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ABSTRACT. The purpose of this article, we obtain sharp inequalities involving the Ricci
curvature and the scalar curvature on the horizontal and the vertical distributions for quasi-
hemi-slant Riemannian submersions (briefly, QHSS)) from complex space forms onto Rie-
mannian manifolds and debate the equivalence posture the acquired inequality. Lastly, we
adduce some examples for QHSS.
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1. INTRODUCTION

In 1990, the notion of slant submanifolds of almost Hermitian manifolds was introduced
by [8]. It was a natural generalization of both holomorphic and real submanifolds. Inspired
by this notion, several geometers have worked on several types of slant submanifolds (see:
[, 181, [6], [7, 27, [32], [33], [34], [35], [36], [38], [44], [43]).

In the 1960s, O’'Neills [53] and Gray [20] studied separately Riemannian submersions. In
1976, Watson studied almost complex types of Riemannian submersions [54] and this in-

vention revealed Hermitian submersions between almost Hermitian manifolds. After these
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studies, Sahin [47] introduced the semi-invariant submersions from almost Hermitian man-
ifolds onto Riemannian manifolds that it was a generalization of holomorphic submersions
and anti-invariant submersions [46] and slant submersions from almost Hermitian manifolds
onto arbitrary Riemannian manifolds in 2013 [48]. Subsequently, different kinds of structures
have been studied in several types of Riemannian submersions(see: [3], [16], [18], [22], [23],
[25], [49]). Prasad, Shukla, and Kumar, as a natural generalization of hemi-slant submer-
sions, semi-slant submersions, and bi-slant submersions, identified the notion of quasi bi-slant
submersions from Kaehler manifold onto a Riemannian manifold [37]. Longwap, Massamba,
and Homti [28]. introduced QHSS as a generalization of slant, semi-slant, and hemi-slant
Riemannian submersions in 2019. On the contrary, Chen established Chen inequalities [9],
[10], [I1], [14] which as a solution ”one of the basic problems in submanifold theory finds
simple relationships between the extrinsic and intrinsic invariants of a submanifold”. Ac-
cording to Chen [I3], a generalization of this inequality was proved arbitrary submanifolds
of an arbitrary Riemannian manifold in 2005. Subsequently, several authors investigated
Chen-Ricci inequality of submersions and submanifolds (see: [2], [4], [15], [17], [19], [21],
[24], [29], [30], [311, [39], [40], [41], [42], [43], [50], [51], [52], [55]). The main purpose of this
article acquire some inequalities bearing Ricci curvatures and running Chen-Ricci inequality
on the horizontal and the vertical distributions for QHSS from complex space forms onto
Riemannian manifolds.

This article is organized as follows; in Section 2, we recall respectively some basic geometric
properties of Riemannian submersions, O’Neill tensors, curvature relations, complex space
form, and QHSS. In Section 3, we attain Chen-Ricci inequalities on the horizontal the
vertical distributions for QHSS from complex space forms onto Riemannian manifolds and

dispute the equivalence case of the acquired inequality. Eventually, we ensure some examples

for OHSS.

2. QUASI HEMI-SLANT RIEMANNIAN SUBMERSIONS(QHSS)

In this working, unless stated otherwise, all concepts such as manifolds, maps and so on,

expressed will be considered differentiable. First let’s give the following description.

Definition 2.1. Let (Mj,g1) and (Mas,g2) be Riemannian manifolds, where dim(My) is
greater than dim(Ms). A surjective mapping ¢ : (M, g1) — (Ma, g2) is called a Riemannian

submersion if
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(i) ¢ has mazimal rank, and

(i1) s, Testricted to keroy is a linear isometry [53)].

Describe the O’Neill’s tensors 7 and A by [53]:
7277 = VVV§7‘[17 + HVV§V77, (2.1)

Aen = VVyeHn + HV e Vn (2.2)

for any vector fields £, € I'(M;), where V is the Levi-Civita connection of g;. Moreover,

from (2.1)) and (2.2)), we have

Vi Va = Ty, Vo + Vi, Va, (2.3)
Vv X1 = Ty, X1 + HVy, X1, (2.4)
Vx,Vi=Ax,Vi +VVx, V1, (2.5)

Vx, Xo =HVx, Xo+ Ax, Xo, (2.6)

for Vi, Vs € T'(kerp,) and X1, Xo € T'((kerg,)*) where @VIVQ = VVy, Va. It is not difficult
to observe that 7 acts on the fibers as the second fundamental form, while A acts on the
horizontal distribution and measures the obstruction to the integrability of this distribution
[53].

Specify by Ry, Ro, R3 and R4 the Riemannian curvature tensor of Riemannian manifolds
)L

My, My, the vertical distribution kerg, and the horizontal distribution (kery.)—, seriatim.

