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OPERATORS ASSOCIATED WITH OF GOLDEN RIEMANNIAN

STRUCTURES ON TANGENT AND COTANGENT BUNDLES

HAŞIM ÇAYIR∗

Abstract. In this paper, operators were applied to vertical and horizontal lifts with respect

to the Golden Riemannian structures on tangent and cotangent bundles, respectively.

1. Introduction

For a manifold M , let ϕ be a (1, 1)−tensor field on M . If the polynomial X2 − X − 1

is the minimal polynomial for a structure ϕ satisfying ϕ2 − ϕ − 1 = 0, then ϕ is called a

Golden structure on M and (M,ϕ) is a Golden manifold [1, 5, 6]. This structure was inspired

by the Golden Ratio, which was described by Johannes Kepler (1571− 1630). The number

η = 1+
√

5
2 ≈ 1.618..., which is a solution of the equation x2 − x− 1 = 0, is the Golden ratio.

We note that for Golden structures, ϕ 6= aI, where a ∈ R. If ϕ = aI, a = 1+
√

5
2 , then its

minimal polynomial is X − a. However, the minimal polynomial of the Golden structure ϕ

is X2 −X − 1.

Let (M, g) be a Riemannian manifold endowed with the Golden structure ϕ such that

[1, 5, 6]

g (ϕX, Y ) = g (X,ϕY ) (1.1)
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for all X,Y ∈ =1
0 (M). If we substitute ϕX into X in (1.1), the equation (1.1) may also

be written as

g (ϕX,ϕY ) = g
(
ϕ2X,Y

)
= g ((ϕ+ 1)X,Y ) = g (ϕX, Y ) + g (X,Y ) . (1.2)

The Riemannian metric (1.1) is called ϕ-compatible and (M,ϕ, g) is named Golden Riemann-

ian manifold. Such Riemannian metrics are also referred to as pure metrics [7, 11].

Let ϕ be a (1.1)-tensor field on M , i.e. ϕ ∈ =1
1 (M). A tensor field t of type (r, s) is called

a pure tensor field with respect to ϕ if

t

(
ϕX1, X2, ..., Xs;

1
ξ,

2
ξ, ...,

r
ξ

)
= t

(
X1, ϕX2, ..., Xs;

1
ξ,

2
ξ, ...,

r
ξ

)
...

= t

(
X1, X2, ..., ϕXs;

1
ξ,

2
ξ, ...,

r
ξ

)
= t

(
X1, X2, ..., Xs;

′
ϕ

1
ξ,

2
ξ, ...,

r
ξ

)
= t

(
X1, X2, ..., Xs;

1
ξ,

2
ξ, ...,

′
ϕ
r
ξ

)
for any X1, X2, ..., Xs ∈ =1

0 (M) and
1
ξ,

2
ξ, ...,

r
ξ ∈ =0

1 (M), where
′
ϕ is the adjoint operator of

ϕ defined by (
′
ϕξ
)

(X) = ξ (ϕX) = (ξ ◦ ϕ) (X) , X ∈ =1
0 (M) , ξ ∈ =0

1 (M) .

We define an operator

φϕ : =0
s (M)→ =0

s+1 (M)

applied to the pure tensor field t of type (0, s) with respect to ϕ by [12]

(φϕt) (X,Y1, ..., Ys) = (ϕX) t (Y1, ..., Ys)−Xt (ϕY1, ..., Ys)

+

s∑
λ=1

t (Y1, ..., (LYλϕ)X, ..., Ys)

for any X,Y1, ..., Ys ∈ =1
0 (M), where LY denotes the Lie differentiation with respect to Y .

1.1. The Golden structure on tangent bundle T (M). Golden structure on a Riemann-

ian manifold is important because this structure has relation with pure Riemannian metrics

with respect to the structure. Pure metrics with respect to certain structures were studied by

various authors (for example see [7, 8], etc.). Since Riemannian Golden and almost product

structures are related to each other (see Theorem 2.3 in [4]), the method of φ−operator used

in the theory of almost product structures can be transferred to Golden structures.
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Definition 1.1. The Sasaki metric on the tangent bundle T (M) is defined by

Sg
(
XH , Y H

)
= (g (X,Y ))V , (1.3)

Sg
(
XV , Y H

)
=S g

(
XH , Y V

)
= 0 (1.4)

Sg
(
XV , Y V

)
= (g (X,Y ))V , (1.5)

for all X,Y ∈ =1
0 (M) (see [13], p. 155-175). It is obvious that the Sasaki metric Sg is

contained in the class of the so-called g−natural metrics on the tangent bundle.

