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N (κ)-QUASI-EINSTEIN MANIFOLDS ADMITTING SCHOUTEN TENSOR
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Abstract. In this note, we study N (κ)-quasi-Einstein (in short, N (κ)-QE) manifolds ad-

mitting the Schouten tensor satisfying certain curvature conditions. At last, the existence

of an N (κ)-QE manifold is verified by an example.
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1. Introduction

A Riemannian manifold (Mn, g) is named an Einstein manifold [1] if its (0, 2) type Ricci

tensor Ric(̸= 0) satisfies: Ric = scal
n g, here scal denotes the scalar curvature of Mn. Einstein

manifolds play a key role in mathematical physics, Riemannian geometry as well as in general

theory of relativity . Due to its significant physical applications in broad perspectives, these

manifolds have been explored by many geometers.

An (Mn, g) is said to be a quasi-Einstein (QE) [3] if its Ric(̸= 0) fulfills

Ric(Υ1,Υ2) = ϑg(Υ1,Υ2) + ΦA(Υ1)A(Υ2), (1.1)

for some smooth functions ϑ,Φ(̸= 0), and 1-form A(̸= 0) such that

g(Υ1, ℓ) = A(Υ1), g(ℓ, ℓ) = A(ℓ) = 1, (1.2)
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for any vector field Υ1 and a unit vector field ℓ named the generator of QE manifold. A is

also called the associated 1-form. It is clear from (1.1) that for Φ = 0, a QE manifold reduce

to an Einstein manifold.

From (1.1) and (1.2), we have

scal = nϑ+Φ, R(Υ1) = ϑΥ1 +ΦA(Υ1)ℓ, (1.3)

where R is the Ricci operator defined by

g(R(Υ1),Υ2) = Ric(Υ1,Υ2), (1.4)

for Υ1,Υ2 ∈ Γ(TM).

The concept of QE manifolds came into existence during considerations of quasi-umbilical

hypersurfaces of semi-Euclidean spaces as well as during the study of exact solutions to

Einstein’s field equations. For example, the Robertson-Walker spacetimes are QE manifolds.

Also, QE spacetime can be used as a model of the perfect fluid spacetime in general relativity

[13].

The QE manifolds have also been studied by many authors such as Bilal et. al. [2], Chaki

[4], De and Ghosh [8], Vasiulla et al. [20] and many others.

Let K denotes the Riemannian curvature tensor and κ-nullity distribution N (κ) of an

(Mn, g) [19] is defined by

N (κ) : p → Np(κ) = {Υ3 ∈ TpM : K(Υ1,Υ2)Υ3 = κ[g(Υ2,Υ3)Υ1 − g(Υ1,Υ3)Υ2]}, (1.5)

for all vector fields Υ1, Υ2, Υ3 ∈ Γ(T M) (Γ(T M): the set of all smooth vector fields on

Mn) and κ being some smooth function. Also see [12, 14].

From (1.2) and (1.5), we have

Ric(Υ1, ℓ) = κ(n− 1). (1.6)

Similarly, κ-nullity distribution N (κ) of a Lorentzian manifold can also be defined. In a

QE manifold, if ℓ belongs to some κ-nullity distribution N (κ), then M is named N (κ)-

QE manifold [15]. For more detailed study of N (κ)-QE manifolds, we refer the papers

[5, 6, 18, 22]. Indeed, κ is not arbitrary as the following lemma:

Lemma 1.1. [15] In an n-dimensional N (κ)-QE manifold it follows that

κ =
ϑ+Φ

n− 1
. (1.7)
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It is to be noted that in an n-dimensional N (κ)-QE manifold [15]

K(Υ1,Υ2, ℓ) =
ϑ+Φ

n− 1
[A(Υ2)Υ1 −A(Υ1)Υ2], (1.8)

which is equivalent to

K(ℓ,Υ1,Υ2) =
ϑ+Φ

n− 1
[g(Υ1,Υ2)ℓ−A(Υ2)Υ1] = −K(Υ1, ℓ,Υ2). (1.9)