Then the Gauss-Codazzi type equivalences are dedicated by

Rl(Ula U27‘/1; V2) - R3(U17 UQ,‘/la VYQ) +91(TU1‘/2,TU2‘/1) - gl(TUz‘/%aTUl‘/l) (27)

Ri(X1,X2,Y1,Y2) = Ra(X1, X2,Y1,Y2) — 291 (Ax, X2, Ay, Y2),

+ 91(Ax, Y1, Ax, Y2) — g1(Ax, Y1, Ax, Y2), (2.8)

Ry (X1, Vi, Y1,U1) = g1 ((Vx, T)(V1, U1), V1) + 91 (Vi A) (X1, Y1), Un),
— 91 (T X1, T, Y1) + 91(Ay, Ur, Ax, Vi), (2.9)
where
P (Ra(X1, X2)Y1)) = Ra(p: X1, puX2) oY1 (2.10)

for all Uy, Us, V1, Vo € T'(kerp,) and X1, Xo,Y1,Ys € T(kere, )t [53].
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Conversely, the mean curvature vector field H of any fibre of Riemannian submersion ¢ is
dedicated by
¢
N=tHN=> T,V (2.11)
j=1
where {V7,...,V;} is an orthonormal basis of the vertical distribution V. Additionally, ¢ has
totally geodesic fibers if 7 vanishes on kery, and (kery.)* [53].
Let M7 be an almost Hermitian manifold with an almost complex structure J; and a
Hermitian metric g;. If J; is parallel as far as concerns the Levi-Civita connection V on Mj,

that mean
(Vx,J1)X2=0

for all Xy, Xo € I'(T'M;), then (M, J1,g1,V) is yclepted a Kaehler manifold. A Kaehler
manifold M; is named a complex space form if it has fixed holomorphic sectional curvature

represented by Mj(c1). The curvature tensor of the complex space form M;(c) is dedicated

by

c
Rs(X1, X2)Y1 = Zl{gl(XZaYl)Xl —1(X1, Y1) X2 + g1(1 X2, Y1) 1 X1

— g1(N1 X1, Y1) /1 Xo + 291 (X4, J1 X2) J1 Y1} (2.12)
for any X1, Xo,Y, € T'(TM,).

Definition 2.2. Let (M, g1,J1) be an almost Hermitian manifold and (Ma,g2) be a Rie-
mannian manifold. A Riemannian submersion ¢ : (My,g1,J1) — (Ma, g2) is called a QHSS
if there exist three mutually orthogonal distribution D, D+ and DY such that

(i)kerg, =D ® D+ @ DY,

(ii)J1 (D) = D, JyD+ C (kerp,)*

(iii) for any non-zero vector field Zy € T(DY), p € M the angle 6 between Jy(Z1) and Df is

constant and independent of the choice of point p and Zy in Dz [28].

We name the angle 6 a quasi hemi-slant angle. In this article, we will presume all horizontal
vector fields as basic vector fields.

Let ¢ : (My,¢q1,J1) — (Ma,g2) be a QHSS, at present. Then [28], we have for all
V e T'(keryy), we get

JVi = Vi + wVi (2.13)
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where YV € T'(kerp,) and wV; € T(wD? @ wD). For any X € T'((kerps)t), we get
J1 X1 = B1X1 + By Xy (2.14)

where B1 X7 € T'(kerp,) and BaX; € T'(V).

Theorem 2.1. [28] Let M; be a 2m-dimensional almost Hermitian manifold with g1 a Rie-
mannian metric on My and almost complex structure J1, and Ms be a Riemannian manifold
with Riemannian metric go. Then there is a Riemannian submersion ¢ : (My,g1,J1) —
(My, g2) such that its vertical distribution ker @, admits three orthogonal distributions D, D?

and D which are invariant, slant and anti-invariant respectively, i.e.
kerp, =D& D+ @ DY,

with JyD = D, the angle § between JD? and DY being constant and J; D+ C (ker cp*)l. If
we denote the dimension of D, D and D by m1, ma and ms, respectively, then we easily see

the following particular cases:

(1) If my = 0, then M, is a hemi-slant submersion.
(2) If mg =0, then My is a semi-invariant submersion.

(3) If ms =0, then M is a semi-slant submersion.

The submersion in Theorem 2.1 will be called QHSS and the angle 0 is called the quasi
hemi-slant angle of the submersion. This means that a QHSS is a generalization of hemi-
slant, semi-invariant and semi-slant submersions.

We say that the QHSS ¢ : (M, g1,J1) — (Ma,g2) is proper if D # {0}, D+ # {0}
and 6 # 0,75. From the above items, hemi-slant submersions, semi-invariant submersions,
and semi-slant submersions are all examples of QHSS. The undermentioned theorem is a
characterization for OQHSS of a complex space form. The proof of it completely identical

with slant immersions see:[28]. Hence we omit its substantiation.

