International Journal of Maps in Mathematics
Volume 9, Issue 1, 2026, Pages:10-25
E-ISSN: 2636-7467

www.simadp.com/journalmim

INNOVATIVE AGGREGATION METHODS: SEMI-LINDELOF PERFECT
FUNCTIONS AND SEMI-PERFECT FUNCTIONS IN BITOPOLOGICAL
SPACES, TOGETHER WITH THEIR UTILIZATION

ALI A. ATOOM AND MOHAMMAD A. BANI ABDELRAHMAN *

Abstract. Due to the significance of topological spaces in analysis and particular fields,
numerous scholars use distinct frameworks to broaden topological space, encompassing the
concept of topology. The mathematical description of perfect functions in bitopological
spaces emerged as one of most profoundly prominent improvements. Precisely a conse-
quence, we investigate different collections of operator strategies for creating paired semi
perfect functions in this work. Accordance relates to the connections between specific kinds
of pair semi perfect functions and related traditional topologies Function analysis allows
us to explore properties and applications of classical topological concepts with regard for
misalignment. The present study suggests and examines several new classes of perfect func-
tions, such as pairwise semi-perfect functions and pairwise semi-Lindel6f perfect functions,
within the framework of fundamental topological spaces. Through the use of cases and other
instances, the characteristics they have and how they connect to various jobs are examined.
It covers the computation of the Cartesian combination among finite intersection.
Keywords: Pairwise compact spaces, Pairwise semi-Lindelofness, Perfect functions, Pair-
wise semi normal, Applications in bitopological spaces.

MSC (2020): 54C10, 54D20.

1. INTRODUCTION

The characteristics of typical issues include large amounts of information with different
degrees of complexity. Afterwards, it is necessary to establish innovative mathematical meth-
ods to cope with them. There have been some theorized extending topological configurations.
Due to the topological space’s significance in analysis and different uses, such as artificial
intelligence, economics, physics, and statistics. Topological spaces provide a framework to
examine continuity, convergence, and compactness, which are fundamental across various
fields see ( [3,12,13,19,22,23,29,30,37,41]). Kelly [21] introduced the notion of bitopo-
logical spaces in 1963. Thereafter, many topologists have focused on applying well-known
topological concepts to bitopological spaces. In 1969, Fletcher [16] further introduced the
notion of pairwise compactness for bitopological spaces. Later, this concept was extended
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to pairwise Lindelof spaces by Reilly [36] in 1973. In 1980s, Dorsett and Hanna [14,15, 20]
studied the concept of semi-compactness. The concept of semi-open sets and semi-continuity
was introduced by Levine [26], and the notions were extended to bitopological spaces in 1977
by Maheshwari and Prasad [27]. The interrelations between different open sets in topologi-
cal spaces were studied by Khedr [24] in 1992. The concepts of pairwise semi-Lindel6f and
pairwise semi-Lindel6f bitopological spaces were defined by Balasubramanian [9] in 2009. A
set 2 equipped with two topologies & and &5 is called a bitopological space and denoted
by (£, &1,&2). Subsequently, the notions of semi perfect functions in topological spaces were
defined by Atoom et al. [5]. A function ¢ : (27, &1,&2) = (%, p1, pe) is called pairwise perfect
if o is pairwise continuous, pairwise closed, and for each y € %, o~ !(y) is pairwise compact.
They also defined the notion of pairwise semi-perfect functions in bitopological spaces, pro-
vided some characterizations of pairwise semi-perfect functions and pairwise M-semi perfect
functions, and studied the images and inverse images of certain bitopological properties un-
der these functions. Let (27,&) be a topological space, and let 2 be a subset of 2". We
denote the closure of & (resp., the interior of 2) by Cl(Z) (resp., Int(Z)). A subset 2
of (Z,¢) is called semi-open [26] if Z C Cl(Int(2Z)). The complement of a semi-open set
is called semi-closed. The family of all semi-open sets in (2,§) is denoted by S(¢). A &
space (Z,¢&) is said to be semi-compact [28] (resp., semi-Lindelof) if every cover of 2~ by
semi-open sets has a finite (resp., countable) subcover. Let & be a subset of a bitopological
space (£, £1,&2). The closure of 2 and the interior of Z with respect to §; are denoted by
Cli(Z) and Int;(2), respectively. Also, the topologies on Z inherited from &; and & will
be denoted by £12 and £ 2, respectively. The intersection of all semi-closed sets contain-
ing 7 is called the semi-closure [15] of &, denoted by sCl(Z). The semi-closure of 2 with
respect to S(&;) is denoted by s Cl;(2). A function ¢ : (Z7,&1,&2) — (¥, u1, pe) is said to
be pairwise continuous (resp., pairwise open, pairwise closed, a pairwise homeomorphism) if
01: (Z,&) = (#,m)and g3 : (Z,&2) — (¥, pa) are continuous (resp., open, closed, home-
omorphism) functions. In recent years, numerous authors have examined the relationships
between other topological and analytical concepts. Compactness, pairwise semi-compactness,
and pairwise semi-Lindel6fness have been refined to develop new notions within the structure
of pairwise perfect functions and pairwise Lindelof perfect functions in topological spaces,
including product properties for generalized pairwise Lindelof spaces [39], Difference Com-
pactness in Bitopological Spaces [4] pairwise weakly regular-Lindelof spaces [25], Omega
Closed Functions in Bitopological Spaces [8], mappings on pairwise para-Lindel6f bitopo-
logical spaces [11], some results on nearly pairwise compact spaces [32], KC-bitopological
spaces [35], notes on pj-Lindelof spaces which are not contra second-countable spaces in
bitopology [2], Study the structure of difference Lindel6f topological spaces and their prop-
erties [6], two forms of pairwise Lindel6fness and some results related to hereditary class in
a bigeneralized topological spaces [1], some results on pairwise locally compact bitopological
spaces [40], pairwise locally compact and compactification in double topological spaces [31],
Pairwise a-perfect functions [7], and Semi-Compact and Semi-Lindel6f Spaces via Neutro-
sophic Crisp Set Theory [38]. Additionally, the concept of providing stronger and weaker
forms of functions is becoming increasingly prevalent in research. The structure of the paper

