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STUDY OF SOME HARMONICITY PROBLEMS CONCERNING THE
RESCALED SASAKI METRIC

ABDERRAHIM ZAGANE * AND FETHI LATTI

ABSTRACT. This paper introduces the concept of harmonicity on the tangent bundle en-
dowed with a rescaled Sasaki metric. Firstly, we study the harmonicity of a vector field on
the tangent bundle. Secondly, we investigate the harmonicity of the composition of a vector
field and mapping between Riemannian manifolds. Afterwards, we explore the harmonicity
of composition between the natural projection of a Riemannian manifold and a map of this
manifold to another. Finally, we investigate the harmonicity of the tangent map.
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1. INTRODUCTION

The tangent bundle of a Riemannian manifold can be endowed with Riemannian metrics
defined from the Riemannian metric of the base manifold. The most famous of these is
the Sasaki metric [19]. Several authors have studied the geometry of the tangent bundle
endowed with the Sasaki metric (see [21, 4, I8]). Some authors have constructed other
metrics on tangent bundles, which represent deformations of the Sasaki metric on tangent
bundles (see [2, 1T, 16]). The rescaled metric is between the deformations of the Sasaki metric
on the tangent bundle, which have been studied and developed in several recent studies (see

[10, 20, 22]).
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The main objective of this research is to investigate the harmonicity concerning the
Rescaled Sasaki metric on the tangent bundle. After stating the introduction, we describe
the preliminary results of the tangent bundle and basic properties of the Rescaled Sasaki
metric. In section 3] We give certain harmonic problems of a vector field concerning this
metric. (Theorem [3.2) Theorem and Theorem |3 . In section ' we investigate the har-
monicity of the composition of a vector field and mapping between Riemannian manifolds
(Theorem and Theorem . Next, in section [5, we explore the harmonicity of compo-
sition between the natural projection of a Riemannian manifold and a map of this manifold
to another (Theorem and Theorem . In the last section, we examine the harmonicity
of the tangent map (Theorem Theorem and Theorem [6.3)).

2. PRELIMINARY RESULTS

Consider the k-dimensional Riemannian manifold M* endowed with the Riemannian
metric g and the bundle projection (natural projection) m : TM* — M. The local
coordinates (U,z%), i = 1,...,k on MF¥ induces on TM* a system of local coordinates
(7= Y(U), 2% 0" = mg), i =1,...,k on TM*. Denote by V the Levi-Civita connection of
g and by I';; the Christoffel symbols of V. Let $(M*) be the module of C* vector fields on
MP* over the ring of real-valued C* functions on M*. There is a direct sum decomposition

defined by the Levi Civita connection V.
Ty TM" = Vi ) TM* @ H, .\ TM"
of the tangent bundle to TM¥ at all (z,v) € TM* into the vertical distribution
V(m,)TMk = Ker(dm(y.)) = {a \ , o' € R}

and the horizontal distribution

HTMF = {aiaiikm — a"ITy; aa |(@0)s & € R}
Given a vector field Z = ZZ . The vertical and horizontal lifts of Z are defined
by:
-0
Vz = Z’w,
Hy — Zi(aaz _”jrffais)
We have H(a?gi) = aml — vIT¥ 68 and V(agi) = U,, then ( (%):V(aii))id,...,k is a local

adapted frame on TT M.
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Definition 2.1. [20] Given a Riemannian manifold (M*,g) and a strictly positive smooth
functions f : M* —]0; +o0o[. The Rescaled Sasaki metric on the tangent bundle TM* of MF*
is defined by:

Gf(HXa HY)(;B,U) = f(x)gw(X, Y)a

XY )y = GIIX YY)y =0,

GHX Y = 0a(XY),

for all vector fields X and Y on M* and (x,v) € TMF. Note that, if f = 1, then G' is the
Sasaki metric[19].

