International Journal of Maps in Mathematics
Volume 8, Issue 1, 2025, Pages:55-73
E-ISSN: 2636-7467

www.simadp.com/journalmim

STUDY OF BI-F-HARMONIC CURVES ALONG RIEMANNIAN MAP

BUDDHADEV PAL *, MAHENDRA KUMAR , AND SANTOSH KUMAR

ABSTRACT. In this paper, we study bi-f-harmonic curves and helices along the Riemannian
map. We find that, if a totally umbilical Riemannian map takes a horizontal bi-f-harmonic
curve to bi-f-harmonic curve, then the map is totally geodesic. Then, we discuss the mean
curvature vector field for horizontal bi-harmonic curves through Riemannian maps. In ad-
dition, we obtain the condition for the curvature of helix along isotropic Riemannian map.
Keywords: Bi-f-harmonic curve, bi-harmonic curve, helix, Riemannian map, totally geo-
desic Riemannian map.
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1. INTRODUCTION

In 1964, J. Eells and J. H. Sampson [5], introduced the concept of bi-harmonic maps by
generalizing the harmonic maps. Harmonic maps are the generalization of geodesics, minimal
surfaces and harmonic functions. Harmonic maps have important applications in different
fields of mathematics and physics with nonlinear partial differential equations. A harmonic
map « : (M,gn) — (N,gn) between the Riemannian manifolds (M, gas) and (N, gn) is a

critical point of the energy functional,
1 2
E(a) = 9 |da| Vgnr>
I'm

Received:2024.04.24 Revised:2024.06.22 Accepted:2024.09.09
* Corresponding author
Buddhadev Pal ¢ pal.buddha@gmail.com ¢ https://orcid.org/0000-0002-1407-1016
Mahendra Kumar ¢ mahenderabhu@gmail.com ¢ https://orcid.org/0000-0001-9700-3619

Santosh Kumar ¢ thakursantoshbhu@gmail.com ¢ https://orcid.org/0000-0003-0571-9631.
55


HTTPS://ORCID.ORG/0000-0002-1407-1016
HTTPS://ORCID.ORG/0000-0001-9700-3619
HTTPS://ORCID.ORG/0000-0001-9700-3619

56 B. PAL, M. KUMAR, AND S. KUMAR

where I'ys is some compact domain of M and 7(a) = Traceg,, Vda is tension field of
a. The harmonic map equation is an Euler-Lagrange equation of the functional 7(p) =
Traceg,,Vdp = 0, where 7(¢) = Traceg,,Vdyp is a tension field of ¢ [5]. A bi-harmonic
map « between the Riemannian manifolds (M, gy) and (N, gn) is a critical point of the
bi-energy functional, Fs(a) = %IFJM |7(a)[?v,,, where I'js is a compact domain of M. The

bi-harmonic map equation is an Euler-Lagrange equation of the functional,
m(a) = Traceg,, (VOV* — Vou)7m(a) — Traceg,, RY (da, 7(a))da = 0,

where RY = [V V¥]Z - Vf\)’m,}Z, is a Riemann curvature tensor (N, gy) [10]. In 1991
[4], the author introduced the bi-harmonic submanifolds of Euclidean space and stated a

¢

conjecture “ any bi-harmonic submanifold of Euclidean space is harmonic, thus minimal”.
If the definition of bi-harmonic maps for Riemannian immersion in Euclidean space is used,
then the Chen’s definition of a bi-harmonic submanifold coincides with the definition given
by the bi-energy functional.

Bi-f-harmonic maps are the generalization of harmonic maps, f-harmonic maps and bi-
harmonic maps. There are two methods to formalize the link between bi-harmonic maps
and f-harmonic maps. For the first type of formalization, the authors extended the bi-energy
functional in [20] 26] to the bi-f-energy functional and obtained bi-f-harmonic maps. For the
second formalization, the f-energy functional is extended to the f-bi-energy functional. In
[13], the author introduced the f-bi-harmonic maps by generalizing the bi-harmonic maps. A
smooth map between Riemannian manifolds is an f-bi-harmonic map if it is a critical point
of the f-bi-energy function defined by the integral of f-times the square norm of the tension
field, where f is a smooth function on the domain.

In 1992 [7], the author introduced the Riemannian maps between Riemannian manifolds.
Isometric immersions and Riemannian submersions are particular cases of Riemannian maps.
The theory of isometric immersions is one of the active research areas in differential geometry
[1L2,3]. In [6], authors studied the characterization of submanifold by taking the hyperelastic
curves along an immersion. The basic properties of Riemannian submersions were studied
in [8, I5]. Let ¥ : (M,gn) — (N,gn) be a smooth map between Riemannian manifolds
such that 0 < rankd < min{m,n}, where dimM = m and dimN = n. Then kernel
space (Kerd,) of differential map 1, and gps-orthogonal component ((Kerd,)*) at a point
p € M, are known as horizontal and vertical spaces, respectively. Thus, the tangent space