consists of several sections. In Section 2, we introduces the essential ideas and terms that are
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crucial to acknowledging semi-perfect functions in bitopological spaces. In Section 3 several
kinds of pairwise semi-perfect functions(briefly; f’;geﬁ) and their relationships are covered.
We further explain and offer an alternative viewpoint on the many E;SZ? function forms
in Section 4, also we investigate and establish the idea of J/DTU:SZ]B functions. Furthermore
we look into the characteristics of pairwise semi-Lindelof perfect functions(briefly; ]Z,Sliﬁ)
In Section 5, we examine a wide range of applications and discuss how they could lead to
changes in multi-variable systems and enhance efficiency across various study areas.

2. PRELIMINARIES

This section introduces the essential ideas and terms that are crucial to acknowledging

semi-perfect functions in bitopological spaces.

Definition 2.1. [33] In a bitopological space (Z,&1,&2), a collection of subsets P is con-
sidered §1§2—semi—0pen(§1§2—§ea) if 2 C S(&)US(&). Additionally, if 2 N S(&1) # 0 and
P2 NS (&) # 0, then D is further classified as pairwise semi-open (nggé)

Definition 2.2. [33] A bitopological space (Z,&1,&2) is considered ﬁ;}g;é;t if every ﬁ;g;
cover of & has a finite subcover. Similarly, it is considered pairwise M-semi compact(briefly;
ﬁ;Z* — /S:@;t) if every 5152-5’;5 cover of Z has a finite subcover. It is obvious that every
RVUZ* — S:é’;t) space s also ]3;5’:6’;5, but the opposite is not true.

Definition 2.3. [10] Consider (Z7,£&1,&2) be a bitopological space. A subset 9 of X is
defined as a semi open set ( S.0) if D C cly(inte?). Additionally, 9 is considered semi
closed if int(cl(2)) C 2, for k =1,2.

Definition 2.4. [10] A function o : (2 ,&1,&) — (¥, u1, u2) is termed pairwise semi
continuous(brf. PySeCpy) if 01 (V) is a SO (or SeC) set for every PySeO (or PySeC) set
Vin%.

Definition 2.5. [10] A function o : (Z°,&1,&) — (¥, p1, p2) is referred to as P,S.C if
both o1 : (Z,&1) — (¥, 1) and 03 : (X ,&) = (¥, 1) are S.C functions. That is if o1 is
S.C in S(&1), then o(FY) is S.C in S(p1). Similarly, if Fy is S.C in S(&2), then o(Fs) is
SeC in S(pa).

Theorem 2.1. [33] A bitopological space (Z,&1,&2) is pairwise semi-compact (EU:S’:(’Z';)
iff every &.-semi-closed subset of 2~ is semi-compact (S.Cp) with respect to the topology &,,
where Kk, € {1,2} and Kk # ¢.

Definition 2.6. [3/] IfU and N are §1§2—§;6 covers of the bitopological space (Z,&1,&2),
then U is said to be a refinement of N if each %, € U N S(&) is contained in some ¥y €
NNS(E), n=1,2.

Definition 2.7. [3/] A collection 9 of subsets of a space (Z,&) is considered locally finite
in (2°,5(8)) if for any x € X, there’s a SO set % such that x € % and U intersects at

most finitely many elements of 9.

Definition 2.8. [3/] In a bitopological space (X ,&1,&2). Let % and N be 5152—/5\;6 covers.
The cover % is considered a refinement of N if any % € % N S(&), there exists a ¥ €
N NS(E), fork=1,2.
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Definition 2.9. [3/] A collection @ of subsets of a space (Z,§) is considered locally finite
n (2 ,5()) if, for any x € X, there exists a S.O set % such that 2 € % and % intersects

with at most finitely many elements of 9.