Theorem 2.2. [28] Let ¢ be a Riemannian submersion from a complex manifold (M, g1, J1)
onto a Riemannian manifold (Ma, g2). Then, ¢ is a QHSS if and only if there ezists a
constant \ € [0,1] such that

$*U, = —\U;.
where Uy € T'(DY). Furthermore, in such a case, if 0 is the slant angle of ¢, it satisfies that

\ = cos?6 .
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Lemma 2.1. Let (M;(c1),91), (Ma,g2) be a complex space form and a Riemannian manifold,

seriatim and @ : My(c1) — Ma a QHSS. Then the undermentioned relations are current,
91(¢U1, ¢V1) = cos® Og1 (U1, V1),
g1 (wUlv w‘/l) — Sil’l2 Hgl(Ula ‘/1)5

for any Uy, Vi € T (kerg,) [28].

Lemma 2.2. If ¢ is a QHSS then we have
i) $*V = —(cos?0)V,

i) g1(¢V1, ¢Va) = cos® g1 (V1, Va),

i) g1(wVi,wVa) = sin? gy (Vi, Vo)

for all V1,V € T(D?) [28].

3. CHEN-RICCI INEQUALITY AND CHEN INEQUALITIES

Let (Mi(c1),91), (Ma, g2) be a complex space form and a Riemannian manifold, seriatim
and ¢ : Mi(c1) — My a QHSS. Additionally, let {Vi,...,V;, Y1, ..., Y, } be an orthonormal
basis of T,M(c1) such that V = Sp{V1,...,V;}, H = Sp{Y1,....Y,} and t = 2t; + 2ty + t3,
where dimD = 2t;, dimD? = 2ty and dimD+ = t3. Then we may consider an adapted quasi

hemi-slant orthonormal frames as follows:
Vi,Vo = JiVi, o, Vay 21, Vo, = J1iVoy -1, Vag 41,
Vot 12 = sec 0 Voy 41, ..., Vot yot,—1, Vor, 120, = secOVoy, 194, 1,
Vot 4265415 o5 Vot 4265145+

Obviously, we obtain

1, for i € {1,...,2t1 — 1},
91 (J1Vi, Vig1) = { cos? 0, forie{l,..,2t] + 2ty — 1},
0, for i € {2t1+2t2—|—1,...,2t1—|—2t2—|—t3—1},

then
t
> GH(AVi, Vi) = 2(t1 + t2 cos” 6).
ij=1
Furthermore, let {Vi,...,V;,Y1,...,Y,} be an orthonormal basis of T,M;(c;) such that
V= Sp{Vi,..., i}, H=Sp{Y1,...,Y,}. Then Ric; and Ricy are dedicated by

t
Ricy(Vi) = Y R3(V, Vi, Vi, V1), (3.15)
=1
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Ricy(Y1) =Y Re(V1,Y;,Y;, V). (3.16)
s=1

Furthermore, scalar curvature m and 7 are defined

=Y Rs(Vi,V;,V;, Vi), (3.17)
1<i<j<t

n= ) R(Y.Y.Y.Y). (3.18)
1<i<j<n

Moreover, utilizing (2.7)), (2.8)) and (2.12), we get
¢
R3(V1,Va, V3, Vy) = Zl{gl(V% V3)g1(Vi, Va) — g1(Vi, V3) g1 (Va, Vi) + g1(J1Va, V3)g1 (J1Vi, Va)
— g1(J1V1, V3)g1(J1 Vo, Vi) + 291 (Vi, J1 Vo) g1(J1 V3, Va) }

— 91(Tv, Va, Tvo V3) + 91 (T, Vi, Ty, V3), (3.19)

Ry(Y1,Y2,Y3,Yy) = %{91(3/2, Y3)g1(Y1,Ya) — 91(Y1, Y3)g1(Ya, Ya) + g1(J1Y2, Y3)g1(J1Y1, Ya)
— g1(J1Y1,Y3)g1(J1Y2,Ys) + 291 (Y1, J1Y2)g1(J1Y3,Ya) }
+ 291(Ay, Yo, Ay, Y1) — 91(Ay, Y3, Ay, Ya) + g1(Ay, Y3, Ay, Ya). (3.20)
Theorem 3.1. Let ¢ : Mi(c1) = Ms be a QHSS from a complex space form (Mi(c1),g1)
onto a Riemannian manifold (Ma,g2). In that case, the undermentioned expressions are

actual.

i) If V1 € I'(D), in that case

[$)

1

Ricy(V1) > —(t +2) — tg1(Tv, Vi, H), (3.21)

= |

In case of ’ equality holds for a unit vertical vector Vi € T'(D) if and only if each fiber
is totally geodesic.

i) If Vi € T(DY), in that case

Ricy (V1) > %(t — 1+ 3cos?0) — tgy(Ty, Vi, H), (3.22)

In case of ’5 equality holds for a unit vertical vector Vi € T'(D?) if and only if each
fiber is totally geodesic.
i) If Vi € T(DL), in that case

Rici(Vy) > %(t — 1) — tg (T, Vi, H), (3.23)
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In case of ’s equality holds for a unit vertical vector Vi € T'(DL) if and only if each

fiber is totally geodesic.