T,M of M at point p can be decomposed as T,M = Kertd., ® (Kerd.,)* . The range of
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¥, and go—orthogonal component at F(p) on N, are denoted by ranged, and (ranged,)*,

respectively. Hence, the tangent space at F'(p) on N, follows the decomposition
Trp) N = Ranged,, © (Rangeﬁ*p)l.
A Riemannian map at a point p € M is a horizontal restriction

ﬁfp : ((K@’I"ﬁ*p)L,gM(p)|(Kemg*p)J_) — (rangety),

of smooth map 9 : (M, gar) — (IV, gn), such that gar (9.5, 9.K) = gy (S, K), where S and K
are smooth sections of I'(Kert.,)* [7]. In [LT} 12} 14} 18| 19} 22} 25], authors studied various
types of curves such as circles, hyperelastic curves and proper curves with various maps such
as immersion, embedding, Riemannian map and Clairaut Riemannian map.

We organize our paper as follows: Section 2 of this paper contains basic concepts about
bi-f-harmonic curves and Riemannian maps. In section 3, we study the bi-f-harmonic curves
and bi-harmonic curves through the Riemannian maps. We show that, if a totally umbilical
Riemannian map takes a horizontal bi-f-harmonic curve to bi-f-harmonic curves, then the
map is totally geodesic. In the same section, conditions for the mean curvature vector field
are obtained by taking horizontal bi-harmonic curves through Riemannian maps. In the final

section, we study helix along the Riemannian maps.

2. PRELIMINARIES

A bi-f-harmonic map « : (M, grr) — (N, gn) between Riemannian manifolds (M, gar) and
(N,gn) is a critical point of bi-f-energy functional, Es ¢(a) = %IFM 17f(c)[Pvg,,» where 'y

is a compact domain of M and an Euler-Lagrange equation of the functional is defined by

T (a) = fI(14(e) = ViradaTs (@) = 0,
where 77(a) is the f—tension field of o and J® is the Jacobi operator of the map defined by
JUX) = —(Traceg,, VOVX — Vg X — RN (da, X)da) [17,20]. A curve o : I — M on
(M, gar) is a bi-f-harmonic curve if and only if « satisfies the condition
(Ff"+ )X+ BFf +2f?)Vx, X1 +4f 'V, X0
+12V%, X1+ fPR(Vx, X1, X1) X1 =0, (2.1)

where f : I — (0,00) is a smooth function, V is a Levi-Civita connection and R is a

Riemannian curvature tensor on M.



58 B. PAL, M. KUMAR, AND S. KUMAR

Let ¥ : (M, gn) — (N, gn) be a Riemannian map between Riemannian manifolds (M, gas)
and (N,gy). Then a curve a on M is a horizontal curve if &(t) € (kerd,)’ for every
t € I. If VV is the Levi-Civita connection on (N, gy) and ps = ¥(p1) € N, then the second
fundamental form of ¢ is given by

(VI,)(X,Y) = VE&(Y) —9,(VYY), VXY eT(TM), (2.2)

N
where V7 is the pullback connection of V¥V [I6]. The second fundamental form of a Riemann-

ian map is symmetric and has no components in ranged,, that is (V9,)(X,Y) € (ranged,)*,

V X,Y € I'((kerd,)*) [23]. The scalar product of the second fundamental form is
gn(VI.)(X,Y),0.(Z)) = 0, (2.3)
for all X,Y,Z € T'((kerd,)*). Now, if X,Y € I'((kerV,)*) and V € I'((ranged,)*), then
VY 0V = —Svil(X) + VKTV, (2.4)

where Sy, (X) is the tangential component of vl,fY*(X)v. Since (V1) is symmetric and Sy

is a symmetric linear transformation of ranged,, therefore
gn (Sy (X)), 0.(Y)) = gn (V, (V) (X, Y)). (2.5)

From equations and , we get
RN (0.(X),0.(Y))0:(Z) = =S(vo.)(v,2)9xX + S(vo.)(x,2)9+Y
+ 0.(RM(X,Y)Z) + (Vx(VI.))(Y, Z) — (Vy (VI.))(X, 2), (2.6)

where V is the covariant derivative of the second fundamental form. The covariant derivative

of Vv, and S are, respectively
(Vx(VI)(Y. 2) = V5 (VI)(Y, 2) = (VO)(VHY. 2) = (VO.)(V, V¥ 2),  (27)
and

N
(VxSIvda(Y) = 0. (VY “0u(Syd.(Y))) - S (V) = SyQV50.(Y), (2.8)

L0
vV UE

where @) is a projection morphism on ranged, and *¥, is an adjoint map of ¥,. From (2.7))

and (12.8)), we obtain

an(Vx (VI (Y, Z), V) = gn(Vx Sy (Y), 9.(2)). (2.9)
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Let ¥ : (M, gy) — (N, gn) be a Riemannian map between Riemannian manifolds (M, gas)

and (N, gn). Then 9 is an umbilical Riemannian map if and only if

(VI )(X,Y) = gu (X, Y) Hy, (2.10)
where X,Y € T'((kerd,)*) and Hj is non zero vector field on (ranged,)*: [21I]. The Rie-
mannian map 9 : (M, gyr) — (N, gn) is h-isotropic at p € M if

(V) (X, X

X =
) = T xR

(2.11)

If the map is h-isotropic at every point, then the map is called h-isotropic. The map ¢ is

h-isotropic at p € M if and only if Vi, satisfies the condition
gn (V9.)(X, X), (V.)(X,Y)) = 0, (2.12)

for all orthogonal pair X,Y € I'((kerd,)"b).