Definition 2.10. [34/ In a bitopological space (Z,&1,&2), the collection S(&1) is considered
semi-regqular(brf. S. Reg) with respect to S(&) if, for every r € Z and every & S.C set f
such that & ¢ f, there exists a & S’ O set % and a &o- S O set V¥ such that Z € v,f <V,
and % NV = 0. The space (Z,&1,&2) is referred to as PwSeReg if both sets of S.0 sets are
g;}/ig; with respect to each other.

Definition 2.11. [7] A function o : (2 ,&1,&2) — (¥, pu1, u2) is said to be P\;Elg, if 0 is
PoC, PyChy, and for everyy € ¥ 0 (y) is pairwise Lindeléf P,L.

3. A TaxoNoMY OF SEMI PERFECT FUNCTIONS

This section explores the various types of perfect functions and the relationships between
them.

Definition 3.1. A function o : (Z,&1,&%) — (¥, u1, ue) is considered ﬁ;:@;ﬁ, if o is

PwSeCnt7 PwSeC7 and any 'y € & ’ Q_l(y) is ﬁufs\;é;t-

Theorem 3.1. Given that o : (Z,&1,&) — (¥, u1, p2) is a P,S.LP function, for every a
pairwise semi Lindeldf (PwSeE) ¥ CU, 0 (Z) represents P,S.L.

Theorem 3.2. Every ]3;,]3 function is also EUE]B, however, the opposite is not always true.
Proof. while every Eué’;t space is E]f, it follows that every ]’5;)]3 function results ina LP. [
As we will show in an example, the reverse isn’t always the case:

Example 3.1. Consider (R, &, £qi5) be a bitopological space, where & is the standard topology
on R and &g;s is the discrete topology. Consider U, = (v, + 2),1 € Z as an open cover of R
under & that covers R, that is,
R = U (t,0+2).
LEZ

Since the cover is countable and there exists a countable subcover, it follows that (R,&s) is
Lindelof.

Now, consider (R, &gis). In Eqis, every singleton set {x} is open. Consider the open cover
U = {{z} | = € R} of R under &y,. Since U contains all points of R, it is an open cover.
However, no finite subcover of U can cover R, because each singleton only covers one point.

Thus, (R, &4is) is not compact.

Theorem 3.3. Ewvery ]/5;:5’2515 function is also ]/DTUE however, but reverse does not neces-

sarily true.
Proof. Since every HU:S’\;E space is ﬁ;i space, a ﬁ;g;l]g function is 13;E15 function. O

However, as the following example demonstrates, that the opposite not necessarily true:
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Example 3.2. Consider (R, &, &) be a bitopological space, where & is the standard topology
on R and £ is the Sorgenfrey topology with basic open sets [a,b). The space (R, &) is Lindeldf.
Meaning that for any open cover % = {Uy}, there exists a countable subcover. To illustrate

this, consider an arbitrary open cover:
U ={(n,n+2)|nel}

has the countable subcover {(n,n + 2) | n € Z} itself, since Z is countable.

Now, consider the £-semi open cover:
¢ ={lr,x+1) |z R}

This covers R because Yy € R, y € [y,y +1). So, € has no countable subcover.

To examine it; Suppose for contradiction there exists a countable subcover:
T =A{[xm,zm + 1) | m € N}.

Let Y = sup{zy, | m € N}. Two cases: If Y = +o0, this contradicts N being countable.
IfY < +oo, then Y + 1 & U, en[®m: Tm + 1).
Both cases yield contradictions. Thus, (R, &) is not semi-Lindeldf.

Theorem 3.4. Every PTU:S*\;]B function is EU:SY\;EIB function but the converse need not to be

true.

Proof. Since every EU/S\;E'; is also PTU:S’\;E, SO ]3;?5’;? function is EUSGLP function. O

Example 3.3. Consider the bitopological space (S, s, u2), where S = R, ug is the standard
topology on S and us is the discrete topology on S. A set D C S is semi-open in us if D C
cl(int(D)). For example, intervals [a,b) are semi-open in ps. The space (S, ) is semi-Lindeldf
because any semi open cover ¥ = {Vg | B € B} has a countable subcover {Vp, | i € N}. Now,

consider the pg-semi open cover
C={(ll+1)U{l+1}|LecZ}.

FEach set is semi open because (¢,€+ 1) is open in us, {{ + 1} is open in pg and (¢, + 1) C
cl(int((¢,0+ 1) U {¢+1})).
Hence, € has no finite subcover.

To examine it, Suppose for contradiction there exists a finite subcover:
{(Ups b, + D) Ul + 1} | k=1,...,n}.
Let M = max{{}. Then,

M+1¢ U(€k7€k+1)u{€k+1}
k=1

contradicting € being a cover.

Theorem 3.5. Fvery ]’DZ,:S'VQIB function is a ]’3:,13 function. However, the reverse is not

necessarily true.

