) and

(3.29), we have

ϕ1(∇Z1 J̄ϕ1Z2) + ϕ1(∇Z2 J̄ϕ1Z1) = J̄ϕ2[Z1, Z2] + 2J̄ϕ2∇Z2Z1, (3.30)

ϕ4(∇Z1 J̄ϕ1Z2) + ϕ4(∇Z2 J̄ϕ1Z1) = 2BQ1h
s(Z1, Z2) + tϕ4[Z1, Z2] + 2tϕ4∇Z2Z1, (3.31)

ϕ5(∇Z1 J̄ϕ1Z2) + ϕ5(∇Z2 J̄ϕ1Z1) = 2BQ2h
s(Z1, Z2) + tϕ5[Z1, Z2] + 2tϕ5∇Z2Z1, (3.32)

hl(Z2, J̄ϕ1Z1) + hl(Z1, J̄ϕ1Z2) = nϕ3[Z1, Z2] + 2nϕ3∇Z2Z1 (3.33)

and

2CQ1h
s(Z1, Z2) + 2CQ2h

s(Z1, Z2) + 2CQ3h
s(Z1, Z2) + nϕ4[Z1, Z2] + 2nϕ4∇Z2Z1

+ nϕ5[Z1, Z2] + 2nϕ5∇Z2Z1 = hs(Z2, J̄ϕ1Z1) + hs(Z1, J̄ϕ1Z2). (3.34)

Then the result follows from Eqs. (3.30), (3.31), (3.32), (3.33) and (3.34). □

Theorem 3.3. For a pw.bi-s.l.s. N of N̄ , the distribution J̄Rad(TN) is involutive, if and

only if

(i) ϕ2

(
∇Z1 J̄ϕ2Z2

)
+ ϕ2

(
∇Z2 J̄ϕ2Z1

)
= 2J̄ϕ1∇Z2Z1,

(ii) ϕ4

(
∇Z1 J̄ϕ2Z2

)
+ ϕ4

(
∇Z2 J̄ϕ2Z1

)
= 2BQ1h

s (Z1, Z2) + 2tϕ4∇Z2Z1,

(iii) ϕ5

(
∇Z1 J̄ϕ2Z2

)
+ ϕ5

(
∇Z2 J̄ϕ2Z1

)
= 2BQ2h

s (Z1, Z2) + 2tϕ5∇Z2Z1,

(iv) hl
(
Z2, J̄ϕ2Z1

)
+ hl

(
Z1, J̄ϕ2Z2

)
= 2nϕ3∇Z2Z1,

(v) hs
(
Z2, J̄ϕ2Z1

)
+ hs

(
Z1, J̄ϕ2Z2

)
=2nϕ4∇Z2Z1 + 2nϕ5∇Z2Z1 + 2CQ1h

s(Z1, Z2)

+2CQ2h
s(Z1, Z2) + 2CQ3h

s(Z1, Z2),

where Z1, Z2 ∈ Γ(J̄Rad(TN)).

Proof. Let Z1, Z2 ∈ Γ(J̄(Rad(TN)), then using Eqs.(3.24), (3.26), (3.27), (3.28) and (3.29),

we have

ϕ2

(
∇Z1 J̄ϕ2Z2

)
+ ϕ2

(
∇Z2 J̄ϕ2Z1

)
= J̄ϕ1[Z1, Z2] + 2J̄ϕ1∇Z2Z1, (3.35)

ϕ4

(
∇Z1 J̄ϕ2Z2

)
+ ϕ4

(
∇Z2 J̄ϕ2Z1

)
= 2BQ1h

s (Z1, Z2) + tϕ4[Z1, Z2] + 2tϕ4∇Z2Z1, (3.36)

ϕ5

(
∇Z1 J̄ϕ2Z2

)
+ ϕ5

(
∇Z2 J̄ϕ2Z1

)
= 2BQ2h

s (Z1, Z2) + tϕ5[Z1, Z2] + 2tϕ5∇Z2Z1, (3.37)

hl
(
Z2, J̄ϕ2Z1

)
+ hl

(
Z1, J̄ϕ2Z2

)
= nϕ3[Z1, Z2] + 2nϕ3∇Z2Z1 (3.38)
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and

nϕ4[Z1, Z2] + 2nϕ4∇Z2Z1 + nϕ5[Z1, Z2] + 2nϕ5∇Z2Z1 + 2CQ1h
s(Z1, Z2)

+ 2CQ2h
s(Z1, Z2) + 2CQ3h

s(Z1, Z2) = hs
(
Z2, J̄ϕ2Z1

)
+ hs

(
Z1, J̄ϕ2Z2

)
. (3.39)

