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KENMOTSU MANIFOLDS COUPLED WITH 7n-p-EINSTEIN SOLITONS
ADMITTING AN EXTENDED M-PROJECTIVE CURVATURE TENSOR

ABHISHEK KUSHWAHA , SUNIL KUMAR YADAV *, AND BHANU PRATAP SINGH

ABSTRACT. The object of the present paper is to study some curvature conditions on Ken-
motsu manifolds. Initially, we analyze the condition £&- M€ projective flat and ¢-M® semi-
symmetric on Kenmotsu manifolds coupled with an n-p-Einstein soliton. Subsequently, we
elaborate the conditions M® - R=0, M- M°=0 and M- Q=0 on Kenmotsu manifolds in
view of an n-p-Einstein soliton, where M¢ is the extended M-projective curvature tensor.
In addition, we verify the results with a concrete example.
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1. INTRODUCTION

The product of an almost contact manifold M and the real line R carries a natural almost
complex structure. However if one takes M to be an almost contact metric manifold and
supposes that the product metric G on M x R is Kaehlerian, then the structure on M is
cosymplectic [I5] and not Sasakian. On the other hand Oubina [I8] pointed out that if
the conformally related metric e?'G,t being the coordinate on R, is Kaehlerian, then M

is Sasakian and conversely. In [22], S. Tanno classified connected almost contact metric
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manifolds whose automorphism groups possess the maximum dimension. For such a manifold
M, the sectional curvature of plane sections containing & is a constant, say c. If ¢ > 0, M is a
homogeneous Sasakian manifold of constant sectional curvature. If ¢ = 0, M is the product
of a line or a circle with a Kaehler manifold of constant holomorphic sectional curvature. If
¢ <0, M is a warped product space R xy C". In 1972, Kenmotsu studied a class of contact
Riemannian manifolds that satisfy specific conditions [I7]. We call it Kenmotsu manifold. If
a Kenmotsu manifold satisfies the condition R(X,Y")-R=0, it must have a constant curvature
of -1, where R denotes the Riemannian curvature tensor and R(X,Y’) refers to the tensor
algebra derivation at each point in the tangent vectors X,Y. Kenmotsu manifolds have been
studied by many authors such as (see, [3], [4], [20], [12], [19], [8], [9], [21], [13],[11],[10],[24],[31])
and many others. The metric g on (M, g) is called a p-Einstein soliton if there is a smooth

vector field V such that [2]:
1
S+ 5Lvg = (n+pr)g, (1.1)

where Ly and r denote the Lie derivative and Ricci scalar respectively, where p # 0, v; € R.
As usual p-Einstein soliton is steady for v, =0, shrinking for y; > 0 and expanding for y; < 0.
A new type of soliton called -p -Einstein soliton which is a generalization of p-Einstein soliton
given by

1
S+ 5Lvg = (y1 4 pr)g +ven @, (1.2)

where 71, 72 € R. Analogous to equation ((1.2)), we recall n-p-Einstein soliton and so equation

(1.2) takes the form
S+ Hess(y) = (71 + pr)g +12n®mn. (1.3)

As n-p-Einstein soliton (or gradient n-p-Einstein soliton) can be classified as (i) p-Einstein
soliton (or gradient p-Einstein soliton) [2] if 72=0, (ii) n-Einstein soliton (or gradient 7-
Einstein soliton) [14] if p=1, (iii) n-traceless Ricci soliton (or gradient 7-traceless Ricci soli-
ton) if p:TI_H, (iv) n-Schouten soliton (or gradient n-Schouten soliton) [23] if p=4-. In this
sequel many authors have been studied Kenmostu manifold with reference to different type
of solitons (see,[5], [6], [7], [27], [26], [29],[28],[32],[30]) and many others.