Proof. Using (3.15)) and (3.19) we have,

t
. C ,
Rici (V1) = Zl(t —1+3) gi(AVi, Vi) =t (T Vi, H) + [ Tw Vil (3.24)
=1

In that case we have

. 1, if V1 e T'(D)
D gHNVA Vi) =< cos?0, if V; € D(DY)
=1
Z 0, itV er(DL).
Using last equivalence in (3.24)), we get (3.21)), (3.22)) and (3.23]). O

Theorem 3.2. Let ¢ : My(c1) — Mz be a QHSS from a complex space form (Mi(c1),g1)

onto a Riemannian manifold (M, g2). In that case
¢l ) T
2ry > “H{H(t = 1) + 6(t + ty cos?6)} — ¢ HHH . (3.25)
The equivalence case of holds if and only if each fiber is totally geodesic.

Proof. From (3.17) and (3.19)) we have:

t
, 112
2 = %(t(t — 1) 4 6(t1 + by cos?0)) — 2 HHH + 3 g(TwVi, Tw V). (3.26)
ij=1

Here we have use T is a symmetric operator. Hence from (3.26]) the proof is completed. [

Since ¢ is QHSS and A is an anti-symmetric operator, from (3.18) and (3.20)) we have

c n n
21 = Zl(n(n —1)+3 ) qi(BaYi, Y))g1(BaYi, ¥5)) =3 > g1(Ay,Yj, AyY;).  (3.27)

i,j=1 4,j=1
If we portray

I1Ba]|” =~ g1 (BaY3,Y5), (3.28)
=1

In that case from (3.27)) and (3.28]) we get

2ry = “Hn(n = 1) +3|B2l) =3 3 g1 (Av Y AvYy). (3.29)
ij=1

From (3.29)) we have:
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Theorem 3.3. Let ¢ : Mi(c1) — Ma be a QHSS from a complex space form (Mi(c1),g1)

onto a Riemannian manifold (Ma, g2). In that case
1 2
279 < Z(n(n — 1)+ 3||B2]|%). (3.30)
In case of ’s equality holds if and only if H(My) is integrable.

Let (Mi(c1),g1) be a complex space form and (Ma, g2) a Riemannian manifold. Assume
that ¢ : Mi(c1) — My is a QHSS and {V4,...,V;,Y7,...,Y,,} is an orthonormal basis of
TpMi(c1) such that Vp(M;) = Sp{V1,...,V;}, Hp(My) = Sp{Y1,...,Y,}. Now, if we denote
Ti; by

Ti5 = n(Tv; V5, Ys), (3.31)

where 1 <i,j <t and 1 < s <n (see [I7]). The same, if we denote A% by

Ay = 91(Av, Y, Va), (3.32)

where 1 < 4,7 <n and 1 <« <t. From [I7], we use

n t
S(N) =) a1 (Vv D Vi, Vi), (3.33)
=1 k=1
n t 2
S S =g A T T
s=11,j=1
n t n
+23 N (T2 Y (TR - (TH). (3.34)
s=1 j=2 s=12<i<j<t

The above equations, the Binomial theorem we have like equivalence between the tensor

fields T

Theorem 3.4. Let ¢ : Mi(c1) = Ms be a QHSS from a complex space form (Mi(c1),g1)
onto a Riemannian manifold (Ma,g2). In that case, the undermentioned statements are
actual.

i) If Ve T'(D), in that case

1.0 4112
Ric1(V) > %(t—i— 2) - 7 HHH . (3.35)
i) If Ve T(DY), in that case

1 . ||2
Ric1(V) > %(t ~1+3cos?0) — 4’ HHH . (3.36)



INT. J. MAPS MATH. (2025) 8(1):274-296 / SHARP INEQUALITIES FOR QUASI HEMI-SLANT... 283

i) If V€ T(DL), in that case

Rie1(V) > Zl(t—l tQHHH (3.37)

In case of ’s, ’s and ’s equalities hold if and only if
=T+ +Ti,

1sj :0, j:2,...,7’.

Proof. Let {V1,..., Var,s Var 41, Vot 12, s Vot 12601, Vot 4260, Vot 4260415 - Vot 426042651,
Vat, +ot,4+2t5 } be an adapted quasi hemi-slant basis of Vp(Mj).

i) Because in this case one can comprehend the concerted quasi hemi-slant basis such that
Vi =V, it suffices to prove for V= V;. Using in and the symmetry of
T, we get

n t
21 = %(t(t — 1)+ 6(t1 + t2 cos? 0)) — t2 HHH2 + Z Z (7;39)2 (3.38)
s=14,j=1

Thus using (3.34) in (3.38) we have

2 = Lt 1) + 6(11 + t2c0520)) — 1 HHH2 TR T~ TR
n t
+2) 3 (T —22 > (TET = (THA). (3.39)
s=1 j=2 s=12<i<j<t