The result follows from Eqs. (3.35), (3.36), (3.37), (3.38) and (3.39). □

Theorem 3.4. For a pw.bi-s.l.s. N of N̄ , the distribution J̄(ltr(TN)) is involutive, if and

only if

(i) ϕ1(Anϕ3Z2Z1) + ϕ1(Anϕ3Z1Z2) + 2J̄ϕ2∇Z2Z1 = 0,

(ii) ϕ2(Anϕ3Z2Z1) + ϕ2(Anϕ3Z1Z2) + 2J̄ϕ1∇Z2Z1 = 0,

(iii) ϕ4(Anϕ3Z2Z1) + ϕ4(Anϕ3Z1Z2) + 2BQ1h
s (Z1, Z2) + 2tϕ4∇Z2Z1 = 0,

(iv) ϕ5(Anϕ3Z2Z1) + ϕ5(Anϕ3Z1Z2) + 2BQ2h
s (Z1, Z2) + 2tϕ5∇Z2Z1 = 0,

(v) Ds(Z1, nϕ3Z2) +Ds(Z2, nϕ3Z1) =2nϕ4∇Z2Z1 + 2nϕ5∇Z2Z1 + 2CQ1h
s(Z1, Z2)

+2CQ2h
s(Z1, Z2) + 2CQ3h

s(Z1, Z2),

for any Z1, Z2 ∈ Γ(J̄(ltr(TN)).

Proof. Consider Z1, Z2 ∈ Γ(J̄(ltr(TN)), then from Eqs.(3.23), (3.24), (3.26), (3.27) and

(3.29), we have

ϕ1(Anϕ3Z2Z1) + ϕ1(Anϕ3Z1Z2) + J̄ϕ2[Z1, Z2] + 2J̄ϕ2∇Z2Z1 = 0, (3.40)

ϕ2(Anϕ3Z2Z1) + ϕ2(Anϕ3Z1Z2) + J̄ϕ1[Z1, Z2] + 2J̄ϕ1∇Z2Z1 = 0, (3.41)

ϕ4(Anϕ3Z2Z1) + ϕ4(Anϕ3Z1Z2) + 2BQ1h
s (Z1, Z2) + tϕ4[Z1, Z2] + 2tϕ4∇Z2Z1 = 0, (3.42)

ϕ5(Anϕ3Z2Z1) + ϕ5(Anϕ3Z1Z2) + 2BQ2h
s (Z1, Z2) + tϕ5[Z1, Z2] + 2tϕ5∇Z2Z1 = 0 (3.43)

and

nϕ4[Z1, Z2] + 2nϕ4∇Z2Z1 + nϕ5[Z1, Z2] + 2nϕ5∇Z2Z1 + 2CQ1h
s(Z1, Z2)

+ 2CQ2h
s(Z1, Z2) + 2CQ3h

s(Z1, Z2) = Ds(Z1, nϕ3Z2) +Ds(Z2, nϕ3Z1). (3.44)

Using Eqs. (3.40), (3.41), (3.42), (3.43) and (3.44), the assertion follows directly. □

Theorem 3.5. For a pw.bi-s.l.s. N of N̄ , the distribution D1 is involutive, if and only if

(i) ϕ1 (∇Z1tϕ4Z2) + ϕ1 (∇Z2tϕ4Z1) = ϕ1(Anϕ4Z2Z1) + ϕ1(Anϕ4Z1Z2) + 2J̄ϕ2∇Z2Z1,

(ii) ϕ2 (∇Z1tϕ4Z2) + ϕ2 (∇Z2tϕ4Z1) = ϕ2(Anϕ4Z2Z1) + ϕ2(Anϕ4Z1Z2) + 2J̄ϕ1∇Z2Z1,
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(iii) ϕ5 (∇Z1tϕ4Z2)+ϕ5 (∇Z2tϕ4Z1)=ϕ5(Anϕ4Z2Z1)+ϕ5(Anϕ4Z1Z2)+ 2BQ2h
s (Z1, Z2)+

2tϕ5∇Z2Z1,

(iv) hl (Z2, tϕ4Z1) + hl (Z1, tϕ4Z2) = 2nϕ3∇Z2Z1 −Dl(Z1, nϕ4Z2)−Dl(nϕ4Z1, Z2),

(v) nϕ4∇Z2Z1+nϕ4∇Z1Z2+2nϕ5∇Z2Z1−∇s
Z1
nϕ4Z2−∇s

Z2
nϕ4Z1+2CQ1h

s(Z1, Z2)+

2CQ2h
s(Z1, Z2) + 2CQ3h

s(Z1, Z2) = hs (Z2, tϕ4Z1) + hs (Z1, tϕ4Z2),

where Z1, Z2 ∈ Γ(D1).

