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PRINCIPAL NORMAL INDICATRIX (N) OF CURVES ACCORDING TO
THEIR ALTERNATIVE FRAMES IN EUCLIDEAN 3-SPACE

HUSEYIN KOCAYIGIT *, CANAN ADSOY /| AND MEHMET AYDINALP

ABSTRACT. In this paper, we define a new family of curves called principal normal indica-
trix (briefly, PNI) of space curves with unit speed in 3-dimensional Euclidean space. During
the definition, we use alternative frames and we give some conditions for space curves to be
general helix, slant helix, plane curve or involute curve.

Keywords: Spherical indicatrix, Alternative frame

2010 Mathematics Subject Classification: 53A04.

1. INTRODUCTION

Curve theory is a fascinating area of differential geometry and therefore, attracts many
researchers. Curve theory investigates the properties and classifications of curves. On the
other hand, curves contain some special curves within themselves. Special curves are such
curves that satisfy certain conditions or exhibit interesting geometric behaviors. Special
curves are studied in different spaces and different frames and are closely related to many
application areas such as physics, engineering, computer aided design, robotics and medicine.
Helices, involute-evolute, Bertrand and Mannheim curve pairs are some examples of well-

known special curves.
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In curve theory, one of the most attractive special curves are combined curves. If there
exists a mathematical relationship between two or more curves, these curves are called com-
bined curves. Spherical indicatrix of curves are also combined curves in curve theory. Izumiya
and Takeuchi [I] defined a new kind of slant helix in Euclidean 3-space. They showed that
is a slant helix iff the geodesic curvature of spherical image of principal normal indicatrix (N)

’ I)/. Kula and Yayl: [2] studied the spherical indicatrix

3 — K
of a space curve v is 0 = e (K

curves of slant helices. They showed that their spherical indicatrices were spherical helices.
They [3] also gave the characterizations of slant helices via certain differential equations ver-
ified for each one of spherical indicatrix in Euclidean 3-space. In [4], Uzunoglu et al. studied
a curve whose spherical images (the tangent and binormal indicatrices) are spherical slant
helices by using alternative frame and called it as a C—slant helix.

In this paper, we firstly define the principal normal indicatrix (PNI) of space curves with
unit speed in 3-dimensional Euclidean space by using alternative frame. Then, we investigate
the geometric properties of PNI of space curves and give some relationships between these
space curves and special well-known curves such as general helix, slant helix, plane curves

and involute curves.

2. PRELIMINARIES

A regular curve y(s) : I C R — R? has three orthonormal vectors denoted by f(s),
N(s) and B(s) which are the tangent, the principal normal and the binormal unit vectors,
respectively. The set {f (s),N(s), B (s)} is called Frenet frame of « and the unit vectors are
calculated by T'(s) = Hz’égll’ B(s) = %, N(s) = B(s) x T(s). The orthonormal
frame {f (s),N(s), B (s)} has the Frenet-Serret formulas as

T'(s) = vr(s)N(s),
N'(s) = —v (w(s)T(s) + 7(s)B(5)), (2.1)

—

B'(s) = —vr(s)N(s),

where v = ||7/(s)||, x(s) is the first and 7(s) is the second curvature functions of . Besides,

the second curvature 7(s) is also known as torsion. The curvature functions are calculated

_ I ©xy"(s)l L @E)xT(8)™"(s)
= er 0T 17/ (5) %7 ()]

vector & of the Frenet frame of a point moving with unit speed along a curve which enables

as kK(s) . A Darboux vector is the angular velocity

us to interpret the curvature and torsion geometrically. The Darboux vector & is defined by



76 H. KOCAYIGIT, C. ADSOY, AND M. AYDINALP

& = 7T 4 kB [5] and the unit Darboux vector is given by
G 1
& - Ve

Because VT/J_ZV, a new unit vector C is obtained as C = W x N. In this case, a new

W= (rf + né) . (2.2)

orthonormal frame can be constructed along ~. This frame is called as alternative frame and

is denoted by {]\7 , c , W} The derivative formulas of the frame {]\7 , é, W} is presented by

N’ 0 f 0 N
W 0 —g 0 W
where
K2 '
_ 2 2 — S 2.4
/ RIS 9 K2 + 72 (n) (2.4)

The curve 7 is a slant helix iff g/f is constant [4]. Moreover, the relationship between these

frames is as follows:

(2.5)
where k* = k/f and 7 = 7/f [0].
3. PRINCIPAL NORMAL INDICATRIX (N) OF CURVES

In this section, we firstly define a new spherical image by translating the unit principal
normal vector N of a space curve with unit speed to the center of the unit sphere. Then,
we will give the following definitions, theorems and propositions by using similar ideas in

[2, @ 7.

