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SOME CLASSES OF LACUNARY WEAK CONVERGENCE OF
SEQUENCES DEFINED BY ORLICZ FUNCTION
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ABSTRACT. In this article, we introduce the notion of difference lacunary weak convergence
in sequences defined by an Orlicz function. We examine several algebraic and topological
properties and establish some inclusion relationships between these spaces.
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1. INTRODUCTION

The idea of weak convergence, first proposed by Banach [I], is a foundational concept in
functional analysis, offering a framework for understanding the convergence behavior of se-
quences in infinite-dimensional spaces. Despite its significance, weak convergence has several
limitations, particularly when dealing with more complex sequence structures or when finer
convergence criteria are required.

In recent years, researchers like Mahanta and Tripathy [15] have advanced the study of vector-
valued sequence spaces by exploring new types of convergence and their implications. Their
work has contributed to a deeper understanding of the algebraic and topological properties
of these spaces and has led to the development of innovative tools and techniques for ana-

lyzing convergence in more generalized contexts. This expanding research underscores the
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continuous evolution and refinement of sequence space theory, addressing the shortcomings
of traditional weak convergence and meeting the demands of increasingly complex mathe-
matical analysis.

Freedman et al. [7] conducted pioneering research on lacunary sequences, investigating
strongly Cesaro summable and strongly lacunary convergent sequences in the context of
a general lacunary sequence 6. Their work uncovered significant connections between these
two classes of sequences. Following their initial findings, researchers such as Ercan et al.
[5], Gumus [8], Dowari, and Tripathy [2 3] have further explored various aspects of lacunary
sequences, broadening our understanding of their properties and applications. More recently,
Tamuli and Tripathy [19, 20] have advanced this field by examining generalized difference
lacunary weak convergence of sequences. Their study sheds light on new convergence behav-
iors and enhances the theoretical framework for analyzing lacunary sequences, highlighting
the ongoing development and deepening of this area of research.

Motivation: In recent years, the study of weak convergence in Banach [I] spaces has gained
significant attention due to its essential role in various areas of functional analysis, including
the theory of distribution, optimization, and approximation methods. The concept of weak
convergence was introduced by Banach in the early 20th century, specifically in the 1920s.
Banach developed the theory of weak convergence while working in the context of Banach
spaces, which are complete normed vector spaces. His work laid the foundation for the study
of weak convergence in functional analysis. Fatih Nuray [13] investigated lacunary weak sta-
tistical convergence. Motivated by this work, we have investigated some classes of lacunary
weak convergent of sequences defined by Orlicz function.

Potential Applications: The work done in this article are on weak convergence. The con-
cept of strong convergence implies weak convergence, but not necessarily conversely. There-
fore the work done in this article can be applied for other areas of research, and since, it

covers a larger class of sequences.

2. DEFINITION AND PRELIMINARIES

The concept of the difference sequence space Z(A) was first introduced by Kizmaz [9],

defined as follows:
Z(A) ={z = (z1) : (Azy) € X},

where Az = (Axyg) = (2 — xp41), for all k € N.

Later, Et and Colak [6] extended this idea by defining generalized difference sequence spaces,
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expressed as:
Z(AP) = {z = (k) : (APzx) € X},

for Z = ly, ¢, and ¢y, where APz = AP~z — AP 1z and A%z, = 2 V k € N.The
binomial expansion for this generalized difference operator is provided below:
£ p
APzy, = (~1)" Tpyo, for all k € N, (2.1)
v=0 v
These generalized difference sequence spaces have been further studied by researchers such
as Tripathy [16], Tripathy , Et and Altin [I7], among others.
Consider a sequence 6 = (ks) of positive integers, which is termed lacunary if kg = 0,0 <
ks < ksy1, and hy = ks — ks_1 — 00 as § — oo. The intervals determined by 6 are denoted
by Is = (ks—1,ks), and qs = ks/ks—1 V s € N.
According to Freedman et al., the space of lacunary strongly convergent sequence Ny is
defined as follows: [7]
Np=<z: i 1Z|<L|—0f L
= x.sgﬁlohs' x; — L] = 0, for some .
el
An Orlicz function H : [0,00) — [0,00) is defined such that #H(0) = 0,H(z) > 0 for =z >
0, and H(z) — oo, as © — oo. This function is continuous, non-decreasing, and convex.
Lindenstrauss and Tzafriri [I2] introduced the concept of the Orlicz function to define the
sequence space
o, (il
ly = {(:BZ) Ew: ZH <l> < oo, for some p > 0},
; P
=1
where w denotes the class of all sequences. The norm of the sequence space {4 is given by
= (|
||| = inf p>0:ZH<Z> <1y,
i=1 P
which transforms it into a Banach space, commonly referred to as an Orlicz sequence space.
Various researchers, including Tripathy and Esi [I8], Parashar and Choudhury [14], Tripathy

