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Abstract. In this paper, we consider a one-dimensional porous-elastic system with a non-

linear dissipation and a nonlinear distributed delay subjected to microtemperatures effects.

We establish an energy decay rate by using a perturbed energy method and some properties

of convex functions, but regardless of the wave speeds of the system. Our result is new and

extends some previous results to nonlinearity case.
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1. Introduction

In this present work, we aim to study the following nonlinear damped porous elastic system

having a nonlinear distributed delay
ρutt − µuxx − bφx + γh1 (ut) +

∫ τ2
τ1
µ(s)h2 (ut(x, t− s)) ds = 0, in (0, 1)× R+,

Jφtt − δφxx + k1ωx + bux + ξφ = 0, in (0, 1)× R+,

τwt + k2w + k1φtx − k3ωxx = 0, in (0, 1)× R+.

(1.1)

subjected to microtemperature effects and nonlinear damping, with the mixed boundary

conditions

u(0, t) = φ(1, t) = w(0, t) = ux(1, t) = φx(0, t) = wx(1, t) = 0. (1.2)
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The evolution equations for one-dimensional theories of porous materials with temperature

and microtemperature is given by ρutt = Tx, Jϕtt = Hx +G,

ρηt = qx, ρEt = Px + q −Q.

Here G is the equilibrated body force, T is the stress, H is the equilibrated stress, η is the

entropy, q is the heat flux, P is the first heat flux moment, Q is the mean heat flux and E is

the first moment of energy. The variables u and ϕ are, respectively, the displacement of the

solid elastic material and the volume fraction. The constitutive equations are

T = µux + bϕ+ γutx − βθ, H = δϕx − dw,

G = −bux − ξϕ+mθ − σϕt, η = βux + cθ +mϕ,

q = κθx + κ1w, P = −κ2wx,

Q = κ3w + κ4θx, ρE = −αw − dϕx.

Where ρ, J, µ, b, γ, δ, d, ξ,m, τ, β, c, κ, κ1, κ2, κ3, κ4 and α are the constitutive coefficients whose

physical meaning is well known. It is worth noting that θ and w are the temperature and

microtemperatures, respectively.

The coefficients of the system, in one-dimensional case, satisfy

ξ > 0, δ > 0, µ > 0, ρ > 0, J > 0, and µξ ≥ b2,

where b is a real number different from zero. On the other hand, we assume that the thermal

conductivity κ and the thermal capacity c are positive, which means that thermal effects are

present. While, if microtemperatures are considered, parameters α, κ2 and κ are positive. γ

and σ are nonnegative. If σ > 0 and γ > 0, it means that the system is subjected to porous

dissipation and viscoelastic dissipation, respectively.

In the absence of thermal effect (i.e κ = 0), Dridi and Djebabla [17] considered the following

system 

ρutt = µuxx + bφx − γθx, in (0, 1)× R+,

Jφtt = δφxx − bux − ξφ− dwx +mθ − βφt, in (0, 1)× R+,

cθt = −γutx −mφt − k1wx, in (0, 1)× R+,

αwt = k2wxx − k3w − k1θx − dφtx, in (0, 1)× R+,

with Neumann (on φ, θ)-Dirichlet (on u,w) boundary conditions. In which they proved that

the combination of porous-viscosity and microtemperature stabilized the system exponen-

tially regardless of the coefficients of system. In [36], Saci and Djebabla are concerned with
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the following system

ρutt = µuxx + bφx − γθx, in (0, 1)× (0,∞),

Jφtt = δφxx − bux − ξφ− dwx +mθ, in (0, 1)× (0,∞),

cθt = −γutx −mφt − k1wx, in (0, 1)× (0,∞),

αwt = k2wxx − k3w − k1θx − dφtx, in (0, 1)× (0,∞),

(1.3)

they improved the result obtained in Dridi and Djebabla [17] by proving that a unique

dissipation given by microtemperatures is sufficiently strong enough to produce exponential

stability in absence of both thermal conductivity and the porous dissipation (i.e κ = β = 0),

under a new stability number given by

χ =
µ

ρ
− δ

J
− γ2

cρ
.

By neglecting the nonlinear damping (i.e. γ = 0) and the nonlinear distributed delay, we

obtain the system
ρutt − µuxx − bφx = 0, in (0, L)× (0,∞),

Jφtt − δφxx + k1ωx + bux + ξφ = 0, in (0, L)× (0,∞),

τwt + k2w + k1φtx − k3ωxx = 0, in (0, L)× (0,∞).

(1.4)

This system has been studied by Santos et al. [37] with fractional dissipation damping

(σφt) in the second equaton, they concluded that the case (i.e σ = 0) is an interesting open

problem. Apalara [4] provided a solution to this last by considered the system (1.4) under

the following Neumann (on φ)-Dirichlet (on u,w) boundary conditions

u(0, t) = u(1, t) = φx(0, t) = φx(1, t) = w(0, t) = w(1, t) = 0, t > 0,

and established the same results of Santos et al. [37] in the absence of porous dissipation

(i.e σ = 0), he showed that the unique dissipation given by microtemperature damping is

strong enough to exponentially stabilize the system if and only if the wave speeds of the

system are equal (
ρ

µ
=
J

δ

)
.

Now, let us recall some results about the effect of nonlinear damping mechanisms on similar

problems, Apalara [3] considered the following porous system: ρutt − µuxx − bϕx = 0, x ∈ (0, 1), t > 0,

Jϕtt − δϕxx + bux + ξϕ+ α(t)g (ϕt) = 0, x ∈ (0, 1), t > 0,
(1.5)
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the term α(t)g (ϕt) is the nonlinear damping, which subjected on the second equation. He

established a general and an explicit decay rate result for the energy of system (1.5) with the

condition of same speed of propagation, that is

µ

ρ
=
δ

J
. (1.6)

It is worth mentioning that in the case of µ = b = ξ, the system (1.5) becomes ρutt − µ (ux + ϕ)x = 0, x ∈ (0, 1), t > 0,

Jϕtt − δϕxx + µ (ux + ϕ) + α(t)g (ϕt) = 0, x ∈ (0, 1), t > 0,
(1.7)

which is a Timoshenko system with nonlinear damping. Alabau-Boussouira [2] studied (1.7)

with α(t) = 1 and proved a general semi-explicit formula for the decay rate of the energy

at infinity with the condition (1.6). Mustafa and Messaoudi [28] considered (1.7) with all

the coefficients ρ = µ = J = δ = 1 and obtained a general and an explicit decay result,

depending on α and g.