Taking Υ2 = ℓ in (1.9), we have

K(ℓ,Υ1, ℓ) =
ϑ+Φ

n− 1
[A(Υ1)ℓ−Υ1]. (1.10)

A conformally flat QE manifold of dimension n is an N (ϑ+Φ
n−1 )-QE manifold and hence,

a QE manifold of dimension 3 is an N (ϑ+Φ
2 )-QE manifold, as demonstrated in [15]. The

conformally flat QE manifolds are certain N (κ)-QE manifolds [17]. In 2021, Hazra and

Sarkar [11] studied certain curvature conditions on N (k)-QE manifolds. The derivation

conditions K(ℓ,Υ1) · K = 0 and K(ℓ,Υ1) ·Ric = 0 have also been studied in [17]. In [15], the

authors studied the derivation conditions N(ℓ,Υ1) ·N = 0 and N(ℓ,Υ1) ·K = 0 on N (κ)-QE

manifolds, where N denotes the concircular curvature tensor.

The Weyl conformal curvature tensor C [7, 9] of an (Mn, g) is defined by

C(Υ1,Υ2,Υ3) = K(Υ1,Υ2,Υ3)−
1

n− 2
[Ric(Υ2,Υ3)Υ1 −Ric(Υ1,Υ3)Υ2

+ g(Υ2,Υ3)R(Υ1)− g(Υ1,Υ3)R(Υ2)]

+
scal

(n− 1)(n− 2)
[g(Υ2,Υ3)Υ1 − g(Υ1,Υ3)Υ2],

(1.11)

for all Υ1,Υ2,Υ3 ∈ Γ(T M). Also, in n-dimensional N (κ)-QE manifolds, C satisfies:

C(Υ1,Υ2,Υ3) = − Φ

n− 2
[A(Υ2)A(Υ3)Υ1 −A(Υ1)A(Υ3)Υ2], (1.12)

C(Υ1,Υ2, ℓ) = − Φ

n− 2
[A(Υ2)Υ1 −A(Υ1)Υ2], (1.13)

A(C(Υ1,Υ2)Υ3) = 0, A(C(Υ1,Υ2)ℓ) = 0, (1.14)

C(ℓ,Υ2,Υ3) = − Φ

n− 2
[A(Υ2)A(Υ3)ℓ−A(Υ3)Υ2], (1.15)

for all Υ1,Υ2,Υ3 ∈ Γ(T M).

The projective curvature tensor P is defined by [10, 21]

P(Υ1,Υ2,Υ3) = K(Υ1,Υ2,Υ3)−
1

n− 1
[Ric(Υ2,Υ3)Υ1 −Ric(Υ1,Υ3)Υ2], (1.16)

for all Υ1,Υ2,Υ3 ∈ Γ(T M). Also, in n-dimensional N (κ)-QE manifolds, P satisfies:

P(Υ1,Υ2, ℓ) = 0, (1.17)
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P(ℓ,Υ1,Υ2) =
Φ

n− 1
[g(Υ1,Υ2)ℓ−A(Υ1)A(Υ2)ℓ], (1.18)

A(P(Υ1,Υ2,Υ4) =
Φ

n− 1
[g(Υ2,Υ4)A(Υ1)− g(Υ1,Υ4)A(Υ2)], (1.19)

for all Υ1,Υ2,Υ4 ∈ Γ(T M).

In an (Mn, g), the Schouten tensor S is given by [16]

S(Υ1,Υ2) =
1

n− 2

[
Ric(Υ1,Υ2)−

scal

2(n− 1)
g(Υ1,Υ2)

]
, (1.20)

for Υ1,Υ2 ∈ Γ(T M).