Proof. Since every IBTU’S;(’Z'; space is ]Z,é’;t space, it follows that every 1’3;:9;]3 function is

also pairwise perfect. O
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We have the following diagram in which the converses of each implication need not be true
as shown by the examples stated above. Moreover, the examples show that the pairwise semi
perfect function are independent.

pairwise Perfect function

T

pairwise Lindel6f perfect function pairwise Semi perfect function

~

pairwise Semi Lindelof perfect function

4. ESSENTIAL FINDINGS ON PAIRWISE SEMI-LINDELOF PERFECT FUNCTIONS

Definition 4.1. A function o : (2 ,&1,&) — (¥, u1, 12) is considered P,S.P , if it s

Theorem 4.1. If o: (27,&1,&2) = (¥, u1, p2) s aP,S.P function, then for every 13;525;5
subset & C %, the inverse image 0% is also PySeCl.

Proof. Let’s consider U = {%, : o € A} be a pairwise open cover of (2, &1, &), since g is a
PwSel3 function, then Vy € ', o~ 1(y) is P,,S¢Cp. Thus,this implies there exist finite subsets
Ay, Ay of A such that

o'y C | Marae U [ {Waraen),
a€hy a€eA;,
where {7, : @« € Ay} is semi open in S(&;), and {W, : a € A,} is semi open in S(&2).
Let Oy = % — o(Z — UaeAy 7,) be a :9:6 set in S(p1) containing y, and 0, = @y —
o & — UaeA; Wy) be a S.O set in S(uz) containing y, where Qil(Oy) C UaeAy ¥, and
Q_I(O;) - UaeA; W,. Define

O0={0y:yeZ}U{0, :yec¥}

as a /P:U,S:ON], cover of . O is a /PZ,SNBON], cover of &.
Since 2 is PySeCypt, we have 2 C |J;; Oy, U U;"Zl 0.
Thus,
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This is a subset of the union of a finite number of U, that is, 0 HZ) is PTU:S'\;CNM.
O

Corollary 4.1. A ]/-_’TUE;C/]; space remains invariant under the inverse of a E{S:ﬁ function.

Using a parallel reasoning, we can conclude these accompanying claims:

Theorem 4.2. If o : (Z7,&1,&) — (¥, ,ul,ug) is a PyZ* — S.P function, then for every
PSCptsubsetﬁpC@ 0 U(Z) is PyZ* — SC’pt

Proof. Theorem 4.1 provides the justification for this claim. O

Corollary 4.2. EUZ* — /S\;C/J';t space remains invariant under the inverse of a ]/D\;Z* — :S’\;]S

function.

Theorem 4.3. given that o : (Z,&1,&2) = (¥, 1, p2) is a P,Z* — S.LP function, then for
every PwSei subset 2 C ¥, 0 (%) is Py Z* — Sef.

Corollary 4.3. A EU:S’\;E space is remains invariant under the inverse of a EUZ* — :S’\;E]Aj .

Theorem 4.4. Given that o : (Z7,£1,&) — (¥, p1, pe) is a P,S.LP function, for every
PyS.L & C Y, 0 U ZY) isa P,S.L.
Remark 4.1. The composition of two I/DTU/S’\;ﬁ functions does not always results in a ]/DTUTS’;ﬁ

functions.

Example 4.1. Consider the bitopological spaces: (2 ,&1,&) where 27 = {a,b,c}, & =
{'%7(0’ {a}v {avb}}7 and & = {'%7@7 {c}} (@>/~L17N2) where & = {1,2,3}, H1 = {@/7@, {1}7
{2},{1,2}}, and po = {#,0,{3}}. (Z,01,02) where Z = {x,y,z}, 01 = {Z,0,{z}}, and
62 ={Z,0,{y,2}}.
Let
0: X =%, oa)=1, o(b) =2, o(c) =

V¥ =2 (1) =z, ¥(2) =y, ¥(3) =2

o and ¥ are HJS:@,;
A function is pairwise semi continuous if the inverse of 1/5/:5'\/6 set is semi-open in &1 or &a.
For o: 071({1,2}) = {a,b} is &1-open (hence semi-open), but not &3-semi i open. 0~ 1({3}) =
{c} is &-open (hence semi open), but not & -semi open. Thus, o is P SeChy.
For ¢ v {z,y}) = {1,2} is p1-open (hence semi-open), but not us-semi open. Thus, 1 is
PyS.Chs.

Now, Consider the Pp,S.0 set V = {z,y} in Z:

(oo (V) =0t (w7 (V) = 07" ({L,2}) = {a,b}.

Check semi-openness in & and &a; In &1: {a,b} is open (hence semi open). In &: {a,b} is
not semi open because clg, (intg, ({a, b})) = clg, (0) = 0 2 {a,b}. Therefore, () o o)~} (V) is
not semi-open in &o, violating Definition 2.4. Thus, ¥ o ¢ is not ]3;5:6’\,;

Remark 4.2. the composition of two EUZ* — :S’\;ﬁ functions does not necessarily yield
anotherP,, Z* — 5’6]3 function.
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Theorem 4.5. the composition of two ]Z,Z* — :S’;]S functions does not necessarily yield
another P,Z* — cht function.

Proof. Let (Z7,&1,&2) where 2" = {a,b,c}.(¥, u1, u2) where & = {1,2,3}.(Z, 61, 02) where
% ={x,y,z}.