Among the most important property of a physical system is the time delay by which the

response to a subjected force is delayed in its effect (see [38]). The original study of this

effect on a system was first introduced by Datko et al. [15] in 1986 when they showed that

the presence of the delay may not only destabilize a system which is asymptotically stable

in the absence of the delay but may also lead to ill-posedness (see also [30] and [32]). On

the other hand, it has been established that voluntary introduction of delay can benefit

the control (see [1]). Choucha et al. [13] considered a porous thermoelastic system with

microtemperature effect, temperatures and distributed delay terms. they proved the well

posedness of the system, and established an exponential stability of its solution. Moumen et

al. [29] are concerned with one-dimensional porous–elastic systems with nonlinear damping,

infinite memory and distributed delay terms, they proved that the solution energy has an

explicit and optimal decay for the cases of equal and nonequal speeds of wave propagation.

We refer the interested readers to [3, 5, 7, 10, 16, 18, 19, 20, 21, 22, 25, 27, 33, 34, 40, 41]

and references therein for details discussion on the subject.

According to these observations and results above, one can ask the following questions:

1) Is it possible to stabilize system (1.5) with nonlinear damping and nonlinear distributed

delay (nonlinearity case) sebjected in the first equation? If so, does the stabilization of the

system depend on a relationship between the coefficients of the system?

2) What assumptions can be made about h1 and h2 to ensure the stabilization of the

system?
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In the present work, we shall give an answers to these questions by considering (1.1) under

appropriate assumptions on the weight of the delay and without imposing any restrictive

growth assumption on the damping term at the origin, we establish an energy decay rate by

using a perturbed energy method and some properties of convex functions. These arguments

of convexity were introduced and developed by Cavalcanti et al. [12], Daoulatli et al. [14],

Lasiecka [23], and used by Liu and Zuazua [26] and others. We obtain our results regardless

of the wave speeds χ of the system which was mentioned in [4, 37]. Our result then extends

some previous results to nonlinearity case.

2. Preliminaries

In this section, we shall present some definitions and preliminaries for well study of our

problem (1.1). Throughout this paper, c or ci, i = 1, 2 represent a positive constant and Cp

is used to denote the Poincaré-type constant.

Concerning the delay term, we introduce the following variable:

ut(x, t− rs) := ϑ(x, r, t, s), x ∈ (0, 1), r ∈ (0, 1), s ∈ (τ1, τ2) , t > 0,

which satisfies

sϑt(x, r, t, s) + ϑr(x, r, t, s) = 0, x ∈ (0, 1), r ∈ (0, 1), s ∈ (τ1, τ2) , t > 0.

Consequently, system (1.4) becomes

ρutt − µuxx − bφx + γh1(ut) +
∫ τ2
τ1
µ(s)h2(ϑ(x, 1, t, s))ds = 0, in (0, 1)× R+,

Jφtt − δφxx + k1ωx + bux + ξφ = 0, in (0, 1)× R+,

τwt + k2w + k1φtx − k3wxx = 0, in (0, 1)× R+,

sϑt(x, r, t, s) + ϑr(x, r, t, s) = 0, in (0, 1)× (0, 1)× R+ × (τ1, τ2) ,

u(x, 0) = u0(x), ut(x, 0) = u1(x), φ(x, 0) = φ0(x), φt(x, 0) = φ1(x),

ut(x, t− ρs) := ϑ(x, r, t, s), r ∈ (0, 1), s ∈ (τ1, τ2) ,

ϑ(x, r, 0, s) = f0(x,−rs), x ∈ (0, 1), s ∈ (τ1, τ2) .

(2.8)

With the mixed boundary conditions

u(0, t) = φ(1, t) = w(0, t) = ux(1, t) = φx(0, t) = wx(1, t) = 0. (2.9)

Next, we suppose that h1 and h2 satisfy the following assumptions:

(A1). h1 : R → R is a continuous and non-decreasing function with h (0) = 0 such that

there exist positive constants k1, k2 and l and a convex, continuous and increasing function
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h : R+ → R+ of class C1 (R+) ∩ C2 (]0,+∞[) satisfying: h′′ = 0 on [0, l] or ( h′ (0) = 0 and

h′′ > 0 on (0, l]) such that

h
(
s2 + h21 (s)

)
≤ h1 (s) s for |s| ≤ l,

k1s
2 ≤ h1 (s) s ≤ k2s

2 for |s| > l.
(2.10)

(A2). h2 : R → R is an odd non-decreasing Lipschitz function such that there exist

positive constants α1, α2, c satisfying

α1sh2(s) ≤ Γ2(s) ≤ α2sh1(s), (2.11)

where Γ2(s) =
∫ s
0 h2(r)dr.

In addition, for address the case of nonlinear delay, we assume there exists a positive

constant σ such that

∥µ(s)∥∞
1− α1

α1
< σ and 0 < γ − σα2 (τ2 − τ1)− α2

∫ τ2

τ1

µ(s)ds. (2.12)

Remark 2.1. 1) Hypothesis (A1) implies that sh1(s) > 0, for all s ̸= 0.

2) The hypothesis (A1) with l = 1 was first introduced by Lasiecka and Tataru [24].

3) By the mean value Theorem for integrals and the monotonicity of h2, it follows that

Γ2(s) =

∫ s

0
h2(r)dr ≤ sh2(s), (2.13)

consequently, α1 ≤ α2 ≤ 1.

Let us now give an example for functions h1 and h2.

Example 2.1. Let the function h1(r) = rκ, r ∈ (0, 1] (i.e l = 1), and κ ⩾ 1. h′1(r) = κrκ−1

which is strictly positive. In the neighborhood of 0 , let us set the function h defined by

h(r) = cκr
κ+1
2 ,

where cκ = (2κ)−
κ+1
2 . So, for κ = 1, h is linear on [0, 1], otherwise strictly convex on (0, 1],

h′(0) = 0 and h′′ > 0 on (0, 1]. In addition, we have

h−1(r) = 2κr
2

κ+1 .

Now, let r be near 0, (2.10) can be deduced from fact that rκ + r2κ ⩽ 2κr2. Next, suppose

we set the non-decreasing odd function h2(r) = 3−κr3 (h′2 ⩾ 0), then rh2(r) ⩽ rh1(r) on

(0, 1]. Then, (2.13) follows automatically, that is Γ2(r) = 3−κ

4 r4 ⩽ rh2(r) = 3−κr4, since

Γ2(r) ⩽ rh1(r), taking α1 ⩽ 1
4 and α2 ⩾ α1, (2.11) is deduced.
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3. Well possedness

In this section, we shall study the well-posedness of solutions to problem (1.1)-(1.2). We

give existence and uniqueness results for our system using the semigroup theory. First, let us

denote by ϑ(.) to ϑ(x, r, t, s), ϑ(1) to ϑ(x, 1, t, s) and ϑ(0) to ϑ(x, 0, t, s). Next, if we denote

U = (u, v, φ, ψ,w, ϑ)T , where v = ut, and ψ = φt, then, system can be rewritten as follows:

 Ut +AU = 0, t > 0,

U(x, 0) = U0(x) = (u0, u1, φ0, φ1, w0, f0)
T .