In that case from (3.39) we get

Lol 112 =
27 > %(t(t — 1)+ 6(t1 + tz.c0? 0))) — 5 HHH 23" N (TETH - (T9)%). (340)
s=12<i<j<t
In addition to, letting Vi = Vo =V}, V3 = V4 = Vj in (3.19)) and using (3.31)), we have
2 > RV Vivi)=2 3 Rs(Vi Vi Vi V)+2) Y (TiTj = (T5)%). (341)

2<i<j<t 2<i<j<t s=12<i<j<t
From (3.41)) in (3.40)), we have
‘1 9 1o 4112
2ry > TL(t(t = 1) + 6(t1 + 12 c0s)) — ot HHH

+2 Y Ry(Vi, V3, Vi, Vi) =2 Y R(Vi, V5,V V). (3.42)
2<i<j<t 2<i<j<t
In addition to, we know

t
2r =2 > Ry(Vi,V;, Vi, Vi) +2>  Rs(V4, V3, V;, Va). (3.43)
j=1

2<i<j<t
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Considering (3.43)) in (3.42]), we obtain

2Ricy (V1) > %(t(t — 1) + 6(t; + t2 cos? )

1 2 4 2
S LIS UAAAD (3.44)
2<i<g<t
Since M is a complex space form, its curvature tensor R satisfies the equality (2.12)), we

have

> omeev =2 s S gom). Ga)

2<i<j<t 2<i<j<t
Taking V; € I'(D) in (3.45]), we get

S RV VLV V) =

— 4
2<i<g<t

Using last equation in (3.44)) we have (3.35)).

i1) Because in this case one can comprehend the concerted semi-slant basis {V1, ..., Vat,, Vat, 41,

(t—2)(t—1)

5 +3(t; — 1+ tacos? 0)). (3.46)

‘/2t1+2a ceey V2t1+2t2717 ‘/2t1+2t2) ‘/2t1+2t2+15 ceey V2t1+2t2+2t3715 V2t1+2t2+2t3} SuCh tha‘t ‘/2t1+1 —
V, it suffices to prove (3.37) for V' = Vo, 41.

With like arguments as in case i), we obtain
. C1 9 1511412
2Ric1(Vat,+1) > Z(t(t — 1)+ 6(t1 + tacos®)) — §t HHH
-2 > R(Vi,, Vs, Vi, V). (3.47)
1<k<s<t; k,s#2t1+1
and

_at=20=-1)

Z Rl(vku‘/sa‘/savk) 4 2

1<k<s<t; k,s#£2t1+1

+ Z 91 (J1Vi, V). (3.48)
1<k<s<t; k,s#2t1+1

As Vay, 11 € T(DY), we acquire immediately

Z G (1 Vi, Vi) = t1 + (ta — 1) cos? Oy
1<k<s<t; k,s#2t1+1

and therefore (3.48)) can be written as

t—2)(t—1
Z Ry (Vi, Vs, Vs, Vi) = % |:()2() +3(t1 + (t2 — 1) cos? 0):| . (3.49)
1<k<s<t; k,s#2t1+1

Considering now the last equation in (3.47), we have

1 . |12
Rici (Vo 41) > %(t —1+43cos’0) — EtQ HHH
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which implies (3.36)).
i11) Because in this case one can comprehend the concerted semi-slant basis {V1, ..., Vai, , Var, +1

; Vv2t1+27 ceny ‘/Y2t1+2t2717 V2t1+2t27 Vv2t1+2t2+1a <eny ‘/Y2t1+2t2+2t3717 ‘/2t1+2t2+2t3} such that ‘/2t1+2t2+1 =
V, it suffices to prove (3.37) for V' = Var, 4215 4+1-

With similar arguments as in case i), we obtain

ORicy(Vaty 42t911) > %( (t—1) +6(t1 + ta cos® 0)) — t2 HHH
1<k<s<t; k,s#2t1+2ta+1
and
t—2)(t—1
> Ri(ViVa, Ve Vi) = S22 3 RNV Vo).
1<k<s<t; k,s#2t1+2t2+1 1<k<s<t; k,s#2t1+2t2+1

(3.51)

As Vay, yot,11 € I(D4), we obtain immediately

Z G2 (1 Vi, Vi) = t1 + ta cos? 0
1<k<s<t; k,s#2t1+2t2+1

and therefore (3.51)) can be written as

(t—2)(t - 1)

> Ry (Vi Vs, Vi, Vi) = 4[ 5

1<k<s<t; k,s£2t;+2ta+1

Thinking now the last equation in (3.50f), we get

+ 3(t, + ta cos? 9)] . (3.52)

. c1 Ak
Riey(Van o 11) = e —1) = 2 |11
which implies (3.37)). O

Theorem 3.5. Let ¢ : Mi(c1) — Ma be a QHSS from a complex space form (Mi(c1),g1)

onto a Riemannian manifold (Ma, g2). In that case we have

C1
Ricy (Y1) < Z( 1+ 3|By1]%) (3.53)