Consider & = {27,0,{a},{a,b}}. & ={2",0,{c}}. u2 =4{%,0,{3}}.

Define gla) = L, o(b) =2, o(c) = 3. ¥(1) =2, ¥(2) =y, ¥(3) = =

For o: PyS.Cri: 071 ({1,2}) = {a,b} is &;-semi-open. o 1({3}) = {c} is &-semi-open.
P,S.C: o({a,b}) = {1,2} is py-semi-closed. For ¢: PpS.Cns: ¥~ ({z,y}) = {1,2} is -
semi-open.

Now, consider V = {z,y} € 51—325, then,

(Woo) (V) =o' (¥ (V)) = {a,b}.

Hence, composition fails EU,S:@ in & since the topology mismatch between po and do. [

Theorem 4.6. given that o:(Z, &1, &) — (¥, w1, pe2) is a ]3;:5’:]5 function, and w: (¥,
w1, p2) = (£, 01, 02) is a pairwise perfect function, w o g is a P,S.P function.

Proof. Consider 7 be any d1-open set in 2. Since w is a pairwise perfect function, then
w_l(%) is a p11-open set in %, Since g is a pairwise semi perfect function, then o~!(w™1 (7))
is a &- SOsetm%

Similarly, let £ be any ds-open set in Z. Then, wopis a ﬁ;@;ﬁ function. O

Using a parallel reasoning, we can conclude these accompanying claims:

Theorem 4.7. given that o : (Z,&1,8&2) = (¥, p1, p2) is P,S.LP function and w:(% , u1,

wa) = (2, 61) is pairwise perfect function, w o g is P,S.LP function.
Corollary 4.4. If o : (Z',&1,&) = (¥, u1, p2) is a Py Z*—S. P function and w : (%, 1, o) —
(Z,61,02) is a pairwise perfect function, then wo g is a PyZ* — S.P function.

Proposition 4.1. If the composition w o o of the PySeCry function o : (2, &1, fg) onto,
(%, 1, p2) and the pairwise continuous function w : (¥, u1, po) —— onto, (Z,01,092) is PwSeC’,
then the function w : (%, u1, pa) — onto, (Z,01,02) is P,S.C.

Proof. consider 2 be a pi-closed set in #. Then o~ '(2) is 51—:5’;5’ in 4. Since p is a
P,S.Cry function and w o g is PyS.C, then w(op(o~(2))) is 61-S.C in Z, ie., w(2) is
61-S.C in Z.

Similarly, we can show that if £ is a us-closed set in %, then w(%) is 52—3’;6 in Z. Thus,
wis a EUE;CN' function. O

O’VLO

Theorem 4.8. Given that ¢ : (2 ,&1,&2) —
continuous w : (¥, p1, po) — onto, (Z,61,02), if the composition w o g is PwSeP, then w is
P S P.

(¥, 1, p2) is P S Cm functzon and pairwise

Proof. For every z € Z, w(2) = o((wo 0)1(2)) is PyS. Cpt, because wo g is PySeP. Since

w is P,S.C by the previous proposition, we get that w is P S P. O
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By applying similar reasoning, we can derive the following related claims:

Theorem 4.9. Given that the PyS.Chy function, o : (Z,&1,&%) — onto, (@ /~L17H2) and
pairwise continuous w : (¥, pl,,ug) onto, (Z,01,02). If wop is a PwSeLP, then w :
(@,ul,,ug) ono (g 51,52) ZSP SLP

Theorem 4.10. Given that o : (Z,&1,&) — onto, (@ ul,ug) is a PyS.C function, for any
B C X, the restriction oz : 0~ (B) — B is also PwSeC’.

Proof. Given that 2 C %. let the function o : (2, &1, &) =% (%, 1, p2), and consider Z
be a 51—§;6 set. Then,

02(2 N0 (B) = 0(2)N 2
which is ,ul—/S\;é in #. As well, we can show that if & is a 52—:9\;5' set, then

0#(2 N0 1 (B) = o(2) N A
is ,ug—S’Neé in 2. Hence, 0z : 0~ (B) — B is P;S:é’ O

Theorem 4.11. Given that o : (2, &1,&) 2% (@ Wi, p2) 1S a PSP function, for every
B C X, the restriction oz : 0 (B) — B is PwSeP.

Proof. This result is an immediate consequence of Theorem 4.10. O

Definition 4.4. A space ({X} &1,&2) is said to P,S. Ha,usdorﬁ if, for each two distinct
points © and y, there exist a S — &1 -neighbourhood % of x and a S — &-neighbourhood ¥V
of y such that % NV = (.

O’I’LO

Theorem 4.12. If o : (5{,51,@) (¥, ul,,uQ) is PyS. P, where (¥, 1, p2) is PySe—
Hausdorff, and (2 ,&1,&2) is PwSeCpt, then o is P,S.C.