The operators A : D(A) ⊂ H → H is given by

AU =



−v

−µ
ρuxx −

b
ρφx +

γ
ρh1(ut) +

1
ρ

∫ τ2
τ1
µ(s)h2(ϑ(1))ds

−ψ

− δ
Jφxx +

b
J ux +

ξ
Jφ+ k1

J wx

−k3
τ wxx +

k2
τ w + k1

τ ψx

1
sϑr


,

and H is the energy space given by

H = H1
∗ (0, 1)× L2(0, 1)×H1

⋄ (0, 1)× L2(0, 1)×H1
∗ (0, 1)× L2((0, 1)× (0, 1)× (τ1, τ2)),

such that

H1
∗ (0, 1) =

{
u ∈ H1(0, 1) : u(0) = 0

}
,

H1
⋄ (0, 1) =

{
φ ∈ H1(0, 1) : φ(1) = 0

}
.

The domain of A is given by

D(A) =



U = (u, v, φ, ψ,w, ϑ) |

u,w ∈ H2(0, 1) ∩H1
∗ (0, 1), v ∈ H1

∗ (0, 1),

φ ∈ H2(0, 1) ∩H1
⋄ (0, 1), ψ ∈ H1

⋄ (0, 1),

ϑ ∈ H1
0 ((0, 1);H

1(0, 1)),

ux(1) = wx(1) = φx(0) = 0


.
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For any U = (u, v, φ, ψ,w, ϑ)T ∈ H, Ũ = (ũ, ṽ, φ̃, ψ̃, w̃, ϑ̃)T ∈ H, we equip H with the inner

product defined by

⟨U, Ũ⟩H = µ

∫ 1

0
uxũxdx+ ρ

∫ 1

0
vṽdx+ ξ

∫ 1

0
φφ̃dx+ δ

∫ 1

0
φxφ̃xdx

+b

∫ 1

0
(uxφ̃+ ũxφ) dx+ J

∫ 1

0
ψψ̃dx+ τ

∫ 1

0
ww̃dx

+σ

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ(s)|ϑ(.)ϑ̃(.)dsdrdx. (3.14)

Remark 3.1. Under the condition αξ > b2, it is easy to see that (3.14) defines an inner

product.

Note that

ξφ2 + 2buxφ+ µu2x =
1

µ

[
(µξ − b2)φ2 + (µux + bφ)2

]
≥ 0. (3.15)

For any U, Ũ ∈ D(A), we have

(A+mI)U − (A+mI) Ũ

=



− (v − ṽ) +m (u− ũ) −µ
ρ (uxx − ũxx)− b

ρ (φx − φ̃x) +
γ
ρ (h1(v)− h1(ṽ))

+m (v − ṽ) + 1
ρ

∫ τ2
τ1
µ(s)

[
h2(ϑ(1))− h2(ϑ̃(1))

]
ds


−
(
ψ − ψ̃

)
+m (φ− φ̃)

− δ
J (φxx − φ̃xx) +

b
J (ux − ũx) +

ξ
J (φ− φ̃) + k1

J (wx − w̃x) +m
(
ψ − ψ̃

)
−k3

τ (wxx − w̃xx) +
k2
τ (w − w̃) + k1

τ

(
ψx − ψ̃x

)
+m (w − w̃)

1
s

(
ϑr − ϑ̃r

)
+m

(
ϑ− ϑ̃

)



,

then, using (3.15) and the fact that h1 is a non-decreasing function, we get for Lh2the

Lipschitz constant for h2,

⟨(A+mI)U − (A+mI) Ũ ,
(
U − Ũ

)
⟩H

= m

∫ 1

0

µ (ux − ũx)
2 + ξ (φ− φ̃)2 + 2b (ux − ũx) (φ− φ̃)︸ ︷︷ ︸

≥0

 dx

+m

∫ 1

0

(
J
(
ψ − ψ̃

)2
+ ξ (φ− φ̃)2 + δξ (φx − φ̃x)

2

)
dx

+

∫ 1

0

(
k3 (wx − w̃x)

2 + (τm+ k2) (w − w̃)2
)
dx

+

(
m− σ

2

∫ τ2

τ1

µ(s)ds

)∫ 1

0
(v − ṽ)2 dx
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+γ

∫ 1

0
(h1(v)− h1(ṽ)) (v − ṽ)︸ ︷︷ ︸

≥0

dx

+σ

∫ 1

0
(v − ṽ)

∫ τ2

τ1

µ(s)
(
h2 (ϑ(1))− h2

(
ϑ̃(1)

))
dsdx

+
σ

2

∫ 1

0

∫ τ2

τ1

µ(s)
(
ϑ(1)− ϑ̃(1)

)2
dsdx

+σm

∫ 1

0

∫ 1

0

∫ τ2

τ1

sµ(s)
(
ϑ− ϑ̃

)2
dsdrdx.

Then, by using Young’s inequality, then for small ϵ and sufficiently large m, we obtain

⟨(A+mI)U − (A+mI) Ũ ,
(
U − Ũ

)
⟩H

≥ m

∫ 1

0

µ (ux − ũx)
2 + ξ (φ− φ̃)2 + 2b (ux − ũx) (φ− φ̃)︸ ︷︷ ︸

≥0

 dx

+m

∫ 1

0

(
J
(
ψ − ψ̃

)2
+ ξ (φ− φ̃)2 + δξ (φx − φ̃x)

2

)
dx

+

∫ 1

0

(
k3 (wx − w̃x)

2 + (τm+ k2) (w − w̃)2
)
dx

+

(
m− σ

4ϵ
− σ

2

∫ τ2

τ1

µ(s)ds

)∫ 1

0
(v − ṽ)2 dx

+γ

∫ 1

0
(h1(v)− h1(ṽ)) (v − ṽ)︸ ︷︷ ︸

≥0

dx

+
(σ
2
− ϵL2

h2

)∫ 1

0

∫ τ2

τ1

µ(s)
(
ϑ(1)− ϑ̃(1)

)2
dsdx

+σm

∫ 1

0

∫ 1

0

∫ τ2

τ1

sµ(s)
(
ϑ− ϑ̃

)2
dsdrdx

≥ 0,

which implies that A is a m-accretive operator. One can prove that A+mI is a maximal

monotone operator. for this latter, it is sufficient to demonstrate that R(λI + A) = H for

a large constant λ. From the fact that D(A) is dense in H (see Proposition 7.1 in [11]) and

the nonlinear semigroup theory [8, 9, 39], we can give the following well-posedness result.