Proof. For Z1, Z2 ∈ Γ(D1), from Eqs.(3.23), (3.24), (3.27), (3.28) and (3.29), we have

ϕ1(Anϕ4Z2Z1) + ϕ1(Anϕ4Z1Z2) + 2J̄ϕ2∇Z2Z1 + J̄ϕ2[Z1, Z2] =ϕ1 (∇Z1tϕ4Z2)

+ ϕ1 (∇Z2tϕ4Z1) , (3.45)

ϕ2(Anϕ4Z2Z1) + ϕ2(Anϕ4Z1Z2) + 2J̄ϕ1∇Z2Z1 + J̄ϕ1[Z1, Z2] =ϕ2 (∇Z1tϕ4Z2)

+ ϕ2 (∇Z1tϕ4Z2) , (3.46)

ϕ5 (∇Z1tϕ4Z2) + ϕ5 (∇Z2tϕ4Z1) = ϕ5(Anϕ4Z2Z1) + ϕ5(Anϕ4Z1Z2) + tϕ5[Z1, Z2]

+ 2BQ2h
s (Z1, Z2) + 2tϕ5∇Z2Z1, (3.47)

nϕ3[Z1, Z2] + 2nϕ3∇Z2Z1 −Dl(Z1, nϕ4Z2)−Dl(nϕ4Z1, Z2) =hl (Z2, tϕ4Z1)

+ hl (Z1, tϕ4Z2) (3.48)

and

nϕ4∇Z2Z1 + nϕ4∇Z1Z2 + 2nϕ5∇Z2Z1 −∇s
Z1
nϕ4Z2 −∇s

Z2
nϕ4Z1 + 2CQ1h

s(Z1, Z2)+

nϕ5[Z1, Z2] + 2CQ2h
s(Z1, Z2) + 2CQ3h

s(Z1, Z2) = hs (Z2, tϕ4Z1) + hs (Z1, tϕ4Z2) . (3.49)

Then the assertion follows from Eqs. (3.45), (3.46), (3.47), (3.48) and (3.49). □

Theorem 3.6. For a pw.bi-s.l.s. N of N̄ , the distribution D2 is involutive, if and only if

(i) ϕ1 (∇Z1tϕ5Z2) + ϕ1 (∇Z2tϕ5Z1) = ϕ1(Anϕ5Z2Z1) + ϕ1(Anϕ5Z1Z2) + 2J̄ϕ2∇Z2Z1,

(ii) ϕ2 (∇Z1tϕ5Z2) + ϕ2 (∇Z2tϕ5Z1) = ϕ2(Anϕ5Z2Z1) + ϕ2(Anϕ5Z1Z2) + 2J̄ϕ1∇Z2Z1,

(iii) ϕ4 (∇Z1tϕ5Z2) + ϕ4 (∇Z2tϕ5Z1) = ϕ4(Anϕ5Z2Z1) + ϕ4(Anϕ5Z1Z2) + 2BQ1h
s (Z1, Z2)

+ 2tϕ4∇Z2Z1,

(iv) hl (Z2, tϕ5Z1) + hl (Z1, tϕ5Z2) = 2nϕ3∇Z2Z1 −Dl(Z1, nϕ5Z2)−Dl(nϕ5Z1, Z2),

(v) nϕ5∇Z2Z1 + nϕ5∇Z1Z2 + 2nϕ4∇Z2Z1 −∇s
Z1
nϕ5Z2 −∇s

Z2
nϕ5Z1 + 2CQ1h

s(Z1, Z2)

+ 2CQ2h
s(Z1, Z2) + 2CQ3h

s(Z1, Z2) = hs (Z2, tϕ4Z1) + hs (Z1, tϕ4Z2),
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for any Z1, Z2 ∈ Γ(D2).