Definition 3.1. Let vy: I C R? and vy : I C R® — S(Q) be unit speed curves. Then vy s

called principal normal indicatriz (PNI) of the curve v and satisfies the equation as
n(sw) = N(s)

where S? denotes a unit sphere and, s and sy are arc length parameters of v and YN,
0 Y v

respectively.

Now, let calculate the ratio ds/dsy.

sN:/OSH'%VHdu:/OS“f@“du:/os|f|du

The differential of sy yields
dsy = fds.
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where f > 0. Then, we get
ds 1

dsy  f
Theorem 3.1. Let vy be the PNI of a unit speed curve v in Euclidean 3-space. Then the
Frenet frame of vy is computed with regards to the alternative frame of v as follows:
TN = C_;a
Ny = —mN + nW, (3.6)
BN = nﬁ + mW

where m = \/f;[TgQ and n = \/f?ngQ’ and the sets {1\7, C_",VT/} and {fN,NN,EN} are

alternative frame of v and Frenet frame of vy, respectively.

Proof. The derivative of y(sy) = N(s) with respect to s is obtained as

din 5

ds Inv=1r (3.7)
From here, we have
=1
/

On the other hand, the second derivative of vy with respect to s yields

= dyn _ diyn ds

Ty = =C

dsy  ds dsy

T =—f*N + f'C + fgW. (3.8)
The cross product of (3.7) and (3.8]) gives Binormal vector of vy as

=

B '_Y’;VX'YN

g v [z
v <% VPP P+
From (3.7)) and (3.9)), we get
- = e f o g o
NN—BNXTN—*\/WN+ \/WW (3.10)
Thus, we complete the proof. O

We should note that since f > 0, we obtain m > 0. Then, the following theorem is given:

Theorem 3.2. Let vy be the PNI of a unit speed curve . Then the following invariants

are given:
/

KN = %aTN = % <?> (3.11)

where kN and TN are curvature and torsion of yn, respectively and Kk > 0.
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Proof. From the cross product of (3.7) and (3.8]), we get

|73 < 75| = 2V 2 + g2

1A > Ml

Since the curvature function of vy is computed by Ky = H H , we have
N
1
KN = —.
m
The torsion of vy is also computed by 7v = <ﬁ]f,m]f/’/’y|1’v ) Then, we get
X
f\f
Lastly, since m > 0, then ky > 0. O

Theorem 3.3. The unit speed curve vy is a general heliz iff the curve vy is a circle or a part

of a circle.

Proof. Let v be a general helix. Then from (2.4), we have that 7/ is constant, i.e., g = 0.
Thus, we have ky = 1 and 7y = 0 which means 7y is a circle or a part of a circle. Conversely,
assume that vy is a circle or a part of a circle. Then, kx is a non-zero constant and 7y = 0.

Since f > 0 and m > 0, we get g = 0. Therefore, v is a general helix. a
Theorem 3.4. The unit speed curve v is a slant helix iff the curve yn is planar.

Proof. Let v be a slant helix. We know that the curve v is a slant helix iff g/f is constant
[4]. Then, from (3.11]), we obtain 7,y = 0 which means ~y is planar. Conversely, assume that

vn is planar. Thus, we get 7 = 0 and it implies that ¢g/f is constant. O

/

Now we will take pu = le))m (%) to simplify the equations further. Then, we can
g

give the following theorem:

Theorem 3.5. Let vy be the PNI of a unit speed curve v. Then the Darbouz-like vector of
Frenet frame {TN,NN,EN} is given by

v =N e w

m

Proof. We know that the Darboux vector of the Frenet frame {f, N , B } is given by & =
T + KkB. Similarly, the Darboux vector of the Frenet frame {TN,N N,é N} is given by
On = nTy + HNEN. Substituting the equalities in (3.6) and (3.11)) into &y, we get Wy =

v ; 1) G 1. i =1 — _ g 9 _
N+\/W(?>C+W' Slncem—mandn—\/W,Weseethat?_%and
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m? +n? = 1. Taking W (%) = |, we write \/f;Tg? (%) = 7{1—“ Then, we complete
the proof. O