More specific, the Lie derivative (L¢g)(H1, H2) given by

(Leg)(Hy, Ho) = g(Vu, &, Ha) + g(Hi1, Vi,§). (1.4)

The work of the paper is organized as follows: After the introduction, in section 2, we

carried out the basic exposition on Kenmotsu manifold. In section 3, we analyze &-M°
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projectively flat Kenmotsu manifold and deduce the interesting result coupled with an 7-
p-Einstein soliton. In section 4 we take up p-M¢ semi-symmetric in Kenmotsu manifold
admitting an n-p-Einstein soliton. Again in section 5, 6 and 7 we discuss the some curvature
conditions namely, M€ - R=0, M€ - M®=0 and M€ - Q=0 on such manifold and we verifies

the results by suitable example. The conclusion of the work is given in the last section 8.

2. PRELIMINARIES

Let (M2"+1 © €.m,9) be an (2n + 1)-dimensional almost contact metric manifold, where
@ is a (1, 1)-tensor field, £ is the structure vector field, n is a 1-form and ¢ is the Riemannian

metric. It is well known that the (¢, &,n, g) structure satisfies the conditions [I]:

Y’ Hy = —Hy +n(Hy)E, n(€) =1, p€ =0, (2.5)
9(H1,€) = n(Hy), n(pH1) =0, (2.6)
9(pH1, pHa) = g(Hy, Hy) — n(Hy)n(Ha), (2.7)
9(pH1, Hy) = —g(Hi, pH>), (2.8)

for any Hi, Hy € x(M). If moreover
(V@) Hy = g(pH1, Hy)§ — n(Ha)eH, (2.9)

Vi & = Hi —n(H1)E, (2.10)

where V denotes the Levi-Civita connection on (M2"+1, g), then (M?"*+1 0, £ n, g) is called

a Kenmotsu manifold. In this case, it is well known that [17]:

R(Hy, Hy)Hs = g(Hy, H3)Hy — g(Ho, Hs)Hj, (2.11)
R(H1,H2)¢ =n(H1)Hy —n(H2)Hy, (2.12)
R(Hy,&)Hz = g(Hy, H3)§ — n(Hs)Hy, (2.13)
R(&, H2)Hs = n(H3)Hz — g(Hz, H3)E, (2.14)
S(pX, oY) = S(X,Y) + 2nn(X)n(Y), (2.15)
S(Hy,€) = —2nn(H)y), (2.16)

S(£,6) = —2n, (2.17)

¢ = —2n€, (2.18)
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YV Hyi,H; € x(M). According to [25], the M-projective curvature tensor and the extended

M-projective curvature tensor M¢ on (M?"*1 g) are defined by

1
M(H,,Hy)Hs = TR(Hi,H)H —E[S(HQ,Hg)Hl—S(Hl,Hg)HQ

+ g(He, H3)QH, — g(H1, H3) QH], (2.19)

M (Hy, He)H3 = M(Hy, Hy)Hz —n(H1)M(&, Ha)H3

— n(Hy)M(Hy,§)Hs — n(Hs)M(Hy, Hy)E, (2.20)

for any Hy, Ha, Hz € x(M). Now using the Eq. (2.12)), (2.13),(2.14),(2.16)), (2.17) and ([2.18])
we get from (2.19)) that

M(Hy, H2)§ = n(Hy)Ha —n(Hz2)Hy
in[?nU(Hl)Hz — 2nn(Hz)Hy + n(H2) QHy

— T)(Hl)QHQ], (221)

M(E, H2)Hs = n(H3)Hs — g(Hz, H3)¢
- ﬁ[s(ﬂm H3)& + 2nn(H3)Hy — 2ng(Ha, H3)E

— T](Hg)QHQ], (2.22)

M(Hy, &) Hs = g(Hy, H3)§ — n(Hs)Hy
- 2n(Hs) Hy — S(Hy, Hy) +n(Hs)QHy
+ 2ng(Hi, H3)¢). (2.23)

Also, taking H3=¢ in we yield
ME(Hy, Hp)§ = —n(H1)M(E, H2)§ — n(H2) M(Hy, §)E. (2.24)

For fix H1=¢ in (2.21)) along with (2.5) and (2.18]), we get

1 1
M(E Ho)E = SHo + - QH,. (2.25)

Again by substituting Hy=¢ in (2.21)) and using (2.5) and (2.18)), we have

M(H, €€ =~ Hi — - QHy. (2.26)