Definition 1.2. The Golden structure J̃ on tangent bundle T (M), which implies J̃2−J̃−I =

0, defined by [4]

J̃
(
XH

)
=

1

2

(
XH +

√
5XV

)
(1.6)

J̃
(
XV
)

=
1

2

(
XV +

√
5XH

)
for all X,Y ∈ =1

0 (M).

Theorem 1.1. Let (M, g) be a Riemannian manifold and let T (M) be its tangent bundle

equipped with the Sasaki metric Sg and the Golden structure J̃ defined by (1.6). The triple(
T (M) , J̃ ,S g

)
is a Golden Riemannian manifold.

1.2. The Golden structure on cotangent bundle T ∗ (M).

Definition 1.3. A Sasakian metric Sg is defined on T ∗ (M) by the three equations

Sg
(
ωV , θV

)
=
(
g−1 (ω, θ)

)V
= g−1 (ω, θ) ◦ π, (1.7)

Sg
(
ωV , Y H

)
= 0, (1.8)

Sg
(
XH , Y H

)
= (g (X,Y ))V = g (X,Y ) ◦ π (1.9)

for any X,Y ∈ =1
0 (M) and ω, θ ∈ =0

1 (M). Since any tensor field of type (0, 2) on T ∗ (M) is

completely determined by its action on vector fields of type XH and ωV (see [13], p. 280), it

follows that Sg is completely determined by the equations (1.7),(1.8) and (1.9).
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Definition 1.4. The Golden structure ϕ̃ on T ∗ (M) defined by [4]

ϕ̃XH =
1

2

(
XH +

√
5X̃V

)
(1.10)

ϕ̃ωV =
1

2

(
ωV +

√
5ω̃H

)

for any X ∈ =1
0 (M) and ω ∈ =0

1 (M), where X̃ = g ◦X ∈ =0
1 (M), ω̃ = g−1 ◦ ω ∈ =1

0 (M).

Also note that Sg is pure with respect to ϕ̃.

2. Main Results

2.1. The Tachibana operators applied to vertical and horizontal lifts with respect

to the Golden structure on tangent bundle and cotangent bundle.

Definition 2.1. Let ϕ ∈ =1
1(M), and =(M) =

∑∞
r,s=0=rs(M) be a tensor algebra over R. A

map φϕ |r+s〉0 :
∗
=(M)→ =(M) is called a Tachibana operator or φϕ operator on M if

a) φϕ is linear with respect to constant coefficient,

b) φϕ :
∗
=(M)→ =rs+1(M) for all r and s,

c) φϕ(K
C
⊗ L) = (φϕK)⊗ L+K ⊗ φϕL for all K,L ∈

∗
=(M),

d) φϕXY = −(LY ϕ)X for all X,Y ∈ =1
0(M) where LY is the Lie derivation with respect

to Y,

e)

(φϕXη)Y = (d(ıY η))(ϕX)− (d(ıY (ηoϕ)))X + η((LY ϕ)X) (2.11)

= φX(ıY η)−X(ıϕY η) + η((LY ϕ)X)

for all η ∈ =0
1(M) and X,Y ∈ =1

0(M), where ıY η = η(Y ) = η
C
⊗ Y,

∗
=rs(M) the module of

all pure tensor fields of type (r, s) on M according to the affinor field ϕ [2, 3, 9](see [10] for

applied to pure tensor field).

Theorem 2.1. Let LX the operator Lie derivation with respect to X , J̃ be the Golden

structure on tangent bundle T (M), which implies J̃2 − J̃ − I = 0, defined by (1.6) and φ
J̃
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the Tachibana operator on M . We get the following formulas

i) φJ̃XV Y
H =

√
5

2
((R (Y,X)U)V + (∇XY )H),

ii) φJ̃XHY
H = −

√
5

2
((∇XY )V + (R (Y,X)U)H),

iii) φJ̃XV Y
V =

√
5

2
(∇̂XY )V ,

iv) φJ̃XHY
V = −

√
5

2
(∇̂XY )H ,

where R is the curvature tensor of ∇, X, Y ∈ =1
0 (M) and J̃ ∈ =1

1 (M) .