In case of ’s equality holds if and only if

(11‘] :O, j:2,,n

Proof. Considering (3.29)) and (3.32)), we get

2y = 4( n(n—1) + 3Bz —322 . (3.54)

a=11j5=1
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In that case (3.54) can be written as

2
27y = 4( n(n—1)+3||B2]?) —622 6> > (A (3.55)
a=1 j=2 a=12<i<j<n
Besides, letting X1 =Y, =Y; Xo =Y =Yj in (3.20) and considering (3.32)), we derive

t
2 ) RMYGY;Y,Y)=2 D Ra(YuY;YpY)+6) > (A3 (356)

2<i<j<n 2<i<j<n a=12<i<j<n

Using ([3.56)) in , we get

t n
219 = 4( n(n—1)+3|Ba|*) = 6> (Af
a=1 j=2
20 ) Ra(YiY; YY) -2 Y Ri(Yi ;Y5 Y)). (3.57)
2<i<j<n 2<i<j<n
Moreover, using (3.20|) we have
n—2)(n—-1)
>, RV Y) = <¥ 3 ) gi(BYL,Y))). (3.58)
2<i<j<n 2<i<j<n
Taking into account that
IBal> =2 > g7 (BaYi, Y5) = 2|1 BaYi . (3.59)
2<i<i<n
and using (B.57), (B58) and (B59), we get
2Ricy(Yy) = (n —1+43|BY1?) -6 Z Z . (3.60)
a=1 j=2
Hence the assertion follows. g

Now, we calculate the Chen-Ricci inequality between horizontal and the vertical distribu-

tions. For the scalar curvature 7 of M(c1), we provide
n t
2r = Ric(Ys,Ys) + Y Ric(V, V). (3.61)
s=1 k=1
Additionally, we can write

n t
2r = Z Ri(Vy, Vi, Vi, Vi) + D> Ri(Yi, Vi, Vi, i)
J,k=1 1=1 k=1

s=1 j=1

1,5=1
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Next, let us denote as usual (see [17]):

17 = S° 5 gu (T Ty Yo, 5.63)
=1 k=1

T = S (v Tty 00
k,j=1

VP = 3 ai(Av Yy, AvY)) (3.65)
ij=1

HA%HQ = Zn:zt:gl(Aquk,And) (3.66)
=1 k=1

Theorem 3.6. Let ¢ : Mi(c1) — Ma be a QHSS from a complex space form (Mi(c1),g1)
onto a Riemannian manifold (Ma, g2).

i) If V1 € T(D), in that case
St n -t 304 [Bi]]* + [BaYill*)) < Rier (Vi) + Riea(Y1)
Sl HQ”ii( 2 — 80 + 7" — 44|, (3.7
a=1s=
i) If Vi € T(DY), in that case

Z—l(nt Fn+t+3(cos?0+ ||Bi|? + ||B2Y1|?)) < Riey (Vi) + Rico(Y7)

t n
T L1 D ) DO CR R E o v ad o P L o (3.68)

a=1 s=2
ii) If Vi € T(DL), in that case

%(nt +n+t+ 3t +tacos® 0 + || Bu]|® + || BoYa]*)) < Riea (Vi) + Rica(Y1)

#2830 S ean) - s + ) - . (3.69)

a=1 s=2

In case of ’3, ’s and ’5 equalties hold if and only if
T =Tn+ -+ T

T =0, j=2,..t
Proof. Since Mj(cp) is a complex space form, from (3.62]) we have

n t
27':%[(n—}-t)(n—i—t—1)+6(t1+t2C0829))+3 ‘BQ” —i-QZZg BlYZ,Vk . (3.70)
=1 k=1
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Now, we define

IBL* =D g*(B1Yi, Vi), (3.71)

i=1 k=1
Moreover, handling the Gauss-Codazzi type equations (2.7)-(2.9)), we have

t
L, 112
21 = 21 + 27 + 2 HHH — Z g1(Tvi,Vi, Tvi, Vi) + 3 Z g1(Ay, X5, Ay, X)

J=1 i,5=1

SN a(Vy, T Vi, Vo)

+
M:
M“

(gl (TVk}/;v TVk}/Z) -9 (AYZVIC’ ‘AYsz))

i=1 k=1 i=1 k=1
n r n t
=Y al((Vre. TV Ya) + D> (01(Ty, Ye, Ty, Ys) — 1(Av Vi, Ay, V). (3.72)
s=1j5=1 s=1j5=1
Thus considering (3.34) and -, we get
n t
s=1 j=2