520 A. KUSHWAHA, S. K. YADAV, AND B. P.SINGH

Using (2.25]) and ([2.26]) in (2.24]), we obtain

1 1 1 1
ME(Hy, Hp)€ = —on(Hi)Hy — on(H) QHa + on(He) Hy + -n(Hz)QHr. (2.27)
Taking H1=¢ in (2.27) and using (2.5 and (2.18]), we get
ME(E, Ha)€ = Im-Llom (2.28)
»H2)§ = =5y = - QHy. .
Again taking H1=¢ in ([2.20]) and using (2.5)), we obtain

ME(§, H2)Hs = —n(H2) M(§, ) Hs — n(H3)M(E, H2)E. (2.29)

For fix, Ho=¢ in ([2.22]) and using (2.6)), (2.16) and ({2.18]), we yield

M(&, ) Hs = 0. (2.30)

With the help of (2.25)) and (2.30), Eq.(2.29) reduces to

1 1
ME(E, Ha)Hy = —n(Hs)Ha — -n(H3) QHo. (2.31)
Similarly, one can get
. 1 1
ME(Hy, ) Hs = on(Hs)Hy + n(Hs) QH. (2.32)

Definition 2.1. An almost contact manifold (M*"! g) is said to be an n-Einstein if its

Ricci tensor S has the form
S=Ag+ Bn®mn, (2.33)
where A and B are constants. If B=0, then it is identified as Einstein and if A=0, it is know
as special type of n-Einstein.
3. &~ ME-PROJECTIVELY FLAT KENMOTSU MANIFOLDS

Definition 3.1. An (2n + 1)-dimensional manifold is said to be £-ME projectively flat if it
fulfills the condition

ME(Hy, Hy)€ =0, (3.34)

for all Hy, Hy € x(M).

Theorem 3.1. A £-M€ projectively flat Kenmotsu manifold (M?"*1, g) is an Einstein man-
ifold.
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Proof. Let (M*"*1, g) be {&-M® projectively flat. Then from (2.20)), we have
I MIE, Ho)€ + () M, )6 = . (3.35)
Using and H3=¢ in (2-22)), we obtain from that
WEO s — g(H2, €6 — - (S(Ha, )6 + 20m(€) H — mg(Ha, €)6 — n(§) QH:)]
() g(H, €6 — n(€) Hy — 5 -{~S(H,€)¢
— 2nHy +n(&§)QH; + 2ng(Hy,£)E} = 0. (3.36)
With the help of (2.5)), and (2.16), Eq. (3.36)), reduces to
S OIH) Hy = n(Ha) ) = {n(F2) QHy — u(H1)QHa} = . (3.31)

Taking Ho=¢ in (3.37)) we yield

QH; = —2nH,, (3.38)

which implies
S(Hy,Hy) = —2ng(Hy, Hy). (3.39)
O

Thus the Theorem is completed.

Theorem 3.2. Let (g9,V,p,v1,7v2) be an n-p-Einstein soliton on (M?"*1 g). Then V is

solenoidal if and only if the soliton is expanding, steady, or shrinking as r < %n, r= 772”,
—2n
orr > =%

Proof. Also from , we have
S(Hy, Ha) + %(»CVQ)(HL Hs) = (y1 + pr)g(Hi, H2) + von(H1)n(Hz). (3.40)
Taking trace after putting Hi=Hs=¢;, 1 <7 <2n+1in , we get
Sei,ei) + %(ﬁvg)(ei, ei) = (1 + pr)glei, ei) + yan(ei)n(e:). (3.41)
Using in , we obtain
divV = 2n+~y1 + pr)(2n + 1) + 2. (3.42)

If V is solenoidal, i.e., divV=0, then (3.42)) implies that

V2

7(2n 1) + pr]. (3.43)

M =—[2n+
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So the proof of Theorem is finished. Utilizing the Theorem we state the following

Corollary.

Corollary 3.1. If a £-MF° protectively flat Kenmotsu manifold admits an n-p-Einstein soliton
then

M = ———[diV — 2] — (2 + pr).

2n +1

Corollary 3.2. Let (9,V,p,71,72) be an n-Einstein soliton on (M?"*1 g). Then V is
solenoidal if and only if the soliton is expanding, steady, or shrinking as r < —4n, r = —4n,

orr > —4n.