3. Characterization of bi-f-harmonic curves

Let o : I — M be a curve in an m-dimensional Riemannian manifold M with an orthonor-
mal frame {Wy, Wi, ... Wy, —1} in TTM;, where Wy =T, W; = N and Wy = U are the unit
tangent vector, the unit normal vector and the unit binormal vector of «, respectively. Then

the Frenet equations are given by
VoW, = —k;Wi_1 + kj1 Wiy, 0<j<m—-1, (3.13)

where kg = ki, =0, k1 = k = ||V 7T|| is curvature and 7 = kg = —(Vp Wy, Wa) is torsion of
a on M, respectively.

Next, we introduce the concept horizontal bi-f-harmonic curve

Definition 3.1. Let ¥ : (M,gn) — (N,gn) be a Riemannian map between Riemannian
manifolds (M, gnrr) and (N,gn). Then a horizontal curve on M with is said to be a

horizontal bi-f-harmonic curve on M.

Lemma 3.1. : Let ¥ : (M,gnm) — (N,gn) be a Riemannian map between Riemannian

manifolds (M, gyr) and (N, gn). If @ = Yo is a curve on N, where « is a horizontal curve
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on M, then

() T3, e 0x(X1) = (VO (X1 0u(S(wa ) x50 0+(X1)) + 0(VE, X0)
~0u(Vx, " 0u(S(wo.) (x1,x1)9x(X1))) — Svgé (o) xxn) U (K1)
—S(v9.) (X195, X0 P (X1) + VE, (V0.) (X1, Vx, X1)
+ (V5)2(V9) (X1, X1) + (Vi) (X1, VE, X1), (3.14)
(i) R(0+(Vx, X1), 0:(X1))04(X1) = =S(vo.)(x1,x0)0(Vx, X1)
FSv0.)(Vx, X1,x0) U (X1) + T (R(Vx, X1, X1) X1)

+(Voy, x: (V) (X1, X1) = (Vx, (V2))(Vx, X1, X1), (3.15)
where V and V are the Levi-Civita connections of M and N.

Proof. Let a be a horizontal curve with curvature x on Riemannian manifold M and & = Joa

is a curve with curvature & on N. Then a vector field 9,(X;) along & is defined by
94 (X1) = Vs X1, (3.16)

for all vector field X;(s) = X along a(s) = a.

(i) From (12.2)) and (2.4), we have

V.o P:(X1) = Vo, x)(V0)(X1, X1) + 9(Vx, X1)) (3.17)
= —Sva)xi,x) P (X1) + YV (V9.)(X1, X1)

+(VI:) (X1, Vx, X1) + 9.(V, X1). (3.18)

Taking covariant derivative of (3.18]) and using (2.2)) and ([2.4)), we get the required condition.
(ii) From (12.6) and (2.2), we get the required equation. O

Lemma 3.2. Let ¥ : (M,gy) — (N,gn) be a Riemannian map between Riemannian man-
ifolds (M, gnr) and (N,gn). If @ = 9 o« is a bi-f-harmonic curve on N, where a is a

horizontal curve on M, then (V¥,)(X1,U1) =0 and

FI" S5 = 3w 2 = AL = AL (V92X X0 + 5 P99, (X, X0
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Proof. Let ¥ : (M, gar) — (N, gn) be a Riemannian map such that « is a horizontal curve

on M and & is a bi-f-harmonic curve on N, then we have

(P + £ 1)0(X0) + BF " + 2f )V, (x,y0(X1) + 4F [V, 0x(X1)

+f2??9*(X1)?9*(X1) + f2R(’l9*(VX1X1),19*(X1))79*(X1) =0. (3.19)

From Lemma and (3.19), we have

(F" + 1 F)0:(X0) + BF "+ 2) (VI (X1, X1) + (BF " + 2f?)0.(Vx, X1)
VDAV (X1, X1) — 2S(90.)(x0,v 5, x0)0x(X1) + [2V%, (V) (X1, Vi, X1)
—41 1'S(vo.) 0 x0) 05 (X1) + 41 V5L (V9. (X1, X1) + 41/ (V9.) (X1, Vi, X1)
AL [19.(VE, X1) — FAVO) (X1, * 04 (S(wo. ) (x1,x1)9+(X1)))
—20:(Vx, "0 (S(w.) (x, x1) 0 (X1))) — f25v§j (o) (xxn) U (K1)
+2(VI) (X1, Vi, X1) + 20V X1) — 2S(v.)x1,x0)0(Vx, X1)