Theorem 2.1. [20] Given a Riemannian manifold (M*,g) and the Levi-Civita connection
V of the tangent bundle (TM*,G7) endowed with the Rescaled Sasaki metric. Then we have

the following formulas:

LV fy = H(vxy + i(X(f)Y +Y(£)X — g(X,Y)gradf)) — %V(R(X, Y)),

2f
2.VuxY = 21fH(R(v,Y)X)+V(vXY),
3.9 = LH(R(u, X)Y),

2
4. 6VXVY - 0,
for all vector fields X and Y on MY, where R is the curvature tensor of V on (M*, g).

Now, we will introduce some basic concepts concerning harmonic maps. Given a smooth
map ¢ : (MF¥,g) — (N™, h) between two Riemannian manifolds. If ¢ is a critical point of

the energy functional,
B@) = [ ), (21)
K
the map 4 is called harmonic. for all compact domain K C M¥*. Here
1, 5, 1
() == S ld[> = STrg h(di, d) (22)

is the energy density of 1), |d1| is the Hilbert-Schmitd norm of d(¢) and v, is the Riemannian

volume form on MF*. The first variation of the energy [13] is expressed by:

%E(%)‘t:o = - /K h(r (1), V)Q}g’ (2.3)
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d
for all smooth 1-parameter variation {¢;}er of ¢ and V = ﬁv,/}t .
t—

Then, 9 is to be harmonic if and only if 7(¢) = 0, where
T(¢) = TrgVdy, (2.4)

is called the tension field of v, see [0l [, 8, 12], 14]. Recently, numerous authors have exten-

sively explored this topic, including its application to the tangent bundle [1} 23].

3. HARMONICITY OF SECTION X : (M¥, g) — (TMF*, G')

Lemma 3.1. [14,[15] Consider a Riemannian manifold (M*,g). Then the following equation
holds:

doY (Xz) = "X (o) + (VXY ) (1) (3.5)
for all vector fields X, Y on M* and (z,v) € TMPF, where Y, = v.

Lemma 3.2. [24] Consider a Riemannian manifold (MF¥,g). Then the following equation
holds:

~ 1
9(8Z,2) = |VZ|]* = SA|Z], (3.6)

for all vector field Z on M¥, where AZ = —T?"gVQZ = —Try(ViVi —Vv,«)Z denotes the

rough Laplacian of Z.

Lemma 3.3. [24] Consider a Riemannian manifold (M¥,g). Then the following equation

holds:
A(pZ) = pAZ — (Ap)Z — 2V graapZ, (3.7)
for all vector field Z on M*, where p is a smooth function of MF.

Lemma 3.4. Given a Riemannian manifold (M*,g) and its tangent bundle (TM*,G7) en-
dowed with the Rescaled Sasaki metric. If Z is a vector field on MF, its corresponding energy
density is erpressed by:

eo(Z) = %+%WZ\2. (3.8)
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Proof. Given a local orthonormal frame field {E;}i=; . on M ¥ and (x,v) € TM* such that

Zy = v, from (12.2)), we have:

1 2

e(Z2)s = §]de|
1 7
= §TT9G (dZ, dZ)(gm))
1 F
i=1

Using (3.5)), we obtain:

G B + V(VE,2), "B + V(VE, 2))

N | =
-

s
Il
—

e(Z) =

(G ELPE) + GT((VE2),Y(VEZ)))

Il
|
M-

@
I
—

(fg(Ei, Ez) + g(inZ’ szZ))

Il
DO
M-

1

©
I

w‘i

VZ|2.