Corollary 3.3. Let (9,V,p,71,72) be an n-traceless soliton on (M2t g). Then V is
solenoidal if and only if it is expanding, steady, or reducing as r < —2n(2n + 1), r =

—2n(2n+1), orr > —2n(2n+1).

Corollary 3.4. Let (g,V,p,v1,72) be an n-Schouten soliton on (M2t g). Then V is
solenoidal if and only if the soliton is growing, steady, or shrinking as r < —8n?, r = —8n?,

or r > —8nZ2.

Again, if V=grad(f), where f is a smooth function on (M?"*! g). Then from equation (3.42)

we yield the following result.

Theorem 3.3. If the metric g of a (M1, g) satisfies an n-p-Einstein soliton (g,V, p,71,72),

where V is gradient of smooth function f, then the Laplace equation satisfied by f is as follows
V(f)=2n+v+pr)2n+1) + 2.

4. p-M® SEMI-SYMMETRIC ON KENMOTSU MANIFOLD

Definition 4.1. An (2n + 1)-dimensional manifold is said to be p-M® semi-symmetric if it

fulfills the criterion
ME(Hy,Hs) -9 =0, (4.44)

for all Hy, Hy € x(M).

Theorem 4.1. A o-M® semi-symmetric Kenmotsu manifold (M?"*1, g) is an Einstein man-

ifold.
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Proof. The condition M¢(Hy, Hs) - p=0 on (M?"*1 g) from (2.20)) implies that

(Me(Hl, HQ) . QO)Hg = Me(Hl, HQ)(pH3 — gOMe(Hl, HQ)Hg =0. (4.45)

for any vector fields Hy, Ho, Hs € x(M).
Since form (2.20|) we have

ME(Hy, Hy)pH3 = M(Hy, Ha)pHz —n(Hy )M (&, Hy)pH3

— n(H2)M(Hy,§)pHs — n(pHs)M(Hy, Hy)S. (4.46)

Using (2.6)), (2.11)), (2.19), (2.22)), and (2.23) in (4.46)), we get

ME(Hy, Ho)pHs = g(Hy,oH3)Hy — g(Ha, pHs3)H;
- ﬁ{S(Hm ©H3)Hy — S(Hy, pH3)Hy 4+ n(H2)QHy — n(H ) QHy}
1
= n(Hy)[~g(Hz, oH3)¢ — - {S(H, pH3)€ — 2ng(Hz, pH3)E}]

— (HR)lg(Hy, oH)E — 1 {~S(Hy, H3)E + 2mg(Ha, o Hy)E}]. (447
Again,

OME(Hy, Ho)H3 = @M(Hy, Ho)H3 —n(Hy)pM(E, Ho)H3

— n(H)pM(Hy,§)Hs — n(Hs)oM(Hy, Hy)E. (4.48)

Using (2.5), (2.11)), (2.12)), (2.19), (2.21)), (2.22)), and (2.23) in , we have

@M (Hy, Hy)Hs = g(Hy, H3)pHy — g(Ho, H3)pH,

1
— @{S(Hm Hs)pH, — S(Hy, H3)pHy + g(Ho, H3) QpH, — g(Hy, H3)QpHo}

— (E)n(Hy o H — - {2nn(Hy ) H — n(Hs)Sp )]
— ()~ n(Hy o Hy — - {~20m(Hy) o Hy + n(Hy) Qo i )

—n(Hs3)[n(H1)pHs — n(Hz)pHi]

n(Hs)
4dn

+ {2nn(H1)pHs — 2nn(Ha)pHy + n(H2) QpHy — n(H;)QpHo}.