In an N (κ)-QE manifold, the Schouten tensor takes the form

S(Υ1,Υ2) =
1

n− 2

[{
ϑ− scal

2(n− 1)

}
g(Υ1,Υ2) + ΦA(Υ1)A(Υ2)

]
. (1.21)

By contracting (1.21) over Υ1 and Υ2, we find

scal =
1

n− 2

[{
ϑ− scal

2(n− 1)

}
n+Φ

]
. (1.22)

Taking Υ1 = ℓ in (1.21), we have

S(ℓ,Υ2) =
A(Υ2)

n− 2

[
ϑ+Φ− scal

2(n− 1)

]
. (1.23)

2. N (κ)-QE manifolds satisfying K(ℓ,Υ1) · S = 0

Let us consider an N (κ)-QE manifold that satisfies K(ℓ,Υ1) · S = 0. Then

(K(ℓ,Υ1) · S)(Υ2, ℓ) = −S(K(ℓ,Υ1)Υ2, ℓ)− S(Υ2,K(ℓ,Υ1)ℓ) = 0. (2.24)

From (1.9) and (1.21), we find

S(K(ℓ,Υ1)Υ2, ℓ) =
1

n− 2

[(
ϑ+Φ− scal

2(n− 1)

)
K(ℓ,Υ1,Υ2, ℓ)

]
, (2.25)

where g(K(Υ1,Υ2)Υ3,Υ4) = K(Υ1,Υ2,Υ3,Υ4), K is the (0, 4) type curvature tensor.

Also, from (1.10) and (1.21), we find

S(Υ2,K(ℓ,Υ1)ℓ) = − 1

n− 2

[(
ϑ− scal

2(n− 1)

)
K(ℓ,Υ1,Υ2, ℓ)

]
, (2.26)

where g(K(ℓ,Υ1)ℓ,Υ2) = −K(ℓ,Υ1,Υ2, ℓ) and g(K(ℓ,Υ1)ℓ, ℓ) = 0 being used.

By virtue of (2.25) and (2.26), the relation (2.24) yields,( Φ

n− 2

)
K(ℓ,Υ1,Υ2, ℓ) = 0. (2.27)

From (1.9) and (2.27), we have( Φk

n− 2

)
(g(Υ1,Υ2)−A(Υ1)A(Υ2)) = 0, (2.28)
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Since Φ ̸= 0 and g(Υ1,Υ2) ̸= A(Υ1)A(Υ2), then we have κ = 0, i.e., ϑ+Φ = 0. Conversely,

if κ = 0, then in view of (1.9) and (1.10) M satisfies K(ℓ,Υ1) · S = 0. Thus, we can state:

Theorem 2.1. An N (κ)-QE manifold satisfies K(ℓ,Υ1) · S = 0 if and only if ϑ+Φ = 0.

3. N (κ)-QE manifolds satisfying P(ℓ,Υ1) · S = 0

Let an N (κ)-QE manifold satisfies P(ℓ,Υ1) · S = 0. Then

(P(ℓ,Υ1) · S)(Υ2,Υ3) = −S(P (ℓ,Υ1)Υ2,Υ3)− S(Υ2,P(ℓ,Υ1)Υ3) = 0, (3.29)

which in view of (1.18) takes the form

Φ

n− 1

[
g(Υ1,Υ2)S(ℓ,Υ3)−A(Υ1)A(Υ2)S(ℓ,Υ3) (3.30)

+g(Υ1,Υ3)S(Υ2, ℓ)−A(Υ1)A(Υ3)S(Υ2, ℓ)
]
= 0.

Since Φ(̸= 0), therefore, we have

g(Υ1,Υ2)S(ℓ,Υ3)−A(Υ1)A(Υ2)S(ℓ,Υ3) (3.31)

+g(Υ1,Υ3)S(Υ2, ℓ)−A(Υ1)A(Υ3)S(Υ2, ℓ) = 0.