N | =

+

O

Theorem 3.1. Given a Riemannian manifold (M*,g) and its tangent bundle (TMF*, G7)
endowed with the Rescaled Sasaki metric. If Z is a vector field on M*, its associated tension

field is expressed by:

_ 1 _
37 gradf + ?TTQ(R(Z, V.Z)x)) - VAZ. (3.9)

Proof. Given a local orthonormal frame field {E;};=;  j on M k and (z,v) € TMF such that
(VEg,Ei)z =0 and Z; = v. From (2.4) and (3.5]), we have:

(Z) = H

m(Z)e = (TryVdZ),

(VZdZ(E;)),

I

s
I
—

I

@
I
-

(Vaz(z)dZ(E;)) (@.0)

I

@
Il
—

(%(HE«L+V(VE1- Z)) (HEZ + V(VEZ Z))) (z,v)

(ﬁHEiHEZ' + 6HEZ.V<VE1.Z) + 6V(VEZ.Z)HE2' + ﬁv(VEiZ)V(inZ))

(z)

Il

s
Il
—
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Using Theorem we obtain:

k
"(2) = 3 ((TeEit 5; BB~ 9(B, Edgrad ) - 3 Y(R(E B)2)
i=1

+21fH(R(Z, Vi, Z2)E) + Y (VEVEZ) + ;f (B(Z,VE 2)E;)

k

_ Z( LB, (f)E; - gradf) +

2 M R(Z,V 5, 2)E;) + V(ininZ)).

1
f

To simplify the last statement, we use the following equations:

k
L, 1
Z “R(Z,VgZ)E = -—TryR(Z,V.Z)%),
—f f
Zininz = —AZ
=1
Then, we find (3.9)). O

From Theorem [3.1] we get the following:

Theorem 3.2. Given a Riemannian manifold (M*, g) and its tangent bundle (TMF*, G7)
endowed with the Rescaled Sasaki metric. A vector field Z on M is a harmonic map if and

only if the following conditions hold:

—9 -
Try(R(Z,ViZ)x) = gradf and AZ =0.

Corollary 3.1. Given a Riemannian manifold (M*,g) and its tangent bundle (TM* G')
endowed with the Rescaled Sasaki metric. If k = 2 or f = constant, then every vector field

that is parallel on MF* is harmonic map.

Given a compact oriented Riemannian manifold (M*, g) and its tangent bundle (TM* G¥)
endowed with the Rescaled Sasaki metric. Let Z a vector field on M*. The energy E(Z) of
Z is defined to be the energy of the corresponding map Z : (M*, g) — (TM*, GT)[5]. More

precisely, from (3.8]), we get
k 1
_ 2/Mk o+ 2/Mk V2|20, (3.10)

Definition 3.1. [5, 7] Given a Riemannian manifold (M¥,g) and its tangent bundle
(TM*,GT) endowed with the Rescaled Sasaki metric. A wector field Z on M* is called
harmonic vector field if the corresponding map Z : (M*,g) — (TM*,G') is a critical point

for the energy functional E, only considering variations between maps defined by vector fields.
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Theorem 3.3. Given a Riemannian manifold (MF,g) and its tangent bundle (TM* GT)
endowed with the Rescaled Sasaki metric. Let Z a vector field on M* and E : S{(M*) —
[0,+00) the energy functional restricted to the space of all vector fields. Then the following

condition holds:

ZEwmhozAﬁﬂszwg (3.11)

for all smooth 1-parameter variation 9 : M* x (—e,€) — TM* of Z i.e. 9(x,0) = Z(x),
Zy(z) = Iz, t) € TeM¥ for all (z,t) € M* x (—e¢,¢€), (e > 0) and V € I§(MPF) is the vector
field on M* expressed by:

Dy wl  =1im @@ 1) — 9(,0),

Viz) = dt t=0 t—0t¢

where Z,(t) = 9(x,t), (z,t) € M* x (—e¢,¢).