(4.49)
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Using (4.47)) and (4.48) in (4.45)), we get

g(Hy, pH3)Hy — g(Ha, oHs)Hy

— - {S(Hy, pH3)Hy — S(H, pHy)H + n(Ho) Q) — n(H1)QHo)
— () (=g (Ha, pH)E — SAS(Ha, 9 Hy)E — 20g(Ha, )€

—n(Hz)[g(Hx, pH3)E — ﬁ{—S(Hl, ©H3)E + 2ng(Hy, H3)E}]

— [g(H1, H3)pHy — g(Hz, H)pH|

1
+ %[S(Hz, H3)pHy — S(H1, Hs)pHo)]

1
+ @[Q(HQ, H3)QpHy — g(Hy, H3) QpH,|

() n(Hs Yo H — 5 (20n(Hs ) Hy — n(H) QoHa)

() [ H o Hy — 3 {~2nn(Hs)pHy +n(H3) Qi )]

+n(H3)[n(H1)pHz — n(Ha)pH,]

n(Hs)
4n

Taking Hy=¢ in (£50) and using (23), [25), @16). [18), we have

1
@{2S(H1, ©H3)¢ — 2ng(Hy,0H3)¢ — 2nn(Hs)pHy +n(H3)QpH: }

+ n(Hs)pH, =0.
For fix, H3 = £ in and using , we obtain
QpH1 = —2npH;.
Replacing H; by pH7 in and using , , one can get
QH, = —2nHjy,

which implies that

S(Hl, H4) = —2ng(H1, H4)

Therefore, the Theorem [4.1]is completed.

Like wise section 3, we reflect the following result:

[2nn(Hy)pHy — 2nn(Hz)pHy + n(H2) Qe Hy — 1(H1)QpHa] = 0.

(4.50)

(4.51)

(4.52)

(4.53)

(4.54)
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Theorem 4.2. Let (9,V,p,v1,%v2) be an n-p-Einstein soliton on (M?"*1 g). Then V is

solenoidal if and only if the soliton is expanding, steady or shrinking as r < 77?", r= 772",
—2n
orr > =%

Corollary 4.1. If a p-M° semi-symmetric Kenmotsu manifold admits an n-p-FEinstein soli-

ton then

" [dioV — 72] — (2 + pr).

T2+l
Corollary 4.2. Let (g9,V,p,v1,72) be an n-Einstein soliton on @-M° semi-symmetric Ken-
motsu manifold. Then V 1is solenoidal if and only if the soliton is expanding, steady or

shrinking as r < —4n, r = —4n, or r > —4n.

Corollary 4.3. Let (g9,V, p,71,72) be an n-traceless soliton on p-M¢® semi-symmetric Ken-
motsu manifold. Then V is solenoidal if and only if it is expanding, steady or shrinking as

r<-—2n(2n+1), r=-2n2n+1), orr > —2n(2n +1).

Corollary 4.4. Let (g9, V, p,71,72) be an n-Schouten soliton on @-M semi-symmetric Ken-
motsu manifold. Then V 1is solenoidal if and only if the soliton is expanding, steady or

shrinking as r < —8n2, r = —8n?, or r > —8n?.

Theorem 4.3. If the metric g of a (2n + 1)-dimensional o-M°® semi-symmetric Kenmotsu
manifold admits n-p-FEinstein soliton (g,V, p,v1,72), where V is gradient of smooth function

f, then the Laplace equation satisfied by f is as follows:
V(f)=2n+y1+pr)2n+1)+ .
5. KENMOTSU MANIFOLD SATISFYING THE CONDITION M€ . R=0

Theorem 5.1. If a (2n + 1)-dimensional Kenmotsu manifold satisfying the condition M€ -
R=0, then (M?"*1 g) is an Einstein manifold.

Proof. Let (M?"F1 g) satisfies the condition M- R=0. Then from [L1], we have
M U)R(Hy, Ho)Hy — R(ME(E,U)Hy, H2)H3
— R(Hi,M“(§,U)H2)H;
— R(Hi,Ho)M(&,U)Hz = 0. (5.55)
Taking H3=¢ in and using , we get

n(M (& U)H1)Ho — (M (&, U)Ha)Hy + R(Hy, H2)M“(§,U)¢ = 0. (5.56)
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Using ([2.28]), (2.31)) in (5.56)) and then using (2.6)), (2.11)), (2.16]), we obtain

5 (o1, U)Hy — g(H U)HL) + o {S(HY, U)Hy — S(Hp, UVE ) =0, (557
Replacing Ho=¢ in , using and , we yield
S(H1,U)¢+ 2ng(Hy,U)E = 0. (5.58)
Taking the inner product of with £ and using , we obtain

S(H,,U) = —2ng(Hy,U). (5.59)

So, the proof of the Theorem [5.1] is completed.