From ([3.6]), we see that there exists an orthonormal frame such as {]\7 N, c N, WN} . In this

case, we give the following corollary:

Corollary 3.1. Let vy be the PNI of a unit speed curve v in Fuclidean 3-space. Then the

alternative frame of vn is computed with regards to the alternative frame of v as follows:

NN = —mN—i—nT/_V,

1

— =

pnf __m pmf
\/m2+“2f2N \/m2+ﬂ2f2c + \/m2+u2f2 W, (3'12)

N

!

— 2 -

mn m

_ v wf
N = /m2+#2f2N+ \/m2+u2f20+ \/m2+,u2f2W7
where the sets {]\7, é,W} and {NN,GN,WN} are alternative frames of v and vy, respec-

tively.

/12 2 £2
Proof. The norm of &y in Theorem 3.5 is obtained as ||@y|| = %ﬁf So, we get the

N

SNl Since Cy = Wy x N ~, we satisfy the desired result. [

Darboux unit vector Wy = |

Theorem 3.6. Let vy be the PNI of a unit speed curve . Then the following invariants

are given:

/

1 Mm4 f3 um5
fN - W_'_ f3 yIN = f3+,LLm2 f3
where fn and gy are curvatures of yn, and fy > 0.

’

2
Proof. From (2.4)), we can write fy = \/k% + 7% and gy = KQRJ’FVTQ (%) . Substituting
N N
pv =&, v =22 (4) in BI0) into fy and gy, we get (B-13). 0

=

Theorem 3.7. Let that 5 be an involute of the unit speed curve v and the set {7:;, N, §} de-

notes the Frenet frame of 4. Then the relationship between the Frenet frames {fN, ]\7N, EN}
and {f, ﬁ, é} of yn and 7, respectively is computed as

=

Ty =N,
Ny = —mT + né, (3.13)
éN = nf + m§

Proof. Since 7 is an involute of the unit speed curve ~, we know that

N,

B, (3.14)

oy = S
I
|
|x

T +
+

I
e

s TR
N

L <
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where f = Vk? + 72 [2, B, [6]. From (2.4) and (2.5)), we can rewrite (3.14) as follows:

.

T=N, N=C, B=W. (3.15)

Substituting the last three equalities into (3.6]), we complete the proof. O

Remark 3.1. The alternative frame {]\7, C_", W} of the unit speed curve v and the Frenet

= =2 =2

frame {T, N, B} of its involute 5 coincide with each other at any moment.

Proposition 3.1. Let k& and T be the curvature and torsion functions of involute ¥ of the
unit speed curve -y, respectively. Then, PNI vy of the curve v is an involute of 5 iff f =k

and g = T.

Proof. If vy is an involute of the curve 7, we get

=g

N,

Sou

(3.16)

[
N ks.\lzw
+ M
+
oo [T

SRl
s |ZI

where f = V&2 + 72 [2,[5, 6]. When we compare (3.16) with (3.13]), we complete the proof.
Il

3.1. Relationships Between Principal Normal Indicatrix (N) and Tangent Indi-

catrix (T) of Curves.

Definition 3.2. Let v : I C R3 and vyp : I C R® — S2 be unit speed curves in Euclidean

3-space. Then ~vr is called tangent indicatriz of the curve v and satisfies the equation as
Fr(st) = T(s)

where Sg denotes a unit sphere and, s and st are arc length parameters of v and ~yr, respec-

tively.

Now, let calculate the ratio ds/dsyp.

sT:/8H"y'épHdu:/SH/@NHdu:/s]/ﬁ]du
0 0 0

The differential of sy gives

dsT = kds.

where k > 0. Then, we get
ds 1
dst kK
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Theorem 3.8. Let ~yp be the tangent indicatrix of a unit speed curve v in Euclidean 3-space.
Then the Frenet frame {TT, ]\7T, ET} of yr is computed with regards to the alternative frame
{N,é, W} of v as follows:

I
=

F S
I
|
|=

+ =~
_l’_

haES

B, (3.17)

Il
N~
T3y =l

A

where f =K%+ 72,

Proof. The derivative of Jp(sp) = T(s) is obtained as

ds
From here, we have
= d’y’T d’?T ds =1
TT = — = = K
dsr ds dsp K

The second derivative of v also gives
Y = —k>T + &'N + k7 B.