Proof. Given a smooth 1-parameter variation ¥ : M* x (—¢,¢) — TMF¥ of Z, such that

Zy(z) = V(z,t) € TyMP" for all (z,t) € M* x (—¢,¢) and ¥(z,0) = Z(z). From (2.I), we have
E(Zt) :/ C(Zt)l)g.
Mk

Using ([2.3)), we get:

%E(Zt)‘tzo e & (V. 7(2))vy, (3.12)

where V is the infinitesimal variation induced by 1, i.e.,

d d
V(.’L’) - d(m,0)6(07 %)‘tzo = %Zt(x)‘t:()’

It is well known that

V=Woz, (3.13)

see [B p.58]. Finally, by (3.9), (3.12) and (3.13), we find:

GE@|_ = [ &V,

= - GV, -VAZ)v,
Mk

= / 9(AZ, V).
Mk
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If (MF,g) is a non-compact oriented Riemannian manifold, then Theorem holds. In
fact, if M* is non-compact, we can choose V € I}(M*) which support is contained in an

open subset W in M* whose closure is compact. Then ([3.11)) is as follows:

d
%E(Zt)\tzo = /Wg(AZ, V)vg.
We derive from this a necessary and sufficient condition for a vector field is a harmonic

vector field or harmonic map, respectively.

Theorem 3.4. Given a Riemannian manifold (MF*,g) and its tangent bundle (TM* GT)
endowed with the Rescaled Sasaki metric. A vector field Z on M* is harmonic vector field if

and only if AZ = 0.
Using Theorem [3.2] and Theorem [3.4] we obtain the following:

Theorem 3.5. Given a Riemannian manifold (MF*,g) and its tangent bundle (TM* GT)
endowed with the Rescaled Sasaki metric. A vector field Z on MF is harmonic map if and

only if Z is harmonic vector field and

-2
Tro(R(Z,V.Z)s) =

gradf.

It is clear that, all parallel vector field on M¥ is harmonic vector field. Conversely, we

have:

Theorem 3.6. Given a compact oriented Riemannian manifold (MF*,g) and its tangent
bundle (TM*,G¥) endowed with the Rescaled Sasaki metric. A wector field Z on MPF is

harmonic vector field if and only if Z is parallel.

Proof. We suppose that Z is a harmonic vector field on M*, from Theorem we find
~ 1
AZ = 0. By (B.6), we obtain |VZ|? = §A’Z’2' Applying the divergence Theorem, we get

/ |VZ|*v9 = 0.
Mk
Since |VZ|? is a positive function, hence VZ = 0. 4

Theorem 3.7. Given a compact oriented Riemannian manifold (MF*,g) and its tangent
bundle (TM*,G') endowed with the Rescaled Sasaki metric. If k = 2 or f = constant, a

vector field Z on MP¥ is harmonic map if and only if Z is parallel.
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Example 3.1. Let R? endowed with the Riemannian metric in polar coordinate defined by:
g = dr? +r2do?.

Relatively to the orthonormal frame

1
FEy =0, FEy= -0y
T

we have,

1 1
Ve, By =VEgEy;=0, VgFE| = ;EQ, Vi, By = —;Eh

R(Ey, E3)Ey = R(Ey, Ey)Ey = 0.

Let Z = a(r)E7 be a vector field, where a is a smooth real function. Using simple calculations,

we find:

~ 1
AEI - 72E17
T
Using (3.7)), we obtain:
1 1

AZ = (-d"—=d+ =a)E;.
r r
i) From Theorem we conclude that Z is harmonic vector field equivalently AZ = 0, then

1 1
—a — ;o/ +5a=0. (3.14)

The general solution of differential equation (3.14) is

c
a(r) =cr+ ?2,

where, c1 and co be real constants.

i) Since k =2 and Try(R(Z,V.Z)x) =0, from Theorem 3.5, the vector fields

Z = (cir + %)El are also harmonic maps.

ii1) However the vector field Y = (r — %)El is harmonic but non parallel, because Vg, Y =

1
Example 3.2. Consider R? with the Riemannian metric

g = eXda? + dy?.
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Relatively to the orthonormal frame {E\ = e Y0y, B = 0y} with respect to g, we have:

Ve E1=—F>y, Vg, By = FEq, Vg, E1 = Vg, Ey =0,

R(ElaEQ)El = EQ, R(El,EQ)EQ =-F.