In view of (1.23), (3.31) gives(
ϑ+Φ− scal

2(n− 1)

)(
g(Υ1,Υ2)A(Υ3) + g(Υ1,Υ3)A(Υ2)− 2A(Υ1)A(Υ2)A(Υ3)

)
= 0,

which by contracting over Υ1 and Υ2 gives(
ϑ+Φ− scal

2(n− 1)

)
A(Υ3) = 0. (3.32)

This gives
(
ϑ+Φ− scal

2(n−1)

)
= 0, as A(Υ3) ̸= 0. Thus, we can state:

Theorem 3.1. An N (κ)-QE manifold M (n ≥ 3) satisfies P(ℓ,Υ1).S = 0 if and only if(
ϑ+Φ− scal

2(n−1)

)
= 0.

4. N (κ)-QE manifolds satisfying S(Υ1, ℓ) · K = 0

Let an N (κ)-QE manifold satisfies the condition (S(Υ1, ℓ) · K)(Υ2,Υ3)Υ4 = 0. We know

that

(S(Υ1, ℓ) · K)(Υ2,Υ3)Υ4 = ((Υ1 ∧S ℓ) · K)(Υ2,Υ3)Υ4, (4.33)

where the endomorphism (Υ1 ∧S Υ2)Υ3 is given by

(Υ1 ∧S Υ2)Υ3 = S(Υ2,Υ3)Υ1 − S(Υ1,Υ3)Υ2. (4.34)
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Rewriting (4.33) as

(S(Υ1, ℓ) · K)(Υ2,Υ3)Υ4 = ((Υ1 ∧S ℓ)K)(Υ2,Υ3)Υ4 −K((Υ1 ∧S ℓ)Υ2,Υ3)Υ4

−K(Υ2, (Υ1 ∧S ℓ)Υ3)Υ4 −K(Υ2,Υ3)(Υ1 ∧S ℓ)Υ4,

which by using S(Υ1, ℓ) · K = 0 and (4.34) turns to

S(ℓ,K(Υ2,Υ3)Υ4)Υ1 − S(Υ1,K(Υ2,Υ3)Υ4)ℓ− S(ℓ,Υ2)K(Υ1,Υ3)Υ4

+ S(Υ1,Υ2)K(ℓ,Υ3),Υ4 − S(ℓ,Υ3)K(Υ2,Υ1)Υ4 + S(Υ1,Υ3)K(Υ2, ℓ)Υ4

− S(ℓ,W )K(Υ2,Υ3)Υ1 + S(Υ1,Υ4)K(Υ2,Υ3)ℓ = 0.

(4.35)

By using (1.8), (1.9) and (1.21) in (4.35), and taking the inner product with ℓ, we have

Φκ

n− 2
[g(Υ1,Υ2)A(Υ3)A(Υ4)− g(Υ1,Υ3)A(Υ2)A(Υ4)] = 0. (4.36)

Putting Υ3 = ℓ in (4.36), we have

ΦκA(Υ4)[g(Υ1,Υ2)−A(Υ1)A(Υ2)] = 0. (4.37)

Since Φ(̸= 0), A(̸= 0) and g(Υ1,Υ2) ̸= A(Υ1)A(Υ2), then κ = 0. If κ = 0, then the converse

is trivial. Thus, we have:

Theorem 4.1. An N (κ)-QE manifold satisfies S(Υ1, ℓ) · K = 0 if and only if ϑ+Φ = 0.

