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ON SUPRA ¢*-OPEN SETS AND SUPRA ¢*-CONTINUOUS FUNCTIONS

BURCU SUNBUL AYHAN | & ¥

ABSTRACT. In the present study, we introduced a novel type of generalized supra open sets
called supra e*-open sets via supra d-closure operator which we define. Through this new
concept, we defined and studied supra e*-continuous functions, supra e*-open functions and
supra e*-closed functions. Also, we investigated relationships between supra e*-continuous
functions and different generalized types of supra continuity.
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1. INTRODUCTION

In the last decades, numerous investigators have worked on generalized types of open sets
such as preopen [17], semi-open [16], a-open [16], b-open [9], S-open [1], e-open [12], e*-open
[13]. Some studies conducted with the help of generalized open sets are as follows: The
class of somewhere dense sets [3] are contained all a-open, preopen, semi-open, S-open and
b-open sets except for the empty set. Also, the concept of STi-space is defined in the same
paper and its various features are investigated. Al-Shami and Noiri continued to study more
properties of somewhere dense sets in [4].

On the other hand, Mashhour et al. defined the notion of supra open sets [I§] in supra
topological spaces in 1983. Later, many researchers introduced and studied generalizations

of supra open sets. In 2008, Devi et al. [I1] explored a kind of sets and functions called
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supra a-open sets and supra a-continuous functions, subsequently. In 2010, Noiri and Sayed
investigated supra pre-open sets [19] and supra b-open sets [20]. In 2013, Vidyarani [22]
introduced supra regular open sets. In 2013, Jafari and Tahiliani [I5] worked on supra S-open
sets and supra (-continuous functions. In 2017, Al-Shami [2] studied supra semi-continuous
functions and supra semi-open functions through supra semi-open sets.

The other studies referring to recent contributions in supra topology and their applica-
tions can be listed as follows: M. E. El-Shafei et al. [I4] introduced strong supra regularly
ordered spaces, strong supra normally ordered spaces and strong supra T;-ordered spaces
(i =0,1,2,3,4) on supra topological ordered spaces and investigate the main properties of
them. B. A. Asaad et al. [I0] studied the notion of an operator v on a supra topological
space and then this notion is utilized to analyze supra y-open sets. T. M. Al-Shami and 1.
Alshammari [5] found new rough-approximation operators inspired by an abstract structure
called supra topology. T. M. Al-Shami et al. [6] introduced new forms of limit points of a set
and separation axioms on supra topological spaces via supra a-open sets (resp. supra -open
sets [7]) T. M. Al-Shami et al. [8] defined three types of supra compactness and three types
of supra Lindel6fness using supra topological spaces via supra pre-open sets.

In this paper, first of all, we introduced the concept of supra d-closure operator via supra
regular open sets. Then, we defined supra e*-openness with the help of this operator. Later,
we developed the ideas of supra e*-continuous functions and supra e*-open functions via
supra e*-open sets. We also obtained several characterizations of supra e*-continuity and

revealed some of its basic features.

2. PRELIMINARIES

In the whole of this study, unless explicitly stated topological spaces (¥, T) and (P, 1)
(or simply ¥ and ®) always mean on which no separation axioms are supposed. Then the
closure and interior of E are expressed by cl(E) and int(E), subsequently. The collection of
all open (resp. closed) sets of U are expressed by O(¥)(resp. C(¥)). Also, (¥, 1) and (®,7n)
represent supra topological spaces.

A point 2 € ¥ is referred to as d-cluster point [21] of E if int(cl(O))NE # ) for every open
neighborhood O of x. The set of all d-cluster points of O is called the J-closure [21] of £ and
is expressed by cls(F). If E = cls(FE), then E is called d-closed [21] and the complementary of
a o-closed set is called d-open [21]. The set ints(F) := {z|(30 € O(¥, z))(int(cl(0O)) C E)}

is called the d-interior of E.
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A subclass 1 C 2Y is referred to as a supra topology on ¥ [I8] if ¥ is an element of x4 and
u is closed under arbitrary union. (W, u) is referred to as a supra topological space (briefly,
supra space) [I§]. The members of p are called supra open sets (briefly, s.o.) [18]. The
complementary of supra open set is referred to as a supra closed set [18]. The intersection
(resp. union) of all supra closed (resp. supra open) sets of ¥ containing (resp. contained in)
E is called the supra closure [18] (resp. supra interior [18]) of E and is expressed by cl*(E)
(resp. inth(E)).