Proposition 3.1. Assume (A1)-(A2) hold and let U0 ∈ H, then there exists a unique

solution U ∈ C (R+,H) of problem (2.8). Moreover, if U0 ∈ D(A), then

U ∈ C (R+, D(A)) ∩ C1 (R+,H) .
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Now, let us recall few of some known algebraic and integral inequalities.

Lemma 3.1. ([11], Hölder’s Inequality ) Let 1 ≤ p ≤ ∞, assume that f ∈ Lp (Ω) and

g ∈ Lq (Ω) then, fg ∈ L1 (Ω) and ∫
Ω
|fg| dx ≤ ∥f∥p ∥g∥q . (3.16)

Lemma 3.2. [11] (Poincaré’s inequality) Suppose I is a bounded interval. Then there exists

a constant C (depending on |I| <∞) such that

∥u∥W 1,p(I) ≤ C
∥∥u′∥∥

LP (I)
, for all u ∈W 1,p

0 (I) . (3.17)

Lemma 3.3. ([11], Cauchy-Schwarz Inequality) Every inner product satisfies the Cauchy-

Schwarz inequality

⟨x1, x2⟩ ≤ ∥x1∥ ∥x2∥ . (3.18)

The equality sign holds if and only if x1 and x2 are dependent.

Lemma 3.4. [11](Young’s Inequality) For all a, b ∈ R+, we have

ab ≤ ϵa2 +
b2

4ϵ
, (3.19)

where ϵ is any positive constant.

Next, Let us denote by h∗ the conjugate function in the sense of Young of a convex function

h (see [6], p. 64), that is,

h∗ (p) = sup
t∈R+

(pt− h(t)).

Assume that h′′ > 0, then for p ≥ 0 a given number, h∗ is the Legendre transform of h (see

Liu and Zuazua [26]), which is given by

h∗ (p) := p
[
h′
]−1

(p)− h(
[
h′
]−1

(p)), (3.20)

and which satisfies the following inequality

Lemma 3.5. [31](Young’s Inequality for the convex functions) Let h a convex function, h∗

its conjugate in the sense of Young, we have

px ≤ h(x) + h∗(p) ∀p, x ≥ 0. (3.21)
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Remark 3.2. Thanks to (3.20), along with (2.11), we write

h∗(h2 (ϑ(1))) = ϑ(1)h2(ϑ(1)− h(ϑ(1)) (3.22)

≤ (1− α1)ϑ(1)h2(ϑ(1).

Next, for ϵ0 > 0 we define the functions J and K as below

J(t) :=

 t, if h′′ = 0 on [0, l]

th′(ϵ0t), if h′(0) = 0 and h′′ > 0 on (0, l]
(3.23)

and

K (t) =

∫ 1

t

1

J (s)
ds (3.24)

respectively.

Remark 3.3. The relation (3.20) and the fact that h(0) = 0 and (h′)−1, h are increasing

functions yield

h∗ (p) ≤ p
[
h′
]−1

(p) ∀p ≥ 0. (3.25)

4. General decay

In this section, we give some lemmas allow us to prove the stability result o the solution.

We define the functional energy of solutions of problem (1.1)-(1.2) as follows:

E(t) : =
1

2

∫ 1

0

ρut2 + Jφ2
t + δφ2

x + ξφ2 + 2buxφ+ µu2x︸ ︷︷ ︸
≥0

+ τw2

 dx

+
σ

2

∫ 1

0

∫ 1

0

∫ τ2

τ1

sµ(s)Γ2(ϑ(.))dsdrdx. (4.26)

Lemma 4.1. Let (u, φ,w) be a solution of (2.8)-(2.9). Then the energy functional E(t),

satisfies

E′(t) ≤ −k2
∫ 1

0
w2dx− k3

∫ 1

0
w2
xdx

−c
[∫ 1

0
uth1 (ut) dx+

∫ 1

0

∫ τ2

τ1

µ(s)ϑ(1)h2(ϑ(1))dsdx

]
≤ 0. (4.27)
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Proof. We multiply (2.8)1 by ut, (2.8)2 by φt, and (2.8)3 by w and then integrate over (0, 1),

we get

1

2

d

dt

∫ 1

0

ρut2 + Jφ2
t + δφ2

x + ξφ2 + 2buxφ+ µu2x︸ ︷︷ ︸
≥0

+ τw2

 dx (4.28)

+γ

∫ 1

0
uth1 (ut) dx+

∫ 1

0

∫ τ2

τ1

µ(s)uth2(ϑ(1))dsdx

= −k2
∫ 1

0
w2dx− k3

∫ 1

0
w2
xdx.

Now, by multiplying the fourth equation in (2.8) by σ |µ(s)|h2(ϑ(x, r, t, s)), and integrating

over (0, 1)×(τ1, τ2)×(0, 1), using integration by parts, the definition of Γ2, and the boundary

conditions, gives

σ

∫ 1

0

∫ τ2

τ1

∫ 1

0
sµ(s)ϑth2(ϑ(.))drdsdx = −σ

∫ 1

0

∫ τ2

τ1

∫ 1

0
µ(s)ϑrh2(ϑ(.))drdsdx

σ
d

dt

∫ 1

0

∫ τ2

τ1

∫ 1

0
sµ(s)Γ2(ϑ(.))drdsdx = −σ

∫ 1

0

∫ τ2

τ1

µ(s)

∫ 1

0

∂

∂r
Γ2(ϑ(.))drdsdx

= −σ
∫ 1

0

∫ τ2

τ1

µ(s)Γ2(ϑ(1))dsdx

+σ

∫ 1

0

∫ τ2

τ1

µ(s)Γ2(ϑ(0))dsdx

= −σ
∫ 1

0

∫ τ2

τ1

µ(s)Γ2(ϑ(1))dsdx

+σ

∫ 1

0

∫ τ2

τ1

µ(s)Γ2 (ut) dsdx. (4.29)

The combination of (4.28)- (4.29) gives us

E′(t) = −γ
∫ 1

0
uth1 (ut) dx−

∫ 1

0

∫ τ2

τ1

µ(s)uth2(ϑ(1))dsdx

−σ
∫ 1

0

∫ τ2

τ1

µ(s)Γ2(ϑ(1))dsdx− k3

∫ 1

0
w2
xdx

+σ

∫ 1

0

∫ τ2

τ1

µ(s)Γ2 (ut) dsdx− k2

∫ 1

0
w2dx. (4.30)