5. N (κ)-QE manifolds satisfying C · S = 0

Let an N (κ)-(QE) manifold holds C · S = 0. We know that

(C(Υ1,Υ2) · S)(Υ3,Υ4) = −S(C(Υ1,Υ2)Υ3,Υ4)− S(Υ3, C(Υ1,Υ2)Υ4). (5.38)

Making use of (1.21) in (5.38), we have

(C(Υ1,Υ2) · S)(Υ3,Υ4) = − 1

n− 2

[{
ϑ− scal

2(n− 1)

}(
g(C(Υ1,Υ2)Υ3,Υ4)

+g(Υ3, C(Υ1,Υ2)Υ4)
)
+Φ

(
A(C(Υ1,Υ2)Υ3)A(Υ4) (5.39)

+A(Υ3)A(C(Υ1,Υ2)Υ4)
)]

,

which by using the symmetric property of the metric tensor, and the skew-symmetric property

of K(Υ1,Υ2,Υ3,Υ4) reduces to

(C(Υ1,Υ2) · S)(Υ3,Υ4) = − Φ

n− 2

(
A(C(Υ1,Υ2)Υ3)A(Υ4) +A(Υ3)A(C(Υ1,Υ2)Υ4)

)
.
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In view of (1.14), the foregoing equation turns to

C((Υ1,Υ2) · S)(Υ3,Υ4) = 0. (5.40)

Thus, we have:

Theorem 5.1. In an N (κ)-QE manifold, the relation C · S = 0 holds for all Υ1,Υ2,Υ3,Υ4.

6. Schouten-recurrent N (κ)-QE manifolds

In 1952, Patterson [16] proposed the idea of Ricci recurrent manifolds . According to him,

an (Mn, g) is said to be Ricci recurrent if

(DΥ1Ric)(Υ2,Υ3) = A(Υ1)Ric(Υ2,Υ3), (6.41)

for some 1-form A(̸= 0).

An (Mn, g) is named a Schouten recurrent manifold if its Schouten tensor satisfies

(DΥ1S)(Υ2,Υ3) = A(Υ1)S(Υ2,Υ3). (6.42)

We write

(DΥ1S)(Υ2,Υ3) = Υ1S(Υ2,Υ3)− S(DΥ1Υ2,Υ3)− S(Υ2, DΥ1Υ3). (6.43)

From (6.42) and (6.43), we have

Υ1S(Υ2,Υ3)− S(DΥ1Υ2,Υ3)− S(Υ2, DΥ1Υ3) = A(Υ1)S(Υ2,Υ3). (6.44)

Putting Υ2 = Υ3 = ℓ in (6.44) and using (1.21), we find(
ϑ+Φ− scal

2(n− 1)

)
A(Υ1) = Υ1

(
ϑ+Φ− scal

2(n− 1)

)
. (6.45)

Thus, we have the following result:

Theorem 6.1. If (Mn, g) is a Schouten recurrent N (κ)-QE manifold, then(
ϑ+Φ− scal

2(n− 1)

)
A(Υ1) = Υ1

(
ϑ+Φ− scal

2(n− 1)

)
,

for all Υ1 ∈ Γ(T M).

A Schouten recurrent manifold is Schouten symmetric iff A = 0 . Thus, we have:

Corollary 6.1. If (Mn, g) is a Schouten symmetric N (κ)-QE manifold, then ϑ+Φ− scal
2(n−1)

is constant.
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Corollary 6.2. If (Mn, g) is a Schouten symmetric N (κ)-QE manifold and if ϑ+Φ− scal
2(n−1)

is constant, then either ϑ+Φ− scal
2(n−1) = 0 or (Mn, g) reduces to a Schouten symmetric N (κ)-

QE manifold.

7. Example

Define a Riemannian metric g in 4-dimensional space R4 by

ds2 = gijdκidκj = (1 + 2p)[(dκ4)2 + (dκ3)2 + (dκ2)2 + (dκ1)2], (7.46)

where κ1,κ2,κ3,κ4 are non-zero finite and p = eκ
1
k−2. Then the covariant and contravariant

components of the metric tensor are

gij = (1 + 2p), for i = j = 1, 2, 3, 4, gij = 0, otherwise (7.47)

and

gij =
1

1 + 2p
, for i = j = 1, 2, 3, 4, gij = 0, otherwise, (7.48)

respectively. The only non-vanishing components of the Christoffel symbols are 1

11

 =

 2

12

 =

 3

13

 =

 4

14

 =
p

1 + 2p
,

 1

22

 =

 1

33

 =

 1

44

 =
−p

1 + 2p
.