Proof. Let Z1, Z2 ∈ Γ(D2). Using Eqs.(3.23), (3.24), (3.27), (3.28) and (3.29), we have

ϕ1(Anϕ5Z2Z1) + ϕ1(Anϕ5Z1Z2) + 2J̄ϕ2∇Z2Z1 + J̄ϕ2[Z1, Z2] =ϕ1 (∇Z1tϕ5Z2)

+ ϕ1 (∇Z2tϕ5Z1) , (3.50)

ϕ2(Anϕ5Z2Z1) + ϕ2(Anϕ5Z1Z2) + 2J̄ϕ1∇Z2Z1 + J̄ϕ1[Z1, Z2] =ϕ2 (∇Z1tϕ5Z2)

+ ϕ2 (∇Z2tϕ5Z1) , (3.51)

ϕ4 (∇Z1tϕ5Z2) + ϕ4 (∇Z2tϕ5Z1) = ϕ4(Anϕ5Z2Z1) + ϕ4(Anϕ5Z1Z2) + tϕ4[Z1, Z2]

+ 2BQ1h
s (Z1, Z2) + 2tϕ4∇Z2Z1, (3.52)

nϕ3[Z1, Z2] + 2nϕ3∇Z2Z1 −Dl(Z1, nϕ5Z2)−Dl(nϕ5Z1, Z2) =hl (Z2, tϕ5Z1)

+ hl (Z1, tϕ5Z2) (3.53)

and

nϕ5∇Z2Z1 + nϕ5∇Z1Z2 + 2nϕ4∇Z2Z1 −∇s
Z1
nϕ5Z2 −∇s

Z2
nϕ5Z1 + 2CQ1h

s(Z1, Z2)+

nϕ4[Z1, Z2] + 2CQ2h
s(Z1, Z2) + 2CQ3h

s(Z1, Z2) = hs (Z2, tϕ5Z1) + hs (Z1, tϕ5Z2) . (3.54)

The result follows from Eqs. (3.50), (3.51), (3.52), (3.53) and (3.54). □

We now give a necessary and sufficient condition for the induced connection on a pw.bi-

s.l.s. N to be a metric connection.

Theorem 3.7. Assume that N is a pw.bi-s.l.s. of N̄ , then ∇ is a metric connection on

N , if and only if for each Z ∈ Γ(TN) and ξ ∈ Γ(Rad(TN)), we have

(i) ∇Z J̄ξ +∇J̄ξZ ∈ ΓJ̄(Rad(TN)),

(ii) ∇J̄ξtZ −AnZ J̄ξ ∈ Γ(Rad(TN)),

(iii) Bh(Z, J̄ξ) = 0.

Proof. Consider Z ∈ Γ(TN) and ξ ∈ Γ(Rad(TN)). Now, by Eqs. (2.13), we have

∇Zξ = −∇Z J̄
2ξ = −J̄∇Z J̄ξ +∇J̄ξJ̄Z − J̄∇J̄ξZ.
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Then using Eqs. (2.3), (3.15) and (3.16), we get

−J̄(∇Z J̄ξ +∇J̄ξZ) +∇J̄ξtZ + h(J̄ξ, tZ)−AnZ J̄ξ +∇t
J̄ξnZ − 2Bh(Z, J̄ξ)− 2Ch(Y, J̄ξ)

= ∇Zξ + h(Z, ξ),

Comparing tangential components on both sides of above equation, we derive

∇Zξ = −t(∇Z J̄ξ +∇J̄ξZ) +∇J̄ξtZ −AnZ J̄ξ − 2Bh(Z, J̄ξ).

Hence, ∇Zξ ∈ Γ(Rad(TN)), if and only if the conditions (i), (ii) and (iii) are satisfied. □

Lemma 3.3. Let N be a pw.bi-s.l.s. of N̄ and (θj)p, (j = 1, 2) be the slant angle. Then,

for a unit vector Z ∈ Γ(Dj)p, we have

tZ = cos(θj)p(Z)Z̄ (3.55)

where Z̄ represents a unit vector in (Dj)p such that g(Z̄, Z) = 0.

Proof. Let Z ∈ Γ(Dj)p, (j = 1, 2) such that g(Z,Z) = 1, then we have

cos(θj)p(Z) =
|tZ|
|J̄Z|

=
|tZ|
|Z|

= |tZ|. (3.56)

Now, define Z̄ =
tZ

|tZ|
, then clearly |Z̄| = 1 and tZ = |tZ|Z̄. Next from Eq. (3.56), we have

tZ = cos(θj)p(Z)Z̄.

We know that for an indefinite nearly Kähler manifold, g(J̄Z, Z) = 0. Using Lemma(3.1) and

Eq.(3.15), we get g(tZ, Z) = 0. Further, we have g(Z̄, Z) = g

(
tZ

|tZ|
, Z

)
=

1

|tZ|
g(tZ, Z) = 0,

which proves the lemma.