+2) Y (T - ZZ +6Z A’
a=1 s=2

s=12<i<j<t a=12<i<s<n

n t
+ )0 (0(TuYe, T Ya) — g1(Ay, Vi, Ay, Vi) — 26(N)

i=1 k=1

n t
) (0T, Ys, T, Ya) — g1(Av, Vi, A Y))). (3.73)

s=1 j=1

Considering (3.41)), (3.56)), (3.70) and (3.71) in (3.73), we get

%[(n + 1) (n+t—1) +3(2(t1 + tacos®0) + 2||By||> + ||1B2]|*)] = 2Rici (V1)

+ 2Rica (Y1) + tQHHH 11— - Tii) _QZZ

s=1 j=2

04152 zlkl

—26(N +ZZ g1 TVys,TVY) - 91(Ay.Vj, Ay, Vj))

s=1j5=1

+ Y RV ViV V) 4+ > Ri(Y, YY), (3.74)

2<i<j<t 2<i<j<n

If we take V; € I'(D), considering (3.46)), (3.58]), (3.59), (3.63) and (3.66)) in (3.74) we obtain

(3.67). If we take V; € T'(D?), considering (3.49), (3.58), (3.59), (3.63) and in (3.74)

we obtain (3.68)). Similarly, if we take V3 € T'(D+), considering (3.52), (3.58)), (3.59), (3.63))
and (3.66)) in (3.74) we obtain (3.69)). This completes the proof. O
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Considering (3.70)), (3.71]) and (3.72)) we have

C1
4

. 112 <
|| A= T 3V - 2008 + 2| TV 2 AN (3.75)

[(m4+t)(n+t—1)43(2(t1 + t2 cos? 0) + 2 ||31||2 + ||32H2)] =271 + 27

Considering (3.75)) we get the following theorem.

Theorem 3.7. Let ¢ : Mi(c1) = Mz be a QHSS from a complex space form (M;i(c1),g1)

onto a Riemannian manifold (Ma, g2). In that case we have
c
271 +2m < [+ 1) (n -+t — 1)+ (2t + t2cos” 0) + 2Bl + | Bl )]

A TP 25 — 2| A (376

27 + 21 > %[(n +1)(n 4t — 1)+ 3(2(t1 + ta cos® 0) + 2| B * + || B2]|)]
e N
= A T - 3]+ 2008 — 2| T (3.77)

In case of ’s and ’s equalities hold for all p € My if and only if horizontal

distribution H is integrable.
Considering (3.75]) we have the following theorem.

Theorem 3.8. Let ¢ : Mi(c1) — Ma be a QHSS from a complex space form (Mi(c1),g1)

onto a Riemannian manifold (Ma, g2). In that case we have

271 + 279 > %[(n + 1) (n 4t —1) + 3(2(t; + tacos® 0) + 2 ||B1||* + || B2]|)]

2
)

— 2| ||+ 25(8) 2 | TV + 2| 4% - 3|47 (3.78)

271 + 279 < %[(n + 1) (n 4t —1) + 3(2(t; + tacos® 0) + 2 ||B1||* + || B2]|)]
A T 280 + 2|4 -3 AV (3.79)

In case of ’s and ’s equalities hold for all p € My if and only if the fiber through
p of ¢ is a totally geodesic submanifold of M.

Lemma 3.1. Let k ve l be non-negative real number, In that case

%z\/ﬁ

with equality iff k = 1.
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Applying Lemma 3.1 in (3.75)), we have.

Theorem 3.9. Let ¢ : Mi(c1) = Ma be a QHSS from a complex space form (Mi(c1),g1)

onto a Riemannian manifold (My, go). In that case we have

%[(n +1)(n 41t — 1) +3(2(t1 + ta cos® 0) + 2| B|* + || B2]|*)] < 271 + 27

2| |+ 2 |7V 4+ 3]17) - 2808 — 2vE T (3.80)
In case of (3.80)’s equality hold for all p € My if and only if || A®|| = || T

Theorem 3.10. Let ¢ : Mi(c1) — My be a QHSS from a complex space form (Mi(c1),g1)

onto a Riemannian manifold (Ma, g2). In that case we get

a
4

L 112 N
a2 |8 T - 208 - 2|4+ 2664V 7). (351)

[(n+t)(n+t—1) 4 3(2(t1 + tacos? 0) + 2||Bi||* + ||Ba2||*)] > 211 + 275

In case of ’s equality hold for all p € My if and only if H.AVH = HTVH

Lemma 3.2. [50] Let ky, ko,....,kn, be n—real number (n > 1), In that case

n

1 n
n(;k‘z’)Q <YK

=1
with equality iff k1 = ko =....= ky,.