So, by return to the convex conjugate of Γ2, taking p = h2(ϑ(1)) and x = ut, we get

uth2(ϑ(1)) ≤ Γ∗
2 (h2(ϑ(1))) + Γ2 (ut) , (4.31)

where, Γ∗
2 (h2(ϑ(1))) = ϑ(1)h2(ϑ(1))− Γ2(ϑ(1)). (4.32)
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Using (4.30)- (4.32) and (A2), we obtain

E′(t) ≤ −γ
∫ 1

0
uth1 (ut) dx+

∫ 1

0

∫ τ2

τ1

µ(s)ϑ(1)h2(ϑ(1))dsdx

+(σ + 1)

∫ 1

0

∫ τ2

τ1

µ(s)Γ2 (ut) dsdx− (σ + 1)

∫ 1

0

∫ τ2

τ1

µ(s)Γ2(ϑ(1))dsdx

−k2
∫ 1

0
w2dx− k3

∫ 1

0
w2
xdx

≤ −
[
γ − α2σ (τ2 − τ1)− α2

∫ τ2

τ1

µ(s)ds

] ∫ 1

0
uth1 (ut) dx

−
∫ 1

0

∫ τ2

τ1

[
α1σ

∥µ(s)∥∞
− (1− α1)]µ(s)ϑ(1)h2(ϑ(1))dsdx

−k2
∫ 1

0
w2dx− k3

∫ 1

0
w2
xdx.

Finally, by using (2.12) we obtain (4.27). □

Lemma 4.2. Let (u, φ,w) be a solution of (2.8)-(2.9). Then, the functional

I1(t) =
d

4

∫ 1

0
utudx− τ

∫ 1

0
w

(∫ x

0
ut(y)dy

)
dx, t ≥ 0,

satisfies, for η, d > 0 and ∀t ≥ 0

I ′1(t) ≤
(
cη − µd

8ρ

)∫ 1

0
u2xdx+ d

∫ 1

0
u2tdx+ (3c1 + 2cη)

∫ 1

0
w2dx (4.33)

+c1

∫ 1

0

(
φ2
t + φ2 + w2

x

)
dx+

c

η

∫ 1

0

∫ τ2

τ1

µ(s)ϑ(1)h2(ϑ(1))dsdx

+
c

2η

∫ 1

0
h21 (ut) dx.

Proof. Differentiating I1(t) and integrating by parts, we get

I ′1(t) =
d

4

∫ 1

0
u2tdx− µd

4ρ

∫ 1

0
u2xdx− bd

4ρ

∫ 1

0
φuxdx (4.34)

−γd
4ρ

∫ 1

0
h1 (ut)udx− d

4ρ

∫ 1

0
u

∫ τ2

τ1

µ(s)h2(ϑ(1))dsdx

+k3

∫ 1

0
wxutdx+ k2

∫ 1

0
w

(∫ x

0
ut(y)dy

)
dx− k1

∫ 1

0
φtutdx

+
τµ

ρ

∫ 1

0
wuxdx+

τb

ρ

∫ 1

0
wφdx

+
τγ

ρ

∫ 1

0
w

(∫ x

0
h1 (ut) dy

)
dx+

τ

ρ

∫ 1

0
w

∫ τ2

τ1

µ(s)

(∫ x

0
h2(ϑ(y, 1))dy

)
dsdx.
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By using Cauchy-Schwarz inequality (3.18), we obtain(∫ x

0
ut(y)dy

)2

≤
(∫ 1

0
ut dx

)2

≤
∫ 1

0
u2t dx,(∫ x

0
h1 (ut) dy

)2

≤
(∫ 1

0
h1 (ut) dx

)2

dx ≤
∫ 1

0
h21 (ut) dx,(∫ x

0
h2(ϑ(y, 1))dy

)2

≤
(∫ 1

0
h2(ϑ(1)) dx

)2

dx ≤
∫ 1

0
h22(ϑ(1))dx.

Next, On account of (2.13), (3.21), and (3.22), we obtain

h22(ϑ(x, 1, t, s)) ≤ 2ϑ(x, 1, t, s)h2(ϑ(x, 1, t, s)). (4.35)

Then, using Young’s inequality (3.19), Cauchy–Schwarz inequality and (4.35), we get

− bd
4ρ

∫ 1

0
φuxdx ≤ dµ

16ρ

∫ 1

0
u2xdx+

c1
2

∫ 1

0
φ2dx, (4.36)

τµ

ρ

∫ 1

0
wuxdx ≤ dµ

16ρ

∫ 1

0
u2xdx+ c1

∫ 1

0
w2dx, (4.37)

k2

∫ 1

0
w

(∫ x

0
ut(y)dy

)
dx ≤ d

4

∫ 1

0
u2tdx+ c1

∫ 1

0
w2dx, (4.38)

−k1
∫ 1

0
φtutdx ≤ d

4

∫ 1

0
u2tdx+ c1

∫ 1

0
φ2
tdx, (4.39)

k3

∫ 1

0
wxutdx ≤ d

4

∫ 1

0
u2tdx+ c1

∫ 1

0
w2
xdx, (4.40)∣∣∣∣−γd4ρ

∫ 1

0
h1 (ut)udx

∣∣∣∣ ≤ c

4η

∫ 1

0
h21 (ut) dx+ cη

∫ 1

0
u2xdx, (4.41)∣∣∣∣− d

4ρ

∫ 1

0
u

∫ τ2

τ1

µ(s)h2(ϑ(1)dsdx

∣∣∣∣ ≤ ηcp

∫ τ2

τ1

µ(s)ds

∫ 1

0
u2xdx

+
1

4η

∫ 1

0

∫ τ2

τ1

µ(s)h22(ϑ(1))dsdx,

≤ +
c

2η

∫ 1

0

∫ τ2

τ1

µ(s)ϑ(1)h2(ϑ(1))dsdx

+cη

∫ 1

0
u2xdx, (4.42)

τb

ρ

∫ 1

0
wφdx ≤ c1

∫ 1

0
w2dx+

c1
2

∫ 1

0
φ2dx, (4.43)

τγ

ρ

∫ 1

0
w

(∫ x

0
h1 (ut) dy

)
dx ≤ c

4η

∫ 1

0
h21 (ut) dx+ cη

∫ 1

0
w2dx, (4.44)

τ

ρ

∫ 1

0
w

∫ τ2

τ1

µ(s)