+ 12590,V x, x1.x0) 0 (X1) + PO (R(Vx, X1, X1) X1)

+f2(@VX1X1 (V) (X1, X1) — fQ(@Xl (VI.))(Vx, X1, X1) = 0. (3.20)
The ranged., component of (3.20) is

29V, X1) = f20.(Vx, 04 (S(wo.) (x, x0) Fe (X1))) — fQSvgt(w*)(xl,Xl)ﬁ*(Xl)
+ 120 (R(Vx, X1, X1)X1) + B "+ 2f)0.(Vx, X1) + (ff" + [ f")0.(X1)

—4f f'S(vo.)(x1,x0) 0 (X1) +4F F0.(VE, X1) — [2Svo.)xi,x) 0= (Vx, X1) = 0. (3.21)
From ([2.8)) and , we get

D (Vx, D (S(wo.) (31,51 9x(X1))) = (Vx, 9) (wo. ) (x1,x0) P (X1)

90t (wa.) 00,0 Ve (X)) F Svo.)(x1,.x) QVE, 9+ (X1), (3.22)

and

(Vi (V92))(X1, X1) = V%, (V9)(X1, X1) — 2(V9:) (X1, Vi, X1). (3.23)
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Substituting (3.22]) and (3.23)) in (3.21)), we have

P9V, X1) = PV x08)wo) 000,500 Px(K1) = 2078502 (0. 6, 0y (K1)
—[2S(w0.)(x1,x1) @V, 0+ (X1) + 20.(R(Vx, X1, X1)X1) + B " + 2f)0.(Vx, X1)
FUF" A L F0AXD) = AF 'S (v, (x50 0 (X1) + 4F F10.(VE, X1)

_fQS(Vﬂ*)(XLXﬂﬁ*(leXl) =0. (3.24)
Using in , we obtain

P20V, X1) = (VX9 (w060, x0)9+(X1) = 228 (9 (0.)) (0,0 (K1)
—4128(99,)(x1,7 5, x0) U (X1) = [2S(v0.)(x10,x0) @V %, 0 (X1) + F20(R(V x, X1, X1) X1)
+BFF+22)0.(Vx, X1) + (F "+ [ f)0.(X1) = AF F'S(v9.)(x1,x) 0 (X1)

+4f f19.(VX, X1) — 2 w0,y x1,x0)9+(Vx, X1) = 0. (3.25)
Using Serret-Frenet equations of « in (3.25]), we have

(Ff" + 11" = 36K 2 = Af ['R2)0:(X1) + (K" f* = K[> = w722+ 3f "%
+2f25 +Af f'R) 0. (W1) + f20.(R(sW1, X1)X1) — Af f'S(v9.)(x1,x1)9x(X1)
— 2590 (x1,x0) 0 (W) 4+ (26'7 2 + &7 f2 + Af f'57)0. (Ur) + K7 f2 30, (W3)
—FAVx:8) (w0 (x50 9(X1) = 2F78(8 (v, (1,30 U5 (X1)

—412S(wo.)(x1.0w1) 95 (X1) = [2S(w0.)(x1,x1) @V %, P+ (X1) = 0. (3.26)
Taking inner product of (3.26|) with J.(X1), we get

Ff"+ f " —3kk f2 —Aff'K% — 6f£f2gN((V19*)(X1, Wh), (VI,) (X1, X1))
—Af fgn ((VI.)(X1, X1), (VI:) (X1, X)) = 2f2gN(Svgé(W*)(X17X1)19*(X1),19*(X1))

—412kgn (S w5 (X1), 9(X1)) + FRan(Vx,S) (v x,x) P (X1), 94(X1)). (3.27)
From equations ([2.5)), (2.7) and , we have

PP+ " = Brn! 2 = A f52 = A Pgn(V0.)(X1, X1), (V0.) (X1, X7))
+32gn (VL (V0.)(X1, X1), (V9.)(X1, X1))

= 41 PI|(VO) (X1, X0)I[P + § 2V, [1(V) (X1, X0)|2. (3.28)
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The (ranged,)*, component of (3.20) is
BFF" + 2f)(V0.) (X1, X1) + A 'V, (V9.) (X1, X1) + 4 £/ (VD.)(X1, Vi, X1)
+IAVE(VO.)(X1, Vi, X1) + F2(V9.) (X1, Vi X0) + FA(Vy, x, (V0.)) (X1, X1)
AT (X0 0 (S0, P (X)) + FATE)A(T.) (X, X,)

—f2(Vx, (V9,))(Vx, X1, X1) =0. (3.29)