Proof. i)

φJ̃XV Y
H = −

(
LY H J̃

)
XV = −LY H J̃XV + J̃LY HX

V

= −LY H
1

2

(
XV +

√
5XH

)
+ J̃

(
∇̃YX

)V
= −1

2

[
Y H , XV

]
−
√

5

2

[
Y H , XH

]
+

1

2

(
∇̃YX

)V
+

√
5

2

(
∇̃YX

)H
= −1

2

(
∇̃YX

)V
−
√

5

2

(
[Y,X]H − (R (Y,X)U)V

)
+

1

2

(
∇̃YX

)V
+

√
5

2

(
∇̃YX

)H
= −

√
5

2
[Y,X]H +

√
5

2
(R (Y,X)U)V +

√
5

2
((∇XY )H + [Y,X]H)

=

√
5

2
((R (Y,X)U)V + (∇XY )H)

ii)

φJ̃XHY
H = −

(
LY H J̃

)
XH = −LY H J̃XH + J̃LY HX

H

= −LY H (
1

2
XH +

√
5

2
XV ) + J̃([Y,X]H − (R (Y,X)U)V )

= −1

2

[
Y H , XH

]
−
√

5

2

[
Y H , XV

]
+ J̃ [Y,X]H − J̃ (R (Y,X)U)V

= −1

2
(
(

[Y,X]H − (R (Y,X)U)V
)
−
√

5

2
[Y,X]V + (∇XY )V )

+
1

2
[Y,X]H +

√
5

2
[Y,X]V − 1

2
(R (Y,X)U)V −

√
5

2
(R (Y,X)U)H

= −1

2
[Y,X]H +

1

2
(R (Y,X)U)V −

√
5

2
[Y,X]V −

√
5

2
(∇XY )V

+
1

2
[Y,X]H +

√
5

2
[Y,X]V − 1

2
(R (Y,X)U)V −

√
5

2
(R (Y,X)U)H

= −
√

5

2

(
(∇XY )V + (R (Y,X)U)H

)
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iii)

φJ̃XV Y
V = −

(
LY V J̃

)
XV = −LY V J̃XV + J̃LY VX

V

= −LY V (
1

2
XV +

√
5

2
XH)

= −1

2
LY VX

V −
√

5

2
LY VX

H

=

√
5

2

[
XH , Y V

]
=

√
5

2
(∇̂XY )V

iv)

φJ̃XHY
V = −

(
LY V J̃

)
XH = −LY V J̃XH + J̃LY VX

H

= −LY V (
1

2
XH +

√
5

2
XV ) + J̃([Y,X]V − (∇YX)V )

= −1

2
LY VX

H −
√

5

2
LY VX

V +
1

2
[Y,X]V +

√
5

2
[Y,X]H

−1

2
(∇YX)V −

√
5

2
(∇YX)H

=

√
5

2
([Y,X]− (∇YX))H

= −
√

5

2
(∇̂XY )H

Theorem 2.2. Let ∇X be the operator covariant derivation with respect to X, ϕ̃ be the

Golden structure on T ∗ (M) defined by (1.10) and φϕ̃ the Tachibana operator on M . We get

the following formulas

i) φϕ̃XHY H = −
√

5

2
(g (∇YX))V +

√
5

2
(gLYX)V +

√
5

2

(
g−1 (PR (Y,X))

)V
,

ii) φϕ̃ωV Y
H = −

√
5

2

((
LY g

−1
)
◦ ω
)H − √5

2

(
g−1 (LY ω)

)H
−
√

5

2

(
P
(
R
(
Y, g−1 ◦ ω

)))V
+

√
5

2

(
g−1 (∇Y ω)

)H
,

iii) φϕ̃ωV θ
V =

√
5

2
(∇(g−1◦ω)θ)

V ,

iv) φϕ̃XHωV = −
√

5

2

(
g−1 (∇Xω)

)H
,

where R is the curvature tensor of ∇, ϕ̃ ∈ =1
1 (M) , X, Y ∈ =1

0 (M) and ω ∈ =0
1 (M),

X̃ = g ◦X ∈ =0
1 (M), ω̃ = g−1 ◦ ω ∈ =1

0 (M).
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Proof. i)

φϕ̃XHY H = (LY H ϕ̃)XH = −LY H ϕ̃XH + ϕ̃LY HX
H

= −LY H
1

2
XH +

√
5

2
X̃V + ϕ̃

(
[Y,X]H + (P (R (Y,X)))V

)
= −1

2

[
Y H , XH

]
−
√

5

2

[
Y H , X̃H

]
+ ϕ̃([Y,X]H + (P (R (Y,X)))V )