Definition 2.1. Let (¥, u) be a supra topological space. A subset E of W is referred to as:
(t1) supra regular open [22] (briefly, s.r.o.) if E = int#(cl*(E)).

(12) supra a-open [I1] (briefly, s.a.o.) if E CintH(cl*(int*(E))).

(t3) supra semi-open [3] (briefly, s.s.o.) if E C cl*(int"(E)).

(

(t5) supra b-open [20] (briefly, s.b.o.) if E C int*(cl*(E)) U cl(intt(E)).

(

)
)
ty) supra preopen [19] (briefly, s.p.o.) if E C int(cl*(FE)).
)
)

tg) supra [-open [15] (briefly, s.B.0.) if E C cl*(int*(cl*(E))).

The complementary of a supra regular open (resp. supra a-open, supra semi-open, supra
preopen, supra b-open, supra [-open) set is called supra regular closed [22] (resp. supra
a-closed [I1], supra semi-closed [3], supra preclosed [19], supra b-closed [20], supra [-closed
[15)).

The collection of all supra open (resp. supra regular open, supra a-open, supra semi-
open, supra preopen, supra b-open, supra [3-open, supra closed, supra regular closed, supra
a-closed, supra semi-closed, supra preclosed, supra b-closed, supra [-closed) sets in (¥, )
is expressed by pu(¥) (resp. Ru(¥), ap(¥), Su(¥V), Pu(¥), bu(¥), Bu(¥), p(¥), Ruc(¥),
QpE(W), SpE(W), PUe(W), e (W), Buc(v)).

Definition 2.2. [I8] Let ¥ be a topological space. If T C u, then p is called a supra topology

associated with T.

Definition 2.3. Let U and ® be two topological spaces and i be a supra topology associ-
ated with T. A function A : U — ® is called supra continuous (resp. supra a-continuous
[11], supra precontinuous [19], supra semi-continuous [3], supra b-continuous [20], supra (-
continuous [15]) if for all open set L of ®, A~Y[L] is s.0. (resp. s.a.o., s.p.o., s.5.0., 8.b.0.,

s.f.0.) in V.
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Definition 2.4. A function A : ¥ — ® is referred to as e*-continuous [13] if for every open

set E of ®, A™Y[E)] is e*-open in V.

3. SUPRA §-CLOSURE OPERATOR AND SUPRA e*-OPEN SETS

In this part of the study, we define supra e*-open sets via supra J-closure operator and

investigate some of its basic features.

Definition 3.1. Let u be a supra topology on ¥, then the supra 0-closure of E C W is

expressed as follows:
clf () := [ {GI(E € G)(G € Rp“(¥))}.

and the supra d-interior of A C W is expressed as follows:
int§ (E) := | {VI(V € E)(V € Ru(¥))}.

Definition 3.2. Let (U, pu) be a supra topological space and E C V. The set E is called a
supra §-closed (briefly, s.b.c.) set if E = cl{(E). The complementary of a supra 6-closed set

is referred to as supra 6-open (briefly, s.9.0.).

Theorem 3.1.
(t1) Bvery s.r.o. setis a s.9.0. set.

(t2) Every s.d.0. set is a s.o. set.
Proof. The proofs are clear from Definition O

Remark 3.1. In the subsequent example demonstrated that a s.o. set need not be a s.0.0.

set.

Example 3.1. Let ¥ = {01, 02,03}. Define a supra topology pu = {¥,0,{91},{01,03}, {02,0s}}

on V. Then the set {01,03} is a s.o. set, however, it is not s..0.
Question: Is there any s.d.0. set which is not s.r.0.?