(∫ x

0
h2(ϑ(y, 1))dy

)
dsdx ≤ c

2η

∫ 1

0

∫ τ2

τ1

µ(s)ϑ(1)h2(ϑ(1))dsdx

+cη

∫ 1

0
w2dx. (4.45)
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By substituting (4.36)-(4.45) into (4.34), we get (4.33). □

Lemma 4.3. Let (u, φ,w) be a solution of (2.8)-(2.9). Then the functional

I2(t) := J

∫ 1

0
φtφdx− bρ

µ

∫ 1

0
ut

(∫ x

0
φ(y)dy

)
dx, t ≥ 0,

satisfies, for any ε1 > 0, the following estimate

I ′2(t) ≤ −δ
2

∫ 1

0
φ2
xdx− λ

∫ 1

0
φ2dx+ ε1

∫ 1

0
u2tdx+ c2

∫ 1

0
w2
xdx (4.46)

+

(
J +

3c2
ε1

)∫ 1

0
φ2
tdx+ ε1

∫ 1

0
h21 (ut) dx

+2ε1

∫ 1

0

∫ τ2

τ1

µ(s)ϑ(1)h2(ϑ(1))dsdx,

where λ =
(
ξ − b2

µ

)
.

Proof. By differentiating I2(t), we obtain

I ′2(t) = J

∫ 1

0
φttφdx+ J

∫ 1

0
φ2
tdx− bρ

µ

∫ 1

0
ut

(∫ x

0
φt(y)dy

)
dx

−bρ
µ

∫ 1

0
utt

(∫ x

0
φ(y)dy

)
dx.

Next, using integrating by parts together with the boundary conditions, we get

I ′2(t) = −δ
∫ 1

0
φ2
xdx−

(
ξ − b2

µ

)∫ 1

0
φ2dx+ J

∫ 1

0
φ2
tdx

−k1
∫ 1

0
wxφdx− bρ

µ

∫ 1

0
ut

(∫ x

0
φt(y)dy

)
dx

−γ1b
µ

∫ 1

0
h1 (ut)

(∫ x

0
φ(y)dy

)
dx

−γ2b
µ

∫ 1

0

(∫ x

0
φ(y)dy

)∫ τ2

τ1

µ(s)h2(ϑ(1))dsdx.

Thanks to Young’s, Poincaré (3.17) and Cauchy-Schwarz’s inequalities and (4.35), we obtain

−k1
∫ 1

0
wxφdx ≤ δ

2

∫ 1

0
φ2
xdx+ c2

∫ 1

0
w2
xdx,

−bρ
µ

∫ 1

0
ut

(∫ x

0
φt(y)dy

)
dx ≤ ε1

∫ 1

0
u2tdx+

c2
ε1

∫ 1

0
φ2
tdx,
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−γ1b
µ

∫ 1

0
h1 (ut)

(∫ x

0
φt(y)dy

)
dx ≤ ε1

∫ 1

0
h21 (ut) dx+

c2
ε1

∫ 1

0
φ2
tdx,

−γ1b
µ

∫ 1

0

∫ τ2

τ1

µ(s)h2(ϑ(1))

(∫ x

0
φt(y)dy

)
dsdx ≤ ε1

∫ 1

0

∫ τ2

τ1

µ(s)h22(ϑ(1))dsdx

+
c2
ε1

∫ 1

0
φ2
tdx

≤ 2ε1

∫ 1

0

∫ τ2

τ1

µ(s)ϑ(1)h2(ϑ(1))dsdx

+
c2
ε1

∫ 1

0
φ2
tdx.

Then, we find that

I ′2(t) ≤ −δ
2

∫ 1

0
φ2
xdx− λ

∫ 1

0
φ2dx+ ε1

∫ 1

0
u2tdx+ c2

∫ 1

0
w2
xdx

+

(
J +

c2
ε1

)∫ 1

0
φ2
tdx+ ε1

∫ 1

0
h21 (ut) dx

+2ε1

∫ 1

0

∫ τ2

τ1

µ(s)ϑ(1)h2(ϑ(1))dsdx,

which is (4.46) with λ = ξ − b2

µ > 0. □

Lemma 4.4. Let (u, φ,w) be a solution of (2.8)-(2.9). Then, the functional

I3(t) = −τ
∫ 1

0
w

(∫ x

0
φt(y)dy

)
dx,

satisfies, for any ε2, ε3, ε4 > 0, the following estimate

I ′3(t) ≤ (−k1 + 2ε2)

∫ 1

0
φ2
tdx+ ε2Cp

∫ 1

0
u2xdx+ ε4

∫ 1

0
φ2dx (4.47)

+c2

(
(bτ)2

4ε2
+

δ2

4ε3
+

ξ2

4ε4
+

k22
4ε2

+ k1

)∫ 1

0
w2dx

+ε3

∫ 1

0
φ2
xdx.

Proof. By differentiating I3(t), integrating by parts and using (2.8), we obtain

I ′3(t) = −Jk1
∫ 1

0
φ2
tdx+ k1

∫ 1

0
w2dx+ τb

∫ 1

0
wudx (4.48)

−Jk3
∫ 1

0
wxφtdx− ξ

∫ 1

0
w

(∫ x

0
φ(y)dy

)
dx

+Jk2

∫ 1

0
w

(∫ x

0
φt(y)dy

)
dx− δ

∫ 1

0
wφxdx.
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Using Young’s, Cauchy-Schwarz’s and Poincaré inequalities, we find

τb

∫ 1

0
wudx ≤ ε2Cp

∫ 1

0
u2xdx+

(τb)2

4ε2

∫ 1

0
w2dx, (4.49)

−δ
∫ 1

0
wφxdx ≤ ε3

∫ 1

0
φ2
xdx+

δ2

4ε3

∫ 1

0
w2dx, (4.50)

−ξ
∫ 1

0
w

(∫ x

0
φ(y)dy

)
dx ≤ ε4

∫ 1

0
φ2dx+

ξ2

4ε4

∫ 1

0
w2dx, (4.51)

Jk2

∫ 1

0
w

(∫ x

0
φt(y)dy

)
dx ≤ ε2

∫ 1

0
φ2
tdx+

k22
4ε2

∫ 1

0
w2dx, (4.52)

−Jk3
∫ 1

0
wxφtdx ≤ ε2

∫ 1

0
φ2
tdx+

k23
4ε2

∫ 1

0
w2
xdx. (4.53)