Therefore, as section 4, we state that

Theorem 5.2. If (¢,V, p,71,72) be an n-p-FEinstein soliton on a (2n + 1)-dimensional Ken-
motsu manifold satisfying the condition M®-R=0. Then V is solenoidal if and only if the
—2n

soliton is expanding, steady or shrinking as r < _T?”, r==r orr> _T?".

Corollary 5.1. If a (2n + 1)-dimensional Kenmotsu manifold satisfying the condition M€ -

R=0 admits an n-p-FEinstein soliton then

M= [divV — 2] = (2n + pr).

2n+1
Corollary 5.2. Let (g,V,p,71,72) be an n-Einstein soliton on (M?"*1 g) satisfying the
condition M€ - R=0. Then V is solenoidal if and only if the soliton is expanding, steady or

shrinking as r < —4n, r = —4n, or r > —4n.

Corollary 5.3. Let (9,V,p,71,72) be an n-traceless soliton on (M?"*1 g) satisfying the
condition M- R=0. ThenV is solenoidal if and only if it is expanding, steady or shrinking
asT < —2n(2n+1), r=—-2n2n+1), orr > —2n(2n + 1).

Corollary 5.4. Let (g,V,p,71,72) be an n-Schouten soliton on (M?"*1 g) satisfying the
condition M- R=0. Then V is solenoidal if and only if the soliton is expanding, steady or

shrinking as r < —8n%, r = —8n?, or r > —8n?.

Theorem 5.3. If the metric g of a (2n + 1)-dimensional Kenmotsu manifold satisfying the
condition M- R=0 admits n-p-Einstein soliton (g,V, p,v1,72), where V is gradient of smooth

function f, then the Laplace equation satisfied by f is as follows:

V(f)=2n+~y+pr)2n+1) + .
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6. KENMOTSU MANIFOLD SATISFYING THE CONDITION M€ .- M¢=0

Theorem 6.1. If a (2n + 1)-dimensional Kenmotsu manifold satisfies the condition M€ -

ME=0, then (M?"*1, g) is an Einstein manifold.
Proof. The condition M€ - M¢=0 on (M?"*!, g) implies that

ME(EU)M(Hy, Ho)Hy — M (ME(&,U)Hy, Hy)H3
— M (Hy, M(§,U)H2)H3

— ME(Hy, Hy)ME(€,U)Hs = 0. (6.60)

Taking H3=¢ in , we get

MO U)ME(Hy, Hy)§ = ME(ME(E,U)Hy, H2)E
— M (Hy,M(§,U)H2)&

— ME(Hy, Ho) ME(€,U)E = 0. (6.61)

Using (2:27), (2:28) and @31) in (6:61), we have

— )M U — on(Hy)ME(E,U)QH, + Sn(Ha) M (&, U) Hy
b n(H) ME(€U)QH + Sn(H)ME(U, )
b n(H)ME(QU, Ha)é + Sn(Ha) M (Hy, U)g
+ ﬁU(HQ)Me(Hh QU)¢ + %MS(HL Hy)U
1
+ o ME(HL, H2)QU = 0. (6.62)

Taking Hy=¢ in (6:62) and using (25), [218), [@31) and (2:32), we get

1 1 1 1
—g,MQHVNU = 1an(QH) QU + on(H)U + c-n(H1) QU
1 1 1
+ gnU)Hy+ n(U)QH: + -n(QU)H
1
+ g2"(QU)QH =0, (6.63)

which implies that n(H;) # 0, therefore equation (6.63)) turns into

S(U, Hy) = —2ng(U, Hy). (6.64)
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Thus the proof of the Theorem [6.1]is completed.

As per section 5, we reflect the outcome

Theorem 6.2. If (g,V, p,v1,72) be an n-p-Einstein soliton on a (2n + 1)-dimensional Ken-
motsu manifold satisfying the condition M- M®=0. Then V is solenoidal if and only if the
—2n

soliton is expanding, steady or shrinking as r < 772", r= = orr > 773".