Definition 3.3. Let (U, pu) be a supra topological space and E C W. The set E is called a
supra e*-open (briefly, s.e*.0.) set if E C cl*(int"(cl§(E))). The complementary of a supra
e*-open set is referred to as supra e*-closed. The collection of all supra e*-open (resp. supra

e*-closed) set is expressed by e*pu(¥)(e*u(v)).

Theorem 3.2. Fvery s.8.0. set is a s.e*.o. set.
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Proof. Let E € pu(¥). Thus, E C cl*(int"(cl*(E))). On the other hand, we have always
cl"(E) C clf(E), then we get that E € e*u(¥). O

Remark 3.2. A s.e*.o0. set need not be s.5.0. as indicated by the subsequent example.

Example 3.2. Consider the supra topology in Example . Then the set {02} is a s.e*.o.

set, however, it is not s.3.o.

Remark 3.3. From the above discussions and Theorem|[3.3, we obtain the following diagram.
Howewver, the opposites of these implications don’t hold always correct. Also, counterezamples

of the other implications are shown in [3], [I1], [15] and [19].

S.p.0.

/ h

s.r.o. — s8.0.0. — 8.0. — S.0.0. s.b.o. — s.8.0. — s.e*.o.

pN S

S.S.0.

Theorem 3.3. Let (¥, u) be a supra topological space, then the following properties hold:
(1) If A C e*u(¥), then UA € e*u ().
(t2) The intersection of two s.e*.o. sets is not necessarily s.e*.o.

(t3) ¥ € e™p(¥).

Proof. (11) : Let A be a collection of s.e*.o. sets in V.
EeA = Cct(int*(clf(E))) CUA
= FE C ct(inth(clf(UA)))
= UA C c¥(intt(clf (UA))).
(12) : Let ¥ = {01,02,05} and let p = {0, {01}, {01,02}, {02,053}, ¥} be a supra topological
space on W. Although the subsets {01,003} and {02,003} are s.e*.o. in W, which is the

intersection set {03} is not s.e*.0. in .

(t3) : Obvious. O

Theorem 3.4. Let (¥, u) be a supra topological space, then the following properties hold:
(1) If A C e*u(V), then NA € e*uc(W).

(t2) The union of two s.e*.c. sets is not necessarily s.e*.c.

Proof. 1t is obvious from the proof of Theorem [3.3] O
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Definition 3.4. The supra e*-closure (resp. supra e*-interior) of a set E is the intersection
(resp. union) of the supra e*-closed (resp. supra e*-open) sets including (resp. included in)

E, which is expressed by clt. (E) (resp. int!.(F)).

Remark 3.4. It is obvious from the above definition that inth. (E) € e*u(¥) and clb. (E) €

e*uc(W).

Theorem 3.5. The following properties hold for the supra e*-interior and supra e*-closure
of subsets F' and G of a space V.

(t1) intt (F) CF and F C b\ (F).

(12) inths (F) = A iff F is a s.e*.o. set and It (F) = A iff A is a s.e*.c. set.

(t3) inth (U \ F) = U\ b (F) and . (¥ \ F) = ¥ \ inth. (F).

(ta) If F C G, then inth, (F) Cintt. (G) and b (F) C ! (G).

Proof. Straightforward. O

Theorem 3.6. Let A and B be any subsets of a space U, then the following properties hold:
(t1) intl.(A) Uintt. (B) C intt.(AU B).
(12) clt. (AN B) C clbl.(A) Nl (B).

Proof. Straightforward. O

Remark 3.5. The inclusions in (11) and (13) in Theorem[3.6 can not replaced by equalities

by as can be seen from the following examples.

Example 3.3. Let ¥ = {01,092,03} and p = {0,¥,{0:1},{01,02},{02,03}} be a supra
topology on . Where, if A = {02} and B = {03}, then intt.(A) = inth.(B) = 0 and
ints* (AUB) = intg*({62,53}) = {09,03}.

Example 3.4. Let u be the same supra topology on V as given in the above example. If C =
{01,902} and D = {01,03}, then clb.(C) = clt. (D) =V and b, (CN D) = clt. ({01}) = {01}.