Also from (2.7), we get
(VE)A(VI) (X1, X1) = (VE, (V9.)) (X1, X1) + 4V%, (V9.)(X1, Vi, X1)
—2(V9.)(Vx, X1, Vx, X1) — 2(V9.)(X1, Vi, X1)). (3.30)
Substituting in and using (2.7)), we obtain
BL"+ 212 (VI) (X1, X1) + 4FF/(Vx, (V0)) (X1, Xa) + 12 f/(V.) (X1, Vx, X1)
412V, (V0.)) (X1, Vx, X1) + 3F2(V0.) (Vi X1, Vi X1) + 412(V.) (X1, V&, X1)
— (V) (X1, *0u (S0, (x,x0) P+ (X1))) + FA(VE, (V) (X1, X1)
+1A(Vyy, x, (V9.)) (X1, X1) = 0. (3.31)
Using Frenet equations in (3.31]), we get
(126f ' + 4K f2) (V) (X1, W) + 467 f2 (V) (X1, Ur) + 46 f2(Vx, (VO9.)) (X1, W1)
+3K2 f2(VO,) (W1, W) + ££2 (Vi (V) (X1, X1) + 41 f/(Vx, (V) (X1, X1)
= FA(VY) (X1, “Vu(Siwo.) (xr,x0) 0 (X1))) — F2(V2x, (VI.)) (X1, X1)
+(4K2f2 = 3F " = 2f72) (V) (X1, X1). (3.32)
Replacing U; with —U; in equation (3.32), we have
(126 " + 4K f2) (VO (X1, W1) — 46T f2(V9,) (X1, Ur) + 46 f2(Vx, (VI9.)) (X1, W1)
+3K2F2(VO.) (W1, W) + 52V, (VI,) (X1, X1) + 4f f/(Vx, (V9.)) (X1, X1)
= (V) (X1, "0u(Sewa ) (xy,x0) 9 (X1))) = FAVE, (V9.)) (X1, X1)
+(Ar2f2 = 3f 7 = 2f")(VI.) (X1, X1). (3.33)
Subtracting equation from equation (3.32)), we have

(V9,)(X1,Ut) = 0. (3.34)
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0

Theorem 3.1. Let ¥ : (M,gn) — (N,gn) be a totally geodesic Riemannian map between
Riemannian manifolds (M, gpr) and (N,gn). If @ = ¥ o « is a bi-f-harmonic curve on N

and o is a horizontal curve with curvature Kk on M, then
Ff"+ ff" —3kk' f2 —Aff'k? = 0. (3.35)

Proof. Using the fact that 1 is a totally geodesic Riemannian map in equation (3.28)), we get

the required condition. O

Corollary 3.1. Let ¥ : (M,gm) — (N, gn) be an isotropic Riemannian map between Rie-
mannian manifolds (M, gyr) and (N,gn). If @ = do«a is a bi-f-harmonic curve on N, where
« s horizontal curve with curvature k and constant f on M, then « is a curve of constant

curvature on M .

Proof. Since 19 is an isotropic Riemannian map, therefore from (3.28)), we have

FI" " =30 f2 = Af K2 = Af f]| (V9. (X0, Xa) |2 (3.36)
Also, f is a constant, therefore from (3.36)), we get k = C(constant). O

Theorem 3.2. Let ¥ : (M, gp) — (N, gn) be a Riemannian map between Riemannian man-
ifolds (M, gar) and (N,gn). If 9 is a totally umbilical Riemannian map taking a horizontal
bi-f-harmonic curve o on M to a bi-f-harmonic curve & = 9o« on N, then ¥ is a totally
geodesic Riemannian map.

Conversely, a totally geodesic Riemannian map takes a horizontal bi-f-harmonic curve o on

M to a bi-f-harmonic curve & =Y oa on N.

Proof. Let 9 : (M, gp) — (N, gn) be a totally umbilical Riemannian map taking a horizontal
bi-f-harmonic curve a on M to a bi-f-harmonic curve @ = 9 o« on N, then from (3.31]), we

have
PV (X1, 0u(S(v0.) (0 x0) 0 (X)) = (BF [ + 21 Hy + Af ['V'%, Hy
FAVE)2Hy — k2 f2Hy + £ (Vv x, (V9:) (X1, X1). (3.37)
Substituting in , we have

S04 (Vx, 04 (S(vo, ) (x1,x0)9(X1))) = =4f 'S (wo.)(x1,x1) 0+ (X1)

128 gt 1, oK) = 2 Hol P9 (7). (3.38)



INT. J. MAPS MATH. (2025) 8(1):55-73 / BI-F-HARMONIC CURVES ALONG RIEMANNIAN MAP 65

Since S(vg.)(x1,x1)0%(Vx, X1) = K[| Ha|[*9.(W1), therefore from (3.22) and (3.38), we have

FAVX,8) (99,1, x0) 0 (X1) + 2 f?SV% o510 P (XD + F2Swa.) 00 x0) @V, P4 (X1)

+41 f'S(vo.)(x1,x0) 0 (X1) + 62| Ha|[*0.(W1) = 0,

where
= Loyt 2
(VX1S>(V19*)(X1,X1)ﬂ*<X1) = §VX1HH2H ﬁ*(X1)7
1_ 41
SV";&Hgﬁ*(Xl) = §V§(1HH2H219*(X1)7
and

Swo.)(x1,x0) 0 (X1) = || Ha|[?9.(X1).