□

Definition 3.2. A q-lightlike submanifold N of an indefinite nearly Kähler manifold N̄ with

index 2q is said to be a bi-slant lightlike submanifold if

(i) J̄(Rad(TN)) is a distribution on N such that J̄(Rad(TN)) ∩Rad(TN)={0}.

(ii) There exists non-degenerate orthogonal distributions D1 and D2 on N such that

S(TN) = (J̄ ltr(TN)⊕ J̄Rad(TN)) ⊥ D1 ⊥ D2.

(iii) J̄D1 ⊥ D2 and J̄D2 ⊥ D1.

(iv) The distribution Dj is slant with slant angle θj (for j = 1, 2) i.e, for each p ∈ N and

non-zero tangent vector field Z ∈ (Dj)p, the angle (θj)p between J̄Z and the vector

space (Dj)p is independent of choice of Z ∈ Γ(Dj)p and p ∈ N .
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If Dj ̸= {0} and θj ̸= 0, π/2, then, the bi-slant lightlike submanifold is said to be proper.

Next, we provide conditions for proper pw.bi-s.l.s. N of N̄ to be a bi-slant lightlike

submanifold.

Theorem 3.8. A proper pw.bi-s.l.s. N of N̄ is a bi-slant lightlike submanifold of N̄ , if

and only if,

g(AnZjY, Z̄j) + g(AnY Zj , Z̄j) = 2g(AnZ̄j
Y, Zj) + g((∇Zj t)Y, Z̄j),

where for p ∈ U ⊂ N , Zj ∈ Γ(Dj)p is a unit vector field, Z̄j ∈ Γ(Dj)p is a unit vector field

such that g(Z̄j , Zj) = 0 for j = 1, 2 and Y ∈ Γ(TN).

Proof. Assume N be a proper pw.bi-s.l.s. of N̄ and Zj ∈ Γ(Dj)p for p ∈ U ⊂ N , be unit

vector field. For Y ∈ Γ(TN), using Eqs. (3.15), (2.4), (2.5), (2.7) and (3.55), we have

∇Y J̄Zj =− sin(θj)p(Z)Y ((θj)p(Z))Z̄j + cos(θj)p(Z)(∇Y Z̄j + hl(Y, Z̄j) + hs(Y, Z̄j))

−AnZjY +∇s
Y nZj +Dl(Y, nZj) (3.57)

aand

∇Zj J̄Y =∇Zj tY + hl(Zj , tY ) + hs(Zj , tY )−AnY Zj +∇l
Zj
L(nY ) +∇s

Zj
S(nY )

+Dl(Zj , S(nY )) +Ds(Zj , L(nY )). (3.58)

Again, using Eqs. (2.4), (3.15) ans (3.16), we get

J̄(∇ZjY ) + J̄(∇Y Zj) =t∇ZjY + t∇Y Zj + n∇ZjY + n∇Y Zj + 2Bhl(Zj , Y )

+ 2Bhs(Zj , Y ) + 2Chs(Zj , Y ). (3.59)

As N̄ is an indefinite nearly kähler manifold, therefore, using Eq. (2.13), we get

∇Y J̄Zj +∇Zj J̄Y = J̄(∇ZjY ) + J̄(∇Y Zj).

Using Eqs. (3.57), (3.58) and (3.59) , comparing tangential parts of resulting equation and

taking inner product with respect to Z̄j ∈ Γ(Dj)p, we have

− sin(θj)p(Z)Y ((θj)p(Z)) + cos(θj)p(Z)g(∇Y Z̄j , Z̄j)− g(AnZjY, Z̄j)− g(AnY Zj , Z̄j)

+ g(∇Zj tY, Z̄j) = g(t∇ZjY, Z̄j) + g(t∇Y Zj , Z̄j) + 2g(Bhl(Zj , Y ), Z̄j) + 2g(Bhs(Zj , Y ), Z̄j).

(3.60)
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Next from Eq. (2.12), we have (∇Y g)(Z̄j , Z̄j) = 0, which gives g(∇Y Z̄j , Z̄j) = 0. Then

consider,

g(t∇Y Zj , Z̄j) = g

(
t∇Y Zj ,

tZj

|tZj |

)
=

1

|tZj |
g(t∇Y Zj , tZj)

=
1

|tZj |
cos2(θj)p(Z)g(∇Y Zj , Zj)

= 0. (3.61)

Also, from Eq. (2.8), we have

2g(Bhs(Y, Zj), Z̄j) = −2ḡ(hs(Y,Zj), J̄ Z̄j) = −2ḡ(hs(Y, Zj), nZ̄j)