4. SUPRA €*-CONTINUOUS FUNCTIONS

In this part of the study, we define a novel form of continuous functions called supra e*-
continuous. Also, we obtain several characterizations and investigate some of its fundamental

properties.
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Definition 4.1. Let ¥ and ® be two topological spaces. Let i be an associated supra topology
with T. A function A : U — & is called supra e*-continuous if for each open set V. of ®,

A7L[V] is supra e*-open in V.
Theorem 4.1. Every continuous function is a supra e*-continuous function.

Proof. Let V € O(®) and p be an associated supra topology with T.

Ve O(®)
= A7V] € O(V)
A is continuous = A7 V] € p(9) C e*u(P).
O(W) C (W)
That means A is supra e*-continuous. O

Remark 4.1. A supra e*-continuous function need not be neither continuous nor supra

B-continuous as shown by the following examples.

Example 4.1. Let ¥ = {01,02,03} and T = {0, ¥, {0s}} be a topology on ¥ and the supra
topology 1 is expressed as p = {0, ¥,{01},{01,02}}. Let A: (¥, T) = (¥, T) be a function
expressed as A = {(01,01), (02,03), (03,02)}. The pre-image of the open set {03} is {O2}.
In that case {02} € e* (V) and {02} ¢ O(V). Thus, A is supra e*-continuous, however, it

18 not continuous.

Example 4.2. Let ¥V = {01,02,03} and T = {0, ¥,{02}} be a topology on . Consider
the supra topology in Example on V. Then the identity function A : (U, T) — (U, T) is

supra e*-continuous. However, it is not supra B-continuous.

Remark 4.2. From Remark[3.3 and Examples[4.1] and[4.5, we have the following diagram.
However, the opposites of the requirements are not always true. Also, counterexamples of the

other requirements are shown in [15], [19] and [20].

supra pre-cont.

S \
supra cont. —  supra a-cont. supra b-cont. —  supra (-cont.
T N\ T \J
cont. supra semi-cont. supra e*-cont.

Theorem 4.2. Let A : ¥V — ® be a function and p be an associated supra topology with T.
Then the following properties are equivalent:

(t1) A is s.e*.c.;
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Proof. (11) = (12) : Let F be a closed set in ®.
FeC(®)=d\FeO(®)
= AT\ F] = U\ AYF] € e* (V) = A7L[F] € e*uc (D).
Hypothesis
(t2) = (13) : Let L be any subset of ®.
LC®=cl(L) e C(d)

e

} = A7Yd(D)] € e*pc(¥) = clbi (ATYL]) C cbs (A7Mel(L)]) =
Hypothesis

ALel(L)].
(t3) = (14) : Let E be any subset of .
ECW#NEC@}:dQHCdzmlmmmCAlwmwm
Hypothesis

— ALl ()] € AIA(AE]]) € d(A[E)).
(t4) = (15) : Let L be any subset of ®.
LCOo=V\ALICW } = Al (U\AYL))] € (A U\ A L])
Hypothesis

= AW \intg. (ATHL])] € cl(@\ L) = @\ int(L)

= W\ inth. (A7YL]) C A7\ int(L)]

= A~ int(L)] C intl. (ATHL]).
(t5) = (11) : Let O be an open set in ®.

0 € 0(P) = A~Y[0] C A~Yint(0)] C int".(A1[0])

Hypothesis
= A7YOJ € e*u(¥)

Thus, A is supra e*-continuous. O

Theorem 4.3. If A : ¥ — ® is supra e*-continuous and I' : ® — ( is continuous, then the

composition I'o A : U — ( is supra e*-continuous.

Proof. Let V € O(().

Ve )
r-v] e O(®) o -
I' is cont. = A7 V] = (T o A)7HV] € e* (W)
A is supra e*-cont.

