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OPERATORS ASSOCIATED WITH OF GOLDEN RIEMANNIAN
STRUCTURES ON TANGENT AND COTANGENT BUNDLES

HASIM CAYIR*

ABSTRACT. In this paper, operators were applied to vertical and horizontal lifts with respect

to the Golden Riemannian structures on tangent and cotangent bundles, respectively.

1. INTRODUCTION

For a manifold M, let ¢ be a (1,1)—tensor field on M. If the polynomial X? — X — 1
is the minimal polynomial for a structure ¢ satisfying > — ¢ — 1 = 0, then ¢ is called a
Golden structure on M and (M, ¢) is a Golden manifold [I} 5, [6]. This structure was inspired
by the Golden Ratio, which was described by Johannes Kepler (1571 — 1630). The number

n= # ~ 1.618..., which is a solution of the equation z> — z — 1 = 0, is the Golden ratio.

We note that for Golden structures, ¢ # al, where a € R. If ¢ = al, a = 1+2‘/5, then its
minimal polynomial is X — a. However, the minimal polynomial of the Golden structure ¢
is X2 - X — 1.
Let (M,g) be a Riemannian manifold endowed with the Golden structure ¢ such that
[1, 5 6]
g(pX,Y) = g(X,pY) (1.1)
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for all X,Y € 3 (M). If we substitute X into X in (1.1)), the equation (1.1) may also
be written as

9(eX, oY) =g (@’X,Y) =g((p+ 1D X,Y) = g(¢X,Y) + g (X,Y). (1.2)

The Riemannian metric (1.1]) is called ¢-compatible and (M, ¢, g) is named Golden Riemann-
ian manifold. Such Riemannian metrics are also referred to as pure metrics [7, [11].
Let ¢ be a (1.1)-tensor field on M, i.e. ¢ € S} (M). A tensor field ¢ of type (r, s) is called

a pure tensor field with respect to ¢ if

1 2 r
t(90X17X27"'7X8;€7£7"'a£> =t XlaSDXQa-- Xsag 57"a

=t

= (X0 X Xai g £ E

(Xl,X " A€
12 , T
= t(Xl,XQ,H- s;gaga"'v 90€>

12 ,
for any X1, X, ..., Xs € S¢ (M) and &,€,....& € SV (M), where ¢ is the adjoint operator of
¢ defined by

(‘0€) (X) =€ (pX) = (E09) (X), X € (M) € € 3} (M).
We define an operator
dp Sy (M) — S (M)

applied to the pure tensor field ¢ of type (0, s) with respect to ¢ by [12]
(Ppt) (X, Y1, Ys) = (0X)t(Y1,...,Ys) — Xt (17, .., Y5)
+Zt Vi, (Lyy o) X, ooy V)
for any X,Y1,...,Ys € S§ (M), where Ly denotes the Lie differentiation with respect to Y.

1.1. The Golden structure on tangent bundle 7' (M). Golden structure on a Riemann-
ian manifold is important because this structure has relation with pure Riemannian metrics
with respect to the structure. Pure metrics with respect to certain structures were studied by
various authors (for example see [7, [§], etc.). Since Riemannian Golden and almost product
structures are related to each other (see Theorem 2.3 in [4]), the method of ¢—operator used

in the theory of almost product structures can be transferred to Golden structures.
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Definition 1.1. The Sasaki metric on the tangent bundle T (M) is defined by

g (XY™ = (9(x, 7)), (1.3)
Sg(xV,YH) =5 g (X", YY) =0 (1.4)
g (xV, YY) =(g(x, V)", (1.5)

for all X,V € S} (M) (see [13], p. 155-175). It is obvious that the Sasaki metric Jg is

contained in the class of the so-called g—natural metrics on the tangent bundle.

Definition 1.2. The Golden structure J on tangent bundle T (M), which implies J2—J—1 =
0, defined by [4]

(XH + \/EXV) (1.6)

(X7 + vax™)

N — N

for all X,Y € 3¢ (M).

Theorem 1.1. Let (M, g) be a Riemannian manifold and let T (M) be its tangent bundle
equipped with the Sasaki metric °g and the Golden structure J defined by . The triple
<T (M), j,sg> is a Golden Riemannian manifold.

1.2. The Golden structure on cotangent bundle T* (M).

Definition 1.3. A Sasakian metric °g is defined on T* (M) by the three equations

Sq (wv, Hv) = (g_1 (w, 9))V =g (w,0) o, (1.7)
g (W, Y1) =0, (1.8)
Sg (X", vH) = (g(X,7) =g(X,Y)or (1.9)

for any X, Y € S} (M) and w,6 € $§ (M). Since any tensor field of type (0,2) on T* (M) is
completely determined by its action on vector fields of type X and w" (see [13], p. 280), it
follows that °g¢ is completely determined by the equations (1.7)),(1.8)) and (1.9).
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Definition 1.4. The Golden structure ¢ on T* (M) defined by [4]

T4 VExY) (1.10)
(w" + vBaH)

N~ N~
VS

for any X € S{ (M) and w € S (M), where X = go X € Y (M), & = g Low € 3§ (M).