= −2g(AnZ̄j
Y, Zj). (3.62)

Now, using (3.61) and (3.62) along with the fact that g(∇Y W̄ , W̄ ) = 0 in (3.60), we have

−sin(θj)p(Z)Y ((θj)p(Z)) =g(AnZjY, Z̄j) + g(AnY Zj , Z̄j)− g((∇Zj t)Y, Z̄j)

− 2g(AnZ̄j
Y,Zj), (3.63)

As N is proper pw.bi.s.l.s. of N̄ , N is a bi-slant lightlike submanifold iff Y ((θj)p(Z)) = 0

i.e, θj is independent of choice of p ∈ N which proves the theorem. □

Theorem 3.9. Assume N be a proper pw.bi-s.l.s. of N̄ . If

(i) there exists tr(TN) which is parallel along TN with respect to metric connection ∇.

(ii) t is parallel with respect to induced connection ∇ on N .

Then, N becomes a bi-slant lightlike submanifold of N̄ .

Proof. Assume that Y ∈ Γ(TN), Zj ∈ Γ(Dj)p for j = 1, 2, where p ∈ U ⊂ N . Then,

using Lemma (3.1), {nZj , nZ̄j}∈ Γ(S(TN⊥)) ⊂ Γ(tr(TN)). Since tr(TN) is parallel along

TN with respect to metric connection ∇, we have, {∇Y nZj , ∇Y nZ̄j}∈ Γ(tr(TN)) which

implies AnZjY = AnZ̄j
Y = 0. Similarly, using the fact that tr(TN) is parallel along TN

with respect to metric connection ∇ and Eq.(2.5), we get AnY Zj = 0. Also, by condition

(ii), (∇Zj t)Y = 0. As N is proper pw.bi.s.l.s. of N̄ , from Eq. (3.63), Y ((θj)p(Z)) = 0 i.e,

θj is independent of choice of p ∈ N which proves the theorem. □

Definition 3.3. [7] A lightlike submanifold (N, g) of a semi-Riemannian (N̄ , ḡ) is called

totally umbilical, if there exist a transversal curvature vector field H ∈ Γ(tr(TN)) on N such
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that

h(Z1, Z2) = Hḡ(Z1, Z2), (3.64)

for Z1, Z2 ∈ Γ(TN). Using Eqs. (2.4) and (2.7), clearly N is totally umbilical, if and only

if there exist smooth vector fields H l ∈ Γ(ltr(TN)) and Hs ∈ Γ(S(TN⊥)) such that

hl(Z1, Z2) = H lg(Z1, Z2), hs(Z1, Z2) = Hsg(Z1, Z2), Dl(Z1, V ) = 0, (3.65)

for Z1, Z2 ∈ Γ(TN) and V ∈ Γ(S(TN⊥)).

Theorem 3.10. Assume that N be a totally umbilical proper pw.bi-s.l.s. of N̄ . Then N

becomes a bi-slant lightlike submanifold of N̄ , if Hs ∈ Γ(µp).

Proof. Let Z ∈ Γ(Dj)p for some j = 1, 2 and p ∈ U ⊂ N . Then, using Eq. (3.64) and

Corollary (3.1), we have

∇tZtZ = ∇tZtZ + cos2(θj)pg(Z,Z)H.

Now, applying J̄ on both sides of above equation and using Eqs.(2.7), (3.15) and Theorem

(3.1), we get,

sin2(θj)ptZ(θj)pZ − cos2(θj)p∇tZZ −AntZtZ +∇s
tZntZ +Dl(tZ, ntZ) =

cos2(θj)pg(Z,Z)(J̄H l + J̄Hs) + t∇tZtZ + n∇tZtZ. (3.66)

Comparing transversal components of above equation and taking the inner product of result-

ing expression with ntZ, we have

cos2(θj)pg(Z,Z)ḡ(CHs, ntZ) + ḡ(n∇tZtZ, ntZ) = ḡ(∇s
tZntZ, ntZ). (3.67)

Using the fact that ∇̄ is a metric connection on N̄ with respect to ḡ along with Eq.(2.7) and

Corollary (3.1), we have

ḡ(∇s
tZntZ, ntZ) =

1

2
(sin2(θj)pg(tZ, tZ)tZ(θj)p + sin2(θj)p∇tZ ḡ(tZ, tZ)). (3.68)

Further using Eq.(3.68) in Eq. (3.67) along with Corollary (3.1) and hypothesis that Hs ∈

Γ(µp), we acquire

sin2(θj)pḡ(∇tZtZ, tZ) =
1

2
(sin2(θj)pg(tZ, tZ)tZ(θj)p + sin2(θj)p∇tZ ḡ(tZ, tZ)). (3.69)

As ∇ is metric connection on N̄ with respect to ḡ, thus we have

∇tZ ḡ(tZ, tZ) = 2ḡ(∇tZtZ, tZ). (3.70)
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Next using Eq.(3.70) in Eq.(3.69), we get,

sin2(θj)pg(tZ, tZ)tZ(θj)p = 0.