Estimate (4.47) follows by substituting (4.49)-(4.53) into(4.48). □

Lemma 4.5. Let (u, φ,w) be a solution of (2.8)-(2.9), then, the functional

I4 (t) =

∫ 1

0

∫ 1

0

∫ τ2

τ1

sµ(s)e−srΓ2(ϑ(.))dsdrdx, (4.54)

satisfies the estimate

I ′4(t) ≤ −α1e
−τ2
∫ 1

0

∫ τ2

τ1

µ(s)ϑ(1)h2(ϑ(1))dsdx

+α2

(∫ τ2

τ1

µ(s)ds

)∫ 1

0
uth1 (ut) dx

−e−τ2
∫ 1

0

∫ 1

0

∫ τ2

τ1

sµ(s)Γ2(ϑ(1))dsdrdx. (4.55)

Proof. Differentiating I4, using the fourth equation in (2.8), (A2), and the fact that ϑ(0) =

ut, we obtain

I ′4(t) =

∫ 1

0

∫ 1

0

∫ τ2

τ1

sµ(s)ϑt(.)e
−srh2(ϑ(.))dsdrdx

= −
∫ 1

0

∫ 1

0

∫ τ2

τ1

µ(s)ϑr(.)e
−srh2(ϑ(.))dsdrdx

= −
∫ 1

0

∫ τ2

τ1

∫ 1

0
µ(s)

d

dr

[
e−srΓ2(ϑ(.))

]
drdsdx

−
∫ 1

0

∫ 1

0

∫ τ2

τ1

sµ(s)e−srΓ2(ϑ(.))dsdrdx

= −
∫ 1

0

∫ τ2

τ1

e−sµ(s)Γ2(ϑ(1))dsdx+

∫ 1

0

∫ τ2

τ1

µ(s)Γ2 (ut) dsdx
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−
∫ 1

0

∫ 1

0

∫ τ2

τ1

sµ(s)e−srΓ2(ϑ(.))dsdrdx

≤ −α1e
−τ2
∫ 1

0

∫ τ2

τ1

µ(s)ϑ(1)h2(ϑ(1))dsdx

−e−τ2
∫ 1

0

∫ 1

0

∫ τ2

τ1

sµ(s)Γ2(ϑ(.))dsdrdx

+α2

∫ τ2

τ1

µ(s)ds

∫ 1

0
uth1 (ut) dx.

Using the fact that −e−sr ≤ −e−s for all r ∈ [0, 1], we then obtain (4.55). □

Now, we define the Lyapunov functional L(t) by

L(t) = NE(t) +

3∑
i=1

NiIi(t) + I4(t), (4.56)

here, N,N1, N2 and N3 are positive constants.

Lemma 4.6. Let (u, φ,w) be a solution of (2.8)-(2.9). Then, there exist two positive con-

stants µ1 and µ2 such that the Lyapunov functional (4.56) satisfies

µ1E(t) ≤ L(t) ≤ µ2E(t),∀t ≥ 0. (4.57)

Proof. From (4.56), we have

|L(t)−NE(t)| ≤ dN1

4

∫ 1

0
|utu| dx+ τN1

∫ 1

0

∣∣∣∣w(∫ x

0
ut(y)dy

)∣∣∣∣ dx
+JN2

∫ 1

0
|φtφ| dx+

bρN2

µ

∫ 1

0

∣∣∣∣ut(∫ x

0
φ(y)dy

)∣∣∣∣ dx
+N3τJ

∫ 1

0

∣∣∣∣w(∫ x

0
φt(y)dy

)∣∣∣∣ dx
+

∫ 1

0

∫ 1

0

∫ τ2

τ1

∣∣se−sr∣∣Γ2(ϑ(.))dsdrdx.

By using Young’s, Poincaré and Cauchy-Schwarz inequalities, we obtain

|L(t)−NE(t)| ≤ γE(t),

which yields

(N − γ)E(t) ≤ L(t) ≤ (N + γ)E(t), (4.58)

this completes the proof. □
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Theorem 4.1. Let (φ0, φ1, ψ0, ψ1, θ0, q0, f0)
T ∈ H be given. Assume that A1 − A2 are

satisfied, then there exist c1,c2, c3 > 0 for which the (weak) solution of problem (2.8)-(2.9)

satisfies

E (t) ≤ c1K
−1 (c2t+ c3) , ∀t ≥ 0. (4.59)

Proof. By differentiating equation (4.56), then recalling Eqs. (4.27), (4.33), (4.46), (4.47)

and (4.55), we have

L′(t) ≤ (−k3N + c1N1 + c2N2)

∫ 1

0
w2
xdx+ (−k2N + (3c1 + 2cη)N1)

∫ 1

0
w2dx

+ N3c2

(
(bτ)2

4ε2
+

δ2

4ε3
+

ξ2

4ε4
+

k22
4ε2

+ k1

)∫ 1

0
w2dx

+(dN1 +N2ε1)

∫ 1

0
u2tdx+

(
α2

∫ τ2

τ1

µ(s)ds+
c

4η
−Nc0

)∫ 1

0
uth1 (ut) dx

+

((
cη − µd

8ρ

)
N1 + ε2CpN3

)∫ 1

0
u2xdx+

(
N1c

2η
+N2ε1

)∫ 1

0
h21 (ut) dx

+(−λN2 + c1N1 +N3ε4)

∫ 1

0
φ2dx+

(
−δ
2
N2 +N3ε3

)∫ 1

0
φ2
xdx

+

(
N1c1 +

(
J +

3c2
ε1

)
N2 +N3 (−k1 + 2ε2)

)∫ 1

0
φ2
tdx

+

((
2ε1N2 +

N1c

η

)
−Nc0 − α1e

−τ2
)∫ 1

0

∫ τ2

τ1

µ(s)ϑ(1)h2(ϑ(1))dsdx

−e−τ2
∫ 1

0

∫ 1

0

∫ τ2

τ1

sµ(s)Γ2(ϑ(.))dsdrdx. (4.60)

At this point, we set ε1 = 1, ε2 =
1
N3

and choose η small enough so that

η ≤ µd

8cρ
.

Next, take N1 large enough so that,(
cη − µd

8ρ

)
N1 + Cp < 0.

Let us fix N1 and select ε3 = ε4 =
1
N3
, choose N2 large enough so that

−δ
2
N2 + 1 < 0 and − λN2 + c1N1 + 1 < 0.

Fix N2 and select ε2 so small that

ε2 <
k1
2
,

choose N3 large enough so that

N1c1 + (J + 3c2)N2 +N3 (−k1 + 2ε2) < 0 .
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Finally, we choose N large enough so that

−k3N + c1N1 + c2N2 < 0,

−k2N + (3c1 + 2cη)N1 +N3c2

(
(bτ)2

4ε2
+ δ2

4ε3
+ ξ2

4ε4
+

k22
4ε2

+ k1

)
< 0,(

2ε1N2 +
N1c
η

)
−Nc0 − α1e

−τ2 < 0,

α2

∫ τ2
τ1
µ(s)ds+ c

4η −Nc0 < 0.