Let Z = p(y)E2 be a vector field, where p is a smooth non-zero real function. According to

simple calculations, we find:

Try(R(Z,V.2)) = —*Es,

AZ = (—p"=p' +p)Es.
i) From Theorem[3.4), we conclude that Z = p(y)Es is harmonic vector field if and only if
g p0. (3.15)
The general solution of differential equation 18

—1-5 —14VE
ply) =ae” 2 Y 4be 5 Y,

where a and b be non-zero real constants at the same time.

i) Since k =2 and Try(R(Z,V.Z)x) # 0, from Theorem 3.5, the vector fields

—1-v5 —14+V5 .
Z =(ae" 2 Y+be 2 Y)Ey are never harmonic maps.

On the other hand,we have Vg, Z = pE; = (ae_lg\/gy + be_l?/gy)El = 0, then the vector

fields Z is non parallel, i.e. the vector fields Z are harmonic vector fields but neither harmonic

maps nor parallel vector fields.

Example 3.3. The torus T? = S' x S' ( 2-dimensional compact oriented Riemannian

manifold) endowed with the metric:

4
1+ 22)

4

dy?.
(1+y2)? Y

g:( de2+

Let Z = fi(z,y)0, + fo(x,y)0y be a vector field, where fi and fo are smooth functions.

According to simple calculations, we find:

—2x —2y
Vawax == m@x, Vaway == Vayax - O, Vayay == Way,

Tre(R(X,V.X)x) =0.
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i) From Theorem we conclude that Z is harmonic vector field < VZ =0

Vo Z =0
&
Vo, Z =0
df1 2z ofa .,
L) e T 0
of Of2 2y _
oy O (8y 1+y2f2)8y_0

We conclude that the function fi is only dependent on x, while the function fo is only

dependent on y, so we find the following system:

df1 2z

9, 1ral 7Y
Ofs 2y . _
Oy 1+4272

The general solution for this system is

fil@) =ca(l+2%), foy) = c2(1+y?)

where, c1 and co be real constants.
ii) Since k =2 and Try(R(Z,V.Z)x) =0, from Theorem [3.6, we deduce that

Z =c1(1 4 2%)0y + c2(1 + y?)dy are also harmonic maps.

4. HARMONICITY OF THE COMPOSITION OF A VECTOR FIELD AND MAPPING BETWEEN

RIEMANNIAN MANIFOLDS

Lemma 4.1. [23] Given a smooth map 1 : (MF¥,g) — (N™, h) between two Riemannian

manifolds, a vector field Y on N™ and the smooth map & defined by £ :=Y o. Then
dg(X) = M(dy (X)) + (V). (4.16)

for all vector field X on M, where V¥ is the pull-back connection on the pull-back bundle
YN,

Theorem 4.1. Given a smooth map 1) : (MF,g) — (N™, h) between two Riemannian man-
ifolds and the tangent bundle (TN™ H7) of N" endowed with the Rescaled Sasaki metric.
Then the tension field of the map € ==Y o1 is expressed by:

1

fTrgmN"(g,vff)dzz)(*)))

(&) = @)+ }dwgmdM’“(f o)) - ;f\dd)IngdN"f +

_V(Awf),

where AVE := —Tr, (VV)%¢ = —Trg(foVf—V@**)& is the rough Laplacian of € on ) YT N™.
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Proof. Given a local orthonormal frame field {F;},~; _; on MP such that (Vg,E;), = 0 and
(@) = (@), Yy(a), Yi() = v € Ty()N™
Using (4.16|), we have:

7€)z = (TryVde),

k
= D (VEAE(E)):
=1
k n
= Y VidleyE(ED)) @)
=1
k
= 2 (Vitasceoyviwg, o) @ED + (V5 (00
k
= > (Vs (@) + Vi) (Vg€ + VY Ty (@ (E)
1=1 @
Viese (VB wwa
From Theorem [2.1], we obtain:
k
(€)= S (VA @B + o (20 (B () () — h(dp(Ey), di(E:))grad™" )
i=1 2f
RN, TEA(E) + (Vi) T5O)
k
= 3 (TR + 57 QB 0 6)du(B) ~ h{db (B, du(B)grad"" )
i=1
S RYE VEOa0(B) + (VL VES))
= () + Fdvlgrad(f 0v)) = 5o |Avgrad"f + L Try(RY'(6, VEd0()

_V(Awg).