Since g is non-degenerate on Γ(Dj)p and N is proper pw.bi-s.l.s., thus we conclude that

tZ(θj)p=0; this shows that θj is independent of choice of p ∈ N which proves the result. □

Definition 3.4. A lightlike submanifold (N, g,∇) of (N̄ , ḡ,∇) is called totally geodesic if any

geodesic of N is a geodesic of N̄ . Using Eq.(2.4), (N, g,∇) is totally geodesic in (N̄ , ḡ,∇)

if and only if the second fundamental form vanishes on N i.e, hl(Z1, Z2) = hs(Z1, Z2) = 0

∀Z1, Z2 ∈ Γ(TN).

Theorem 3.11. Assume N is a totally umbilical pw.bi-s.l.s. of N̄ with Hs ∈ Γ(µ) and

∇s
ZV ∈ Γ(µ) for V ∈ Γ(S(TN⊥)) and Z ∈ Γ(Dj)p for j=1,2. Then, N is totally geodesic in

N̄ .

Proof. Let Z ∈ Γ(Dj)p for some j = 1, 2 and p ∈ N . Then from Eq. (2.13), we have

∇̄Z J̄Z = J̄∇̄ZZ. Further using Eqs. (2.4), (2.7), (3.15) and (3.16), we obtain

∇ZtZ + hl(Z, tZ) + hs(Z, tZ)−AnZZ+Dl(Z, nZ) +∇s
ZnZ =

t∇ZZ + n∇ZZ+Bhl(Z,Z) +Bhs(Z,Z) + Chs(Z,Z). (3.71)

On comparing the tangential components on both sides of above equation and using Eq.(3.65),

we get

∇ZtZ −AnZZ = t∇ZZ + g(Z,Z)BH l + g(Z,Z)BHs.

taking inner product with J̄ξ ∈ Γ(Rad(TN)), where ξ ∈ Γ(Rad(TN)), we get

ḡ(∇ZtZ, J̄ξ)− ḡ(AnZZ, J̄ξ) =ḡ(t∇ZZ, J̄ξ) + g(Z,Z)ḡ(BH l, J̄ξ)

+ g(Z,Z)ḡ(BHs, J̄ξ). (3.72)

Now, using Eqs.(2.13), (3.15), (2.12) and (3.16), we have

ḡ(t∇ZZ, J̄ξ) = 0 = ḡ(BHs, J̄ξ) = ḡ(AnZZ, J̄ξ). (3.73)
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Also,

ḡ(∇ZtZ, J̄ξ) = ḡ(∇ZtZ, J̄ξ) =− ḡ(∇Z J̄ tZ, J̄ξ)

= −ḡ(∇Zt
2Z, ξ)− ḡ(∇ZntZ, ξ)

= ḡ(hl(Z, t2Z), ξ)

= cos2θp(Z)g(Z,Z)ḡ(H l, ξ). (3.74)

Using Eqs.(3.16) and (2.13), we get

ḡ(BH l, J̄ξ) = ḡ(H l, ξ). (3.75)

Now, using Eqs.(3.73), (3.74) and (3.75) in (3.72), we have

g(Z,Z)ḡ(H l, ξ)(1 + cos2(θj)p(Z)) = 0.

As g is non-degenerate on Γ(Dj)p, therefore one has ḡ(H l, ξ) = 0 which further implies that

H l = 0. (3.76)

Secondly, On comparing the transversal components of Eq.(3.71) and then considering the

inner product of resulting part with J̄Hs, we get

ḡ(∇s
ZnZ, J̄H

s) = g(Z,Z)ḡ(Hs, Hs). (3.77)

As ∇ is a metric connection, we have (∇Z ḡ)(nZ, J̄H
s) = 0), which on using Eq. (2.7)

together with hypothesis Hs ∈ Γ(µ) and ∇s
ZV ∈ Γ(µ), for V ∈ Γ(S(TN⊥)) yields that

ḡ(∇s
ZnZ, J̄H

s) = 0. (3.78)

Then using Eq.(3.78) in Eq.(3.77), we get

g(Z,Z)ḡ(Hs, Hs) = 0.