Proof. If 9 is a 51-,5:6 subset of (Z7,&1, 52) it is also &o- ,SVCTW due to the /Pz,/g;(zt of
(Z,&1,&). Since p is PyS.Cht, (@) is a fi9-S.Chy vt subset of (%, u1, p2).
Moreover, since (@ 1, o) is P,S.— Hausdorff, it follows that 0(2) is a - -S.C set. As
well, if #Zis a {2—SGC' subset of 2, then o(#) is a ug—SeC subset of (%, 11, p2).
Il

Using similar reasoning, we can deduce the following related assertions:

Theorem 4.13. Given that 0 (% £1,8) — onto, (¥, 1, ,ug) be a PyS. LP, where (Z,&1,8)
is P S L and (%, p1, p2) is P S Hausdorff, then o is P S C.

onto,

Theorem 4.14. If 0 : (Z,6,8%) — (¥, ul,,ug) is a PyZ* — S.P functzon where
(', 1, p2) is P S Hausdorff, and (2 ,&1,&2) is P 7"~ S, Cpt, then o is P S C.

Definition 4.5. A function o : (Z,&1,&2) = (¥, 1, u2) is termed a P,,Se-homeomorphism
if 0 is PySeCpy (or PwSea), and o is a bijection.

Theorem 4.15. Consider o : (Z,&1,&%) — (%, u1,12) be a bijective function that is
P S Cm If (%, pa, p2) is a PySe-Hausdorff space and (Z,&1,&2) is PpySeCpt, then o is

a P S -homeomorphism.
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Proof. Tt’s enough to show that g is ﬁ;ﬁ;é . Consider f be a {,-closed proper subset of 2,
and hence f is a proper &- B*@; set, where k # ¢, and k,t = 1,2. By using Theorem 2.1, we
know that o(f) is - S. Cpt But since (%, u1, u2) is a P, S.-Hausdorff space, o(f) is ,u,.;—:S’ve
closed. Therefore, g is a P S -homeomorphism function.

O

Definition 4.6. A function o : (Z7,&1,&2) — (¥, 11, pe) is termed ]/D;/S\;—strongly function
(or P,,Se-weakly function) if for any PO cover U = {% : a € A}, there exists a EU:S';E):,
cover V.= {7V, : v €T} of ¥ such that each o~'(¥4) has a finite subcover of U.

Theorem 4.16. Given that o : (2, §1,§2) (@ Wi, p2) be a P,,S.-strongly onto function.
(Z7,&1,&) is P,Se Cpt if (7, 1, p2) is P,S. Cpt

Proof Consider U = {%, : a € A} is a pa1rw1se open cover of (Z£7,£1,&). Since p is a
P, S.-strongly function, there exists a PySe O cover V = {¥, : € F} of (¥, pu1, p2), such
that each o~1(7#;) has a finite subcover of U. But (%, u1, p2) is P,S. Cpt, so there exists a
finite subset I'y C I', such that & = (J,cr, 75 therefore, 2" = |J ~1(¥;). Thus, each
o 1(¥,) has a finite subcover of U, implying that 2~ is P,S. Cpt

vely @

O

Definition 4.7. A bitopological space (2 ,&1,&2) is called lf'z,Z* — ,SVQ—pamcompact if each
PwSea cover of & has a pairwise locally finite £1&2-open refinement.

Definition 4.8. A bitopological space (Z,&1,E&2) is called /PZ,SNe-pamcompact if each /PZJSNeé

cover of & has a Eu—locally finite pairwise open refinement.

Theorem 4.17. Given that o : (Z,&1,&2) — (¥, u1, u2) be a PyS. P function, and (¥, p1, p2)
is a Py Se-paracompact. Then (2, &1,&2) is PySe-paracompact.

Proof. Consider U = {Z, : « € A} be a IDZ,S?@ cover of (27,£1,£2). Since p is a I’Z,,Svej5
function, then for all y € %, o~ !(y) is ]3;:9\;6';5. There exists a finite subset Ay, Ay of A such
that o~ !(y) C UaeAy{“l/a o€ Ayt U UaeA;{Wa ta € Aj}, where {75t o € Ay} s 5.0 in
S(&1), and {Wy 1 a € A} is 5.0 in S(&). Let Oy =% — o (3&” - UaeA 7/) be a S.0 set
in S(u1) containing y, and Oy = % — o (ﬂ&” UaEA* ) be a S0 set in S(p2) containing
y, where 0~1(0,) C Uaea, 7o, and 0 10} € UaeA; We. Let O = {0, :y € #}U {0; -
y€Y} bea PyS.0 cover of . Since (', 1, po) is E:S’Z-paracompact, O has a ﬁ;—locally
finite open refinement. Say H = {#% : B € T1} U {5} : # € Iy}, where {Hy : # € '}
is p1-locally finite paracompact of O, and {7, : # € 'z} is pa-locally finite paracompact
of Oy, I' =T1 UTl2. Let G = {07 (%) N Vo : k= 1,2,...,n,8 € T1,a € Ay} be a
£1-S. open locally finite refinement of {#, : @ € A}, and let Go = {0} (L) N W, : K =
1,2,...,n,% € T'y,a € A}, } be a fg—gé—locally finite refinement of {W, : a € A}. Let
G = G1UG5. Then G is a EU/S\;—locally finite semi open refinement of U, so (2", &1, &) is a

Zf?;:q\;—paracompact space.
O

Corollary 4.5. Consider o : (Z,&1,&2) — (¥, pa, ,ug) be a PyS.P function, and (¥, p1, p2)
s a P zZ* — S paracompact,then (2, &1,&2) is P zZ* — Se -paracompact.
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Corollary 4.6. Consider o : (Z,&1,&2) — (¥, pu1,u2) be a P,S.L perfect function, and
(Y, 1, p2) is a P,Z*— S, -paracompact, then (2 ,&1,&2) is P,Z*— S, -paracompact.