Thus from (3.39), we have

3
S (VSN Hal )9 (X0) + 2% | Hal 9.V, X0) + 4f f'|| Hal [*0.(X1) = 0.

Taking the inner product of (3.40) with J.(Vx, X1), we have
||H2|| =0 = Hy=0.

Hence ¥ is a totally geodesic Riemannian map.

Conversely, suppose that 9 is a totally geodesic Riemannian map, then we have

(P17 + P F)0-(X0) + BF "+ 21 Vo, (x0y0=(X0) + AL F'V5 () 04(X1)
12V ) P (X0) + ROV, X0), 0 (X)) (X0) = (" + f)9+(X1)

+(3ff” + 2f/2)vm9*(X1)79*(X1) =+ 4ff’V129*(X1)19*(X1) + f2V1?§*(X1)79*(X1)

HPR(0.(Vx, X1), 0:(X1)) 04 (X1).

Since « is a horizontal bi-f-harmonic curve on M, therefore

(FF" 4+ FF0.(X0) + BEF + 2f) Vg, (x) 0= (X1) + 4F V3 ) 0.(X1)

PPV, 9-(X0) + SRRV, X1), 0 (X0) 8 (X1) = 0.

Hence & = 9 o o is a bi-f-harmonic curve on V.

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

O
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3.1. Characterization of bi-harmonic curves. A bi-harmonic curve (bi-1-harmonic curve)
is a special case of bi-f-harmonic curve for f = 1. Let ¥ : (M, gr) — (N, gn) be a Riemann-
ian map between Riemannian manifolds (M, gps) and (N, gn) such that & is a bi-harmonic

curve on N, then

V3. e Y+ (X1) + R(9.(Vx, X1), 9.(X1)) 9 (X1) = 0.

Taking f =1 in (3.26)) and (3.32), we have

=36K"0,(X1) + (K" — &% = k72) 0, (W1) + 04 (R(KW1, X1) X1)
_S(vﬂ*)(Xth)ﬁ*(//in) + (2/-6’7’ + /iT/)QS‘*(Ul) + /€7'/£3’l9*(W3)

~(Vx,8)(wo) (x1, 50 (X1) = 25 (w9, (31,309 (X1)

—48(99,)(x1,aw) P+ (X1) = S(w0.)(x1,x1) @V %, Ux(X1) = 0, (3.44)
and
4K (V0,) (X1, W1) + 467 (V0,) (X1, U1) + 46(Vx, (V0,)) (X1, W)
+362(V0,) (W1, Wh) + 6(Vi, (V) (X1, X1) = 462(VD,) (X1, X1)
—(VZ, (V) (X1, X1) + (V) (X1, 0u (Sevoy (x1,x0) P+ (X1))), (3.45)
respectively.

Theorem 3.3. Let 9 : (M, gn) — (N,gn) be a totally umbilical Riemannian map between
Riemannian manifolds (M, gar) and (N, gn). If &@ = Yo« is a bi-harmonic curve on N and
« s a horizontal bi-harmonic curve on M, then the mean curvature vector field satisfies the

relations
(V%,)?Hy = || Ha| P + K Hy, (3.46)
and
26||Ho||* = K" — &* — k7% + kgar (R(W1, X1) X1, Wh). (3.47)

Conversely, let ¥ : (M, gn) — (N,gn) be a totally umbilical Riemannian map and mean

curvature vector field satisfies the following conditions
1 1
(V%,)2Hs = ||Hs||*Ha + k*Ha, Viy, H = 2||Hs|[*0, W1, (3.48)

and ||Hs||*> = constant. Then ¥ maps a horizontal bi-harmonic curve o on M to a bi-

harmonic curve @ = Joa on N.
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Proof. Let ¥ : (M,gn) — (N,gn) be a totally umbilical bi-harmonic Riemannian map

between M and N, then from (3.45), we have
4K(V x, (V) (X1, W1) — k2Hy + (Vi (V9,)) (X1, X1)
= (V3 (V0.)) (X1, X1) + (VO.) (X1, V4 (S(w9.)(x0,x0)0(X1))).
Replacing W7 with —Wj in equation , we get
—4k(Vx, (VO (X1, W) — k2Hy — k(Vi, (V0,)) (X1, X1)
= —(V%, (V9.))(X1, X1) + (V9. (X1, 04 (S(wa.)(x0,x1) 0% (X1)))-
Subtracting from , we obtain

4K(V x, (V) (X1, W1) + &(Vw, (V0:)) (X1, X1) = 0.

From equations (3.49) and (3.51)), we get

(V3 (V9.)) (X1, X1) = (V) (X1, 0u(S(90.) (x1,x0)94(X1))) — k2 Hz = 0.
From and , we have
(V, (V) (X1, X1) = (V) B,
and
(V) (X1, 0 (S(wo.) (0, x0) 0+ (X1))) = [|Hz||*Ha.

Equations (3.52)), (3.53)) and (3.54)), gives the first condition.