Also note that °g is pure with respect to @.

2. MAIN RESULTS

2.1. The Tachibana operators applied to vertical and horizontal lifts with respect

to the Golden structure on tangent bundle and cotangent bundle.

Definition 2.1. Let ¢ € S1(M), and S(M) = > a0 S5(M) be a tensor algebra over R. A

*
map Gy |, ot S(M) — S(M) is called a Tachibana operator or ¢, operator on M if

a) ¢, is linear with respect to constant coefficient,

b) ¢y : \s( ) = %1 (M) for all r and s,

¢) 6o(K & L) = (6,K) ® L+ K ® ¢, for all I, L € S(M),

d) ¢poxY = —(Lyp)X forall X,Y € S{(M) where Ly is the Lie derivation with respect
to Y,

e)

(Pexm)Y = (d(ayn))(pX) — (d(2y (nop))) X + n((Lyp)X) (2.11)

= ¢X(ryn) — X(1pyn) +n((Lyp)X)

C *
for all n € SY(M) and X,Y € I}(M), where 1yn = n(Y) = n® Y,S7(M) the module of
all pure tensor fields of type (r,s) on M according to the affinor field ¢ [2, [3 9] (see [10] for
applied to pure tensor field).

Theorem 2.1. Let Lx the operator Lie derivation with respect to X J be the Golden
structure on tangent bundle T (M), which implies J2—J—1= 0, defined by and ¢ 57
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the Tachibana operator on M. We get the following formulas

Do = L(REX)0)Y + (V).
) gy = (@)Y 4 (RO X) 0
iti) g YV = \f(@XY)V,
) oY’ = ey,

2

where R is the curvature tensor of V, X, Y € S} (M) and J € 31 (M).
Proof. i)

b YH = — (Lij) XV = —LyuJXV + JLyu XV
L/ov H e v
— —Lynj (X + VX ) +J (vyx)

1 H \%4 \/5 H H L /e v
—5 XV = 2 [V X 4 2 (VyX)

ii)
bjxn¥™ = = (Lynd) X = —Lyn JXT 4 JLyn X"

1 V5

= Lyn(GX"+ XY+ J(. X - (R, X)) 1))

Ly e - YRy xV] 4 Sy X - T (R X) 0

V5

1
= —(rx)" - RE.0VY) -

v, X]" +(VxY)")

+% v, X% + ‘f v, x]" — % (R(Y,X)U)Y — ‘f (R(Y,X)U)"
- —% v, X% + % (R(Y,X)U)Y — ‘f v, x]" — ‘f (VxY)V
+% v, X% + ‘f v, X1V — = (R(Y,X)U)” — é‘?’ (R(Y,X)U)"
V&
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i)

bV = — (Lyvj) XV = —Lyv XY + JLyv XV

1 5
= Ly (GXV 4 {XH)

1
= —iLYvXV — \fLYvXH

- P

= ?(@XY)V
i)

brenYV = — (Lyv j) xH = _[ovJxH 4+ jLyvxH

1 )
NG
— 7

xVy+J(v, X]Y = (vyX)")

V5

LyvXV + 21y, XV + 5 I, x)H

1
2

Theorem 2.2. Let Vx be the operator covariant derivation with respect to X, ¢ be the
Golden structure on T* (M) defined by and ¢z the Tachibana operator on M. We get

the following formulas

) ot = L2 (g(9r ) + L gLy x) + L2 (5 (PRYV.X))"
i) Gan ¥ = —\f((Lyg‘l)ow)H—?(g*(L w)"
P (P (R 0w)) + 2 (o (Tyw)).
iii) $pn0’ = ?(V(glowﬂ)v,
i) paxnw’ = —\f (7 (V)"

where R is the curvature tensor of V, ¢ € 31 (M), X,Y € S§ (M) and w € Y (M),

X=goXe)(M),0=gtoweJ}(M).
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Proof. i)

i)

i)

¢¢XH YH

(ﬁ@wv YH

1 1
= —*LyHWV — 7LyHL:JH =+ 5 (VYW)V =+
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(Lyn@) X7 = —Lyu@gX® + pLyu X

1 V5
—Lyn=X"T 4+ X°
yig Aty

Ly x-Sy ) (v X+ (P (R X)Y)

X+ ¢ ([Y, X"+ (P(R (Y,X)))V>

1 v, x]7 — 1
2 2
+? v, x]"V + % (PR(Y, X)) +

V5
2

~ (9 (o X)) + LX)

V5
2
(9 (VyX))" + ? (9LyX)" + ‘f

(PR(Y,X))”
(PR(Y,X))”

(971 (PR(Y,X)))"

= —(Lyn@)w” = —Lyugw’ + ¢Lynw”