Corollary 6.1. If an (2n+1)-dimensional Kenmotsu manifold satisfying the condition M€ -

ME=0 admits an n-p-Einstein soliton then

M [divV — 2] = (2n + pr).

T 241
Corollary 6.2. Let (g,V,p,71,72) be an n-Einstein soliton on (M?"*1 g) satisfying the
condition M- M€=0. ThenV is solenoidal if and only if the soliton is expanding, steady or

shrinking as r < —4n, r = —4n, or r > —4n.

Corollary 6.3. Let (g,V,p,71,72) be an n-traceless soliton on (M?"*1 g) satisfying the
condition M- M®¢=0. Then V is solenoidal if and only if it is expanding, steady or shrinking
asT < —=2n(2n+1), r=—-2n2n+1), orr > —2n(2n +1).

Corollary 6.4. Let (g,V,p,71,72) be an n-Schouten soliton on (M*"! g) satisfying the
condition M- M€=0. Then V is solenoidal if and only if the soliton is expanding, steady or

shrinking as r < —8n2, r = —8n?, or r > —8n?.

Theorem 6.3. If the metric g of a (2n + 1)-dimensional Kenmotsu manifold satisfying the
condition M€ - M¢=0 admits n-p-FEinstein soliton (g,V,p,v1,7v2), where V is gradient of

smooth function f, then the Laplace equation satisfied by f is as follows:
V(f)=02n+~y+pr)2n+1) + .
7. KENMOTSU MANIFOLD SATISFYING THE CONDITION M€ - Q=0

Theorem 7.1. If a (2n+1) dimensional Kenmotsu manifold satisfies the condition M- Q=0,

then (M2"*1 g) is an Einstein manifold.
Proof. The condition M¢- Q=0 on (M?"*! g) implies that

ME(Hy,H9)QH3 — Q(M(Hy, Hy)H3) = 0. (7.65)
Taking Ho=¢ in , we get

ME(Hy,§)QHs — QM (Hy,§)Hs) = 0. (7.66)
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Using (2.32)) in (7.66)), we have
1 1 1 1
577(QH3)H1 + %U(QHS)QHl - Q[in(QHS)Hl + %U(QHg)QHl] =0. (7.67)
By virtue of (2.16]), we get from (7.67)) that
1
n(Hs) Hy +n(Hs) QHy + Q7 -n(Hs)QH)1) =0, (7.68)

which implies that
1
Tl?](Hg)Hl + in(HS)QHl =0. (769)

Now, taking the inner product of ([7.69)) with Hy4, we obtain
1
nn(HS)g(Hh H4) + EU(H?))S(HM H4> = 07 (770)
which implies that n(Hs) # 0, thus from (7.70) we yield

S(Hl,H4> = —2ng(H1,H4). (771)

Thus the Theorem [7.1] is finished.

Following Section 6, we derive:

Theorem 7.2. If (g,V, p,71,72) be an n-p-Einstein soliton on a (2n + 1)-dimensional Ken-
motsu manifold satisfying the condition M®- Q=0. Then V is solenoidal if and only if the
—2n

soliton is expanding, steady or shrinking as r < 772”, r= =, orT > %".

Corollary 7.1. If an (2n+ 1)-dimensional Kenmotsu manifold satisfying the condition M€ -

Q=0 admits an n-p-Einstein soliton then

" [dioV — 2] — (21 + pr).

T on+1

Corollary 7.2. Let (g,V,p,71,72) be an n-Einstein soliton on (M?"*1 g) satisfying the
condition M€ - Q=0. Then V is solenoidal if and only if the soliton is expanding, steady or

shrinking as r < —4n, r = —4n, or r > —4n.

Corollary 7.3. Let (g,V,p,71,72) be an n-traceless soliton on (M?"*1 g) satisfying the
condition M- Q=0. ThenV is solenoidal if and only if it is expanding, steady or shrinking
asr < —2n(2n+1), r=—-2n2n+1), orr > —2n(2n + 1).
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Corollary 7.4. Let (g,V,p,71,72) be an n-Schouten soliton on (M*"! g) satisfying the
condition M® - Q=0. Then V is solenoidal if and only if the soliton is expanding, steady or

shrinking as r < —8n%, r = —8n?2, or r > —8n>.