The cross product of 4} and 7/ gives binormal vector of yr as

=/ =
— X T
B T X V1

- K -
= = T B.
g |7 < || VeZ+ 72 * VK?+ 72

Thus, we have

NTZETXTT:—

K 1—;+ T B»
VK2 4 72 VEZ 2

Thus, we complete the proof. O

From ([2.5)), we can rewrite the equations in (3.17)) as follows:
Tr=N, Ny=C, Br=W. (3.18)
Therefore, from (3.15)), the following corollary is given:

Corollary 3.2. The Frenet frame {f, ]\7,5} of involute curve ¥ of the unit speed curve

coincide with the Frenet frame {TT, Nr, ET} of tangent indicatriz vy of the curve 7.
Corollary 3.3. The tangent indicatriz curve yr is an involute of the unit speed curve .

Proof. From (3.17)) the proof is satisfied clearly. O

Now, from (3.6)) and (3.17]), we can give the following proposition:
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Proposition 3.2. Let that vy and yr be principal normal and tangent indicatrices of the
unit speed curve v in Fuclidean 3-space with regards to the Frenet frames {fN, ]\7N, EN} and
{TT,NT,ET}, respectively. Then, we have

fN = NT?
NN = —me + néT, (3.19)

BN = nfT + mET
f g

dn= .
e T e

Proposition 3.3. PNI vy of the unit speed curve v is an involute of the tangent indicatrix

where m =

~vr of the curve v iff f =k and g =T.

3.2. Relationships Between Principal Normal Indicatrix (N) and Binormal Indi-

catrix (B) of Curves.

Definition 3.3. Let v : I C R3 and vg : I C R® — S? be unit speed curves in Euclidean

3-space. Then vp is called binormal indicatriz of the curve v and satisfies the equation as
Tu(s5) = Bls)

where Sg denotes a unit sphere and, s and sp are arc length parameters of v and vp, respec-

tively.

Now, let calculate the ratio ds/dsp.

sB—/SH?ngdu—/s"—Tﬁ“du—/s\T]du
0 0 0

The differential of sp gives

dsg = 7ds.
where 7 > 0. Then, we get

ds _1

dSB - T

Theorem 3.9. Let vp be the binormal indicatriz of a unit speed curve v in FEuclidean 3-
space. Then the Frenet frame {TB, ]\73, EB} of yr is computed with regards to the alternative
frame {]\7,6, T/T/} of v as follows:

Ts = N,
Np =T - B, (3.20)
Bp=3T+%B
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where f = VK2 + 2.

Proof. The derivative of ¥5(sg) = B(s) is obtained as

d’?B —/ N2
— = = —7N.
ds B T
From here, we have
= d’y’B d’?B ds -1 =
B dsp ds dsp T T

The second derivative of vp also gives
Vb = xkrT — 7' N — 2B.

The cross product of ¥ and 77 gives binormal vector of v as

=/ =
. X
B 7B X 7B

T f K B"
S AT e Y/

Thus, we have

- _ - K - T -
NB:BBXTB: 72_{_7_27‘— 724-7-23

Thus, we complete the proof.

From (2.5)), we can rewrite the equations in (3.20]) as follows:
Tg =N, Ng=-C, Bp=W.

Therefore, from (3.15)), the following corollary is given:

83

(3.21)

Corollary 3.4. The Frenet frame {f, ﬁ,é} of involute curve ¥ of the unit speed curve ~y

coincide with the Frenet frame {TB, NB,EB} of binormal indicatrix yp of the curve 7, i.e.,

T=-Ty, N=-Np, B=Bjp

Corollary 3.5. The binormal indicatriz curve yp is an involute of the unit speed curve ~y.

Proof. From (3.20)) the proof is satisfied clearly.

Now, from (3.6)) and (3.20]), we can give the following proposition:

O

Proposition 3.4. Let that vy and vg be principal normal and binormal indicatrices of the

unit speed curve 7y in Fuclidean 3-space with regards to the Frenet frames {TN, N N, B N} and

{TB,NB,EB}, respectively. Then, we have

fN = _NBa
NN = me +n§B,
EN = —nfB —i—mEB

(3.22)
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where m = ——4— andn =
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g

e Vi
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