All these choices with the relation (4.60) leads to

L′(t) ≤ −λ1
∫ 1
0

(
u2x + u2t + φ2 + φ2

x + φ2
t + w2 + σ

∫ 1
0

∫ τ2
τ1
sµ(s)Γ2(ϑ(.))dsdr

)
dx

−λ2
∫ 1
0

(
w2
x + w2

)
dx+ c

(∫ 1
0 u

2
tdx+

∫ 1
0 h

2
1 (ut) dx

)
, c, λ1, λ2 > 0.

(4.61)

On the other hand, from (4.26) and by using Young’s inequality, we obtain

E(t) ≤ 1
2

∫ 1
0

(
ρu2t + Jφ2

t + (µ+ |b|)u2x + δφ2
x + (ξ + |b|)φ2 + τw2

)
dx

+σ
2

∫ 1
0

∫ 1
0

∫ τ2
τ1
sµ(s)Γ2(ϑ(.))dsdrdx

≤ υ1

(∫ 1
0

(
u2t + φ2

t + u2x + φ2
x + φ2 + w2

)
dx
)

+υ1σ
∫ 1
0

∫ 1
0

∫ τ2
τ1
sµ(s)Γ2(ϑ(.))dsdrdx, υ1 > 0,

which implies that

−
∫ 1

0

(
u2t + φ2

t + u2x + φ2
x + φ2 + w2 + σ

∫ 1

0

∫ τ2

τ1

sµ(s)Γ2(ϑ(.))dsdr

)
dx

≤ −υ2E(t), υ2 > 0. (4.62)

The combination of (4.61) and (4.62) gives

L′(t) ≤ −c1
∫ 1

0

(
u2t + φ2

t + w2 + (ux + φ)2 + φ2
x + σ

∫ 1

0

∫ τ2

τ1

sµ(s)Γ2(ϑ(.))dsdr

)
dx

+c

(∫ 1

0
u2tdx+

∫ 1

0
h21 (ut) dx

)
≤ −c1E(t) + c

(∫ 1

0

(
u2t + h21 (ut)

)
dx

)
. (4.63)

Let us define the following sets

Σu = {x ∈ (0, 1) : |ut (x, t)| > l} and Θu = (0, 1) \Σu.

Now, we estimate the last term in the right-hand side of (4.63). First, we have∫ 1

0

(
u2t + h21 (ut)

)
dx =

∫
Σu

(
u2t + h21 (ut)

)
dx

+

∫
Θu

(
u2t + h21 (ut)

)
dx.
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Using A1 and (4.27), we easily show that

∫
Σu

(
u2t + h21 (ut)

)
dx ≤ (k−1

1 + k2)

∫
Σψ

uth1 (ut) dx

≤ (k−1
1 + k2)

∫ 1

0
uth1 (ut) dx

≤ −cE′ (t) . (4.64)

If h′′ = 0 on [0, l]: This implies that there exist k′1, k
′
2 > 0 such that k′1s

2 ≤ h1 (s) s ≤ k′2s
2

for all s ∈ R+, and then (4.64) is also satisfied for |ut (x, t)| ≤ l, then on all (0, 1). From

(4.63), (4.64), we arrive at

(L(t) + cE (t))′ ≤ −cJ (E (t)) , ∀t ≥ 0, (4.65)

where J is defined in (3.23).

If h′(0) = 0 and h′′ > 0 on (0, l]: Since h is convex and increasing, h−1 is concave and

increasing, by using A1, the reversed Jensen’s inequality for concave function (see [35], p.

61), and (4.27), we obtain,

∫
Θψ

(
u2t + h21 (ut)

)
dx ≤

∫
Θψ

h−1 (uth1 (ut)) dx

≤
∫
Θψ

h−1 (uth1 (ut)) dx

≤ |Θψ|h−1

(∫
Θψ

1

|Θψ|
uth1 (ut) dx

)

≤ ch−1

(∫
Θψ

uth1 (ut) dx

)

≤ ch−1

(∫ 1

0
uth1 (ut)

)
dx

≤ ch−1
(
−cE′ (t)

)
. (4.66)

Therefore, from (4.63), (4.64) and (4.66), we find that

L′(t) ≤ −cE (t) + ch−1(−cE′ (t))− cE′ (t) , ∀t ≥ 0.

By using Young’s inequality (3.21), (3.25) and the fact that

E′ ≤ 0, and h′′ > 0,
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we get for ε0 > 0 small enough and c0 > 0 large enough,[
h′ (ε0E (t)) [L(t) + cE (t)] + c0E (t)

]′
= ε′0E (t)h′′ (ε0E (t)) [L(t) + cE (t)]

+h′ (ε0E (t))
[
L′(t) + cE′ (t)

]
+ c′0E (t)

≤ −ch′ (ε0E (t))E (t) + ch′ (ε0E (t))h−1(−cE′ (t)) + c′0E (t)

≤ −ch′ (ε0E (t))E (t) + ch∗(h′ (ε0E (t)))− cE′ (t) + c′0E (t)

≤ −ch′ (ε0E (t))E (t) + cε0h
′ (ε0E (t))E (t)

≤ −ch′ (ε0E (t))E (t) = −cJ (E (t)) . (4.67)

Now, let us define the following functional:

G (t) =

 L(t) + cE (t) if h′′ = 0 on [0, l] ,

h′ (ε0E (t)) [L(t) + cE (t)] + c0E (t) if h′(0) = 0 and h′′ > 0 on (0, l] .

Using (4.57), we have

G ∼ E,

and exploiting (4.65) and (4.67), we easily deduce that

G′ (t) ≤ −cJ (E (t)) , ∀t ≥ 0.

Next, let us set

R (t) = εG (t) ,

where 0 < ε < ε̄ and ε̄ is a positive constant satisfying

G (t) ≤ 1

ε̄
E (t) , ∀t ≥ 0.

We also have

M ∼ E, (4.68)

and for t ≥ 0

M′ (t) ≤ −cεJ (M (t)) . (4.69)

Noting that K ′ = −1/J (see (3.24)), we get from (4.69)

M′ (t)K ′ (M (t)) ≥ cε, ∀t ≥ 0.

A simple integration over (0, t) then yields

K (M (t)) ≥ K (M (0)) + cεt.
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Then, since K−1 is decreasing , we deduce that

M (t) ≤ K−1 (cεt+K (M (0)))

≤ K−1 (c2t+ c3) .

From this latter inequality and (4.68) we obtain easily (4.59). Then the proof is completed.

□
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