Now, taking the inner product of (3.44)) with J.(W), we have

In (V. 9) (wo.)(x1,x0) 0 (X1), 9 (W1)) + gn (4S99, (xmm) U (X1), 0 (W1))

—gN (O (R(EW1, X1)X1), 0(W1)) + gn (Swo.)(x1,x0) O+ (EW1), 0. (W1))

9N (S(90.) (X1, x1) @V %, 9+ (X1), 9.(W1)) = 0.

Since ¥ is a totally umbilical Riemannian map, therefore

IN ((Vx, 9) (w0, (1,30 9% (X1), 04 (W1)) = 0,
IN(S(w9.)(x1,x1) 0= (EW1), 9. (W1)) = k|| Ha||?,

IN (S(v9.)(x1,x)@V%, P+(X1), 0. (W1)) = k|| Ha[*.

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)
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From equation (3.55)) and (|3.56]), we get the required condition.

Conversely, suppose that ¥ is a totally umbilical Riemannian map, then for a curve & = Yo

on N, where « is a curve on M, we have

V3. (e 9+ (X1) + R(04(Vx, X1),9.(X1)) 0 (X1) = —[| Ho||*Ha
—0 % (Vx, 0| Ha| 204(X1))) = 5(VE, || Hal[P)0.(X1)
(VY )2Ho — K Hy — k|| Ho|[*94(Wh) + Vi, Ho

+0.(V, X1) + 0.(R(Vx, X1, X1) X1). (3.57)

Taking ||H||? = constant in equation (3.57), we have

V3 ey 05 (X1) + R(04(Vx, X1), 0 (X1))04 (X1) = || Ho| [P Ha
(V)2 Hy — k2 Hy — 26| Ho|[*0.(W1) + <V Hy

+0.(Vi, X1) + 0.(R(Vx, X1, X1) X1). (3.58)

Using equation (3.48)) in (3.58)), we get
V3. )P (X1) + R(0.(Vx, X1), 9.(X1)) 0. (X1)
= 0.(V%, X1) + 9. (R(Vx, X1, X1)X1). (3.59)

Hence, from equation (3.59)), we can say that the curve @ = ¥ o on N is bi-harmonic curve

on N iff « is a horizontal bi-harmonic curve on M. O

4. HELICES ALONG THE RIEMANNIAN MAP

A regular curve av = a(s) parametrized by arc length s is an ordinary helix if their exist

unit vector fields Wj and U; along « and constants x and 7 (k,7 > 0) such that

VXle = HWl,
Vx, Wi =—-rX1+ 17U, (4.60)
Vx, Uy = —17Wh,

where x is known as the curvature of the helix and 7 is known as the torsion of the helix
[9]. If 7 = 0, then « reduces to the circle and if both kK = 0 and 7 = 0, then « reduces to the

geodesic. Hence for a proper ordinary helix x and 7 both are positive constants.
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Theorem 4.1. Let ¥ : (M,gn) — (N,gn) be an Riemannian map between Riemannian
manifolds (M, gpr) and (N,gn). If @ = Yo« is a heliz on N, where a is a horizontal curve

on M, then (V9.)(X1,U1) = 0 and V% [|(V9.) (X1, X1)||> + 26K’ = 0.

Proof. Let 9 : (M, grr) — (N, gn) be a Riemannian map such that « is a horizontal curve

on M and & = ¥ o ¢ is a helix on N, then
V3. )P (X1) + AV, (x,)9:(X1) = 0. (4.61)
From Lemma and (4.61)), we have

— (V) (X1, "0 (Swo. ) (x1,x1)9+(X1))) = u(Vx;, "0 (S(wo, ) (x1,x1) 9+ (X1)))

-8 9(X1) + (V)2 (V) (X1, X1) — S(v9.)(x1,Vx, X1) V% (X1)

1
Vi, (V9 (X1,X1)

+V%, (V9.)(X1, Vi, X1) + (V9.)(X1, Vi, X1) + A2(V9,) (X7, X7)

+0.(V, X1) + X0, (Vx, X1) = 0. (4.62)
The ranged, and (ranged,)*, components of (4.62)) are

—04(Vx, "0 (Swo.)(x1,x1)0+(X1))) — Svgj V9. (x1.5x0) 0+ (K1)
1

—S(09.)(x1.9 5, X0) U (X1) + 04 (V, X1) + A0 (Vx, X1) = 0, (4.63)
and

— (V) (X1, 04 (S(wa.) (1 x0) P (X1))) + (V)2 (V) (X1, X1)

FVE (V) (X1, Vi X1) + (V0.) (X1, Vi, X1) + A2(VO)(X1, X1) =0, (4.64)

respectively. From (12.8]) and , we get

D (Vx, D (S(wo.) (1,51 9(X1))) = (Vx, 9) (wo. ) (x1,x0) P (X1)

90t (wa. 00,30 Ve (X)) F S(vo.)(x1,.x) QVE, 9+ (X1), (4.65)

and

(V4)2(V9.) (X1, X1) = (VE, (V0.)) (X1, X1) + 4V, (V9.)(X1, Vi, X1)

—2(V.)(Vx, X1, Vx, X1) — 2(V9.) (X1, V, X1). (4.66)
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Substituting (4.66|) in (4.64)), we get

— (V) (X1, 0+ (S(w9.) (1,50 9(X1))) + (Vi (V0.)) (X1, X1)
+5V Y (VO.) (X1, Vi, X1) — 2(V9.)(Vx, X1, Vi, X1)

—<v19*)(X1, V?Xle) + AQ(Vﬁ*)(Xl,Xl) =0.