As the slant distribution is non-degenerate, therefore,

Hs = 0. (3.79)

Thus, the proof follows. □
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4. Totally Geodesic Foliations Determined by Distributions

In this section, we investigate the conditions for foliations determined by distributions

Rad(TN), D1 and D2 to be totally geodesic.

Theorem 4.1. Assume N be a pw.bi-s.l.s. of N̄ . Then, Rad(TN) defines a totally geodesic

foliation if and only if

g(Anϕ4WZ1 +Anϕ5WZ1, tZ2) = g(∇Z1tW +∇Z1tW, tZ2),

for Z1, Z2 ∈ Γ(Rad(TN)) and W ∈ Γ(S(TN)).

Proof. In order to show that Rad(TN) defines a totally geodesic foliation, it is sufficient to

show that ∇Z1Z2 ∈ Γ(Rad(TN)) for Z1, Z2 ∈ Γ(Rad(TN)). Using the fact that ∇ is a metric

connection along with Eq.(2.13) and (2.4), for Z1, Z2 ∈ Γ(Rad(TN)) and W ∈ Γ(S(TN)),

we get

g(∇Z1Z2,W ) = −ḡ(∇Z1 J̄W, J̄Z2)− ḡ(∇W J̄Z1, J̄Z2) + ḡ(J̄∇WZ1, J̄Z2). (4.80)

Moreover, using Eqs.(3.18) and (3.22) in Eq.(4.80), we get

g(∇Z1Z2,W ) = ḡ(∇Z1tW +∇W tZ1 −Anϕ4WZ1 −Anϕ5WZ1, tZ2),

which proves the theorem. □

Theorem 4.2. Assume N be a pw.bi-s.l.s. of N̄ . Then, D1 defines a totally geodesic

foliation if and only if

(i) ∇Z1 J̄W + ∇W J̄Z1 has no components along D1, S(TN
⊥) and ∇WZ1 has no com-

ponent along D1.

(ii) ANZ1 has no component along D1.

(iii) ∇Z1W
′ has no component along D1.

(iv) ∇Z1V has no component along D1.

for Z1 ∈ Γ(D1), N ∈ Γ(ltr(TN)), W ′ ∈ ΓJ̄(ltr(TN)), V ∈ ΓJ̄(Rad(TN)) and W ∈ Γ(D2).

Proof. Assume Z1, Z2 ∈ Γ(D1). To show that ∇Z1Z2 ∈ Γ(D1), it is sufficient to show that

∇Z1Z2 has no components along Rad(TN), J̄Rad(TN), J̄ ltr(TN) and D2. For W ∈ Γ(D2),

using the fact that ∇ is a metric connection along with Eqs.(2.4) and (2.13), we have

ḡ(∇Z1Z2,W ) = −ḡ(∇Z1 J̄W +∇W J̄Z1, J̄Z2) + ḡ(∇WZ1, Z2). (4.81)
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For N ∈ Γ(ltr(TN)), using the fact that ∇ is a metric connection along with Eqs.(2.4)

and (2.6), we have

ḡ(∇Z1Z2, N) = ḡ(ANZ1, Z2). (4.82)

Also, forW ′ ∈ Γ(J̄ ltr(TN)), using the fact that∇ is a metric connection along with Eqs.(2.4),

we have

ḡ(∇Z1Z2,W
′) = −ḡ(∇Z1W

′, Z2). (4.83)

Now, consider V ∈ ΓJ̄Rad(TN), using the fact that ∇ is a metric connection along with

Eqs.(2.4), we have

ḡ(∇Z1Z2, V ) = −ḡ(∇Z1V,Z2). (4.84)

hence, the result follows from Eqs.(4.81), (4.82), (4.83) and (4.84). □

Following the same procedure as above, it can easily be shown that

Theorem 4.3. Assume N be a pw.bi-s.l.s. of N̄ . Then, D2 defines a totally geodesic

foliation if and only if

(i) ∇Z1 J̄W + ∇W J̄Z1 has no components along D2, S(TN
⊥) and ∇WZ1 has no com-

ponent along D2.

(ii) ANZ1 has no component along D2.

(iii) ∇Z1W
′ has no component along D2.

(iv) ∇Z1V has no component along D2.

for Z1 ∈ Γ(D2), N ∈ Γ(ltr(TN)), W ′ ∈ ΓJ̄(ltr(TN)), V ∈ ΓJ̄(Rad(TN)) and W ∈ Γ(D1).
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