and Mahanta [I5], have explored different forms of Orlicz sequence spaces.

Definition 2.1. A sequence (x;) in a normed linear space X is called weakly convergent to

an element L € X if

lim f(x; — L) =0, forall f € X,

i—00

where X' represents the continuous dual of X .
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Definition 2.2. A sequence (x;) in a normed linear space X is said to be lacunary weakly

convergent to L € X if

Jim > g =) =0,
kels
or all f € X', where X' is the continuous dual of X. In this context, the notation DY used
0

to denote lacunary weak convergent.

Definition 2.3. The sequence space J is termed solid if, for any sequence of scalar (o)

with || <1 for all i € N, the condition (z;) € J implies (a;x;) € J.

Definition 2.4. A sequence space J C w referred to as monotone if it includes all pre-images

of its step spaces.

Definition 2.5. A sequence space J C w is known as symmetric if, whenever (z;) € J, the

permuted sequence (mw(i)) also belongs to J, where 7 is a permutation of N.

Definition 2.6. A sequence space J is said to be convergence free, if x is in J and if yr =0

whenever x = 0, then y is in J
Lemma 2.1. A sequence space J being solid does not necessary imply that J is monotone.

Definition 2.7. An Orlicz function H satisfies the Ao— condition if there exists a constant

T > 0 such that, for each z >0

H(22) < TH(2).

3. MAIN RESuULT

In this section we introduce the following classes of sequences and establish result invloving

them.

(AP
Dy, H,AP]g = ¢ = = (zg hmZ’H(‘f xk)‘)z(), for some ¢ >0, ;

Py, —
Dy, H,AP]; = ¢ x = (zx) : im — ZH(WM):O, for some L and g >0 ;;
P
Dy, H,AP|oo = § & = (z3) lim ZH<|f(A wk”) < 00, forsome g>0
S oo g

5 kel

We state, without proof, the following result.
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Theorem 3.1. The classes of sequences [Dy,H,APlo, [Dy, H, APy and [Dy, H,AP] are

linear spaces.

Theorem 3.2. For any Orlicz function H, [Dy, ", AP|s is a normed linear space for the

given norm

P
1 AP
pr(x):Z|f(a:i)|—l—inf g>0:suphZH(W)SLS:LQ,&... ;
i=1 5 kel

where the infimum is taken over all g > 0.

Proof. Clearly, éar(x) = Ear(—2),x = 6 implies APz, = 0 and as such we have H(0) = 0.

Therefore £ar(0) = 0. Conversely support that Ear(z) = 0, then

| f(APzy)| _ _
Z|fxz\—|—1nf g>0: suph > H < <1,s=1,2,3,...» = 0.

kels g

P
éZ] (;)] =0and infdg>0: SUp 7 Z’H(W)SLS—I,Z,&... =0.

i=1 58 kel

From the first part we have
=0, fori=1,23 ..m. (3.2)

where, 0 is the zero element. In accordance with this second section, there exists some

g: (0 < ge < ¢) for a given € > 0. such that

SupZ’H(V(Aw> <1

S kel Ge
p
kel Je

Thus,
Zf}_[(\f (APzy)| ) ZH(\fA flfk)\) <1
kel kel Ye

|f(APzc, )|
3

Suppose APz... # 0, for each 4. Taking ¢ — 0, we have — 0.

It follows that
|f(APzy)|
S ( oo,
kel
as € — 0, for ¢; € I;. Hence we arrive at a contradiction. Therefore, APz, = 6, for each i €

N. Thus APz, = 6,Vk € N.
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Therefore, it follows from (2.1) and (3.2) that xj, = 6, Vk € N. Hence x = 6.
Next let g1, g2 > 0 such that
!f(prk)|>
su H———) <L
wi Du(H5) <

and

sup - ZH (’f(Apxk)’> <1.