Using (2.7) in (4.67)), we obtain

—(VI)(X1, 0+ (S(w9.) (1,50 9(X1))) + (Vi (VI2)) (X1, X1)
+5(Vx, (VI (X1, Vx, X1) + 3(V9,)(Vx, X1, Vx, X1)

+4(V19*)(X1, V%(—le) + )\2(Vﬁ*)(X1,X1) =0.
Using Serret-Frenet equations in (4.68)), we get

~(VO) (X1, " 0u(S(wa,) 1.0y 0(X1))) + (VE, (V0.)) (X1, X1)
+55(Vx, (VO)) (X1, W) + 362(V,) (Wy, Wh)
+4K' (V) (X1, Wh) — 4k2(VI,)(X1, X1)

+4rT (VL) (X1, Ur) + A2(V9,) (X1, X1) = 0.

From (4.69)), we have

— 1 { (V) (X0, 0 (S0, (0, 00) P (X1)) + (Vh, (V) (X1, X1)

+55(Vx, (VO)) (X1, W) + 362(V,) (W, Wh)
+4K (V) (X1, Wh) — 4k2 (V) (X1, X1)

+)\2(Vz9*)(X1,X1)} — (V0,)(X1,U1).
Changing U; into —U; in (4.69), we get

— (V) (X1, 0+ (S(wo.) (1,50 9(X1))) + (Vi (V92)) (X1, X1)
+5k(Vx, (VO)) (X1, W) + 362(V,) (W, Wh)
+4K' (V) (X1, Wh) — 4k2 (V) (X1, X1)

+4rT (V) (X1, Ur) + A2(V0,) (X1, X1) = 0,

(4.67)

(4.68)

(4.69)

(4.70)

(4.71)
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and then subtracting from (4.69), we have

(V9,)(X1,Uy) = 0. (4.72)

Now, for second condition substituting (4.65)) and (4.66]) in (4.63)), we have

_(VXIS)(Vﬂ*)(Xl,Xl)ﬁ*(Xl) - 25(@)(1 (Vﬁ*))(Xl,Xl)ﬁ*(Xl)’
—55(v9.)(X1.9x, X)) U(X1) = S(v.)(x,, X))@V, 9+ (X1),

0.(V%, X1) + A20.(Vx, X1) = 0. (4.73)
Using Frenet-Serret equations in (4.73)), we get

—(Vx19) (vo.)(x1,5x0) 9+ (X1) — 25(~ V4 (X1)

Vi, (V) (X1,X1)
—568(wo.)(x1,w) U= (X1) = Siva.)(x1,x1) @V, U+ (X1)

+(K" — K3 — kT2)0. (W) + k7R3 (W3) + A2k, (W)

=3k 0,(X1) + (26'T + k7")9.(U7) = 0. (4.74)
Taking the inner product of equation with 9,(X1), we have
3kk' + gn ((@Xl5)(v19*)(X1,X1)19*(X1)7 19*(X1)>
+29N (5(@)(1 (Vﬁ*))(leXl)ﬁ*(Xl)v 19*(X1)> + 59N <KJS(V19*)(X1,W1)19*(X1)a 29*(X1)>
+9n (S(w*)(xl,xl)QV’}(lﬁ*(X1)7 19*(X1)> =0. (4.75)
Using and equation in , we get
V% 9n ((w*)(xl, X1), (V) (X1, X1)> + 2kgN ((w*)(xl, W1, (V9.)(X, X1)>
+3kk" + gN ((@XlS)(w*)(xl,xl)ﬁ*(Xl)y 19*(X1)> = 0. (4.76)
Using and equation in , we obtain
o (9 8y, ) (00,0 () ) = =2 (90.)(X, W2), (901,01 )
—3 V% 9N ((W*)(Xl,Xn, (W*)(Xl,Xl)). (4.77)

Equation (4.76)) and (4.77]) together provides the required condition. O
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Corollary 4.1. Let ¢ : (M,gn) — (N,gn) be a isotropic Riemannian map between Rie-
mannian manifolds (M, gyr) and (N, gn). If @(s) = 9 o a(s) is a heliz on N, where « is a

horizontal curve on M, then curvature of a is constant.
Proof. Taking ||(VY4)(X1, X1)||? = constant, in a Theorem we get kK = constant. O

Theorem 4.2. [24] Let 9 : (M, gm) — (N, gn) be a Riemannian map between Riemannian
manifolds (M, gar), dimM > 2 and (N, gn). Then 9 maps a horizontal helix o« on M to a
helix & = Yoa on N iff ¥ is totally umbilical and the mean curvature vector field H satisfies

the following equation

L
(V?{l)QHQ = —T2H2.
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