Theorem 7.3. If the metric g of a (2n + 1)-dimensional Kenmotsu manifold satisfying the
condition M€-Q=0 admits n-p-FEinstein soliton (g,V, p,v1,72), where V is gradient of smooth
function f, then the Laplace equation satisfied by f is as follows:

V(if)=02n+v +pr)2n+1) + 2.

8. AN EXAMPLE

The notion of Ricci n-parallelity for Sasakian manifolds was introduced by M. Kon [16].
In [8] the authors proved that a three-dimensional Kenmotsu manifold has n-parallel Ricci
tensor if and only if it is of constant scalar curvature. So, we verify the theorem obtained in
[8] by a concrete example.

Let a 3-dimensional manifold M = {(hy, ho,h3) € R : hy # 0}, where (hy, he, h3) are the
standard coordinates and the linearly independent vector fields in R? as follows

0 0 0

_— = h37 = ——
o e P3 ol

_ ,hs
=e
p1 8h2 ’

We defined the Riemannian metric g by

1 00
gpipi)) =10 1 0
00 1

Let ¢ be a (1,1) tensor field defined by
o(p1) = —p2,  w(p2) =p1, ¢(p3) =0.
If n denote the 1-form defined by n(H;) = g(H1,p3) for any Hy € X(M). Then we have
w?Hy = —Hy +n(H)ps, n(ps) = 1,

g(pH1, pHs) = g(Hy, Hy) — n(Hy)n(Ho),

for any Hy € x(M). Then for ps=¢, the structure (p,&,n,g) establish an almost contact
metric structure on M3,

Let V be the Levi-Civita connection with respect to g. We have

p1,p2] =0, [p2,p3] =p2, [p3,p1] = —p1.
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Using Koszul’s formula, we can obtain
v]71pl = —P1, szpl = Oa Vpgpl = 07

vp1p2 - 07 vp2p2 = —P3, VpgpQ - 07
vp1p3 = P1, vp2p3 = P2, vp3p3 =0.

As per above consequence for ps=¢, the manifold satisfies Vg, {=H1 —n(H1)&. Therefore, it
can be classified as a Kenmotsu manifold.

Now, the components of curvature tensor R are as follows
R(pl’p2)p3 - 07 R(pQ,pg)pg = D2, R(plapg)p3 = —P1,

R(p17p2)p2 = —DP1, R(anPS)pQ = —P3, R(p17p3)p2 - 07

R(p1,p2)p1 =0, R(p2,p3)p1 =0, R(p1,p3)p1 = p1-

Also the Ricci tensor S, one can get

S(Plvpl) = S(Pz,Pz) = 3(103»1?3) = -2

Again, we can easily verify the following

Vi, S(ep1,ep2) =0, Vi, S(ep2, vp3) =0, Vi, S(ep1,¢p1) =0,
le'S(goph 901?3) = 07 le'S(gOp?n Sopl) = 07 VH18(¢p27 SOPZ) = 07
Vi, S(ep2, ¢p1) =0, Vi, S(pps, ep2) =0, Vi, S(¢ps, ¢ps) = 0.

Therefore, we conclude that Vg, S(¢H2, oHs) = 0, for all Hy, Ha, H3 € x(M).
So, the Ricci tensor is n-parallel. Also, the scalar curvature of the manifold is -6, then the

Theorems and are effectively satisfied by this example.

9. CONCLUSION

As a generalization of p-Einstein soliton [2], we study a new type soliton is called an 7-
p-Einstein soliton and gradient 7-p-Einstein soliton on a (2n + 1)-dimensional Kenmotsu
manifold admitting extended M-Projective curvature tensor.The study of such new types of
solitons is of significant interest from different fields due to its wide applications in general
relativity, cosmology, quantum field theory, string theory, thermodynamics, mathematical
physics, etc. That is why, we depict some geometrical properties of an n-p-Einstein soliton
and gradient n-p-Einstein soliton on such manifold.
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