= −1

2
[Y,X]H − 1

2
(PR (Y,X))V −

√
5

2
(∇Y (g ◦X))V +

1

2
[Y,X]H

+

√
5

2
[Y,X]V +

1

2
(PR (Y,X))V +

√
5

2
(PR (Y,X))V

= −
√

5

2
(g (∇YX))V +

√
5

2
(gLYX)V +

√
5

2

(
g−1 (PR (Y,X))

)V
ii)

φϕ̃ωV Y
H = − (LY H ϕ̃)ωV = −LY H ϕ̃ωV + ϕ̃LY Hω

V

= −LY H
1

2
(ωV +

√
5ω̃H) + ϕ̃ (∇Y ω)V

= −1

2
LY Hω

V −
√

5

2
LY H ω̃

H +
1

2
(∇Y ω)V +

√
5

2

(
g−1 (∇Y ω)

)H
= −1

2
(∇Y ω)V −

√
5

2
(
[
Y, g−1 ◦ ω

]H
+
(
P
(
R
(
Y, g−1 ◦ ω

)))V
)

+
1

2
(∇Y ω)V +

√
5

2

(
g−1 (∇Y ω)

)H
= −

√
5

2

((
LY g

−1
)
◦ ω
)H − √5

2

(
g−1 (LY ω)

)H
−
√

5

2

(
P
(
R
(
Y, g−1 ◦ ω

)))V
+

√
5

2

(
g−1 (∇Y ω)

)H
iii)

φϕ̃ωV θ
V = − (LθV ϕ̃)ωV = −LθV ϕ̃ωV + ϕ̃LθV ω

V

= −LθV
1

2
(ωV +

√
5ω̃H)

= −1

2
LθV ω

V −
√

5

2
LθV ω̃

H

= +

√
5

2
(∇ω̃θ)V

=

√
5

2
(∇(g−1◦ω)θ)

V
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iv)

φϕ̃XHωV = − (LωV ϕ̃)XH = −LωV ϕ̃XH + ϕ̃LωVX
H

= −LωV
1

2
XH +

√
5

2
X̃V − ϕ̃ (∇Xω)V

= −1

2
LωVX

H −
√

5

2
LωV X̃

V − 1

2
(∇Xω)V

−
√

5

2

(
g−1 (∇Xω)

)H
=

1

2
(∇Xω)V − 1

2
(∇Xω)V −

√
5

2

(
g−1 (∇Xω)

)H
= −

√
5

2

(
g−1 (∇Xω)

)H
2.2. The Vishnevskii operators applied to vertical and horizontal lifts with respect

to the Golden structure on tangent bundle and cotangent bundle.

Definition 2.2. Suppose now that ∇ is a linear connection on M , and let ϕ ∈ =1
1(M). We

can replace the condition d) of definition 2.1 by

d
′
) ψϕXY = ∇ϕXY − ϕ∇XY (2.12)

for any X,Y ∈ =1
0(M). Then we can consider a new operator by a Vishnevskii operator or

ψϕ−operator on M , we shall mean a map ψϕ :
∗
=(M)→ =(M), which satisfies conditions a),

b), c), e) of definition 2.1 and the condition (d
′
) [2, 3, 9].

Let ω ∈ =0
1(M). Using Definition 2.2, we have

(ψϕω) (X,Y ) = (ψϕXω)Y (2.13)

= (ϕX)(ιY ω)−X(ιϕY ω)− ω (∇ϕXY − ϕ (∇XY ))

= (∇ϕXω −∇X (ω ◦ ϕ))Y

for any X,Y ∈ =1
0(M),where (ω ◦ ϕ)Y = ω (ϕY ). From (2.13) we see that ψϕXω = ∇ϕXω−

∇X (ω ◦ ϕ) is a 1−form [9].

Theorem 2.3. Let ∇H be the horizontal lift of the Levi-Civita connection ∇ in M to T (M)

and J̃ be the Golden structure on tangent bundle T (M), which implies J̃2−J̃−I = 0, defined



88 HAŞIM ÇAYIR∗

by (1.6). ψ
J̃

the Vishnevskii operator on M . We get the following formulas

i) ψJ̃XV Y
H =

√
5

2
(∇XY )H ,

ii) ψJ̃XV Y
V =

√
5

2
(∇XY )V ,

iii) ψJ̃XHY
H = −

√
5

2
(∇XY )V ,

iv) ψJ̃XHY
V = −

√
5

2
(∇XY )H ,

where R is the curvature tensor of ∇, X, Y ∈ =1
0 (M) and J̃ ∈ =1

1 (M) .