Theorem 4.18. The PwSe—Hausdorﬁ property is preserved under PwSeP.

Proof. Consider (Z2,&1,£2) be a jDZ,:S’Z-Hausdorff space, o0 : (Z7,&1,&) — (¥, u1,u2) be a
Eﬁ;ﬁ function, and y; # yo in (%, p1, pu2). Then o7 '(y1) and o~ '(y2) are disjoint and
ﬁ;:q\;é;t subsets of (Z7,&1,&2). Since (27,£1,&2) is a EUE;—Hausdorff space, there exists a
51—326 % of Z and a 52—325 ¥ such that o~ (y1) C %, 0 (y2) C ¥, and Z NYV = ). Let
the sets % — o(Z — %) be a 111-5.0 set in (%, p1, p2) containing yq, and % — o(Z — 7))
be a ,u2—§;5 set in (%, pu1, u2) containing yo, such that

Y — o X —UNOY — (X — )
=Y —[o(Z = U)Vo(Z =)
=Y —o(Z —(%nY))
=% —o(2)

Therefore, (%, p1, p2) is a PTU:S’\;—HauSdorff space.
O

Remark 4.3. The J/D\;:g\;-Hausdorﬁ property preserved by the inverse images of R:,:S’Zﬁ func-
tions.

Remark 4.4. The EUSNG—Hausdorﬁ property is preserved under EUZ* — :5'215

Remark 4.5. The HUSNQ—Hausdor[fpmperty 1s preserved by the inverse images of/PZ,Z*—Eﬁ

functions

Remark 4.6. The EU:S’\;—Hausdorﬁ‘ property is preserved by the inverse images of ﬁ;Z* —
S.LP functions

Lemma 4.1. Consider 2" be a EU:S':E;, space, and 9 be a f,{—g;é;t subset of ', k =1,2.
Then for each {H—:S'; neighbourhood % of 9, there exists a f,{—fS\;OV set W such that 2 C W C
sCle, (W) C %, where k,0 = 1,2 and k # ¢.

Proof. For every d € &, there exists a g,i-:sié set ¥(d) such that
SCle, (#(d)) € .

7@0.
1
Let W = U, #(d;). Then, W is £,-S.0. But,

sClg, (W _wQ<U¢%h>:Lh@d7MMg@ﬁ

S0,

=

@gU%mggw&(

t=1 t

t=1

Hence,
92 CWCsCl, W)C %, r,oe{l,2}, K#ut
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Lemma 4.2. Consider 2" be a EU:S’ZEEZ space, and 9 be a 55—3’25 subset of 2, k = 1,2.
Then for each &x-Se neighbourhood % of 9, there exists a &-Seé set W such that 9 C W C
sCle,(W) C U, where k,0 = 1,2 and k # ¢.

Theorem 4.19. Consider o: (2, §1,§2) (¥, 1, p2) be a PyS. Pfunctzon and (2, &1,&2)
s a P S, Reg, then (%, u1, po) is P S. Reg

Proof. Given p1,,-S.Oset ¥,y € ¥, k,1=1,2, o l(y) € o7 H(¥)in 2. Since 2 is EU,S:R\;Q,
there exists £x-S.0 set % (by using Lemma 4. 1), such that p~'(y) € W C sClg, (W) C
o N(¥), kK # 1. Since g is &- S, Cm, then there exists pi,- S. nelghborhood W of y, such
that o~ !(y) C W, but W C o(s Clg,Z) C ¥. Since o(s Clg, %) is (1,-Se closed, y € W C
s Cl, W) Co(sCle#)C V.

Hence, % is EUE;RW.

g

Corollary 4.7. Consider o : (4, §1,£2) (%, 1, p12) be aPy,S.LP function, and (Z,&1,&)
is a P S. Reg, then (%, u1, po) is P S Reg

Remark 4.7. The jﬁ;g;ﬁ; space is preserved under the inverse image of I/DTU:S’Z]B
Remark 4.8. The ﬁ;g;}z; space is preserved under E,Z* — §;15

Corollary 4.8. The 13;3’;]/%\8; space is preserved under the inverse image of I?’;Z* — /5\*;]5
Corollary 4.9. The /PZJSNej%; space is preserved under the inverse image of }TUZ* — :S':EIB

Definition 4.9. A bitopological space (2 ,&1,&2) is called EU:S’;—normal if for each §,€—:S’veé
set 9 and fL—Seé set B, there exist fL—Seé set % and &—Seé set ¥V, such that 9 C %,
BV, and % NV =0, where k,. = 1,2 and k # ¢.