From Theorem (.1l we obtain:

Theorem 4.2. Given a smooth map 1 : (M*,g) — (N", h) between two Riemannian mani-
folds and (TN™, H') be the tangent bundle of N™ endowed with the Rescaled Sasaki metric.
Then the map £ :=Y o) is harmonic if and only if the following conditions hold:

1

T(¢) = 7

AVE =0.

Trg(RV'(€, VY &) (+)) — }cw(gmdw(f o)) + ;f|dw|29mdN"f,



172 A. ZAGANE AND F. LATTI

5. HARMONICITY OF COMPOSITION BETWEEN THE NATURAL PROJECTION AND A SMOOTH

MAP

Lemma 5.1. Given a Riemannian manifold (MF, g) and its tangent bundle (TM*,GT) en-
dowed with the Rescaled Sasaki metric. Then The tension field of the canonical projection

7 (TM*, GT) = (M¥,g) is expressed by:

k—2
T(7) = 272 (gradf) o (5.17)
Proof. Given a local orthonormal frame field {E;};=1 1 on MP¥ then { \lﬁHEl, VE; }Z =1

forms a local orthonormal frame field on the tangent bundle TM*. From Theorem we

find:
T(ﬂ-)(x,v) = (TTGdeﬂ-)(x,v)

k
_ L obpy g L omp
_ ;(vdw%%)dn(ﬁ Eo) = dn(V 3 g, El))ﬂ(m)

+Z<Vd7rvE)d7T( j) — dn(Vvg,VE))

7j=1

But because dr(VZ) = 0 and dr(#Z) = Z o 7, for each vector field Z on M*, we find:

W(I,U)'

1
T(TF) = ;(v(IEOﬂ')(\/?E Oﬂ') dﬂ-( (v lel\/f ))
L mgy L 1 1 Lo
27 (2B ) 2B — o 5 B Bigrad))) ) o
k
= Z(v\}?EZ\/lel V\}TEi\/lTEi—;J@(QEi(f)Ei—g(Ei,Ei)gradf)o7r> om
=1
= k2f22(gradf)

g

Theorem 5.1. Given a smooth map between Riemannian manifolds v : (M* g) — (N™ h).
The tension field of the map ¢ := 1 o is expressed by:

1 k —

f( () + wa(gmdf)) (5.18)

Proof. Given a local orthonormal frame field {E;};=1 1 on MPF then { \}HEZ, VE, }

forms a local orthonormal frame field on the tangent bundle TA/*. Then the tension field of

7(¢) =

7.7 17 y

the map ¢ := ¢ o7 is given by [6], §]

7(() =7(Yom) =dy(r(m)) + TrgsVdy(dr, dr),
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then, we have:

k
. 1 1
TrarVdd(dr,dr) =3 (vévw(d (e, | dib(dr(—= 7)) - dw(vdﬂ(#HEi)dw(iHEi))) o

=1 vii NG
+ i (V2 anvin b (V) — dib(V gy d(VE,) ) o

P

; ) 1
- ; (V (L EiJor ﬁEz‘)Oﬂ) —dﬂ)(V(ﬁEi)oﬂ(WEi)ow)) om
_ zi; (V%Ez W(E;) — dw(VﬁEi\/lei)) o
- Z: (TE A (E;) + }V’gidw(Ei)
- dw(;fEi(;f>Ei ; }inEi)) o
= Zk; (}V%dwEi) - }dib(VEiEi)) o
“Lrgyon
Using (5.17), we obtain (5.18). .