Proof. i)

ψJ̃XV Y
H = ∇H

J̃XV Y
H − J̃∇HXV Y

H = ∇H1
2

(XV +
√

5XH)
Y H − J̃∇HXV Y

H

=
1

2
∇HXV Y

H +

√
5

2
∇HXV Y

H

=

√
5

2
(∇XY )H

ii)

ψJ̃XV Y
V = ∇H

J̃XV Y
V − J̃∇HXV Y

V = ∇H1
2

(XV +
√

5XH)
Y V − J̃∇HXV Y

V

=
1

2
∇HXV Y

V +

√
5

2
∇XV Y V

=

√
5

2
(∇XY )V

iii)

ψJ̃XHY
H = ∇H

J̃XHY
H − J̃∇HXHY

H = ∇H1
2
XH+

√
5

2
XV

Y H − J̃ (∇XY )H

=
1

2
∇HXHY

H +

√
5

2
∇HXV Y

H − 1

2
(∇XY )H −

√
5

2
(∇XY )V

=
1

2
(∇XY )H − 1

2
(∇XY )H −

√
5

2
(∇XY )V

= −
√

5

2
(∇XY )V

iv)

ψJ̃XHY
V = ∇H

J̃XHY
V − J̃∇HXHY

V = ∇H1
2
XH+

√
5

2
XV

Y V − J̃ (∇XY )V

=
1

2
∇HXHY

V +

√
5

2
∇HXV Y

V − 1

2
(∇XY )V −

√
5

2
(∇XY )H

= −
√

5

2
(∇XY )H
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Theorem 2.4. Let ∇H be the horizontal lift of the Levi-Civita connection ∇ in M to T ∗ (M)

and ϕ̃ be the Golden structure on T ∗ (M) defined by (1.10) and ψϕ̃ the Vishnevskii operator

on M . We get the following formulas

i) ψϕ̃ωV Y
H =

√
5

2
(∇(g−1◦ω)HY )H ,

ii) ψϕ̃ωV θ
V =

√
5

2
(∇(g−1◦ω)Hθ)

V ,

iii) ψϕ̃XHY H = −
√

5

2
(g (∇XY ))V ,

iv) ψϕ̃XHωV = −
√

5

2

(
g−1 (∇Xω)

)H
,

where R is the curvature tensor of ∇, ϕ̃ ∈ =1
1 (M) , X, Y ∈ =1

0 (M) and ω ∈ =0
1 (M),

X̃ = g ◦X ∈ =0
1 (M), ω̃ = g−1 ◦ ω ∈ =1

0 (M).

Proof. i)

ψϕ̃ωV Y
H = ∇Hϕ̃ωV Y

H − ϕ̃∇HωV Y
H = ∇H1

2
ωV +

√
5

2
(g−1◦ω)H

Y H

=
1

2
∇HωV Y

H +

√
5

2
∇H(g−1◦ω)HY

H

=

√
5

2
(∇(g−1◦ω)HY )H

ii)

ψϕ̃ωV θ
V = ∇Hϕ̃ωV θ

V − ϕ̃∇HωV θ
V = ∇H1

2
ωV +

√
5
2

(g−1◦ω)H
θV

=
1

2
∇HωV θ

V +

√
5

2
∇H(g−1◦ω)Hθ

V

=

√
5

2
(∇(g−1◦ω)Hθ)

V

iii)

ψϕ̃XHY H = ∇Hϕ̃XHY
H − ϕ̃∇HXHY

H = ∇H1
2
XH+

√
5

2
X̃V

Y H − ϕ̃ (∇XY )H

=
1

2
(∇XY )H +

√
5

2
∇H(g◦X)V Y

H − 1

2
(∇XY )H

−
√

5

2
(g ◦ (∇XY ))V

= −
√

5

2
(g (∇XY ))V
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iv)

ψϕ̃XHωV = ∇Hϕ̃XHω
V − ϕ̃∇HXHω

V = ∇H1
2
XH+

√
5

2
X̃V

ωV − ϕ̃ (∇Xω)V

=
1

2
(∇Xω)V +

√
5

2
∇H
X̃V ω

V − 1

2
(∇Xω)V

−
√

5

2

(
g−1 (∇Xω)

)H
= −

√
5

2

(
g−1 (∇Xω)

)H
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