(7.49)

The non-zero derivatives of (7.49) are

∂

∂κ1

 4

14

 =
∂

∂κ1

 3

13

 =
∂

∂κ1

 2

12

 =
∂

∂κ1

 1

11

 =
p

(1 + 2p)2
,

∂

∂κ1

 1

44

 =
∂

∂κ1

 1

33

 =
∂

∂κ1

 1

22

 =
−p

(1 + 2p)2
.

(7.50)

For the Riemannian curvature tensor,

Kl
ijk =

∣∣∣∣∣∣∣∣∣∣∣∣

∂
∂κj

∂
∂κk

 l

ij


 l

ik



∣∣∣∣∣∣∣∣∣∣∣∣︸ ︷︷ ︸
=I

+

∣∣∣∣∣∣∣∣∣∣∣∣

m

ik


m

ij

 l

mk


 l

mj



∣∣∣∣∣∣∣∣∣∣∣∣︸ ︷︷ ︸
=II

.

The non-zero components of (I) are:
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K1
221 = − ∂

∂κ1

 1

22

 =
p

(1 + 2p)2
,

K1
331 = − ∂

∂κ1

 1

33

 =
p

(1 + 2p)2
,

K1
441 = − ∂

∂κ1

 1

44

 =
p

(1 + 2p)2

and the non-zero components of (II) are:

K2
332 =

m

32


 2

m3

−

m

33


 2

m2

 = −

 1

33


 2

12

 =
p2

(1 + 2p)2
,

K2
442 =

m

42


 2

m4

−

m

44


 2

m2

 = −

 1

44


 2

12

 =
p2

(1 + 2p)2
,

K3
443 =

m

43


 3

m4

−

m

44


 3

m3

 = −

 1

44


 3

13

 =
p2

(1 + 2p)2
.

Adding the corresponding components of (I) and (II), we have

K1
221 = K1

331 = K1
441 =

p

(1 + 2p)2
,

K2
332 = K2

442 = K3
443 =

p2

(1 + 2p)2
.

Thus, the non-zero components of the curvature tensor, up to symmetry are

K1221 = K1331 = K1441 =
p

1 + 2p
,

K2332 = K2442 = K3443 =
p2

1 + 2p

and the non-zero components of the Ricci tensor are

Ric11 = gjhK1j1h = g22K1212 + g33K1313 + g44K1414 =
3p

(1 + 2p)2
,

Ric22 = gjhK2j2h = g11K2121 + g33K2323 + g44K2424 =
p

(1 + 2p)
,

Ric33 = gjhK3j3h = g11K3131 + g22K3232 + g44K3434 =
p

(1 + 2p)
,

Ric44 = gjhK4j4h = g11K4141 + g22K4242 + g33K4343 =
p

(1 + 2p)
.

The scalar curvature scal is

scal =
6p(1 + p)

(1 + 2p)2
.
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Let us consider the associated scalars ϑ,Φ are defined by

ϑ =
p

(1 + 2p)2
, Φ =

2p(1− p)

(1 + 2p)3

and the 1-form

Ai(x) =


√
1 + 2p, if i = 1,

0, otherwise,

where generators are unit vector fields, then from (1.11), we have

Ric11 = ϑg11 +ΦA1A1, (7.51)

Ric22 = ϑg22 +ΦA2A2, (7.52)

Ric33 = ϑg33 +ΦA3A3, (7.53)

Ric44 = ϑg44 +ΦA4A4. (7.54)

R.H.S. of (7.51) = ϑg11 +ΦA1A1

=
3p

(1 + 2p)2

= L.H.S. of (7.51)

By similar way it can be shown that (7.52) to (7.54) are also true. Hence (R4, g) is an

N
(

p
(1+2p)3

)
-QE manifold.
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