Theorem 5.2. Given a smooth map v : (M*,g) — (N™, h) between two Riemannian mani-

folds. Then the map ¢ := 1 o is harmonic if and only if

T(¢) = wa(gmdf)-

6. HARMONICITY OF THE TANGENT MAP

Given Riemannian manifolds (M*, g), (N™, h) and their tangent bundles (TM*, G/),
(TN™, H?) respectively, equipped with the Rescaled Sasaki metrics, such that fi, fo are

strictly positive smooth functions on M*, N™ respectively.

Lemma 6.1. [9] Given a smooth map v : (M*, g) — (N™ h) between two Riemannian

manifolds and its tangent map

U =dy: TM* —s TN

(@,0) +— (Y(2),dip(v))
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we have:

(dyp (X)),

——
u
S
<
)
I

for all vector field X on MPF.

Theorem 6.1. Given a smooth map between Riemannian manifolds ¢ : (MF*,g) — (N™, h),
then the tension field associated to the tangent map ¥ : (TMF,GI") — (TN™, H?) is given
by:

1 k—2
ET(W + Tf%d¢(9md fl) + ﬁdw(gmd (f2 01)))

g R arad"" o Ty (R (), Vil ) ()
b 29au(grad™ fi,u) + +Try(V¥ (Vi (s, u))).
2f1 fl

T(w) = "

+(

Proof. Given a local orthonormal frame field {E;}i=1 1 on M* such that (V%[ZkEz)z =0,

then { L HE,, VE: } ii=1. ,, forms a local orthonormal frame field on T'M k we have:

k
TV (zw) = E:: ﬁ E;) —d¥ (V1 7 E)) (6 (2),db ()
1% TM’“V
Z; 1, A CE)) = d¥ (Vv Ej)) (40 dvw)
j:

k n
- (Z gL yawtiE) + Ly AV TE) + Y (Vg d¥ (VE)))
7j=1

—~ Vi \/ﬁ fi
_av (g, ¢ VTM’“H ))) .
Vi \/71 fi ) (@) dip(w))
Using Theorem [2.I] and Lemma [6.1], we obtain:
1 k . n
) = 4 Z (V%V(,,Ei)d‘lf(HE) 4 (VEM" I, )+Z (Vg dv (VE)))
7j=1

1 n n
T 2 (VT(% By ((ED) + Ve (VI (B w) + VS, (A ()
i=1

1

AV Sadp (B (VAU (Eiy ) - d‘I’(H(Tfl

(2E(f1)E: — g(Bs, E)grad™"11))) )

+Z (Vo (A (E))))
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k
_ ;Z<H(V%Ei>dw(&) 5 —— (2dY(E;) (f2)dp(E;) — h(dy(E;), dy(E;))grad" f2))

PR @), V(B ) v (B) + V(T V(i)

k2f1 dw ("(grad" f1))

= H(;T(w) i 2d1/1(gradM f1) + —dzp(gmdM (fao )

2f7 fifo

——|dy[*grad™" f, + 7, f —Trg(RN" (d)(u), Vdi(+,u))di)(%)))

2V du(grad™ fr,u) + J}lTrg(Vf(de(*,u)))).

2ff

k —
' Gp

O

Theorem 6.2. Given a smooth map between Riemannian manifolds 1) : (M¥,g) — (N™, h),
then the tangent map W : (TM* ,G/v) — (TN"™, H/2) is harmonic if and only if

") = Zrdulgrad ) - 5 dv(grad (fro v) + 5 ldvgrad s,
—gTrg<RN"<dw<u>,de<*7u>)dw<*)>),
and
Trgv:f(ww(u,*))ZQQf (grad™"f,, u).

Theorem 6.3. If ¢ : (MF* g) — (N™,h) is totally geodesic, then the tangent map ¥ :
(TMF,GYY — (TN™, H'?) is harmonic if and only if

() = 22fdw<gmd ‘b 7d¢<gmd “(frow)) + 21f2|d¢|29mdN”f2-
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