Theorem 4.20. Consider o : (Z°,&1,&2) — (¥, p1, pu2) be a P, S.P function, and if (Z,61,&)
is PySe-normal, then (¥, 1, u2) is also P,Sc-normal.

Proof. 1t follows by applying Lemma 4.1 and theorem 4.19. O

Theorem 4.21. Consider (Z°,&1,&2) and (¥, u1, p2) be any bitopological spaces. If (Z°,&1,&2)
is PyZ* — ScCpt, then the projection function: O : (2" x % ,&1 X p1,&e X p2) = (¥, p1, p12)
Proof. If (2,€1,&) is PyZ* — SoCpy, then (27,&1) is Z* — SoCpy, and (2, &) is Z* — SoChy.
Thus, the projection functions ¥ : (2" x %/, 51 X 1) — (¥, p1) and Vo : (2 XX &g X pg) —

(%, j13) are semi closed. Therefore, ¥ is PyS.C.
l

Theorem 4.22. Consider (Z,&1,&2) and (¥, u1, p2) be any bitopological spaces. If (Z,&1,&2)
is PyZ* — S, L, then the projection function: ¥ : (Z XX & X pa,&a X po) = (Y, ua, p2) s
P,S.C.
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Proof. Given that (2Z7,&1,&2) is E;Z* — :S’Ve@;t, then (27,&) is Z* — ZSZE, and (42, &) is
Z* — S.L. Thus, the projection functions 9; : (2 X @& x u) = (#,u1) and 99 :
(X X W & X po) — (¥, u2) are semi closed. Therefore, 9 is PyS.C. O

Corollary 4.10. Let (Z7,£1,&2) and (%, p1, pa) be P, Z* —:S'VECNpt spaces, then (2" x % & X
M17£2 X MQ) 18 PwZ* - SeCpt-

Corollary 4.11. Let (Z,&1,&2) and (¥, 1, p2) be ﬁ;Z* —:SZE spaces, then (Z X %, & x
pa, & X pa) is PyZ* — SeZ-

5. PROSPECTIVE APPLICATIONS

This section investigates the future possibilities of new aggregation approaches, specifically
the applications of semi-Lindelof perfect functions and semi-perfect functions within bitopo-
logical spaces. We next look at how these notions might be used to promote both theoretical
research and practical applications in a variety of fields.

In neutrosophic topology, where any point can have degrees of truth, indeterminacy, and
falsehood, pairwise perfect functions could provide a glimpse of how different topologies
interact when some truth-values are preserved across mappings. This could find use in fuzzy
systems, decision-making, or uncertainty modeling.

Having numerous topology types in mathematical modeling of economics and decision
theory might be effective in representing several utility functions or preference structures,
particularly in multicriteria decision-making. When it comes to optimization or equilibrium
models, a pairwise perfect function can be thought of as a mapping that precisely maintains
certain fundamental characteristics across various assessment criteria.

Additionally might enhance AI models. Artificial intelligence models may learn more
quickly and achieve superior performance in tasks such as language processing and rein-
forcement learning if they simultaneously use pairwise semi perfect functions in bitopological
spaces. Moreover, Semi-Lindel6f perfect functions may increase prediction models’ accuracy
by allowing better handling of complicated data topologies.

As well the semi-Lindelof perfect function and semi perfect function in bitopological spaces
may lead to the development of novel quantum algorithms that take use of quantum systems
dual nature.

6. CONCLUSION

The paper investigated the relationships between pairwise semi-Lindel6f perfect functions,
pairwise perfect spaces, pairwise Lindelof perfect functions, and pairwise semi Lindel6f per-
fect functions in the bitopological spaces from which those functions come from. Using the
conceptual framework of pairwise semi perfect functions provided currently, the research
illustrated the requirements for connecting pairwise semi sets and continuous closed func-
tions. We assessed the relationships between these ideas and declared them with many
different functions. The other objective of the examination was to highlight specific details
of the intricate features of pairwise semi-perfect functions as well as some peculiarities in the
Cartesian multiplication of these functions under specific conditions. Additionally, some il-

lustrative scenarios and the main features of these notions were thoroughly investigated. We
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outlined their essential traits in their entirety and clarified what was needed for getting them
into parity. The research also highlighted these functions characteristics and offered numer-
ous examples of them. These responsibilities will serve as a basis for additional research into
the prospective outcomes of each of these roles. Further research could explore additional
iterations of these features. Pairwise semi-perfect functions can be defined and studied in
various contexts, such as: (1) Neutrosophic semi-perfect function in bitopological spaces;
(2) Pairwise semi-perfect functions and domain theory; (3) Pairwise fuzzy semi-perfect func-
tions; and (4) Finding applications for our newly discovered pairwise semi-perfect function
results in Artificial Intelligence, Multi-Dimensional Optimization, Quantum Computing, Risk

Management,and broad continuity.
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