Theorem 3.11. Let ¢ : Mi(c1) — My be a QHSS from a complex space form (Mi(c1),g1)

onto a Riemannian manifold (Ma, g2). In that case we get

%[(n +8)(n+t— 1)+ 3(2(ts + t2cos>0) + 2||B1|* + || Ba]|*)] < 271 + 27
.12 N
o= 1) |[H|| 3]V - 20(8) + 2| TV 2 A (3.82)

In case of ’s equality holds for all p € My if and only if we get statements:
i) ¢ is a Riemannian submersion that has a totally umbilical fiber.
ii) Tij =0, fori#je{l,2,...,r}.
Proof. Using (13.75|) we get
S+ )+t = 1) +3(2(ts + tacos’ 6) + 2 Bul|” + 1B *)]
2 t n t
=2rt2m o+ € [H] = 3T - 5T
=1 i=1 j£k

p
+ 3| AY|F = 25(N) + 2| TV|)7 — 2| A% (3.83)
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Applying Lemma 3.2 in (3.83)), we have

%[(n +)(n+t— 1)+ 3(2(t1 + tacos®0) + 2| Bi||* + || B2|*)]
1 n t
<27 + 275 + 12 HHH O T = ST
+ 3| AP = 25(N) + 2| T|° — 2| AY . (3.84)

From this we have (3.82)). In case of (3.82))’s equality holds for all p € M; if and only if

n t
Th=To=..=Teand Y Y (T5)’ =

s=1 j#k

This completes proof of the theorem. O

By compairing the proof of Theorem 3.11, we have

Theorem 3.12. Let ¢ : Mi(c1) = My be a QHSS from a complex space form (Mi(c1),g1)

onto a Riemannian manifold (Ma, g2). In that case we have

%[(n + 1) (n+t—1)+3(2(t1 + tacos® ) + 2||B1||> + |1 B2]|*)] > 271 + 272
2 || 7l 12, S, 402 : V2 (2
[ AT 7 D) - 200 42TV - 2 AR (3.85)
Equality case of holds for all p € My if and only if Ay1 = A = ... = A, and

-Aij =0, fo’r 7 75] € {1,2, ,n}
4. EXAMPLES

In this section, we provide examples of QHSS, illustrating the main results stated above
and the examples of QHSS satisfying the equality case of all inequalities established in the

above section.

Example 4.1. Let (R®, ggs,J1) be an almost Hermitian manifold which

Ji(z1, ..., v8) = (—w6, 25, —27, T8, —T2, T1, T3, —T4) be a complex structure and (R3, ggs) be a
Riemanniann manifold.

©: (R®, ggs, J1) — (R3, ggs) be a map defined by

o(z1, T2, ..., T8) = (\; 1— \f

—5, L9, T3COSQ — T7SINA)

where 0 € (0,5). In that case ¢ is a QHSS (where rank o, =3 ) such that
1 0 1 9 d 0 0 d 0
Vi ——t = Vazm — Vi= — Vi= —
LT Bomy  Bmy 2T gy, Teosag V=g Vi g Vs g
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kerp, =D @ Dlo DG, where

0 0
D = = —_— [ —
<V3 81’4 ’ V5 8x8>

0 0
1 _
D = <V2 moz8 5 + cosaaw7>
1 0 1 9 0
DHI = ——— = —
<V1 V2 0x \[ V4 89C6‘>
and

1 190 19 9 9 _ 9
(kerp, )™ = <H1 = Gon \/§8$5’H2 92s Hs = cosaZ s sznaaa63

which D = (V3,Vs) is invariant, D+ = (Va) is anti-invariant and D’ = (V1,V5) slant with

slant angle 0 = 7.

Example 4.2. Let (R0, ggio, J1) be an almost Hermitian manifold which
Ji(z1, ...y x10) = (—27, —T9, —T6, T10, T8, T3, T1, — X5, T2, —T4) be a complex structure and
(R3, ggs) be a Riemanniann manifold.

F: (R ggio, J1) = (R, ggs) be a map defined by

F ) = (cosar — si VD s = 2y
X1,22,...,210) = (cosaxy smaa:lo,\f \[JJG,\[ \fxg,m, \/§QZ5 578
where § € (0,5). In that case F is a QHSS (where rank Fy =5 ) such that
0 1 0 1 0 1 0 1 0
Vi = —sina— +cosa—,Vo=—-—+——— V3= + ——,
! 0xy 0x10 2 \/§8x2 \/iaxﬁ 3 \/58373 \/iaxg
10 V3 0 0
Vim g0 -0y 0
28%5 2 (91'8 81‘7
kerF, = D & D+ @De, where
1 0 1 0 1 0 1 9
< 2 2 0xo 2 0xg 3 ﬂaxg \/§8$9>
19 V39
1 _ - Y 4 ¥ Y
b _<V4_28x5+ 2 8:E8>
0 0 0
DY = S = _ .
<V1 sznaaxl cosaaxo , Vs 8x7>
and
0 0 1 0 1 0 1 0 1 0
kerF,)* = (H; = —cosa—— + sino—— Hy = —— — — —— Hy= —— 4 ———,
( " ) ( ! 8931 ! 81‘10 2 \/§8$2 \/iax() 3 \/§8$3 \@8:1:9
V3 0 1 8 0

which D = (Va,V3) is invariant, D+ = (V}) is anti-invariant and D? = (Vi,Vs) slant with

slant angle 6 = arccos(sina).
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