5 kel 92

Let g = g1 + g2, then we have

Suph ZH (|f(Ap(l’k+yk)|> <1

kels g

Given that the ¢’'s are not negative, we have

p

Ear(z+y) = Z | f(zi+y;)|+inf ¢ g > 0 : sup hi Z H <|f(Ap(xk + ykm) <1l,s=1,2,3,...

i=1 s s el Y

= &ar(z +y) < €ar(z) +Ear(y).
Let ¢ # 0, and ¢ € C, then

P p
§Ap(g0x):2\ (pz;)] +inf< g >0: Sup 7 ZH(W) <1,5s=1,2,3,...
i=1 kel

< lelsar ().

This completes the theorem’s proof. O
Theorem 3.3. The sequence space [Dy, H, AP is convex.

Proof. Consider (zx), (yx) € [Dy,H,AP]w. Then from the definition of the space we can

write

AP
lim — Z H <‘f xk)’) < 00, for some g, >0,

AP
lim ZH<M> < 0o, for some g, > 0.
s—00 hig eyl Iy

Now, for z = Az + (1 — A)y we have to show that

iy 3 g (A1 1 V)

S‘)OO gZ

) < o0, for some g, >0
S kel,

Since H is convex function, we have

(80 Q) g (S (U7,

9z 9z 9y
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where g, = Agz + (1 — N)gy

Now, taking the limit s — oo :

i 9 (V50 <o e S (VS ) ot 3 (M

kel ® kel Ya kel Iy
Therefore, z = Az + (1 — Ny € [Dy, H, AP
Hence [Dy, H, AP] is convex. O

Theorem 3.4. Let Hi and Hs be Orlicz functions satisfying Ao— condition. Then
(Z.) [Déua Hi, Ap]g - [Dél)? Ha Hi, Ap]g'
(11)[Dy’, H1, AP)g N [Dy, Ha, AP]|g C [Dy’, H1 + Ha, AP]g, where G =0,1, and co.

Proof. We prove it in the case of G = 0, we will apply same methods to the remaining cases.

(i) Let (xx) € [Dy,H1, AP]p. Then 3 g > 0 such that

s]irgoi ZH (!f Apfﬂk)|> _0

Let 0 <e < 1and 0< ¢ < 1such that Ha(t) <e, for 0 <t <.
Let yp = H1 (WAHM) and consider
D Holyr) = > Holyr) + Y Halyw),
kel 1 2

where the summations are over y; > ¢ in the second summation and over y; < ¢ in the first.

Since,
1 1
- > Ha(y) < Ha(2) - > (wr), (3.3)
s ]
for yx > J, we have
Yk
1 g
Y < 1+ 5

Given that Hs is convex and non-decreasing, it follows thatSince, Ho is non-decreasing and

convex, it follows that

Ho(yr) < %HQ( ) + 7‘[2 <2gk) .

Since, Hs satisfies Ao— conditions, we have

Ha(yr) = K5 Hal2).

)
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Hence,

hi Zﬂz(yk) < maz (1, K5—17-[2(2)) hi Zyk (3.4)
52

S 2

Taking limit as s — oo, from (3.3) and (3.4) we have
(:Ek) S [Déu, 7‘[2.7‘[1, Ap]o.

Similar proof can be shown for the other cases.

(ii) The proof is obvious and omitted. O

Taking H1(z) = x and Ha = H(z) in Theorem 3.4(i) we have the following particular case.
Corollary 3.1. [Dy, AP]y C [Dy, H, AP]o

Theorem 3.5. If p > 1, then [DY, H,AP"Yg C [DY,H,AP]lg for G = 0,1,00. In gen-
eral [DY, H,A"g C [DY,H,AP]g fori=0,1,2,...,p— 1.

Proof Let (zy) € [Dy,H, AP~ .
Then we have,

p—1
lim — Z H (M) =0, for some g > 0. (3.5)

Given that H is convex and non-decreasing, it follows that

;Z%Cf@pl'k)!):h S (!f (AP~ 1oy, — AP~ xk+1)’>

5 kel 29 kel, 29
1 | (AP, |FAP g 0)] $k+1)|
< > H (g Z H
kels kGI

as s — 0o, we have

N I;ISH <|f(Ag$k)|> ~ 0. by (3
which implies (z) € [Dy, H, AP]o.
The remaining cases will proceed in a similar manner.
Proceeding inductively we have, [DY, H,Aflg C [D¥, H,AP]g and i = 0,1, ...,p — 1.