Thus, I o A is supra e*-continuous. 0
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Theorem 4.4. Let A : V¥ — & be a function and p and n be the associated supra topologies
with T and L, subsequently. Afterwards A is supra e*-continuous if one of the following

holds:

(1) A [mt (L) C int (A[L)) for cach LC .
(t2) ( ) C A7t [elh (L)) for each L C ®.
(13) Alel(E)] C b (A[E]) for each E C V.

Proof. (11) : Let L € O(®).
LeO(®)=LCo
®) - = A~ inth. (L)] C int (A7Y[L]) = A7 [L] Cint (AT[L])
Hypothesis
= A"L[L] € O(P)
O(W) € e* (W)
Thus, A is supra e*-continuous.
(12) : Let L € O(®).
LeO(®)=Pd\LCD

= AL[L] € e*u(P)

b= d (AT L)) C AT [l (@) 1)
Hypothesis

= W\ int (A7'L]) C ¥\ A~ [int. (L))

= A~[int!.(L)] Cint (A7Y[L])
This condition is the same as (¢1). Thus, A is supra e*-continuous.
(t3) : Let E € O(®).

EcO(®) = AE| CU B P

Hypothesis = Alcl(AT[E])] € cle- (A[ATTE])

= A[c(ATYE))] C ! (E)

= ATHA[(ATHE])]] € A7l (B)]

= cl(AYE]) C A7l (E))

This condition is the same as (t2). Thus, A is supra e*-continuous. O

5. SUPRA e*-OPEN FUNCTIONS AND SUPRA e*-CLOSED FUNCTIONS

Definition 5.1. A function A : ¥ — & is called supra e*-open (resp. supra e*-closed) if for

each open (resp. closed) set F' of ¥, A[F] is s.e*.0. (resp. s.e*.c.) in ®.

Theorem 5.1. A function A : U — @ is supra e*-open iff Alint(A)] C inth. (A[A]) for each
set A in .
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Proof. Necessity. Let A C ¥ and suppose that A is supra e*-open.

ACU = ADint(A) € O(D)
N = AL 2 Alint(A)] € (@) |
is supra e*-open
inte. (A[A]) = U{B|(B C A[A])(B € e*u(¥))}
= Alint(A)] Cintt. (A[4]).
Sufficiency. Suppose that Alint(A)] C intl. (A[A]) for each set A € .

A0 ALA) C Afint(A)] C int? (ALA]) = ALA] € e (@)

Hypothesis
Hence, A is supra e*-open. ]

Theorem 5.2. A function A : U — ® is supra e*-closed iff clt.. (A[A]) C Acl(A)] for all set
Ain V.

Proof. 1t is obvious from the Theorem [5.1] O

Theorem 5.3. Let A : VU — & and ' : & — ( be two functions. Then the following properties
hold:

(t1) Whenever T' o A is supra e*-open and A is continuous surjective, afterwards I is supra
e*-open.

(t2) Whenever T'o A is open and T' is e*-continuous injective, afterwards A is supra e*-open.

Proof. (11) : Let U € O(®).

UeO(®)
= ATHU] € O(¥)
A is continuous
I' o A is supra e*-open
A is surj.
= (o A)[AT! V]| = TA[ATHV]] T =" TV] € ep(Q)
Hence, T is supra e*-open.

(t2) : Let U € O(V).

UeO()
= ([oA)U] € O()
I'o A is open =
I' is e*-continuous

= T (T oA) V] =T HrAV]] T EY A[V] € e (@)

Hence, A is supra e*-open. O

Theorem 5.4. Let A : W — ® be a bijection. Then the following functions are equivalent:

(t1) A is a s.e*.o.;
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(12) A is a s.e*.c.;

(13) A7t is a s.e*.c.

Proof. (t1) = (12) : Obvious.
(12) = (13) : Let F' € C(W).

FeC(v) A is bij.

= A[F) 22 (AT UE] € et ps(@)

A is supra e*-closed
By Theorem (1,2) A~ is supra e*-continuous.
(t3) = (11) : Let F € O(¥).
FeOoWw is bii
WL (a1 22 Ap) € o)
A~ is supra e*-continuous
Hence, A is supra e*-open. Il
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