1
= —LyHi(wV + \/5&)[{) + (,5 (VY(A))V

V5

[\

2

(Vyw)" —

([Y,g_low

<
~
E
<
+

+
N = N

(97" (Vyw))

() ow)" = 2 (¢ (1y)

oS &

H

|G el &

(97" (Vyw)”

v
=
=
s
)
(0]
E
=
+

b0’ = —(Loyvp)w" = —Lyvow” + ¢Lyvw"

1
= —Levi(wv + \/E)(:)H)

1 Vb
= _§L0VWV — TLngH
5
= (v
V5

= 7(V(gflow)0)v
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iv)

dpxnw’ = —(Lyw@) X" = ~Lyvox" + L x"
— _LWV%XH + \f)gv - (Vxw)”
_ _%LwVXH _ \fLwVX'V - % (Vxw)"
—\f (67" (Vxw))”
= % (Vxw)” — % (Vxw)" - \f (97" (Vxw)"
= _\f (g (Vxw) "

2.2. The Vishnevskii operators applied to vertical and horizontal lifts with respect

to the Golden structure on tangent bundle and cotangent bundle.

Definition 2.2. Suppose now that V is a linear connection on M, and let p € S1(M). We
can replace the condition d) of definition by

d) YoxY = VoxY —pVyY (2.12)

for any X,Y € SL(M). Then we can consider a new operator by a Vishnevskii operator or

*
Y, —operator on M, we shall mean a map ¥, : I(M) — (M), which satisfies conditions a),

b), ¢), e) of deﬁnition and the condition (d) [2, 3, 9].

Let w € QY(M). Using Definition we have

(hew) (X,Y) = (Ypxw)Y (2.13)
= (pX)(yw) = X(tpyw) —w (VexY — ¢ (VxY))

= (Vexw=Vx (woyp))Y

for any X,Y € S{(M),where (wo )Y = w (pY). From (2.13) we see that ¢,xw = Vyxw —

Vx (wo) is a 1—form [9].

Theorem 2.3. Let V be the horizontal lift of the Levi-Civita connection ¥ in M to T (M)
and J be the Golden structure on tangent bundle T (M), which implies J2—J—I= 0, defined
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by . Y5 the Vishneuvskii operator on M. We get the following formulas

i)

0

iv)

Do = Y vy,
i) Yig YV = \f(vXY)V,
iii) Yy en Y = —?(VXY)V,
W) YixnYV = —*f(vxy)H,

where R is the curvature tensor of V, X,Y € 3¢ (M) and Je 31 (M).
Proof. i)

ijVYH =

Q;Z)ijYV =

H H ~H H _ wH H T~ H H
VI T IV =V o e Y = TVEY
}vHVYH n @VHV}/H
2 X 2 X
V5
3 (Vx0”

va LYY — v yY =v vV — vl vy

JXV 3 (XV+VEXH)
%vng + \vaVYV
\f (VxY)V
VA YT — gy = V§XH+§XVYH —J(vxY)H
%VgHYH + \fngYH - % (VxY) — \gg (VxY)V
L@y - Ly - D vy
S (v
VA YV — IV YY = V§XH+ §XVYV —J(VxY)V
%V)I}'HYV + \fvﬁvyv - % (VxY)V — *f (VxY)T
V5 (vxy)

2
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Theorem 2.4. Let VH be the horizontal lift of the Levi-Civita connection ¥ in M to T* (M)
and ¢ be the Golden structure on T* (M) defined by and v the Vishnevskii operator

on M. We get the following formulas

i) hpv YT = \f(v(glow)HY)H,

iM) Yp 0" = \f(v(glow)He)K
i) vaxn Y = 2 (g(vxy).
) v = 92 (7 (V)"

where R is the curvature tensor of V, ¢ € 31 (M), X,Y € S§ (M) and w € Y (M),
X=goXed(M),o=glowe I (M).
Proof. i)
H H vH _ ~oH vH H H
Vo ¥ = Vo X7 = VT =V v oY
Lon v, Voon H
- ivaY + TV(Q—low)HY

V5
- 7(v(g*10w)Hy)H

i)
14 H 1% ~~7H gV H %4
w@dvﬁ = V@Jvﬁ — wvwvﬁ = V%war?(g_low)HH
f

_ 1 H pV b H Vv
= ivwva +7v(9—10w)H0

gflow)Ha)V

i)
¢¢XHYH - ngHYH — VY = v?XHJr%XvYH —o(VxY)"
V5 1
(V) 4 PV V=5 (VxY)

Y (g0 (v

— By

N =
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iv)

(1]

2]

(4]

(5]

(6]

(7]

(8]

(9]
(10]

(1]

[12]
[13]
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v _ H 1% ~—H V _ v H 1% ~ 1%
Yoxnw = V¢XHw — pVynw _VLXH+ﬁXVw — 9 (Vxw)
2 2

V5 1

1 5
— 3 (VXw)V + 7vngv 35 (VXw)V
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