The next example strictly follows the inclusion above.

Example 3.1. Let § = (2°) be a lacunary sequence and H(x) = x. Consider a sequence
(1) = (KP~1). Then AP(xy) = 0, AP~y = (=1)" Y (m-1)! for all k € N. Therefore (x}) €
[,Déufov AP]O but (xk) ¢ [,quufovAp_l]O
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Theorem 3.6. The space [Dy,H,AP|g, where, in general, G = 0,1,00 are not solid. The
space [Dy, H]o and [Dy, H]s are solid.

Proof Let (zj) € [Dy, H]o.
Then there exists g > 0 such that

slggo]i S <|f($k)|> _o

kel g

Let (%) be a sequence of scalars such that || < 1. Then for each s we can write,

;ZH(M> S;ZHCJ’(%)I) (3.6)

8 kel, g S kel, g

:Sg%o]iz:%(m):o.

kels g

= (meaw) € [Dy', Hlo-

From the above inequality (3.6) it follows that [Dy’, "]« is solid.
To show that the spaces Dy, H, AP]q, [Dy, H, AP], are not solid, in general, we illustrate

the following examples.

Example 3.2. Consider the function f(x) = x,V x € R, and let X = R, with p = 1,.
Let us consider the sequence (xy), defined by x, =k, V k € N. Let H(x) = 2", r > 1 and
the lacunary sequence 8 = (2°). Then (x) € [Dy,H,AP]y and (zy) € [Py, H,AP]. Let
(30 = (1), then (map) ¢ (DY, H. AP} and (vean) ¢ [DF Hy A

We consider the following example to show that [Dy’, H, APy is not solid in general.

Example 3.3. Let X = R and consider the function f(x) = z,V x € R. let p = 1, Let us now
consider the sequence (xy), which is defined as x, = 1,V k € N. Assume that H(z) = z",

r = 2, and that the lacunary sequence is 0 = (2°). Let () = ((=1)%),V k € N. Then,

(vewk) ¢ [Dy, H, AP]o.
Thus, the set [Dy,H, APq is not solid.

The following result is a consequence of Lemma 1 and Theorem 6.
Corollary 3.2. The spaces [Dy, H]o and [Dy,H|s are monotone.
Result 1. The space [Dy, H, AP|y is not convergence free.

Proof The following example makes it obvious.
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Example 3.4. Let p = 1,H = z and f(z) = z. Consider a lacunary sequence 0 = (2°).

Consider a sequence (xy) which is define as
1
zh =5 (1 - (—1)’“)
Then, (z) € [Dy, H,AP]g. Consider the sequence (yi) defined as

k, ifk is odd
T =
0, if k is even.

Then, (yk> ¢ [Dg)vHv AP]O-

Result 2. The spaces [Dy, H,AP]g, where G = 0,1,00 are not symmetric in general.

The following example is given to support the previous result.

Example 3.5. Let p = 1, let X = R, and the function f(x) = x, Yx € R, be considered.
Let H(z) = 22, and a lacunary sequence 0 = (2°). Considering the sequence (x3) where
(xk) € [Dy,H, APy, define it as:

1 if k=2"for some m € N,
Tl =

0 otherwise.

After rearranging the sequence (xy) as follows, let (yy) be considered:
Y = (xl,xg,x4,x3,a:g, . )

Then, (yx) ¢ Dy, H, AP]g, where G = 0,1, c0.

(DY, H,AP)g, where G = 0,1,00 are not symmetric in general.

4. CONCLUSION

In this paper, we have introduced and studied the concept of difference lacunary weak
convergence in sequences defined by an Orlicz function. Through our exploration, we have
thoroughly examined the algebraic and topological properties of these sequences, providing
a foundational understanding of their structure and behavior. Additionally, we have estab-
lished several key inclusion relationships between these newly defined spaces and other known
sequence spaces, further enriching the framework within which these sequences operate. Our
findings contribute to the broader field of functional analysis, particularly in the study of
sequence spaces and Orlicz functions, offering new insights and potential avenues for future

research
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